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Chapter 1 Introdution
Games have been used in many areas of mathematis, espeially mathematiallogi as well as theoretial omputer siene. It was the Polish shool of math-ematiians who onneted in�nite games with analysis (e.g., Lebesgue measura-bility) and topology (e.g., the Baire property) and obtained many results. In thisthesis, we give several results on games in set theory and logi or obtained byappliation of games.1.1 OutlineIn this thesis, we disuss the following topis. All the de�nitions and the notionsgiven in this outline an be found in the later setions of this hapter.In Chapter 2, entitled `Games and Regularity Properties', we haraterizealmost all the known regularity properties for sets of reals via the Baire propertyfor some topologial spaes and use Banah-Mazur games to prove the generalequivalene theorems between regularity properties, foring absoluteness, and thetransendene properties over some anonial inner models. With the help ofthese equivalene results, we answer some open questions from set theory of thereals. Almost all the results in this hapter are ontained in my paper [35℄.In Chapter 3, entitled `Games themselves', we ompare the Axiom of RealDeterminay (ADR) and the Axiom of Real Blakwell Determinay (Bl-ADR).We show that the onsisteny strength of Bl-ADR is stritly greater than that ofthe Axiom of Determinay (AD) in x 3.1 and that Bl-ADR implies almost all theknown regularity properties for every set of reals in x 3.2. In x 3.3, we disuss thepossibility of the equivalene between ADR and Bl-ADR under ZF+DC. In x 3.4,we disuss the possibility of the equionsisteny between ADR and Bl-ADR. Theresults in x 3.1 are joint work with David de Kloet and Benedikt L�owe [36℄. Theresults in x 3.2, x 3.3, and x 3.4 are joint work with Hugh Woodin.In Chapter 4, entitled `Games and Large Cardinals', we work on the onne-tion between the determinay of Gale-Stewart games and large ardinals. We1



2 Chapter 1. Introdutioninvestigate the upper bound of the onsisteny strength of the existene of al-ternating hains with length !, whih are essential objets to prove projetivedeterminay from Woodin ardinals. This is joint work with Ralf Shindler.In Chapter 5, entitled `Wadge reduibility for the real line', we study theWadge reduibility for the real line. Unlike the Wadge order for the Baire spae,the Wadge order for the real line annot be haraterized by in�nite games. Weshow that the Wadge Lemma for the real line fails and the Wadge order for thereal line is ill-founded and we investigate more properties of the Wadge order forthe real line. All the results in this hapter are joint work with Philipp Shlihtand Hisao Tanaka.In Chapter 6, entitled `Fixed-Point Logi and Produt Closure', we de�nea produt onstrution of an event model and a Kripke model and disuss theprodut losure of modal �xed point logis. We show that PDL, the modal �-alulus, and the ontinuous fragment of the modal �-alulus are produt losed.Most of the results are joint work with Johan van Benthem [12℄.In the remaining setions of this hapter, we give the mathematial bak-ground and results used in this thesis.1.2 Choie priniplesWe use the following two types of hoie priniples in this thesis.The �rst one is the family of the Choie Priniples ACX(Y ). Let X; Y benonempty sets. The Choie Priniple ACX(Y ) states that for any family fAx jx 2 Xg of nonempty subsets of Y , there is a funtion f : X ! Y suh thatf(x) 2 Ax for every x 2 X. The Axiom of Choie AC states that ACX(Y ) holdsfor all nonempty sets X and Y . The following is easy to see:Remark 1.2.1. Let X; Y1; Y2 be nonempty sets and suppose there is a surjetionfrom Y2 to Y1. Then ACX(Y2) implies ACX(Y1).Furthermore, we onsider the Dependent Choie Priniples DCX . Let X be anonempty set. The Dependent Choie Priniple DCX states that for any relationR on X (i.e., R � X � X), if (8x 2 X) (9y 2 X) (x; y) 2 R, then there is afuntion f : ! ! X suh that �f(n); f(n+ 1)� 2 R for every n 2 !. The Axiomof Dependent Choie DC states that DCX holds for every nonempty set X.Throughout this thesis, we work in ZF + AC!(R), where ZF is the axiomsystem of Zermelo-Fraenkel set theory. When we need more hoie priniples, weexpliitly mention them (espeially at the beginning of eah hapter).1.3 TreesTrees are basi objets in mathematial logi, espeially desriptive set theory andreursion theory. We �x some notation and introdue de�nitions about trees.



D. Ikegami, Games in Set Theory and Logi 3If f is a funtion from X to Y and A is a subset of X, then f�A denotesthe restrition of f to A, i.e., f�A = f(a; f(a)) j a 2 Ag. For a relation Rbetween X and Y (i.e., R � X � Y ), dom(R) = fx 2 X j (9y) (x; y) 2 Rg andran(R) = fy 2 Y j (9x) (x; y) 2 Rg.Given a nonempty set X, <!X denotes the set of all �nite sequenes of ele-ments in X and a nonempty subset T of <!X is a tree on X if it is losed underinitial segments, i.e., if s is in T and t is a subsequene of s (i.e., t = s�n forsome n), then t is in T . For a �nite sequene t of elements in X, lh(t) denotesthe length of t.By nodes, we mean elements of trees. For a tree T on X, two nodes s; t ofT are inompatible (denoted by s?t) if there is an n in dom(s) \ dom(t) suhthat s(n) 6= t(n). Note that s; t are inompatible if and only if there is no u in Tsuh that s; t � u. For a node t of T and an element x of X, t_hxi denotes theone-step extension of t with x, i.e., t_hxi = t [ f(lh(t); x)g.A tree T on X is alled perfet if for any node s in T , there are two nodest1; t2 of T suh that s � ti for i = 1; 2 and t1?t2. For a tree T on X, [T ℄ denotesthe set of all in�nite paths through [T ℄, i.e., [T ℄ = fx 2 !X j (8n 2 !) x�n 2 Tg.For a tree T on X and a node t in T , t is alled splitting in T if there are x and yin X suh that x 6= y and both t_hxi and t_hyi are in T . For a tree T , the stemof T (denoted by stem(T )) is the minimal splitting node in T if it exists.If T is a tree on X and X is of the form Y �Z, then we often identify a node sof T with the pair (t1; t2) where ti = (s(0)i; : : : s(n� 1)i) for i = 1; 2, n = dom(s),and s(j) = (s(j)1; s(j)2) for j < n. The same identi�ation will be applied inase X is of the form Y1 � : : :� Ym for a �nite natural number m � 1.1.4 General topologyTopologial spaes are fundamental objets in mathematis. Throughout thisthesis, we assume the basi theory of topologial spaes whih an be found in,e.g., [49℄. We mainly use the following three types of topologial spaes:The spaes !X. Let X be a nonempty set. The set !X is the set of all !-sequenes of elements in X and we topologize it via the produt topology whereX is always regarded as the disrete spae. Hene for eah �nite sequene s ofelements in X, the set [s℄ = fx 2 !X j x � sg (i.e., the set of all !-sequenes ofelements in X extending s) is a basi open set in this topology and any open setis a union of basi open sets of this form.Our main interest is when X = 2 (i.e., f0; 1g) or !. The spae !2 is alledthe Cantor spae and the spae !! is alled the Baire spae.One of the speial properties of this type of topologial spaes is that losedsets have a tree representation: A subset A of !X is losed if and only if thereis a tree T on X suh that A = [T ℄. Also, there is a one-to-one orrespondene



4 Chapter 1. Introdutionbetween perfet subsets of !X and perfet trees on X, where a subset A of !X isperfet if it is losed and it has no isolated points: A subset A of !X is perfet ifand only if there is a perfet tree T on X suh that A = [T ℄.A subset A of the Baire spae or the Cantor spae has the perfet set propertyif either it is ountable or it ontains a perfet set. It is easy to see that for anyperfet set C, there is a bijetion between C and the Cantor spae. Hene sets Awith the perfet set property satisfy Cantor's Continuum Hypothesis (CH), i.e.,either A is ountable or there is a bijetion between A and the Cantor spae. Forthis reason, it is interesting to see what kind of sets have the perfet set property.We disuss this in x 1.11.The spaes St(P). Stone spaes are fundamental topologial spaes not onlyin mathematial logi but also in general mathematis. We give basi de�nitionsand the basi properties of Stone spaes of partial orders in our ontext.Let P and Q be partial orders. A map i : P ! Q is alled a dense embeddingif it satis�es the following:� i preserves the order, i.e., if p1 � p2 in P, then i(p1) � i(p2) in Q ,� i preserves the inompatibility, i.e., given two elements p1; p2 of P, if thereis no p in P with p � p1 and p � p2, then there is no q in Q with q � i(p1)and q � i(p2), and� the image of i is dense, i.e., for any q in Q there is a p in P suh thati(p) � q.Dense embeddings are important in forings in the sense that if there is a denseembedding from P to Q , then foring with P and foring with Q are essentiallythe same. (See x 1.9 about foring.)It is well known that if P is a partial order, then there is a omplete Booleanalgebra B and a dense embedding i from P to B . Moreover, the pair (B ; i) isunique up to isomorphism in the sense that if there are two suh pairs (B 1 ; i1)and (B 2 ; i2), then there is an isomorphism i between B 1 and B 2 as ompleteBoolean algebras suh that i Æ i1 = i2. We all suh a pair (B ; i) a ompletion ofP and write (BP; iP) for (B ; i).Let P be a partial order. A nonempty subset u of P is a �lter on P if it isupward losed (i.e., if p 2 u and p � q, then q is also in u) and any two elementsof u have an extension in u (i.e., if p and q are in u, then there is an r in u suhthat r � p and r � q). A �lter u on P is an ultra�lter if u 6= P and u is maximalwith respet to inlusions (i.e., if v is a �lter ontaining u, then v = u or v = P).We now de�ne Stone spaes of partial orders. Given a partial order P, the setSt(P) is the olletion of all ultra�lters on BP. For eah b 2 BP, we de�ne the setOb = fu 2 St(P) j u 3 bg and the Stone spae of P (also denoted by St(P)) is thetopology on the set St(P) generated by the set fOb j b 2 BPg.



D. Ikegami, Games in Set Theory and Logi 5For example, if P is the pair (<!!;�), i.e., the set of all �nite sequenesof natural numbers ordered by reverse inlusion, then the Stone spae of P ishomeomorphi to the Cantor spae !2.There are two advantages for taking ultra�lters on BP rather than on P itselfas a de�nition of the Stone spae of P: The �rst one is that it has several nieproperties as topologial spaes (e.g., it is a ompat Hausdor� zero-dimensionalspae). The seond is that it does not depend on the representation of P, i.e., ifthere is a dense embedding from P to Q , then St(P) and St(Q) are homeomorphi.The real line R. We use R to denote the set of all real numbers exept inChapter 2, where we use it for Mathias foring (we use R for Mathias foringbeause it is losely related to the Ramsey property). As usual, the topology ofthe real line is generated by open intervals (a; b) = fx 2 R j a < x < bg fora; b 2 R.1.5 Borel sets, projetive sets, and de�nabilityin the seond-order arithmetisLet X be a topologial spae. Starting from open sets (or losed sets), we formthe two hierarhies of sets of subsets of X. One is alled the Borel hierarhy andthe other is alled the projetive hierarhy:De�nition 1.5.1. Let X be a topologial spae. The Borel hierarhy of X��0�;�0�;�0� j 1 � � < !1� is de�ned as follows:Case 1: � = 1.By �01, we mean the set of all open subsets of X and �01 denotes the set ofall losed subsets of X. The set of all lopen subsets of X is denoted by �01.Case 2: � > 1.By �0� , we mean the set of all ountable unions of sets in S�<��0�, and �0�denotes the set of all ountable intersetions of sets in S�<��0�. The intersetionof �0� and �0� is denoted by �0� .Elements of �0�;�0� and �0� are alled �0� sets, �0� sets and �0� sets respe-tively. We set B = S�<!1 �0� and elements of B are alled Borel sets.It is immediate that �0� = �0� \�0� for eah 1 � � < !1. By indution on �,it is easy to show that �0� = fX n A j A 2 �0�g for eah 1 � � < !1. With thehelp of AC!(R), it is easy to show that !1 is a regular ardinal and hene thatthe set of all the Borel sets B is losed under omplements and ountable unionsand it ontains the empty set. Suh a family of subsets of X is alled a �-algebraon X. Note that the set of all the Borel subsets of X is the smallest �-algebraon X ontaining all the open sets.



6 Chapter 1. IntrodutionTheorem 1.5.2 (Lebesgue). Let X be the Cantor spae, the Baire spae, or thereal line. Then the following strit inlusions hold for eah 1 � � < !1:�0� (( �0��0� (( �0�+1Proof. See, e.g., [45, Theorem 22.4℄.De�nition 1.5.3. Let X be a topologial spae. The projetive hierarhy of X��1n;�1n;�1n j 1 � n < !� is de�ned as follows:Case 1: n = 1.By �11, we mean the set of all subsets A of X suh that there is a losed subsetC of X � !! suh that A is the �rst projetion of C, i.e., A = dom(C), whereX � !! is topologized as the produt spae of X and !!. The set of all subsetsA of X whose omplements are in �11 is denoted �11. The intersetion between�11 and �11 is denoted �11.Case 2: n > 1.By �1n, we mean the set of all subsets A of X suh that there is a subset C ofX � !! in �1n�1 suh that A is the �rst projetion of C. The set of all subsets Aof X whose omplements are in �1n is denoted �1n. The intersetion between �1nand �1n is denoted �1n.Elements of �1n;�1n, and �1n are alled �1n sets, �1n sets and �1n sets respe-tively. Sets in �1n for some n are alled projetive sets.Elements of �11 are also alled analyti sets, and o-analyti sets are the sameas �11 sets. It is immediate that �1n = �1n\�1n for eah n and that �1n = fX nA jA 2 �1ng for eah n.Theorem 1.5.4 (Suslin). Let X be the Cantor spae, the Baire spae, or thereal line. Then B = �11.Proof. See, e.g., [45, Theorem 14.11℄.Theorem 1.5.5 (Lusin). Let X be the Cantor spae, the Baire spae, or the realline. Then the following strit inlusions hold for eah 1 � n < !:�1n (( �1n�1n (( �1n+1



D. Ikegami, Games in Set Theory and Logi 7In partiular, every Borel set is a �11 set and there is a �11 set whih is not aBorel set.1Proof. See, e.g., [45, Theorem 37.7℄.De�nable sets in the seond-order arithmeti are related to �0n sets, �0n sets,�1n sets, and �1n sets in the Baire spae. By the seond-order struture, wemean the two-sorted struture A2 = (!; !!; app;+; �;=; 0; 1), where app is thefuntion from !!�! to ! suh that app(x; n) = x(n) and +; �;= are summation,multipliation, and equality on the natural numbers. By �0n-formulas, we meanthe formulas in the language of the seond-order struture of the form(90x1) (80x2) : : : (Qnxn) �;where 90; 80 are the existential quanti�er and the universal quanti�er for naturalnumbers respetively, Qn is 80 if n is even and 90 if n is odd, xi (1 � i � n) arevariables for natural numbers, and � is a quanti�er-free formula. By �0n-formulas,we mean the formulas in the language of the seond-order struture of the form(80x1) (90x2) : : : (Qnxn) �;where Qn is 90 if n is even and 80 if n is odd, xi (1 � i � n) are variables fornatural numbers, and � is a quanti�er-free formula. By arithmetial formulas, wemean �0n-formulas or �0n-formulas for some natural number n. By �1n-formulas,we mean the formulas in the language of the seond-order struture of the form(91x1) (81x2) : : : (Qnxn) �;where 91; 81 are the universal quanti�er and the existential quanti�er for elementsin the Baire spae respetively, Qn is 81 if n is even and 91 if n is odd, xi (1 �i � n) are variables for elements in the Baire spae, and � is an arithmetialformula. By �1n-formulas, we mean the formulas in the language of the seond-order struture of the form(81x1) (91x2) : : : (Qnxn) �;where Qn is 91 if n is even and 81 if n is odd, xi (1 � i � n) are variables forelements in the Baire spae, and � is an arithmetial formula. Let n be a naturalnumber with n � 1, A be a subset of the Baire spae and a be an element ofthe Baire spae. We say A is a �0n(a) set if there is a �0n-formula � suh thatA = fx j A2 � �(x; a)g. One an de�ne �0n(a) sets, �1n(a) sets, and �1n(a) sets inthe same way. We also use �0n(a);�0n(a);�1n(a), and �1n(a) to denote the set ofall �0n(a) sets, �0n(a) sets, �1n(a) sets, and �1n(a) sets respetively.1The last statement is due to Suslin [82℄.



8 Chapter 1. IntrodutionTheorem 1.5.6. Let n be a natural number with n � 1. Then�0n = [a2!! �0n(a); �0n = [a2!!�0n(a);�1n = [a2!! �1n(a); �1n = [a2!!�1n(a):Proof. See, e.g., [66, 8B.5 & 8B.15℄.1.6 Gale-Stewart gamesIn this setion, we introdue Gale-Stewart games, whih are in�nite games withperfet information.In 1913, Ernst Zermelo [93℄ investigated �nite games with perfet informationas a formalization of the game of hess and proved the determinay of these games.In 1953, Gale and Stewart [27℄ developed the general theory of in�nite games,so-alled Gale-Stewart games, whih are two-player zero-sum in�nite games withperfet information. The theory of Gale-Stewart games has been investigatedby many logiians and now it is one of the main topis in set theory and it hasonnetions with other topis in set theory as well as model theory and omputersiene.Let us start with the de�nition of Gale-Stewart games.De�nition 1.6.1 (Gale-Stewart games). Let X be a nonempty set and A be asubset of !X. The Gale-Stewart game GX(A) is played by two players, player Iand player II. They play elements of X !-many times in turn, i.e., player I startswith hoosing an element x0 of X, then player II responds with x1 2 X, thenplayer I moves with x2 2 X and player II hooses x3 and so on. After ! moves,they have produed an !-sequene x = hxn j n 2 !i 2 !X. Player I wins if x isin A and player II wins if x is not in A.This game is an in�nite zero-sum game with perfet information beause oneof the players always wins and when one player wins, the other loses, and beauseboth players know what they have previously played and they an deide the nextmove onsidering their previous moves.We are interested in whether one of the players has a winning strategy inthe game GX(A), i.e., whether one of the players has a way to play this gamesuh that no matter her opponent moves, she will always win this game. Let usformulate the notion of winning strategies.De�nition 1.6.2. A strategy for player I is a funtion � : XEven ! X, whereXEven is the set of �nite sequenes of elements in X with even length. A strategyfor player II is a funtion � : XOdd ! X, where XOdd is the set of �nite sequenesof elements in X with odd length. Given a strategy � for player I and a strategy



D. Ikegami, Games in Set Theory and Logi 9� for player II, one an produe the run � � � of the game GX(A) aording to� and � by letting player I follow � and player II follow � , more preisely, therun � � � of the game GX(A) is a unique !-sequene of elements in X with thefollowing property: For any natural number n,(� � �)(n) = ��;��(� � �)�n�;where for a �nite sequene s of elements in X, ��;� (s) = �(s) if the length of sis even and ��;� (s) = �(s) if the length of s is odd. A strategy � for player I iswinning in the game GX(A) if for any strategy � for player II, � � � is in A. Astrategy � for player II is winning in the game GX(A) if for any strategy � forplayer I, � � � is not in A. A subset A of !X is determined if one of the playershas a winning strategy in the game GX(A).Hene we are interested in what kind of sets A are determined. Let us listsome results onerning this question. Reall from x 1.4 that the topology of !Xis given by the produt topology where eah oordinate (i.e., X) is seen as thedisrete spae.Theorem 1.6.3 (Gale and Stewart). (AC) Let X be a nonempty set.1. Any losed subset of !X and any open subset of !X are determined. If Xis well-ordered, one does not need AC.2. There is a subset of !! whih is not determined.Proof. See, e.g., [37, Lemma 33.1, Lemma 33.17℄.Theorem 1.6.4 (Martin). (AC) Let X be a nonempty set. Then every Borelsubset of !X is determined.Proof. See, e.g., [45, Theorem 20.5℄.Theorem 1.6.5 (Davis; G�odel and Addison). ZFC annot prove that every �11subset of the Baire spae is determined.Proof. The statement follows from the ombination of the following two results:The �rst is that if every �11 subset of the Baire spae is determined, then every�11 subset of the Baire spae has the perfet set property and the seond one isthat ZFC annot prove that every �11 subset of the Baire spae has the perfet setproperty. The �rst result is due to Davis [23℄ and the seond result was announedby G�odel [28℄ and the details of the proof given by Addison [1℄. For the proofs,see, e.g., [66, p. 224 & 225℄ and [37, Corollary 25.37℄.Gale-Stewart games are general enough that they an be used to simulateseveral kinds of in�nite games in mathematis (e.g., Banah-Mazur games; forthe de�nition of Banah-Mazur games, see x 1.8). In partiular, the determinay



10 Chapter 1. Introdutionof Gale-Stewart games implies that of several other kinds of games. From this,one an prove several properties of sets of reals assuming the determinay ofGale-Stewart games suh as Lebesgue measurability, the Baire property (for thede�nition, see x 1.8), and the perfet set property (for the de�nition, see x 1.4).Myielski and Steinhaus [68℄ introdued the Axiom of Determinay (AD),whih states that every subset of the Baire spae is determined, and investigatedthe onsequenes of this axiom. They proved that AD implies that every set ofreals is Lebesgue measurable and that every subset of the Baire spae has theBaire property and the perfet set property where eah of these statements on-tradits the Axiom of Choie. Beside suh properties for sets of reals, AD suppliesa beautiful strutural theory. Moreover, models of AD have been investigated fora long time and they are essential for the researh on inner models with largeardinals (for inner models, see x 1.11). In this way, the study of AD has beenone of the entral topis in set theory despite the fat that AD ontradits AC.One an de�ne ADX for a nonempty set X as follows: Every subset of !X isdetermined. Let us list some known observations on ADX :Proposition 1.6.6.1. Let X; Y be nonempty sets and assume that there is an injetion from Xto Y . Then ADY implies ADX . In partiular, ADR implies AD! = AD.2. The axioms AD!1 and ADP(R) are inonsistent.Proof. The �rst statement is a folklore and it is easy. For the seond statement,the inonsisteny of AD!1 is due to Myielski [67℄ and that of ADP(R) followsfrom the inonsisteny of AD!1, the fat that there is an injetion from !1 intoP(R), and the �rst item of this proposition. (One an send a ountable ordinal� to the set of all reals x suh that (!; x) is isomorphi to (�;2) and this is aninjetion from !1 into P(R).)We investigate AD and ADR further in Chapter 3.1.7 Pointlasses, parametrization, and Reur-sion TheoremAs with Borel sets, one often looks at the properties of a lass of sets of reals ratherthose of a set of reals. Suh lasses are alled pointlasses. In this setion, weintrodue basi properties for pointlasses. When we are talking about \reals",we mean elements of the Cantor spae !2 and we use R to denote the Cantorspae.A pointlass is the union of sets of subsets of !m � Rn for natural numbersm � 0; n � 1. If � is a pointlass, � is alled a boldfae pointlass if it is losed



D. Ikegami, Games in Set Theory and Logi 11under ontinuous preimages, i.e., for natural numbers m1; m2 � 0 and n1; n2 � 1,a ontinuous funtion f : !m1�Rn1 ! !m2�Rn2 , and a subset A 2 � of !m2�Rn2 ,f�1(A) is also in �. Closure under reursive preimages is similarly de�ned withreursive funtions.A pointlass � is !-parametrized if for all natural numbers m � 0 and n � 1there is a subset Gm;n of !m+1�Rn in � suh that for any subset A of !m�Rn in�, there is a natural number e suh that A = Gm;ne = f(x; y) j (e; x; y) 2 Gm;ng.The following lemma is useful: Let � be a pointlass and x be a real. Then thepointlass �(x) is the set of all sets A suh that there is a set C 2 � suh thatA = Cx where Cx = fy 2 R j (y; x) 2 Cg. Set � = Sx2R �(x).Lemma 1.7.1. Suppose � is an !-parametrized pointlass whih is losed underreursive preimages. Then for eah natural number n � 1, there is a set Gn �R � Rn in � suh that the following hold:1. For eah n � 1, Gn is universal for subsets of Rn in �, i.e., for any subsetA 2 �, there is a real x suh that A = Gnx,2. For A � Rn in �, there is a reursive real x suh that A = Gnx, and3. For all natural numbers n;m � 1, there is a reursive funtion Sn;m : R �Rn ! R suh that for any real a, x 2 Rn , and y 2 Rm , Gm+n(a; x; y) ()Gm(Sn;m(a; x); y).Proof. See [66, 3H.1℄.We �x some notions for projetions. For natural numbers m � 0 and n � 1and a subset A of !�!m�Rn , let 9!A = f(x; y) 2 !m�Rn j (9e 2 !) (e; x; y) 2Ag and 8!A = f(x; y) 2 !m � Rn j (8e 2 !) (e; x; y) 2 Ag. The sets 9RA and8RA are de�ned in the similar way. A pointlass � is losed under 9! if for anyA in �, 9!A is in �. Closure under 8!; 9R, and 8R is de�ned in the similar way.De�nition 1.7.2. A pointlass � is a Spetor pointlass if it satis�es the following:1. It ontains all the �01 sets and it is losed under reursive substitutions,�nite intersetions and unions, 9!, and 8!,2. It is !-parametrized,3. It has the substitution property, and4. It has the prewellordering property.For the de�nition the substitution property and the basi theory of �-reursivefuntions, see [66, 3D & 3G℄. For the de�nition of prewellordering property, see[66, 4B℄. Typial examples of Spetor pointlasses are �11 and �12. Assuming thedeterminay of all the projetive sets, one an prove that �12n+1 and �12n+2 arealso Spetor pointlasses for eah natural number n.We use the following general form of Kleene's Reursion Theorem for Spetorpointlasses in Chapter 3:



12 Chapter 1. IntrodutionTheorem 1.7.3 (Reursion Theorem). (Kleene) Let � be a Spetor pointlassand suppose f : R�R ! R is �-reursive on its domain. Then there exists a �xedreal a� suh that for all reals x, if f(a�; x) is de�ned, then f(a�; x) = fa�g(x),where fa�g is the �-reursive funtion on its domain oded by a�.Proof. See [66, 7A.2℄.1.8 The Baire property and Banah-Mazur gamesIn this setion, we introdue the Baire property and Banah-Mazur games anddisuss the onnetion between them. In the Sottish Caf�e \Kawiarnia Szzkoka"in Lw�ow, Polish mathematiians in the Lw�ow Shool of Mathematis would oftenmeet and spend their afternoons disussing mathematial problems in 1920s and1930s. Their disussions produed the famous book so-alled \the Sottish bookof problems". In this book (see [63℄), Mazur desribed in�nite games nowadaysalled Banah-Mazur games and onjetured their onnetion to the Baire prop-erty. The onjeture was on�rmed by Banah in 1935 and the statement wasgeneralized to arbitrary topologial spae by Oxtoby [69℄ in 1957.We start with the de�nition of the Baire property:De�nition 1.8.1. Let X be a topologial spae and A be a subset of X.1. We say A is nowhere dense if the interior of the losure of A is empty.2. We say A is meager if it is a ountable union of nowhere dense sets.3. We say A is omeager if the omplement of A is meager.4. We say A has the Baire property if there is an open subset U of X suhthat the symmetri di�erene between A and U (i.e., �(AnU)[ (U nA)�, denotedby A4U) is meager.Nowhere dense sets and meager sets are small in the sense of topology, e.g.,on the Baire spae, the Cantor spae and the real line, any singleton is nowheredense and any ountable set is meager. Sets with the Baire property an beapproximated by open sets modulo suh small sets. But if some nonempty openset was meager, this property would not make sense. To avoid that problem, weintrodue a property for topologial spaes: A topologial spae X is alled aBaire spae if any nonempty open subset of X is not meager.2 All the topologialspaes that appear in this thesis will be Baire spaes.If X is a topologial spae, many subsets of X have the Baire property inX: Trivially every open set has the Baire property, also every losed set has theBaire property (if we take U to be the interior of the given losed set A, thensymmetri di�erene between A and U is A n U and it is nowhere dense by the2Note that being a Baire spae is di�erent from being the Baire spae !!. Being a Bairespae is a property for topologial spaes while the Baire spae is one partiular topologialspae.



D. Ikegami, Games in Set Theory and Logi 13de�nition of interior, hene meager). From this, we an onlude that the set ofsubsets of X with the Baire property is losed under omplements. Moreover,sine the set of meager sets is losed under ountable unions, the set of subsetswith Baire property is also losed under ountable unions and hene every Borelsubset of X has the Baire property.It is natural to ask whether the onverse is true for the Baire spae, i.e., if asubset of the Baire spae has the Baire property, then is it Borel? The answer is`No'. In 1923, Lusin and Sierpinski [57℄ proved that every �11 set of reals has theBaire property and there is a �11 set of reals whih is not Borel by Theorem 1.5.5.So one ould ask, \How far an we go?" Atually, in the onstrutible universeL, there is a �12 set of reals without the Baire property.3 On the other hand,starting with a model of ZFC, one an onstrut a model of ZFC extending thegiven model suh that every �12 set has the Baire property. Hene the statementthat every �12 set of reals has the Baire property is independent from ZFC. Thenone ould naturally ask the following: When is it true and when is it not? Wedisuss this question in Chapter 2. Next, we introdue Banah-Mazur games,whih haraterize meagerness of topologial spaes:De�nition 1.8.2 (Banah-Mazur games). Let X be a topologial spae and A bea subset of X. The Banah-Mazur game of A, denoted by G��(A) (or G��(A;X)),is de�ned as follows: Players I and II hoose alternatively nonempty open sets Vn(n 2 !) with V0 � V1 � V2 � V3 � : : : in ! moves,I V0 V2 : : :II V1 V3 : : :Player II wins this run of the game if Tn2! Vn \ A = ;.The notions of strategies and winning strategies are de�ned in the same wayas for Gale-Stewart games in x 1.6.Theorem 1.8.3 (Banah and Mazur, Oxtoby). Let X be a topologial spaeand A be a subset of X. Then A is meager if and only if player II has a winningstrategy in the game G��(A).Proof. See, e.g., [45, Theorem 8.33℄.One an haraterize when a subset A of X has the Baire property in X interms of Banah-Mazur games: Let UA be the union of all open sets U in X suhthat U n A is meager in X. Then A has the Baire property if and only if the3Although G�odel [28℄ announed the similar result for Lebesgue measurability in 1938 andseemed to know about this result at that time, it seems to have been �rst made expliit in [67,p. 216℄ (f. [44, p. 169℄).



14 Chapter 1. Introdutionset A n UA is meager, hene if and only if player II has a winning strategy in theBanah-Mazur game G��(A n UA).It is natural to ask whether one ould haraterize when player I has a winningstrategy in Banah-Mazur games in terms of topology. The answer is: If X is aompletely metrizable topologial spae, then player I has a winning strategy inG��(A) if and only if there is a nonempty open subset U of X suh that U nA ismeager in U , where U is equipped with the relative topology of X in this ase.(But this haraterization is not true if X is a general topologial spae. Forthe proof, see, e.g., [45, Theorem 8.33℄.) It follows from this result that player Iannot have a winning strategy in the Banah-Mazur game G��(A n UA). Henewe an onlude that a subset A of X has the Baire property if and only if theBanah-Mazur game G��(A n UA) is determined, i.e., either player I or II has awinning strategy in this game. Now we have redued the problem of the Baireproperty of a given set to the problem of determinay of Banah-Mazur games.This is how the Polish shool of mathematis found out the following: Assumeevery Banah-Mazur game in the Baire spae is determined, then every set ofreals has the Baire property.We also use a variant of Banah-Mazur games so-alled the unfolded Banah-Mazur games:De�nition 1.8.4 (The unfolded Banah-Mazur games). Let X be a topologialspae and F be a subset of X � !!. De�ne the unfolded Banah-Mazur gameG��u (F ) (or G��u (F;X)) as follows:I V0; y0 V2; y1 : : :II V1 V3 : : :Players I and II hoose V0; V1; : : : as in the Banah-Mazur game, but additionallyI plays a natural number yn in her nth move. Let y = hyn j n 2 !i. Player IIwins if �Tn2! Vn � fyg� \ F = ;.We have the same kind of haraterization theorem as Banah-Mazur games:Theorem 1.8.5 (Folklore). Let X be a topologial spae and F be a subset ofX � !!. Let A = 9RF .1. If A is meager in X, then player II has a winning strategy in the gameG��u (F ).2. Suppose that F is of the form (f � id)�1(C), where f : X ! !! is aontinuous funtion, f � id: X � !! ! !! � !! is de�ned by (f � id) (x; y) =(f(x); y), and C is a subset of !! � !!. Then if player II has a winning strategyin the game G��u (F ), then A is meager in X.



D. Ikegami, Games in Set Theory and Logi 15Proof. We show the �rst item. By Theorem 1.8.3, if A is meager, then playerII has a winning strategy � in the game G��(A;X). But � an be viewed as awinning strategy for player II in the game G��u (F ) by ignoring I's moves of yns.Next we show the seond item. The point is that given a winning strategy �for player II in the game G��u (F ), she an modify � so that in her nth move, shean deide the nth digit of f(x) by the ontinuity of f . The rest of the argumentis the same as in [45, Theorem 21.5℄.Using Theorem 1.8.5, one an haraterize when player I has a winning strat-egy in the game G��u (F ) as well: Player I has a winning strategy in the gameG��u (F ) if and only if there is a nonempty open set U in X suh that U n A ismeager in U . As before, it follows from this fat that a subset A of X has theBaire property if and only if the game G��u (F 0) is determined, where F 0 is a subsetof X � !! with 9RF 0 = A n UA and UA is the same as in the paragraphs afterTheorem 1.8.3.The advantage of the unfolded Banah-Mazur games over Banah-Mazur gamesis that one an redue the omplexity of the payo� sets (from A to F in the abovede�nition). If A is a �11 set in the Baire spae, then AnUA is also �11, hene thereis a losed subset F of !! � !! suh that 9RF = A n UA. Sine there is no dif-ferene between playing basi open sets and playing open sets for Banah-Mazurgames and the unfolded ones and basi open sets in the Baire spae are easilyoded by natural numbers, one an simulate the unfolded Banah-Mazur gamesby Gale-Stewart games in a simple way. By the �rst item of Theorem 1.6.3, allthe losed Banah-Mazur games and the unfolded ones are determined. Henewe an onlude that every �11 set of reals has the Baire property.41.9 ForingWhile Zermelo-Fraenkel set theory with the axiom of hoie (ZFC), whih is aset-theoreti axiomatization for the foundation of mathematis, is a very goodbasis for most of mathematial pratie, some mathematial questions remainundetermined by ZFC and one suh typial question is whether the ContinuumHypothesis (CH) is true or not. In 1963, Cohen introdued foring to provethat CH does not follow from ZFC and sine then, foring has been one of themost important basi tools in set theory. Starting from a model of ZFC (alledthe \ground model"), Cohen produed an extension of the given model (alleda \generi extension") whih is a model of ZFC and the negation of CH. Thistehnique is so general that one an de�ne a generi extension for eah partialorder in the given ground model, and one an hange the truth-value of manymathematial statements between ground models and their generi extensionswhih yield the onsisteny and the independene of those statements from ZFC.4This is not the original proof of Lusin. It is due to Solovay (f. [44, Exerise 27.14℄).



16 Chapter 1. IntrodutionIn Chapter 2 and Chapter 3, we assume the basi theory of foring whih anbe found in, e.g., [52, x 7, 8℄. Let us �x the notation onerning foring and listthe partial orders we will use in this thesis.The Universe is the lass of all sets and it is denoted by V . Let M be a modelof ZF, P be a partial order belonging to M , and G be a P-generi �lter over M .By M [G℄, we mean the generi extension of M via G. For a P-name � in M , �Gdenotes the interpretation of � via G. For a set x, �x denotes the standard P-namefor x, i.e., �xG = x for any �lter G.The following is the list of partial orders we will use:Cohen foring. The partial order is (<!!;�) denoted by C where � is reverseinlusion on �nite sequenes of natural numbers. Given a model M of ZF anda C -generi �lter G over M , set xG = Sfp 2 C j p 2 Gg. By the generiity ofG, xG is a funtion from ! to itself (i.e., an element of the Baire spae). Suhobjets are alled Cohen reals over M . Also one an reonstrut G from xG andC as follows: G = fp 2 C j p � xGg. Hene there is a anonial one-to-oneorrespondene between C -generi �lters over M and Cohen reals over M . Weoften identify these two objets.Random foring Elements of the partial order are Borel sets in the Bairespae (or in the real line) with positive Lebesgue measure ordered by inlusionand it is denoted by B . Given a model M of ZF+AC!(R) and a B -generi �lterG over M , the set TfBM [G℄ j B 2 Gg is a singleton fxGg, where BM [G℄ is theinterpretation of B in M [G℄ via Borel odes for B in M .5 Suh reals xG are alledrandom reals over M . As with Cohen reals, one an reover G from xG and Mas follows: G = fB 2 B j xG 2 BM [G℄g. Hene there is a anonial one-to-oneorrespondene between B -generi �lters over M and random reals over M . Weoften identify these two objets.Hehler foring. Elements of the partial order are pairs (n; f) where n is anatural number and f is a funtion from ! to itself and it is denoted by D . Given(n; f) and (m; g) in D , (n; f) � (m; g) if n � m, f�m = g�m and f(k) � g(k)for any k � m. Given a model M of ZF and a D -generi �lter G over M ,xG = Sff�n j (n; f) 2 Gg is a funtion from ! to itself by the generiity of G.Suh reals xG are alled Hehler reals over M . One an reover G from xG andM as follows: G = f(n; f) 2 D j xG � f�n and (8k � n) f(k) � xG(k)g. Henethere is a anonial one-to-one orrespondene between D -generi �lters over Mand Hehler reals over M . We often identify these two objets.5For the de�nition and the basi properties of Borel odes, see x 1.13.



D. Ikegami, Games in Set Theory and Logi 17Mathias foring. Elements of the partial order are pairs (s; A) where s is a�nite set of natural numbers and A is an in�nite set of natural numbers suh thatmax(s) < min(A) and the foring is denoted R.6 Given (s; A) and (t; B) in R,(s; A) � (t; B) if s \ (n + 1) = t, A � B and s n t � B, where n = max t. Givena model M of ZF and a R-generi �lter over M , xG = Sfs j (9A) (s; A) 2 Ggis an in�nite set of natural numbers by the generiity of G. Suh reals are alledMathias reals over M . One an reonstrut G from xG and M as follows: G =f(s; A) 2 R j s � xG and xG � s [ Ag. Hene there is a anonial one-to-oneorrespondene between R-generi �lters over M and Mathias reals over M . Weoften identify these two objets.Saks foring. Elements of the partial order are perfet trees on 2 ordered byinlusion and it is denoted by S. Given a model M of ZF and an S-generi �lterG over M , xG = Sfstem(T ) j S 2 Gg is a funtion from ! to 2 by the generiityof G. Suh reals are alled Saks reals over M . One an reover G from xG andM as follows: G = fS 2 S j xG 2 [S℄g. Hene there is a anonial one-to-oneonnetion between S-generi �lters over M and Saks reals over M . We oftenidentify these two objets.Silver foring. Elements of the partial order are uniform perfet trees on 2ordered by inlusion and it is denoted by V, where a perfet tree T on 2 isuniform if for any s and t in T with the same length and i = 0; 1, s_hii 2 T ifand only if t_hii 2 T . Given a model M of ZF and a V-generi �lter G over M ,one an de�ne xG in the same way as Saks reals and suh reals are alled Silverreals over M . There is a anonial one-to-one orrespondene between V-generi�lters over M and Silver reals over M as in Saks foring. We often identify thesetwo objets.Miller foring. Elements of the partial order are superperfet trees on ! or-dered by inlusion and it is denoted by M , where a tree T on ! is superperfet if forany node t of T , there is an extension u of t in T suh that fn 2 ! j u_hni 2 Tg isin�nite. Given a model M of ZF and a M -generi �lter G over M , one an de�nexG in the same way as Saks reals and suh reals are alled Miller reals over M .There is a anonial one-to-one orrespondene between M -generi �lters over Mand Miller reals over M as in Saks foring. We often identify these two objets.Laver foring. Elements of the partial order are trees T on ! suh that foreah node t � stem(T ) of T , the set fn 2 ! j t_hni 2 Tg is in�nite and theyare ordered by inlusion. The partial order is denoted by L. Given a model Mof ZF and a L-generi �lter G over M , one an de�ne xG in the same way as6We use this notation only in Chapter 2 where we do not use R either for the real line, theBaire spae or the Cantor spae. Hene there will be no onfusion for this notation.



18 Chapter 1. IntrodutionSaks reals and suh reals are alled Laver reals over M . There is a anonialone-to-one orrespondene between L-generi �lters over M and Laver reals overM as in Saks foring. We often identify these two objets.Eventually di�erent foring. Elements of the partial order are pairs (s; F )where s is a �nite sequene of natural numbers and F is a �nite set of funtionsfrom ! to itself and it is denoted by E . Given (s; F ) and (t; F 0) in E , (s; F ) �(t; F 0) if s � t, F 0 � F and (8f 2 F 0) �8n 2 dom(s n t)� s(n) 6= f(n). Given amodel M of ZF and a E -generi �lter G over M , xG = Sfs j (9F ) (s; F ) 2 Ggis a funtion from ! to itself by the generiity of G. Suh reals are alled E -generi reals over M and one an reonstrut G from xG and M as follows:G = f(s; F ) 2 E j s � xG and (8f 2 F ) �8n � dom(s)� xG(n) 6= f(n)g. Henethere is a anonial one-to-one orrespondene between E -generi �lters over Mand E -generi reals over M . We often identify these two objets.Next, we introdue useful lasses of forings that we use in Chapter 2. LetP be a partial order. For p and q in P, p and q are ompatible (denoted by pjjq)if there is an r in P suh that r � p and r � q. They are alled inompatible(denoted by p?q) if they are not ompatible. A subset A of P is an antihain ifany two di�erent elements of A are inompatible. A subset D of P is dense if forany p in P there is a d in D suh that d � p. Let D be a subset of P and p be anelement of P. The set D is predense below p if for any q � p in P there is a d inD suh that q and d are ompatible.For a regular ardinal �, H� denotes the set of all sets a suh that jTC(a)j < �,where TC(a) denotes the transitive losure of a, i.e., the smallest set b ontaininga and whih is transitive, i.e., (8x 2 b) x � b.The ountable hain ondition (). A partial order P has the ountablehain ondition (or P is ) if every antihain of P is ountable. Sine theinvention of foring,  forings have been fundamental partial orders and theyenjoy many nie properties, e.g., they preserve ardinalities, i.e., given a partial order P and a P-generi �lter G over V , for any ordinal �, � is a ardinalin V if and only if it is a ardinal in V [G℄. In partiular, !V1 = !V [G℄1 . Typialexamples of  forings are Cohen foring, random foring, Hehler foring, andeventually di�erent foring. Mathias foring, Saks foring, Silver foring, Millerforing, and Laver foring are not .Proper forings. A partial order P is proper if for any suÆiently large regularardinal � (e.g., � � 2jPj) and any ountable elementary substruture X of H�with P 2 X, and any p in P\X, there is a q � p in P suh that q is (X;P)-generi,i.e., for any dense set D of P in X, D \X is predense below q. Proper foringswere introdued by Shelah and they are also fundamental in modern set theory.They are a generalization of  forings (i.e., every  foring is proper) and



D. Ikegami, Games in Set Theory and Logi 19they enjoy several properties  forings satisfy, e.g., for a proper foring P, aP-generi �lter G over V , and any ountable set of ordinals A in V [G℄, there isa ountable set of ordinals B in V suh that A � B. In partiular, !V1 = !V [G℄1 .All the examples of forings listed above are proper.1.10 Large ardinalsLarge ardinals are ardinals with ertain transendene properties over ardinalssmaller than them. Many suh properties are the analogies of the ones ! has over�nite numbers. For the basis and bakground for large ardinals, we refer thereader to [44℄. Let us list the large ardinals (or the large ardinal properties) wewill use in this thesis:Inaessible ardinals. Inaessible ardinals are the least and the oldest largeardinals. An unountable ardinal � is inaessible if it is regular, i.e., for anyordinal � < � and any funtion f : � ! �, f is bounded, i.e., there is a � < �suh that ran(f) � �, and it is strong limit, i.e., for any � < �, 2� < �. If � isinaessible, then V� is a model of ZFC. Hene the existene of an inaessibleardinal implies the onsisteny of ZFC and by G�odel's Inompleteness Theorem,the onsisteny of ZFC+\There is an inaessible ardinal" is stritly strongerthan that of ZFC.Sharps. Let X be a set. By X#, we mean the omplete theory of L(X) in thelanguage (2; fngn2!; fdaga2TC(X)) with some speial properties, where n is theonstant for the n-th indisernible for L(X) and da is the onstant for a 2 TC(X).For the details, see, e.g., [22℄. The existene of X# is equivalent to the existene ofa losed unbounded proper lass of indisernibles for L(X) with some properties.Also it is equivalent to the existene of an elementary embedding j from L(X) toitself whose ritial point is above the rank of X. (Here the ritial point of j isthe least ordinal � suh that j(�) > �.) We say every real has a sharp if for anyreal x, x# exists. We say every set has a sharp if for any set X, X# exists.Measurable ardinals. Measurable ardinals are one of the most fundamentallarge ardinals. An unountable ardinal � is a measurable ardinal if there is anelementary embedding from V to a transitive proper lass whose ritial point is�. There is a �rst-order haraterization of measurable ardinals: An unountableardinal � is measurable if and only if there is a non-trivial �-omplete ultra�lteron �; here a �lter is non-trivial if it is not prinipal and it is �-omplete if itis losed under intersetions with <� many sets. It is easy to see that if � is ameasurable ardinal, then for any set X 2 V�, X# exists.



20 Chapter 1. IntrodutionStrong ardinals. Most large ardinals stronger than measurable ardinalsassert the existene of elementary embeddings from V to a transitive lass Mwith ertain properties. The more M is lose to V , the stronger the large ardinalproperty is. Strong ardinals are one of the natural strengthening of measurableardinals in this sense. Let � be an ordinal. An unountable ardinal � is �-strongif there is an elementary embedding j from V to M suh that M is transitive,the ritial point of j is �, and V� � M . An unountable ardinal � is strongif it is �-strong for any ordinal �. It is immediate that any �-strong ardinal ismeasurable. If � is (�+ 2)-strong, then there are unboundedly many measurableardinals below �.Woodin ardinals. Woodin ardinals were introdued when Shelah and Woodintried to deide the optimal upper bound for the onsisteny strength of the sat-uration of the nonstationary ideal on !1 and they are tightly onneted to thedeterminay of projetive sets in Gale-Stewart games. Let � < Æ be ordinals andA be a subset of VÆ. An unountable ardinal � < Æ is �-A-strong if there isan elementary embedding j from V to a transitive lass M suh that � is theritial point of j, V� � M , and A \ V� = j(A) \ V�. An unountable ardinal� is <Æ-A-strong if it is �-A-strong for every � < Æ. An inaessible ardinal Æis Woodin if it is a limit of <Æ-A-strong ardinals for any subset A of VÆ. If Æ isWoodin, then VÆ satis�es \There is a proper lass of strong ardinals".1.11 Inner models and inner model theoryInner models are transitive proper lass models of ZF. The study of inner modeltheory is about anonial inner models with large ardinals. The G�odel's Con-strutible Universe L is the most basi anonial inner model. It always existsin ZF and it is the least inner model of ZFC. G�odel introdued L to prove theonsisteny of AC, CH, and moreover the Generalized Continuum Hypothesis(GCH) with ZF. Beside this fat, L has many interesting properties, e.g., in L,there is a �12 set of reals without the Baire property and whih is not Lebesguemeasurable, and there is a �11 set of reals without the perfet set property. Asat the end of x 1.8, every �11 set of reals has the Baire property. Also every �11set of reals is Lebesgue measurable and has the perfet set property. Hene theabove fats about L show that �11 sets of reals are the limit for proving the aboveregularity properties in ZFC.One an relativize the onstrution of L to any set in the following two ways:For a set A, L[A℄ denotes the least inner model suh that A \ L[A℄ 2 L[A℄ andL(A) denotes the least inner model ontaining A as an element. The model L[A℄ isalways a model of ZFC and A might not belong to L[A℄ in general (e.g., L[R℄ = Land R does not belong to L in general) while L(A) might not be a model of AC(e.g., if there are !-many Woodin ardinals and a measurable ardinal above all



D. Ikegami, Games in Set Theory and Logi 21of them, then AC fails in L(R)). For a set of ordinals A, L[A℄ = L(A).Let us list the basi properties of L we use later:Lemma 1.11.1 (G�odel).1. The relation f(x; a) 2 !! � !! j x 2 L[a℄g is a �12 set of reals.2. For any real a, L[a℄ � \There is a �12(a) wellordering of the reals".Proof. See, e.g., [66, Theorem 8F.7, 8F.23, 8F.24℄.Core models are anonial inner models with the following speial properties:�rst they are �ne strutural (onstruted with Jensen's J� Hierarhy), seond,they are foring invariant (they are absolute between ground models and theirforing extensions), and lastly they are lose to V , e.g., they have overing prop-erties or weak overing. If 0# does not exist, L is the basi ore model. Unlikemany anonial inner models, one needs to assume some anti-large ardinal hy-pothesis to prove the existene of ore models. The following is a general resultfor the existene of the ore model:Theorem 1.11.2 (Dodd and Jensen [24℄; Koepke [50℄; Jensen [38℄; Mithell [64℄;Jensen [39℄; Steel [79℄; Jensen and Steel [41, 40℄). Suppose every real has a sharp.If there is no inner model of ZFC with a Woodin ardinal, then the ore model Kexists. More generally, if �12-determinay fails, then there is a real a0 suh thatfor any a �T a0, the a-relativized version of the ore model Ka exists, where �Tis the Turing order.7 Moreover, the ore models have the following properties:1. the relation f(x; a) 2 !! � !! j x 2 Kag is a �13 set of reals, and2. for any real a, Ka � \There is a �13(a) wellordering of the reals".Proof. When there is a real a suh that ay does not exist, see [24℄. In the otherase, see [79℄. Note that in [79℄, Steel assumed the existene of a measurableardinal to onstrut K. But Jensen and Steel [41, 40℄ omitted this assumption.To build ore models, one needs to study fragments of ore models or moregeneral objets, whih are alled mie. Standard examples of mie are L and theore model K. For a set a, there are a-relativized version of mie alled a-mie.Basi examples are L[a℄ and Ka. The following two theorems are essential tostudy mie:Theorem 1.11.3 (Comparison Lemma). LetM;N be mie and � = maxfjM j+; jN j+g.After <� steps of oiterations, one of them is an initial segment of the other.7Note that �12-determinay (lightfae) is equivalent to the existene of an inner model ofZFC with a Woodin ardinal. This is why we said \More generally,".



22 Chapter 1. IntrodutionProof. See, e.g., [92, Lemma 9.1.8℄.Theorem 1.11.4 (Dodd-Jensen Lemma). Let M be a mouse and i : M ! M 0be an iteration map aording to the unique iteration strategy of M . Supposethere is a �� preserving map � : M !M 0. Then1. there is no drop in the iteration tree for i, and2. for any ordinal � in M , i(�) � �(�).In partiular, any two iteration maps without drops from a mouse to a mouse arethe same.Proof. See, e.g., [92, Lemma 9.2.10℄.1.12 AbsolutenessWe speak of absoluteness if a sentene or a lass of sentenes does not hangetruth values of mathematial statements between models of set theory and it isone of the basi and entral notions in set theory. Given models of set theoryM and N with M � N and a formula �, � is absolute between M and N iffor any �nite sequene of elements ~x in M , M � �(~x) if and only if N � �(~x).For example, the formula \x is !" is absolute between any two transitive modelsof ZF. The �rst nontrivial and important absolute notion is wellfoundedness. Arelation R on a set A is wellfounded if for any nonempty subset B of A, there isan R-minimal element of B, i.e., there is a b 2 B suh that for any element a ofB, (a; b) =2 R.Lemma 1.12.1. The formula \R is a wellfounded relation on A" is absolutebetween any two transitive models of ZF.Proof. See, e.g., [37, Lemma 13.11℄ and the two paragraphs preeding it.Given a �11 formula �, one an reursively ompute a tree T on !�! suh thatfx j A2 � �(x)g = fx j [Tx℄ = ;g, where Tx = ft 2 <!! j �x�dom(t); t� 2 Tg inZF+AC!(R). But [Tx℄ = ; if and only if (Tx;�) is wellfounded. Hene A2 � �(x)if and only if (Tx;�) is wellfounded. Hene the problem of membership for a �11set is redued to the one for the wellfoundedness of ertain trees. Combining withLemma 1.12.1,Theorem 1.12.2 (Mostowski). Every �11 formula is absolute between transi-tive models of ZF+AC!(R). Hene every �11 formula is also absolute betweentransitive models of ZF+AC!(R).Proof. See, e.g., [37, Theorem 25.4℄.



D. Ikegami, Games in Set Theory and Logi 23In general, a �12 formula is not absolute between transitive models of ZF.Shoen�eld proved that any �12 formula is absolute between inner models of ZF+AC!(R):Theorem 1.12.3 (Shoen�eld). For any �12 formula � and real a, there is a tree Ton !�!1 in L[a℄ suh that for any real x, A2 � �(x; a) if and only Tx is wellfounded.This tree is alled a Shoen�eld tree and one an onstrut a Shoen�eld tree inany inner model of ZF+AC!(R) and the onstrution depends only on �, a, anda �xed unountable ordinal (in this ase, !V1 ).Hene Shoen�eld trees are absolute and thus every �12 formula (and �12 for-mula) is absolute between between inner models of ZF+AC!(R), espeially be-tween L and V .Proof. See, e.g., [66, 8F.8, 8F.9, 8F.10℄.In general, a �13 formula is not absolute between L and V , e.g., the statement\Every real is in L" is equivalent to a �13 formula and one an add nononstrutiblereal (e.g., a Cohen real over L) via foring starting from L. Using sharps for reals,Martin and Solovay onstruted a tree alled Martin-Solovay tree for a �13 formulawhih is like a Shoen�eld tree for a �12 formula. We will give a suÆient onditionfor the absoluteness of Martin-Solovay trees. Assume every real has a sharp. Fora real a, let Ia be the losed unbounded lass of indisernibles derived from a#and set I = Ta2!! Ia. The lass I is alled the lass of uniform indisernibles andu2 denotes the seond element of I and is alled the seond uniform indisernible.Theorem 1.12.4 (Martin and Solovay). LetM , N be inner models of ZFC+\Everyreal has a sharp". If uM2 = uN2 with M � N , then Martin-Solovay trees are abso-lute between M and N and hene every �13 formula (and �13 formula) is absolutebetween M and N .Proof. See, e.g., [33, Theorem 2.1℄.Every �13 formula is absolute between the ore model K and V when K exists:Theorem 1.12.5 (Dodd and Jensen; Steel). Assume every real has a sharp. If�12-determinay fails, then there is a real a0 suh that for any a �T a0, the a-relativized version of the ore model Ka exists and every �13 formula is absolutebetween Ka and V .Proof. In ase there is a real a suh that ay does not exist, this is due to Dodd andJensen [24℄. If every real has a dagger, then this is due to Steel [79, Theorem 7.9℄.88In [79, Theorem 7.9℄, he assumed two measurable ardinals. But one an replae thisassumption with daggers for reals. See [71, Theorem 0.1℄.



24 Chapter 1. IntrodutionBefore losing this setion, we disuss the absoluteness of being a winningstrategy for Gale-Stewart games with losed payo� sets:Theorem 1.12.6 (Folklore). Let X be a nonempty set and M be a transitivemodel of ZF with X 2 M . For any losed subset A of !X, given a strategy � forplayer I in M , M � \� is winning in A" if and only if V � \� is winning in A".The same holds for player II.Proof. As desribed in [45, 20.B℄, if there is a winning strategy for player I in thegame GX(A) for a losed set A, then there is a anonial winning quasistrategy�A for player I and a strategy � for I is winning for the game GX(A) if and onlyif � � �A. Sine the onstrution of �A is absolute between transitive models ofZF, the statement \� is winning in A" is absolute between transitive models ofZF, as desired.1.13 Borel odes and 1-Borel odesIf X is the Baire spae, the Cantor spae, or the real line, it is easy to showthat there is a surjetion from the Cantor spae to the set of all Borel subsets ofX. (By indution on 1 � � < !1, one an onstrut surjetions from the Cantorspae to �0� subsets of X and one an amalgamate them into one surjetion.)Borel odes are e�etive realizations of suh surjetions introdued by Solovay.To introdue them, we �rst �x some notions and notations. Let Y be a set. Atree T on Y is wellfounded if (T;�) is wellfounded. A node s of T is terminal ifthere is no node t in T extending s. Let Term(T ) denote the set of all terminalnodes of T . Let s; t be nodes of T . The node t is a suessor of s in T if t extendss and lh(t) = lh(s) + 1. For a node s of T , SuT (s) denotes the set of suessorsof s in T .We introdue Borel odes for Borel subsets of the Cantor spae. One anintrodue Borel odes for the Baire spae and the real line in the same way. Borelodes are pairs (T; f) where T is a wellfounded tree on ! and f is a funtion fromTerm(T ) to <!2. One an simply regard Borel odes as elements of the Cantorspae by identifying trees on ! with a map from <!! to f0; 1g and �xing a simplebijetion between <!! and !. With this identi�ation, we regard Borel odes aselements of the Cantor spae. Given a Borel ode  = (T; f), the deode B isde�ned as follows: For eah node t of T ,Bt = 8><>:[f(t)℄ if t 2 Term(T )!2 nBs if (9s 2 T ) fsg = SuT (t)Ss2SuT (t)Bs otherwise.We set B = B;. This is well-de�ned beause T is wellfounded. One an easilyhek any Borel set is of the form B for some Borel ode . The following arebasi observations on Borel odes:



D. Ikegami, Games in Set Theory and Logi 25Lemma 1.13.1 (Solovay). The set of Borel odes and the relations x 2 B,x =2 B are �11 sets and hene they are absolute between transitive models ofZF+AC!(R).Proof. See, e.g., [37, Lemma 25.44 & Lemma 25.55℄.In�nitary Borel odes (1-Borel odes) are a trans�nite generalization of Borelodes: Let L1;0(fangn2!) be the language allowing arbitrary many onjuntionsand disjuntions and no quanti�ers with atomi sentenes an for eah n 2 !. The1-Borel odes are the sentenes in L1;0(fangn2!) belonging to any � suh that� the atomi sentene an is in � for eah n 2 !,� if � is in �, then so is :�, and� if � is an ordinal and h�� j � < �i is a sequene of sentenes eah of whihis in �, then W�<� �� is also in �.To eah 1-Borel ode �, we assign a set of reals B� in the same way as deodingBorel odes:� if � = an, then B� = fx 2 !2 j x(n) = 1g,� if � = : , then B� = !2 nB , and� if � = W�<�  �, then B� = S�<�B � .A set of reals A is alled 1-Borel if there is an 1-Borel ode � suh that A = B�.As Borel odes, one an regard1-Borel odes as wellfounded trees with atomisentenes an on terminal nodes and deode them by assigning sets of reals on eahnode reursively from terminal nodes. (If a node has only one suessor, then itmeans \negation" and if a node has more than one suessors, then it means\disjuntion".) The only di�erene between Borel odes and 1-Borel odes isthat trees are on ! for Borel odes while trees are on ordinals for 1-Borel odes.From this visualization, it is easy to see that the statement \� is an 1-Borelode" is absolute between any transitive models of ZF by Lemma 1.12.1.Given an 1-Borel ode � and a real x, the problem whether x is in B�an be easily translated into the following kind of satisfation game using theabove visualization of 1-Borel odes via wellfounded trees: Let us regard � as awellfounded tree T� on ordinals with terminal nodes labeled by atomi sentenes.In the game G(T�), there are two players, Spoiler and Dupliator, and a ounterdesignating whih player should move next. We start with the top node (theempty sequene) with the ounter designating Dupliator. If the node has onlyone suessor, no player is supposed to deide anything and they move to theunique suessor and exhange the name in the ounter. (This is for the negation.)If the node has more than one suessors, then the player designated by the



26 Chapter 1. Introdutionounter hooses one of the suessors and keeps the name of the ounter. (Thisis for the disjuntion.) If the node is a terminal node, then look at the atomisentene labeled at the node, say an. If the real x satis�es that x(n) = 1, thenthe player designated by the ounter wins, otherwise the other player wins. It isfairly easy to see that a real x is in B� if and only if Dupliator has a winningstrategy in the game G(T�). By the fat that the payo� set of this game is alopen subset of ! for some ordinal , being a winning strategy in this game isabsolute in any transitive model of ZF by Theorem 1.12.6. Hene the statement\a real x is in B�" is absolute between transitive models of ZF.The following haraterization of 1-Borel sets is very useful:Fat 1.13.2 (Folklore). Let A be a set of reals. Then the following are equivalent:1. A is 1-Borel, and2. There is a formula � in the language of set theory and a set S of ordinalssuh that for eah real x,x 2 A () L[S; x℄ � �(x):Proof. See [80℄.Standard examples of 1-Borel sets are Suslin sets. A set of reals A is Suslinif there are an ordinal  and a tree T on 2�  suh that A = p[T ℄, where p[T ℄ isthe projetion of [T ℄ to the �rst oordinate, i.e.,p[T ℄ = fx 2 !2 j (9f 2 !) (x; f) 2 [T ℄g:By the above fat, every Suslin set is 1-Borel. Assuming the Axiom of Choie,it is easy to see that every set of reals is Suslin, in partiular 1-Borel. Henethe property 1-Borelness is trivial in the ZFC ontext while it is nontrivial andpowerful in a determinay world, as we will see in Chapter 3.1.14 Blakwell gamesIn this setion, we introdue Blakwell games, whih are in�nite games withimperfet information and ompare them with Gale-Stewart games.In 1928, John von Neumann proved his famous minimax theorem whih isabout �nite games with imperfet information. In�nite versions of von Neumann'sgames were introdued by David Blakwell [15℄ where he proved the analogue ofvon Neumann's theorem for GÆ sets of reals (i.e., �02 sets of reals). The games heintrodued are alled Blakwell games and they were alled by him \games withslightly imperfet information" in his paper [16℄.



D. Ikegami, Games in Set Theory and Logi 27We start with the de�nition of Blakwell games.9 Let X be a nonempty setand assume AC!(!R). Reall from x 1.4 that the topology of !X is given by theprodut topology where eah oordinate (i.e., X) is seen as the disrete spae.In Blakwell games, players hoose probabilities on X instead of elements of Xand with those probabilities, one an dedue a Borel probability on !X, i.e., ameasure assigning probability to eah Borel subset of !X. Player I wins if theprobability of a given payo� set is 1 and player II wins if the probability of thepayo� set is 0. Let us formulate this in detail.De�nition 1.14.1. A mixed strategy for player I is a funtion � : XEven !Prob!(X), where Prob!(X) is the set of funtions � : X ! [0; 1℄ withPx2X �(x) =1.10 A mixed strategy for player II is a funtion � : XOdd ! Prob!(X).Given mixed strategies �, � for player I and II respetively, let �(�; �) : <!X !Prob!(X) be as follows: For eah �nite sequene s of elements of X,�(�; �)(s) = (�(s) if s 2 XEven,�(s) if s 2 XOdd.For eah �nite sequene s of elements of X, de�ne��;� ([s℄) = lh(s)�1Yi=0 �(�; �)(s�i) �s(i)�:Reall that [s℄ denotes the set of x 2 !X suh that x � s and these sets are basiopen sets in the spae !X. With the help of AC!(!X), we an uniquely extend��;� to a Borel probability on !X, i.e., the probability whose domain is the setof all Borel sets in the spae !X. Let us also use ��;� for denoting this Borelprobability.Let A be a subset of !X. A mixed strategy � for player I is optimal in Aif for any mixed strategy � for player II, A is ��;� -measurable and ��;� (A) = 1.A mixed strategy � for player II is optimal in A if for any mixed strategy � forplayer I, A is ��;� -measurable and ��;� (A) = 0. A set A is Blakwell-determinedif one of the players has an optimal strategy in A. The axiom Bl-ADX states thatevery subset of !X is Blakwell-determined. We write Bl-AD for Bl-AD!.Note that sine there is a bijetion between R and !R, by Remark 1.2.1,AC!(R) implies AC!(!R) and hene one an formulate Blakwell games in !R andBl-ADR within ZF+AC!(R). The following is an analogy with Proposition 1.6.6:9Our de�nitions of Blakwell games and Blakwell determinay are di�erent from the originalones given by Blakwell [16℄ where Blakwell determinay is formulated as an extension of vonNeumann's minimax theorem, but our formulation is equivalent to the original one when it isabout the Cantor spae (i.e., when X = 2). For the original formulation of Blakwell gamesand Blakwell determinay, see, e.g., [56, x 3 & x 5℄.10We use Prob!(X) to denote suh funtions beause they are the same as Borel probabilities� on X with ountable support, i.e., there is a ountable subset A of X with �(A) = 1.



28 Chapter 1. IntrodutionProposition 1.14.2.1. Let X; Y be nonempty sets and suppose that there is an injetion from Xto Y and assume AC!(!Y ). Then Bl-ADY implies Bl-ADX . In partiular,Bl-ADR implies Bl-AD.2. The axioms Bl-AD and Bl-AD2 are equivalent.Proof. The �rst item is easy to see. For the seond item, see [55, Corollary 4.4℄.As for Gale-Stewart games, one ould ask what kind of subsets of !X areBlakwell-determined for a nonempty set X. After proving that every GÆ subsetof the Cantor spae is Blakwell-determined, Blakwell asked whether every Borelsubset of the Cantor spae is determined. It was Donald Martin who found ageneral onnetion between the determinay of Gale-Stewart games and Blakwelldeterminay.11Theorem 1.14.3 (Martin). Let X be a set and assume AC!(!X). If there isa winning strategy for player I (resp., II) in a subset A of !X, then there isan optimal strategy for player I (resp., II) in A. In partiular, AD implies thatBl-AD and ADR implies that Bl-ADR.Proof. Given a strategy � for player I (resp., II), one an naturally translate �into a mixed strategy �̂ for player I (resp., II) by setting �̂(s) to be the Dirameasure onentrating on �(s). It is easy to see that if � is winning in A, then �̂is optimal in A.By Theorem 1.6.4, every Borel subset of the Cantor spae is Blakwell-determinedin ZFC and this answers the question of Blakwell. After proving Theorem 1.14.3,Martin onjetured the following:Conjeture 1.14.4 (Martin). Bl-AD implies AD.This onjeture is still not known to be true. The best known result towardAD from Bl-AD is as follows: Reall the notion of Suslinness from x 1.13. A setof reals is o-Suslin if its omplement is Suslin.Theorem 1.14.5 (Martin, Neeman, and Vervoort). Assume Bl-AD. Then everySuslin and o-Suslin set of reals is determined.Proof. See [59, Lemma 4.1℄.1211In [58℄, Martin proved the Blakwell determinay in the original formulation as mentionedin Footnote 9, not in our formulation.12In [59, Lemma 4.1℄, they assume the Blakwell determinay for sets of reals in a weaklysaled pointlass. But the argument shows the statement in Theorem 1.14.5.



D. Ikegami, Games in Set Theory and Logi 29Together with the following result, one an establish the equionsisteny be-tween AD and Bl-AD:Theorem 1.14.6 (Kehris and Woodin). Assume that every Suslin and o-Suslinset of reals is determined. Then ADL(R) holds.Proof. See [46℄.Corollary 1.14.7 (Martin, Neeman, and Vervoort). In L(R), AD and Bl-AD areequivalent. In partiular, AD and Bl-AD are equionsistent.Also, Bl-AD has some onsequene on regularity properties:Theorem 1.14.8 (Vervoort). Assume Bl-AD. Then every set of reals is Lebesguemeasurable.Proof. See [86℄.We disuss the onnetion between Blakwell determinay and other regularityproperties suh as the Baire property in x 3.2.It is not diÆult to see that if �nite games are Blakwell determined, thenthey are determined. As a orollary, one an obtain the following:Theorem 1.14.9 (L�owe). Assume Bl-ADR. Then every relation on the reals anbe uniformized by a funtion.Proof. See [56, Theorem 9.3℄.Sine there is a relation on the reals whih annot be uniformized by a funtionin L(R), Bl-ADR does not hold in L(R). Sine Bl-ADR implies Bl-AD by the �rstitem of Remark 1.14.2 and Bl-AD implies ADL(R) by Corollary 1.14.7, AD doesnot imply Bl-ADR.In Chapter 3, we disuss the onnetion between ADR and Bl-ADR.1.15 Wadge reduibility and Wadge gamesWhen we study desriptive set theory, we often would like to ompare given twosets of reals via some measure of omplexity, i.e., we would like to ask the question\Whih set of reals is more omplex than the other?". In 1972, Wadge [88℄introdued Wadge reduibility for sets of reals in the Baire spae, whih is ananalogue of many-one reduibility in reursion theory: A set of reals A is Wadgereduible to a set of reals B if there is a ontinuous funtion f from the Bairespae to itself suh that A = f�1(B). After its introdution, set theorists inCalifornia developed a beautiful theory of Wadge reduibility under the Axiomof Determinay (AD) plus the priniple of Dependent Choie (DC). Nowadaysthis theory is one of the basi tools in the researh of determinay and is essential



30 Chapter 1. Introdutionto the study of desriptive set theory. The key tool of the analysis of Wadgereduibility is a type of in�nite games alled Wadge games, whih haraterizeontinuous funtions from the Baire spae to itself.For a subset A of a topologial spae X, A denotes the omplement of A andA denotes the losure of A in X.We start with the de�nition of Wadge reduibility for a general topologialspae. Let X be a topologial spae and A;B be subsets of X. The set A is Wadgereduible to B (write A �XW B) if there is a ontinuous funtion f : X ! X suhthat A = f�1(B). Hene the problem of the membership of A an be reduedto that of the membership of B via a ontinuous funtion, and in this sense Bis more ompliated than (or as ompliated as) A. This notion reminds us ofthe many-one reduibility for subsets of ! in reursion theory given by replaingontinuous funtions with reursive funtions. We de�ne three other notions ofWadge reduibility. A subset A of X is Wadge equivalent to a subset B of X(A �XW B) if A �XW B and B �XW A. A subset A of X is stritly Wadge reduibleto a subset B of X (A <XW B) if A �XW B and B �XW A. A subset A of X isWadge omparable to a subset B of X if A �XW B or B �XW A holds. It is easyto see that the Wadge order �XW is a preorder (i.e., reexive and transitive) andthat the Wadge equivalene �XW is an equivalene relation on subsets of X. Anequivalene lass of this equivalene relation is alled a Wadge degree.When X is the Baire spae, the study of Wadge degrees is interesting todesriptive set theorists in the way that Turing degrees are interesting to reursiontheorists. Sine eah boldfae pointlass is losed under ontinuous preimages, itonsists of an initial segment of all the subsets of reals via Wadge reduibility andhene the study of Wadge degrees gives us a �ner analysis of boldfae pointlassessuh as Borel lasses �0� and projetive lasses �1n. Wadge introdued Wadgegames to analyze Wadge reduibility for the Baire spae. Given two set of realsA;B in the Baire spae, the Wadge game GW(A;B) is played by two playersI and II in the following way: I plays a natural number x0, then II plays anatural number y0 or she an pass, then I plays again a natural number x1 andII plays a natural number or she an pass. After ! rounds of this proess, theywill produe sequenes x = hxn j n 2 !i and y = hyn j n < ii where i � !.Player II wins if i = ! (i.e., player II plays natural numbers in�nitely often) andx 2 A () y 2 B. Otherwise player I wins. It is easy to see that A �!!W B ifand only if player II has a winning strategy in the Wadge game GW(A;B). SineWadge games an be easily simulated by Gale-Stewart games, under AD, we anonlude the following:Theorem 1.15.1 (Wadge's Lemma). Assume AD and let A;B be two sets ofreals in the Baire spae. Then either A �!!W B or B �!!W A holds.Proof. Suppose A �!!W B. Then by the above observation, player I has a winningstrategy in the game GW(A;B). But using this strategy, player II an win thegame GW(B;A) beause the negation of x 2 A () y 2 B is the same as



D. Ikegami, Games in Set Theory and Logi 31y 2 B () x 2 A. Hene player II has a winning strategy in the gameGW(B;A) and B �!!W A.By the above theorem, we an dedue that the Wadge order �!!W is almostlinear in the following sense: Let X be a topologial spae and A be a subset ofX. We say A is selfdual if A �XW A (equivalently A �XW A) and non-selfdual ifA �XW A (equivalently A �XW A). Let A be a selfdual set of reals and B be a setof reals in the Baire spae. Then either i) B <!!W A, ii) B �!!W A, or iii) A <!!W Bholds. Let A be a non-selfdual set of reals and B be a set of reals in the Bairespae. Then either i) B <!!W A and B <!!W A, ii) B �!!W A, iii) B �!!W A, or iv)A <!!W B and A <!!W B holds.Donald Martin and Leonard Monk proved that the Wadge order �!!W is well-founded. Hene we an measure the omplexity of sets of reals via ordinals bytaking their rank in the Wadge order.Theorem 1.15.2 (Martin and Monk). Assume AD+DCR. Then the Wadgeorder �!!W is wellfounded.Proof. See, e.g., [83, Theorem 2.2℄.The above two theorems are essential parts of the basi theory of the Wadgeorder for the Baire spae. In Chapter 5, we show that both theorems fail for theWadge order for the real line.




