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CHAPTER 1

HOLOGRAPHY AND THE ADS/CFT
CORRESPONDENCE

(1.1) INTRODUCTION

One of the most exciting discoveries made in the context of String Theory in the last decade
are holographic dualitites, which relate gravity theories in (d+1) dimensions to Quantum Field
Theories (QFTs) in d dimensions. The most prominent example is the AdS/CFT correspondence
[5, 6, 7] in which the gravity theory is given by String Theory in asymptotically Anti de Sitter
space and the boundary theory by a QFT whose renormalization group flows to a fixed point in
the UV.

The very idea that a gravity theory be related to a QFT in one dimension less has been conjec-
tured earlier in the context of black hole physics. According to the Bekenstein-Hawing formula,
the entropy S = A/4 (in units G = c = ~ = k = 1) of a black hole scales with the horizon
area A. However in a (local) QFT, the entropy of a system, being an extensive quantity, should
scale with the volume of the system. This led ’t Hooft and Susskind to conjecture that a descrip-
tion of the microscopic degrees of freedom of black holes and hence of gravity are given by a
QFT in one dimension less [8]. This idea has been named holographic principle, since the lower-
dimensional QFT was thought to contain all the physical information of the higher-dimensional
gravity theory.

In 1997, Maldacena found the first concrete example of a holographic duality [5]: By con-
sidering the low-energy limit of N parallel D3 branes he conjectured that IIB String Theory
on AdS5 × S5 is dual to N = 4 SU(N) Super Yang-Mills theory (without gravity) in four di-
mensions, which can be imagined to live on the boundary of AdS5. Naively one might think
this to be unrelated to the holographic principle, since the string theory side is living in a
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2 CHAPTER 1. HOLOGRAPHY AND THE ADS/CFT CORRESPONDENCE

10-dimensional space. However in the limit of large N and large ’t Hooft coupling the string
theory in AdS5 × S5 is described by its low-energy supergravity approximation, which in turn
can be Kaluza-Klein reduced on the S5 to a gravity theory on AdS5 coupled to the Kaluza-Klein
modes. This five-dimensional gravity theory is then dual to four-dimensional strongly coupled
large N Super Yang-Mills theory on the boundary, thus implementing the holographic principle
for d = 4.

Soon thereafter, more examples which resembled above setup were found. In all of these exam-
ples, the string theory side consists of a geometry asymptotic to AdSd+1 ×X9−d, where X9−d

is a (9− d)-dimensional compact space. Whereas the N = 4 Super Yang-Mills theory discussed
above is conformal and has a vanishing β-function, the d-dimensional QFT dual to asymptotic
AdS will in general have a renormalization group flow which however flows to a conformal
fixed point in the UV. It is also important to mention that all known holographic dualities in
string theory are strong-weak dualities, meaning that the regime where the curvature in the
bulk is small enough such that stringy corrections to supergravity calculations can be neglected
corresponds to a strongly coupled boundary theory.

A precise formulation of holographic dualities in string theory was proposed in [6, 7]. There
it is assumed that the duality between a (d + 1)-dimensional bulk theory and a d-dimensional
QFT is defined by an equality of (Euclidean signature) partition functions,

ZQFT [φ0] ≡ 〈exp(−
∫
ddxφ0Oφ)〉QFT = Zbulk[φ|bdry ∼ φ0]. (1.1)

The partition functions in this equality are functions of a generating source φ0. At the bulk side
on the right, this source φ0 has an interpretation as the boundary value of a bulk field φ (up
to a potential divergent prefactor), whereas in the QFT φ0 couples to a dual operator Oφ. The
right hand side simplifies in the limit that the bulk theory becomes classical. In the examples
mentioned in the previous paragraph this limit corresponds to the limit of large N and large ’t
Hooft coupling, in which the string theory can be approximated by its low-energy supergravity
description. The supergravity limit is equivalent to the saddle point approximation of the bulk
partition function,

Zbulk[φ0] = exp(−IS(φ)), (1.2)

where IS(φ) is the on-shell action of the supergravity theory with boundary condition φ|bdry =

φ0. In the supergravity limit, one can use the relation (1.1) to calculate (connected) correlation
functions of dual operators in the field theory,

〈Oφ(x1)Oφ(x2) . . .Oφ(xn)〉c = (−1)n
δ

δφ0(x1)

δ

δφ0(x2)
. . .

δ

δφ0(xn)
WQFT [φ0]|φ0=0, (1.3)

where WQFT ≡ lnZQFT = lnZbulk = −IS is the generator of connected correlation functions
in the QFT. Given this framework, one usually proceeds in two steps: In the first steps one tries
to identify the dual QFT to a given bulk theory. This can usually only be achieved if the bulk
as well as the boundary theory can be obtained by taking low energy limits of brane config-
urations, following the example of [5] for parallel D3 branes. In this limit the d-dimensional
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world volume theory of the brane configuration decouples from the bulk, giving rise to the
QFT on the boundary, while on the gravity side one zooms in in the near-horizon region of
the back-reacted branes. The latter yields a 10-dimensional geometry which typically can be
Kaluza-Klein reduced to a (d+1)-dimensional gravity theory. An important check of the duality
is a correspondence of global symmetries on both sides. In the case of D3 branes for example,
the conformal group in four dimensions SO(4, 2) of the Super Yang-Mills theory corresponds
to the isometry group of AdS5, the SU(4) ' SO(6) R-symmetry group to the isometry group of
S5, and the Monotonen-Olive duality SL(2, Z) to the S-duality of IIB String theory. In addition,
both sides are invariant under 16 Poincaré and 16 conformal supercharges.

Given this duality of theories, the second step is to match the spectrum on both sides, which
means to match bulk fluctuations around the background to dual operators on the boundary. A
first guideline to achieve this is to map fluctuations to operators transforming in the same rep-
resentations under the global symmetries. However if symmetries are not restrictive enough, it
is necessary to compare dynamic information on both sides by calculating correlation functions.
This comparison in turn is complicated by the strong-weak nature of the duality. In general,
correlation functions renormalize as the coupling is changed from the regime where the bulk
description is valid to the regime in which perturbation theory in the boundary theory can be
applied. Only if there are enough supersymmetries to protect the correlation functions through
non-renormalization this comparison can be performed and the map between bulk fluctuations
and dual operators can be refined by dynamic information.

A comprehensive introduction into the AdS/CFT correspondence is clearly beyond the scope of
this thesis, see [9, 10] for further reference. In what follows, we will restrict ourselves to key
concepts which will be central to the discussion in later chapters.

(1.2) THE HOLOGRAPHIC DICTIONARY

In the approximation (1.2) the problem of finding the generating functional on the boundary is
reduced to solving the classical supergravity equations for the bulk fields φ given the Dirichlet
boundary data φ0 and evaluating the bulk action on this solution. But one can also use (1.2)
together with (1.3) to read off field theory data from a given bulk solution. It turns out that
there are two linearly independent solutions in the bulk for each field, the normalizable and the
non-normalizable mode, which are related respectively to the vacuum expectation value (vev)
of the dual operator and deformations of the dual field theory by the dual operator.

Let us explore these solutions in the case of a free scalar field in a fixed AdS background
described by the action

S =
1

2

∫
dd+1x

√
g(gµν∂µφ∂νφ+m2φ2), (1.4)
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where the AdS background in Poincaré coordinates is given by

ds2 =
dz2 − dx2

0 + dx2
1 + . . .+ dx2

d

z2
. (1.5)

The equation of motion is given by

(−∇2
g +m2)φ = 0, (1.6)

where ∇2
g denotes the Laplace operator in AdS. The solution to this equation can be written as

φ(z, x) = a+φ
+(z, x) + a−φ

−(z, x), (1.7)

where φ± are linearly independent and behave asymptotically as

φ± ∼ zα± , α± =
d

2
±
√

(d/2)2 +m2. (1.8)

The solution (1.7) can thus asymptotically be written as

φ(z, x) ∼ φ0(x)zα− + . . .+ φn(x)zα+ + . . . , (1.9)

where φ0(x) and φn(x) denote the non-normalisable and normalisable mode respectively.1 Ob-
viously, since α− < α+ and the boundary is at z → 0, φ0(x) plays the role of the boundary
source. On the boundary, φ0(x) couples in the generating functional to the dual operator Oφ
via 〈exp(

∫
dxφ0Oφ)〉 and a non-trivial φ0(x) corresponds to a deformation of the boundary

action by precisely this term.

To identify the field theory interpretation of φn(x), it will be helpful to look at how isometries
in the bulk map to the boundary. Given the metric (1.5), which diverges at the boundary z → 0,
we can define a boundary metric by multiplying the bulk metric with z2 and restricting it to the
boundary,

ds2
0 = (z2ds2)|z=0. (1.10)

The transformation z → λz, x→ λx is an isometry of (1.5) which induces a boundary dilatation
ds2

0 → λ2ds2
0. This is referred to as the fact that AdS only defines a conformal structure at the

boundary. We can now use this result to translate dependencies on the radial coordinate z to
the conformal dimension of the coefficient. As φ(z, x) is invariant under AdS isometries φ0(x)

must have conformal dimension α−. The dimension of the dual operator Oφ, to which φ0

couples via 〈exp(
∫
dxφ0Oφ)〉 must be

∆ = d− α− = α+. (1.11)

Furthermore we see that φn(x) has just the right conformal dimension to be identified with
the vev of Oφ. For general φ0(x) however the relation between φn(x) and 〈Oφ〉 turns out to
be more complicated and requires properly addressing the subtleties of renormalizing infinities
which arise in the bulk. This is done by the framework of holographic renormalization, which
we will summarize in the next section.

1The case in which the Breitenlohner-Freedman bound [11] m2 ≥ −(d/2)2 is saturated requires special
treatment. Furthermore in the case −(d/2)2 < m2 < −(d/2)2 + 1 there is a second dual QFT in which α+

and α− are interchanged [12].
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(1.3) A PREVIEW OF HOLOGRAPHIC RENORMALIZATION

Holographic renormalization [13, 14, 15, 16, 17, 18, 19, 20, 21] starts with the observation
that the action IS in (1.2) evaluated on an asymptotically AdS geometry will be divergent. Even
if we truncate the bulk action to pure gravity with cosmological constant there still remains the
divergence corresponding to the infinite volume of AdS space. The divergences can be cancelled
by adding counter-terms to the regulated on-shell action, which are local in the sources. These
counterterms can be made bulk-covariant by expressing them in terms of local functionals of
the bulk fields. In essence, holographic renormalization corresponds to the well-known UV
renormalization in the QFT.

Let us illustrate the calculation of counterterms for the case of a free scalar in a fixed AdS
background, which we already explored in the last section.2 The first step is to asymptotically
expand the field equations to determine the dependence of arbitrary solutions on the boundary
conditions. This is done by expanding the fields in the Fefferman-Graham expansion (in the
new radial coordinate ρ = z2),

Φ(ρ, x) = ρ(d−∆)/2
[
φ(0)(x) + ρφ(2)(x) + . . .+ ρ∆−d/2(φ(2∆−d)(x) + φ̃(2∆−d)(x) log ρ) + . . .

]
,

(1.12)
and inserting it in the equation of motion (1.6). At each order in ρ this results in a recursion
formula which determines higher order coefficients in terms of lower order coefficients,

φ(2n) =
1

2n(2∆− d− 2n)
∇2

0φ(2n−2), (1.13)

where n < ∆ − d/2 and we have used the notation ∇2
0 to denote the Laplace operator with

respect to the (flat) boundary metric. Iterating (1.13), we can express all φ(2n) with n < ∆−d/2
as local functionals of φ0. It can also be easily checked that the coefficient of any power of ρ
not appearing in (1.12) necessarily vanishes.

The further discussion now depends on whether ∆− d/2 is an integer. If ∆− d/2 is an integer,
(1.13) cannot be applied to obtain φ(2∆−d), which means that the latter is not determined by
the asymptotic expansion of the equations of motion. Furthermore one has to add a logarithmic
term to the expansion (1.12) to satisfy the equation of motion at order ∆ − d/2. If ∆ − d/2 is
not an integer, one can still add an (undetermined) coefficient φ(2∆−d) to the expansion, but
the coefficient of the logarithmic term φ̃(2∆−d) vanishes in this case.

The undetermined coefficient φ(2∆−d) corresponds to the normalizable mode found in (1.7). It
is not surprising that it is not determined in terms of φ(0) since φ(0) and φ(2∆−d) are just the
first coefficients of the two linearly independent solutions in (1.6). In order to fix φ(2∆−d) we
have to impose additional boundary conditions, for example that the solution is smooth in the
interior.

2For illustration purposes we neglect here the backreaction of the scalar on the geometry. This can only
be done in special cases like the free scalar, and only if one is interested in a subset of possible correlation
functions [18]. In general one should always solve the full set of gravity-scalar equations.
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In the next step we would like to isolate the divergences in (1.4). To this aim we insert the
expansion (1.12) in (1.4) and introduce a radial cutoff at ρ = ε. The part of the on-shell action
which diverges as ε→ 0 is then given by the boundary action

Sreg =

∫
ρ=ε

ddx
(
ε−∆+d/2a(0) + ε−∆+d/2+1a(2) + . . .− a(2∆−d) log ε

)
. (1.14)

Fortunately, the powers of ε work out in such a way that all a(n) can be expressed as local
functionals of the source φ(0) and are independent of the normalizable mode φ(2∆−d). This
important property allows us to define a counterterm action which is local in φ(0) simply by

Sct[φ(x, ε)] = −Sreg[φ(0)[φ(x, ε)]]. (1.15)

The fact that we have determined the counterterm action for general boundary coundition φ(0)

means that its form does not depend on a particular solution but applies for extracting data
from all solutions of the field equations with the given boundary conditions. However as in-
dicated in (1.15), the counterterm action should be defined in terms of the bulk fields φ(x, ρ)

instead of the sources φ(0) in order to transform in a well-defined manner under bulk diffeo-
morphisms. The inverse expression φ(0)[φ(x, ρ)] can be obtained by inverting the expansion
(1.12).

This allows us to define the renormalized action

Sren = lim
ε→0

(Son−shell + Sct) , (1.16)

with which we can compute the exact renormalized 1-point function in the presence of arbitrary
source φ(0),

〈Oφ〉s ≡
δSren
δφ(0)

= −(2∆− d)φ(2∆−d) + C[φ(0)], (1.17)

where C[φ(0)] is a local functional of φ(0). Note that (1.16) leaves the freedom of adding
additional finite counterterms to (1.16) which corresponds to a change of scheme in the renor-
malization of the boundary theory. In (1.17) a change of scheme corresponds to a change of
C[φ(0)].

With (1.17), higher point functions can in principle be calculated via

〈Oφ(x1) . . .Oφ(xn)〉 =
δnSren

δφ(0)(x1)δφ(0)(x2) . . . δφ(0)(xn)
(1.18)

= −(2∆− d)
δn−1φ(2∆−d)(x1)

δφ(0)(x2) . . . φ(0)(xn)
+ contact-terms, .

where the scheme-dependent contact-terms in the second line arise from the functional deriva-
tives of C[φ0]. Note that we have presupposed a functional dependence of the normalizable
mode φ(2∆−d) on the source φ(0). This seems in conflict with the above statement that φ(2∆−d)

is an independent mode of the equations of motion. However, after imposing an additional
boundary condition in the interior, namely that the solution be smooth, φ(2∆−d) is fixed and its
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behavior as φ(0) is changed can be studied. Hence in contrast to the counterterms, which are
local functionals of φ(0), φ(2∆−d) depends on φ(0) in a very non-local way.

Retrieving the full functional dependence of φ(2∆−d) on φ(0) would however require solving the
non-linear field equations with arbitrary Dirichlet boundary conditions, which is too difficult
given current techniques. A viable alternative is to linearize the field equation around a given
background to obtain the infinitesimal dependence of φ(2∆−d) on changes of φ(0), which allows
one to calculate two-point functions at the background value of φ(0). Higher point functions
similarly require an expansion to the given order.

For arbitrary bulk fields F(x, ρ), most of above discussion generalizes in a straightforward way.
We again start by asymptotically expanding the fields in a Fefferman-Graham expansion,

F(x, ρ) = ρm
[
f (0)(x) + f (2)(x)ρ+ . . .+ ρn(f (2n)(x) + f̃ (2n)(x) log ρ) + . . .

]
. (1.19)

One of the fields will be the metric of the asymptotically AdS geometry, which is given by

ds2 =
dρ2

4ρ2
+

1

ρ
gij(x, ρ)dxidxj , (1.20)

gij(x, ρ) = g(0)ij(x) + g(2)ij(x, ρ)ρ+ . . .

Assuming the metric aymptotically behaves as in (1.20) will restrict the boundary behavior
of the other fields through the field equations, and with it the leading power m in (1.19).
Furthermore the expansion will proceed in integer steps in the power of ρ if only integer powers
of ρ arise in the asymptotic field equations. Givenm, the powerm+n of the undetermined term
is also determined by the field equations. Analogously to the example of the scalar a logarithmic
term has to be added if the undetermined term arises at an order which is a multiple of the step
size of the expansion. Whereas the terms up to the power m are used to define the counterterm
action, the undetermined term f (2n)(x) again is related to the 1-point function.

There is one complication however in generalizing the holographic renormalization of the
scalar to non-scalar fields: In the example of pure gravity in AdS, in which m = 0 and n = d,
the trace and divergence of g(2n)ij are asymptotically determined as local functions of g(0)ij .
This fact is due to Ward identities of the dual operator, in this case the conformal and diffeo-
morphism Ward identity of the dual energy-momentum tensor. Also note that in the general
case of multiple fields, the coefficients F i(2n) in the Fefferman-Graham expansion depend not
only on the source F i(0) but on all sources Fj(0) turned on in the problem at hand.

Although the presented method of holographic renormalization satisfactorily solves the prob-
lem of extracting holographic correlation functions given the bulk field equations with specified
boundary conditions it includes the somewhat clumsy step of first asymptotically expanding the
fields and then inverting the expansion to retrieve the covariant counterterm action. This issue
is addressed in the Hamiltonian formulation of holographic renormalization [19, 20]. In this
formalism, the asymptotic expansion in terms of a radial variable is replaced by an expansion
in terms of the dilatation operator, which is an asymptotic symmetry of asymptotic AdS spaces.
As the dilatation operator is formulated as functional derivative on the solution space of the
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field equations w.r.t. boundary conditions on an arbitrary radial hypersurface near the bound-
ary, the elements in this expansion are covariant from the outset. By Hamilton-Jacobi theory,
the holographic 1-point function, obtained by varying the on-shell action w.r.t. the boundary
condition on the hypersurface, is related to the radial canonical momentum π. The renormal-
ized 1-point function is then given by the term of weight ∆ in the dilatation expansion of the
canonical momentum,

〈Oφ〉 = πφ(∆). (1.21)

The Hamiltonian formulation allows one to determine the counterterms to the momenta by
calculationally efficient recursion relations. Furthermore it is advantageous for proving general
statements that are independent of the particular solution at hand, like Ward identities.

(1.4) CHIRAL PRIMARIES AND THE KALUZA-KLEIN SPEC-
TRUM

In the last section we have discussed the extraction of field theory data given bulk field equa-
tions and geometry in a (d+ 1)-dimensional asymptotically AdS space. However, as mentioned
in the introduction, in all known dualities the string theory lives in a 10-dimensional back-
ground, as for example AdSd+1 ×X9−d. The (d + 1)-dimensional field equations can then be
obtained by linearizing and Kaluza-Klein reducing the 10-dimensional field equations around
the AdSd+1 × X9−d background. Given the lower-dimensional modes, we would then like to
know how they map to dual operators.

As mentioned in the introduction, mapping bulk fields to dual operators for general dualities
is far from being trivial. The most powerful tool at hand is to use existing global symmetries
like supersymmetry, R-symmetry and conformal symmetry. Of particular importance here is su-
persymmetry since it is able to protect multiplets from changing their constitution and dimen-
sions by renormalization as the coupling is changed from strong to weak ’t Hooft-coupling, or
equivalently from the regime with weakly curved bulk description to the perturbative regime
in the boundary description. Protected multiplets, which are also called short multiplets or
BPS multiplets, have the property that they span a shorter spin range than general multiplets.
Their lowest dimension state, the chiral primary state, is not only annihilated by all conformal
supercharges, as in the case of a general multiplet, but also by a combination of Poincaré su-
percharges. We will be mostly interested in 1/2-BPS chiral primaries, which are annihilated by
half of possible combinations of Poincarè supercharges.

The theory obtained by Kaluza-Klein reducing 10-dimensional supergravity contains only 1/2-
BPS multiplets. This is because by this method only fields with spin ≤ 2 appear which have to
fit into multiplets with a spin range ≤ 2. But only 1/2-BPS multiplets fulfill this requirement;
1/4-BPS, 1/8-BPS and long multiplets have a spin range of 3, 7/2 and 4 respectively. A further
important property of 1/2-BPS multiplets is that the conformal dimension of its chiral primary
is fixed in terms of its R-charge, as can be shown from the superconformal algebra.
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Furthermore, the spectrum of operators in the boundary theory is expected to be dual to single-
particle states as well as bound states of multiple particles in the bulk. Multiple particle states
could then be constructed out of operator product expansions of their single particle con-
stituents. This behavior can be reproduced if we remind ourselves that all known holographic
dualities are dualities of large N theories where N corresponds to the number of indices cor-
responding to a symmetry, for example a gauge symmetry. As all multiple trace operators with
respect to this symmetry can be constructed out of multiplying single trace operators in a oper-
ator product expansion, it is natural to identify single trace operator with single particle states
and multiple trace operator with bound states of particles. Thus when matching the supergrav-
ity spectrum to the spectrum of operators it suffices to consider chiral multiplets of single-trace
operators.

In the latter part of the thesis, we will make extensive use of the duality between IIB Super-
gravity on AdS3 × S3 ×M4, where M4 can be either T 4 or K3, and the dual two-dimensional
N = (4, 4) superconformal theory, which is a deformation of the sigma-model on the symmetric
orbifold MN

4 /SN . The volume of the Ricci-flat compact space M4 on the bulk side is taken to
be of the order of the string scale, thus when considering the low energy effective theory we
can neglect all but the zero modes. Reducing IIB Supergravity to six dimensions yields N = 4b

supergravity coupled to nt tensor multiplets, where nt = 5, 21 in the case of M4 = T 4,K3

respectively. The radius of the S3 however is of the same size as that of AdS3, so we need to
retain the whole Kaluza-Klein tower.

(1.5) KALUZA-KLEIN HOLOGRAPHY

After relating the spectrum on both sides, we would like to compute holographic correlation
functions as outlined in section 1.3. The subtleties of this process are addressed in the method
of Kaluza-Klein holography [22]. At first it might seem that the Kaluza-Klein reduction of 10-
dimensional supergravity leads to an infinite number of fields all coupled together, and hence
it would be intractable to extract 1-point and higher-point functions. However, if the aim is to
extract higher-point functions for vanishing source, we solely need to retain the perturbation
expansion in the given number of fields. For example, to extract 3-point functions, we need
to keep quadratic terms in the field equations. If the aim is to extract 1-point functions from
specific bulk solutions asymptotic to AdSd+1 × X9−d we can make use of the fact that the
fall-off of the fields near the boundary is fixed by their mass, or equivalently by the conformal
dimension of the dual operator. Only interaction terms involving modes with lower conformal
dimension can contribute to the 1-point function of a given operator.

The lower-dimensional field equations are obtained by expanding the 10-dimensional fields
perturbatively around a background Φb(x, y) as

Φ(x, y) = Φb(x, y) + δΦ(x, y), (1.22)

δΦ(x, y) =
∑
I

ψI(x)Y I(y),
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where x is a coordinate in the (d+ 1) non-compact directions, y is a coordinate in the compact
directions and Y I denotes collectively all harmonics (scalar, vector, tensor and their covariant
derivatives) on the compact space.

The expansion (1.22) however is not unique. There will be gauge transformations

XM′ = XM − ξM (x, y), (1.23)

whereXM = {x, y} that transform the fluctuations ψI to each other or the background solution
Φb. One possibility to address this ambiguity is to pick a gauge, for example de Donder gauge,
in which a subset of modes are set to zero. This has however the disadvantage that a given
solution has to be brought to this gauge-fixed form before being able to extract data from it.
Alternatively one constructs combinations of modes which transform as scalars, vectors and
tensors under these gauge transformations and reduce to single modes in de-Donder gauge.
Schematically at second order in the fluctuations these are given by

ψ̂Q =
∑
R

aQRψ
R +

∑
R,S

aQRSψ
RψS . (1.24)

After the reduction the equations of motion for the gauge-invariant modes will be of the form

LI ψ̂I = LIJK ψ̂J ψ̂K + LIJKLψ̂J ψ̂K ψ̂L + . . . , (1.25)

where the differential operator LI1...In contains higher derivatives. These higher derivatives
however can be removed by a non-linear shift of the lower-dimensional fields, which is called
the Kaluza-Klein map and allows one to integrate the equations of motion to an action,

φI = ψ̂I +KIJK ψ̂J ψ̂K + . . . (1.26)

Integrating to an action is necessary in order for holographic renormalization discussed in
section 1.3 to be applicable.

In addition, there is a subtlety related to extremal correlators which further contributes to the
non-linear relation between 1-point functions and Kaluza-Klein modes. Extremal correlators
are correlators between operators with conformal dimensions (∆i,∆), s.t

∑
∆i = ∆. It has

been shown at cubic order [23, 24], that extremal correlators do not arise from bulk couplings,
since their existence would cause conformal anomalies known to be zero. Instead they arise
from additional boundary terms in the 10-dimensional action. The extremal correlators modify
the expression for the 1-point function to

〈OI〉 = πI(∆) +
∑
JK

aIJKπ
J
(∆1)π

K
(∆2) + . . . , (1.27)

where the numerical constants aφJK are related to extremal 3-point functions and the dots
denote contributions from extremal higher-point functions.

In total, (1.24), (1.26) and (1.27) all contribute to non-linear terms in the relations between
1-point functions and Kaluza-Klein modes which are schematically given by

〈OI∆(~x)〉 = [ψI(~x)]∆ +
∑
JK

bIJK [ψI(~x)]∆1 [ψK(~x)]∆−∆1 + . . . , (1.28)
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where ~x is now the d-dimensional boundary coordinate, bIJK are numerical coefficients and we
have used the notation

δφ(ρ, ~x, y) =
∑
I,m

[ψI(~x)]2mρ
mΨI(y) (1.29)

for the asymptotic coefficients of the Fefferman-Graham radial coordinate ρ.




