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APPENDIX A

Dieudonné theory

Dieudonné theory describes the category of formal groups in terms of semi-linear algebra

over the Witt vectors. In particular, it allows us to describe local-local group schemes. There

are several versions of Dieudonné theory. We use the one constructed by Fontaine in [17].

A.0.1. Witt vectors. The ring of Witt vectors W is a ring scheme over Spec(Z). For any

ring R the set W (R) consists of all infinite sequences (a0,a1,a2, . . .) with ai in R. The ring

structure is determined by the condition that the maps

Φn(R) : W (R)→ R, (a0,a1,a2, . . .) 7→ apn

0 + pap(n−1)

1 + p2ap(n−2)

2 + · · ·+ pnan

are ring homomorphisms for all n and R. See [14] chapitre 5 §1 or [65] chapter II §6 for

the construction of W . If k is a perfect field of characteristic p > 0, then W (k) is the unique

ring with W (k)/pW (k) = k that is complete and Hausdorff for the topology defined by the

filtration pnW (k), and such that p is not a zero divisor (see [65] chapter 2 §6 Theorem 8). In

particular, W (Fp) = Zp.

The Verschiebung V : W →W , sends (a0,a1, . . .) to (0,a0,a1, . . .). It is additive for the

addition of W (i.e. V (a+b) =V (a)+V (b)). In characteristic p the Frobenius σ : WFp→WFp

sends (a0,a1, . . .) to (ap
0 ,a

p
1 , . . .). It is a homomorphism of ring schemes.

We write Wn = W/pnW for the ring of Witt vectors of length n. This is again a ring

scheme over Spec(Z), but now Wn(R) consists of finite sequences (a0,a1, . . . ,an−1). The ring

structure is still determined by the condition that the Φn are ring homomorphisms. As above

we can define an additive morphism V : Wn→Wn+1, the Verschiebung, and in characteristic

p a ring homomorphism σ : Wn,Fp →Wn,Fp , the Frobenius.

A.0.2. Formal groups. Let k be a field. A formal k-functor is a functor from the cat-

egory of finite k-algebras to the category of sets. Such functors form a category in which

the morphisms are the natural transformations. Every finite scheme X over k gives a formal

k-functor by

R 7→ X(R) = Mor(Spec(R),X)
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for any finite k-algebra R. By Yoneda’s lemma this construction gives an embedding of the

category of finite k-schemes in the category of formal k-functors. A formal scheme over k is

a formal k-functor that is the inductive limit of finite k-schemes.

A formal group over k is a group object in the category of formal k-functors that is also

a formal scheme. Now assume that k has characteristic p > 0. A formal p-group is a com-

mutative formal group that is p-torsion, i.e. it is the inductive limit over n of the kernel of

multiplication by pn. A p-divisible group (or Barsotti-Tate group) is a formal p-group for

which multiplication by p is surjective and has finite kernel.

We warn the reader that the name formal group is sometimes only used for the completion

of an algebraic group at the identity element. Here we use it for a larger class of groups,

including all finite group schemes over k, even disconnected ones.

A.0.3. The Dieudonné module. The group of Witt covectors CW is a group functor on

the category of rings. For any ring R the set CW (R) consists of sequences (. . . ,a−2,a−1,a0)

such that there is an r such that the ideal generated by a−n for n ≥ r is nilpotent. Using the

group operations of the Witt vectors one can define a group structure on CW , see [17] chapitre

II. Restricting the functor CW to the category of finite k-algebras gives a formal k-group ˆCW k.

The Dieudonné module of a formal p-group G over k is

M(G) = Hom(G, ˆCW k).

This is a module over the Witt-vectors. The Frobenius and Verschiebung of G induce homo-

morphism

F : M(G)(p)→M(G) and V : M(G)→M(G)(p)

In this way, M(G) becomes a module over the Dieudonné ring Dk, the ring generated by

the Witt-vectors W (k) and two elements F and V subject to the relations FV = V F = p,

and Fa = σ(a)F and aV = V σ(a) for all a in W (k). (Here σ is the Frobenius of W (k).)

So M(−) is a contravariant functor from the category of formal p-groups to the category of

Dk-modules. We call it the Dieudonné functor.

The Dieudonné module of a formal p-group is W (k)[F ]-profinite, that is, it is the direct

limit of finite length modules and that V acts continuously. The main theorem of Dieudonné

theory is as follows (see [17] introduction, thm. 1).

Theorem A.0.1. The functor M(−) induces an anti-equivalence from the category of formal

p-groups over k to the category of W (k)[F ]-profinite Dk-modules.
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The equivalence M(−) has the following properties:

• It is exact, that is it preserves exact sequences ( [17] ch. III, thm 2).

• It commutes with finite base change: if k→ k′ is a finite field extension, then M(Gk′) =

W (k′)⊗W (k) M(G) for any G over k ( [17] ch. III, prop 2.2). So M(G(p)) = M(G)(p).

• It commutes with Cartier duality ( [17] ch. III, §5). Let L be the field of fractions of

W (k). If M is a Dk-module, then its dual M∨ = HomW (k)(M,L/W (k)) has naturally the

structure of a Dk-module. There is a natural isomorphism M(GD)∼= M(G)∨.

• If G is finite of degree pr, then M(G) has length r over W (k) ( [17] ch. III, thm. 1(iii)).

• A group G is p-divisible of height n if and only if M(G) is a free of rank n over W (k)

( [17] ch. III, prop. 6.1(iii)).

• If M is the Dieudonné module of G, then M/FM is naturally isomorphic to the cotan-

gent space of G ( [17] ch. III, prop. 4.3). So G has dimension dimk(M/FM).

Example A.0.2. With the above properties we can calculate the Dieudonné module of some

easy groups.

1. The Dieudonné module of Z/pnZ is M = Dk/(F−1, pn). Indeed, the Frobenius is the

identity on Z/pnZ, while multiplication by pn is 0. The relation F = 1 together with

FV = p implies that V = p. So as W (k)-module M is isomorphic to W (k)/pnW (k) and

its has length pn.

2. The Dieudonné module of µpn is M = Dk/(F − p, pn). Indeed, as the Frobenius of

µpn is the p-th power map, we have F = p. The relation F = p together with FV = p

implies that V = 1. The Dieudonné module of µpn is dual to that of Z/pnZ, as these

groups are Cartier dual to each other.

3. The Dieudonné module of αp is M = Dk/(F,V ). As W (k)-module it is isomorphic to

k =W (k)/pW (k).

4. Suppose that E is a supersingular elliptic curve. The Dieudonné module of E[pn] is

Dk/(F−V, pn), because on E the Frobenius is equal to the Verschiebung.

A.0.4. Group schemes killed by F or V . Theorem A.0.1 only works over perfect fields.

It is quite difficult to extend Dieudonné theory to more general base schemes, except for group

schemes killed by F or V . For those we use the following observation:

• When a formal group scheme G over k is killed by F (i.e. its Frobenius morphism is

0), its Dieudonné module is the cotangent space Lie(G)∨ at the identity (see [17] ch.

III §4 corollaire 1).
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• When it is killed by V its Dieudonné modules is Hom(G,Ĝa) (see [17] ch. III §3
proposition 3.2).

So the Dieudonné functor extends as follows.

Definition A.0.3. Suppose that G is a finite commutative locally free group scheme over a

base scheme S in characteristic p. If G is killed by F , then its Dieudonné module is M(G) =

Lie(G)∨. If G is killed by V , then its Dieudonné module is M(G) = H om(G,Ga,S).

In both cases, the Dieudonné module is a locally free OS-module. When G is killed by

F , we get a Verschiebung V : M(G)→M(G)(p) on M(G). When G is killed by V , we get a

Frobenius F : M(G)(p) → M(G). If G is killed by V , then GD is killed by F and there is a

natural isomorphism of OS-modules

M(G) = H om(G,Ga,S)∼= Lie(GD) = M(GD)∨,

see [54] section 14. Under this isomorphism, the Frobenius in M(G) is dual to the Ver-

schiebung on M(GD). It follows that if G is killed by both F and V we have Lie(G)∨ =

H om(G,Ga,S), so that M(G) is well defined. It also follows that definition A.0.3 works well

with Cartier duality.

Proposition A.0.4. The Dieudonné functor M(−) induces an equivalence from the category

of finite flat group schemes over S killed by F or V to the category of triples (M,F,V ) where

M is a locally free OS-module, F : M(p) → M and V : M → M(p) are homomorphisms and

either F or V is 0.

Proof. See [41] section 2.

A.0.5. Comparison to de Rham cohomology. Oda showed in [57] that for an abelian

variety A the Dieudonné module of its p-kernel is naturally isomorphic to its first de Rham

cohomology group:

H1
dR(A)∼= M(A[p])(p).

This isomorphism maps the Hodge filtration H0(A,ΩA) to the kernel of the Frobenius. (Oda

did not twist: he used M(A[p]) instead of M(A[p])(p). But for us it is most natural to include

it, see and [2] théorème 4.2.14). This comparison theorem was one of the inspirations for

the development of Crystalline cohomology by Grothendieck and others (see [26], [3], [2]

and [4]), which allows us to also interpret M(A[p∞]) as a first cohomology group.
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