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APPENDIX

Joint analysis of multiple longitudinal outcomes:
application of a latent class model
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SUMMARY

We address the problem of joint analysis of more than one series of longitudi-

nal measurements. The typical way of approaching this problem is as a joint

mixed effects model for the two outcomes. Apart from the large number of

parameters needed to specify such a model, perhaps the biggest drawback of

this approach is the difficulty in interpreting the results of the model, particu-

larly when the main interest is in the relation between the two longitudinal

outcomes. Here we propose an alternative approach to this problem. We use a

latent class joint model for the longitudinal outcomes in order to reduce the

dimensionality of the problem. We then use a two-stage estimation procedure

to estimate the parameters in this model. In the first stage, the latent classes,

their probabilities and the mean and covariance structure are estimated based

on the longitudinal data of the first outcome. In a second stage we study the

relation between the latent classes and patient characteristics and the other out-

come(s). We apply the method to data from 195 consecutive lung cancer

patients in two out-patient clinics of lung diseases in The Hague, and we study

the relation between denial and longitudinal health measures. Our approach

clearly revealed an interesting phenomenon: whereas no difference between

classes could be detected for objective measures of health, patients in classes

representing higher levels of denial consistently scored significantly higher in

subjective measures of health.
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1 INTRODUCTION

In this paper we address the statistical problem of joint analysis of two series

of longitudinal measurements. The typical way of approaching this problem is

by applying a joint mixed effects model for the two outcomes. The advantages

of this approach are a well-established theory [1] and certified software to fit

these models. A number of papers advocating the use of joint mixed effects

models in biometry have appeared [2–5]. This approach has a number of

drawbacks as well, however. First, a large number of parameters is needed to

specify a meaningful model. One would typically need considerably more than

twice the number of parameters required for a single outcome, since the corre-

lation of the two measurements at the same time-points as well as the cross-

correlation of the two outcomes at different time-points would have to be

modeled. The modeling process in this approach is not straightforward, espe-

cially with regard to the correlation parameters. Most of the papers dealing

with joint mixed effects models for multiple longitudinal outcomes use linear

or perhaps quadratic continuous time effects, whereas in our case time is more

appropriately modeled as categorical factor [6]. While in principle it is possible

to include time as a categorical factor in a joint linear mixed model, the task of

correctly modeling the (cross-) correlation parameters then becomes highly

involved, and there is a real danger of numerical convergence problems.

Perhaps the largest drawback of the joint mixed effects model approach is that,

after a final model has been selected and fitted to the data, the results of the

model may no longer allow for a clear interpretation. See Fieuws &

Verbeke [7] and the discussion for an example of these interpretational

problems.

The motivation for the statistical problem and the approach we took is a

study on the prevalence of denial in lung cancer patients and its relation with

physical and emotional functioning and quality of life. The first objective was

to study the evolvement of denial over time and how it is related to patient

characteristics. The second question was whether it is possible to distinguish

groups of patients with distinct patterns regarding their evolvement of denial

over time. For instance, are there groups of patients with increasing or decreas-

ing levels of denial over time or with high and low overall levels of denial, or

perhaps a combination of those? The objective here in statistical terms is to

identify latent classes of longitudinal denial measurements. This type of models

is quite popular in the psychometric literature [8–14], where it goes under the

name of growth mixture models, latent trajectory classes or trajectory analysis.

The models can be fitted using for instance Mplus [15], Mx [16], or SAS proc

Traj [9]. The next question is whether there are differences between these latent

classes with respect to patient characteristics. The final question is how denial

(longitudinal) is related to a reasonably large number of physical/emotional

functioning and quality of life measures (all longitudinal). Thus, we are parti-

cularly interested in how two or more longitudinal measurements relate to

each other, which is precisely the aspect that is most difficult to model and
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interpret using a joint mixed effects model. Especially the combination of the

last research questions of this project prompted us to use the latent groups of

patients identified in the second question to study differences between these

groups with respect to quality of life and physical/emotional functioning.

Although the two-stage approach we took is inspired by the particular appli-

cation, it can also be motivated in a quite different way. First, in order to

reduce the dimensionality of the problem, it is reasonable to assume a latent

class joint model for the longitudinal DCI denial and health measure(s) out-

comes. In this model one latent class influences both denial and health mea-

sures. Then our approach is a two-stage procedure, where in a first stage one

part of the model is estimated (the relation between latent classes and denial),

and in a second stage the remaining part (the relation between latent classes

and patient characteristics and physical/emotional functioning and quality of

life). This can be shown to be an estimation procedure that yields consistent

estimates. We feel such a two-stage approach is very useful, especially in situa-

tions like ours where interest is in relating one pivotal longitudinal outcome to

a large number of other longitudinal outcomes. The parameters of the latent

class joint model can also be estimated directly using full likelihood, but our

approach is more practical here since it avoids the need of completely refitting

the joint model (including typically considerable computing time for an EM-

type algorithm to converge) for each pair of longitudinal outcomes.

The remainder of the paper is structured as follows. Section 2 describes the

project and the data in more detail. Section 3 considers the latent class joint

model for denial and the other longitudinal outcomes and discusses the general

estimation procedure. Section 4 derives the latent classes with respect to denial,

while Section 5 discusses how these latent classes can be used to study the rela-

tion with patient characteristics and with quality of life and physical and emo-

tional functioning. Section 6 discusses the results obtained and possible

extensions and other applications, and puts our approach into perspective.

Technical details concerning the EM-algorithm used to find the latent classes

and how to account for uncertain class membership in tests of association are

presented in the appendix.

2 THE DENIAL OF LUNG CANCER STUDY

The denial of lung cancer study consists of 195 patients diagnosed with lung

cancer. Patients were consecutively recruited from two out-patient clinics in

The Hague, The Netherlands. Enrollment took place from January 2001 until

December 2003. For more details concerning inclusion and exclusion criteria,

recruitment and eligibility, see Vos et al. [6]. A semi-structured interview,

called the denial of cancer interview (DCI), was developed, consisting of nine

specific items and two clinical impression scores concerning type and level of

denial. The measure of the DCI represents by the level of denial on a continu-

ing scale ranging from 3-19, with higher scores indicating higher levels of
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Table I Patient characteristics for the 195 patients in the denial in lung cancer study.

Characteristic N Per cent

Gender

Male 115 59

Female 80 41

Age

p 60 69 35

60 – 70 54 28

> 70 72 37

Partner

No 58 30

Yes 137 70

Children

No 35 18

Yes 159 82

Unknown 1

Education level

Primary 70 37

Secondary 53 28

College/University 67 35

Unknown 5

Religion

No 98 51

Yes 96 49

Unknown 1

Type of tumor

NSCLC 139 75

SCLC 35 19

Other/unknown 21 7

Current treatment

Surgery 35 18

Chemotherapy 73 38

Radiotherapy 47 25

No treatment 35 18

Unknown 5

UICC grade

O 59 30

I 96 49

II-IV 40 21

Partner: ‘yes’ means married, living together or having a relationship but living apart.
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denial. For more details concerning this scale and its psychometric properties,

refer to Vos et al. [17]. The DCI was taken at four consecutive time points,

T1; . . . ;T4. The first of these time points (T1) was planned within eight weeks

after diagnosis, the following assessments at 8, 16, and 32 weeks after the first

assessment (T2;T3;T4, respectively). Every assessment consisted of a 30 – 45

minutes semi-structured interview as well as written questionnaires. We will

provide a detailed report elsewhere on the relation between DCI on the one

hand and on several physical and emotional functioning scales and quality of

life from the EORTC QLQ questionnaire and the lung module on the other

hand. For the purposes of this paper, we report on two anonimized scales, one

of which was assessed by the patient him- or herself (this scale is referred to as

‘subjective health’), the other assessed by the treating physician (this scale is

referred to as ‘objective health’). The ‘subjective health’ is measured on a scale

from 0 to 100, with higher values representing higher subjective health. The

‘objective health’ was measured on a scale from 0 to 4 with lower values repre-

senting higher objective health. In order to facilitate easy comparison with

‘subjective health’ this scale was therefore reversed and rescaled from 0 to 100.

Both scales were taken at the same time points, T1;T2;T3;T4, as the DCI.

For completeness we repeat the patient’s characteristics in Table I.

3 LATENT CLASS MODEL

3.1 The model

The latent class joint model that we consider is represented as a graphical

model in Figure 1.

The graphical model is quite similar to that appearing in [18]. As in [18] we

assume the existence of a latent class Gi that influences multiple longitudinal

outcomes. In [18], the second longitudinal outcome is binary, in our case

instead of a single binary longitudinal outcome we are dealing with a reason-

ably large series of quantitative longitudinal physical/emotional functioning

scales. Another difference is that [18] uses a Bayesian approach. Let

yi ¼ ðyi1; . . . ; yi4Þ, with yi1; . . . ; yi4 denoting the denial scores at T1; . . . ;T4, and

let ð~y1i ; . . . ; ~yHi Þ denote the H longitudinal health measures, with

~yhi ¼ ð~yhi1; . . . ; ~yhi4Þ the hth series of observed health measures at T1; . . . ;T4.

Conditionally given the latent class Gi , we assume yi and the joint vector

ð~y1i ; . . . ; ~yHi Þ to be independent. Figure 1 suggests that the vectors ð~y1i ; . . . ; ~yHi Þ
are also conditionally independent, given Gi , but this is not a necessary condi-

tion. It is depicted like this only to reflect the estimation procedure which con-

siders the physical/emotional functioning scales one by one. The latent vectors

ni and
~nhi are capturing both fixed and random effects of the longitudinal ser-

ies. Conditionally given Gi ¼ g , the latent vector ni can be represented as

ni ¼ Xilg þ Zibi with bi � Nð0;DgÞ ð1Þ
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Figure 1 A graphical model representation of the latent class joint model

DCI denial scores
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random effects. The latent vector ni represents the individual mean vector of

yi , which is related to yi as

yi j ni � Nðni; �2gRiÞ ; ð2Þ
where Ri is a known correlation matrix. We gather the unknown parameters

lg , Dg , �
2
g and the unknown class probabilities �g for all classes into a single

vector h.

As in [18], patient characteristics Zi may influence the yi’s, but the influence

of Zi on yi is assumed to act through the latent class Gi only (although in prin-

ciple patient characteristics could also be incorporated into the fixed effects

design matrix Xi). The relation between yi and Zi is given through Gi as

f ðyi jZi; h; bÞ ¼
X
g

f ðyi jGi ¼ g ; hÞ � PðGi ¼ g jZi; bÞ ; ð3Þ

where b is a parameter vector describing the association between Zi and Gi .

For the other longitudinal health measures ~yhi , we will suppress the superscript
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h unless confusion may arise. Similar to (1) and (2), ~yi is related to Gi through

the latent vector ~ni, such that, conditionally given Gi ¼ g ,

~ni ¼ ~Ximg þ ~Zi
~bi with ~bi � Nð0; ~DgÞ ð4Þ

random effects, and

~yi j ~ni � Nð~ni; ~�2g ~RiÞ ð5Þ
with ~Ri a known correlation matrix. The unknown parameters mg , ~Dg and ~�2g
are gathered in the parameter vector g.

The model we use is quite similar to those proposed in [8–14], where

[8–12] impose the somewhat restrictive assumption that conditional on the

latent classes, the outcomes at different time points are independent. Each of

these papers also relate covariates to the latent classes. Our model is more

restrictive in that it only considers normal outcomes. References [10,11] also

consider dual trajectories, the only difference with our model then being the

conditional independence assumption. Reference [12] is an application of the

models in [8,9]. References [13,14] contain our model as special case (but dif-

fer from our situation in the large number of longitudinal outcomes that we

consider). All of these papers differ in the estimation approach, which is out-

lined below.

3.2 Estimation approach

The parameters in this latent class model are estimated using a two-stage pro-

cedure. In the first stage the latent classes, i.e. their probabilities and the means

and covariance structure of yi within each class ðhÞ are estimated based on the

longitudinal data of the first outcome, the DCI denial scores. The remaining

parameters, relating the latent classes to the patient characteristics and the

other longitudinal outcomes, are estimated in a second stage. The b parameters

relating latent classes to patient characteristics are estimated using (3). Finally,

the relation between latent classes and the other health measures ðgÞ is studied
using

f ð~yi j yi; ĥ;gÞ ¼
X
g

f ð~yi jGi ¼ g ;gÞ � PðGi ¼ g j yi; ĥÞ ; ð6Þ

where ĥ is the estimate of h from stage one. Details will be given in Sections 4

and 5. Two-stage estimation is familiar from for instance correlated survival

data [19–21], where a first stage is used to estimate baseline hazards and cov-

ariate effects from the marginal distributions and where the correlation or

copula is estimated in a second stage. For a given number of classes, the two-

stage procedure guarantees consistent estimates. The estimates based on the

first stage are consistent, since they are based on a closed model with a like-

lihood known to yield consistent estimates [22]. The parameter lg could be

consistently estimated if no information at all were available on secondary

longitudinal outcomes or patient characteristics. If the class membership is cer-
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tain, it follows from graphical models theory [23] that the first stage maximum

likelihood estimate does not lose efficiency, since the information from upper

and lower part is independent given the latent class. For uncertain class mem-

bership the first stage estimate may not be fully efficient, but it is nevertheless

consistent. For the second stage, estimates will be consistent for the same rea-

sons. Plugging in the consistent estimates from stage 1 again will not destroy

consistency but may result in further loss of efficiency [24,25].

There are two reasons for using a two-stage approach. The first reason is

computational; especially without further assumptions such as conditional

independence of ð~y1i ; . . . ; ~yHi Þ, given the latent classes, direct estimation of all

the parameters in the model using full likelihood is not feasible. It is possible

to propose separate latent class joint models for each pair of longitudinal out-

comes of denial and one physical/emotional functioning scale. Since parameter

estimation in these latent class growth curve models is typically based on an

EM-algorithm, this would require a complete EM-algorithm to run and con-

verge for each pair of outcomes (of which there are many), which can be quite

slow and time-consuming. Also, model choices would perhaps have to made in

the process (such as choosing the number of latent classes), requiring several

such models to be fit for model choice, for a single pair of outcomes. In our

approach, the EM-algorithm has to be applied only at one stage, namely in

identifying latent classes of denial, but not when relating these classes to the

other outcomes. The second reason for using a two-stage approach is interpre-

tational. First of all, we were interested in distinguishing patterns of denial

over time. This interest was specifically stated as an objective in the research

proposal. Moreover, using these latent classes it is straightforward to show the

evolvement over time of the other longitudinal health measure for each of the

different latent denial classes, thus allowing easy visual assessment of associa-

tion of denial and physical/emotional functioning.

4 FIRST STAGE: LATENT CLASSES OF DENIAL

Recall that yi denotes the vector of observations of DCI measurements at

T1; . . . ;T4 for subject number i, and that Gi denotes the group or class g to

which subject i belongs, for g ¼ 1; . . . ; L. In our application we assume a

mixed effects model within each class, given by

yij ¼ �j þ bi þ eij ð7Þ
where �j is the mean DCI at Tj , bi is a random person effect, distributed

Nð0; �2Þ, and eij is independent random error, distributed Nð0; �2Þ. This corre-
sponds to (1) and (2) with 	ij ¼ �j þ bi , Dg ¼ �2, and Ri ¼ Im, where Im
denotes the m�m identity matrix throughout this paper, and m ¼ 4.

Although in principle finite mixtures of multivariate normals are identifiable

even with variable mean and covariance matrices [26], in order to ensure reli-

able estimation, the vectors l ¼ ð�1; . . . ; �mÞ are allowed to differ between

Denial and Quality of Life in Lung Cancer Patients 147



classes, whereas �2 and �2 are restricted to be identical for all classes. The para-

meters to be estimated in the first stage are gathered into the vector

h ¼ ð�1; . . . ; �L; l1; . . . ; lL; �2; �2Þ, with lg the mean vector for class g and �g
the probability of a random individual to belong to class g . Let

fgðy j lg ; �2; �2Þ denote the density of y within class g . Then the log-likelihood

is given by

‘ðhÞ ¼
Xn
i¼1

log

�XL
g¼1

�g fg ðyi j lg ; �2; �2Þ
�
: ð8Þ

We implemented an EM-algorithm [27] to obtain maximum likelihood esti-

mates (MLEs) of the parameters of the model. The EM-algorithm we employed

is detailed in the appendix, where a more general setup is used to describe it. It

is a hybrid algorithm combining what are probably the two best-known

applications of the EM-algorithm, the first being for random effects mod-

els [28–30], the second being for mixtures of normals [31]. For a given class

size, the EM-algorithm was run five times with different, random, starting

values, in order the judge the sensitivity of the convergence to starting values.

Convergence was rather slow, especially for larger class size (on average, 75, 87,

100, and 320 iterations were needed to achieve convergence for 2, 3, 4, and 5

classes, respectively), but robust to starting values; for all choices of number of

classes that we considered, each choice of starting values resulted in the same

maximum likelihood estimates. Important to mention at this point is the fact

that upon convergence not only the MLEs are obtained but also the posterior

class membership probabilities, i.e. for each individual the probabilities to

belong to each class, given the data and the estimated parameters. These are

simply obtained by Bayes’ rule,

pig ¼ PðGi ¼ g j yi; hÞ ¼
�g fg ðyi j lg ; �2; �2ÞPL
l¼1 �l flðyi j ll ; �2; �2Þ

;

where fgðy j lg ; �2; �2Þ denotes the density within class g , and they are esti-

mated by plugging in the MLEs for �g, lg , �
2 and �2, yielding

p̂ig ¼
�̂g fg ðyi j l̂g ; �̂2; �̂2ÞPL
l¼1 �̂l flðyi j l̂l ; �̂2; �̂2Þ

: ð9Þ

Table II shows an analysis of variance table, containing the degrees of freedom,

log-likelihood, and two of the most common criteria for comparing models,

AIC and BIC, of the models with 2, 3, 4, and 5 classes.

Table II. Analysis of variance table for the models with 2, 3, and 4 classes.

No of classes Df Log-likelihood AIC BIC

2 11 �1260.014 2542.028 2578.031

3 16 �1246.779 2525.557 2577.925

4 21 �1237.891 2517.783 2586.516

5 26 �1233.078 2518.155 2615.253
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Depending on which criterion to use, a model with 3 or 4 classes appears to be

the model of choice; based on the AIC one would choose a model with 4

classes, based on BIC a model with 3 classes. Figure 2 shows in bold estimated

means and 95% confidence intervals for the models with three and four

classes.

Figure 2 Estimated means (bold) and individual patient trajectories for all classes. Models

shown here are those with 3 and 4 classes.
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For the model with three classes, a clear pattern emerges. The largest class,

with solid lines, represents a large group, containing 69% of all individuals,

with what could be termed ‘low deniers’. The second largest class, long-dashed,

containing 19% of all individuals could be termed ‘moderate deniers’, in corre-

spondence with [6]. The smallest class, short-dashed, containing the remaining

13%, is a group that is like the low deniers in the beginning and increases to a

level comparable to the high deniers at the end. We will refer to this group as

the ‘increasing deniers’. The individual patient trajectories are also shown. The

model with four classes shows a pattern that is harder to interpret. In a review

of the performance of AIC and BIC, McLachlan & Peel [22] showed that the

AIC tends to overestimate and the BIC to underestimate the number of classes.

Since the two information criteria indicated different models, interpretability

was the decisive argument here to select the model with three classes. For the

remaining part of the paper, we will therefore use the three-class model.

5 SECOND STAGE: RELATING LATENT CLASSES TO PATIENT

CHARACTERISTICS AND HEALTH MEASURES

The next objective is to study how patients in different classes differ with

respect to patient characteristics and with respect to other, secondary, out-

comes, like quality of life, emotional functioning and physical functioning. A

quick and dirty way to proceed would be to ignore the uncertainty of class

membership, and assign the most likely class to each individual. In principle,

this procedure would not give too much bias, although classes ‘in the middle’

would tend to be under-represented. The main problem with this approach is

that in case of moderate to substantial uncertainty, ignoring the uncertainty is

likely to yield overly optimistic standard errors and hence overly liberal testing

procedures.

The degree of uncertainty is shown in Figure 3 which shows a barycentric

representation of the posterior class membership probabilities. In this represen-

tation, probabilities ð�1; �2; �3Þ with 0p �i p 1 and �1 þ �2 þ �3 ¼ 1 are

mapped to an equilateral triangle. Each corner corresponds to a class; when an

individual is certain to belong to a particular class, its barycentric representa-

tion maps it to the corresponding corner in the triangle. Points further away

from a corner indicate increasing uncertainty with respect to the class member-

ship. For a given point in the triangle (standardized so as to have unit height),

�i is given by the orthogonal distance to the side of the triangle facing cluster

i, for i ¼ 1; 2; 3. Figure 3 shows that many points are close to the corner corre-

sponding to class 1, but there is also a considerable number of patients, not to

be ignored, that cannot be assigned to a class with certainty. In particular, it is

sometimes difficult to choose between classes 1 and 3 and between classes 2

and 3. Referring to Figure 3, assigning the most likely class to each individual

would mean assigning each individual to the class corresponding to the closest

corner in the triangle. Each area in the triangle corresponds to a probability
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configuration resulting in different most likely classes; the corresponding class

names are indicated as well.

We shall use two distinct approaches of dealing with class membership

uncertainty. This choice is deliberate. At the most fundamental level, the differ-

ence between the problems of relating latent denial classes to patient character-

istics and other longitudinal outcomes is in the direction of this relation. For

the association of latent denial classes and patient characteristics, the patient

characteristics are modeled as predictors of class membership. For the longitu-

dinal health measures, the latent classes are assumed to affect the mean struc-

ture of the longitudinal health outcomes. In the graphical model of Figure 1,

the direction of the arrows reflects this difference; they point into the latent

classes from the patient characteristics and out from the latent classes into the

longitudinal outcomes. For the problem of relating class membership to

patient characteristics we use Pearson’s chi-square statistic for contingency

tables, with an adjusted estimate of the variance of the test statistic. The pro-

blem of relating class membership and longitudinal health measures is predo-

minantly an estimation and modeling problem, where we want to estimate the

development over time of the health measures for the different classes and

where we may want to consider and compare different longitudinal models.

This problem asks for a more flexible approach of dealing with class member-

ship uncertainty, and multiple imputation is very well suited for this purpose.

Below we describe the two approaches of dealing with class membership

uncertainty in more detail.

Figure 3 Barycentric representation of the posterior class membership probabilities obtained

by the EM-algorithm with 3 classes.
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5.1 Latent classes and patient characteristics

For the problem of relating patient characteristics to classes, two approaches

are possible. First, patient characteristics can be incorporated into the latent

class estimation procedure, for instance assuming their effects are the same for

all classes. Here we take a different approach since we are interested in predict-

ing the probability that an individual belongs to a particular class.

Recall from Section 3.2 that estimation of b is based on Equation (3). Then

the contribution to the score for b of individual i is given by

_‘bi ¼ @

@b
log

�X
g

f ðyi jGi ¼ g ; lÞ � PðGi ¼ g jZi; bÞ
�

¼
P

g f ðyi jGi ¼ g ; lÞ � PðGi ¼ g jZi; bÞ @
@b

log PðGi ¼ g jZi; bÞP
l f ðyi jGi ¼ l; lÞ � PðGi ¼ l jZi; bÞ : ð10Þ

Evaluating (10) at the null-hypothesis of no association between Zi and Gi

implies that PðGi ¼ g jZi; bÞ may be replaced by �̂g and f ðyi jGi ¼ g ; lÞ by

f ðyi j l̂g Þ, so (10) becomes a weighted mean of

_‘GbiðgÞ ¼
@

@b
log PðGi ¼ g jZi; bÞ ð11Þ

given by

_‘bi ¼
X
g

p̂ig _‘
G
biðgÞ ; ð12Þ

where p̂ig is the posterior probability of individual i belonging to class g

(cf. (9)), and _‘Gbi is the score contribution of individual i corresponding to the

conditional distribution of G given Z .

The second derivative of (3), evaluated at the null-hypothesis, is given by

€‘bi ¼
P

g f ðyi j l̂gÞ�̂g _‘GbiðgÞ _‘G
T

bi ðgÞ þ €‘GbiðgÞ
h i

P
l f ðyi j l̂lÞ�̂l

�
P

g f ðyi j l̂gÞ�̂g _‘GbiðgÞP
g f ðyi j l̂g Þ�̂g

 ! P
g f ðyi j l̂g Þ�̂g _‘GbiðgÞP

g f ðyi j l̂gÞ�̂g

 !T

¼
X
g

p̂ig €‘
G
biðgÞ þ

X
g

p̂ig _‘
G
biðgÞ _‘G

T

bi ðgÞ �
X
g

p̂ig _‘
G
biðgÞ

 ! X
g

p̂ig _‘
G
biðgÞ

 !T

;

so with I bi ¼ �€‘bi , IG
biðgÞ ¼ �€‘GbiðgÞ, we have
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Ibi ¼
X
g

p̂ig I
G
biðgÞ

�
X
g

p̂ig _‘
G
biðgÞ _‘G

T

bi ðgÞ �
X
g

p̂ig _‘
G
biðgÞ

 ! X
g

p̂ig _‘
G
biðgÞ

 !T
0@ 1A : ð13Þ

Recognizing that p̂ig ¼ PðGi ¼ g j yi; ĥÞ, we can rewrite (12) and (13) as

_‘bi ¼ E _‘Gbi ; Ibi ¼ E IG
bi � var _‘Gbi ; ð14Þ

where expectation and variance are taken with respect to the conditional distri-

bution of Gi given yi evaluated at ĥ. In other words we may think of eq:

scoreinfoG as arising as the formulas of Louis [32] for the score and Fisher

information for b in the direct model for PðGi ¼ g jZi; bÞ where the uncertain

class membership constitutes the missing information and where the last term

in large brackets in eq:fisherbeta, var _‘Gbi , expresses the loss of information due

to uncertain class membership.

Although the score _‘Gbi and Fisher information IG
bi could in principle be

derived from any model of PðGi ¼ g jZi; bÞ, we will now specialize to categori-

cal patient characteristics Zi , taking K possible values k ¼ 1; . . . ;K , say. We

assume a multinomial logistic model, given by PðGi ¼ g jZi; bÞ
¼ e
ig=

PL
h¼1 e


ih , with 
ig ¼ �g1 þ
PK

k¼2 �gk1fZi ¼ kg. We are interested in

testing the null hypothesis H0 : d ¼ 0, with d ¼ ð�12; . . . ; �1K ; . . . ; �L2; . . . ;
�TLK . The vector c ¼ ðg11; . . . ;gL1Þ consists of nuisance parameters, describing

PðGi ¼ gÞ in the absence of covariates under the null hypothesis. In the appen-

dix we derive the score test based on eq:scoreinfoG for testing H0 : d ¼ 0 in

the presence of the nuisance parameters c.

Table III shows the results of this analysis for the patient characteristics in

Table I. The numbers shown for a particular patient characteristic level are the

sums of the posterior class membership probabilities over all patients with that

level. P-values reported are obtained from the score test accounting for class

membership uncertainty.

5.2 Latent classes and longitudinal health measures

In this subsection we consider a generic longitudinal health measure, and we

again suppress the superscript h in ~yhi throughout. The relation between yi and

~yi will be assessed using (6). An EM-algorithm could be used to estimate g

in (6), but we will use multiple imputation. Multiple imputation is described

in general by Little & Rubin [33], but for completeness we briefly describe the

implementation in our situation below. We construct a complete dataset by

randomly drawing class memberships, for each individual corresponding to his

or her posterior class membership probabilities p̂ig ¼ PðGi ¼ g j yi; ĥÞ, given by

equation (9). A complete dataset, denoted by ð~y; gÞ, consists of ~y, with ~yij
denoting the quality of life, emotional functioning or physical functioning out-
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come of individual i at time j, j ¼ 1; . . . ; 4, and gi the (randomly assigned)

class membership of individual i.

Within a complete dataset ð~y; gÞ we specify the following mixed effects

model:

~yij ¼ �gi ;j þ ~bi þ ~eij ; i ¼ 1; . . . ; n; j ¼ 1; . . . ;m;

mimicking the model (7) we used in Section 4 for the primary outcome, DCI,

with different mean vectors mg ¼ ð�g1; . . . ; �gmÞ for different classes,

g ¼ 1; . . . ; L, random person effects ~bi with a Nð0; ~�2Þ distribution and inde-

pendent random error ~eij with a Nð0; ~�2Þ distribution. This corresponds to (4)

and (5) with ~nij ¼ �j þ ~bi , ~Dg ¼ ~�2 and ~Ri ¼ Im. The fixed effects are gathered

Table III. Class membership predicted by patient characteristics

Characteristic Low Increasing
deniers

Moderate
deniers

�2 P

Gender
Male 70 (61%) 16 (14%) 29 (25%) 11.93 0.0026
Female 64 (80%) 9 (11%) 7 (9%)

Age
p 60 54 (78%) 7 (10%) 8 (12%) 7.53 0.11
60 – 70 34 (63%) 9 (17%) 11 (20%)
> 70 45 (63%) 9 (13%) 17 (24%)

Partner
No 41 (71%) 6 (10%) 11 (19%) 1.09 0.58
Yes 92 (68%) 19 (14%) 25 (18%)

Children
No 24 (69%) 5 (14%) 6 (17%) 0.20 0.91
Yes 110 (69%) 20 (13%) 29 (18%)

Education level
Primary 44 (63%) 7 (10%) 19 (27%) 8.98 0.06
Secondary 38 (70%) 9 (17%) 7 (13%)
College/University 49 (73%) 7 (12%) 10 (15%)

Religion
No 63 (64%) 11 (11%) 24 (25%) 6.44 0.04
Yes 70 (73%) 14 (15%) 12 (12%)

Type of tumor
NSCLC 95 (68%) 19 (14%) 25 (18%) 4.09 0.39
SCLC 22 (63%) 4 (11%) 9 (26%)
Other/unknown 17 (81%) 2 (10%) 2 (10%)

Current treatment
Surgery 24 (67%) 4 (11%) 8 (22%) 2.10 0.91
Chemotherapy 51 (71%) 9 (12%) 12 (17%)
Radiotherapy 33 (69%) 7 (15%) 8 (17%)
No treatment 22 (63%) 5 (14%) 8 (23%)

UICC grade
O 39 (65%) 8 (13%) 13 (22%) 0.75 0.94
I 66 (69%) 13 (13%) 17 (18%)
II-IV 28 (70%) 5 (13%) 7 (18%)
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in the mL-vector m ¼ ðmT1 ; . . . ; mTLÞT. In our specific application we have m ¼ 4

and L ¼ 3, but we prefer to keep the notation more general here.

The procedure of constructing complete datasets is repeated M ¼ 10 times

and standard procedures of combining estimates and within- and between

imputation variances [33] yield estimates of m and its covariance matrix Rm.

We are interested in assessing differences in level and in development over time

between the classes. To be able to distinguish between these we write the mean

�g j of yj within class g as

�g j ¼ �g þ  g j ; �g ¼ 1

m

Xm
j¼1

�g j ;

with �g denoting the overall mean of class g over time, and  g j the deviation

of �g j with respect to this overall class mean. In order to quantify differences in

level and development over time between the classes, we define the contrast

vectors

level ¼ ð�2 � �1; . . . ; �L � �1ÞT ; time ¼ ðwT
2 � wT

1 ; . . . ;w
T
L � wT

1 ÞT ;
overall ¼ ðmT2 � mT1 ; . . . ; m

T
L � mT1 ÞT :

The vector level has length L � 1, time and overall both have length mðL � 1Þ,
but time is overparametrized. In terms of main effects and interactions, the

contrast vector level describes class main effects, time describes time by class

interactions, and overall class main effects plus time by class interactions. Time

main effects are not assessed, since they are not of prime interest here. We test

the hypotheses contr 	 0 with Wald-type statistics (with contr being either

level, time, or overall)

Wcontr ¼ ̂Tcontr
bR�1
contr̂contr ;

with

Rcontr ¼ @contr
@m

� �T

Rm

@contr
@m

� �
;

and where in ̂contr and bRcontr, m is replaced throughout by its estimate m̂. It is

not hard to see that

@level
@m

¼ H
 1

m
1m ;

@time

@m
¼ H
 Im � 1

m
Jm

� �
;

@overall
@m

¼ H
 Im ; H ¼ �1 . . .� 1

IL�1

� �

where Im again denotes the m�m identity matrix and 1m and Jm denote the

m-vector and m�m matrix, respectively, filled with 1’s throughout.
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Under the appropriate null hypotheses of contr 	 0, Wlevel, Wtime, and

Woverall follow, asymptotically, �2 distributions with degrees of freedom equal

to L � 1, ðm� 1ÞðL � 1Þ, and mðL � 1Þ, respectively (the inverse of bRtime needs

to be replaced by a Moore-Penrose generalized inverse because the wg ’s are

over-determined).

Figure 4 shows the estimated mean ‘subjective health’ and ‘objective health’

measures and associated 95% confidence intervals for each of the three classes.

Figure 4 Estimated mean and 95% confidence intervals of ‘subjective health’ (left) and ‘objec-

tive health’ (right), for each of the three classes.
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The left plot of Figure 4 shows that the class representing the low deniers have

lowest ‘subjective health’ , while the class representing the moderate deniers

have highest ‘subjective health’. The class representing increasing deniers follow

the same pattern with respect to ‘subjective health’ as the corresponding DCI

scores, i.e., comparable to the low deniers in the beginning and increasing to

the same level as the moderate deniers towards the end. The Wald-statistics for

the hypotheses level 	 0, time 	 0, and overall 	 0 have values of 19.5, 7.3, and

29.7, respectively, with 2, 6, and 8 degrees of freedom respectively. This leads

to P-values of 5:7� 10�5, 0.29, and 2:4� 10�4, for level, time and overall,

respectively. The observed pattern for ‘subjective health’ is typical for the other

subjective physical and emotional functioning scales. These will be reported in

detail elsewhere. The question then remains whether the patients with higher

levels of denial are really in better health or whether the observed differences

in ‘subjective health’ are only experienced this way by the patient. The right

plot of Figure 4 shows quite a different picture from that of the ‘subjective

health’ measure. The Wald-statistics for level, time, and overall equal 3.20, 4.57,

and 7.80, respectively, with the same degrees of freedom as above, correspond-
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ing to P-values of 0.20, 0.60, and 0.45, respectively. Although the low deniers

appear to have somewhat lower ‘objective health’ , we can reasonably discard

the possibility of true differences in health between low, moderate and increas-

ing deniers, and ascribe the observed differences in ‘subjective health’ between

classes to patient perception.

6 DISCUSSION

Joint mixed effect models are not straightforward to fit and interpret. Fieuws &

Verbeke [7] demonstrated that assumptions on certain components in the joint

model can have profound effects on seemingly unrelated aspects of the model.

Specifically, they showed that the assumption of independence between the

errors in the two longitudinal outcomes greatly influences the implied evolu-

tion of the correlation between the two outcomes over time. This may seem

surprising given the fact that the parameter describing the dependence between

the two error terms does not even enter into the formula of the evolution of

the association. This example shows that unexpected things can happen and

that one should be careful in applying and interpreting these models.

Latent class growth curve models very similar to ours have been proposed

earlier in a variety of contexts [13,18,34–36]. The advantage of this type of

models is that by bringing in some structure into the model the number of

parameters to be estimated is reduced. Of course this comes at the price of

quite specific model assumptions and the danger of endogeneity, since it impli-

citly correlates all longitudinal outcomes at all time points. Endogeneity is a

result of the wish to reduce the dimensionality of the problem; in some sense

all reasonable random effect joint models are subject to endogeneity since cor-

relation of the random effects of the different outcomes will induce correlation

of all observations at different time points. It is appropriate to mention

another limitation of latent class modeling that applies here as well. It cannot

be excluded that the latent classes only serve to explain lack of normality in a

population that is in fact perfectly homogenous, as made clear in for

instance [37].

The majority of the papers above jointly fit all parts of the model directly. In

contrast, our method is a two-stage approach in which we first identify the

latent classes for the first longitudinal outcome and in a second stage relate

these classes to the second longitudinal outcome. The joint estimation

approach is to be preferred if interest is in relating a single pair of longitudinal

measurements, since it avoids the need of adjusting for the uncertainty of clas-

sifying subjects. For our particular problem we prefer a two-stage approach for

two reasons. First, there is real interest in a substantive interpretation of these

latent classes (in fact formulated as a formal research question in the study

proposal). Moreover, by first identifying latent denial classes, it is straightfor-

ward to visualize differences in the development over time of physical and

emotional functioning scales, as we illustrated in Figure 4. Second, although

Denial and Quality of Life in Lung Cancer Patients 157



we showed only two representative outcomes, ‘subjective health’ and ‘objective

health’ , we are in fact interested in the relation between denial on the one

hand and a large number of physical and emotional functioning scales on the

other hand. As mentioned before, in a joint estimation approach, the joint

model would have to be completely refit for each pair of longitudinal measure-

ments, typically involving application of an EM-algorithm, which can become

very time-consuming. In our approach, the EM-algorithm has to be applied

only at one stage, namely in identifying latent classes of denial, but not when

relating these classes to the other outcomes. So in case of multiple longitudinal

outcomes, our approach is easier to carry out, interpret, and report.

For a given number of latent classes, L, standard results on composite likeli-

hood [38] imply that the maximum likelihood estimates of the lg ’s and �g ’s
based on the upper part of Figure 1, the relation between Gi and yi through ni ,

so ignoring the patient characteristics and the other longitudinal health mea-

sures, is consistent. Since the estimates of lg and �g are consistent, also the

second stage estimates of bg and mg will be consistent. In principle, after esti-

mating the effect of patient characteristics or the effect of the latent classes on

the health measures, the estimates of the DCI means lg and the class probabil-

ities �g could be updated, which should increase the efficiency of the estimates

of lg . For example, for an individual with low ‘subjective health’ , the posterior

probability of belonging to the low deniers will increase, because overall low

deniers tend to have lower ‘subjective health’ . More formally, with Gi denoting

the class to which subject i belongs, yi and ~yi denoting the longitudinal

outcomes of DCI and for instance ‘subjective health’ of subject i, and

pig ¼ PðGi ¼ g j yiÞ, ignoring unknown parameters, Bayes’ rule can be used to

obtain

PðGi ¼ g j yi; ~yiÞ ¼
f ð~yi jGi ¼ g ; yiÞPðGi ¼ g j yiÞP
l f ð~yi jGi ¼ l; yiÞPðGi ¼ l j yiÞ

¼ pig f ð~yi jGi ¼ gÞP
l pil f ð~yi jGi ¼ lÞ :

The mean parameters lg could be updated in a similar way. In fact, in turn

updating the different parameters in this way is quite similar to Gibbs sam-

pling. We have not pursued this, since our primary interest is consistency, not

efficiency.

In Appendix B it was shown that without taking into account the adjust-

ment term of var _‘b, the resulting score test for d ¼ 0 would correspond to a

weighted �2-test, where each individual is represented by L lines in a dataset

and each resulting case is weighted by the posterior probability p̂ig of belonging

to case g . Compared to this weighted �2-test, which does not account for class

membership uncertainty, the P-values were smaller when accounting for class

membership uncertainty. This may seem unexpected, but it can be explained

in two ways. From a mathematical point of view, it can be seen from equa-

tion (14) that the numerator of the score test with and without accounting for

class membership uncertainty are identical, while the denominator (the var-

iance of the score) becomes smaller when accounting for class membership

uncertainty, because information is lost. As a result, the score test statistic is
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larger when accounting for class membership uncertainty. From a heuristic

point of view, what happens is that uncertainty of class membership makes the

different classes more similar. Large differences between different classes will

therefore be less likely. If a large difference is nevertheless observed, this will

make the observed difference more significant. A similar phenomenon has

been observed when accounting for haplotype uncertainty in association test-

ing; in fact, the score test derived here is very similar to that of Schaid et

al. [39] in the context of generalized linear models.

Although the approach we took was motivated by the particular application,

we do feel that it has promise of wider application, for instance in the joint

modeling of CD4-counts and HIV-RNA in AIDS studies. In this context, it

would be of interest to find latent classes with respect to the longitudinal devel-

opment of HIV-RNA viral load, and then relating these latent classes to longi-

tudinal development of CD4+ and/or CD8+ T-cell counts, or their ratio, all

considered to be important prognostic markers for AIDS progression in HIV-

infected individuals. Another application would be in joint modeling of longi-

tudinal outcome(s) and survival, in which latent normal random variables or

processes are used essentially to account for measurement error in the longitu-

dinal outcome [40,41], see also for a review and for a recent relevant paper.

The use of latent classes in this context has been pioneered by Lin et al. [42],

and is potentially useful as well.

APPENDIX

A.1. EM-algorithm

In the general notation of the Laird & Ware [28] mixed effects model, within a

class we have, for individual i ¼ 1; . . . ; n,

yi ¼ Xilþ Zibi þ ei ;

where yi is an ni-vector of outcomes for individual i, Xi is an ni � p fixed

effects design matrix, l is a p-vector of fixed effects, Zi is an ni � q random

effects design matrix, bi is a q-vector of random effects with a Nð0;DÞ distri-

bution with unknown q � q covariance matrix D, and ei is random noise with

a Nð0; �2RiÞ distribution, where Ri is known and �2 unknown. Note that in

our case all yi have the same length in principle, but yi may have missing

values, in which case Xi , Zi , Ri are the appropriate sub-matrices of common

matrices X, Z, R.

The EM-algorithm iterates between the E-step and M-step described below.

A.1.1. E-step
Given the present value h� ¼ ð��1; . . . ; ��L; l�1; . . . ; l�L; ��

2

;D�Þ of the parameter

vector h, calculate, for individual i ¼ 1; . . . ; n, and class g ¼ 1; . . . ; L:
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Ri ¼ �2
�
Ri þ ZiD

�ZT
i ;

rig ¼ yi � Xil
�
g ;

big ¼ D�ZT
i R

�1
i rig ;

pig ¼ PðGi ¼ g j yi; h�Þ ¼
��g fgðyi j l�g ; ��

2

;D�ÞPL
k¼1 �

�
k fkðyi j l�k ; ��2 ;D�Þ :

A.1.2. M-step
New values of �g , lg , �

2 and D are given by:

�g ¼ 1

n

Xn
i¼1

pig ;

lg ¼
Xn
i¼1

XT
i R

�1
i Xipig

 !�1Xn
i¼1

XT
i R

�1
i yipig ;

�2 ¼
PL

g¼1

Pn
i¼1pig rig � Zibig

� �T
rig � Zibig
� �þ ��

2

trðI� ��
2

WiRiÞ
n o

PL
g¼1

Pn
i¼1 nipig

;

D ¼
PL

g¼1

Pn
i¼1 pig bigb

T
ig þ D� I� ZT

i WiZiD
�� �n o

PL
g¼1

Pn
i¼1 pig

: ðA1Þ

Convergence is obtained when the log-likelihood given by (8) changes no more

than a pre-specified small number " (in our application we have taken

" ¼ 10�5). The MLEs are the values of �g , lg , �
2 and D at convergence. At

convergence we also have the estimated covariance matrix of l̂g , conditional

on the other estimated parameters,

cvarðl̂gÞ ¼ Xn
i¼1

XT
i R

�1
i Xi p̂ig

 !�1

; ðA2Þ

with p̂ig the estimated posterior class membership probabilities, obtained in the

E-step above, but with h� replaced by ĥ obtained at convergence.

A.2. Multinomial test accounted for class membership uncertainty

In Section 5, in ‘Latent Classes and patient characteristics’ we saw that the con-

tributions to the score _‘bi and Fisher information I bi of individual i of

f ðyi jZi; l; bÞ, evaluated at the null-hypothesis of no association between Zi

and yi through the latent classes, could be expressed as conditional expecta-

tions and/or variances of the score _‘Gbi and Fisher information IG
bi in the direct

model for PðGi ¼ g jZi; bÞ, see Equation (14). It was also mentioned that these

expressions are equivalent to the formulas of Louis [32] for _‘Gbi and IG
bi in the

model for PðGi ¼ g jZi; bÞ, accounting for the class membership uncertainty.
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We will therefore first derive expressions for _‘Gbi and IG
bi and their sum over all

individuals _‘Gb ¼Pn
i¼1

_‘Gbi and IGb ¼Pn
i¼1 IG

bi , and subsequently apply Louis’s

formula.

Let Z be a patient characteristic with K levels, and assume

PðGi ¼ g jZi; bÞ ¼ !ig ¼ e
ig=
PL

l¼1 e

il , with 
ig ¼ �g1 þ

PK
k¼2 �gk1fZi ¼ kg.

We follow [43] in writing yig ¼ 1fGi ¼ gg; !ig ; 
ig in long vectors of length

nL, for instance y ¼ ðy11; . . . ; yn1; . . . ; y1L; . . . ; ynLÞT, and similarly for x and k.

In long vector form, the linear predictors k are related to the latent classes

through k ¼ Xb, with X ¼ IL 
 X , X an n� K matrix with Xi1 ¼ 1,

XiK ¼ 1fZi ¼ kg, for 2p kpK, and finally 
 denoting Kronecker product.

The score function and Fisher information matrix for PðGi ¼ g jZi; bÞ are

given by

_‘Gb ¼ XTðy � xÞ ;
IG
b ¼ XTWX ;

where the np � np matrix W is given by

W ¼

W 11 W 12 . . . W 1L

W 21 W 22 ..
.

..

. . .
.

WL1 . . . WLL

0BBB@
1CCCA ;

with each Wgh an n� n diagonal matrix with ith diagonal element

W
gh
ii ¼ �!ig!ih þ 1fg ¼ hg. Note that, due to the overparametrization of the

model, I b is of rank K ðL � 1Þ. In our application we are interested in testing

the null hypothesis H0 : d ¼ 0, with d ¼ ð�12; . . . ; �1K ; . . . ; �L2; . . . ; �LK ÞT.
The vector c ¼ ð�11; . . . ; �L1Þ consists of nuisance parameters, describing

PðGi ¼ gÞ in the absence of covariates under the null hypothesis. Under H0,

c is estimated by the maximum likelihood estimator ĉ ¼ logðpÞ, with

�g ¼ n�1
Pn

i¼1 1fGi ¼ gg, the estimated class probabilities. After changing the

order of the parameters, the vector b can be written as b ¼ ðd; cÞT. The score

function and Fisher information can be structured accordingly, and we define
_‘Gd ;

_‘Gc ; I
G
dd; I

G
dc; I

G
cd, and IG

cc as the appropriate sub-vectors and sub-matrices

of _‘Gb and IGb . The score function
_‘Gd is given by

_‘Gd ¼
_‘G

1

d

..

.

_‘G
L

d

0B@
1CA ;

with _‘G
g

d;k ¼
Pn

i¼1ðyig � !ig Þ1fZi ¼ kg, for kq 2. The score function _‘Gc is iden-

tically zero at c ¼ ĉ. Define �k ¼ n�1
Pn

i¼1 1fZi ¼ kg, and f ¼ ð�2; . . . ; �K ÞT,
the vector of sample proportions for all levels of the covariate except the first.

Under H0 it can be shown that _‘G
g

d;k has the symmetric form
_‘G

g

d;k ¼
Pn

i¼1ð1fGi ¼ gg � �gÞð1fZi ¼ kg � �kÞ, and that IG
dd ¼ nX
 diagðfÞ,
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IG
dc ¼ nX
 fT, IGcd ¼ nX
 f, and IG

cc ¼ nX, with X ¼ diagðpÞ � ppT. The

matrix X has rank L � 1. The efficient score and information matrix are given

by

_‘G
�

d ¼ _‘Gd � IG
dc I

G�1

cc
_‘Gc ;

IG�
d ¼ IG

dd � IG
dc I

G�1

cc IG
cd : ðA3Þ

Straightforward calculations show that _‘G
�

d ¼ _‘Gd , and IG�
d ¼ nX


 diagðfÞ � ffT
� �

. The score test for H0 : d ¼ 0 with complete data is given by
_‘G

�T

d IG��1

d
_‘G

�
d , with _‘Gd and IG

d evaluated at d ¼ 0, which has, under H0, a �
2-

distribution with ðK � 1ÞðL � 1Þ degrees of freedom. In the case of complete

data, this test corresponds to the familiar Pearson’s �2-test for contingency

tables.

Turning to the score test for d ¼ 0 in f ðyi jZi; h; bÞ, recall Equation (14). It

is not hard to see that _‘b is as _‘Gb above, and E I b as I b above, but with

�g ¼ n�1
Pn

i¼1 1fGi ¼ gg replaced by �̂g ¼ n�1
Pn

i¼1 p̂ig, with p̂ig the (esti-

mated) posterior class membership probabilities. Without taking into account

the adjustment term of var _‘b in (14), the resulting score test for d ¼ 0 would

correspond to a weighted �2-test, where each individual is represented by L

lines in a dataset and each resulting case is weighted by the posterior probabil-

ity p̂ig of belonging to case g . The term var _‘Gb gives a matrix B with sub-

matrices Bdc;Bcd;Bcc all equal to zero, and

Bdd ¼
B11 . . . BK1

..

. . .
. ..

.

B1K . . . BKK

0B@
1CA ;

with

Bkl
gh ¼

�
Xn
i¼1

ð1fZi ¼ kg � �kÞð1fZi ¼ lg � �lÞp̂ig p̂ih; if g 6¼ h ;

Xn
i¼1

ð1fZi ¼ kg � �kÞð1fZi ¼ lg � �lÞp̂ig ð1� p̂igÞ; if g ¼ h :

8>>>><>>>>:
The efficient score and information matrix follow from equations (A3)

and (14), and the score statistic by _‘�
T

d I ��1

d
_‘d, which again has, under H0, a �

2-

distribution with ðK � 1ÞðL � 1Þ degrees of freedom.
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