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A B S T R A C T 

NASA’s NICER telescope has recently provided evidence for non-dipolar magnetic field structures in rotation-powered 

millisecond pulsars. These stars are assumed to have gone through a prolonged accretion spin-up phase, begging the question 

of what accretion flows on to stars with complex magnetic fields would look like. We present results from a suite of general 
relativistic magnetohydrodynamic simulations of accreting neutron stars for dipole, quadrupole, and quadrudipolar stellar field 

geometries. This is a first step towards simulating realistic hotspot shapes in a general relativistic framework to understand hotspot 
variability in accreting millisecond pulsars. We find that the location and size of the accretion columns resulting in hotspots 
changes significantly depending on initial stellar field strength and geometry. We also find that the strongest contributions to 

the stellar torque are from disc-connected field lines and the pulsar wind, leading to spin-down in almost the entire parameter 
re gime e xplored here. We further analyse angular momentum transport in the accretion disc due to large-scale magnetic stresses, 
turbulent stresses, and wind and compressible effects which we identify with conv ectiv e motions. The disc collimates the initial 
open stellar flux forming jets. For dipoles, the disc–magnetosphere interaction can either enhance or reduce jet power compared to 

the isolated case. Ho we ver for quadrupoles, the disc al w ays leads to an enhanced net open flux making the jet power comparable 
to the dipolar case. We discuss our results in the context of observed neutron star jets and provide a viable mechanism to explain 

radio power both in the low- and high-magnetic field case. 

Key words: accretion, accretion discs – magnetic fields – stars: neutron – pulsars: general – X-rays: binaries. 
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 I N T RO D U C T I O N  

any of the fundamental observational properties of neutron stars,
uch as their dynamics, emission, and thermal state, are associated
ith their strong magnetic fields. Ho we ver, fundamental questions

bout those fields – their formation, structure, and evolution – remain
pen (for re vie ws see Konar 2017 ; Beskin 2018 ; Igoshev, Popov &
ollerbach 2021 ). One such question is whether the magnetic field

s a simple centred dipole, or whether neutron stars have offset or
ultipolar magnetic fields (see e.g. Jones 1980 ; Barnard & Arons

982 ; Harding & Muslimov 2011 ; Gralla, Lupsasca & Philippov
017 ; Sur, Haskell & Kuhn 2020 ; P ́etri 2021 ). Theoretically this is
ertainly plausible: Higher order multipoles can be formed during
he supernova (Ardeljan, Bisnovatyi-Kogan & Moiseenko 2005 ;
bergaulinger & Aloy 2017 ), or a complex field may develop
uring the neutron star’s life as a result of processes like accretion
Suvorov & Melatos 2020 ). 

The NICER collaboration has recently provided strong evidence
or the presence of multipolar magnetic field configurations in old,
ecycled rotation-powered millisecond pulsars (Bilous et al. 2019 ;

iller et al. 2019 , 2021 ; Riley et al. 2019 , 2021 ). Offset dipole or
uadrudipolar magnetic fields seem to be required to explain the
ocation and shape of the magnetic poles. It is then interesting to
ook at the evolutionary history of these stars, which are thought to
ave been through an extended accretion phase in a low mass X-ray
inary (LMXB, Alpar et al. 1982 ; Radhakrishnan & Srini v asan 1982 ;
hattacharya & van den Heuvel 1991 ). 
 E-mail: p.das2@uva.nl (PD); o.porth@uva.nl (OP) 
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Interaction between the accretion flow and the magnetic field is
xpected, and assumed to explain the phenomenon of accretion-
owered millisecond pulsars (AMPs), where the bulk of the accretion
ow is thought to be channelled on to the magnetic poles of the
tar. Assuming that the star is not an aligned rotator, a clean view
f the heated magnetic poles rotating in and out of the line of
ight leads to rotationally modulated X-ray emission. Ho we ver of
he ∼130 known neutron star LMXBs, there are only 20 AMPs
some of which are intermittent, Di Salvo & Sanna 2020 ; Patruno &

atts 2021 ). This begs the question of why. Perhaps the stars are
ligned rotators (Lamb et al. 2009 ), or the accretion rate is high
nough to o v erwhelm the magnetic field, disrupting channelled
volution (Psaltis & Chakrabarty 1999 ; Kulkarni & Romanova 2008 ;
omano va, K ulkarni & Lo v elace 2008 ). Other options that have
een discussed in the literature include suppression of pulsation
mplitudes for high neutron star masses ( ̈Ozel 2009 ) or the effects
f electron scattering, although the latter seems to have been ruled
ut (G ̈o ̆g ̈u s ¸, Alpar & Gilfanov 2007 ). The NICER results point to
nother possibility, which is that more complex field structures lead
o less clearly channelled accretion, from which pulsations might
ot be visible. It is therefore interesting to consider the nature of
he accretion flows that develop on stars with more complex fields.

e note that complex field topologies could be a generic feature of
ccreting stars, for example the magnetosphere of several T-Tauri
tars can be modelled with the addition of significant octopolar
ontributions (Donati et al. 2007 , 2008 ). 

The nature of the flows that develop is also interesting for other
easons. Accreting neutron stars e xhibit man y types of variability, the
rigin of which is not understood but is often attributed to interaction
© 2022 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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etween the accretion flow and the star’s magnetosphere (van der 
lis 2006 ). The torques that arise in these flows regulate the spin
istribution of the neutron star population, and determine whether 
r not neutron stars can be spun up to break-up frequency (see e.g.
ndersson et al. 2005 ). Finally, a better understanding of the surface
atterns that develop during accretion is important to support efforts 
o determine the dense matter equation of state using pulse profile 
odelling (Watts et al. 2016 ). 
We here perform the first axisymmetric general relativistic magne- 

ohydrodynamic (GRMHD) simulations of accretion on to composite 
agnetic fields and contrast our findings with the standard dipolar 

ase. Over the years, numerous simulations of accretion on to 
agnetized (neutron) stars have been carried out, both in the field 

f young-stellar-objects (YSO) and compact objects. Ho we ver, the 
roblem of magnetorotational instability (MRI)-driven accretion on 
o composite fields has not yet been studied by either community. 

Non-relativistic simulations with α-viscosity were presented for 
xample by Romanova et al. ( 2002 , 2021 ), Bessolaz et al. ( 2008 ),
endt ( 2009 ), and Zanni & Ferreira ( 2009 , 2013 ). These have also
een extended to include complex stellar field structures (Long, Ro- 
ano va & Lo v elace 2007 , 2008 ) and approximations to the general

elativistic potential of the compact object (Kulkarni & Romanova 
005 ). Yet another fla v our of such simulations considers the turbulent
iscosity driven by disc instabilities such as the MRI. Non-relativistic 
hree-dimensional (3D) simulations of MRI turbulent discs were 
rst presented in the seminal paper of Romanova et al. ( 2012 ) and
ore recently by Takasao et al. ( 2018 ) who have performed 3D

imulations of accretion on to a weakly magnetized star, showing that 
 ast funnel w all accretion streams can emerge even without stellar
agnetosphere. The first fully general relativistic 2D simulations 

f MRI turbulent discs were presented more recently by P arfre y &
chekhovsk o y ( 2017 , hereafter PT17 ). 
In general, there are many similarities in the physics of star–disc

nteractions for compact objects and young stars. For example, the 
rocess of disc-induced opening of the stellar magnetic flux and 
ts effect on the spin-down torque was discussed (among others) 
y Ferreira, Pelletier & Appl ( 2000 ), Matt & Pudritz ( 2005a ),
antolmos, Zanni & Bouvier ( 2020 ), and Ireland et al. ( 2021 )
or YSOs and by P arfre y, Spitko vsk y & Beloborodo v ( 2016 ) for
illisecond pulsars. Star–disc interactions have a strong impact on 

he accretion process and the relative strength of the magnetic field, 
he accretion ram pressure, and rotation of the star is expected to
ive rise to discernible accretion states both for YSOs and neutron 
tars. These are commonly described as ‘boundary layer’, ‘accretion 
olumn’, and ‘propeller’ regimes (e.g. Matt & Pudritz 2005b ; PT17 ).
elati vistic ef fects manifest themselv es near the light c ylinder where

he electric field becomes dynamically important. Thus, once the 
eld line rotation becomes relativistic, we expect a fourth regime 
here the Poynting flux due to the induced electric field makes a

ignificant contribution to spin-down and energy extraction from the 
tar which, if put to the extreme, can ablate the accretion disc via the
pulsar wind’ (P arfre y et al. 2016 ; PT17 ). While the pulsar wind is
 truly relativistic effect, is worth mentioning that the additional 
pin-down contribution of a stellar wind was also considered in 
he context of T-Tauri stars by Matt & Pudritz ( 2005b ) and in the
imulations of Zanni and Ferreira ( 2009 ). Hence, while our study is
ocused on modelling accreting millisecond pulsars, as far as star–
isc interactions and spin evolution are concerned, there are many 
oints of intersection with the YSO case and we expect our results
o have wider applicability. 

In this paper, we extend the work of PT17 to investigate GRMHD
imulations with quadrupolar and quadrudipolar stellar fields. In 
rder to inform pulse-profile modelling, as a first step, we further
tudy the structure and variability of the stellar hotspots that form
n our simulations. Note that pulse profile modelling from com- 
act stars crucially depends on space–time curvature effects which 
eave a fingerprint on the pulse shape thus enabling to infer the
ompactness of the star (Patruno & Watts 2021 ). This serves as
trong moti v ation to perform our study in full general relativity.
his paper is structured as follows: In Section 2 , we describe our
umerical set-up, Section 3 elaborates on our results regarding 
ccretion states and o v erall morphology of the flo w, spin-do wn
orques, jet formation, and accretion hotspots. We discuss our results 
nd conclude in Section 4 . While in principle star–disc interactions
an be studied within a Newtonian framework, the strong space–
ime curvature at the stellar surface leaves a fingerprint on the
mission from surface hotspots, which asks for a general relativistic 
reatment. 

 N U M E R I C A L  SET-UP  

e solve the GRMHD equations using BHAC (Porth et al. 2017 ;
li v ares et al. 2019 ) in Schwarzschild coordinates: 

 μ( ρu 

μ) = 0 (1) 

 μT μν = 0 (2) 

 

� 
μF 

μν = 0 . (3) 

ere, T 

μν is the energy-momentum tensor of an ideal magneto-fluid; 
 F 

μν is the dual of the Faraday tensor F 

μν , and ρ and u μ, are rest-mass
ensity and fluid 4-velocity, respectively. 
Our inner boundary of the domain is set to the stellar radius,

 � = 4 r g ( r g = GM /c 2 ). In the magnetosphere ( r < r LC = c/ �),
he initial pressure and density is set such that magnetization ( σ =
 

2 / ρ) and plasma beta ( β = 2 p / b 2 ) are 100 and 0.01, respectively
nd smoothly transitions to follow r −6 outside the light cylinder. 
e initialize the domain with a standard hydrodynamic equilib- 

ium (Fishbone & Moncrief 1976 ) – torus with constant angular 
omentum, inner edge r in = 60 r g and density maximum located

t 85 r g . The torus is magnetized with poloidal loops defined by
 φ ∝ max( ρ/ρmax − 0 . 2 , 0) such that 2 p max /b 

2 
max = 100 (where the

ubscript max indicates the individual maxima of the quantities 
s customary in black hole torus set-ups, e.g. Porth et al. 2019 ).
utside the torus, the magnetosphere is initialized with the stationary, 

xisymmetric vector potentials for the vacuum multipole field in 
chwarzschild space–time following Wasserman & Shapiro ( 1983 ). 
e perturb the pressure with 10 per cent white noise in order to

xcite the MRI inside the torus. At the start of the simulations, the
tellar rotation is switched on by prescribing v φ = � at the inner
adial boundary. 

Regarding the boundary conditions, the problem presents three 
istinct physical regions at r = R � : (i) the wind region, (ii) the accre-
ion column region, and (iii) the closed field deadzone. Our choice
f numerical boundary conditions follows physical considerations 
n each of these regions. We extrapolate pressure and density in the
ccretion columns and set them to initial (low) values in the non-
ccreting regions. In particular the boundary for the magnetic field 
equires special attention: Everywhere at r = R � , we fix B 

θ to the
 alue gi v en by the initial v ector potential and let B 

r follow from
emanding ∇ · B = 0 in our staggered discretization of the magnetic
eld. Although this way the magnetic flux of the star is thus not
x ed e xactly, we hav e v erified that our prescription maintains the
MNRAS 515, 3144–3161 (2022) 
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iven flux and magnetic field topology o v er the time-scales of the 
imulations. 

Regarding the toroidal field component, we assign B 

φ = 0 in
he closed zone and use extrapolation in wind and column regions.
n practice, this is realized by dynamically tracing out the stellar
agnetic field lines every few time-steps via the particle module

f BHAC . Here, all the field lines returning back to the star are
agged as closed and all the open field lines or ones ending up in
he disc are identified accordingly. This is an important distinction
s without specifying B 

φ in the deadzone, the boundary would be
nderdetermined meaning that the deadzone solution would depend
n the details of the extrapolation, e.g. leading to spurious B 

φ �= 0.
he need for providing one additional boundary condition in the
eadzone becomes apparent as by definition, the deadzone field
ines do not cross the light cylinder which otherwise supplies one
nternal boundary condition (see e.g. Bogo valo v 1997 ; McKinne y
006 ; Porth & Fendt 2010 for the boundary conditions in force-
ree simulations of aligned rotators). 1 To pro vide v elocity boundary
onditions for both the accreting and force-free regimes, we project
he velocity on to the magnetic field direction and extrapolate the
arallel velocity component v ‖ following PT17 . Rotation is enforced
y adding a constant � in the azimuthal direction. Hence, in the
orce-free regions we essentially enforce uniform rotation with �
hile in the accretion columns we allow matter to leave the domain

long the field lines. We verified our force-free boundary conditions
gainst the aligned rotator solution (e.g. Gruzinov 1999 ; McKinney
006 ) and reco v er the expected spin-down power with an agreement
f < 5 per cent . 
We assume that the parts of the magnetosphere disconnected from

he disc (the wind and deadzone regions) are filled with tenuous
lasma resulting in high magnetization similar to the isolated pulsar.
n the context of T-Tauri stars, it has been argued that some fraction
f the accreted mass is can be diverted from the stellar surface into
 stellar wind (Matt & Pudritz 2005b ). Whether this is possible
or neutron stars depends on how mass and energy spreads from
he accretion hotspot and thus relies on modelling of the surface
hysics which is beyond the scope of this work. Generally though
t is thought that the accreted mass forms an ‘ocean’ from which
aterial can be lifted up only during brief episodes of thermonuclear

ursts (Keek et al. 2018 ; Galloway & Keek 2021 ). In line with this,
e here assume that the magnetization in the wind and deadzone

egions is ‘high’, rendering the dynamics in these regions close to
he time-dependent, force-free, degenerate electrodynamic limit of
elativistic MHD (Komissarov 2002 ). 

To maintain force-free like conditions in the magnetosphere ( r
 r lc ) we adopt the prescription of Tchekhovsk o y, Spitk ovsky &
i ( 2013 ) and PT17 hence we drive pressure ( p ), density ( ρ), and
 ‖ to target values ρ t = b 2 / σ t , p t = b 2 β t /2, and v ‖ , t = 0. The
ariables k = ( ρ, p , v ‖ ) are driven towards k t = ( ρ t , p t , u ‖ , t ) with
he prescription k = k t + ( k − k t )exp( − κ� t / τ ) at the end of each
ime-step following Tchekhovsk o y et al. ( 2013 ). Here κ = (cos θm 

,
os θm 

, 1), θm 

= magnetic colatitude, � t is the time-step, and τ =
( r ) is the driving time-scale. We adopt immediate driving ( τ = 0)
ithin r < 0.5 r lc and τ ( r ) is chosen to smoothly switch off driving ( τ
 ∞ ) for r → r lc such that the MHD solution will never be modified

eyond r lc . 
NRAS 515, 3144–3161 (2022) 

 On the other hand, we have verified that fixing globally B 

φ = 0 leads to a 
iscontinuity in the wind zone Poynting flux which is underestimated by a 
actor of ≈3 compared to the analytic pulsar wind solution. 

L

2

Q

In order to distinguish the accreting fluid from the force-free
egions, we introduce a tracer-fluid ( T ) with the torus initialized as
 = 1 and the rest of the domain with T = 0. The tracer is passively
dvected with the flow by solving the extra equation ∇ μ( T ρu 

μ) = 0.
he tracer hence separates the regions of the flow: In the magneto-
phere, thus for T = 0, we drive ρ, p , and v ‖ to target values as
iscussed abo v e. Inside the accretion flow ( T = 1), the solution
ollows that of the unmodified ideal GRMHD equations. In the
ransition region 0 < T < 1, the solution is a mixture of force-
ree and MHD as we interpolate with weight T between the two
olutions. 

F or numerical stability, ne xt to the driving described in the previous
aragraph, we maintain global floor and ceiling values for β and
, respectively, and inject gas pressure and density such that β >

0 −3 and σ < 10 3 , respectively (common practice in simulations of
agnetically arrested black hole discs; Oli v ares et al., in preparation).

n practice, this is only acti v ated in the early evolutionary times of
he dipolar cases where magnetic field is compressed against the
ncoming accretion flow. 

For the time evolution, we use a total variation diminishing Lax–
riedrich scheme for fluxes along with Piecewise Parabolic recon-
truction scheme and second order modified Euler time-stepper. The
omain is logarithmically spaced in the radial direction extending
rom r in = 4 r g to r out = 30 000 r g . This ensures that the outer
oundaries are causally disconnected from the region of interest
or the entire duration of the simulations. We employ three-level
daptive mesh refinement (AMR) with base resolution of N r × N θ =
80 × 192 cells, resulting in an ef fecti ve numerical resolution of
920 × 768 cells, resolving the dynamically interesting regions such
s the stellar surface and the accretion columns. 

.1 Units and fiducial scaling 

n the following sections we report simulation quantities in code
nits where we have c = 1, r g = 1. Since our simulations ne-
lect the effect of radiation (which is a reasonable assumption
or L Acc � 1 per cent L Edd ), once the stellar radius is fixed, we
ave the freedom to constrain one additional variable to scale our
imulations to a physical system. For definiteness we set the radius
 � = 10 km. Choosing a fiducial polar field strength of B 0 , cgs , e.g.
0 8 G means that all quantities of interest can be converted to their
gs values via multiplication with the corresponding scale factors.
or a simulation with a given dipolar moment ( μ), 2 the conversion 
actors are 

cgs = 10 −6 
(

B 0 , cgs 

10 8 G 

)2 (
μ

30 

)−2 
g cm 

−3 (4) 

cgs = 1 . 6 × 10 24 
(

B 0 , cgs 

10 8 G 

) (
μ

30 

)−1 
G cm 

3 (5) 

˙
 cgs = 3 × 10 −11 

(
B 0 , cgs 

10 8 G 

)2 (
μ

30 

)−2 
M 
 yr −1 . (6) 

Since the polar field strength implicitly sets the scaling for the
ass accretion rate, it is worthwhile checking up to which polar field

trength the assumption of radiati vely inef ficient flo w remains v alid.
or an accretion rate in code units Ṁ (typically 0.1–0.4, see Table 1 ),

he Eddington factor becomes 

 Acc /L Edd = 2 × 10 −3 

(
B 0 , cgs 

10 8 G 

)2 ( μ

30 

)−2 
Ṁ , (7) 
 This scaling also applies for quadrupole topologies with the substitution μ = 

 /2.76 where Q is the quadrupolar moment. 
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Table 1. Parameters for different models. μ, Q , Ṁ , and L̇ are given in 
code units with Ṁ , L̇ extracted at r = R � . Angular brackets ( 〈〉 ) denote 
the average of the quantities o v er time for t ∈ [10 000, 30 000] r g /c. c v = 

Standard deviation( Ṁ )/mean( Ṁ ) sho ws the v ariability index. r m, num 

sho ws 
the approximate range of magnetospheric radius as seen in the simulations 
and r m 

shows the theoretical magnetospheric radius ( ξr A , ξ = 0.7) using Ṁ 

extracted at the stellar surface in the dipolar case. B di ( R � , 0)/ B t ( R � , 0) shows 
the dipolar fraction at θ = 0 for quadrudipolar fields at the stellar surface. 

Field strength � 〈 ̇M 〉 〈 ̇L 〉 c v r m, num r m 

Dipoles ( μ) [c/ r g ] 
SD ( ̇M ) 
〈 ̇M 〉 [ r g ] [ r g ] 

5 0.03 0.2361 0.7246 1.0253 R � ( = 4) 2.4 
30 0.03 0.2124 1.3141 1.4765 [6.5, 10] 6.8 
45 0.03 0.1845 2.1344 2.5822 [12, 15] 9.0 
70 0.03 0.1157 2.9979 2.8489 [13, 15] 13.3 
160 0.03 0.0855 6.4696 4.0206 [19.5, 22] 23.2 
250 0.03 0.0526 11.5847 5.1989 [21, 23] 34.4 
30 0.016 0.4615 0.3713 1.0126 [6.5, 10] 5.5 
30 0.02 0.4269 0.5851 0.9844 [6.5, 10] 5.6 
30 0.04 0.1566 2.0605 2.2646 [6.5, 10] 7.4 
30 0.05 0.1112 2.2218 2.9187 [6.5, 10] 8.2 

Quadrupoles ( Q ) 

25 0.03 0.2613 0.2880 0.9852 – –
70 0.03 0.2734 0.3015 0.8605 – –
82.8529 0.03 0.298 0.3323 0.9369 – –
120 0.03 0.2199 0.3116 1.1707 – –
250 0.03 0.1089 0.209 2.1647 – –
82.8529 0.016 0.3096 0.0009 0.8236 – –
82.8529 0.02 0.2552 0.1469 0.9211 – –
82.8529 0.04 0.2717 0.5180 1.0978 – –
82.8529 0.05 0.2343 0.9245 1.3433 – –
350 0.1 0.004 13.6665 – – –

Quadrudipoles ( μ, Q ) B di ( R � , 0) 
B t ( R � , 0) 

μ = 25, Q = 13.8088 0.03 0.2508 1.1077 1.395 0.8333 –
μ = 20, Q = 27.6176 0.03 0.2587 1.0323 1.0662 0.6667 –
μ = 15, Q = 41.4264 0.03 0.301 0.8272 1.2141 0.5000 –
μ = 10, Q = 55.2352 0.03 0.2378 0.4902 1.0539 0.3333 –
μ = 5, Q = 69.0441 0.03 0.2744 0.5225 1.0241 0.1667 –
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here the accretion luminosity is simply defined as L Acc = 

M Ṁ /R � . Hence, the radiatively inefficient accretion flow assump- 
ion is expected to hold up to polar field strengths of B 0 , cgs �
 . 4 × 10 8 μ30 Ṁ 

−1 / 2 G ≈ 10 9 G. With these choices, the scaling for
he rotation of the star becomes 

 = 1 . 75 

(
�

0 . 03 

)−1 

ms . (8) 

 RESULTS  

e perform a set of runs for different parameters and different initial
tellar magnetic field topology as summarized in Table 1 . The table
lso reports the averages of accretion rate and torque extracted at 
he stellar surface. In general, our simulations give rise to highly 
ariable accretion as quantified by the variability index c v ∼ 1–5 
hat compares the standard deviation with the mean of Ṁ (see also 
ppendix A for time-series of the accretion rates). We will first
iscuss general solution characteristics for dipoles (Section 3.1 ), 
uadru(di)poles (Section 3.2 ), and thereafter quantify the accretion 
orques (Section 3.3 ) and outflows (Section 3.4 ). We will return to
he issue of variability in Section 3.5 on the accretion hotspots. 

.1 Dipoles 

or reference we discuss the evolution for three different accretion 
tates for stars with dipolar magnetic fields. Here, we adopt a fiducial
alue of � = 0.03 and vary the magnetic moment μ ∈ { 5, 30, 160 } .
he general time evolution is described as follows: As we switch on
tellar rotation at t = 0, the rotating star launches an Alfv ́en wave
hich engulfs the torus. As the wave propagates outward, within a

ew light crossing times across the light cylinder ( r lc = 1/ �), the inner
egions of the magnetosphere relax to the steady-state solution of 
he isolated pulsar (Komissarov 2006 ; Spitkovsky 2006 ). At around

2800 GM /c 3 , the MRI driven turbulence starts to drive material
nward. This transient phase lasts until ∼10 000 GM/ c 3 , afterwards 
e obtain a quasi-stationary state which is characterized by a constant

verage accretion rate and angular momentum flux and as well as
onstant open magnetic flux from the star (see e.g. Figs 12 and D1 ).
n the equatorial plane, material proceeds until a balance between 
tellar magnetic pressure and ram pressure of the accreting material 
s obtained, defining the magnetospheric radius r m 

. Customarily one 
efines the Alfv ́en radius 

 A = 

(
μ4 

2 GM Ṁ 

2 

)1 / 7 

(9) 

Elsner & Lamb 1977 ) and sets r m 

= ξr A with ξ ≤ 1. Typically
� 0.5 (e.g. Bessolaz et al. 2008 ; Zanni & Ferreira 2013 ). In our

imulations, we find that the magnetospheric radius is well captured 
y the slightly larger parameter ξ ≈ 0.7, which might be explained by
he fact that our thick disc simulations are closer to being spherical,
s assumed in the classic deri v ation of the Alfv ́en radius. The ranges
f the simulated r m, num 

are compared with the analytic expectation 
or ξ = 0.7 in Table 1 . 

Depending on μ, the location of the magnetospheric radius will 
ive rise to various accretion states as described by PT17 . The
ogarithmic densities along with the characteristic radii are illustrated 
n Fig. 1 . In the first panel (Fig. 1 a), we reco v er the boundary layer
egime with r m 

< R � for μ = 5. Increasing μ leads to higher r m 

where
he disc couples to the magnetosphere to form accretion columns 
ielding the channelled accretion regime (Fig. 1 b). A further increase
n μ results in the propeller regime with r co < r m 

< r lc (Fig. 1 c), where 

 co = ( r 2 lc r g ) 
1 / 3 (10) 

s the expected corotation radius for a disc in Keplerian rotation.
o we ver, as we will discuss below, the actual corotation radius

n the simulations is somewhat smaller due to the sub-Keplerian 
ature of the inner disc (see e.g. Fig. 8 ). In the propeller regime,
he magnetosphere centrifugally ejects most the accreting gas from 

he corotation radius while allowing a few occasional streams to 
each the stellar surface. In this state (at high values of μ = 160,
50), Table 1 shows that equation ( 9 ) predicts larger magnetospheric
adii than observed numerically. This can be explained by the fact
hat in this regime, a significant amount of mass is diverted into
n outflow before reaching the stellar surface. The theoretical r m 

 alues ho we ver use the lo wer Ṁ extracted at the stellar surface
hich results in an o v erestimation of the true r m 

. A similar effect
as also observed by Ireland, Matt & Zanni ( 2022 ) in case of
SOs. 

.2 Quadrupoles and quadrudipoles 

ext, we initialize the star with a quadrupolar magnetic field. 
s in the dipolar case, field lines initially open up at the light-

ylinder radius; ho we ver, in the isolated quadrupolar case two radial
urrent sheets are obtained at angles of roughly arctan (2) � 63 ◦

rom the poles. The time evolution is illustrated in Fig. 2 for Q
 70 where the initial disc magnetic field is antiparallel to both

he stellar closed zone and the equatorial open flux in the Northern
emisphere, and parallel in the Southern hemisphere. As the gas 
MNRAS 515, 3144–3161 (2022) 
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Figure 1. Different accretion regimes depending upon magnetic strength of the star for angular frequency of � = 0.03 in the quasi-stationary state at t = 

19 000 r g /c. (a) Boundary layer, (b) channelled accretion, and (c) propeller regime. The solid and dashed lines represent the light-cylinder radius and the corotation 
radius, respectively. The pink lines show the last closed field line for respective isolated pulsars. 

Figure 2. Evolution of the disc in presence of a pure quadrupole with Q = 70, rotating at � = 0.03. The different panels represent logarithmic density profiles 
at different snapshots. All the labels are same as in Fig. 1 . 

Figure 3. Different hotspot locations for different star-disc magnetic field 
orientation for Q = 70, � = 0.03 at t = 25 000 r g /c. Here, the left-hand panel 
shows density profile (log 10 ( ρ)) for initial disc magnetic field antiparallel 
to the stellar field in the Northern hemisphere and parallel in the Southern 
hemisphere (our default configuration). The opposite case is shown in the 
right-hand panel. All the labels are same as in Fig. 1 . 
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ravels inward, the disc magnetic field reconnects with the stellar
eld and eventually opens up the previously closed stellar flux

n the Northern hemisphere. Meanwhile the field in the lower
emisphere is compressed, shifting the lower y-point towards the
ole. The asymmetric disc-magnetosphere coupling modifies the
nitial quadrupolar magnetosphere to resemble a quadrudipolar field
n the vicinity of the stellar surface. Once inside the light cylinder, the
as flows primarily through the quadrupolar opening at the equator,
orming a ‘belt’. For our simulation with Q = 70, � = 0.03, we
ence obtain two accretion columns, one at the equator and other
NRAS 515, 3144–3161 (2022) 
loser to the northern pole. 3 The location of the polar hotspot depends
n the initial star-disc magnetic field configuration which is further
llustrated in Fig. 3 where the initial disc magnetic field is flipped. The
pen equatorial flux which contributes to the southern jet shields the
ower closed zone, thus preventing formation of a southern hotspot
Fig. 2 d). Ho we ver, this highly asymmetric inner magnetospheric
onfiguration seems to have only a small impact on the net open flux
n the upper and lower hemispheres resulting in relatively symmetric
ets (see Section 3.4 for further discussion). 

To investigate the dependence of the accretion column structure as
unction of quadrupole moment, we perform two sets of experiments
n the regime r m 

< r co : In the first sweep, we adopt a pure quadrupole
ith increasing moment Q ∈ { 25, 70, 120, 250 } . In the second

weep, for a given polar field strength, we successively increase
he quadrupole contribution from the pure dipole case to the pure
uadrupole case. We opt to fix the total polar field strength in the
econd sweep since this parameter can in principle be derived from
bservations of cyclotron resonant scattering features (see Staubert
t al. 2019 ) which are thought to constrain the polar field strength (but
ote Kylafis, Tr ̈umper & Loudas 2021 for a discussion of the caveats
ith the probed location). This allows us to investigate how the

ccretion process changes for a given polar field strength (determined
odel-independently) when changing the dipole to quadrupole ratio.
Fig. 4 shows density profiles in the quasi-stationary state for dif-

erent quadrupolar strengths in the first set. At the lowest quadrupolar

art/stac1817_f1.eps
art/stac1817_f2.eps
art/stac1817_f3.eps
https://youtu.be/58CXMXrmhy8


Non-dipolar neutron star accretion in GRMHD 3149 

Figure 4. Different hotspot size for different magnetic strengths. Density profiles at t = 28 120 r g /c. (a) Q = 25, (b) Q = 70, (c) Q = 120, and (d) Q = 250. All 
the labels are same as in Fig. 1 . 

Figure 5. Effect of increasing quadrupolar contribution on the accretion flow (right to left). Different panels represent the logarithmic density profiles at t 
= 20 270 r g /c for different dipolar and quadrupolar contribution, where Q and μ are varied such that the surface polar field strength stays constant. All the labels 
are same as in Fig. 1 . 
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oment ( Q = 25), the disc crushes the northern closed zone leading
o boundary layer accretion through upper hemisphere. Increasing 
uadrupolar strength ( Q ) has two main effects: First, it halts the
isc at increasingly larger radii as in the dipolar case. Second, it
ffects the width of the accretion columns. Truncation of the disc at
arger radii leads to thin accretion columns in the equatorial region. 
here is a pronounced asymmetry of the upper and lower deadzone 
ith the lower one being more extended. This can be attributed to
ifferential disc induced flux opening which is discussed in more 
etail in Section 3.4 . 
The non-equatorial accretion stream also grows weaker with the 

ncrease in magnetic strength. For the highest quadrupolar strength 
n our case (Fig. 4 d), the upper accretion column has become so
eak that it becomes difficult to resolve numerically and often stops
id-way between the corotation radius and the stellar surface. The 

topping of the upper column is ho we ver not a purely numerical
ffect and is expected from physical grounds: For one, we observe 
hat a strong asymmetric pulsar wind ablates column material to 
ntrain it along the outflow. Further, as r m 

approaches r co , imperfect
isc-magnetospheric coupling occurs when a blob of gas, instead 
f coupling to the stellar fields at r m 

retains its Keplerian velocity.
ften, such blobs of gas ‘ho v ering’ on top of the column within r co 

ither get ejected along the jet or accreted through the equatorial 
otspot. This effect is more prominent in the quadrudipoles. 
Fig. 5 shows the distribution of matter in presence of a quadrudipo-

ar stellar magnetic field. While in the pure quadrupole, increasing 
g  
 had the main effect of increasing the magnetospheric radius 
hile leaving the column footpoints roughly in place; for the 
uadrudipoles, increasing the quadrupolar contribution leads to a 
rogressi ve shift to wards the Northern hemisphere. Further, since 
he magnetic pressure of the quadrupole decreases more rapidly, 
he magnetospheric radius also mo v es inward with an increasing
uadrupolar contribution. This is best seen in the diminishing of the
losed zone with increasing Q in Fig. 5 . 

.3 Torque 

he accretion torque is directly extracted from the angular momen- 
um flux through the stellar surface defined as 

˙
 = 2 π

∫ π

0 
T r φ

√ −g d θ . (11) 

he torque experienced by accreting stars can be divided into two
omponents. The ‘matter’ torque due to accreting material and 
he ‘EM’ torque due to the stress e x erted by the EM fields. The
orresponding tensorial components read 

 

MA r 
φ = ( ρ0 + u g + p g ) u 

r u φ (12) 

 

EM 

r 

φ = b 2 u 

r u φ − b r b φ. (13) 

ere, u g is the internal energy density, p g = ( ̂  γ − 1) u g is the ideal
as pressure, ˆ γ is the adiabatic index, p b = b μb μ/2 = b 2 /2 is the
MNRAS 515, 3144–3161 (2022) 
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Figure 6. Torque evolution of the neutron star with a dipolar field, magnetic moment with μ = 30 (upper panel) and quadrupolar field with Q = 82.85 
(lower panel) rotating at an angular velocity of � = 0.03, both having same polar magnetic field strength at the stellar surface. Here, the green solid line 
shows the time evolution of total torque and blue and orange solid lines show the total electromagnetic (EM) and matter torque, respectively. The total EM 

torque is further separated into wind and disc contribution where the black and red dashed lines show the wind torque and the ‘disc connected’ torque (see 
Section 3.3 ), respectively. The blue, orange, and green dash–dotted lines represent the averaged values ( t ∈ [10 000, 30 000] r g /c) for EM, matter, and the total 
torque respectively. The upper x -axis denotes time in terms of stellar period with P star = 209.43 r g /c. 
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agnetic pressure, and b μ describes the fluid frame magnetic field
s defined for example in Porth et al. ( 2017 ). 

Fig. 6 illustrates the evolution of angular momentum flux at the
tellar surface for μ = 30 and Q = 82.85 for � = 0.03. As a positive
ngular momentum flux means that angular momentum is transported
way from the star, a positive (negative) torque therefore leads to
pin-down (up) of the star. The upper panel in Fig. 6 represents the
volution of the total torque for a dipolar field at the stellar surface.
or stars having magnetic strength high enough to couple to the
ow outside of the star ( r m 

> R � ), at r m 

, the accreting gas transfers
ost of its angular momentum to the EM fields via magnetic stress

nd correspondingly, matter contributes only a negligible torque
Romanova et al. 2002 ; PT17 ) at the stellar surface. The remaining
atter torque is mostly ne gativ e, thus acting towards spin-up. 
The EM torque can be either positive or ne gativ e depending upon

 m 

and r co and can be further divided into two components, an
nhanced spin-down torque from the pulsar wind (P arfre y et al.
016 ), and a variable spin-up/-down torque from the stellar field
ines connected to the disc. We separate these two components by
onsidering whether the corresponding field lines are ‘open’ or ‘disc-
onnected’. We define an open field line as one that reaches past the
ight cylinder (in practice, we demand r > 2 r lc or r sin θ > r lc ) and
tays within the highly magnetized polar region characterized by σ
 1. All other field lines are either closed dead-zone field or attach

o the accretion flow via the column and outflow impacting on the
isc. Since the disc rotates at a super(sub)-stellar frequency inside
NRAS 515, 3144–3161 (2022) 
outside) of the corotation radius, field lines connected to the disc
nside and outside of r co result in spin-up and spin-do wn, respecti vely.
n our simulations, the dominant spin-down component comes from
he disc-connected field lines (Fig. 6 ), ho we ver, the wind torque
ontributes on a similar level. 

The lower panel of Fig. 6 shows the time evolution of torque at the
tellar surface for an initial quadrupolar stellar magnetic field. For
hese parameters, the magnitude of the total torque averaged over
ime ( t ∈ [10 000, 30 000] r g /c) is roughly half for the quadrupolar
ase (both cases ef fecti vely spin-do wn the star). Several factors come
nto play which tend to weaken the torque in the quadrupolar case: (i)
or quadrupoles ( Q = 82.85), since the disc can come much further

n towards the stellar surface, the fraction of field lines inside the
orotation radius is larger compared to dipoles. Thus, the spin-down
orque from the ‘disc-connected’ field is smaller compared to dipoles.
ii) For quadrupolar fields, most of the time, matter can directly hit
he stellar surface through the equatorial belt. This leads to a larger
pin-up matter torque component (around 40 per cent of the total
orque) compared to dipoles. (iii) Lastly, also the wind torque is
oughly 2 times smaller in the quadrupolar case with Q = 82.85 (see
lso Section 3.4 ). All these factors contribute to less spin-down for
uadrupoles as compared to dipoles for same polar magnetic field
trength. 

Fig. 7 shows the instantaneous angular profiles of the torque at
he stellar surface for a dipolar field with μ = 30 and � = 0.03
top panel) and � = 0.016 (bottom panel). The black dashed lines

art/stac1817_f6.eps


Non-dipolar neutron star accretion in GRMHD 3151 

Figure 7. Different torque components as a function of θ at the stellar surface 
for a dipolar field with μ = 30 (a) � = 0.03 at t = 25 790 r g /c, (b) � = 0.0166 
at t = 26 000 r g /c. The black dashed line represents the extent of the wind 
zone from the poles in both hemispheres (defined by angular positions of field 
lines reaching either 2 r lc or r sin θ > r lc while ensuring σ > 1). 
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Figure 8. (a) Solid lines show times averaged omega profiles ( t ∈ 

[10 000 , 30 000] r g / c) in the equatorial plane for the different stellar angular 
frequencies with dipolar strength of μ = 30. The blue, green, and red dashed 
lines show the stellar angular frequencies. The black dashed line shows r −3/2 

dependence. (b) Different curves represent Alfven speed ( v A ), sound speed 
( c s ), azimuthal velocity ( v φ = r �), and Kepler velocity in the equatorial plane 
av eraged o v er t ∈ [10 000 , 30 000] r g / c. 

Figure 9. Averaged angular momentum flux for quadrudipoles as a function 
of increasing quadrupolar contribution. The upper horizontal scale represents 
the fraction of dipolar field at the stellar surface ( θ = 0). All the quantities 
are averaged over t ∈ [10 000, 30 000] r g /c. 
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llustrate the separation of the wind zone from the ‘disc-connected’ 
one as per our criteria. One can see that at this point, the EM torque
eparts from the wind profile near the poles and increases sharply 
n the accretion column, also characterized by non-vanishing Ṁ and 
pin-up matter torques. 

As we decrease � to 0.016, the scale separation between r m 

and r co 

ncreases and the EM stresses in the column start contributing to spin-
p. In this case, we occasionally see a spin-down matter torque at
he stellar surface. This is due to surface boundary condition forcing 

atter to mo v e along the magnetic field lines. Thus, in presence of a
trong spin-up toroidal field, accreting matter can lag behind the star
eading to a spin-down matter torque at the stellar surface. This is best
een in the northern column (around θ � 0.35 in Fig. 7 ). According
o equation ( 10 ), the classical corotation radius for � = 0.016 is �
6 r g which is roughly a f actor tw o larger than the magnetospheric
adius for the run in question. Ho we v er, o v erall, the av erage total
orque for � = 0.016 is still positive, spinning down the star. One
ight hence wonder why we do not observe a stronger spin-up effect

ue to the magnetic stresses of the column. 
To elucidate this point, in Fig. 8 a we show the averaged radial

ependence of the angular velocity in the equatorial plane for 
ipolar stellar fields with fixed μ = 30 and different stellar rotation 
arameters � ∈ [0.0166, 0.03, 0.05]. All three simulations have 
 similar magnetospheric radius of r m 

≈ 8 r g . While the rotation
t large distances is Keplerian, starting at ∼2 r m 

, the disc becomes
ub-Keplerian. This is similar to magnetically arrested black hole 
ccretion discs (Narayan, Igumenshchev & Abramowicz 2003 ; 
orth et al. 2021 ; Begelman, Scepi & Dexter 2022 ), which feature
ub-Keplerian rotation in the inner regions where magnetospheric 
ffects become noticeable. The behaviour is further illustrated in the 
veraged equatorial profiles of sound-speed c s = 

√ 

γP /ρh , Alfv ́en 
elocity v A = 

√ 

b 2 / ( ρh + b 2 ) , and rotation v elocity (Fig. 8 b). The
eviation from the Keplerian profile starts where magnetic and pres- 
ure support become comparable to the Kepler speed. Furthermore, 
he magnetization in the sub-Keplerian regions is substantial and we 
btain plasma- β around unity. As a consequence of the modified 
otation profile of the disc, in all our simulations, the effective
orotation radius is significantly shifted inward compared to the 
xpectation. This is one of the main reasons for the decreased spin-
p via the magnetic stresses in the accretion column. 
Fig. 9 shows the dependence of different components of torque 

n the quadrupolar strength. For a fair comparison, we increased the
uadrupolar contribution and the corresponding dipolar contribution 
MNRAS 515, 3144–3161 (2022) 
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Figure 10. Angular momentum flux at the stellar surface averaged over t ∈ 

[10 000, 30 000] r g /c as a function of � for dipole with μ = 30. 
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Figure 11. Different terms in equation 15 for the dipolar fiducial run with 
μ = 30 with an angular frequency of � = 0.03. 

Figure 12. Angular momentum fluxes in the fiducial case with stellar dipole 
with μ = 30 and � = 0.03. (a) Radial profiles of different components of the 
〈 T 

r 
φ〉 (equation 15 ) for t ∈ [10 000, 30 000] r g /c inte grated o v er θ ∈ [0, π ]. (b) 

Mass accretion rate across shells of the disc showing that a stationary state 
has been reached in the domain under investigation. 
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s varied such that effective polar magnetic strength at the stellar
urface remains constant. Here, Q = 0 represents a pure dipole with

= 30 and Q = 82.85 represents a pure quadrupole with same
urface field strength. The total torque decreases with an increase in
uadrupolar contribution. 
Initially, the matter torque increases as we increase Q (consistent

ith Long et al. 2007 ) and stabilizes to a constant value for Q ≥
1.42. The diminishing increase in matter torque is simultaneous to
he development of the accretion belt into a narrow accretion column
cf. Figs 4 and 5 ). This suggests that for large Q , the matter torque is
ransferred to the disc-connected fields again. 

The net torque in the entire parameter regime and magnetic field
eometry explored here is positive, i.e. spinning down the star. Fig. 10
llustrates the variation of different components of the torque as a
unction of � for μ = 30. As we start increasing the rotation rate,
or a fixed magnetic strength ( r m 

≈ constant), stronger disc-induced
pin-do wn results. Ho we ver, as the corotation radius approaches the
agnetospheric radius for the largest spin value ( � = 0.05), the

isc contribution starts to diminish. This behaviour is expected as
he increase in rotation leads to lesser star-disc connectivity with �.
e vertheless, the ef fecti ve spin-do wn torque continues to rise with

ncreasing � due to the contribution of the pulsar wind. We note that
he linear trend in wind torque is consistent with the behaviour of
he jet power discussed in the next section. The matter torque stays
egligible and does not vary appreciably with the angular frequency
f the star. 

.3.1 Stress analysis 

n order to separate out the role of mean and turbulent stresses and
nvestigate the influence of the accretion columns on the disc, we
erform a Reynolds decomposition of velocities u r , u φ , magnetic
eld components b r , b φ as well as ρh tot whereby h tot = h + b 2 is

he total specific enthalpy. The decomposition of an (instantaneous)
uantity X is defined as 

 = 〈 X〉 + δX, (14) 

here 〈 · 〉 denotes the av erage o v er time t ∈ [10 000 , 30 000] r g / c.
his allows writing the angular momentum flux as 

 

r 
φ = ( 〈 ρh tot 〉 + δρh tot )( 〈 u 

r 〉 + δu 

r )( 〈 u φ〉 + δu φ) 

−( 〈 b r 〉 + δb r )( 〈 b φ〉 + δb φ) . (15) 
NRAS 515, 3144–3161 (2022) 
ecomposing ρh tot next to the usual decomposition of the velocity
elds that make the Reynolds stress allows us to investigate the role
f compressible effects in the angular momentum transport of the
hick disc set-up. The non-vanishing terms in 〈 T r φ 〉 are shown in
ig. 11 . Here, the positive (red) and negative (blue) signs signify
ngular momentum transport outward and inward, respectively.
igs 11 (a) and (d) show the stresses due to the mean magnetic
eld and due to its turbulent (Maxwell stress) part. The mean
agnetic field stresses resulting from the stellar fields spin-down

he star and act within the jet and accretion column. The large-
cale stresses of the column remain fairly localized near r m 

�
 r g and cease entirely at the equatorial plane. The rapid decline
f the mean field stress means that there is little evidence for a
ynamically significant ‘extended magnetosphere’ connecting the
tar with the disc beyond the corotation radius which would add
urther magnetic spin-down torques (Ghosh & Lamb 1979 ; Zanni &
erreira 2009 ). Instead we find that magnetic fields become turbulent
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Figure 13. Panels (a) and (b) show magnetization (log 10 σ ) for dipole with 
μ = 30 and quadrupole ( Q = 70), respectively, at t = 28 120 r g /c. The black 
lines represent the contours of r sin θB 

φ . The jet is defined with the σ = 1 
contour which is highlighted in white. 
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eading to dominant Maxwell stresses which provide the largest 
utward angular momentum transport throughout the disc. 
Turning to the velocity fields, the mean velocity (Fig. 11 b) results

n an inward angular momentum transport from accreted material 
ia the equatorial region and the columns (blue regions) as would 
e expected. Ho we ver, we also observe a significant contribution of
utward angular momentum transport via the outflows from the disc. 
eynolds stresses (Fig. 11 c) in the disc mostly transport angular 
omentum outward except for the accretion columns where they 

ontribute towards spin-up. In principle this behaviour is expected 
hen the Reynolds stress is modelled as turbulent viscosity. Since 
iscous momentum transport acts al w ays against the gradient of
elocity, a decreasing rotation profile within the corotation radius 
ill tend towards spin-up. In the simulation shown in Fig. 11 , the

urb ulent contrib utions in the accretion columns ho we ver are minor
s the columns are dominated by the mean magnetic field stresses. 

Finally, in Figs 11 (e) and (f), we show correlations of the fluid en-
halpy density with the velocity fields. As the former is dominated by
he rest-mass contribution, we are essentially sampling how density 
uctuations correlate with the velocity field due to incompressible 
ffects. The most striking result is that large densities correlate with 
arge (inflow) velocities, making a significant contribution to inward 
ngular momentum transfer. We attribute this to convective motions 
hereby dense blobs of gas fall in relatively quickly whereas lighter 
lobs have the tendency to buoyantly rise. This behaviour can also 
e observed in the movie of the density field on YOUTUBE. 4 The
act that thick advection dominated accretion discs are notoriously 
onv ectiv ely unstable has been known for some time (Narayan & Yi
994 ; Narayan, Igumenshche v & Abramo wicz 2000 ; Quataert &
ruzinov 2000 ); ho we ver , strong con vective motions have been
bserved primarily in earlier axisymmetric hydrodynamic studies 
nd convection is thought to play little role in the 3D MRI-unstable
ase (Stone & Balbus 1996 ; Ha wle y, Balbus & Stone 2001 , though
ote the more recent work in the magnetically arrested regime by 
egelman et al. 2022 ). It will be very interesting to see if the
ompressible term 〈 ρh tot δu r 〉〈 u φ〉 remains important in the 3D case. 

By integrating the individual terms o v er spherical shells (as in
quation 11 ), we can assess their contribution to the total torque. The
adial profiles of the fluxes are shown in Fig. 12 which also compares
 T r φ 〉 with and without decomposition (solid blue and black dashed
urv e respectiv ely). Three points are worth making re garding these
wo curves: (i) As expected there is net angular momentum transport
utward, (ii) we obtain excellent agreement between the curves 
ndicating that the decomposition captures all rele v ant terms, and 
iii) the total angular momentum flux is nearly constant throughout 
he interval [ R � , 30 r g ] indicating that these re gions hav e settled
nto a quasi-stationary state. The latter point is also evidenced by 
he constancy of the mass accretion rate shown in the lower panel
f Fig. 12 . Large-scale magnetic stresses (indicated as brown dot–
ashed) provide the dominant contribution within r m 

� 8 r g where 
oth column and wind torque are rele v ant. After ∼10 r g , a constant
pin-down contribution from the jet remains. As could already be 
een in Fig. 11 , turbulent Maxwell stresses go v ern outward angular
omentum transport throughout the disc; ho we ver, we also obtain a

arge net outward contribution from to the mean flow 〈 ρh tot 〉〈 u r 〉〈 u φ〉
solid orange curve). Hence, in the total angular momentum balance, 
he disc wind at high latitudes dominates o v er the mass inflow in
he equatorial region (cf. Fig. 11 b). Reynolds stresses (solid green) 
re smaller than Maxwell stresses by a factor � 3, which is slightly
 ht tps://yout u.be/cCl6ZK5vjSM 

fi
m
j  
elow the ratio of 4–6 which is typically found in studies of MRI
riv en turbulence (e.g. Ha wle y, Gammie & Balbus 1995 ; Pessah,
han & Psaltis 2006 ; Blackman, Penna & Varni ̀ere 2008 ; Shi,
tone & Huang 2016 ). Next to these well-known terms, Fig. 12 also
hows the contribution of compressible effects which originate in 
he non-vanishing δ( ρh tot ). While 〈 δρh tot δu φ〉〈 u r 〉 remains negligible
solid red line), as seen also in Fig. 11 , the inward transport via
 δρh tot δu r 〉〈 u φ〉 is essential for the total angular momentum balance
solid purple line). To our knowledge this term has not been in the
ocus of previous investigations. It remains to be seen if it also
urvives in the 3D case as azimuthal shearing motions and magnetic
ension from the toroidal field will surely dampen the conv ectiv e
otions responsible for the correlation of density perturbations and 

nflow velocity seen in our axisymmetric study. 

.4 Jets 

he disc collimates the open polar field lines into a jet. To investigate
he dependence of jet properties on parameters, we here define the
et as the magnetically dominated region σ > 1 around the axis.
igs 13 (a) and (b) illustrate the magnetization profiles ( σ ) with
ontours of r sin θB 

φ (black) in the polar regions ( σ > 1) showing
he disc-induced collimated jet for dipolar and quadrupolar stellar 
elds, respectiv ely. Unlike e xpected, the highly asymmetric inner 
agnetosphere for quadrupoles has little impact on the large-scale 

et structure and is discussed in more details at the end of this section.
MNRAS 515, 3144–3161 (2022) 
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Figure 14. Dipolar open flux (upper panels) and jet power (lower panels) 
as a function of angular frequency ( μ = 30) and stellar magnetic field ( � = 

0.03). The dashed red lines represent the isolated cases in flat space–time. 
The black dashed line in the lower right panel is put arbitrarily to show the 
e xpected power-la w scaling with surface magnetic strength. The blue shaded 
regions show the expected jet flux and the jet power from the disc-induced 
flux-opening model. 

Figure 15. Quadrupolar open flux (upper panels) and jet power (lower 
panels) as a function of angular frequency ( Q = 82.85) and stellar magnetic 
field ( � = 0.03). The red dashed lines represent the isolated cases in flat 
space–time. The black dashed line in the lower right panel is put arbitrarily 
to show the expected power-law scaling with surface magnetic strength. 
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5 The parameter ζ < 1 subsumes two effects: For one, as � open, 0 is obtained 
from the isolated (dipolar) flux function, it does not take into account 
compression by the accretion flow. Compressed field lines crossing r m 

in 
the equatorial plane connect to higher latitudes than the original dipolar field 
which means that the open flux based on the unmodified dipolar flux function 
would be o v erestimated. A second effect entering into ζ is the presence 
of the accretion column (comprised of disc connected field lines) with a 
width determined by the turbulent magnetic dif fusi vity of the accretion flow 

(P arfre y, Spitko vsk y & Beloborodo v 2017 ). 
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Interaction of the stellar magnetic fields with the disc fields can
ead to an enhancement or decrease of the open magnetic flux which
omprises the jet. According to PT17 , in our dipolar case, where the
nitial magnetic loop in the disc is antiparallel to the dipolar stellar
eld (at the interface between them), a net flux-opening is expected.
his would lead to an enhancement of Poynting-flux compared to the
ase of the isolated pulsar. To quantify flux opening and jet power,
e place an extraction surface at r = 50 r g and integrate Poynting

nd magnetic flux for the region σ > 1. The variations of open
ux ( � open ) and jet power ( P jet ) as a function of the stellar angular
requency and magnetic strength are shown in Figs 14 (dipoles) and
5 (quadrupoles). All the quantities are av eraged o v er t ∈ [10 000,
0 000] r g /c. In the far field solution beyond the light cylinder r
NRAS 515, 3144–3161 (2022) 
�/c, one has E θ � B φ � −( �r sin θ /c) B r (Vlahakis 2004 ) and
ence the Poynting flux can be expressed entirely in terms of open
agnetic flux and rotation � (e.g. P arfre y et al. 2016 ; Tchekho vsk o y,
hilippov & Spitkovsky 2016 ). For example, for an isolated rotator

n flat space–time, one finds to good approximation 

 jet ≈ 2 

3c 
�2 � 

2 
open . (16) 

p to a constant coefficient, this scaling (which is analogous to the
elebrated Blandford & Znajek 1977 jet power) is also expected to
old in the case of a collimating jet (Tchekhovsk o y, McKinney &
arayan 2008 ). 
Considering first the dipolar case, according to the ‘disc-induced

ux-opening’ model (Matt & Pudritz 2005b ; P arfre y et al. 2016 ),
he opening for disc-connected fields is determined by the position
f the magnetospheric radius to � open = ζ r lc / r m 

� open, 0 where
 open , 0 ≈ 2 πμ/r lc is the open flux of the corresponding isolated

ulsar and so any �-dependence cancels out. 5 For comparison, we
how � open, 0 as red dashed curve in the figures. We find that for
 constant stellar magnetic strength with r m 

< r lc , the amount of
pen flux is nearly constant with � giving � open ∝ �0.31 , consistent
ith the expectation for flux opening at the magnetospheric radius.
o we ver, as we increase �, the expected open flux for the isolated

ase scaling as ∝ �1 o v ercomes the value of the disc-magnetosphere
imulation at � > 0.03. This behaviour was not reported before (the
ntiparallel configurations of PT17 al w ays show enhanced open flux)
nd points to a subtle issue of the initialization of the simulations
hich is discussed further in Section 4 . 
Turning to the extracted jet power, Fig. 14 c demonstrates a power-

aw scaling P jet ∝ �2.2 which is close to the expected slope of
2.1 resulting from flux opening. In particular, the obtained slope is

ignificantly shallower than the isolated case ∝ �4 . The dependence
f � open, 0 and P jet with the stellar field strength is shown in Figs 14 (b)
nd (d) for fixed � = 0.03. It can be observed that also here, the open
ux and jet power eventually falls behind the isolated pulsar for
igher ( �, μ). In our case the transition in open flux happens for
> 30. We interpret the difference in the transition point in φopen 

nd P jet to be caused by deviations from the monopolar solution
n the collimated jet. This behaviour of the flux opening/closing of
he initial flux is corroborated by Fig. 4 c which sho ws ho w the flux
ontour of the isolated case (pink line) is buried under additionally
losed field lines comprising the dead-zone (dark-blue region) out to
 m 

< r lc . Hence, the accretion flow has in fact closed flux compared
o the case of the isolated pulsar with the same parameters. The
emporal evolution of open and closed stellar fluxes is exemplified
n Appendix D . 

For a more quantitative comparison with the disc-induced flux-
pening model, we o v erplot the e xpected open flux as blue shaded
egion on the right-hand panels of Fig. 14 . Here, we have used the
xpression for r m 

= 0.7 r A given by equation ( 9 ) which was found
o match well with magnetospheric radii obtained in the simulations
see Section 3.1 ). This leads to an expectation for P jet ∝ μ6/7 �2 which
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Figure 16. Time-averaged hotspot sizes for (a) dipoles, (b) quadrupoles, 
and (c) quadrudipoles for t ∈ [6000, 30 000] r g /c. There are clear differences 
in the degree of channelling for the different magnetic field configurations: 
Dipoles typically show two clear streams close to the poles; quadrupoles 
have channelling concentrated in one hemisphere; for quadrudipoles there is 
at least one strong stream no matter what the configuration but the stream in 
the other hemisphere is weak. For both quadrupoles and quadrudipoles, the 
asymmetry between the hemispheres could lead to large differences in pulse 
visibility depending on observer inclination. 
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s also shown as a black dashed line, roughly consistent with the flux
pening model for ζ ∼ 0.3–0.5. Thus, given a numerically obtained 
, the data shows that a reasonable prediction of the jet power is
ossible once the magnetospheric radius and spin are known. 
Before turning to the data of the quadrupole simulations, let us first

rovide a simple extension of the disc-induced flux-opening model 
or comparison. The quadrupole flux follows � ∝ 1/ r 2 , hence the total
pen flux can be written as � open = ζ ( r LC / r m 

) 2 � open, 0 . Considering
he quadrupole scaling of the magnetic pressure, the Alfv ́en radius
ecomes r A = ( Q 

4 / 8GM ̇M 

2 ) 1 / 11 which determines r m 

= ξr A ( ξ < 1)
nd � open, 0 ∝ Q �2 / c 2 . This leads to a theoretical jet power estimate
f P jet ∝ Q 

6/11 �2 which has the same � dependence but shallower 
ependence on the stellar field strength compared to the dipole. 
Analogue to the dipolar case, Fig. 15 shows open flux and jet

ower for a stellar quadrupole field as a function of � and Q.
he total open flux is al w ays abo v e the isolated case suggesting
n efficient flux opening in the entire parameter regime considered 
ere. Quantitatively, we obtain P jet ∝ �1.8 in approximate agreement 
ith the e xpected power-la w slope of 2 (whereas the isolated case

eatures a power-law slope of 6). Just like in the dipole case, the open
ux shows essentially no dependence on �. 
While the nearly flat scaling � open ∝ �0.06 is expected, we also 

bserve that the open flux (and jet power) is independent of the
tellar field strength. For guidance, the expected slope of P jet ∝ Q 

6/11 

s o v erplotted as a black dashed line in the bottom-right panel of
ig. 15 . As the expectation also yields a fairly flat slope of 6/11

0.55, we consider the flatness of the jet power curve with Q
otew orthy but lik ely not yet in strong tension with the theory. This
s especially so when allowing for a similar freedom in the range
f the efficiency parameter ζ as in the dipole cases (blue shaded 
rea in Fig. 14 ). Nevertheless, it is important to point out that the
isc-induced flux opening of the quadrupolar case cannot just be an 
xtension of the dipolar case as the quadrupolar case features both 
he ‘parallel’ (lower hemisphere) and the ‘antiparallel’ configuration 
upper hemisphere). To open up the magnetosphere, stellar field lines 
rst need to reconnect to disc field lines which is fa v oured in the upper
eadzone (see also Fig. 3 ). At the same time, the open flux from the
ower polar cap is closed due to the presence of the parallel disc field
nd the equatorial open flux powers the southern jet instead. 

As the inner magnetosphere of the quadrupolar cases is highly 
symmetric (cf. Fig. 4 ), it is worthwhile considering how this
ffects the o v erall symmetry of the jet. In order to measure the
ifference in the jet power in the upper and lower hemisphere, we
dopt the asymmetry parameter P jet, asymm 

(Nathanail et al. 2020 , and 
ppendix B ). We find small values of the asymmetry P jet, asymm 

=
.08–0.15 with the upper jet being only ∼10 per cent stronger than 
he lower one (see also Fig. B1 ). The disc-induced flux opening
perates only in the upper hemisphere resulting in slightly higher 
ower in the Northern hemisphere. 

.5 Hotspots 

s the channelled matter impacts the stellar surface, hotspots and 
hocks will form at the base of the accretion columns. 6 Detailed 
odelling of the resulting pulsed emission would require us to 

ake into account NS surface models and radiation transport (see 
.g. Poutanen & Gierli ́nski 2003 ; Salmi, N ̈attil ̈a & Poutanen 2018 ).
ere, as a first step, we present a simplified treatment of the surface
 Hotspots and accretion columns in our axisymmetric simulations can be 
nterpreted as hot rings and funnel flows, respectively. 

m

w
c  
mission following Romanova et al. ( 2004 ). This enables us to
xplore some of the issues that will be rele v ant to more sophisticated
odelling. 
Assuming that the entire matter-kinetic energy flux of the column 

lasma is emitted as blackbody radiation at the stellar surface gives 

 eff = 

(
F m 
σ

)1 / 4 

, (17) 

here 

 m 

= T MA r 
t = ( ρ0 + u g + p g ) u 

r u 

t , (18) 

here F m 

is the total matter energy flux, T eff and σ are the ef fecti ve
lackbody temperature and Stefan–Boltzmann constant. Since the 
verage accretion rate (in code units) typically lies within 0.1–0.4 
apart from strong propeller regimes, see Table 1 ), we convert the
emperature values by assuming that a dimensionless accretion rate 
f Ṁ = 0 . 1 corresponds to 1 per cent Ṁ Edd with a radiative efficiency
f 0.1. 
Fig. 16 shows the resulting average hotspot temperature as a 

unction of polar angle for different surface magnetic field strengths 
nd geometry. The average is taken for t ∈ [6000, 30 000] r g /c ≈ 200
s ( ∼100 rotational cycles) for typical R � = 10 km. 
For centred dipolar fields, we obtain two accretion columns 

hich are symmetric with respect to the equatorial plane and 
orrespondingly two symmetric hotspots as shown in Fig. 16 a. For
MNRAS 515, 3144–3161 (2022) 
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Figure 17. Temperature profiles at the stellar surface averaged over 1200 r g /c ( ≈10 ms for a typical R � = 10 km) for eight consecutive time windows, for a 
dipolar field with μ = 30. The black dashed curve represents the averaged temperature profile (same as Fig. 16 shown for reference). The colour gradient shows 
the temporal progression of the averaged temperature profiles within t ∈ [20 400, 30 000] r g /c ≈ 80 ms. 

s  

t  

i  

r  

t  

b  

θ  

a  

t  

i  

b  

t  

t  

d  

l  

f  

o  

l  

a  

t  

n  

t
 

A  

h  

e  

r  

Q  

w  

a  

t  

a
 

s  

i  

b
 

d  

fi  

fi  

t  

h  

t  

d

 

a  

t  

v  

s  

b  

h  

u  

t  

i  

r  

l  

(  

i  

m  

r

4

W  

e  

c  

i  

p  

d  

a  

P  

t  

s  

s  

a  

t  

F  

z  

H  

p  

t  

o  

h  

t  

w  

c  

t

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/515/3/3144/6625637 by U
niversity of Am

sterdam
 user on 18 August 2022
ufficiently high magnetic strength ( r m 

> R � ), a change in μ leads
o a variation in both the location and size of the hotspots. As we
ncrease μ, the magnetic pressure halts the disc at increasingly larger
adius ( r m 

increases) which leads to coupling of accreting matter
o stellar field lines closer to poles. The hotspot is characterized
y two angles: θmin which is given by the last open field line and
max which is given by the field line bordering the deadzone and
ccretion column. We can qualitatively understand the behaviour of
hese angles as follows: (i) θmax depends upon the position of the
nner disc radius. For an ideal aligned dipole the opening angle can
e calculated as θmax = sin −1 ( 

√ 

R � /r m 

). Ho we ver, as the disc enters
he light cylinder, it compresses the closed stellar field lines towards
he neutron star, placing θmax closer to the poles compared to the ideal
ipolar case as discussed in Zanni & Ferreira ( 2009 ). The vertical
ines in Fig. 16 a show the expected θmax for an ideal dipolar field
or different μ. It is roughly twice as far from the pole as the one
btained in our simulations. (ii) The position of the last open field
ine which sets θmin depends on the connectivity of star-disc fields
nd on the ef fecti ve dif fusi vity of the turbulent disc making it dif ficult
o determine this angle from first principles (see 3.3 ). Ho we ver, we
ote that θmin is fairly constant with μ which leads to a decrease in
he column thickness with increasing μ. 

Fig. 16 b represents the hotspot sizes for the quadrupolar cases.
part from Q = 25, all the quadrupolar field strengths considered
ere give rise to channelled accretion with two columns, one at the
quator and other closer to either of the poles depending upon the
elative disc-magnetosphere field orientation (see Fig. 3 ). Increasing
 leads to a narrower and stronger equatorial hotspot along with a
eaker polar hotspot. Similar to the dipolar case, here too the lower

ltitude edge of the polar accretion column θmax is set by the disc
runcation radius (in the Northern hemisphere in the case shown
bo v e). 

As pointed out earlier by Romanova et al. ( 2004 ), we find that the
ize of the hotspots increases with 〈 Ṁ 〉 . One of the common features
n both the dipolar and quadrupolar case is the accretion columns
ecoming thinner with increase in surface stellar magnetic field. 
Fig. 16 c shows the hotspot sizes for quadrudipolar fields with

ifferent quadrupolar strengths where the corresponding dipolar
eld strength is varied such that we end up with the same polar
eld strength as the pure dipole with μ = 30. As we increase μ,

he equatorial spot becomes broader and shifts towards the lower
emisphere. The shift in the location of the equatorial hotspot towards
he lower pole is due to the stellar magnetic field approaching the
ipole configuration (Fig. 5 ). 
NRAS 515, 3144–3161 (2022) 
While the previously discussed profiles resulted from a long-term
verage, in Fig. 17 we illustrate the temporal variation of the hotspot
emperature profiles for the reference case μ = 30. We obtain strong
ariability of the hotspot sizes and temperatures on time-scales as
hort as ∼10 ms. At the same time, the location of the hotspots given
y θmin � 0.3 and θmax � 0.4 stays approximately constant. The
otspot sizes in our simulations reflect the size of the accretion col-
mn near the stellar surface and the fluctuations in the o v erall hotspot
emperature derive from the strong variations in Ṁ . We also observe
nstances with multiple peaked structures in the temperature profiles
esulting from branching of the accretion column mostly occurring at
ower Ṁ . Such an event is also represented for quadrudipoles in Fig. 5
panels c and d). Whether this variability might be detectable is an
nteresting question that needs to be explored by more sophisticated
odels of the emission process that take into account the thermal

esponse time of the surface layers and shock. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

e have performed a suite of axisymmetric GRMHD simulations to
xplore accretion on to stars with multipolar surface magnetic field
onfigurations. The initial stellar field strength and angular frequency
n our simulations are in the range observed in accreting millisecond
ulsars. First, as a reference, we investigated accretion on to stellar
ipoles. We reco v er different accretion states for the dipolar field with
ntiparallel star-disc field configuration depending on μ, similar to
T17 . The magnetospheric radius for the dipolar case in our simula-

ions for r m 

< r co is well described by r m 

= ξr A , with ξ = 0.7. For
tellar quadrupoles, the presence of parallel and antiparallel initial
tar-disc magnetic field configuration in two-hemispheres results in
n asymmetric disc-magnetospheric coupling, and in turn, modifies
he initial stellar field to resemble a quadrudipolar configuration.
or lower field strength, the disc crushes one of the stellar closed
ones leading to a slightly asymmetric boundary layer accretion.
o we ver, for field strengths typically high enough to balance ram
ressure of the disc outside of the star, the accreting materials start
o get channelled along the field forming two accretion columns,
ne at the equator and another closer to the pole. The equatorial
otspot is generally much stronger and less channelled compared to
he polar one and this effect increases with Q . In the mixed cases
ith both dipole and quadrupolar contribution, increasing the dipolar

ontribution shifts the equatorial column towards the pole, making
he inner magnetosphere more symmetric, like the dipolar case. 
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Considering a star with polar field strength 10 8 G corresponding to 
= 30, with the scaling choices mentioned in Section 2.1 , we get an

f fecti ve spin-do wn of ν̇ ≈ 1 . 8 × 10 −15 B 

2 
8 μ

−2 
30 Hz s −1 where B 8 =

 0 , cgs / 10 8 G and μ30 = μ/30. This is well within the range predicted
y the existing torque models, a summary of which can be found in
 arfre y et al. ( 2016 ). It is important to mention that in our simulations,

he disc connected field lines (including the accretion column) al w ays
ake a significant contribution to the total EM torque, being either 

arger or comparable to the wind torque at the stellar surface. This
isc torque component was neglected entirely in the model of P arfre y
t al. ( 2016 ). 

Significant magnetospheric effects at the inner disc regions lead to 
ub-Keplerian discs in our simulations. This results in smaller effec- 
ive corotation radius leading to a net spin-down torque for almost 
ll of the parameters explored here. A further investigation into total 
ngular momentum transport shows that although the mean magnetic 
eld stresses dominate angular momentum transport in both accretion 
olumns and the jet, it drops rapidly beyond the magnetospheric ra-
ius, suggesting a minimal role of the ‘extended disc-magnetosphere’ 
n the net spin-down observed in our simulations. At the magneto- 
pheric radius, Maxwell stresses dominate immediately leading to an 
utward angular momentum transport throughout the disc. The mean 
elocities result in both inward and outward angular momentum 

ransport in the equatorial and wind region. The radial angular 
omentum flux profile show an increasing contribution of the wind 

n outward angular momentum transport with radius. The Reynolds 
tress is smaller than the Maxwell stress by a factor of ∼3 and leads to
n o v erall outward angular momentum transport in the disc. We find
hat a strong (inward) contribution to the total angular momentum 

ransport in the disc comes from the correlation between density and 
adial velocity fluctuations which can be explained by a scenario 
here denser plasma has a stronger tendency to rapid inward motion 

han lighter buoyant gas – as in convection. Ho we ver, whether these
orrelated density-radial velocity fluctuations survive in absence of 
xisymmetry needs further study by means of 3D simulations. 

The spin-down torque decreases due to the presence of non-dipolar 
elds at the stellar surface. We find that for sufficiently low stellar
requency, the net torque at the star varies significantly depending on 
nitial field geometry. At a fixed stellar frequency, more quadrupolar 
ontribution decreases the spin-down EM torque and increases the 
atter torque (which is al w ays spin-up) simultaneously, leading to a

et decrease in the total spin-down torque at the star. The effect of
ifferent stellar field geometry on the torque was previously explored 
y Long et al. ( 2007 , 2008 ), where an increase in quadrupolar
ontribution instead lead to less spin-up torque. The difference in 
ehaviour can be understood as follows: (i) The higher Ṁ considered 
n Long et al. ( 2007 ) results in a spin-up EM torque compared to the
pin-down contribution in our case; (ii) their thin non-magnetized 
isc retains the initial quadrupolar field which leads to only one 
ccretion column through the equator, whereas in our simulations, in 
ase of a pure quadrupole, the disc field reconnects with the initial
tellar geometry to form two accretion columns, one through the 
quator and other closer to the pole. This increases the star-disc
onnectivity in our case, leading to transfer of angular momentum 

o the field at an ef fecti ve magnetospheric radius that results in
 dominant EM spin-down torque. This EM spin-down torque is 
o we ver smaller than in the corresponding dipole case. Thus, when
he quadrupolar contribution is increased (while keeping the polar 
eld strength fixed), we obtain a decrease in spin-down EM torque 
nd an increase in the spin-up matter torque, leading to a net decrease
n total spin-down torque at the star. 
s  
As a possible caveat of our analysis we should mention that the
eparation criterion for the wind zone at the star (see Section 3.3 ) is
ependent on the σ threshold ( σ cut = 1) where increasing σ cut can 
ead to a slight decrease in the wind contribution. We checked that
he open flux corresponding to our measured wind torque agrees with
he jet flux (defined with σ = 1 contour and extracted at r = 50 r g )
o within ≈10 per cent showing that what we denote as ‘wind’ will 
ndeed reach large distances. The wind zone contours on the torque θ
rofiles at the stellar surface (Fig. 7 ), along with the conservation of
pen flux, supports our threshold choice for the disc and wind torque
eparation. 

We find that the presence of the accretion flow significantly 
odifies the open magnetic flux, torque, and jet power compared 

o the case of the isolated pulsar. For the configuration studied
ere, where disc field and stellar field are antiparallel (at their
ntersection), field lines can become connected to the accretion disc 
ia magnetic reconnection. The differential footpoint rotation then 
eads to ballooning of the field lines, which quickly rip apart to
enerate new open magnetic flux. The latter process was described 
n a number of works, for e xample Uzdensk y, K ̈onigl & Litwin
 2002a , b ), Lynden-Bell ( 2003 ), P arfre y et al. ( 2016 ), and Ferreira
t al. ( 2000 ). Our results for the dipolar stellar field are qualitatively
onsistent with the ‘disc-induced flux opening model’ of P arfre y et al.
 2016 ), that is, with reference to the isolated spin-down power L 0 �

2 �4 / c 3 (Gruzinov 2005 ), the enhanced power due to disc induced
pen flux is determined by P jet = ( ζ r LC / r m 

) 2 L 0 which results in a
arameter dependence ∝ μ6/7 �2 . The best-fitting slope for the spin 
n our simulations is P jet ∝ �1.8 , very near this expectation, and
he scaling with μ is reco v ered when allowing for a range in ζ .

e note that our obtained efficiency parameter 0.3 < ζ < 0.5 is
ower than in the similar study by PT17 who quote 0.5 < ζ < 0.75.

ore importantly, we obtain a different scaling of the jet power
ith spin frequency: PT17 report the steeper dependence P jet ∝ �3.6 

hich is closer to the scaling of the isolated dipole ∝ �4 . Further,
e observe for our high spin and magnetic field simulations that
agnetic flux is in fact closed compared to the isolated pulsar case.
his is theoretically possible since the accretion flow compresses the 
losed zone to within the initial r lc in the isolated regime. In principle,
his behaviour is expected only for ‘parallel’ configurations, which 
oints to a subtle dependence on the initial conditions discussed 
urther below. 

Flux opening in the quadrupole configuration proceeds differently 
o the dipolar case: By simply extending the analysis of the disc
nduced flux opening model to quadrupoles, we obtain an intrinsically 
eaker dependence of the open polar field strength than in the dipole

ase ( ∝ μ6/7 versus ∝ Q 

6/11 ). More importantly, quadrupole stellar
elds give rise to both ‘antiparallel’ and ‘parallel’ regions, depending 
n the hemisphere under consideration. It is hence far from obvious
hether and how flux opening proceeds in the quadrupolar case. Our
umerical experiments demonstrate that flux opening is also efficient 
n case of quadrupoles and turns out to be independent of the strength
f the stellar field, in contrast to the case of stellar dipoles. 
While the upper hemisphere jet emanates from field lines rooted 

n the polar region (‘isolated’ ones plus newly opened up ones),
he lower hemisphere jet is composed of field lines rooted in the
quatorial region. These shield the accretion flow from reaching the 
tar and thus disallow the formation of an accretion column in the
ower hemisphere. This geometry of the open field lines gives rise
o a slight asymmetry ( ∼10 per cent ) in jet power from quadrupole
tellar fields. 

Formation of asymmetric and even one-sided jets from complex 
tellar fields was previously reported by Lo v elace et al. ( 2010 ).
MNRAS 515, 3144–3161 (2022) 
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n their study, a thin viscoresistive accretion disc interacted with
uadrudipolar stellar fields with varying contributions. Most notably,
heir pure dipolar configurations displayed one-sidedness and a cyclic
ip-flop behaviour. None of our simulations exhibit such time-
ependence, which seems to imply that the mechanism is limited
o thin-discs only. When the disc scale height is large, we expect
hat the compression of the stellar field is more homogeneous, which
 v oids the creation of energetically fa v oured upw ard or downw ard
ccretion paths. 

If we scale our fiducial case ( μ = 30, � = 0.03) to polar field
trengths of 10 9 G, we obtain a jet power of � 1 . 7 × 10 35 erg s −1 ,
ufficient to explain the inferred radio jet power from the neutron star
-ray binaries Cir X-1 and Sco X-1 of > 10 35 erg s −1 (Fender et al.
004 ). Importantly, we find that the case with quadrupolar stellar
elds of the same polar field strength ( Q � 83) emits a comparable
mount of power. In both cases, the required accretion luminosity
tays below the Eddington limit with L Acc /L Edd � 5 per cent . Al-
owing our model to accrete at the Eddington limit (as expected for
co X-1, Bradsha w, F omalont & Geldzahler 1999 ) and using the
caling of the jet power ∝ �2 , the power limit > 10 35 erg s −1 can be
et for spin frequencies < 7 ms. 
Recently, radio jets have also been detected from strongly
agnetized ( > 10 12 G) neutron stars with periods abo v e sev eral

econds (van den Eijnden et al. 2018 , 2021 ). Ho we ver, with merely
10 28 erg s −1 their typical 6 GHz radio power is substantially

ower than the inferred jet power of Sco X-1. In the case of Swift
0243.6 + 6124 (hereafter SW J0243), the spin period is close to 10 s
nd a magnetic field strength of approximately 10 13 G was inferred
rom modelling of the spin-up torque (Doroshenk o, Tsygank ov &
antangelo 2018 ). The X-ray luminosity places the source at or abo v e

he Eddington limit (van den Eijnden et al. 2018 ). Assuming that the
caling for the jet power in the dipolar case obtained in Section 3.4
lso holds at the Eddington limit, we can write in convenient units 

 jet � 9 . 7 × 10 32 

(
B 0 , cgs 

10 12 G 

)6 / 7 (
P 

1s 

)−2 

erg s −1 (19) 

hich yields �7 × 10 31 erg s −1 for the parameters of SW J0243.
hus the radio power can easily be explained by our model and

equires only a small radiative efficiency ∼10 −4 . 
Since the dependence of the jet power on the surface field is much

eaker for stellar quadrupoles (while they share the same P 

−2 period
ependence), it is interesting to ask whether such field topologies can
e ruled out by underpredicting the radio power of objects like SW
0243. This is ho we ver not the case: Even if we assume the jet
ower is independent of the surface field strength, scaled to SW
0243, the jet power from the quadrupole stellar field case still yields
 8 . 4 × 10 28 erg s −1 . If we adopt the Q 

6/11 dependence instead, the
ower falls just an order of magnitude short of the dipolar scaling,
hus still allowing enough room for the radio emission. 

One striking difference of our results compared to PT17 is that
lthough we consider the antiparallel case, our simulations do not
niformly open up stellar magnetic flux, but the cases with μ > 30
ead to more closed flux compared to the case of the isolated pulsar
see e.g. panel b of Fig. 14 ). This can also be seen in Fig. 1 where
he flux contour of the isolated case is buried under additional closed
eld lines. The reason for this extra closed flux can be understood
hen inspecting the initial transient phase of the simulations: As the

tellar rotation is switched on, an Alfv ́en wave sweeps through the
omain which pushes the magnetic flux initially located between the
ight cylinder and the torus towards the torus edge. These trapped
eld lines being parallel to the stellar closed zone field represent
NRAS 515, 3144–3161 (2022) 
xcess flux that can close through the Y-point when the deadzone
s pushed by the accretion flow within the light cylinder. As the
trength of the stellar field is increased, also the contribution of the
excess flux’ increases. The initial excess flux is negligible in the
ase of stellar quadrupole fields as these have vanishing meridional
elds at the equator. Correspondingly, we al w ays reco v er significant
ux opening in the quadrupolar cases. In the set-up of PT17 , we
xpect that this effect is diminished as the initial stellar dipole field
s modified to ‘loop around’ the torus. 

This somewhat subtle issue points out the dependence of the
imulation on the initial conditions. It has already been demonstrated
y PT17 that parallel and antiparallel configurations yield vastly
ifferent results, with the parallel cases leading to a suppression
f the stellar jet. The variant described here indicates once more
hat the amount of open flux and whether or not a jet will be
ormed in the accreting system depends on the initial conditions
or accretion history) of the object. In the field of black hole
ccretion simulations, the dependence on the initial magnetic field
onfiguration in the accretion flow has been known for some time
see Komissarov & Porth 2021 , and references therein) and the
eneration and transport of large-scale magnetic fields is an important
pen question. Unsurprisingly, it seems that simulations of accreting
eutron stars are no different. 
How accretion is channelled on to the star’s surface determines

hether or not it will be detectable as an X-ray pulsar. Our
imulations show that where hotspots would form, and their size
nd temperature distribution, depends strongly on magnetic field
onfiguration. For quadrupolar and quadrudipolar configurations,
here are pronounced differences in the flows impacting the two
ifferent hemispheres: Observer inclination would then be even more
mportant in determining whether the detected emission is pulsed. We
lso find high levels of variability in the channelled accretion flows,
omething that may contribute to the high frequency variability and
iming noise in X-ray emission from accreting neutron stars (see
.g. Hartman et al. 2008 ; Bachetti et al. 2010 ; M ́endez & Belloni
021 ; Patruno & Watts 2021 ). There are also implications for future
ttempts to do pulse profile modelling to measure mass and radius
f accreting neutron stars. Pulse profile modelling uses physically
oti v ated models for the generation of the pulsed emission. Pulse

rofiles (detected counts, resolved in rotational phase and energy) are
uilt up o v er man y rotational cycles, in order to obtain sufficient num-
ers of photons for the analysis. If the underlying pulse generation
rocess is highly variable, we will need to verify whether this affects
ur ability to reco v er model parameters successfully. Ho we ver, a
ull assessment of the degree of variability in pulse generation will
equire 3D simulations of oblique rotators and better models of the
mission process. 

Nev ertheless, we e xpect that certain characteristics of the ax-
symmetric simulations will carry o v er to the 3D case and thus be
nformative for pulse profile modelling. For example, the hotspot
arameter θmax is set by the magnetospheric radius, which is expected
o hold also in the oblique case. The inner edge of the hotspot θmin 

n the other hand is set by the turbulent (radial) magnetic dif fusi vity
hich might change in 3D. A 3D (aligned) case for comparison
ill be useful to e v aluate the robustness of the θmin prediction.

n our prescription, the temperature is set by the mass accretion
ate which is determined by the disc beyond the magnetospheric
adius. Thus, the temperature magnitude should be fairly robust
gainst orientation of the stellar magnetic field. Thus, the temperature
rofiles obtained here can already serve as a first order approximation
valid for small obliqueness) for the emission around the magnetic
oles where the azimuthal structure (e.g. ring-, crescent-, or stripe-
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ike, see Romanova et al. 2004 ) is negligible. Likewise, since the
ccretion variability is set by the dynamical time-scales in the disc, 
e also expect qualitatively similar aperiodic variability properties 

n 3D. 
This axisymmetric GRMHD study of accreting neutron stars 

as shown that magnetic field geometries more complex than a 
ipole can have major effects on channelling of accretion flows. 
ur next step will be to extend this study to 3D, where it will be

nteresting to see whether the same features that we have observed 
n 2D persist in the higher dimensional problem. We also need to
onsider disc thickness in more detail. The thick disc simulations 
resented here should be appropriate for the low-luminosity hard- 
tate or the super-Eddington regime, as argued in PT17 and Parfrey 
t al. ( 2017 ). At the low-accretion rate end this would co v er some
f the accretion rates observed for the AMPs, which typically 
ccrete at less than 10 per cent of the Eddington rate (Patruno &
atts 2021 ). Ho we v er man y accreting neutron stars, including those
ith thermonuclear b ursts b ut without detected accretion-powered 
ulsations, have intermediate accretion rates (Galloway et al. 2020 ). 
odelling this accretion rate regime will require the investigation of 

hin accretion discs, which we also plan to do in a follow-up study. 
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Figure A1. Mass accretion rate for stellar dipoles and quadrupoles rotating 
at � = 0.03. (a) μ = 30, channelled regime (dipole), (b) μ = 160, propeller 
regime (dipole), (c) Q = 70 (quadrupole), and (d) Q = 250 (quadrupole). 
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Figure B1. Quadrupolar jet asymmetry as a function of surface polar 
magnetic field strength averaged over t ∈ [10 000, 30 000] r g /c. The vertical 
bars show the standard deviation o v er the averaging interval. 
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PPENDIX  A :  VARIABILITY  O F  T H E  MASS  

C C R E T I O N  R AT E  

ig. A1 shows the mass accretion rate in logarithmic scale for stellar
ipoles and quadrupoles for a few selected cases with � = 0.03 and
ifferent magnetic field strengths. The first panel a in Fig. A1 is our
ducial channelled case with persistent columns. The second panel
 shows the episodic behaviour in the propeller regime with some
ccretion streams occasionally falling into the star. The quadrupolar
ase c is also in the channelled regime and shows weaker variability
han the μ = 30 dipole (also quantified by variability indices c v =
.8605 versus c v = 1.4765, cf. Table 1 ). Finally, the largest shown
uadrupolar case d also occasionally enters into the propeller regime
esulting in large drops in mass accretion ration. Common to all our
odels is that the variability increases with increasing magnetization

e.g. larger magnetospheric radii). 
NRAS 515, 3144–3161 (2022) 
PPENDI X  B:  ASYMMETRY  O F  T H E  

UA D RU P O L A R  JETS  

he asymmetry parameter is defined as 

 jet, asymm 

= 

P jet, north − P jet, south 

P jet, north + P jet, south 
(B1) 

ith P jet, north and P jet, south being the power in the upper and lower
emisphere, respectively. Hence P jet, asymm 

= −1, ( + 1) corresponds
o a jet purely in the southern (northern) hemisphere and P jet, asymm 

=
 is the symmetric case. Fig. B1 shows the resulting asymmetry from
ur quadrupolar cases. It is worth pointing out that jet asymmetry
oes not vanish even near the boundary layer regime ( Q = 25)
nd is only mildly dependent on the magnetization (i.e. we have
 jet, asymm 

= 0.08–0.15 essentially from the boundary layer to the
ropeller regime). 
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PPENDIX  C :  V E C TO R  POTENTIALS  A N D  

A D I A L  MAGNETIC  FIELDS  

he dipolar , quadrupolar , and quadrudipolar vector potentials are 
iven as follows: 

 

dipole 
φ = 

−3 μ sin 2 θ

2 M 

[
x 2 log 

(
1 − 1 

x 

)
+ x + 

1 

2 

]
(C1) 

 

quadrupole 
φ = 

5 Q sin 2 θ cos θ

M 

2 

[
(3 − 4 x ) x 2 log 

(
x − 1 

x 

)

+ (1 − 4 x) x + 

1 

6 

]
(C2) 

 

quadrudipole 
φ = A 

dipole 
φ + A 

quadrupole 
φ , (C3) 

here x = r /2 M and μ and Q are the dipolar and quadrupolar moment,
espectively. The radial polar magnetic field strength at the stellar 
urface is given by 

 

r ( R � , 0) dipole = 0 . 036 μ (C4) 

 

r ( R � , 0) quadrupole = 0 . 013 Q. (C5) 

PPENDIX  D :  T E M P O R A L  E VO L U T I O N  O F  

PEN  A N D  CLOSED  FLUX  

ig. D1 shows the evolution of open and closed flux for dipolar case
ith different surface polar field strength. For lower surface field 

trength, similar to PT17 , the disc opens up initial closed stellar field
ines leading to an increase in net open flux as shown in Fig. 14 .
his was also observed in case of protostellar disc–magnetosphere 
igure D1. Fraction of closed (upper panel) and open flux (lower panel) as
 function of time for μ = 30 and μ = 160. 

nteraction resulting in strong winds (Ferreira et al. 2000 ). For
igher dipolar strength, the disc closes the initial open stellar flux
nd leads to a decrease and increase in open and closed flux, 
espectively. 
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