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CHAPTER 6

HYDRODYNAMICS OF

NON-CONFORMAL BRANES

(6.1) INTRODUCTION

The AdS/CFT correspondence provides not only a powerful tool to study black hole physics,
but also strongly coupled quantum field theories. In particular, it has become possible to ex-
plore strongly coupled finite temperature conformal field theories by analyzing asymptotically
AdS black hole backgrounds, identifying the Hawking temperature of the black hole with the
temperature of the dual field theory.

Since any interacting field theory locally equilibrates at high enough densities, it is expected
that the evolution of long-wavelength fluctuations of strongly coupled field theories is gov-
erned by fluid dynamics. Recently, it was shown that solutions to the long-wavelength fluc-
tuation equations around the boosted black D3 brane geometry can be mapped to solutions
to non-linear equations of hydrodynamics in the dual strongly coupled conformal field theory
[122]. Using the well-known AdS/CFT dictionary, the fluctuations of the metric were shown
to be dual to a fluid configuration which is determined by a conserved hydrodynamic stress
tensor. Demanding the bulk fluctuations to be smooth in the interior constrained the transport
coefficients of the dual stress tensor.

As the hydrodynamic limit is a limit of long wavelength fluctuations, one proceeds hereby in
a derivative expansion of the velocity and temperature field of the fluid. In [122] the hy-
drodynamical energy-momentum tensor was computed to second derivative order. In [123,
124, 125, 126], this connection was further explored for pure gravity in arbitrary dimension,
in [127, 128, 129] for Einstein-Maxwell theory in 4+1 dimensions, and in [130] for grav-
ity coupled to a scalar in 4+1 dimensions. All these cases dealt with geometries which are
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214 CHAPTER 6. HYDRODYNAMICS OF NON-CONFORMAL BRANES

asymptotically AdS.

In this chapter, we generalize this discussion to non-conformal branes. As in chapter 5 we
will consider solutions that asymptote locally to the near-horizon limit of Dp-brane (p 6= 5)
and fundamental string solutions. We will call these backgrounds asymptotically non-conformal
brane backgrounds. Using holographic renormalization for such backgrounds set up in chapter
5 makes it possible to generalize the map of bulk gravity equations to boundary hydrody-
namic equations. Earlier computations of transport coefficients of non-conformal brane back-
grounds using linear response theory, following the original work [131, 132] for conformal
backgrounds, include [133, 134, 135, 136] (see also [137, 138, 139] for computations of
transport coefficients of other non-conformal backgrounds).

Recall that in the near-horizon limit, the supergravity solutions of Dp-branes (p 6= 5) and fun-
damental strings are conformal to AdSp+2×S8−p and exhibit a running dilaton. The universal
sector of these backgrounds is obtained by dimensionally reducing on the sphere and truncating
to (p+2)-dimensional gravity coupled to a scalar. The action and solution can be best analyzed
in the dual frame in which the equations of motion admit a linear dilaton AdSp+2 solution [89].
Actually there is a family of (d + 1)-dimensional bulk actions parametrized by the positive pa-
rameter σ whose equations of motion admit a linear dilaton AdS solution, namely the metric is
exactly AdSd+1 and the dilaton is given by a power of the radial coordinate, with the parameter
σ determining the power. When expanding solutions which asymptotically (locally) approach
such solutions in a Fefferman-Graham expansion, σ turns out to also correspond to the radial
power of the normalizable mode.

The main observation of this chapter is that for half-integer σ, the (d + 1)-dimensional action
can be obtained by dimensionally reducing (2σ + 1)-dimensional pure gravity with cosmolog-
ical constant on a torus. In particular, any (d + 1)-dimensional solution which is asymptoti-
cally locally linear dilaton AdSd+1 in the dual frame can be lifted to an asymptotically locally
AdS2σ+1 pure gravity solution. Furthermore, the lower dimensional equations of motion de-
pend smoothly on σ, which implies that every solution can be generalized to arbitrary positive
σ. In our case we use this fact to obtain a black brane solution which solves the equations of
motion with arbitrary σ.

More generally, we show that all holographic results derived in chapter 5, namely counterterms,
1-point functions and Ward identities, can be obtained from their well-known counterparts [15]
using this procedure. Note that in chapter 5 we already saw such a relationship between the
holographic results for IIA fundamental strings and M2 branes and D4/M5 branes. In these
cases however this was a manifestation of the M-theory unlift, whereas it is unclear what is the
underlying reason for the more general relation we uncover here.

Recall also from section 5.4 that non-conformal branes admit a generalized conformal structure
both at weak and at strong coupling [97, 98, 99]. For the case of Dp branes, the low-energy
world-volume theory, namely maximally supersymmetric Yang-Mills theory in (p + 1) dimen-
sions, is Weyl invariant when coupled to a background metric provided the coupling constant is
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promoted to a background field that transforms appropriately 1. This invariance leads to a di-
latation Ward identity, which is of exactly the same form as the dilatation Ward identity for RG
flows induced by a relevant operator. The main difference is that in the latter case the theory
flows in the UV to a fixed point and the generalized conformal structure is inherited from the
conformal structure of the fixed point but in the non-conformal theories the running, within the
regime of validity of the corresponding descriptions (weak or strong), is due to dimensionality
of the coupling constant. For IIA fundamental strings and D4 branes, which have σ = 3/2, 3,
respectively, a new dimension, the M-theory dimension, opens up at strong coupling and the
theories indeed flow to a fixed point. In these cases one can understand the generalized con-
formal structure as descending from the conformal symmetry of the corresponding M-theory
system. The results of this chapter connect the generalized conformal structure of all cases to
a conformal structure of a theory in higher (albeit non-integral!) dimensions.

Applied to hydrodynamics we can draw the following conclusion. According to [122] and their
generalizations, every smooth metric fluctuations around the black brane solution in (2σ + 1)-
dimensional pure gravity can be mapped to a solution of conformal hydrodynamics with specific
transport coefficients in (2σ) dimensions. In a similar manner, metric and scalar fluctuations
around the non-conformal black brane with given σ in (d + 1) bulk dimensions will be dual
to a solution to non-conformal hydrodynamics in d dimensions. Since every solution of the
non-conformal gravity/scalar system can after continuation in σ be uplifted to a solution of the
higher dimensional pure gravity system, we conclude that the non-conformal hydrodynamics
in d dimensions can be obtained by dimensional reduction of conformal hydrodynamics in (2σ)

dimensions and continuation in σ.

An immediate consequence of the fact that the non-conformal hydrodynamic stress tensor can
be obtained by dimensional reduction from the conformal stress tensor is that the ratio between
bulk and shear viscosity ζ/η is fixed. A different ratio in the non-conformal fluid would uplift
to a non-vanishing bulk viscosity in the conformal fluid, which is forbidden by conformal sym-
metry. A related argument was presented in [139]. Hence the ratio of bulk and shear viscosity
in the non-conformal fluid is dictated by the generalized conformal structure. Furthermore
the ratio we find, and which was found earlier for Dp-branes in [133, 134, 135], saturates the
bound proposed in [135], ζ/η ≥ 2(1/(d− 1)− c2s), where cs is the speed of sound in the fluid.
This bound was proposed to be universal for strongly coupled gauge theory plasmas, similar to
the KSS conjecture [140], η/s ≥ 1/4π, for the the ratio between shear viscosity and entropy
density. However, there is an important qualitative difference between the two cases. In the
latter case, the ratio that saturates the bound, η/s = 1/4π, is obtained by requiring smoothness
of the bulk solution in the interior, so it has a dynamics origin, whereas in the latter case, the
ratio that saturates the bound, ζ/η = 2(1/(d− 1)− c2s), follows from the generalized conformal
structure so it is of kinematical origin.

In [122] and generalizations, the transport coefficients of the conformal hydrodynamic stress

1In a flat background, the generalized conformal structure implies that the theory is invariant under
generalized conformal transformations which act not only on the fields in the Lagrangian but also on the
coupling constant.
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tensor were computed by demanding smoothness in the interior. We use the map between
conformal hydrodynamics and hydrodynamics of generalized non-conformal branes to predict
the form of the stress tensor to second derivative order. In the sequel, we confirm the first
order form by an independent bulk calculation. However, instead of using the framework of
[122], in which the bulk equations were analyzed in Eddington-Finkelstein coordinates, we
use the method of [141] where the black D3 brane fluctuations were analyzed in Fefferman-
Graham coordinates. This is advantageous since it allows for a Lorentz covariant expansion,
the constraint equations become trivial and reading off the stress tensor from the bulk metric
is completely straightforward. Only to fix the coefficients of the dual stress tensor one switches
to Eddington-Finkelstein coordinates, which is necessary to ensure the absence of singularities
at the horizon of the black brane. We first generalize the discussion of [141] to arbitrary
dimension (2σ) and compactify to obtain the non-conformal case for general σ.

This chapter is organized as follows. We begin in section 6.2 by showing that the gravity/scalar
system relevant for the non-conformal branes can be obtained by dimensional reduction from
pure gravity in (2σ + 1) dimensions on a torus and continuation in σ, and discussing the im-
plications of this for holography. In section 6.3, we apply this reasoning to hydrodynamics and
conclude that the hydrodynamics of non-conformal branes can be obtained by dimensional
reduction from conformal hydrodynamics. We predict the form of the non-conformal hydro-
dynamic energy-momentum tensor up to second derivative order, confirm that the KSS bound
[140] is saturated and comment on Buchel’s bound [135] for the ratio between shear and bulk
viscosity. Sections 6.4 to 6.6 are devoted to explicitly checking the first order coefficients of
the non-conformal energy-momentum tensor by a bulk calculation for the case of flat boundary
metric. In section 6.4, we set up the conformal black brane solution and its non-conformal gen-
eralization. In section 6.5, we bring the black brane solution to Fefferman-Graham coordinates
and calculate its first order correction in the derivative expansion. From that we extract the
energy-momentum tensor to first derivative order. In section 6.6, we transform the first order
solution to Eddington-Finkelstein coordinates to examine the singularity at the horizon of the
unperturbed black brane. Analogously to [141], we find that the solution is only smooth in
Eddington-Finkelstein coordinates if the shear viscosity given in the stress tensor saturates the
KSS bound. Throughout sections 6.4 to 6.6, we often make use of the fact that at any point
in the calculation we can obtain the non-conformal case by dimensional reduction and con-
tinuation from the conformal case. Finally we end with conclusions and prospects for future
research. In appendix 6.A.1 we discuss the Fefferman-Graham expansion beyond the normal-
izable mode order and the dependence of the coefficients on the vev of the energy-momentum
tensor.

(6.2) LOWER DIMENSIONAL FIELD EQUATIONS

In the near-horizon limit, the supergravity solutions of Dp-branes and fundamental strings are
conformal to AdSp+2 × S8−p and exhibit a running dilaton. There is a Weyl transformation to
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the dual frame, in which the metric is exactly AdSp+2 × S8−p [89]. As in chapter 5, reducing
the action in the dual frame on the sphere yields

S = −L
∫
dd+1x

√
geγφ[R+ β(∂φ)2 + C], (6.1)

where the constants (L, β, γ, C) depend on the case of interest. The equations of motions admit
a linear dilaton AdSd+1 solution

ds2 =
dρ2

4ρ2
+
dzidz

i

ρ
;

eφ = ρα, (6.2)

where i = 1, . . . , d, provided that α and C satisfy

α = − γ

2(γ2 − β)
, C =

(d(γ2 − β) + γ2)(d(γ2 − β + β)

(γ2 − β)2
. (6.3)

Taking α instead of β as fundamental parameter we obtain the simpler form

β = γ2(1 +
1

2αγ
), C = (d− 2αγ)(d− 2αγ − 1). (6.4)

After rescaling the scalar φ→ φ/γ the action (6.1) takes the form

S = −L
∫
dd+1x

√
−Ĝeφ[R+ (1 +

1

2αγ
)(∂φ)2 + (d− 2αγ)(d− 2αγ − 1)], (6.5)

with solution (6.2) becoming

ds2 ≡ ĜMNdx
MdxN =

dρ2

4ρ2
+
dzidz

i

ρ
;

eφ = ραγ . (6.6)

We observe that in any dimension d we have a family of actions of the form (6.5) which de-
pend on the parameter αγ and whose equation of motions each admit a linear dilaton AdSd+1

solution of the form (6.6). The limit αγ → 02 and the choice αγ = −(d − 4)2/2(6 − d) corre-
spond to Einstein frame pure gravity with cosmological constant and decoupled Dp-branes with
d = p+ 1, respectively. For further reference let us also comment on the slightly non-standard
dimensions of solution (6.6) and action (6.5). The AdS radius in (6.6) is absorbed in Newton’s
constant in the prefactor L of the action (6.5) and furthermore we have length dimensions:

[ρ] = 2, [zi] = 1, [ds2] = −2, (6.7)

[R] = 0, [

√
−Ĝ] = −d− 2,

[

∫
dd+1x] = [

∫
dρ ddz] = d+ 2,

[eφ] = −[L] = 2αγ.

2To be precise this is only a well-defined limit of the action if we first rescale the scalar φ → αγφ before
taking αγ → 0.
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Extracting precise boundary theory data from the asymptotics requires using holographic renor-
malization. In chapter 5, we developed a framework of holographic renormalization for Dp
backgrounds and noted that this framework could be generalized to arbitrary values of αγ.
With the ansatz for metric and scalar

ds2 =
dρ2

4ρ2
+
gij(z, ρ)dzidzj

ρ
, (6.8)

φ(z, ρ) = αγ log ρ+ κ(z, ρ),

the field equations following from (6.5) become

−1

4
Tr(g−1g′)2 +

1

2
Trg−1g′′ + κ′′ − 1

2αγ
(κ′)2 = 0, (6.9)

−1

2
∇ig′ij +

1

2
∂j(Trg−1g′)− 1

2αγ
∂jκκ

′ + ∂jκ
′ − 1

2
g′j
k
∂kκ = 0, (6.10)[

−Ric(g)− 2(σ − 1)g′ − Tr(g−1g′)g + ρ(2g′′ − 2g′g−1g′ + Tr(g−1g′)g′)
]
ij

+∇i∂jκ−
1

2αγ
∂iκ∂jκ− 2(gij − ρg′ij)κ′ = 0, (6.11)

4ρ(κ′′ + (κ′)2) + 2(d− 4σ + 2)κ′ +∇2κ+ (∂κ)2 + 2Tr(g−1g′)(αγ + ρκ′) = 0, (6.12)

where differentiation with respect to ρ is denoted with a prime, ∇i is the covariant derivative
constructed from the metric g and σ ≡ d/2 − αγ. Since the field equations are polynomials
in ρ we can conclude that g(z, ρ) and κ(z, ρ) are regular functions of ρ and expand them in
powers of ρ. Inserting these expressions in the equations of motion yields algebraic expressions
for the subleading terms g(2n>0) and κ(2n>0) in terms of the sources g(0) and κ(0), until order
n = σ ≡ d/2− αγ, at which only the divergence of g(2σ) and the combination Trg(2σ) + 2κ(2σ)

is determined. Furthermore, if σ is integer, we have to introduce logarithmic terms at order σ
to fulfill the equations of motion:

g(z, ρ) = g(0)(z) + ρg(2)(z) + . . .+ ρσ(g(2σ)(z) + h(2σ)(z) log ρ) + . . . , (6.13)

κ(z, ρ) = κ(0)(z) + ρκ(2)(z) + . . .+ ρσ(κ(2σ)(z) + κ̃(2σ)(z) log ρ) + . . . .

Compared to pure gravity AdS, where σ = d/2, the power of the non-local term is shifted by
−αγ; this corresponds precisely to the additional factor eφ in the action (6.5) ensuring that
all counterterms can still be defined as local functionals of the sources and that the non-local
terms g(2σ) and κ(2σ) contribute only to the finite part of the regularized action. The presence
of the logarithmic terms in (6.13) appearing for σ integer corresponds precisely to the presence
of an anomaly [13] in the generalized conformal Ward identity of the dual theory:

〈T ii 〉+ 2αγ〈Oφ〉 = A. (6.14)

We will now present a new and much simpler derivation of the holographic results for the non-
conformal branes. Let us first consider the case of half integer σ > d/2. In this case the action
(6.5) can be obtained by reducing (2σ + 1)-dimensional gravity with cosmological constant
Λ = −σ(2σ − 1) on a (2σ − d)-dimensional torus with the reduction ansatz

ds2 = ds2
(d+1)(ρ, z) + e

2φ(ρ,z)
2σ−d dyady

a, (6.15)



6.2. LOWER DIMENSIONAL FIELD EQUATIONS 219

where a = 1, . . . , (2σ−d) runs over the torus directions. The Ricci scalar and the action reduce
as

R2σ+1 = Rd+1 − 2∇2φ− 2σ − d+ 1

2σ − d (∂φ)2, (6.16)

S = −LAdS
∫
d2σ+1x

√
−g2σ+1(R2σ+1 + 2σ(2σ − 1))

= −LAdS(2πRy)2σ−d
∫
dd+1x

√
−gd+1e

φ(Rd+1 +
2σ − d− 1

2σ − d (∂φ)2 + 2σ(2σ − 1)),

where the (in our conventions) dimensionless prefactor LAdS of the (2σ+ 1)-dimensional pure
gravity action is given by

LAdS =
l2σ−1
AdS

16πG2σ+1
, (6.17)

with lAdS the radius of the (2σ+1)-dimensional AdS space, G2σ+1 Newton’s constant in (2σ+1)

dimensions and Ry the radius of the torus. Given that σ = d/2 − αγ the last line in (6.16)
can easily seen to be proportional to (6.5) and thus lead to the same equation of motions.
Furthermore one can make the prefactors match by choosing a torus radius Ry so that

L = LAdS(2πRy)2σ−d. (6.18)

Thus, since for half-integer σ > d/2 the action can be obtained by dimensional reduction, local
counterterms for the action (6.5) can be obtained by reducing the local AdS(2σ+1) countert-
erms.

Furthermore, the generalized conformal Ward identity (6.14) can also be shown to be the
dimensional reduction of the conformal Ward identity of AdS(2σ+1). In the conformal case, the
vev of the energy-momentum tensor is given by [15],

〈Tµν〉2σ =
2√
−g(0),2σ

δSren
δgµν(0)

= 2σLAdSg(2σ)µν + . . . , (6.19)

where Sren denotes the renormalized on-shell action and the dots denote terms that locally de-
pend on g(0)µν . These terms are present when g(0)µν is curved and there is a conformal anomaly,
i.e. when σ is an integer. They do not play an important role in the discussion here and so they
will be suppressed. When relating the vev in (6.19) to the vev of the dimensionally reduced
theory, we have to account for the additional prefactor (2πRy)2σ−d of the lower-dimensional
action in (6.16) which results from the integration over the torus and for the change in the
determinant of the metric in the definition of the vev, √g(0),d = e−κ(0)

√
g(0),2σ. One obtains

eκ(0)(2πRy)2σ−d〈Tij〉2σ = 2σLeκ(0)g(2σ)ij + . . . = 〈Tij〉d, (6.20)

eκ(0)(2πRy)2σ−d〈Tab〉2σ = 2σLeκ(0)g(2σ)ab + . . .

= 2σLeκ(0)

(
e2κ/(2σ−d)

)
(2σ)

δab + . . .

=
4σL

2σ − de
(1+2/(2σ−d))κ(0)κ(2σ)δab + . . .

= −〈Oφ〉de2κ(0)/(2σ−d)δab,
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where the dots again contain curvatures of the boundary metric g(0)ij and derivatives of κ(0)

and we used in the last line formula (5.140) for the vev of the scalar operator,

〈Oφ〉d = − 4σL

2σ − de
κ(0)κ(2σ) + . . . . (6.21)

The conformal Ward identity 〈Tµµ 〉2σ = A2σ then reduces to

e−κ(0)(2πRy)d−2σ
(
〈T ii 〉2σ + gab(0)〈Tab〉2σ

)
= 〈T ii 〉d − (2σ − d)〈Oφ〉d

= e−κ(0)(2πRy)d−2σA2σ ≡ Ad, (6.22)

which is indeed equal to (6.14). The most efficient way to incorporate all local terms in the
analysis (which are denoted by dots here) is to use the Hamiltonian formulation of holographic
renormalization [19, 20] and dimensionally reduce the results. This has been discussed in
detail for the case of D4 brane (which is related to M5 by the M-theory lift) in section 5.5.3 and
appendix 5.A.3.

Thus we find that local counterterms, 1-point functions and the generalized conformal Ward
identity for half-integer σ > d/2 can be obtained by dimensional reduction. From the lower-
dimensional point of view however, σ is just a parameter of the theory on which the equations
of motion depend smoothly. Therefore local counterterms, 1-point functions and generalized
conformal Ward identities should also exist for positive, but non-integer σ > d/2.

The reduction argument yields the following prescription to obtain the counterterms to (6.5)
with σ > d/2 from AdS-counterterms. Choose any half-integer σ̃ > σ and determine the
[σ] + 1 most singular AdS(2σ̃+1)-counterterms as a function of σ̃, where [σ] denotes the largest
integer less than or equal to σ (when σ is an integer one of these counterterms is logarithmic)
. Reducing these AdS(2σ̃+1)-counterterms on a (2σ̃ − d)-dimensional torus and replacing σ̃ by
σ yields the counterterms appropriate for (6.5).

As an example we rederive the counterterm action found in (5.139) for 1 < σ < 2, which en-
compasses the cases of D0/1/2 branes and of the fundamental string, for which σ = {7/5, 3/2, 5/3, 3/2}
and d = {1, 2, 3, 2} respectively. Since σ < 2 we only need two counterterms. The two most
singular counterterms in AdS2σ̃+1 defined on a regulating hypersurface are given by (see ap-
pendix B of [15])3

Sct = LAdS

∫
ρ=ε

d2σ̃x
√
−γ2σ̃

[
2(2σ̃ − 1) +

1

2σ̃ − 2
R̂[γ2σ̃]

]
, (6.23)

where γ2σ̃ij is the induced metric on the (2σ̃)-dimensional hypersurface and R̂[γ2σ̃] the corre-
sponding curvature. The curvature on the hypersurface reduces to d dimensions as

R̂2σ̃ = R̂d[γ]− 2∇̂2φ− 2σ̃ − d+ 1

2σ̃ − d (∂iφ)2. (6.24)

The counterterm action to (6.5) for 1 < σ < 2 is then given by reducing (6.23) to d dimensions
and replacing σ̃ with σ,

Sct = L

∫
ρ=ε

ddx
√
−γd eφ

[
2(2σ − 1) +

1

2σ − 2
(R̂d +

2σ − d− 1

2σ − d (∂iφ)2)

]
, (6.25)

3Note that convention for the curvature tensor used in [15] has the opposite sign.
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which agrees with (5.139). The remaining case, i.e. the case of D4 branes has σ = 3 and the
counterterm action also follows in the same manner (i.e. from the gravitational counterterms
forAdS7), as discussed in detail in chapter 5. Finally, let us comment on the restriction σ > d/2.
At σ = d/2 the action (6.16) has a pole and the kinetic term of the scalar becomes negative in
the interval (d− 1)/2 < σ < d/2 so one should use the reduction argument when σ < d/2 with
caution. Note also that for D6 branes, which do not have a sensible decoupling limit, σ = −1.

For later convenience let us finally mention that one can always formally recover the (2σ + 1)-
dimensional equation of motion for the metric in the conformal case from the non-conformal
case by setting the scalar to zero. The conformal version of (6.9) - (6.11) reads

−1

4
Tr(g−1g′)2 +

1

2
Trg−1g′′ = 0, (6.26)

−1

2
∇µg′µν +

1

2
∂ν(Trg−1g′) = 0, (6.27)[

−Ric(g)− 2(σ − 1)g′ − Tr(g−1g′)g + ρ(2g′′ − 2g′g−1g′ + Tr(g−1g′)g′)
]
µν

= 0, (6.28)

where from now on we use transverse indices µ, ν, . . . for the conformal case and transverse
indices i, j, . . . for the non-conformal case.

(6.3) UNIVERSAL HYDRODYNAMICS

The hydrodynamic energy-momentum tensor for a conformal fluid at first-derivative order in
(2σ) dimensions on a curved manifold with metric g(0)µν is

Tµν = LAdS

(
2πT

σ

)2σ

(g(0)µν + 2σuµuν)− 2η2σ(T )σµν , (6.29)

σµν = PκµP
λ
ν ∇(κuλ) −

1

2σ − 1
Pµν(∇ · u), Pµν = g(0)µν + uµuν ,

where T , uµ and η2σ(T ) denote the temperature, velocity and shear viscosity respectively of
the fluid and ∇i is the covariant derivative corresponding to the metric g(0)ij . For given η2σ(T )

the evolution of the fluid is determined by the conservation of the energy-momentum tensor,

∇µTµν = 0. (6.30)

Furthermore, the conformal Ward identity Tµµ = 0 constrains energy density ε and pressure p
to be related by the equation of state

p = LAdS

(
2πT

σ

)2σ

=
1

2σ − 1
ε. (6.31)

Since we saw above that the bulk equations of motion for a non-conformal geometry with given
σ can be obtained by dimensional reduction of (2σ + 1)-dimensional gravity on a (2σ − d)-
dimensional torus, we can perform the same procedure on the boundary to obtain the hydro-
dynamic energy-momentum tensor dual to a non-conformal black brane solution with given σ
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in d dimensions. Demanding that Tµν in (6.29) only depends on non-compact directions and
that the fluid velocity uµ = (ui, 0) only has non-zero non-compact components yields

Tij = Leκ(0)

(
2πT

σ

)2σ

(g(0)ij + 2σuiuj)− 2ηdσij − ζdPij(∇ · u), (6.32)

〈Oφ〉 = −Leκ(0)

(
2πT

σ

)2σ

− 2

2σ − 1
ηd(∇ · u),

where

σij = P ki P
l
j∇(kul) −

1

d− 1
Pij(∇ · u), Pij = g(0)ij + uiuj , (6.33)

ηd = (2πRy)2σ−deκ(0)η2σ,

ζd =
2(2σ − d)

(d− 1)(2σ − 1)
ηd,

with ηd and ζd shear and bulk viscosity respectively of the d-dimensional fluid. The conformal
conservation equation (6.30) reduces to

∇iTij − ∂jκ(0)〈Oφ〉 = 0, (6.34)

where 〈Oφ〉 is again the expectation value of the operator dual to φ. Since we would like
the evolution of the d-dimensional fluid to be described purely by a divergence equation, we
demand that κ(0) is constant or without loss of generality zero. Moreover note that the d-
dimensional non-conformal fluid obeys the same equation of state (6.31) as the (2σ)-dimensional
conformal fluid.

In (6.33) we observe that ηd(T ) as function of the temperature in the non-conformal theory
is proportional to η2σ(T ) in the higher dimensional conformal theory. As we will check below,
smoothness of the bulk solution forces the viscosity to saturate the KSS bound [140]

ηd
sd

=
η2σ

s2σ
≥ 1

4π
, (6.35)

where the entropy density sd corresponding to (6.32) is given by

sd = 2σL

(
2π

σ

)2σ

T 2σ−1, (6.36)

and the dimensionful L is related to the dimensionless LAdS via (6.18). More generally, we see
that any fluid which is related to a conformal fluid satisfying the KSS bound by dimensional
reduction will satisfy the KSS bound as well.

Furthermore we note that in (6.33), the bulk viscosity ζd is determined by the shear viscosity
ηd. In [135] it was conjectured that the ratio of bulk to shear viscosity of a strongly coupled
gauge theory plasma satisfies the bound4

ζd
ηd
≥ 2(

1

d− 1
− c2s), (6.37)

4Note that unlike the η/s bound, this bound has known counterexamples in weakly coupled systems, e.g.
monatomic gases [135].
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where cs denotes the speed of sound. In our case cs can be calculated from the equation of
state (6.31) to be

cs =

√
∂p

∂ε
=

1√
2σ − 1

. (6.38)

Hence we see that the last line in (6.33) implies that the bound (6.37) is saturated for arbitrary
σ. This confirms the calculation of [134, 133, 135], in which this result was obtained for
black Dp-branes for p = 2, . . . , 6 and their toroidal compactifications. Note however that (6.37)
will be saturated for any fluid which arises from dimensional reduction and continuation in
dimension of a conformal fluid, irrespective of the value of η/s. In particular we did not
have to assume that the dual bulk solution is smooth. Thus in this case the ratio ζ/η is fixed
kinematically. This indicates that this case is qualitatively different than the case of η/s.

Combining (6.33) and (6.35) we obtain the bound

ζd
sd
≥ 2σ − d

2π(d− 1)(2σ − 1)
. (6.39)

which should hold for all non-conformal fluids that can be related to a (2σ)-dimensional con-
formal fluid (with (2σ) non necessarily integral), as discussed above.

We can also obtain to second order the coefficients of the non-conformal energy-momentum
tensor from the coefficients of the conformal energy-momentum tensor. In was argued in [142]
that the second order contribution to the conformal energy-momentum tensor is given by a
linear combination of all possible Weyl invariants containing two derivatives,

T2µν = 2η2στM

[
(u · ∇)σµν +

1

2σ − 1
σµν(∇ · u)

]
(6.40)

+κ̃
[
Rµν − (2σ − 2)uκuλRκ〈µν〉λ

]
+4λ1σκ〈µσν〉

κ + 2λ2σκ〈µΩν〉
κ + λ3Ωκ〈µΩν〉

κ,

where Rµνκλ and Rµν are Riemann and Ricci tensor of the metric g(0)µν , angle brackets denote
the transverse traceless part of a second rank tensor Aµν ,

A〈µν〉 =
1

2
PκµP

λ
ν (Aκλ +Aλκ)− 1

2σ − 1
PµνP

κλAκλ, (6.41)

and the vorticity Ωµν is given by

Ωµν =
1

2
PκµP

λ
ν (∇κuλ −∇λuκ). (6.42)

Note also that with notation (6.41) the shear tensor σµν can be written as

σµν = ∇〈µuν〉. (6.43)

Again, we can obtain the non-conformal second order energy-momentum tensor with given σ
by reducing (6.40) on a (2σ − d)-dimensional torus. The result can be obtained by replacing
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all tensors with angle brackets by

A〈µν〉 → A〈ij〉 +
2σ − d

(d− 1)(2σ − 1)
PijP

klAkl, (6.44)

σµν → σij +
2σ − d

(d− 1)(2σ − 1)
Pij(∇ · u),

where A〈ij〉 in the first line on the right hand side is defined as transverse traceless part in the
lower dimensional theory,

A〈ij〉 =
1

2
P ki P

l
j (Akl +Alk)− 1

d− 1
PijP

klAkl. (6.45)

The Riemann tensor, Ricci tensor, Ricci scalar and vorticity reduce trivially,

R2σ
ijkl = Rdijkl, R2σ

ij = Rdij , R2σ = Rd, Ω2σ
ij = Ωdij , (6.46)

since we demanded that κ(0) = 0. The components of the Riemann and Ricci tensor in the
internal directions of the torus do not contribute to the d-dimensional energy-momentum ten-
sor. Finally the d-dimensional energy momentum tensor gets multiplied by the overall factor
(2πRy)2σ−d which stems from the torus volume factor multiplying the (d+1)-dimensional bulk
action.

(6.4) GENERALIZED BLACK BRANES

In [122] it was shown that the long wavelength fluctuation equations around the boosted
black D3 brane geometry in Eddington-Finkelstein coordinates can be mapped to the non-linear
equations of hydrodynamics of the dual strongly coupled conformal field theory. In [141] it was
pointed out that it can be advantageous to perform the same analysis in Fefferman-Graham
coordinates, since it allows for a Lorentz covariant expansion, the constraint equations become
trivial and reading off the stress tensor from the bulk metric is completely straightforward.
Furthermore, one can construct bulk solutions dual to an arbitrary hydrodynamic boundary
stress tensor. On the other hand, irrespectively of the precise values of the coefficients of the
energy-momentum tensor, the Fefferman-Graham coordinates will have a singularity at the
(unperturbed) horizon. To find out whether this singularity is a coordinate singularity or a real
one requires to transform to Eddington-Finkelstein coordinates. Only requiring smoothness in
Eddington-Finkelstein coordinates away from the singularity of the static black brane fixes the
coefficients in the boundary stress tensor to the values found in [122].

Here we will generalize the analysis of [141] to non-conformal geometries with AdS-solution
in the dual frame and arbitrary positive σ. As a first step, we generalize it to pure gravity
in arbitrary dimension (2σ + 1) for half-integer σ and then invoke the reduction argument
of section 6.2 to obtain the case of a non-conformal geometry with arbitrary positive σ in
dimension d. Throughout the rest of this chapter we assume the boundary metric g(0)ij = ηij

to be flat and κ(0) to be constant or without loss of generality zero.
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For half-integer σ, the (2σ + 1)-dimensional pure gravity action in (6.16) has the black brane
solution

ds2 =
dρ2

4ρ2fb(ρ)
+
−fb(ρ)dt2 + dzrdz

r

ρ
, (6.47)

fb(ρ) = 1− ρσ

b2σ
,

where r runs over spatial transverse coordinates and b is related to the black brane temperature
by

b =
σ

2πT
. (6.48)

After boosting the geometry (6.47) with the boost parameter uµ we obtain the metric

ds2 =
dρ2

4ρ2fb(ρ)
+

[ηµν + (1− fb(ρ))uµuν ]dzµdzν

ρ
, (6.49)

which solves the equation of motions as long as b and uµ are constants, with b and uµ mapped
to the to the dual (inverse) temperature and velocity of the fluid. However, once we allow the
temperature in the definition of b in (6.48) and uµ to become z-dependent,

ds2 =
dρ2

4ρ2fb(z)(ρ)
+

[ηµν + (1− fb(z)(ρ))uµ(z)uν(z)]dzµdzν

ρ
, (6.50)

we have to correct the metric (6.50) at each order in the derivative expansion to still fulfill the
equations of motions. The corrections to the metric then determine the dissipative part of the
hydrodynamic energy-momentum tensor.

The non-conformal generalization of (6.50) can again be obtained by compactification. We
split the transverse coordinates zµ = (zi, ya) in non-compact and torus directions and demand
that the metric only depends on non-compact directions and that the fluid velocity uµ = (ui, 0)

has only non-zero non-compact components. This enables us to reduce using the reduction
ansatz (6.15) to obtain for metric and scalar

ds2 =
dρ2

4ρ2fb(ρ)
+

[ηij + (1− fb(z)(ρ))ui(z)uj(z)]dz
idzj

ρ
, (6.51)

eφ = ραγ .

It can be checked explicitly that this is a solution of the equations of motion following from the
(d+ 1)-dimensional action (6.5) for arbitrary σ.

(6.5) GENERALIZED BLACK BRANES IN FEFFERMAN-GRAHAM

COORDINATES

Before computing the derivative corrections to the boosted brane solution (6.51) by perturbing
around equations (6.9) - (6.12), we change to Fefferman-Graham coordinates, in which the
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solution takes the form (6.8). Again, to keep the discussion as concise as possible, we first
discuss the conformal case in arbitrary dimension and compactify to obtain the non-conformal
case. In both cases, we obtain Fefferman-Graham coordinates by a redefinition of the radial
coordinate:

ρ̃(ρ) =

(
2

1 +
√
fb(ρ)

)2/σ

ρ, (6.52)

whose inverse transformation is

ρ(ρ̃) =

(
1 +

ρ̃σ

4b2σ

)−2/σ

ρ̃. (6.53)

The metric (6.50) corresponding to the conformal fluid becomes

ds2 =
dρ̃2

4ρ̃2
+
g(z, ρ̃)µνdz

µdzν

ρ̃
, (6.54)

g(z, ρ̃)µν = A(ρ̃)ηµν +B(ρ̃)uµuν ,

where

A(ρ̃) =
ρ̃

ρ(ρ̃)
=

(
1 +

ρ̃σ

4b2σ

)2/σ

, (6.55)

B(ρ̃) =
ρ̃[1− fb(ρ(ρ̃))]

ρ(ρ̃)
=

ρ̃σ

b2σ

(
1 +

ρ̃σ

4b2σ

)2/σ−2

.

According to (6.19) we obtain the perfect fluid part of the energy-momentum tensor (6.29) by
reading off the ρ̃σ coefficient of g(z, ρ̃),

T0µν = 2σLAdSg(2σ)µν = LAdSb
−2σ(ηµν + 2σuµuν), (6.56)

using the definition of b in (6.48). The horizon in Fefferman-Graham coordinates is at ρ̃ = ρ̃h ≡
22/σb2, where g(ρ̃h, z)µν becomes non-invertible since A(ρ̃h) = B(ρ̃h).

If uµ(z) and b(z) in (6.54) become dependent on the boundary coordinates zµ we have to
introduce corrections to the metric at each order in the derivative expansion to still satisfy the
equations of motion. At first order we perturb the metric as

g(z, ρ̃) = g0(z, ρ̃) + g1(z, ρ̃), (6.57)

where g0(z, ρ̃) is given by (6.54),

g0(z, ρ̃)ij = A(b(z), ρ̃)ηij +B(b(z), ρ̃)ui(z)uj(z). (6.58)

The equations of motion (6.26) and (6.28) become

−1

2
Trg−1

0 g′0g
−1
0 g′1 +

1

2
Trg−1

0 g1g
−1
0 g′0g

−1
0 g′0 +

1

2
(Trg−1

0 g′′1 − Trg−1
0 g1g

−1
0 g′′0 ) = 0,(6.59)

2ρ̃(g′′1 − g′1g−1
0 g′0 − g′0g−1

0 g′1 + g′0g
−1
0 g1g

−1
0 g′0)− 2(σ − 1)g′1 (6.60)

+Trg−1
0 g′0(ρ̃g′1 − g1) + (Trg−1

0 g′1 − Trg−1
0 g1g

−1
0 g′0)(ρ̃g′0 − g0) = 0,
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where now the prime denotes differentiation with respect to the Fefferman-Graham radial vari-
able ρ̃. At first order in the derivative expansion, Ric(g) in (6.28) does not contribute since it
contains at least two derivatives of z.

At every order in the derivative expansion, the constraint equation (6.27) at small ρ̃ is equiv-
alent to the conservation of the dual energy-momentum tensor. However, if this equation is
fulfilled on a radial hypersurface close to the boundary, the evolution equations (6.26) and
(6.28) ensure that it remains fulfilled in the interior. Only the equations (6.59) and (6.60)
constrain the form of the metric perturbation further and with it also the form of the dual
hydrodynamic stress tensor. In section 6.6 though, where we transform the perturbed metric
to Eddington-Finkelstein coordinates, it will be convenient to use the conservation equation of
the (perfect fluid) energy-momentum tensor to relate derivatives of the temperature field to
derivatives of the velocity field.

The perturbations g1µν will contain first derivatives of uµ and its order σ term will correct
the energy momentum tensor by Tµν = T0µν + T1µν , where T0µν is the perfect fluid energy-
momentum tensor (6.56) and T1µν the dissipative part at first derivative order. Since Tµµ = 0 in
the conformal case and since we can always go to Landau gauge uµT1µν = 0 by a redefinition
of the temperature and velocity field, T1µν will be given by

T1µν = −2η2σσµν , (6.61)

where the parameter η2σ is the shear viscosity. Only for a specific value of the shear viscosity,
the bulk solution will be smooth at the horizon of the black brane. However, in Fefferman-
Graham coordinates the metric becomes non-invertible at the horizon. Fixing the value of η2σ

will require changing to Eddington-Finkelstein coordinates, which we do in section 6.6 below.
In the meantime we parametrize η2σ as

η2σ = LAdSγb
1−2σ, (6.62)

where η2σ fulfilling η2σ/s2σ = 1/4π corresponds to γ = 1.

The form of the metric perturbation g1µν can now be determined using the the following ar-
gument [141]. As is shown in appendix 6.A.1, the derivatives in the ρ̃ expansion of the metric
always enter in pairs, see (6.95), which implies that the ρ̃-expansion of the metric perturbation
g1µν at first derivative order will only contain non-derivative terms of the form (T p0 T1T

q
0 ). Due

to the Landau gauge condition uµT1µν = 0 and the tracelessness condition Tµ1µ = 0 only the
ηµν part inside (T p0 )µν contributes to the coefficients of g1µν at each order in ρ̃. Thus, each
coefficient in the expansion of g1µν will be proportional to T1µν . Hence also g1µν as a whole
will be proportional to T1µν , which in the conformal case only contains a shear part,

g1µν = λ(ρ̃)σµν . (6.63)

Extracting the transverse, traceless mode proportional to σµν out of (6.60) we obtain a second
order ordinary differential equation in λ(ρ̃)

2ρ̃(λ′′ − 2
A′

A
λ′ +

A′2

A2
λ)− 2(σ − 1)λ′ + Trg−1

0 g′0(ρ̃λ′ − λ) = 0, (6.64)



228 CHAPTER 6. HYDRODYNAMICS OF NON-CONFORMAL BRANES

whose asymptotically vanishing solution is given by

λ(ρ̃) = Cλ

(
1 +

ρ̃σ

4b2σ

)2/σ

log
1− ρ̃σ

4b2σ

1 + ρ̃σ

4b2σ

= CλA(ρ̃) log
2−A(ρ̃)σ/2

A(ρ̃)σ/2
. (6.65)

To fix the integration constant Cλ we demand that the order σ term of λ(ρ̃) in the Taylor
expansion in ρ̃ reproduces T1µν ,

Cλ =
2η2σ

σLAdS
b2σ =

2γb

σ
. (6.66)

The metric in Fefferman-Graham coordinates in the conformal case up to first order is then

ds2 =
dρ̃2

4ρ̃2
+
gµν(z, ρ̃)dzµdzν

ρ̃
, (6.67)

gµν(z, ρ̃) = A(ρ̃)ηµν +B(ρ̃)uµuν + λ(ρ̃)σµν .

The whole discussion can be straightforwardly generalized to the nonconformal case. Starting
from (6.51) we change to Fefferman-Graham coordinates, perturb metric and scalar as

g(z, ρ̃) = g0(z, ρ̃) + g1(z, ρ̃), (6.68)

κ(z, ρ̃) = κ0(z, ρ̃) + κ1(z, ρ̃),

to obtain perturbation equations around (6.9), (6.11) and (6.12):

−1

2
Trg−1

0 g′0g
−1
0 g′1 +

1

2
Trg−1

0 g1g
−1
0 g′0g

−1
0 g′0 (6.69)

+
1

2
(Trg−1

0 g′′1 − Trg−1
0 g1g

−1
0 g′′0 ) + κ′′1 −

1

αγ
κ′0κ

′
1 = 0,

2ρ̃(g′′1 − g′1g−1
0 g′0 − g′0g−1

0 g′1 + g′0g
−1
0 g1g

−1
0 g′0)− 2(σ − 1)g′1 (6.70)

+(Trg−1
0 g′0 + 2κ′0)(ρ̃g′1 − g1)

+(Trg−1
0 g′1 − Trg−1

0 g1g
−1
0 g′0 + 2κ′1)(ρ̃g′0 − g0) = 0

4ρ̃(κ′′1 + 2κ′1κ
′
0) + 2(d− 4σ + 2)κ′1 (6.71)

+(Trg−1
0 g′1 − Trg−1

0 g1g
−1
0 g′0)(2αγ + 2ρ̃κ′0) + 2ρ̃κ′1Trg−1

0 g′0 = 0.

However, as we know the first order solution (6.67) in the conformal case, we can again obtain
the first order solution for metric and scalar in the non-conformal case by dimensional reduction
using the ansatz (6.15):

gij(z, ρ̃) = A(ρ̃)ηij +B(ρ̃)uiuj + λ(ρ̃)σij +
2σ − d

(d− 1)(2σ − 1)
λ(ρ̃)Pij(∂ · u),

exp(
2κ(z, ρ̃)

2σ − d ) = A(ρ̃)− λ(ρ̃)

2σ − 1
(∂ · u). (6.72)

From (6.72) we can read off

g0(z, ρ̃)ij = A(ρ̃)ηij +B(ρ̃)ui(z)uj(z), (6.73)

κ0(z, ρ̃) =
2σ − d

2
logA(ρ̃),

g1(z, ρ̃)ij = λ(ρ̃)σij +
2σ − d

(d− 1)(2σ − 1)
λ(ρ̃)Pij(∂ · u),

κ1(z, ρ̃) = − 2σ − d
2(2σ − 1)A(ρ̃)

λ(ρ̃)(∂ · u),
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which can be straightforwardly shown to be a solution of (6.69) - (6.71). Finally, by extracting
the order σ term, it can be checked that the metric in (6.72) gives rise to the non-conformal
energy momentum tensor and scalar vev given in (6.32),

Tij =
L

b2σ
(g(0)ij + 2σuiuj)− 2ηdσij − ζdPij(∂ · u), (6.74)

〈Oφ〉 = − L

b2σ
− 2

2σ − 1
ηd(∂ · u).

(6.6) TRANSFORMATION TO EDDINGTON-FINKELSTEIN CO-
ORDINATES

We have thus found that the first order perturbation results in a hydrodynamic stress energy
tensor and vev for the operator Oφ that are parametrized by the shear viscosity ηd, which at
this point is unconstrained. The bulk viscosity ζd is fixed in a way prescribed by the dilation
Ward identity. Now recall that the source and the vev are a conjugate pair with the vev being
the (renormalized) radial canonical momentum [19, 20] so specifying them yields in principle
a unique bulk solution. Not all these solutions however will be non-singular. Regularity in the
interior in general leads to additional restrictions.

We now discuss the constraints imposed by the smoothness of the gravity solution in the bulk.
This requires changing to Eddington-Finkelstein coordinates, which are well-defined beyond
the horizon. In the conformal case the metric in the Eddington-Finkelstein coordinates will be
of the form

ds2 = −2uµ(x)drdxµ +Gµν(x, r)dxµdxν , (6.75)

and the transformation equations for the metric between Fefferman-Graham of the form (6.8)
and Eddington-Finkelstein coordinates are given by

(∂rρ̃)2 + 4ρ̃ gµν(z, ρ̃) ∂rz
µ ∂rz

ν = 0, (6.76)

∂rρ̃ ∂µρ̃+ 4ρ̃ ∂rz
κ ∂µz

λ gκλ(z, ρ̃) = −4ρ̃2uµ,

∂µρ̃ ∂ν ρ̃+ 4ρ̃ ∂µz
κ ∂νz

λ gκλ(z, ρ̃) = 4ρ̃2Gµν(x, ρ),

where ρ̃(x, r) and zµ(x, r) encode the dependence of the Fefferman-Graham coordinates on the
Eddington-Finkelstein coordinates. Given a solution in Fefferman-Graham coordinates we use
(6.76) to solve for ρ̃(x, r), zµ(x, r) and Gµν(x, ρ). At zeroth order in the derivative expansion,
the transformation is given by

ρ̃0(r) = ρ̃(ρ = 1/r2) =

(
2

1 +
√
fb(r)

)2/σ

1

r2
, (6.77)

zµ0 (r) = xµ + uµkb(r),

where

fb(r) ≡ fb(ρ = 1/r2) = 1− (br)−2σ, kb(r) ≡
1

r
2F1(1,

1

2σ
; 1 +

1

2σ
; (br)−2σ), (6.78)
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with 2F1(a, b; c;w) a hypergeometric function. Note that the radial coordinate r in the Eddington-
Finkelstein coordinates is related to the radial coordinate ρ in the original black brane solution
(6.51) simply by ρ = 1/r2. Furthermore ρ̃(r) and kb(r) obey the first order differential equa-
tions

∂rρ̃ = − 2ρ̃

r
√
fb(r)

,

∂rkb = − 1

r2fb(r)
. (6.79)

G0µν(x, r) is given by
G0µν = r2[ηµν + (fb(r)− 1)uµuν ]. (6.80)

At first order in the derivative expansion we perturb the Fefferman-Graham coordinates in the
transformation equations (6.76) by

ρ̃(x, r) = ρ̃0(x, r) + ρ̃1(x, r), (6.81)

zµ(x, r) = zµ0 (x, r) + zµ1 (x, r),

while Gµν(x, r) is expanded as

Gµν(x, r) = G0µν(x, r) +G1µν(x, r). (6.82)

At the same time, we use for the Fefferman-Graham metric the full first order expression
gµν(z, ρ̃) = g0µν(z, ρ̃) + g1µν(z, ρ̃) in (6.67). Note that the zeroth order expressions ρ̃0, zµ0 ,
G0µν and g0µν(z, ρ̃) depend also on x through their dependence on b(z) and uµ(z), which now
have been made dependent on z. Furthermore, we have to account for the transverse coordi-
nates change from zµ to xµ in (6.77) and Taylor expand b(z) and uµ(z) as

b(z) = b(x) + uµ(x)kb(r) ∂µb(x), (6.83)

uµ(z) = uµ(x) + uν(x)kb(r) ∂νuµ(x).

The tensor gµν(z, ρ̃) we expand both in transverse coordinates and in ρ̃

gµν(z, ρ̃) = gµν(x, r) + uλ(x)kb(r) ∂λgµν(x, r) + ρ̃1(x, r) ∂rgµν(x, r).

As mentioned above, the derivatives ∂µb(x) can be converted into derivatives of the fluid ve-
locity ∂µuν(x) by the continuity equation

∂µb = b

(
− 1

2σ − 1
uµ(∂ · u) + (u · ∂)uµ

)
, (6.84)

which follows from the conservation of the perfect fluid energy-momentum tensor (6.56),
∂µT0µν = 0, or equivalently from the divergence equation (6.27) at order σ.

Putting everything together we obtain the transformation to first order in derivatives,

ρ̃(x, r) = ρ̃0(1 + kb
∂ · u

2σ − 1
), (6.85)

zµ(x, r) = xµ + uµkb + uµ
∂ · u

2σ − 1
l(r) + (u · ∂)uµm(r),
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where l(r), m(r) satisfy the differential equations

dl

dr
= − kb(r)

r2fb(r)
− 1

r3(fb(r))3/2
, (6.86)

dm

dr
= − kb(r)

r2fb(r)
+

1

r3
√
fb(r)

,

with the boundary condition that they vanish for r → ∞. The metric in Eddington-Finkelstein
coordinates up to first derivative order is then given by

Gµν(x, r) = r2[ηµν + (fb(r)− 1)uµuν ] (6.87)

−χb(r)σµν −
2r

2σ − 1
uµuν(∂ · u) + r(u · ∂)(uµuν),

where

χb(r) =
2A(ρ̃0(r))kb(r) + λ(ρ̃(r))

ρ̃0(r)
= r2

[
2kb(r) +

2γb

σ
log

2−Aσ/2

Aσ/2

]
. (6.88)

Near the horizon r → 1/b, the hypergeometric function in the definition of kb(r) in (6.78)
develops a logarithmic divergence of the form [143]

2F1(x, y;x+ y;w) = − Γ(x+ y)

Γ(x)Γ(y)
log(w − 1) + finite, (6.89)

and χb(r) becomes

χb →
(γ − 1)

σb
log(r − 1

b
) + finite. (6.90)

Hence the divergence in χb(r) cancels precisely if γ = 1, ie. the shear viscosity to entropy
density bound η2σ/s2σ ≥ 1/4π is saturated.

In the non-conformal case, the transformation from Fefferman-Graham to Eddington-Finkelstein
coordinates is given by the same coordinate transformations (6.77) and (6.85). By either trans-
forming (6.72) or by dimensionally reducing (6.87) according to the reduction ansatz (6.15)
we obtain the metric and scalar to first derivative order in Eddington-Finkelstein coordinates:

Gij = r2[ηij + (fb(r)− 1)uiuj ]− χb(r)
[
σij +

2σ − d
(d− 1)(2σ − 1)

Pij(∂ · u)

]
(6.91)

− 2r

2σ − 1
uiuj(∂ · u) + r(u · ∂)(uiuj),

φ =
2σ − d

2

[
log r2 − 1

2σ − 1

χb(r)

r2
(∂ · u)

]
. (6.92)

In particular, we see that the condition for the scalar and metric of the non-conformal solution
to be smooth at the horizon is identical to the smoothness condition in the conformal case,
namely that γ = 1 in the definition of χb(r) in (6.88). Hence as expected also in the non-
conformal case the bound ηd/sd ≥ 1/4π is saturated for arbitrary σ.

In contrast, the fixed value of the ratio of the bulk to shear viscosity ζd/ηd = 2(1/(d− 1)− c2s)
does not follow from a smoothness condition but instead it follows from the equation of motions
away from the horizon of the black brane. As mentioned in section 6.3 and in the introduction,
it is a consequence of the generalized conformal structure established by the Ward identity
(6.14).
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(6.7) DISCUSSION

In this note we have shown that the universal sector of solutions asymptotic to non-conformal
brane geometries can be obtained by dimensionally reducing asymptotically AdS pure gravity
solutions and continuing the number of dimensions of the higher-dimensional geometry. As
a consequence, the hydrodynamics dual to non-conformal black branes is fully determined in
terms of the hydrodynamics dual to conformal black branes. We used this relation to rederive
the first order contribution to the non-conformal hydrodynamic stress tensor and predict the
second order contributions. As expected, the KSS bound [140] for the ratio between shear
viscosity and entropy density is always saturated. Furthermore we reconfirm that also the
bound between shear and bulk viscosity proposed by [135] is saturated. We show however that
the saturation of this bound for non-conformal brane geometries follows from the generalized
conformal symmetry, which indicates that it is of kinematical origin, unlike the KSS bound.

It would be interesting to explore whether the relation between conformal and non-conformal
brane backgrounds also holds at the higher derivative level. Corrections to the KSS ratio for
higher derivative bulk actions dual to conformal fluids have been investigated in [144]. The
generalized conformal structure in non-conformal brane geometries is expected to hold for
arbitrary coupling, although it is not clear whether it would always descend from a higher
dimensional conformal structure. For the cases of D4 branes and fundamental strings, this
would be the case since this is just the M-theory uplift, so at least in these cases the ratio of
bulk to shear viscosity should not receive any corrections at the higher derivative level.

On a more general level, one might wonder which further generalization of the AdS/CFT dic-
tionary can be found by compactifying asymptotically AdS spaces on other manifolds or more
general tori. In such a setup, the lower-dimensional geometry will automatically inherit many
holographic results from the higher-dimensional asymptotically AdS case. Applied to hydrody-
namics, one might obtain in this way non-conformal fluids with interesting properties.

Finally, it would be interesting to explore the hydrodynamics of non-conformal non-relativistic
field theories. Hydrodynamics of conformal non-relativistic field theories have been explored
by [145]. By compactification one might be able to obtain non-conformal generalizations.

(6.A) APPENDIX

(6.A.1) THE ASYMPTOTIC EXPANSION OF METRIC AND SCALAR BE-
YOND THE NON-LOCAL MODE

A general result that is most easily seen using the radial Hamiltonian formalism [19, 20] is that
a bulk solution is uniquely specified by the holographic vevs. The reason is that the vevs are the
radial canonical momenta and the sources the corresponding coordinates. Thus specifying the
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source and the vev is equivalent to specifying a point in the phase space of the theory, which is
equivalent to specifying a full solution.

A special case that is relevant for us is the gravity/scalar system for the non-conformal branes
with the boundary metric taken to be flat, g(0)ij = ηij , and κ(0) = 0. Then all subleading terms
in the expansion (6.13) up to order σ including the logarithmic term vanish, since they depend
on derivatives of the sources g(0) and κ(0). The order σ terms will be given by

g(2σ)ij =
1

2σL
Tij , κ(2σ) = − 1

4σL
T ii , (6.93)

where Tij and T ii denote the vev of the dual energy-momentum tensor and its trace, and κ(2σ) is
determined by the requirement that the generalized conformal Ward identity (6.14) is satisfied.
The higher order terms in Fefferman-Graham expansion are then determined in terms of Tij .
We will need the schematic form of these coefficients. The non-linear equations of motion
induce the expansion

g(z, ρ)ij = ηij +
∑

τ=nσ+m

ρτg(2τ)ij , (6.94)

κ(z, ρ) = κ(0) +
∑

τ=nσ+m

ρτκ(2τ),

where n > 1 and m > 0 in the summation are positive integers. Suppressing the index struc-
ture, the higher order terms are schematically of the form

g(2τ)ij ∝
∑

nσ+m=τ

an,m(∂2mTn)ij , (6.95)

and similarly for κ(2nσ+2m), due to dimensional considerations. In particular, if Tij is constant,
only the coefficients with τ = nσ are non-zero. Once Tij becomes dependent on the boundary
coordinates, the transverse derivatives in (6.95) always enter in pairs. This fact is used in
section 6.5 to restrict the form of the first order derivative correction to the metric.




