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Chapter 1

Introduction

In numerial simulations of limate variability, the �ow of atmosphere and

oeans is known to be haoti, and therefore the quantity of partiular interest

is not a single solution trajetory, but rather an ensemble of possible motions of

the system given ertain information about the behavior of this system. Then

statistial mehanis beomes useful, sine it deals with the probability of a sys-

tem being in some state under known onstraints. To derive a statistial theory

for a system, the system should be volume preserving and possess onserved

quantities. Ergodiity is usually taken as an assumption to relate dynamis to

statistial theory, and the validity of this assumption must be on�rmed with

numerial experiments. Although a ontinuous model has onservation laws,

it is not lear that after implementing a numerial method, the orresponding

disrete model will also have an equivalene of them. This entirely depends on

properties of a numerial method. Therefore the statistial results of the dis-

rete model may depend (and they atually do) on the numerial method used.

And in an ample range of available numerial methods, it therefore beomes

even more ruial and pronouned to understand how the numerial method

in�uenes the statistial mehanis of a simulation.

Arakawa's shemes for 2D inompressible �ow are a onvenient subjet to

investigate the importane of onservation beause they satisfy one or both of

a pair of onservation laws, and they are onstruted from idential disrete

operators, di�ering only in the order of appliation of these. If the operators

would ommute in the disrete ase�as they do in the ontinuous�the shemes

would be idential. Nonetheless we observe ompletely di�erent equilibrium

behavior for these methods, see Chapter 2, and for the introdution to the

statistial mehanis see Setion 1.3.

Sympleti or Poisson disretizations for Hamiltonian partial di�erential

equations are onstruted in suh a way that the semi-disrete systems are

again Hamiltonian and possess an equivalene of onserved quantities of the

original ontinuous Hamiltonian systems. Beause Hamiltonian struture plays

an important role in statistis, we might expet these methods to perform better

than standard methods in terms of statistial performane measures. This mo-

tivated us to derive in the thesis statistial theories for a Hamiltonian partile-

mesh method in the ase of quasigeostrophi �ow with topographi foring, see

Chapter 3. For the introdution to the subjet of Hamiltonian systems see
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Setions 1.1 and 1.2.

Another attrative employment of statistial mehanis is the modelling of

sub-gridsale losure of invisid �uid equations, sine suh �ows, whih model

essential omponents of atmosphere and oean, support a vortiity asade to

ever �ner sales. Any �nite disretization of these equations must beome un-

derresolved, and we an use equilibrium statistial mehanis theory to repre-

sent the subgrid motions. In Chapter 4, we show for a point vortex �ow on

a dis that this an be parameterized by using a mathematial thermostat, a

tehnique from moleular dynamis whih allows to model a system in ontat

with a reservoir of �ne sale vortiity. In Setion 1.3, we explain statistial me-

hanis in general, onept of mathematial thermostat, and de�ne statistial

temperature.

1.1 Hamiltonian systems and geometric integra-

tion

The ontinuum models studied in this thesis have a ommon mathematial

struture: that of Hamiltonian systems. Hamiltonian struture is also the point

of departure for statistial mehanis. We therefore review Hamiltonian stru-

ture for ordinary and partial di�erential equations in this setion, and we disuss

geometri integrators�numerial methods that preserve Hamiltonian struture.

A geometri integrator is a numerial method whih preserves some strutural

properties of a given problem, e.g. sympletiity, �rst integrals, symmetries.

Hamiltonian systems in turn are rih in suh properties. Therefore this moti-

vates interest in geometri integration of Hamiltonian systems.

1.1.1 Hamiltonian systems

In the following setion we onsider Hamilton's priniple for �nite-dimensional

mehanial systems following the derivations desribed in [3, 42℄. In the ontext

of geophysial �uid dynamis see also [57, 73, 74, 82℄.

The canonical equation

Consider a mehanial system with d degrees of freedom. Its state an be

spei�ed by the generalized oordinates q = (q1, . . . , qd)
T as funtions of time t.

The dynamis of the system are determined by the Lagrangian L, the di�erene
between the kineti and potential energies. The Lagrangian L = L(q, q̇) is a

funtion of the oordinates q and the veloities q̇, where the dots on q stand

for di�erentiation with respet to time. The evolution of the system may be

determined from Hamilton's priniple [42℄

δ

∫ t0

0

Ldt = 0, (1.1)
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for arbitrary variations δqk that vanish at t = 0 and t = t0. From this variational

problem (1.1) follows Lagrange's equations of the system

d

dt

(

∂L

∂q̇

)

=
∂L

∂q
. (1.2)

De�ne the onjugate momenta as

pk =
∂L

∂q̇k
(q, q̇), k = 1, . . . , d (1.3)

and the Hamiltonian

H ≡ pT q̇ − L(q, q̇)

as a funtion of q and p. This is the Legendre transformation of L with respet

to q̇. Under the assumption that q̇ may be expressed as a funtion of q and p

via (1.3), we an hange variables to (q,p).
Hamilton's priniple in terms of variables (q,p) leads to Hamilton’s canonical

equations

q̇k =
∂H

∂pk
(q,p), ṗk = −∂H

∂qk
(q,p), k = 1, . . . , d. (1.4)

The anonial equation (1.4) ontinues to hold if L(q, q̇, t), and hene H(q,p, t),
ontains an expliit time-dependene.

It is useful to ombine all the dependent variables in a 2d-dimensional vetor

y = (q,p). Then (1.4) takes a simple form

ẏ = J∇yH, (1.5)

where J = (Jij) is the 2d × 2d skew-symmetri matrix

J =

(

0 1

−1 0

)

. (1.6)

Here 1 and 0 represent the unit and zero d × d matries, respetively.

The Poisson bracket

An alternative form for a Hamiltonian system is the Poisson bracket, a skew-

symmetri, bilinear form. For two funtions F (y) and G(y) this is de�ned

as

{F,G} = ∇yF (y)T J∇yG(y). (1.7)

The Poisson braket of a funtion F (y) with the Hamiltonian H(y) is a on-

venient notation for expressing the time-derivative of F along a solution to the

Hamiltonian system (1.5)

d

dt
F (y(t)) = {F,H} = ∇yFT J∇yH = ∇yFT dy

dt
.
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Given a Poisson braket and a Hamiltonian, the dynamial equations (1.5) an

be baked out

ẏk = {yk,H}, k = 1, . . . , 2d.

Generalized Hamiltonian systems are obtained by allowing J to be a skew-

symmetri operator, dependent on the oordinates y, i.e. J = J(y). The

Poisson braket still takes the form (1.7), but is required to satisfy skew sym-

metry

{F,G} = −{G,F}
and the Jacobi identity

{E, {F,G}} + {F, {G,E}} + {G, {E,F}} = 0, ∀E,F,G.

These requirements translate into analogous properties for the matrix represen-

tation of J(y); respetively, J(y)T = −J(y) and

Jim
∂Jjk

∂ym
+ Jjm

∂Jki

∂ym
+ Jkm

∂Jij

∂ym
= 0, ∀i, j, k,

where repeated indies are summed from 1 to d. The Jaobi identity is trivially

satis�ed by a onstant J , so only skew-symmetry is needed in this ase. Veri-

�ation or onstrution of nononstant Poisson brakets an be a ompliated

task [49, 64℄.

The spei� form (1.6) of J orresponding to (1.4) is alled the canonical

form of a Hamiltonian system. Otherwise, the system is noncanonical. If J is

dependent on y, the system is alled a Poisson system.

First integrals

For an ordinary di�erential equation ẏ = f(y), a nononstant funtion I(y)
is a �rst integral if I(y(t)) = onst. along any solution. In other words, eah

solution is onstrained to a level set of I.

d

dt
I(y(t)) = ∇yI(y)T f(y) = 0, ∀y.

In terms of the Poisson braket, a �rst integral is a funtion whose Poisson

braket with H vanishes

{I,H} = 0.

A system may have more then one �rst integral. In that ase the initial ondition

de�nes an intersetion of the �rst integrals and the solution evolves on this

intersetion. The set of �rst integrals foliate the phase spae onstraining the

dynamis, restriting the behavoir of a given trajetory. When one derives a

statistial theory, the aim is to onstrut the least biased distribution that still

re�ets given information about the system. This given information may be

formulated in terms of �rst integrals of the system.
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Due to the skew symmetry of the braket, the Hamiltonian is onserved for

any (autonomous) Hamiltonian system

dH

dt
= {H,H} = ∇yHT J∇yH = 0.

In physial appliations this often orresponds to onservation of total energy.

Other �rst integrals in Hamiltonian systems arise due to ontinuous sym-

metries in the Hamiltonian, via Noether's theorem [64℄. That is, if one an �nd

a one parameter, ontinuous hange of variables that leaves the Hamiltonian

invariant, then Noether's theorem identi�es a orresponding �rst integral.

For nonanonial Hamiltonian systems, there are sometimes funtions C(y),
alled Casimirs, that vanish identially in the Poisson braket with any other

funtion

{F,C} = 0, ∀F = F (y) ⇔ J∇yC = 0.

Casimirs are obviously �rst integrals, related to singularity of J . Possession of

Casimirs is a property of the Poisson braket, they do not depend on a partiular

hoie of the Hamiltonian. For anonial systems there are no Casimirs.

Symplectic structure

Consider an ordinary di�erential equation ẏ = f(y) with the phase spae R
2d.

De�ne the �ow over time t as a mapping φt that advanes the solution by time t,
i.e. φt(y

0) = y(t,y0), where y(t,y0) is the solution of the system orresponding

to the initial value y(0) = y0. A smooth map φt on the phase spae R
2d is alled

a symplectic map with respet to the (onstant and invertible) struture matrix

J if its Jaobian φ′
t(y) satis�es

φ′
t(y)T J−1φ′

t(y) = J−1, (1.8)

for all y in the domain of de�nition of φt.

Theorem (Poincaré, 1899). The �ow map φt of a Hamiltonian system (1.5)

is sympleti.

Sympleti mappings are volume preserving. Taking the determinant of both

sides of (1.8) we have

|φ′
t(y)|2



J−1


 =


J−1


 .

Therefore |φ′
t(y)| is either +1 or −1. Sine at t = 0 |φ′

0(y)| = 1, a ontinuity

argument shows that |φ′
t(y)| = 1 for any t, i.e. the volume is preserved under

the sympleti mapping.

The �ow map φt(y) of a Poisson system is a Poisson map, whih satis�es

φ′
t(y)J(y)φ′

t(y)T = J(φt(y)). (1.9)

This is the generalization of (1.8).
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1.1.2 Geometric integration

Geometri integrators are numerial methods that preserve geometri proper-

ties of the �ow of a di�erential equation, e.g. sympleti or Poisson integrators

for Hamiltonian systems, methods preserving �rst integrals, et. Preservation of

�rst integrals plays an important role in statistial mehanis, beause one of the

aims of statistial mehanis is to onstrut a proper average of desired quanti-

ties of a system under suh onstraints. Sympletiity gives volume preservation

of the Hamiltonian phase �ow, and in addition, a numerial solution trajetory

on a short time sale stays lose to the exat solution of the Hamiltonian system.

On ergodi time intervals, the solution drifts over multiple trajetories, while

preserving the phase density of solutions.

In the following setion we onsider proesses whih evolve ontinuously in

time only, that is having no ontinuous spatial struture. Therefore they an

be desribed by systems of ordinary di�erential equations. In this setion we

follow the derivations desribed in [35, 45, 79℄.

Symplectic integrators

Sine sympletiity is a harateristi property of Hamiltonian systems aord-

ing to theorem of Poinaré, it is tempting to searh for numerial methods that

share this property.

A one-step numerial method Φh : yn+1 = Φh(yn), tn+1 = tn + h is alled

symplectic if the map yn → yn+1 is sympleti whenever the method is applied

to a smooth Hamiltonian system.

Here are some examples of sympleti methods: the sympleti Euler rule,

the impliit midpoint rule, the Störmer-Verlet sheme, the Gauss olloation

methods and other Runge-Kutta methods satisfying the sympletiity ondition

on the oe�ients [77℄.

Some sympleti integrators preserve �rst integrals of a system. For example,

impliit midpoint preserves any quadrati �rst integral of the form I = 1
2yT Ay+

bT y for a onstant symmetri matrix A and an ordinary di�erential equation

ẏ = f(y). The sympleti Euler method and the generalized leapfrog method

preserve any �rst integral of the form I = qT Ap for the anonial variables

(q,p) of a Hamiltonian system.

Sympleti methods do not, in general, onserve the Hamiltonian H exatly.

In spite of this they do onserve it approximately. This good onservation of H
in sympleti integration is related to the existene and exat onservation of a

perturbed Hamiltonian as shown by bakward error analysis.

Backward error analysis

The origin of bakward error analysis dates bak to [87℄ in numerial linear

algebra. For the study of numerial di�erential equations, its importane was

reognized muh later, see e.g. [4, 34, 69, 78℄. In bakward error analysis the
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numerial one-step map is interpreted as the �ow of a modi�ed di�erential

equation, whih is onstruted as an asymptoti series.

Consider an ordinary di�erential equation ẏ = f(y) with exat mapping

φt,f , and a one-step numerial method Φh(y): yn+1 = Φh(yn), tn+1 = tn+h. A
forward, or common, error analysis onsists of the study of the error φh,f (yn)−
Φh(yn), i.e. the di�erene between the exat solution and the numerially

omputed approximation. The idea of backward error analysis is to derive a

modified differential equation

ẏ = f̃i(y, h), (1.10)

with

f̃i(y, h) = f(y) + hf1(y) + h2f2(y) + · · · + hifi(y), (1.11)

where the expression for f̃i(y, h) depends on the numerial method Φh of the

original system ẏ = f(y) by using the Taylor expansion of the �ow map φt,f̃i

with t = h at y = yn and omparing its Taylor expansion terms with the terms

of the numerial method Φh in powers of h. In general for a one-step method,

the series (1.11) diverges as i → ∞ but may be optimally trunated as a funtion

of h.
Consider now a Hamiltonian system (1.5) with a smooth Hamiltonian H :

R
2d → R. If a sympleti method Φh(y) is applied to it, then the modi�ed

vetor �eld f̃i(h) in the equation (1.10) is also Hamiltonian with a modi�ed

Hamiltonian funtion H̃i(h). More preisely,

f̃i(y, h) = J∇yH̃i(y, h),

and the modi�ed Hamiltonian H̃i(y, h) is lose to the originally given Hamilto-

nian H(y), i.e.
|H̃i(y, h) − H(y)| = O(hp),

where p ≥ 1 is the order of the sympleti method Φh [4℄.

For the Hamiltonian system (1.5), the modi�ed Hamiltonian H̃i(y, h) an

be written as

H̃i(y, h) = H(y) + hH1(y) + h2H2(y) + · · · + hiHi(y),

where the set {Hi} depends on the sympleti method Φh as it was desribed

above, and where eah Hi is a Hamiltonian of some Hamiltonian system.

Bakward error analysis shows the advantages of using sympleti integra-

tors for Hamiltonian systems. It was shown in [35, 45, 79℄ that for a sympleti

integrator applied to an autonomous Hamiltonian system, modi�ed autonomous

Hamiltonian problems exist so that the numerial solution of the original prob-

lem is the exat solution of the modi�ed problem. On the ontrary, when a

nonsympleti integrator is used the modi�ed system is not in general Hamilto-

nian anymore. For general Hamiltonians, in [33℄ it was proven that a sympleti

method Φh annot exatly onserve energy. Nevertheless, the sympleti inte-

grators do a good job in preserving Hamiltonians approximately. Consider a
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Hamiltonian system with analyti H : K → R (where K ⊂ R
2d is an open

subset), and apply a sympleti numerial method Φh(y) with step size h. If

the numerial solution stays in a ompat subset of K, then there exists a ϑ > 0
suh that

H̃i(y
n, h) = H̃i(y

0, h) + O(e−ϑ/2h),

H(yn, h) = H(y0, h) + O(hp)

over exponentially long time intervals nh ≤ eϑ/2h. In typial appliations, the

Hamiltonian osillates around its initial value with bounded amplitude O(hp).
In [70℄, it is proven that whenever the �ow map of a given di�erential equa-

tion possess some geometri properties suh as existene of �rst integrals, time

reversibility, preservation of volume, sympletiness, and the numerial dis-

retization preserves these properties exatly, then the �ow map of the modi�ed

di�erential equation will also satisfy these geometri properties.

Poisson integrators

Poisson integrators generalize of sympleti integrators to Poisson systems.

A numerial one-step method yn+1 = Φh(yn), tn+1 = tn + h, is a Poisson

integrator for the struture matrix J(y), if the transformation yn → yn+1

respets the Casimirs and if it is a Poisson map (1.9) whenever the method is

applied to the Poisson system.

Aording to bakward error analysis, if a Poisson integrator Φh is applied to

the Poisson system, then the modi�ed equation is loally a Poisson system [35℄.

There is no general tehnique for onstruting Runge-Kutta type Poisson

methods. The most generally appliable alternative is splitting methods, e.g. [50℄.

1.2 Hamiltonian fluid dynamics

The study of the dynamis of �uids is one of the most attrative areas in applied

mathematis. The fat that �uid dynamis is an attrative researh area is due

to many reasons. Perhaps the most important one is the introdution of e�ient

high resolution numerial simulations into �uid dynamis as a researh tool. The

signi�ane of this tool is espeially pronouned in ase of omplex behaviour

of a system.

1.2.1 Hamiltonian PDEs

The dynamis of �uids has both propagation in time and a spatial struture

and, hene, annot be desribed by ordinary di�erential equations (ODEs) any-

more but by partial di�erential equations (PDEs). Many PDEs that arise in

physis an be viewed as in�nite-dimensional Hamiltonian systems. (Problems

desribed by ordinary di�erential equations are �nite-dimensional.) The nu-

merial integration of in�nite-dimensional Hamiltonian systems or Hamiltonian
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PDEs is muh less explored than that of ODEs, sine the solution behaviour of

PDEs is muh more omplex. Nevertheless, there exists a number of papers for

Hamiltonian PDEs [12, 14, 17, 24, 26, 27, 31, 32, 51, 83℄.

The �nite-dimensional Hamiltonian system onsists of a triple (K, {·, ·},H),

where the phase spae K ⊂ R
2d is an open subset, H : K → R is the Hamil-

tonian funtion, and {·, ·} is a Poisson braket with struture matrix J(y),
see (1.7). When the phase spae is in�nite-dimensional, we write the triple

as (K, {·, ·},H), and the Poisson operator as J , aording to [64℄. Typially K
onsists of sets of smooth funtions on a �nite-dimensional spae Y . An element

in K is denoted by u(y), y ∈ Y . The Hamiltonian H : K → R is a funtional

on this spae, and the braket an be written as

{F ,G}[u] =

∫

Y

δF
δu

J (u)
δG
δu

dy,

where δF/δu is the variational derivative de�ned by

lim
ǫ→0

F [u + ǫδu] −F [u]

ǫ
≡

∫

Y

δF
δu

δu dy

for appropriate δu. J (u) is, in general, a di�erential operator, alled the Poisson

operator.

Motivated by the suess of sympleti integrators, a reasonable approah

to Hamiltonian PDEs is to try to disretize in spae while preserving the sym-

pleti or Poisson struture. For anonial struture, it is a simple matter to

disretize the Hamiltonian funtional with any desired quadrature. The result

is a Hamiltonian ODE to whih sympleti integrators may be applied. For

Poisson systems, it is a signi�ant hallenge to derive a disrete braket that

preserves the Jaobi identity. If there are Casimirs, there should be some rem-

nant of these. For �uids, there is an in�nite family, and only a �nite number of

independent integrals an survive, if they onstrain the disrete, �nite dimen-

sional phase spae.

On the other hand, sine Lagrangian �uid dynamis is anonial, one an

approximate the PDE solution with a set of moving partiles interating through

an appropriate potential energy funtion, and a Hamiltonian semi-disretization

will be obtained for any quadrature of the Hamiltonian. The set of �nite-

dimensional Hamiltonian ODEs is then integrated in time using a suitable sym-

pleti or Poisson integrator.

Unfortunately, in the ase of a Poisson PDE, unlike anonial Hamiltonian

PDEs, it is not possible to establish a ommon generi approah. For eah

partiular problem one has to develop a proper way of reduing the PDE to a

system of ODEs. We will onsider the quasigeostrophi potential vortiity equa-

tion (a Hamiltonian PDE with Poisson struture), for whih we will desribe

several numerial methods.
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1.2.2 Eulerian and Lagrangian descriptions

Geophysial �uid dynamis is the study of �uid motion in the atmosphere and

the oean. The �rst step in this study is a hoie of framework: Eulerian or La-

grangian. The Eulerian description is ommonly used in literature, e.g. [52, 67℄,

it treats motion of the �uid as a �eld in whih the veloity is to be determined

at all positions and times. The Lagrangian description regards the �uid as a

ontinuous �eld of partiles, whose positions are to be determined [74℄.

In the Eulerian desription, the independent variables are the spae oordi-

nates x = (x, y, z) ∈ D and the time t. The dependent variables inlude the

veloity v(x, t) and the mass density ρ(x, t)
The nonanonial Poisson braket for ideal �uid �ow in Eulerian variables,

aording to [58℄, is

{F,G} = −
∫

D

dx

[

δF

δρ
∇x · δG

δv
− δG

δρ
∇x · δF

δv

+

(∇x × v

ρ

)

·
(

δG

δv
× δF

δv

)]

with Hamiltonian

H[v, ρ] =

∫

D

dx

[

v · v
2ρ

+ ρE(ρ)

]

.

Here x is an independent variable.

The Poisson braket has an in�nite lass of potential vortiity Casimirs of

the form

C[ρ] =

∫

D

dx ρf

(∇x × v

ρ

)

for an arbitrary funtion f .
In the Lagrangian desription, eah �uid partile is assigned a label a =

(a, b, c) ∈ A. For example, the labels may be de�ned as the positions of partiles

at the initial time. The independent variables are set of a, whih are �xed

for eah partile, and the time t. The dependent variables are the position

oordinates x(a, t). The veloity of a partile is given by

v =

(

∂x

∂t
,
∂y

∂t
,
∂z

∂t

)

.

The mass density ρ is de�ned via Jaobian matrix |∂x∂a | as

ρ = ρ0









∂x

∂a









−1

,

where ρ0 = ρ0(a) does not depend on time t.
Taking derivatives of the expression above leads to the ontinuity equation

dρ

dt
+ ρ∇x · v = 0.
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The Poisson braket for ideal �uid �ow in Lagrangian variables is anonial

{F,G} =

∫

A

da

[

δF

δx
· δG

δv
− δG

δx
· δF

δv

]

with Hamiltonian

H[x,v] =

∫

A

da

[

v · v
2ρ0

+ ρ0E

(

ρ0









∂x

∂a









−1
)]

.

Here x is a dependent variable.

The quasigeostrophic model

The two-dimensional quasigeostrophi potential vortiity (QG) equation [48,

67, 74℄ desribes divergene-free �ow over topography by

d

dt
q = 0, ∆ψ(x, t) = q(x, t) − h(x), (1.12)

where q is the potential vortiity (PV) �eld, ψ is the stream funtion, and h is

the topography of the earth. The Laplaian operator is denoted by ∆ and the

material derivative by d
dt = ∂

∂t + u · ∇. Here, the divergene-free veloity �eld

u is related to the stream funtion by u = ∇⊥ψ, where ∇⊥ = (− ∂
∂y , ∂

∂x )T . We

onsider the QG equation on a doubly periodi domain

x = (x, y) ∈ D ≡ [0, 2π) × [0, 2π).

De�ne the operator J (q, ψ) = qxψy − qyψx. The QG model desribes a

Hamiltonian PDE with Poisson struture [57℄,

{F ,G} =

∫

D

qJ
(

δF
δq

,
δG
δq

)

dx,

implying the onservation of the Hamiltonian or total kineti energy

H = E = −1

2

∫

D

ψ · (q − h) dx

as well as the in�nite lass of Casimir funtionals

C[f ] =

∫

D

f(q) dx

for any funtion f for whih the integral exists. Of spei� interest are the

moments of PV

Cr =

∫

D

qr dx, r = 0, 1, 2, . . . , (1.13)

and in partiular the irulation C1 and enstrophy C2.
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Preservation of the Casimir funtionals follows from area-preservation under

the divergene-free veloity �eld [55℄. De�ne a funtion G(σ, t) denoting the

measure of that part of the domain D for whih the vortiity is less than σ:

G(σ, t) = meas{x ∈ D | q(x, t) < σ}.

We note that due to the divergene-free advetion of q, this funtion is inde-

pendent of time, ∂G
∂t = 0. Di�erentiating with respet to σ, the funtion

g(σ) =
∂G

∂σ
(1.14)

is preserved. For the ase of a pieewise uniform PV �eld, q(x, t) ∈ {σ1, . . . , σL},
this quantity gℓ = G(σℓ+1) − G(σℓ) is the measure of the vortiity level set σℓ.

1.2.3 Numerical methods

In the following setion we desribe several numerial methods to solve the

quasigeostrophi model (1.12).

The Zeitlin method

Normal spetral methods for the QG equation preserve the energy and enstro-

phy at most. However, the Zeitlin method [88℄ is a spetral method whih

preserves a Poisson struture, the Hamiltonian and 2M Casimirs in a (2M +
1) × (2M + 1) mode trunation.

The �rst equation in (1.12) is transformed through two-dimensional Fourier

series taking the form of an in�nite system of ODEs

dq̂k

dt
=

∞
∑

k′

1,k′

2=−∞

k′ 6=0

k × k′

|k′|2 q̂k+k′(q̂−k′ − ĥ−k′). (1.15)

Here q̂k denotes the spetral oe�ient assoiated with the two-dimensional

wave vetor k, whose omponents are integers. The skew-symmetri salar

produt k × k′ is k1k
′
2 − k2k

′
1, and the norm |k| is

√

k2
1 + k2

2. Sine q is real,

q̂∗k = q̂−k.

Zeitlin proposed the sine-braket trunation of the equations. The �nite-

dimensional set of equations for the Fourier oe�ients is then given by

dq̂k

dt
=

M
∑

k′

1,k′

2=−M

k′ 6=0

1

ǫ

sin(ǫk × k′)

|k′|2 q̂k+k′(q̂−k′ − ĥ−k′), ǫ =
2π

2M + 1
, (1.16)

where all indies are redued modulo 2M + 1 to the periodi lattie −M ≤
k1, k2 ≤ M . The summation ours on the (2M + 1) × (2M + 1) domain of

the Fourier oe�ients. For M → ∞ and given k and k′, ǫ−1 sin(ǫk × k′) =
k × k′ + O(ǫ2), whih gives onsisteny.
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This trunation possesses a Hamiltonian struture with sympleti operator

Jkk′ = −ǫ−1 sin(ǫk × k′)q̂k+k′ ,

and Hamiltonian

H = E =
1

2

∑

k 6=0

|k|2|ψ̂k|2 =
1

2

∑

k 6=0

|q̂k − ĥk|2
|k|2 . (1.17)

The sympleti matrix is skew-symmetri and satis�es the Jaobi identity. The

sine-braket trunation (1.16) preserves the Hamiltonian (1.17) and 2M inde-

pendent Casimir invariants orresponding to the �rst 2M moments of potential

vortiity. If in the Zeitlin method the Poisson disretization is integrated us-

ing the Poisson splitting of MLahlan [50℄, then these quantities are preserved

by the splitting (the energy is only preserved approximately, in the sense of

bakward error analysis [35℄).

Unfortunately, the Zeitlin method is limited to 2D inompressible �ows on

periodi geometry.

Arakawa’s scheme

The Zeitlin method is the only known disretization with Poisson struture for

Eulerian �uid models. For more general �uid problems (ompressible, non-

periodi boundary onditions, et.) no Poisson disretizations are available.

How an we preserve at least some quantities? A well known sheme is Arakawa's

sheme [2℄ whih preserves linear and quadrati invariants.

For a start we rewrite the �rst equation in (1.12) as

qt = J (q, ψ), (1.18)

where the operator J is de�ned by

J (q, ψ) = qxψy − qyψx.

Arakawa's idea onsists of several steps. First of all, he uses entral di�erenes

for x- and y-derivatives. Then he rewrites the ontinuous J in three equivalent

forms based on the fat that the derivatives with respet to x and y ommute in

the ontinuous ase, namely J (q, ψ) = ∂x(qψy)−∂y(qψx) = ∂y(qxψ)−∂x(qyψ).
After disretizing these three equivalent forms of J and taking their average,

one gets four disrete non-equivalent right-hand sides of (1.18), therefore four

disretizations. Non-equivalene of the disrete right-hand sides is explained by

the fat that the produt rule does not hold anymore in the disrete ase. It

an be shown that one disretization does not onserve anything and, in fat,

is unstable; seond one onserves only energy; third one�only enstrophy; and

fourth one, whih is an average of the previous three, onserves both energy and

enstrophy. It is worth mentioning that all these disretizations are also volume

preserving in the sense of the Liouville property, see Setion (1.3). This is a

neessary ingredient for a statistial theory.

Arakawa's disretizations are explained in more detail in Chapter 2.
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The Hamiltonian particle-mesh method

The Hamiltonian partile-mesh (HPM) method approximates the solution of

an ideal �uid �ow using a set of moving partiles that interat through an

appropriate potential energy funtion. The HPM method was originally de-

signed for rotating shallow water �ow with periodi boundary onditions [25℄

and extended to other physial settings�rotating two-layer shallow water model

with rigid-lid onstraint, barotropi model, non-hydrostati vertial slie model,

in [16, 17, 28, 83℄.

HPM is based on the Lagrangian formulation of �uid dynamis, and a set

of moving point masses ombined with a �xed Eulerian grid. The spatially

trunated equations are anonial Hamiltonian and satisfy a Kelvin irulation

theorem [25℄. Implementation of a splitting method in time to the semi-disrete

system of Hamiltonian ODEs gives sympletiity. Hene the HPM method

is sympleti, and one an onstrut a ontinuum veloity �eld in whih the

disrete partile veloities are embedded for all time. Energy is preserved ap-

proximately in the sense of bakward error analysis, i.e. good long-time energy

onservation. Convergene of the method was onsidered in [56℄.

The idea of �xing the potential vortiity rather than the mass to a partile

was originally proposed in this ontext for two-dimensional advetion under in-

ompressible �ow �elds in [17℄. The result is a regularized point vortex method.

There the potential vortiity of a quasigeostrophi model is simply adveted in

a divergene-free veloity �eld, obtained by reonstruting the PV �eld on a

uniform grid. The partile motion an be embedded in an area preserving �ow

on the �uid label spae. Hene, the Casimirs (1.13) are trivially onserved if a

value of potential vortiity is simply assigned to eah partile one and for all.

The semi-disrete system is still Hamiltonian, and an be integrated in time

using a sympleti integrator. Sine the HPM method is sympleti, the phase

�ow is volume preserving in the sense of the Liouville property, see Setion (1.3),

whih is a neessary ingredient for a statistial theory.

The HPM method for the quasigeostrophi model is explained in more detail

in Chapter 3.

1.3 Statistical mechanics of fluids

Statistial mehanis is a powerful tool for understanding omplex physial sys-

tems, e.g. [23, 30℄. There are di�erent purposes of statistial mehanis. One

may onsider a system for a very long time. Then the quantity of statistial

interest is the average behaviour of a system rather than the behaviour of a

system at a ertain time. An example is a tra� outside of your window. A

statistial quantity of interest may be the average speed of eah ar. Another

purpose of statistial mehanis is to design methods to handle systems whih

are inompletely known. For example, if we do not know the initial onditions

of a system, and we want to know its most likely behaviour. This involves an

average over all possible states of the system with di�erent initial onditions.
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Statistial mehanis is broadly employed in numerial simulations of mole-

ular dynamis and limate variability. Here either a system is very big (1023

moleules) or long time simulations are haoti, or both. Moreover, di�erent nu-

merial disretizations of a dynamial system have di�erent disrete dynamis.

Therefore the statistial results an also be distint.

The main premise of the equilibrium statistial theories of either ontinuous

or disrete dynamis is ergodiity relating the equilibrium distribution to the

dynamis. Neessary ingredients are onservation laws and volume preservation

of the phase �ow. Therefore, to derive a statistial theory of a numerial method

the numerial method has to possess onservation laws, and the disrete phase

�ow should be volume preserving. When one integrates a Hamiltonian system

with a sympleti integrator, there is an automati onservation of disrete

analogues of the exat onstants of motion and, beause of sympletiity, there

is volume preservation. Ergodiity is di�ult to show for nontrivial systems, so

this is usually taken as an assumption or 'approximation' whih must be veri�ed

with numeris.

The aim of the following setion is to explain statistial mehanis, to give a

de�nition of di�erent ensembles and purpose of eah, and to disuss the onept

of ergodiity, entropy and temperature in statistial sense.

Statistical equilibrium

Consider an ordinary di�erential equation ẏ = f(y) with the phase spae K ⊂
R

2d, then a probability distribution funtion ρ(y, t), ρ : K×R → R, for example,

over a set of unertain initial onditions, is transported by the �ow aording

to
∂

∂t
ρ + ∇y · ρf = 0.

Now onsider a Hamiltonian system (1.5).

Theorem (Liouville, 1838). The phase �ow of a Hamiltonian system (1.5)

is volume preserving [3℄.

For onstant J this follows from the skew-symmetry of J , or equivalently,
the divergene-free nature of the anonial phase �ow y. One says that the �ow

has the Liouville property, if this �ow satis�es Liouville's theorem, i.e. the �ow

is volume preserving, i.e. the �ow is divergene-free. The Liouville property

is a neessary ingredient for a statistial theory, sine from it follows that the

probability measure is transported under the divergene-free �ow. Therefore

before deriving a statistial theory, one has to prove that the phase �ow is

divergene-free.

The transport equation in the ase of a Hamiltonian system simpli�es to

∂

∂t
ρ + J∇yH · ∇yρ = 0,

whih is alled the Liouville equation.
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A steady state of the Liouville equation for the Hamiltonian �ow, ∂ρ
∂t = 0,

is then

J∇yH · ∇yρ = 0,

whih is often refered as an equilibrium probability distribution funtion. Note

that any funtion ρ(y) = ρ(H(y)) of the Hamiltonian is an equilibrium proba-

bility distribution, and to �nd the proper probability, whih orresponds to the

dynamis desribed by the ODE, is the topi of ergodi theory, see e.g. [68, 85℄.

To be more preise, let us de�ne the time average of a funtion F (y(t)) as

F ≡ lim
T→∞

1

T

∫ T

0

F (y(t))dt,

provided that the limit exists.

The ensemble average of F is de�ned as

〈F 〉 ≡
∫

K

F (y)ρ(y) dy ≡
∫

K

F ν(dy)

for a proper measure ν suh that ν > 0 and
∫

K
ν(dy) = 1.

Ergodicity implies that the long time average is equivalent to the ensemble

average

F = 〈F 〉 (1.19)

with the probability measure ν or a reasonable approximation to it. Given the

probability measure ν it is a hallenging task to prove the ergodiity, and we

will take it as an assumption.

1.3.1 Statistical ensembles

Let us introdue an important idea of mirostate and marostate of a system.

Consider a model in whih �uid motion is desribed by a set of moving partiles.

Then amicrostate of suh system an be desribed by positions of these partiles,

and a macrostate is, for example, the observable energy whih may orrespond

to a large number of mirostates.

Below we will explain this in more detail following the derivations desribed

in [10℄.

The microcanonical ensemble

Consider a disrete spaeK with a single marostate given by the energy H = E.

Let y ∈ K. The subset

D(E) = {y ∈ K : H(y) = E}

onsists of disrete states y with the same energy E.

De�ne Ω(E) to be the total number of states y ∈ K with the energy E.

The miroanonial ensemble is the set of all y having H(y) = E. Assuming
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all suh states are equally likely we de�ne the microcanonical density for the

disrete spae

Prob{y |H = E} =







0, H(y) 6= E

1/Ω(E), H(y) = E.

The miroanonial entropy is de�ned as

S(E) = ln Ω(E).

Consider now a joint Hamiltonian system AB, whih onsists of two systems

A and B, with total energy E suh that, the oupling element allows exhange

of the energy between systems A and B and adds neither new states to the

system nor new terms into the Hamiltonian.

A mirostate of system A is de�ned as yA. If system A is in a mirostate

yA with orresponding energy EA, then sine there is total energy onservation,

system B should be in a state with the energy E − EA. The probability of the

mirostate yA is

Prob{yA |H = E} =
ΩB(E − HA(yA))

N(E)
, (1.20)

where N(E) is a normalization onstant suh that

∑

y
A
∈KA

Prob{yA |H = E} = 1 ⇔ N(E) =
∑

y
A
∈KA

ΩB(E − HA(yA)).

This is the miroanonial probability of a mirostate. The miroanonial

probability of the marostate HA = EA is the energy split

Prob{HA = EA |H = E} =
ΩA(EA)ΩB(E − EA)

N(E)

with the normalization onstant N(E).
The most probable marostate an be found by maximizing the number of

states with the energy split over all possible states of system A with the energy

EA

max
EA

[ΩA(EA)ΩB(E − EA)] ,

whih in terms of entropies gives

max
EA

[SA(EA) + SB(E − EA)] .

From the last expression it is lear that the most probable state is the maximizer

of the total entropy. When the joint system AB is very large, then it is possible

to make transition from the disrete phase spae to a ontinuous one, and then
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the maximizer of the total entropy an be found analytially: the maximum

ours at some E∗
A where

S′
A(E∗

A) = S′
B(E − E∗

A),

and the prime denotes the derivative with respet to the argument. This has

motivated the de�nition of the microcanonical statistical temperature

S′(E) =
1

T .

Note that TA = TB at the most likely marostate. In the literature one often

uses the inverse statistical temperature β = 1/T .
Now we show how to derive the miroanonial density for a ontinuous

phase spae. The rest of the miroanonial statistial theory for a ontinuous

phase spae follows automatially with sums replaed by integrals.

If the energy is the only onserved quantity of the system, then we onsider

the subspae

D(E, dE) = {y ∈ A : H(y) ∈ [E,E + dE]}, (1.21)

with orresponding density

ρ(y) =







0, H(X) /∈ [E,E + dE]

1/vol{D}, H(X) ∈ [E,E + dE].
(1.22)

The density (1.22) is a stationary density, sine for �xed (E, dE) it depends

only on autonomous H. If we take the limit dE → 0, the density ρ is presented

only on the surfae H = E. Then the miroanonial density for the ontinuous

phase spae an be written down in terms of Dira delta funtions

ρ(y) =
1

Ω(E)
δ(H − E) with Ω(E) =

∫

K

δ(H − E) dy,

where Ω(E) is the measure of the surfae H = E.

We want to underline that the miroanonial statistial mehanis is de-

rived assuming onservation of some quantities, e.g. energy. Therefore all pos-

sible states with these onstant quantities, i.e. the marostate, determine the

miroanonial ensemble.

The canonical ensemble

Consider again the joint system AB, but with the size of the system B muh

larger then the size of the system A, the size of the system A may or may not be

large ompared to unity. In this ase the system B is alled an energy reservoir

for the system A.
Now we would like to derive an equivalene of (1.20) for the desribed system.

First, let us write down (1.20) in terms of entropy:

Prob{yA |H = E} ∼ exp(SB(E − EA)).
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Sine the funtion S is a slowly varying funtion in an ample range of possible

mirostates of the large system B, in ontrast to Ω whih is not, we an write

down the Taylor expansion of SB(E −EA), and we trunate the series after the

�rst term

SB(E − EA) ∼ SB(E) + S′
B(E)(E − EA − E).

Absorbing SB(E) into the onstant of normalization and notiing that S′
B(E)

is the inverse temperature βB , we obtain

Prob{yA |H = E} ∼ exp(−βBEA).

This motivates the de�nition of the canonical probability density of a system in

ontat with an energy reservoir in ase of a disrete phase spae

Prob{y |β} =
1

N(β)
exp(−βH(y)) and N(β) =

∑

y∈K

exp(−βH(y)). (1.23)

For a ontinuous phase spae K, the sum in (1.23) is replaed by the integral

over K.

Sampling

Now that we have de�ned the statistial ensembles and the probability densities

assoiated with them, a question arises how to ensure sampling of these ensem-

bles. If we onsider a system with onserved energy, and having ergodiity,

we an sample a miroanonial distribution of onstant energy by simulating

the dynamis of the system for a long time. Then the ensemble originated by

the time series of the dynamis is equivalent to the miroanonial ensemble

assoiated with the onstant energy.

There are several approahes to ensure sampling of a anonial distribution.

These approahes work in suh a way that it either modi�es the dynamial sys-

tem or introdues a stohasti perturbation. The most known lassial method

for sampling a anonial distribution is the Metropolis algorithm [53℄. It is

based on a random hoie of a state and aeptane of this state depending on

the probability whih should be sampled. A popular methodology in moleular

dynamis to sample a anonial distribution is a mathematial thermostat�a

tool to model the system in thermal equilibrium with a reservoir. The thermo-

stat is responsible for the energy exhange between the system and the energy

reservoir suh that the system stays at a given temperature, whih fores sam-

pling of the anonial equilibrium distribution. Here are several thermostat

tehniques. The lassial ones are Langevin dynamis [80℄, whih is a stohasti

thermostat, and deterministi thermostats suh as the Nosé method [61, 62℄ and

the Nosé-Hoover method [37, 62℄. In Langevin dynamis the ombination of a

damping fore and a stohasti term maintains the system at a given temper-

ature. Beause of the presene of damping and the introdution of a random

foring, the dynamis are not any longer Hamiltonian. The Nosé and Nosé-

Hoover methods preserve the Hamiltonian struture and ahieve sampling by

working in an extended phase spae.
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1.3.2 Information theory

We have onsidered the maximum entropy priniple based on the maximization

of the number of states of a system and replaing this number by the total

entropy. There is an alternative approah to the maximum entropy priniple

based on Shannon entropy of information theory, whih is not derived from

physial priniples.

Consider an in�nite dimensional phase spae K (it ould also be �nite) with

an element of it denoted by y. Then the Shannon entropy, or information

entropy, is

S[ρ] = −
∫

K

ρ ln ρ dy. (1.24)

The onept of Shannon entropy plays the entral role in information theory,

sometimes referred as measure of unertainty [81℄. The probability density fun-

tion ρ is hosen to maximize S under onstraints orresponding to observations

on the system. These minimal assumptions lead to the distribution of least

bias, i.e. the distribution whih is most general and still explains the obser-

vations. We show that the miroanonial and anonial distributions are the

maximizers of Shannon entropy under suitable onstraints.

Suppose that we have only one onstraint on the probability density, namely

the normalization onstraint
∫

K

ρ dy − 1 = 0. (1.25)

To ensure this onstraint we need to inlude it in the ation priniple via La-

grange multiplier θ

δ

[

−
∫

K

ρ ln ρ dy − θ

(∫

K

ρ dy − 1

)]

= 0

for arbitrary variations δρ and δθ. After taking variations with respet to ρ we

have ln ρ = −1 − θ with θ determined by the normalization onstraint (1.25).

Therefore

ρ =
1

vol{K} , and S∗ = ln vol{K}

is the maximized entropy. Thus, with no further assumptions, the least biased

distribution is uniform.

Consider the phase spae (1.21) with the miroanonial probability density

(1.22). Then it an be shown that this density is the maximizer of Shannon

entropy under both the normalization onstraint (1.25) and the onstraint that

the energy an only take values H ∈ [E,E+dE]. The orresponding maximized

Shannon entropy is S∗ = ln vol{D(E, dE)}.
The anonial distribution (1.23) is the maximizer of Shannon entropy as

well, but under other onstraints, namely, under the normalization onstraint

(1.25) and the onstraint of observed mean energy U
∫

K

Hρdy − U = 0, (1.26)
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for some �xed U .

The ation priniple states that

δ

[

−
∫

K

ρ ln ρ dy − θ

(∫

K

ρ dy − 1

)

− β

(∫

K

Hρdy − U

)]

= 0

for arbitrary δρ, δθ and δβ. Here θ and β are Lagrange multipliers orresponding

to the normalization and the �xed mean energy onstraints respetively.

Taking variations with respet to ρ we obtain

ρ =
1

exp(1 + θ)
exp(−βH).

Sine θ here orresponds to the normalization onstraint, after renaming it as

N , it beomes lear that this is the anonial distribution (1.23).

Therefore the miroanonial and anonial distributions are the maximizers

of the Shannon entropy under suitable onstraints. This an be extended to

a general system with more onstraints�more information about the system.

For example, if one onsiders a numerial method with some quantities, say,

preservation of energy, or any other information, then this information an be

used to onstrut the least biased density onsistent with the observations.

The e�etiveness of a density derived this way depends on the detail to

whih known information about the system is inluded. For example, the

energy-enstrophy statistial theory for the quasigeostrophi model (1.12) based

on preservation of energy and enstrophy is a model and is inomplete [1℄, sine

it takes into aount only linear (irulation) and quadrati (enstrophy and en-

ergy) invariants, while we know that the quasigeostrophi model preserves an

in�nite number of Casimirs (1.13).

Another measure of informational ontent is relative entropy, also known as

the Kullbak-Leibler's distane or the divergene [41℄

S[ρ,Π] = −
∫

K

ρ ln
( ρ

Π

)

dy, (1.27)

where Π is a probability density over K representing an external bias due to

some additional information. For example, in the quasigeostrophi model (1.12)

there are an in�nite number of Casimirs (1.13). This means that formally one

has to onsider an in�nite number of onstraints on the entropy. To �nd a

solution to all these onstraints might be a di�ult or even impossible task.

Instead of this, Π an be hosen suh that it re�ets the Casimirs, and therefore

it gives an external bias on the spatial distribution of PV.

It an be shown that S is non-positive, and S is zero only if ρ ≡ Π every-

where. This explains the term distane for (1.27). The density Π is often alled

a prior distribution and in a typial appliation Π is given and S is maximized

over possible hoies of ρ.
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1.3.3 Statistical theories for quasigeostrophic flow

One onlusion of this thesis is that numerial methods an give ompletely

di�erent statistial behaviour depending on their onservation properties. In

order to disuss statistial theories of numerial disretizations of the quasi-

geostrophi equation we want to desribe, �rst, several statistial theories for

the ontinuous quasigeostrophi model. Then the reader an more easily follow

the statistial theories derived for Arakawa's sheme in Chapter 2 and for the

Hamiltonian partile-mesh method in Chapter 3.

Energy-enstrophy statistical theory

The equilibrium statistial mehanial theory for 2D ideal �uids was developed

by Kraihnan [40℄, Salmon et al. [76℄, and Carnevale & Frederiksen [11℄. It is

based on a �nite trunation of the spetral deomposition of the equations of

motion. Statistial preditions are obtained for the trunated system, and these

are extended to the in�nite dimensional limit. In this setion we go through

the derivation of energy-enstrophy statistial theory desribed in [48℄ for a �nite

trunation of the quasigeostrophi equation (1.12).

The Fourier spae equation (1.15) of the quasigeostrophi model (1.12) is

derived through two-dimensional Fourier series. The standard trunation, the

Galerkin trunation of the quasigeostrophi equation (1.12) an be interpreted

as the Fourier spae equation (1.15) limited to the �nite (2M + 1) × (2M + 1)
domain of the Fourier oe�ients

dq̂k

dt
=

M
∑

k′

1,k′

2=−M

k′ 6=0

k × k′

|k′|2 q̂k+k′(q̂−k′ − ĥ−k′) (1.28)

with oe�ients q̂k having period (2M + 1) in k. The trunated potential

vortiity qM and stream funtion ψM have to satisfy the Poisson equation, the

seond equation in (1.12) as well

∆ψM = qM − hM . (1.29)

Only linear and quadrati onserved quantities survive the trunation. There-

fore the trunated energy EM and the trunated enstrophy ZM are onserved

in the �nite-dimensionally trunated dynamis

EM =
1

2

M
∑

k′

1,k′

2=−M

k′ 6=0

|q̂k − ĥk|2
|k|2 =

1

2

M
∑

k′

1,k′

2=−M

k′ 6=0

|k|2|ψ̂k|2, (1.30)

ZM =
1

2

M
∑

k′

1,k′

2=−M

k′ 6=0

|q̂k|2 =
1

2

M
∑

k′

1,k′

2=−M

k′ 6=0

| − |k|2ψ̂k + ĥk|2. (1.31)
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An (exat) steady state solution of the trunated equation (1.28) is

qM = µψM

with salar µ, and it is nonlinearly stable for µ > −1.
The phase �ow of (1.28) satis�es the Liouville property. To simplify the

index notation we rewrite {q̂k : k1, k2 ∈ [−M,M ]} = {q̂1, . . . , q̂Λ} for some Λ.
De�ne y = {Re q̂1, Im q̂1, . . . ,Re q̂Λ, Im q̂Λ}, y ∈ R

2Λ ≡ R
d, then (1.28) an be

written in a ompat form

dy

dt
= f(y) with f = (f1, . . . , fd)

suh that fk does not depend on yk (fk depends on yk ⇔ in (1.28) k′ = 0, whih
is exluded from the sum). This immediately implies the Liouville property,

sine divyf = 0.
Having the Liouville property, we an derive a statistial theory based on

preservation of energy and enstrophy. This is alled the energy-enstrophy sta-

tistical theory.

We maximize the Shannon entropy S of (1.24) under the following on-

straints

• ρ(y) ≥ 0;

• normalization onstraint
∫

Rd ρ(y) dy = 1;

• mean energy onstraint 〈EM 〉 ≡
∫

Rd EM (y)ρ(y) dy = E with �xed E ;
• mean enstrophy onstraint 〈ZM 〉 ≡

∫

Rd ZM (y)ρ(y) dy = Z with �xed Z.
The variational priniple for �nding the maximizer of S under the above on-

straints gives

G(y) = N−1 exp [−α (ZM + µEM )] , (1.32)

where µ and α are Lagrange multipliers orresponding to the mean energy and

mean enstrophy onstraints, respetively, and N orresponds to normalization.

This is a Gibbs-like distribution.

The distribution exists if

N =

∫

Rd

exp [−α (ZM + µEM )] dy < ∞.

To guarantee normalization we need to ensure that the oe�ients of the qua-

drati terms in (1.32) with substituted trunated energy (1.30) and trunated

enstrophy (1.31), are negative. Aording to [48℄, this implies that

α > 0 and µ > −1.

It an be shown that G is a produt of Gaussians, whih allows derivation of

the mean �eld equation for the �nite-dimensional dynamis desribed by (1.28)

〈qM 〉 = µ 〈ψM 〉 .
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The mean state has to satisfy the Poisson equation (1.29) as well, thus

∆ 〈ψM 〉 + h = µ 〈ψM 〉 .

To derive the statistial theory for the in�nite dimensional QG equation, one

has to take the ontinuum limit as M → ∞ and hek whether all preditions

hold.

Miller’s equilibrium theory

The energy-enstrophy statistial theory takes into aount only linear and qua-

drati invariants. But as we know the quasigeostrophi model preserves higher

Casimirs as well. There are statistial equilibrium theories for ideal �uids, whih

are based on onservation of all Casimirs, derived by Lynden-Bell [47℄, Robert

& Sommeria [71, 72℄, and Miller [54℄. In this setion we onsider Miller's equi-

librium theory. It was originally developed for the Euler equations, whih are

mathematially equivalent to the quasigeostrophi equation with trivial topog-

raphy.

For derivation of Miller's theory it is neessary to onsider preservation of

the Casimir funtionals (1.13) as the area preservation of PV levels (1.14). Then

the probability density funtion assoiated to the PV value σ at a point x ∈ D is

denoted by ρ(σ,x). Inompressibility implies the onstraint
∫ +∞

−∞
dσ ρ(σ,x) =

1, and area preservation implies the onstraint
∫

D
dx ρ(σ,x) = g(σ). Miller

disretized q on a lattie of �ne size a, assuming onstant values of PV σℓ on

eah ell ℓ of a �ne mesh. Therefore the permutations of PV values {σℓ} form

the mirosopi on�guration spae. The marosopi vortiity �eld is the loal

average of the mirosopi �eld on a oarse mesh. Using ombinatorial analysis

and letting the size of the �ne lattie a → 0, Miller maximizes the entropy for

ρ under the above onstraints to arrive at the distribution

G =
exp [−βσ〈ψ〉(x) + µ(σ)]

∫ +∞

−∞
dσ exp [−βσ〈ψ〉(x) + µ(σ)]

,

where 〈ψ〉 is the impliitly de�ned expetation stream funtion, β determines

the energy and µ(σ) are Lagrange multipliers to ensure the area-preservation

onstraint.

The main obstale in setting up Miller's statistial theory for a dynamial

system is solving the nonlinear relations for 〈ψ〉.

Prior distribution

In the statistial theories of Lynden-Bell [47℄, Robert & Sommeria [71, 72℄,

and Miller [54℄, vortiity invariants are treated miroanonially in the sense

that µ(σ) is hosen as a Lagrange multiplier to satisfy onstraints on the area

distribution funtion g(σ). An alternative approah developed by Ellis, Haven

& Turkington [22℄ treats vortiity invariants anonially, while enforing the
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energy and irulation onstraints miroanonially. Canonial treatment of

vortiity invariants results in the relative entropy, see (1.27),

S[ρ,Π] = −
∫

D

ρ ln
( ρ

Π

)

dx,

with prior distribution Π(σ) determined with respet to the vortiity invari-

ants. When a prior distribution is given, the statistial equilibrium state is

obtained by maximizing the relative entropy S[ρ,Π] at �xed energy, irulation

and normalization ondition.

The variational priniple for �nding the maximizer of relative entropy S
under the above onstraints gives

G =
Π(σ) exp [(−β〈ψ〉(x) + α)σ]

∫ +∞

−∞
dσΠ(σ) exp [(−β〈ψ〉(x) + α)σ]

,

where β and α are Lagrange multipliers orresponding to the main energy and

irulation onstraints, respetively.

Note an equivalene of Miller's and Ellis, Haven & Turkington's distribu-

tions, when eµ(σ) = eασΠ, i.e. µ(σ) = ln (eασΠ) .
Miller's statistial theory is based on the assumption that the �ow is de-

sribed by 2D Euler equations, without foring and dissipation. However, in

geophysial situations, the �ow is fored and dissipated at small sales, whih

destroys the onservation of Casimirs. Ellis, Haven & Turkington's equilibrium

theory takes are of this situation by �xing the prior distribution instead of

vortiity invariants, sine it is more easy to determine the prior distribution

from data than to determine higher moments of the atmospheri vortiity au-

rately. For more omparison between Miller's and Ellis, Haven & Turkington's

statistial theories see Chavanis [13℄.

Overview of thesis

In Chapter 2, we will onsider quasigeostrophi �ow with topographi for-

ing. We will onstrut statistial mehanial theories for the disrete dynamial

systems arising from three disretizations due to Arakawa [2℄ whih onserve

energy, enstrophy or both. The referees to Setions 1.1 and 1.3 ould be helpful

for the reader.

In Chapter 3, we will onsider the Hamiltonian partile-mesh method for

quasigeostrophi �ow over topography. We will propose Lagrangian and Eule-

rian statistial models for the disrete dynamis. The referees to Setions 1.2

and 1.3 ould be helpful for the reader.

In Chapter 4, we will onsider the point vortex �ow on a disk. We will present

a losure for inompressible ideal �uid �ow in the form of the mathematial

thermostat. The referees to Setion 1.3 ould be helpful for the reader.




