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1 Introduction

The beginning of the Universe and its early evolution cannot be directly observed,
nor can it be repeated as a controlled experiment. The fundamental observables of
cosmology are spatial correlations measured in late-time cosmological structures.
Cosmologists need to reconstruct the history of the Universe in a way that explains
these correlations and accounts for their properties. Currently, there is extensive
knowledge about the latest evolutionary stages of the cosmic history, which allows
us to trace the correlations back to the very early universe. The study of cosmo-
logical correlators opens then a window of opportunity for one the most exciting
challenges of modern science—understanding the physics of this primordial epoch.

An intriguing fact about the late-time cosmological structures is that they display
correlations over distances that in the conventional hot Big Bang theory would
never have been in causal contact. The most popular solution for this paradox is
inflation—a period of violent accelerated expansion of space sourced by a nearly
constant energy density [5–7]. This period eventually ended in a so-called reheating
stage in which the Universe thermalised, and the conventional hot Big Bang phase
started. Inflation not only explains the large-scale correlations, it also justifies
the existence of structure itself—according to this paradigm, cosmological inho-
mogeneities have their origin in the perturbations created during inflation [8–12].
The quantum mechanical fluctuations of the inflationary energy density increased
or reduced the local rate of expansion at different points in space, resulting in
inflation lasting slightly longer or shorter. This, in turn, implied differences in the
local density after reheating, which seeded the subsequent formation of stars and
galaxies. The correlations between these late-time structures can then be related
back to correlations of the inflationary perturbations at the time of reheating,
as shown schematically in Figure 1.1. These primordial correlations are the key
observational output of inflation.

An important consequence derived from the previous discussion is that we cannot
directly observe the inflationary evolution; we do not have access to correlations
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1. Introduction

Inflation Reheating CMB LSS

time

Figure 1.1: The correlations (red) in late-time observables like the distribution of large-
scale structure (LSS) or the anisotropies of the cosmic microwave background (CMB)
can be traced back in time to correlations on the reheating surface. These primordial
correlations are the fundamental observational output of inflation.

at arbitrary times during inflation, but can only measure the final correlations on
the future boundary of the inflationary spacetime (or equivalently on the initial
surface of the hot Big Bang). The particle content and dynamics of inflation are
encoded in the analytic structure of these primordial correlations, since they are
the final result of the inflationary evolution. Said differently, we can only observe
a frozen picture of the cosmological correlations in which the time evolution has
been integrated out. The information about this evolution determines the form of
the correlation functions, so we observe, in a way, “time without time”.

It is hard to overemphasize the importance that the study of the very early uni-
verse has for modern physics. The observables of interest are quantum correlation
functions on a dynamical spacetime, so by measuring them in cosmological surveys
we are probing, in principle, the perturbative regime of quantum gravity. Addi-
tionally, inflation was an extremely energetic process—its characteristic energy
scale might have been as high as 1014 GeV. Any particle with a mass below the
inflationary scale would have been pair-produced during the expansion, drawing
energy from the background. It would have then decayed into lighter fields like the
inflaton (the scalar degree of freedom whose energy density causes the expansion),
leaving a characteristic trace on the primordial correlators that might be detected
in future observations (see Figure 1.2). In such a way, inflation acts as a gigantic
“cosmological collider” [13], offering the possibility to probe energies far beyond
the reach of any terrestrial experiment.

2



particle creation

particle
decay

time

Figure 1.2: Illustration of particle creation and decay producing correlations on the
future boundary of the inflationary spacetime. Different shapes of the quadrilateral
(corresponding to different momentum configurations) probe bulk physical processes at
different times. The momentum dependence of the boundary correlators then encodes
information about the bulk time evolution.

Currently, the most important sources of experimental data for early universe
cosmology are maps of the anisotropies of the cosmic microwave background
(CMB) [14, 15] and of the large-scale structure (LSS) [16]. The observed cor-
relations are compatible with very weakly coupled dynamics during inflation. We
know this because they are consistent with the fluctuations being drawn from
a Gaussian probability distribution, a type of distribution which is completely
characterized by the two-point function. This poses a problem, because the in-
formation about the detailed physics of inflation is mostly contained in nontrivial
higher-point functions (or the non-Gaussianity of the initial probability distribu-
tion). Since these signals are expected to be very small, the only way that they can
be extracted from the noisy data is if they are very accurately predicted. The task
is then to generate theoretically well-motivated templates that can be searched for
in current and future experiments.

The traditional method to compute primordial correlators consists in assuming
a particular set of fields and interactions and following their time evolution up
until the end of inflation [17–20]. This strategy involves nested time integrals of
complicated—often non-elementary—functions, in such a way that the calculations
quickly become intractable as the number and complexity of the fields grow. Even
the simplest scalar four-point function coming from exchange of a massive scalar
field is too hard to calculate. However, a good number of correlators have been
computed this way and, interestingly, the final answers are often much simpler than
suggested by the convoluted intermediate steps [20–33]. This is indicative that

3



1. Introduction

there could be an alternative approach to obtaining these objects. Moreover, given
that we only have observational access to the time slice at reheating, modelling the
inflationary time evolution explicitly might be unnecessary and, instead, it should
be possible to understand cosmological correlators directly at the boundary where
they reside. This is precisely the spirit of the cosmological bootstrap [13, 34–68],
the subject of this thesis.

The bootstrap philosophy has been extensively and successfully applied to the
study of scattering amplitudes [69–71] and conformal field theories (CFTs) [72–74].
The traditional Lagrangian methods make symmetries and locality manifest, but
introduce some artefacts—like Feynman diagrams or gauge redundancies—which
overcomplicate the intermediate steps and do not carry a lot of physical meaning.
In essence, the bootstrap bypasses these issues by using consistency requirements—
locality, unitarity, causality, and symmetries—to reconstruct the observable out-
puts directly. The strategy is to ask what observables are compatible with these
physical principles; in many cases, this is enough as to completely fix—or boot-
strap—the answer. The bootstrap approach has both practical and conceptual
advantages. On the practical side, it allows to perform calculations that would
otherwise require unaffordable amounts of computational power. Moreover, it is
model-insensitive, in the sense that it does not rely on assuming a specific La-
grangian. This aspect is particularly useful in the cosmological context, given the
great number of inflationary models that are compatible with the current data.
The bootstrap is more conservative and, instead of modelling the physics of infla-
tion in detail, relies in just a handful of robust physical principles. Conceptually,
it deepens the connection between these physical principles and observables, and
improves our understanding of how the latter are determined by the former.

Most of the inspiration for applying this philosophy to cosmological correlators
comes from the S-matrix bootstrap [69–71]. In this framework, the analytic struc-
ture of scattering amplitudes is determined by causality, locality, unitarity, and
Lorentz symmetry—these principles dictate the singularities and branch cuts that
can appear, as well as their associated residues and discontinuities. From the
bootstrap perspective, this information is an input rather than an output of the
computation; the goal is then to connect these known singular points to obtain
the scattering amplitude of interest at generic values of the momenta.

Our understanding in the case of cosmological correlators is more primitive—only
at tree level do we have a good idea about the locations and residues of singular
points [46, 75, 76]. Besides, the precise rules that boundary correlators have to
satisfy if they come from consistent time evolution are only partially understood.
Luckily, there is still a lot that can be learned in this context, with two main courses
of action available. One is to assume a high degree of symmetry—in particular,
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the inflationary background can be approximated as a de Sitter spacetime, which
has the largest possible number of symmetries. If the inflationary interactions
don’t strongly break these symmetries, then their correlations are constrained by
them. This provides a lot of computational leverage, but the strength of the
resulting non-Gaussian signals is generically suppressed [77]. The other possibility
is to work with symmetry-breaking interactions, which allows for observationally
relevant signals. The loss of symmetry can be compensated with some extra input
in the form of, for example, locality and unitarity constraints.

Despite being of less immediate relevance for phenomenology, the bootstrap in ex-
act de Sitter can provide many conceptual insights. Understanding the structure
of correlators in de Sitter space—and expanding cosmologies in general—might
shed some light on, for example, the problem of infrared divergences of loop di-
agrams [78–92]. Besides, the bootstrap can help in constraining the space of
consistent theories in de Sitter; the development of non-perturbative bootstrap
tools [61, 62] could allow us to classify the possible inflationary models in a fully
quantum de Sitter setup. It would be interesting to study, for instance, whether
an inflationary model in quantum gravity can be “single field,” or other degrees of
freedom must necessarily be present. Finally, a deeper understanding of the rela-
tion between bulk physics and boundary observables will be essential to discover
a possible holographic correspondence in de Sitter.

On the observational front, the bootstrap approach to cosmological correlators is
equally pertinent. A number of experiments with increasing sensitivity to pri-
mordial non-Gaussianities will take place within the next decade. DESI [93],
SphereX [94], and Euclid [95] will improve the bounds on non-Gaussianity by
mapping the large-scale structure of the Universe with unprecedented resolution.
The Simons Observatory [96], CMB-S4 [97], and LiteBird [98] will also contribute
by observing the CMB, and might open a window into the detection of primor-
dial tensor perturbations. The cosmological bootstrap is an efficient approach to
generate a map between a specific set of inflationary particles and their interac-
tions, on the one hand, and the analytic shapes of the resulting correlators, on
the other hand. It is then a promising way to maximize the discovery potential of
forthcoming experiments.

The above discussion suggests that it is an opportune moment to push forward the
bootstrap program for cosmology. Its development so far has been very fruitful—
over the last few years, it has generated a great deal of new theoretical data and has
renewed the interest of the community in the study of primordial correlators. The
present thesis gives an account of some recent developments on the cosmological
bootstrap, aiming to illuminate the path towards a better understanding of the
Universe’s earliest moments.
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1. Introduction

Outline of the thesis

This thesis is organised as follows. In Chapter 2, we review the basics of the cosmo-
logical bootstrap, pointing out the analogies with the modern S-matrix methods
and introducing the fundamental observable used in this work: the wavefunction
of the universe. This chapter also includes a review of de Sitter spacetime and its
conformal symmetries, and how these fix the form of three- and four-point scalar
correlators.

In Chapter 3, we show how the four-point function of conformally coupled scalars
arising from the exchange of a massive scalar can serve as a building block for more
complicated four-point correlators. The strategy is to import a tool of conformal
field theory, the so-called weight-shifting operators, to the cosmological context.
We use these differential operators to raise the spin of the exchanged field and to
change the mass of the external scalars. This formalism streamlines the process
of generating solutions to the conformal Ward identities.

In Chapter 4, we use the weight-shifting operators to construct correlators of mass-
less vectors and gravitons with conformally coupled scalars. These objects have
to satisfy the conservation equations associated to massless spinning fields. We
find that imposing this condition leads to nontrivial constraints on the couplings
of the theory—in the spin-1 case we find charge conservation and the Yang-Mills
structure, and in the spin-2 case we recover the equivalence principle.

In Chapter 5, we describe how the requirement of unitary time evolution trans-
lates into a set of cutting rules for the boundary correlators. These rules provide
information about their singularities, which in turn can be used to bootstrap cor-
relators via recursion relations that construct them from simpler building blocks.
The combination of unitarity constraints and recursion relations is especially pow-
erful in the case of correlators of massless vectors and gravitons with conformally
coupled scalars, because they are rational functions of the kinematic variables. We
show that, in this case, these tools are an efficient way to fully fix the correlators.

In Chapter 6, we introduce a set of transmutation operations that allow us to
transform flat-space observables into their de Sitter counterparts. In flat space,
the singularity structure of correlators is simpler, so their construction via cutting
rules and recursion is particularly straightforward. This makes it possible to by-
pass the construction of correlators in de Sitter space—one can instead transmute
the simpler flat-space objects. In addition, this makes manifest that the more
complicated singularities in de Sitter capture the same physical information as
those in flat space.

In Chapter 7, we use the above methods to compute some inflationary correla-
tion functions. In some cases, we obtain the inflationary observable by slightly

6



deforming an exact de Sitter answer computed via weight-shifting; in others, we
transmute the inflationary correlator directly from its flat-space equivalent. We
derive several contributions to the scalar and scalar-tensor bispectra, as well as a
couple of trispectra.

We conclude, in Chapter 8, with some final remarks and future directions of re-
search.

The appendices contain some reference material and technical derivations. Ap-
pendix A includes a review of the spinor helicity formalism, both for scattering
amplitudes and for equal-time correlators. In Appendix B, we discuss the polar-
ization structures that appear in correlators with exchange of spinning particles.
In Appendix C, we derive the Ward–Takahashi identities that correlators of gauge
fields must obey. These identities are easily checked by using the special confor-
mal generator written in spinor helicity variables, which is studied in Appendix D.
Appendix E contains the derivation of some Compton scattering amplitudes and
correlators that are relevant for the main text. In Appendix F, we review the
unitarity cutting rules for the wavefunction, and Appendix G presents some prac-
tical details about the recursion relations of wavefunction coefficients. Finally,
Appendix H collects the most important variables used in the thesis.

Notation and conventions
We use the mostly plus metric signature (− + ++) and natural units ℏ = c = 1.
Letters D and d denote the number of spacetime and spatial dimensions respec-
tively. We often specialize to d = 3, corresponding to the case most relevant for
our universe. We use lower case Greek letters for spacetime indices, µ = 0, 1, . . . , d,
and Latin letters i = 1, . . . , d for spatial indices. In embedding space, we use upper
case Greek letters to denote spacetime indices, M = 0, 1, . . . , d+ 1. Physical time
is t and conformal time is η.

Spatial vectors are denoted by x⃗ and their components by xi. All momenta in-
volved in correlation functions are incoming. They are denoted k⃗, the correspond-
ing magnitude is k ≡ |⃗k|, and unit vectors are written k̂ ≡ k⃗/k. Our convention
for the d-dimensional Fourier transform is

O(x⃗) =
∫ ddk

(2π)d
eik⃗·x⃗ Ok⃗ .

We use Latin letters from the beginning of the alphabet to label the momenta of
the different legs of a correlation function, i.e. k⃗a is the momentum of the a-th
leg, with ka its magnitude. The sum of two momentum magnitudes ka and kb is
often written kab ≡ ka + kb. Three-dimensional polarization vectors are denoted
by ξ⃗.

7



1. Introduction

Momentum space correlation functions take the form

⟨Ok⃗1
· · ·Ok⃗n

⟩ = (2π)d δ(k⃗1 + · · · + k⃗n) ⟨Ok⃗1
· · ·Ok⃗n

⟩′ .

To avoid notational clutter, we will usually drop the primes on the “stripped
correlators.” We will typically also drop the momentum labels on the operators
Ok⃗n

and let the order of appearance inside correlation functions indicate their
momentum dependence, e.g. ⟨JOO⟩ ≡ ⟨Jk⃗1

Ok⃗2
Ok⃗3

⟩.

In four-point tree-level exchange, there are three possible channels, labelled s, t,
and u. We define them as the following permutations of the external fields,

s-channel t-channel u-channel
1234 1432 1324 .

Any variable or polarization structure with a t or u label can be obtained from
the corresponding s-channel definition by the above permutations.

We will use the following conventions for flat-space scattering amplitudes. All
four-momenta pµ are ingoing. Polarization vectors will be denoted by ϵµ. The
Mandelstam variables are S ≡ −(p1 +p2)2, T ≡ −(p1 +p4)2, and U ≡ −(p1 +p3)2.
We capitalize the Mandelstam variables to avoid confusion with s ≡ |⃗k1 + k⃗2|,
t ≡ |⃗k1 + k⃗4|, and u ≡ |⃗k1 + k⃗3|, which we employ for the exchange momenta in
cosmological correlators.
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2 The Cosmological Bootstrap

The bootstrap approach attempts to infer as much information about observables
as possible from just a few basic principles. Its application entailed a revolution in
the understanding of scattering amplitudes and conformal correlation functions.
Our goal is to import this point of view to the cosmological arena, that is, to
develop a cosmological bootstrap.

In this chapter, we begin by explaining the generic philosophy of the bootstrap
method in Section 2.1, illustrating it with examples from the S-matrix context. We
then turn to the specifics of cosmology, introducing in Section 2.2 the boundary
object that we are interested in computing—the wavefunction of the universe. In
Section 2.3, we review the basics of de Sitter spacetime and how its symmetries
constrain the form of the wavefunction. Finally, in Section 2.4, we show how the
symmetry constraints can be solved to obtain the simplest wavefunction coeffi-
cients of scalar fields in de Sitter. These will, in turn, serve as the seeds of more
complicated wavefunction coefficients in Chapters 3 and 4.

2.1 The Bootstrap Philosophy
The traditional perturbative methods to compute physical observables start from
a set of fundamental principles such as symmetry, causality, locality, and unitarity,
construct an action which is compatible with them, solve the equations of motion,
and finally sum over all possible ways in which a process could have happened
in order to obtain the result. Simply stated, the bootstrap method is an alter-
native that consists in studying observables using the first principles directly as
consistency requirements. This is shown schematically in Figure 2.1.

As a conceptual starting point, the bootstrap tries to answer the following question:
if we are handed an observable (for example, a scattering amplitude or a correlator)
how can we know whether it comes from a theory that respects causality, locality,
and unitarity? Which properties of the answer tell us that it comes from consistent

9



2. The Cosmological Bootstrap

Principles

Causality, unitarity,
locality, symmetries, . . .

=⇒
Lagrangian

Equations of motion,
Feynman diagrams, . . .

=⇒ Observables

Bootstrap

Figure 2.1: The traditional path to compute observables (black arrows) consists in
constructing a Lagrangian compatible with the assumed physical principles and solving
its equations of motion. The bootstrap approach (red arrow) attempts to fix the form of
the observables directly from these principles.

time evolution? The first step of a bootstrap program is then to find out how
causality, locality, and unitarity are encoded in the mathematical structure of the
observables. When this is known, one can construct an ansatz and require it to
be compatible with those principles in order to constrain—or even fix—the space
of possible answers.

In order to illustrate this, we now present some basic aspects of the bootstrap
method applied to scattering amplitudes. After that, we discuss the general strat-
egy for bootstrapping cosmological correlators.

2.1.1 An S-Matrix Inspiration

In the textbook approach to perturbative S-matrix computations, a number of
Feynman diagrams must be added in order to obtain a physical scattering ampli-
tude. These individual terms do not have a physical meaning by themselves, just
like the gauge degrees of freedom that appear when massless spinning fields are
present, and that must decouple at the end of the calculation. Additionally, field
redefinition invariance implies that an infinite number of different Lagrangians and
their corresponding Feynman diagrams map to the same S-matrix, with the dis-
advantage that a poor choice of field basis could obscure important structures of
the theory. Fortunately, scattering amplitudes are much simpler than one would
expect from the sum of individual diagrams and the different redundant descrip-
tions. This suggests that the answer might be computable directly from first
principles, in the manner of the bootstrap. This is indeed the case and in a great
variety of examples symmetry, locality, and unitarity fix the functional form of the
S-matrix [69,70,99].

Consider the tree-level scattering of four identical scalars of mass m2. Firstly,
Lorentz symmetry implies that the amplitude must be a function of the Man-
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2.1. The Bootstrap Philosophy

delstam invariants S ≡ −(p1 + p2)2, T ≡ −(p1 + p4)2, and U ≡ −(p1 + p3)2,
which satisfy S + T + U = 4m2 by virtue of momentum conservation. Secondly,
locality dictates that tree-level amplitudes can have at most simple poles (and not
higher-order poles or branch cuts) at locations where an exchanged particle goes
on-shell.1 In the s-channel, for example, this corresponds to S → M2 where M is
the mass of the exchanged particle. Finally, by unitarity, the residue of that pole
must be

A4(S, T, U) −−−−−−→
S→M2

1
S −M2

∑
h

A−h
3 (p1, p2,−pI) ×Ah

3 (pI , p3, p4) , (2.1)

where pI ≡ p1 + p2 is the four-momentum of the exchanged state and we have
summed over its helicities h. This means that, in the singular limit, the am-
plitude factorizes into the on-shell three-point amplitudes corresponding to each
vertex. These three-point amplitudes are completely fixed by symmetries—when
the exchanged particle has spin ℓ, we have

Ah
3 (p1, p2, p3) = g (p1 − p2)µ1 · · · (p1 − p2)µℓ ϵhµ1...µℓ

, (2.2)

with g a coupling constant and ϵhµ1...µℓ
≡ ϵhµ1

· · · ϵhµℓ
the polarization tensor of the

spinning field. This allows us to compute the residue in (2.1) and implies the
following final form for the four-point amplitude,

A4(S, T, U) = g2 (4m2 −M2)ℓ

S −M2 Pℓ

(
1 + 2T

M2 − 4m2

)
+ t- and u-channels + analytic ,

(2.3)

where Pℓ is the Legendre polynomial. The analytic part is a polynomial in the
Mandelstam variables and corresponds to the tower of possible contact interactions
coming from integrating out massive degrees of freedom.

The benefits of a bootstrap approach are even clearer in the case of theories with
massless particles. The drop in the number of degrees of freedom of massless fields
with respect to their massive counterparts is associated with redundancies in their
mathematical description—for example, photons and gravitons are traditionally
written using the four-vector Aµ and the rank-2 tensor hµν , respectively, which
contain more degrees of freedom than needed. This is done in order to keep
Lorentz invariance and locality manifest, but the price to pay is an unphysical
redundancy. In terms of the kinematics, this redundancy is manifest by the fact

1Beyond tree level, scattering amplitudes have branch cuts, which signal the generation of
virtual particles in loops. At one loop, their analytic structure is fully understood, but the
knowledge is only partial at higher loops.
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2. The Cosmological Bootstrap

that the polarization vectors ϵµ of massless spinning particles of momentum pµ

come in equivalence classes under the identification

ϵµ ∼ ϵµ + αpµ . (2.4)

Said differently, ϵµ is not a Lorentz vector by itself, only the above equivalence
class is.

At this point, it is relevant to ask if a different, totally on-shell description is
possible. This can in fact be achieved by repackaging the external kinematic
information in terms of spinor helicity variables [100–103]. In these variables, that
we present with more detail in Appendix A, momenta are decomposed into spinor
representations of SL(2,C) as follows

λαλ̃α̇ = pµσ
µ
αα̇ =

(
p0 + p3 p1 − ip2
p1 + ip2 p0 − p3

)
, (2.5)

with σµ = (1, σ⃗) a four-vector of Pauli matrices. The power of these variables is
that they linearly realize Lorentz and little group symmetries, so they make man-
ifest the correct kinematic properties of scattering amplitudes. More concretely,
amplitudes must be Lorentz invariant, so they can only depend on contractions of
the spinors λ and λ̃. The natural pairings are

⟨ab⟩ ≡ λa
αλ

b
β ϵ

αβ , and [ab] ≡ λ̃a
α̇λ̃

b
β̇
ϵα̇β̇ , (2.6)

with ϵ the Levi-Civita symbol. As for the little group transformations, the spinor
helicity variables transform under them as

λa → raλa , and λ̃a → r−1
a λ̃a , (2.7)

with ra a complex constant, and amplitudes are little group covariant with weight
determined by the helicities ha of the external particles,

A(1h1 · · ·nhn) →

(∏
a

r−2ha
a

)
A(1h1 · · ·nhn) . (2.8)

Scattering amplitudes are simplest when written in terms of spinor helicity vari-
ables. But more importantly, the fact that they can only depend on ⟨ab⟩ and
[ab] subject to (2.8) completely dictates their structure in many cases. In Sec-
tion A.1, we review how all three-point amplitudes of massless fields of any spin
are fixed by the above conditions. We also show that adding the factorization
condition (2.1) fixes tree-level four-point amplitudes as well. These requirements
are very restrictive; the only consistent amplitudes for massless spin-1 and -2 fields
are those coming from Yang–Mills theory and general relativity, respectively, and
interacting theories for spin greater than 2 are ruled out [104,105].
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2.1. The Bootstrap Philosophy

An emblematic example of the huge reduction in complexity that spinor helicity
variables can achieve is given by the Parke–Taylor formula [106]. It expresses the
tree-level scattering amplitude of n gluons in the “maximally helicity violating”
configuration, with two negative and n− 2 positive helicities, as

A(1+ · · · a− · · · b− · · ·n+) = ⟨ab⟩4

⟨12⟩⟨23⟩ · · · ⟨n1⟩
. (2.9)

The traditional computation of the corresponding five-gluon amplitude involves
adding up 25 Feynman diagrams, with all their vertex integrals; for six gluons, the
number raises to 220 [107]. The complexity of the calculation keeps growing with
the number of external legs, but the answer is always as simple as (2.9). In the
case of all equal helicities and all equal helicities but one, the Feynman diagram
expansion is similarly complicated. But after an enormous amount of algebra, the
answer turns out to vanish,

A(1+ · · ·n+) = A(1+ · · · a− · · ·n+) = 0 . (2.10)

This fact, which is completely unforeseen in the traditional approach, can be
proven without doing a single calculation by using consistency of the spinor helicity
expression [69].

2.1.2 The Approach in Cosmology

It is reasonable to think that a similar bootstrap philosophy can be applied to
cosmological correlators and that, just like for amplitudes, the strategy strongly
relies on our knowledge of the analytic properties of the answers. Although our un-
derstanding is comparatively more primitive than for the S-matrix, there is some
degree of control over the singularity structure of tree-level correlators [46,75,76].2
The main results are fairly simple to state: correlation functions have singularities
whenever the “energies” (absolute values of the momenta) flowing into the corre-
sponding graph or any of its subgraphs add up to zero. Notice that the sum of
energies entering any graph or subgraph would be zero if we were working with
the S-matrix, due to four-momentum conservation. However, correlators are com-
puted on a particular time slice and therefore break time translation symmetry.
Consequently, they are not subject to energy conservation. Importantly, the sin-
gular points cannot be probed by physical processes—since some of the energies
have to be negative, they can only be accessed by analytic continuation of the

2In the case of correlators, branch cuts can appear already at tree level, so the analytic
structure is comparatively more intricate than for scattering amplitudes. Very little is known
about loop correlators, but their integrands (before integrating over the loop momenta) have the
same types of singularities as tree level correlators.
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2. The Cosmological Bootstrap

Analytic continuation Physical region

EnEp
L

s

k1 + k2

k1

k2

s

Figure 2.2: A one-dimensional slice through a four-point correlation function. Sin-
gularities in the unphysical region (where some of the energies have been analytically
continued to negative values) determine the form of the correlator in the physical region.

kinematic variables.3

Remarkably, the presence of these singularities governs much of the structure of
correlation functions, and their residues are determined in terms of scattering
amplitudes and lower-point correlators. Hence, the loci in momentum space at
which cosmological correlators become singular act as anchor points from which
we can try to extend them to general kinematics (see Figure 2.2). By requiring
the observables to be consistent with symmetries, locality, and unitarity, we obtain
the additional information needed to carry out that extension.

Symmetry is a central element of the bootstrap toolkit. In the case of inflationary
cosmology, one can approximate the expanding universe by a de Sitter solution,
and assume that the correlation functions of interest lie on the asymptotic future
boundary of that spacetime. The isometries of de Sitter become conformal trans-
formations on the boundary, which implies that the correlators need to satisfy the
associated conformal Ward identities. The cosmological bootstrap program took
off using this highly symmetric arrangement, obtaining the four-point function of
conformally coupled scalars exchanging a generic massive particle in de Sitter by
solving the conformal boundary constraints [47].

The de Sitter symmetries are a powerful bootstrap tool, but inflationary corre-
lators are not always fully de Sitter invariant. Scale transformations—related to
de Sitter dilatations—are slightly broken by the measured scalar two-point func-
tion [15], and no sign of invariance under de Sitter boosts has been observed. In

3Notice that, in the case of scattering amplitudes, the outgoing particles have negative en-
ergies, which allows energy conservation for physical kinematics. In correlators, however, all
external energies are positive (at least for Bunch-Davies initial conditions).
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2.2. Wavefunction of the Universe

slow-roll inflation the symmetry breaking can be treated perturbatively, and the
relevant three-point correlators can be obtained from a small deformation of exact
de Sitter four-point functions [22, 43]. This is not enough if we want to consider
inflationary interactions that break boosts by a large amount. This case, which
is phenomenologically interesting because it can generate stronger signals in the
data [77], requires different bootstrap techniques that do not rely on the full set
of de Sitter symmetries.

Some alternatives to imposing de Sitter symmetries are the use of unitarity, lo-
cality, and soft theorems. Correlators that come from unitary evolution in the
bulk spacetime must obey some constraints formulated in terms of a cosmological
optical theorem [51, 52]. Furthermore, if the interactions in a diagram correspond
to manifestly local vertices in the action, the associated correlator satisfies a sim-
ple mathematical relation called the manifestly local test [55]. It is remarkable
that these requirements are enough to fix the form of all tree-level three-point and
contact four-point functions of scalar perturbations [53,59], as well as a large class
of four-point functions coming from exchange [55], and scale-invariant three-point
functions of tensor perturbations [64].

There exist other approaches that will not be studied in this thesis but are part of
the new perspective on cosmological correlators. One is to utilize a Mellin-Barnes
space representation of de Sitter correlation functions [48,49], which greatly simpli-
fies the integrals over conformal time making complicated bulk calculations much
more tractable. This representation makes some analytic properties of correlators
manifest and provides a unifying link to their anti-de Sitter counterparts [54, 63].
Another approach consists in describing correlators in terms of a purely geometric
object, the cosmological polytope [46,75,76,108,109]. Crucially, in this formulation
the concept of spacetime emerges from this auxiliary mathematical structure—it
is a derived notion. Besides the appeal of this radical point of view, the polytope
picture has been of great importance for understanding the perturbative structure
of correlators.

2.2 Wavefunction of the Universe

The main object of study in early universe cosmology are spatial correlation func-
tions on the time slice at the end of inflation. They encode the physics of that
epoch and constitute the initial conditions for the subsequent evolution. Never-
theless, it is common to work with a slightly more primitive object, the so-called
wavefunction of the universe. The relation between the wavefunction and spatial
correlators is similar to that between the S-matrix and scattering cross sections—
the wavefunction is not an observable itself, but the actual observables can readily
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2. The Cosmological Bootstrap

be extracted from it. In the following, we introduce the wavefunction of the uni-
verse and describe its main properties.

Consider a scalar field σ(x⃗, t) of arbitrary mass evolving in an arbitrary spacetime.
The following discussion can be straightforwardly generalised to include spin and
multiple fields. We want to compute the amplitude for finding a given spatial
profile σ(x⃗, t∗) ≡ Φ(x⃗) of this field at time t∗. This amplitude is given by the
wavefunctional Ψ[Φ(x⃗), t∗], often called the wavefunction of the universe [21]. It
is the overlap between the vacuum state |0⟩ and a state |Φ(x⃗)⟩ of the late-time
fluctuations, i.e.

Ψ[Φ(x⃗), t∗] ≡ ⟨Φ(x⃗)|0⟩ =
∫ Φ(x⃗)

0
Dσ eiS[σ] , (2.11)

where S[σ] is the action and the path integral sums over all field trajectories with
boundary conditions

lim
t→−∞(1−iϵ)

σ(x⃗, t) = 0 , σ(x⃗, t∗) = Φ(x⃗) . (2.12)

The iϵ deformation is introduced to select the interacting vacuum at early times;
in the case of de Sitter spacetime, this chooses the Bunch–Davies vacuum [110].
The resulting wavefunctional can be understood as a probability distribution over
the field profiles Φ(x⃗), and correlation functions can then be computed in the
following way

⟨Φ(x⃗1) · · · Φ(x⃗n)⟩ =
∫

DΦ Φ(x⃗1) · · · Φ(x⃗n) |Ψ[Φ]|2∫
DΦ |Ψ[Φ]|2 . (2.13)

In this thesis, we will work with two different spacetimes—Minkowski and de
Sitter. In the former, we will conventionally compute the wavefunction on the
t∗ = 0 time slice; in de Sitter, we will do it on the infinite future boundary at
conformal time η∗ = 0 (the surface shown in Figure 1.2). In what follows, we will
set t∗ = 0 and omit the t∗ dependence in our expressions.

2.2.1 The Perturbative Wavefunction
The exponent in (2.11) has an overall factor of 1/ℏ when units are restored, so
for tree-level processes the path integral is well approximated by its saddle-point
value

Ψ[Φ] ≃ eiScl[Φ] , (2.14)

where Scl[Φ] is the action evaluated at the classical solution. The above relation
is true up to an overall factor which drops out in (2.13). More generally, if the
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2.2. Wavefunction of the Universe

theory is weakly interacting, the field profiles are small and one can expand the
classical action perturbatively. In momentum space, this yields

Ψ[Φ] ≃ exp
[

−
∞∑

n=2

1
n!

∫ dk⃗1 · · · dk⃗n

(2π)3n
ψn(k⃗1, . . . , k⃗n) Φk⃗1

· · · Φk⃗n

]
, (2.15)

where the functions ψn are called wavefunction coefficients. Spatial translation
invariance on the t∗ = 0 surface implies momentum conservation, so that we can
write

ψn(k⃗1, . . . , k⃗n) = (2π)3 δ(k⃗1 + . . .+ k⃗n)ψ′
n(k⃗1, . . . , k⃗n) , (2.16)

and similarly for the correlation functions (2.13). The prime notation is used to
indicate that the delta function has been stripped off. The way in which the
remaining isometries of the background constrain the wavefunction will be studied
in detail for the de Sitter case in §2.3.4.

The relation between the correlation functions of field profiles Φ and the wave-
function coefficients can be made explicit by plugging the perturbative expansion
(2.15) in (2.13) and integrating. The relevant lower-point results are

⟨Φk⃗1
Φk⃗2

⟩′ = 1
2 Reψ′

2(k⃗1, k⃗2)
, (2.17)

⟨Φk⃗1
Φk⃗2

Φk⃗3
⟩′ = − Reψ′

3(k⃗1, k⃗2, k⃗3)
4 Π3

n=1Reψ′
2(k⃗n,−k⃗n)

, (2.18)

⟨Φk⃗1
Φk⃗2

Φk⃗3
Φk⃗4

⟩′ =
ψ′

4,d − ψ′
4,c

8 Π4
n=1Reψ′

2(k⃗n,−k⃗n)
, (2.19)

where the connected and disconnected parts of the four-point function are

ψ′
4,c ≡ Reψ′

4(k⃗1, k⃗2, k⃗3, k⃗4) , (2.20)

ψ′
4,d ≡ Reψ′

3(k⃗1, k⃗2,−s⃗ ) Reψ′
3(s⃗, k⃗3, k⃗4)

2 Reψ′
2(s⃗,−s⃗ ) + perms. , (2.21)

with s⃗ = k⃗1 + k⃗2. In perturbation theory, knowing the wavefunction Ψ[Φ] then
amounts to computing the coefficients ψ′

n, from which the correlation functions
can in turn be obtained. The objects that we will focus on throughout this thesis
are the wavefunction coefficients, and the correlators will be written explicitly only
in some observationally relevant cases. Whatever the object is, in most of the text
the primes will be omitted (with the understanding that the corresponding delta
function has been removed); they will only be reintroduced momentarily when it
helps to avoid confusion.
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We should point out that in quantum gravity local correlation functions are not
gauge-invariant objects, and hence the wavefunction of the universe is not expected
to be a good observable. This will not be a problem throughout this thesis, since
we will be working in the perturbative regime, in which coordinates label points
on the fixed background and so local correlation functions are healthy physical
observables. We support this assumption with two observations. Firstly, even
though a fully-fledged quantum description of cosmological spacetimes should take
the question of the right observables seriously, it is embarrassing how little is known
just at the perturbative level. Secondly, all of the experimental evidence so far
is consistent with small metric fluctuations and weakly coupled dynamics during
inflation.

The relevant classical solution σcl, and hence the wavefunction coefficients, can be
constructed in a diagrammatic expansion in perturbation theory. In particular,
the classical equation of motion admits the following formal solution in momentum
space,

σcl(k⃗, t) = K(k, t)Φk⃗ +
∫

dt′ G(k; t, t′) δSint

δσk⃗(t′) . (2.22)

Substituting this solution back into the action yields the wavefunction to what-
ever order in perturbation theory is desired. The perturbative computation of
the wavefunction coefficients therefore requires the two distinct Green’s functions
appearing in (2.22). The bulk-to-boundary propagator, K(k, t), solves the (homo-
geneous) linearized equation of motion, oscillates with positive frequency in the
far past, and approaches unity as t → 0. The bulk-to-bulk propagator, G(k; t, t′),
solves the inhomogeneous equation √

−g (□−m2)G(k; t, t′) = iδ(t− t′), subject to
the condition that it vanishes when either of its time arguments is taken to zero.
The combined boundary conditions on the two Green’s functions guarantee that
the solution (2.22) will satisfy (2.12).

We can now state the Feynman rules for the computation of the wavefunction
coefficients, ψn:

• Draw all diagrams with a fixed number of lines n ending on the boundary.
• Assign a vertex factor, iV , to each bulk interaction.
• Assign a bulk-to-bulk propagator, G, to each internal line.
• Assign a bulk-to-boundary propagator, K, to each external line.
• Integrate over the time insertions of all bulk vertices.
• For diagrams involving loops, integrate over the loop momenta.

The vertex factors, iV , can be derived from the action in the same way as for
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2.2. Wavefunction of the Universe

the S-matrix Feynman rules, with the caveat that we are using Fourier space only
for the spatial variables. This leads to a time dependence for each vertex which
must then be integrated over (along with possible time derivatives coming from
derivative interactions that can act on the lines connected to the vertex). In fact,
much of the complication of computing wavefunction coefficients comes from these
time integrals, motivating the search for alternative calculational approaches.

2.2.2 Singularities of Wavefunction Coefficients

Wavefunction coefficients can be classified by their singularities in kinematic space.
This provides a powerful organizing principle to understand the manifestations of
bulk physics in purely boundary terms. Much like in the case of the S-matrix,
only certain singularities characteristic of bulk physical processes are allowed in
wavefunction coefficients and locality/unitarity constrains them to behave in uni-
versal ways in the vicinity of these singularities. We will now describe the loci of
momentum space in which wavefunction coefficients become singular, using simple
flat-space examples to illustrate the discussion.

Nearly all wavefunction coefficients are singular when the energies of all the ex-
ternal particles add up to zero, and the residue of this “total energy singularity”
is the flat-space scattering amplitude associated with the process [34, 36].4 This
singularity is the cosmological avatar of the energy-conserving delta function for
flat-space scattering amplitudes. In this precise sense, we can think of wavefunc-
tion coefficients as deformations of scattering amplitudes, which suggests that all
the remarkable structures discovered in scattering amplitudes should have exten-
sions to cosmological correlators.

For wavefunction coefficients arising from contact interactions in the bulk these
“total energy singularities” are the only singularities. Coefficients arising from
exchange interactions in the bulk will have additional singularities when the sum
of the energies entering any subgraph adds up to zero. We will call these “partial
energy singularities.” At these kinematic loci, the wavefunction factorizes into a
product of a lower-point wavefunction and a lower-point scattering amplitude [46,
75, 76]. This is the analog of the factorization of scattering amplitudes when an
intermediate particle goes on-shell, and constitutes a powerful constraint on the
structure of the wavefunction coefficients.

Taken together, the total energy and partial energy singularities are the only singu-
larities of consistent wavefunction coefficients. Even this is a nontrivial constraint,

4Notable exceptions are n-point functions of spinning fields with equal helicities. In this case,
the corresponding flat-space amplitude vanishes identically, so these wavefunction coefficients do
not have total energy singularities.
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2. The Cosmological Bootstrap

as generic bulk initial conditions would lead to singularities in the so-called “folded
limit,” when two (or more) momenta become collinear. From the bulk perspective,
demanding the absence of such folded singularities is equivalent to imposing the
adiabatic vacuum as an initial condition.5

The flat-space wavefunction
To get some intuition for the construction of the wavefunction and the origin of
its singularities, it is useful to study explicit examples in a simplified setting. An
illuminating example is provided by the theory of a single scalar field φ in flat
spacetime with a φ3 self-interaction,

S =
∫

d4x

(
−1

2(∂φ)2 + g

6φ
3
)
. (2.23)

This theory is simple enough to allow a detailed study of the structure of bulk
perturbation theory, but it captures much of the physics, so that the generalization
to de Sitter space will be relatively straightforward.

In this theory, the relevant bulk-to-boundary and bulk-to-bulk propagators are [46]6

K(k, t) = eikt , (2.24)

G(k; t, t′) = 1
2k

(
eik(t′−t)θ(t− t′) + eik(t−t′)θ(t′ − t) − eik(t+t′)

)
, (2.25)

where k = |⃗k| is the energy of a mode with momentum k⃗. Note that the bulk-to-
bulk propagator (2.25) contains an additional non-time-ordered piece compared to
the ordinary Feynman propagator. This term enforces that the Green’s function
vanishes when one of its time arguments is on the slice where the wavefunction
lives (here t∗ = 0).7

5Note that this is a constraint on the initial quantum state: folded singularities are generically
produced dynamically by classical evolution, and in that context can be thought of as signatures
of the on-shell production or decay of particles [50].

6Note that the convention we are using is to call plane waves of the form ∼ eikt positive
frequency solutions, which is the opposite convention from much of the literature on canonical
quantization. We apologize for any confusion this causes.

7This bulk-to-bulk propagator is different from the ones used in the Schwinger-Keldish or
“in-in” formalism for computing correlators [17, 18]. In the in-in formalism the vacuum state
is first evolved in time all the way to t∗, and then evolved back to the initial vacuum state.
The correlator receives various contributions in which the operators are inserted in different
branches of this integration contour. Three different bulk-to-bulk propagators are used: the
Feynman propagator when the corresponding operators are both in the time-ordered branch, the
time-reversed Feynman propagator when they are both in the anti-time-ordered branch, and the
Wightman propagator when each operator is in a different branch. In the wavefunction approach
only one bulk-to-bulk propagator (2.25) is used. The non-time-ordered term in this propagator
is crucial to make the computation equivalent to the in-in one.
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2.2. Wavefunction of the Universe

With these perturbative building blocks in hand, we now turn to computing some
example wavefunction coefficients in this theory. The simplest wavefunction coef-
ficient is the three-point function

ψ3(k1, k2, k3) =

K

= ig

∫ 0

−∞
dt eiKt = g

K
, (2.26)

where we have defined the total energy K ≡ k1 + k2 + k3. The next-simplest
wavefunction coefficient is the four-point function, which has a single internal line:

ψ4(k12, k34, s) ≡

k12 k34s

= −g2
∫ 0

−∞
dtdt′ eik12t G(s; t, t′) eik34t′

, (2.27)

where k12 ≡ k1 + k2 is the sum of energies flowing from the left vertex to the
boundary (and similarly for k34), while s ≡ |⃗k1 + k⃗2| is the energy of the exchanged
particle. Evaluating the integrals explicitly, we obtain

ψ4(k12, k34, s) = g2

EELER
, (2.28)

where we have defined EL ≡ k12 + s and ER ≡ k34 + s as the energies flowing into
the left and right vertices, and E ≡ k1 + k2 + k3 + k4 is the total energy involved
in the process.

The explicit examples (2.26) and (2.28) display the general features described
above. First of all, both answers are singular when the total energy involved in
the process adds up to zero: K → 0 for (2.26) and E → 0 for (2.28). The residue
of (2.26) is g, which is exactly the three-point scattering amplitude A3. More
nontrivially, the residue of the total energy singularity in (2.28) is also a scattering
amplitude:

lim
E→0

ψ4(k12, k34) = − 1
E

g2

S
= A4

E
, (2.29)

where S = k2
12−s2 is the Mandelstam variable, so that A4 is the corresponding flat-

space scattering amplitude. As explained, this is not an accident, but a general
phenomenon of the wavefunction. The origin of this total energy singularity is
easy to understand from the perspective of the time integrals (2.26) and (2.27).
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2. The Cosmological Bootstrap

For a generic wavefunction coefficient ψn, the early-time (t → −∞) part of the
integration is unsuppressed in the limit E ≡ k1 + · · · + kn → 0, and so leads to
a divergence. In the case of scattering amplitudes, these time integrals run from
t = −∞ to +∞ and because of time-translation invariance the divergence takes
the form of an energy-conserving delta function, δ(E). In the wavefunction, the
integrals range from −∞ to 0, time-translation symmetry is broken and hence
energy is not conserved. Instead of an energy-conserving delta function, we get an
energy singularity. Since the rest of the computation is essentially the same, the
coefficient of this singularity is the flat-space scattering amplitude associated with
the same process,

ψn −−−−→
E→0

An

E
, (2.30)

where we are not being careful about the overall phase. The previous arguments
apply in flat space, but the presence of a total energy singularity is completely
generic and holds also for the cosmological wavefunction in a de Sitter background.
The essential reason for this universality is that the total energy singularity arises
from the temporal integration region in the infinite past. As we approach this
limit in de Sitter space, we are probing scales that are much smaller than the
cosmological horizon and the corresponding momentum modes therefore behave
in the same way as in flat space. We will make this more precise in §2.3.3.

In addition to the total energy singularity, the exchange correlator (2.28) also has
singularities when either EL or ER vanish. At this location, we have

lim
EL→0

ψ4(k12, k34) = g

EL

g

(k34 + s)(k34 − s) = A3 × ψ̃3

EL
, (2.31)

and similarly for ER → 0. The residue of this partial energy singularity is the
product of a three-point scattering amplitude A3 = g and a shifted wavefunction
coefficient

ψ̃3(k3, k4, s) ≡ 1
2s

(
ψ3(k3, k4,−s) − ψ3(k3, k4, s)

)
, (2.32)

which is also a manifestation of a general phenomenon. The presence of the partial
energy singularities can be understood in a similar way as the total energy one—
they come from the region of integration where one of the bulk vertices is in
the far past. When the sum of energies entering such a vertex—EL in (2.31)—
vanishes, this region of the integral is unsuppressed. In this limit, the bulk-to-bulk
propagator (2.25) takes the following factorized form

G(k; t → −∞, t′) = eikt

2k

(
e−ikt′

− eikt′
)
. (2.33)
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2.3. De Sitter Space and Conformal Symmetry

We see that the factor associated to the t vertex (the one taken to the far past)
behaves like a bulk-to-boundary propagator, generating the scattering amplitude
associated to this vertex. The other vertex produces a shifted wavefunction. The
situation in de Sitter space is essentially the same because the bulk-to-bulk prop-
agator factorizes similarly to (2.33) when one of the vertex times is taken to the
infinite past. Note also that this causes the time integrations to factorize, because
only a single time-ordering contributes.

Knowledge of the singularities of the wavefunction and its behaviour around them
is very powerful. In fact, the simple correlators that we have computed above
are completely fixed by their singularities—the result (2.28) is the unique function
that has the correct factorization limits and is regular in the folded configurations.
As we have explained, this is a very basic example of a general theme of the
cosmological bootstrap; namely, that correlators can often be fixed by extending
them away from their singular points in the only consistent manner.

2.3 De Sitter Space and Conformal Symmetry
The inflationary universe expanded in an accelerated, quasi-exponential manner.
This is why de Sitter spacetime serves as a good approximate description of the
background during this epoch. Apart from capturing important qualitative aspects
of the early universe geometry, its high degree of symmetry allows us to perform
calculations more efficiently than in generic cosmological spacetimes. This makes
de Sitter the standard lamppost for inflationary computations and, in fact, it
will be our main arena for studying cosmological observables. We will focus on
computing contributions to the wavefunction in de Sitter, and in some cases we will
modify them duly to obtain more realistic inflationary correlators. In this section,
we describe the main properties of de Sitter spacetime, focusing on its symmetries
and how they determine its representation theory and its wavefunction.

In d+1 dimensions, de Sitter spacetime dSd+1 is the maximally symmetric solution
of the vacuum Einstein equations with a positive cosmological constant Λ. Even
though de Sitter has an intrinsic definition as a (d + 1)-dimensional manifold, it
is very useful and intuitive to study it as a hypersurface embedded in a (d + 2)-
dimensional Minkowski spacetime R1,d+1. The metric of the embedding spacetime
is

ds2 = ηMN dXM dXN = −dX2
0 + dX2

1 + . . .+ dX2
d+1 , (2.34)

and dSd+1 is given by the hyperboloid

−X2
0 +X2

1 + . . .+X2
d+1 = 1

H2 , (2.35)
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2. The Cosmological Bootstrap

where the Hubble parameter H is related to the cosmological constant by

H2 = 2Λ
d(d− 1) . (2.36)

We will be working with the flat slicing of de Sitter, obtained from the embedding
picture by using the following coordinate map,

X0 = 1
H

sinh(Ht) + Hx⃗2

2 eHt ,

Xi = xi e
Ht ,

Xd+1 = 1
H

cosh(Ht) − Hx⃗2

2 eHt ,

(2.37)

with i = 1, . . . , d and t ∈ R. It is easy to check that it solves the constraint (2.35).
The corresponding line element is

ds2 = −dt2 + e2Htδij dxidxj . (2.38)

The surfaces of constant time are infinite planes with flat metric, multiplied by an
exponentially growing scale factor eHt. One can now go to conformal coordinates
using dt = eHtdη, which implies η = −e−Ht/H ∈ (−∞, 0) and yields

ds2 = −dη2 + δij dxidxj

H2η2 . (2.39)

Let us focus on I+, the spacelike slice at the infinite future η → 0. Inflation did
not last forever, so in practice the infinite future was never reached. However, it
lasted long enough so that the surface at the end of inflation is close to the future
boundary of a quasi-de Sitter spacetime. In that sense, I+ is the slice of constant
time that we will identify with the reheating surface of inflation, and consequently
the place where we will compute the wavefunction. Notice that an observer in an
asymptotically de Sitter spacetime can never access data on I+ (see the conformal
diagram of de Sitter in Figure 2.3). Only the so-called “meta-observers” can access
this data. This means that if the expansion stops and there is a transition into
a different geometry, an observer in this new spacetime might have observational
access to a finite region of I+, for it would lay in their past lightcone. That
is precisely what happened in the early universe—inflation ended and we can
now measure its asymptotic late-time data. We are then meta-observers of the
inflationary quasi-de Sitter era.

2.3.1 De Sitter Isometries
The picture of de Sitter as a hyperboloid is very useful for understanding its
symmetries. The Lorentz symmetries of the embedding space R1,d+1 are rotations

24



2.3. De Sitter Space and Conformal Symmetry

η

0
I+

Figure 2.3: Penrose diagram of de Sitter space dSd+1. Every point in the diagram is
a (d − 1)-sphere Sd−1, except those at the right and left vertical lines, which are truly
points. The flat coordinates (2.39) cover half of the diagram (grey grid). Data on the
infinite future boundary I+ (red) cannot be accessed by a single observer in de Sitter.

and boosts. On the space of functions, these transformations are generated by

JMN = XM∂N −XN∂M , (2.40)

where M,N = 0, 1, . . . , d+ 1. They satisfy the following commutation relations

[JMN , JP Σ] = ηNPJMΣ − ηMPJNΣ + ηMΣJNP − ηNΣJMP , (2.41)

which define the algebra of the Lorentz group SO(1, d + 1). It is easy to check
that these transformations preserve the hyperboloid (2.35). For this reason, the
algebra of isometries of dSd+1 is isomorphic to the Lorentz algebra of R1,d+1. The
map between the de Sitter isometry generators and the Lorentz generators (2.40)
is

Pi = Jd+1,i − J0,i ,

Jij = Jij ,

D = Jd+1,0 ,

Ki = Jd+1,i + J0,i .

(2.42)

These transformations are translations (Pi) and rotations (Jij), which preserve
the spatial slices, a dilatation of the space and time coordinates (D) and de Sitter
boosts (Ki). The intrinsic description of the de Sitter isometries can be obtained
by using the change of coordinates (2.37). The result is

Pi = ∂i ,

Jij = xi∂j − xj∂i ,

D = −η∂η − xi∂i ,

Ki = 2xiη∂η + 2xix
j∂j + (η2 − x⃗2)∂i .

(2.43)
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2. The Cosmological Bootstrap

Notice that in the late-time limit η → 0 these generators reduce to those of the
conformal algebra in Rd. This will have profound consequences in the following.

From this point on, we shall specialise to four-dimensional de Sitter space, dS4, i.e.
we take d = 3. To see how the isometries act on fields, we consider the late-time
evolution of a spin-ℓ field σ(ℓ) of mass m2. Solving its equation of motion in the
limit η → 0, one finds

σ(ℓ)(x⃗, η → 0) = σ
(ℓ)
+ (x⃗) η∆+−ℓ + σ

(ℓ)
− (x⃗) η∆−−ℓ , (2.44)

where σ
(ℓ)
± (x⃗) is the spatial field profile on the future boundary and we have

employed index-free notation. The scaling dimensions in (2.44) are fixed in terms
of the field’s mass through the relation8

∆± =



3
2 ±

√
9
4 − m2

H2 (scalars) ,

3
2 ±

√(
ℓ− 1

2

)2
− m2

H2 (spinning fields) .

(2.45)

The late-time behaviour (2.44) of fields in de Sitter involves two different fall-
offs. For the types of fields whose correlations we are interested in, namely light
scalars with m2/H2 < 9/4 and massless spinning fields, the dominant mode is
η∆−−ℓ. Hence, the spatial field profile Φ(x⃗) that appears in the wavefunction
(2.15) should be identified with σ

(ℓ)
− (x⃗), the coefficient of this fall-off.

Acting with the isometries (2.43) on (2.44), we get the following transformations
for the boundary values of the field

Piσ
(ℓ)
± = ∂iσ

(ℓ)
± , (2.46)

Jijσ
(ℓ)
± =

(
xi∂j − xj∂i + zi∂zj

− zj∂zi

)
σ

(ℓ)
± , (2.47)

Dσ
(ℓ)
± = −

(
∆± + x⃗ · ∂x⃗

)
σ

(ℓ)
± , (2.48)

Kiσ
(ℓ)
± =

(
2xi∆± + 2xix⃗ · ∂x⃗ − x2∂i − 2(x⃗ · z⃗ )∂zi

+ 2zi x⃗ · ∂z⃗

)
σ

(ℓ)
± , (2.49)

where zi is an auxiliary vector that contracts the spin indices,9

σ
(ℓ)
± = zi1 · · · ziℓ(σ(ℓ)

± )i1···iℓ
. (2.50)

8There is an ambiguity in defining the mass in de Sitter due to the coupling ξRσ2 to the
gravitational field [111]. In this work, we use m2 = m2

b + ξR = m2
b + 12ξH2, with mb the bare

mass appearing in the Lagrangian, such that the minimally coupled massless scalar (with m2
b = 0

and ξ = 0) and the conformally coupled scalar (with m2
b = 0 and ξ = 1/6) have m2 = 0 and

m2 = 2H2 respectively.
9Notice that (2.43) corresponds to the orbital part of the transformations. However, the field

(2.44) has arbitrary spin, so we have also included the tensorial part when writing (2.46)-(2.49).
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3
2 + iR

0 1 2 3 4
Re∆

Im∆

Figure 2.4: Illustration of the scalar representations of SO(1, 4) in the complex ∆
plane. The red line corresponds to the principal series, while the blue line marks the
complementary series.

These are precisely the transformations of a conformal primary field of weight ∆±
and spin ℓ [112].10 This shows that, at future infinity, I+, the de Sitter isometries
act like conformal transformations. The implications of this fact on the observables
will be described in §2.3.4.

2.3.2 Representation Theory

In this subsection, we will enumerate the unitary representations of the de Sitter
algebra. Such representations have been classified in various places [114–119], and
they are naturally labeled by their quadratic and quartic Casimir eigenvalues [115]

C2 ≡ 1
2JMNJ

MN = ∆(3 − ∆) − ℓ(ℓ+ 1) , (2.51)

C4 ≡ WΛW
Λ = −ℓ(ℓ+ 1)(∆ − 2)(∆ − 1) , (2.52)

where WΛ ≡ 1
8ϵΛMNP ΣJ

MNJP Σ is the de Sitter analogue of the Pauli–Lubanski
(pseudo)vector. Notice that representations with ∆ and 3 − ∆ have the same
Casimir eigenvalues, and so they are equivalent as explained in footnote 10. The
unitary representations of the de Sitter algebra are qualitatively different for scalars
and spinning fields, so we must treat them separately.

10The pair of conformal weights dual to a given bulk field are related by ∆± = 3 − ∆∓.
Operators of the same spin whose weights obey this relation are called shadows of each other,
and belong to equivalent conformal representations. Operators O can be mapped to their shadows
Õ by means of the shadow transform, which consists in convolving an operator with the two-point
function of its shadow. See, for example, Appendix A of [113] for details.
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3
2 + iR

0 1−1 2 3 4 2 + t
Re∆

Im∆

Figure 2.5: Illustration of the spin-ℓ representations of SO(1, 4) in the complex ∆
plane. The red line corresponds to the principal series, while the blue line marks the
complementary series. The green circles denote the representations of the discrete series.
Open circles are the shadows of the filled ones.

Scalar fields We begin by considering scalar representations ℓ = 0. In this
case, the quartic Casimir vanishes. In order for the representation to be unitary,
the quadratic Casimir eigenvalue must be real, which places some restrictions on
the possible values of ∆. Moreover, there are additional constraints imposed by
requiring a positive-definite inner product. The unitary representations split into
two families, as shown in Figure 2.4:

• Principal series: Representations in this family have conformal dimensions
∆ = 3

2 + ν, with iν ∈ R. Using the relation (2.45), we see that these
representations correspond to heavy fields in de Sitter with m2 ≥ 9

4H
2.

• Complementary series: Representations in this series have conformal di-
mensions in the range 0 < ∆ < 3. This corresponds to light fields with
0 < m2 < 9

4H
2.

The most important scalar representations for our purposes lie in the complemen-
tary series. The conformally coupled scalar in dS4 corresponds to ∆+ = 2, while
the massless scalar correspond to ∆+ = 3.11

Spin-ℓ fields Fields with spin have a slightly different classification, which we
summarize in Figure 2.5. Along with the principal and complementary series,
there is an additional family of unitary representations, whose weights take on

11Strictly speaking, the latter representation has an additional shift symmetry, and is better
referred to as member of the discrete series of representations, see e.g. [120].
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discrete values.

• Principal series: Spinning representations in the principal series have con-
formal dimensions satisfying ∆ = 3

2 + ν, with iν ∈ R. The corresponding
bulk representations can be inferred from (2.45) and are given by heavy fields
with m2 ≥ (ℓ− 1

2 )2H2.

• Complementary series: Fields in this family have conformal dimensions
in the range 1 < ∆ < 2. Note that this is bounded away from ∆ = 0. These
representations correspond to fields with masses in the range ℓ(ℓ − 1)H2 <

m2 < (ℓ − 1
2 )2H2. A qualitative difference from the scalar case is that

spinning representations with ℓ ≥ 2 have a lower bound on their mass in
order to remain unitary. This lower bound is typically called the Higuchi
bound [121].

• Discrete series: Fields in this series have conformal dimensions with the
discrete set of values ∆ = 2 + t, or with the shadow weight ∆ = 1 − t, where
the parameter t is an integer t ∈ {0, 1, · · · , ℓ − 1}. The corresponding bulk
fields have discrete mass values

m2

H2 = ℓ(ℓ− 1) − (t+ 1)t . (2.53)

The representation with t = ℓ − 1 is a massless field, while other values of
t correspond to partially massless fields [122–124].12 Correspondingly, the
parameter t is typically called the depth of partial masslessness. The t = 0
points, which coincide with the endpoints of the complementary series, are
sometimes called the exceptional series.

In this thesis, we will primarily be interested in correlation functions of external
fields that lie in the complementary and discrete series—so-called “light” fields.
This is because correlation functions of operators at these special weights are
particularly simple. Table 2.1 shows the fields that will be most often used in
this work. There, and in the remainder of the text, we will use ∆ ≡ ∆+ to avoid
clutter.

2.3.3 Free Field Propagators
Now that we have classified the unitary representations of de Sitter, we will specify
the propagators of the associated fields. With that information, we will study how
the results of Section 2.2 for the analytic structure of the flat-space wavefunction
generalize to de Sitter. As a matter of fact, perturbation theory in de Sitter space

12The obvious generalization of these facts to d dimensions is wrong, (partially) massless fields
are not in the discrete series in general but rather lie in the exceptional series [118].
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Bulk
symbol

Boundary
symbol ℓ ∆ m2/H2

C.c. scalar φ φ 0 2 2
Massless scalar ϕ ϕ 0 3 0
Massless vector Aµ Ji 1 2 0
Graviton γµν Tij 2 3 0

Table 2.1: Summary of the most important de Sitter representations appearing in this
thesis. It includes the symbol with which we denote the associated field, the symbol with
which we denote their boundary dual operators, their spin ℓ, their scaling dimension
∆ ≡ ∆+, and their mass.

is essentially the same as in flat space, the only real difference being the form of
the propagators and the fact that vertex factors now depend on (conformal) time.

The bulk-to-boundary propagator for a scalar field of general mass m in de Sitter
takes the form [125]

Kν(k, η) =
(
η

η∗

)3/2
H

(2)
ν (−kη)

H
(2)
ν (−kη∗)

, (2.54)

where H(2)
ν (x) is a Hankel function of the second kind, whose order is set by the

mass through the relation ν ≡ ∆ − 3/2 =
√

9/4 −m2/H2. The propagator has
been normalized so that it goes to 1 as η → η∗ ≈ 0, where η∗ is an infrared
regulator. Similarly, the bulk-to-bulk propagator for a massive scalar is

Gν(k; η, η′) ≡ π

4 (ηη′)3/2

[
H(2)

ν (−kη′)H(1)
ν (−kη)θ(η − η′)

+ H(2)
ν (−kη)H(1)

ν (−kη′)θ(η′ − η) − H
(1)
ν (−kη∗)

H
(2)
ν (−kη∗)

H(2)
ν (−kη)H(2)

ν (−kη′)
]
,

(2.55)

where H(1)
ν (x) is the Hankel function of the first kind. Later, we will also require

expressions for spinning fields in de Sitter space, but these will be introduced as
the need arises.

Using these expressions, along with the relevant Feynman rules for the vertices,
we can compute the wavefunction in the same way as in the flat-space examples
of §2.2.2. Consider, for example, a scalar n-point contact interaction in de Sitter.
In this case, the integral representation of the wavefunction is

ψ(c)
n (K⃗a) = i

∫ 0

−∞
dη V (K⃗a, η)

n∏
a=1

Kνa
(ka, η) , (2.56)
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where K⃗a = {k⃗1, . . . , k⃗n} collectively denotes the set of all momenta and V (K⃗a, η)
is the vertex factor. Remember that, from the bulk point of view, the energy
singularities of wavefunction coefficients arise from the region of integration in the
far past. In that limit, the bulk-to-boundary propagator becomes

Kν(k, η) ∼
η→−∞

e
iπ
2 (∆+1) π

1
2

2∆−2
(−kη∗)∆−3

Γ[∆ − 3
2 ]

(
− ikη

+ (∆ − 1)(∆ − 2)
2 + · · ·

)
eikη ,

(2.57)

where the terms we have dropped are subleading in (kη)−1. The early-time limit
of the integral in (2.56) then is

ψ(c)
n (K⃗a) ≃ iṼ (K⃗a)

n∏
a=1

k∆a−2
a

∫ 0

−∞
dη ηn+q−4eiEη , (2.58)

where E = k1 + . . .+kn and we have defined the vertex factor with factors of time
removed, V = ηqṼ . For scalar integrals, the parameter q counts the number of
derivatives in the vertex (which lead to inverse metric factors). This implies that
the wavefunction has a singularity of the form13

ψn(K⃗a)(c) −−−−→
E→0

∏
a k

∆a−2
a

En+q−3 A(c)
n (K⃗a) , (2.59)

where A(c)
n is the flat-space scattering amplitude corresponding to the same pro-

cess. The situation with internal lines is similar—the presence of a total energy
singularity follows almost immediately from the flat-space arguments combined
with the expansion (2.57), since the bulk-to-bulk propagator (2.55) simplifies sub-
stantially at early times to ηη′ times the corresponding flat-space propagator. The
general de Sitter result is then

ψn(K⃗a) −−−−→
E→0

∏
a k

∆a−2
a

Ep
An(K⃗a) , (2.60)

with p ≡ 1 +
∑

v(Dv − 4) and Dv the mass dimension of each bulk vertex v (i.e.
the number of fields plus the number of derivatives) [51].

Much like for the total energy singularity, the essential behavior of the partial en-
ergy singularities is the same in cosmological backgrounds as in flat space. When
the energy of a subgraph adds up to zero, the wavefunction diverges and the coeffi-
cient is a product of a scattering amplitude and a shifted wavefunction coefficient.

13We are dropping a ∆-dependent phase that arises from the phases in (2.57). This phase will
not affect any of our manipulations.
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lim
E→0

ψ4 =
A4

(E)p

lim
ER→0

ψ4 =
ψ̃3 ×A3

(ER)pR
lim

EL→0
ψ4 =

A3 × ψ̃3

(EL)pL

Figure 2.6: Illustration of the different singularities of four-point functions in the s-
channel. All wavefunction coefficients have a total energy singularity, while correlators
arising from the exchange of a particle also have partial energy singularities when the
energy at an interaction vertex is conserved. Requiring these singularities to have the
correct residues is a powerful constraint on the structure of the coefficients.

In what follows, we will mostly be interested in the singularities of the tree-level
four-point function in de Sitter space, so we list the properties of these partial
energy singularities explicitly. The tree-level four-point function has two possi-
ble partial energy singularities, when the energies in either the left vertex or the
right vertex add up to zero (see Figure 2.6). In the s-channel, the former limit is
EL = k12 + s → 0 and gives

ψ4 −−−−−→
EL→0

Ã
(L)
3 × ψ̃

(R)
3

EpL

L

, (2.61)

where pL is the order of the singularity, and we have defined

Ã
(L)
3 (k1, k2, s) ≡ k∆1−2

1 k∆2−2
2 s∆I −2A

(L)
3 (k1, k2, s) , (2.62)

ψ̃
(R)
3 (k3, k4, s) ≡ (−1)∆I

2s2∆I −3

(
ψ

(R)
3 (k3, k4,−s) − ψ

(R)
3 (k3, k4, s)

)
, (2.63)

with ∆I the conformal dimension of the exchanged field. The scattering ampli-
tude is dressed with some energy factors coming from the expansion (2.57) and
the shifted wavefunction coefficient reduces to (2.32) in flat space. By exchange
symmetry, the s-channel also has a singularity when ER = k34 + s → 0, where
it factorizes into a shifted wavefunction coefficient on the left and a scattering
amplitude on the right.

As a final comment, let us mention that here we have focused our attention on
cases in which the singularities are poles. However, and as we will see in the follow-
ing, wavefunction coefficients in de Sitter can display more general (in particular
logarithmic and polylogarithmic) types of singularities.
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2.3. De Sitter Space and Conformal Symmetry

2.3.4 Conformal Symmetry
Symmetry is an essential guiding principle of physics. Among the multitude of
symmetry patterns that are useful to describe nature, conformal symmetry has
enjoyed a great deal of attention in the last decades. The reason is that it appears
in a number of important corners of physics: phase transitions, endpoints of the
renormalization group flow, the string worldsheet, etc. In the context of this
thesis, and as pointed out in §2.3.1, conformal symmetry emerges as the limit of
the de Sitter isometries when we approach the future boundary I+. This fact will
allow us to apply the knowledge developed over the last decades in the study of
conformal symmetry to cosmology. We will do that in Chapters 3 and 4.

A quantum field theory is said to be conformal when it is invariant under conformal
transformations. A conformal transformation is a change of coordinates xi → x̃i(x)
that has the following effect on the metric,

gij(x) → g̃ij(x) = Ω2(x)gij(x) . (2.64)

The group of transformations that satisfy this condition in three-dimensional Eu-
clidean space is SO(1, 4), and consists of translations, rotations, dilatations, and
special conformal transformations. In momentum space, their action on a scalar
field Ok⃗ of conformal dimension ∆ is given, respectively, by

PiOk⃗ = ikiOk⃗ , (2.65)

JijOk⃗ =
(
ki

∂

∂kj
− kj

∂

∂ki

)
Ok⃗ , (2.66)

DOk⃗ =
(

3 − ∆ + k⃗ · ∂

∂k⃗

)
Ok⃗ , (2.67)

KiOk⃗ = i

[
2(∆ − 3) ∂

∂ki
− 2kj ∂2

∂kj∂ki
+ ki

∂2

∂kj∂kj

]
Ok⃗ , (2.68)

which is nothing but the Fourier transform of equations (2.46)-(2.49) in the scalar
case. Conformal symmetry has been investigated mainly in position space, but
it is conventional in cosmology to work with observables in momentum space.
Hence, our efforts will be in studying the kinematical constraints due to conformal
symmetry in momentum space [41,42,126–140].

Let us now return for a moment to the wavefunction of the universe in de Sit-
ter. The isometries of the background lead to constraints on the wavefunction;
the action of the transformations (2.46)-(2.49) on the fields σ(ℓ)

− must leave the
wavefunction—and the correlators derived from it—invariant. By imposing this
requirement on (2.15) and integrating the derivatives by parts one can make the
symmetries act on the wavefunction coefficients ψn. It is then found that they
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2. The Cosmological Bootstrap

have the same symmetry properties as correlators of a three-dimensional Euclidean
CFT. More precisely, we can write

ψn(k⃗1, . . . , k⃗n) ≡ ⟨Ok⃗1
· · ·Ok⃗n

⟩ = (2π)3 δ(k⃗1 + . . .+ k⃗n) ⟨Ok⃗1
· · ·Ok⃗n

⟩′ , (2.69)

where the O’s are primary operators dual to the field profiles Φ = σ
(ℓ)
− , with

conformal dimension ∆+ = 3 − ∆− and the same spin ℓ. When it comes to
denoting wavefunction coefficients, we will use both ψn and ⟨O1 · · ·On⟩, choosing
the former when compactness is prioritized and the latter when there is a need to
highlight the fields involved.

It was conjectured in [21] that the wavefunction coefficients ψn not only have the
symmetries of conformal correlators, but they actually are correlation functions
of a CFT living in the future boundary of de Sitter. Another proposal [141]
suggested that the boundary CFT actually computes the correlators ⟨Φ1 · · · Φn⟩
instead of the wavefunction coefficients. None of these proposals for a dS/CFT
correspondence has been established so far, but this will not be a problem for us
since our use of the conformal constraints will be purely kinematical and will not
rely on any correspondence.

We have seen that the coefficients ψn of the de Sitter wavefunction are conformal
correlation functions of primary operators O dual to the bulk fields of interest.
Now, we explore the implications of conformal symmetry on such correlation func-
tions. In Fourier space, a correlator of n scalar operators ⟨Ok⃗1

· · ·Ok⃗n
⟩ is a function

of the n momenta k⃗1, . . . , k⃗n. As shown in (2.69), translation invariance implies
conservation of the total momentum. Invariance under rotations implies that
⟨Ok⃗1

· · ·Ok⃗n
⟩′ only depends on momentum magnitudes |⃗ka| and inner products

k⃗a · k⃗b. Finally, invariance under dilatations (2.67) and special conformal transfor-
mations (2.68) implies, respectively, the conformal Ward identities (CWIs)14[

3(n− 1) −
n∑

a=1
∆a +

n−1∑
a=1

k⃗a · ∂

∂k⃗a

]
⟨Ok⃗1

· · ·Ok⃗n
⟩′ = 0 , (2.71)

n−1∑
a=1

[
2(∆a − 3) ∂

∂ki
a

− 2kj
a

∂2

∂kj
a∂ki

a

+ ka,i
∂2

∂kj
a∂ka,j

]
⟨Ok⃗1

· · ·Ok⃗n
⟩′ = 0 . (2.72)

Requiring correlation functions to satisfy the differential equations (2.71) and
14Notice that the momentum conservation constraint has been used to eliminate the depen-

dence of ⟨O
k⃗1

· · ·O
k⃗n

⟩′ upon one of the momenta. We have conventionally taken it to be k⃗n,
which implies

∂

∂k⃗n

⟨O
k⃗1

· · ·O
k⃗n

⟩′ = 0 . (2.70)
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(2.72) greatly constrains their form. The simplest example is the two-point func-
tion, which is completely fixed up to an overall constant c [112]:

⟨Ok⃗1
Ok⃗2

⟩′ = c δ∆1,∆2 k
2∆1−3 , (2.73)

where |⃗k1| = |⃗k2| ≡ k is a consequence of momentum conservation and the Kro-
necker delta follows from special conformal invariance, which restricts the function
to be zero unless ∆1 = ∆2. The overall power of k is then fixed by dilatation sym-
metry. In the next section we will study the scalar three- and four-point solutions
to the conformal Ward identities.

If the operators at hand have spin they are represented by symmetric traceless
tensors. In general, it is convenient to contract the spin indices with auxiliary null
vectors zi as we did in (2.50),

O(ℓ) = zi1 · · · ziℓ O
(ℓ)
i1···iℓ

. (2.74)

This transforms the correlators of spinning fields into polynomials of z⃗. However,
due to the null condition, the auxiliary vectors project part of the information
out. To reconstruct the original traceless tensor, these vectors can be removed by
acting with the differential operator [142]

Di
z =

(
1
2 + z⃗ · ∂

∂z⃗

)
∂

∂zi
− 1

2z
i ∂2

∂z⃗ · ∂z⃗
. (2.75)

We will often evaluate correlation functions for explicit choices of the external
polarizations. We denote the null polarization vectors by ξ±

i , where ± labels
the helicity of the external state. Polarization tensors for spin-2 operators are
defined as ξ±

ij ≡ ξ±
i ξ

±
j . For spin-1 and spin-2 conserved currents, we often use the

condensed notation J± ≡ ξ±
i J

i and T± ≡ ξ±
ijT

ij . We will sometimes use a spinor
helicity representation for the polarizations, which is reviewed in Appendix A.

2.4 Bootstrapping Scalar Correlators
Given the constraints of conformal symmetry on wavefunction coefficients, it is
time to present its most basic solutions. In this section, we introduce the three-
and four-point functions of light scalars that will serve as seeds for the construction
of more complicated objects in Chapters 3 and 4. In the case of three-point
functions, we will just quote the general result and specialise to the most relevant
cases. For the four-point function, we will describe the bootstrap procedure a bit
more explicitly.
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2. The Cosmological Bootstrap

2.4.1 Three-Point Functions

The three-point function for generic scalar operators Oa (of dimensions ∆a) is
known in Fourier space in various forms. Its most economical representation is as
an integral over Bessel-K functions [41]

⟨O1O2O3⟩ =
∫ ∞

0
dz z 1

2

3∏
a=1

k
∆a− 3

2
a K∆a− 3

2
(kaz) , (2.76)

where the overall normalization is not fixed by conformal symmetry. For general
weights, the integral can also be written in terms of the Appell F4 function [41,126],
a two-variable generalized hypergeometric function. For weights ∆a that lead to
Bessel functions of half-integral order, the integral can be evaluated in terms of ele-
mentary functions. In the following, we list some special cases involving ∆ = 2 and
∆ = 3 fields. These correlators contain logarithms arising from renormalization,
which were studied in detail in [143,144].

• The three-point function of ∆ = 2 scalars φ is given by

⟨φφφ⟩ = log(K/µ) , (2.77)

where K ≡ k1 +k2 +k3. This expression solves the Ward identities “anoma-
lously.” The scale variation of the logarithm does not vanish, but is instead a
function that is analytic in the momenta (in this case it is just a constant), in-
dicating that it is a contact term in position space. This correlation function
therefore satisfies the conformal Ward identities at separated points, which
is all that is required. Note that we can freely add an arbitrary constant to
this correlation function by shifting the (arbitrary) scale µ.15

• The three-point function of ∆ = 3 scalars ϕ is [145]

⟨ϕϕϕ⟩ = log(K/µ)
∑

a

k3
a −

∑
a̸=b

k2
akb + k1k2k3 . (2.78)

The term involving the logarithm again only solves the conformal Ward
identities at separated points, and changes in µ correspond to the freedom
to add the arbitrary local term,

∑
a k

3
a, which solves the Ward identities by

itself.
15From the ∆ = 2 three-point function, it is straightforward to obtain the three-point function

of ∆ = 1 scalars: ⟨φ̃φ̃φ̃⟩ = (k1k2k3)−1, which we can think of as the shadow transform of the
constant that can be added to the result (2.77); in Fourier space, this amounts to multiplying by
(k1k2k3)−1. In this case, the shadow transform of the logarithm is not conformally invariant; it
is invariant under special conformal transformations, but does not satisfy the dilation constraint
(even anomalously).
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2.4. Bootstrapping Scalar Correlators

• The three-point function that mixes two conformally coupled and one mass-
less scalar is

⟨φφϕ⟩ = (k1 + k2) log(K/µ̃) −K . (2.79)

This correlation function can be obtained by acting on (2.78) with the weight-
lowering operator W−−

12 that we will introduce in Chapter 3, and shifting the
scale µ as log (µ̃/µ) = −7/12. It can be checked straightforwardly that it is
consistent with the result of an explicit bulk computation.

• The three-point function of two ∆ = 2 scalars and a scalar of general dimen-
sion ∆ is [13]:

⟨φφO⟩ = k∆−2
3 2F1

[
2 − ∆, ∆ − 1

1

∣∣∣∣1 − p

2

]
, (2.80)

where p ≡ (k1 + k2)/k3. This solution is valid for generic ∆ in the prin-
cipal series, but naive continuation to integer weight representations does
not reproduce the logarithms or contact terms present in those correlation
functions. In cases where the third operator also belongs to a special repre-
sentation, the other results above should be used.

2.4.2 Four-Point Functions
The four-point function is less constrained kinematically than the two- and three-
point functions, so some extra input will be needed in order to determine it. This
function depends on the four three-momenta, this is, twelve variables. Transla-
tion and rotation invariance reduce them to six. Apart from the four momentum
magnitudes ka, with a = 1, . . . , 4, we will use

s ≡ |⃗k1 + k⃗2| , t ≡ |⃗k1 + k⃗4| , u ≡ |⃗k1 + k⃗3| , (2.81)

one of which can be written in terms of the others using the relation s2 + t2 +u2 =
k2

1 + k2
2 + k2

3 + k2
4, which comes from momentum conservation. We then have

⟨O1O2O3O4⟩ = F (k1, k2, k3, k4, s, t) . (2.82)

We will focus on contact and tree-level exchange contributions to the four-point
function in the s-channel. To satisfy the dilatation Ward identity (2.71), it is
sufficient to write

F = s∆t−9 F̂ , (2.83)

where ∆t ≡
∑

a ∆a and F̂ is a dimensionless function. The form of F̂ will be
determined by the remaining Ward identity (2.72) and the singularities of tree-
level processes.
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Our case of interest is the four-point function of the operator dual to conformally
coupled scalars φ (with ∆ = 2), mediated by the exchange of a generic scalar σ.
In this case the kinematics further simplifies, and the four-point function can be
written as a function of only two kinematic variables: the conformally-invariant
ratios

w ≡ s

k1 + k2
, and v ≡ s

k3 + k4
. (2.84)

We have then

⟨φφφφ⟩ ≡ F = s−1F̂ (w, v) . (2.85)

This ansatz automatically satisfies two of the three equations contained in (2.72).
After changing momentum variables, the remaining constraint equation can be
written as [47]

(∆w − ∆v)F̂ = 0 , (2.86)

where

∆w ≡ w2(1 − w2)∂2
w − 2w3∂w . (2.87)

In general, these equations have many solutions, but as described in §2.2.2, tree-
level bulk physics is captured by solutions with a particular singularity structure.

Contact solutions
A large class of contact solutions is extremely simple, and can be written as [13]

Ĉn = ∆n
wĈ0 , where Ĉ0 = wv

w + v
= s

E
. (2.88)

The seed contact solution Ĉ0 arises from a φ4 interaction in the bulk. Repeated
application of the operator ∆w produces the additional solutions Ĉn correspond-
ing to higher-derivative interactions,16 which reproduces the effective field theory
(EFT) expansion of the bulk theory.

Exchange solutions
In the case of tree exchange, the partial differential equation (2.86) can be written
as two ordinary differential equations in w and v separately:

(∆w +M2)F̂ = Ĉn ,

(∆v +M2)F̂ = Ĉn ,
(2.89)

16An important caveat is that this is not the most general possible contact solution. The
contact solutions shown are the ones that come from integrating out scalar particles at tree
level. Integrating out higher-spin particles can produce contact solutions with dependence on
additional kinematic invariants. These additional contact solutions can be generated by acting
with the weight-shifting operators introduced in Chapter 3 on the contact solutions in (2.88).
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where Ĉn is one of the contact solutions in (2.88) and M2 ≡ (1 − ∆I)(∆I −
2), with ∆I the dimension of the exchanged field.17 These equations are the
wavefunction coefficient equivalent of the statement that an s-channel exchange
scattering amplitude A4 satisfies

(S −M2)A4 = analytic , (2.90)

where M is now the mass of the exchanged particle, see (2.3). The replacement of
the PDE in (2.86) with two ODEs in (2.89) can be understood as a manifestation
of locality at tree level. In particular, these differential equations can be derived
from the bulk perspective using the equation of motion that the Green’s function
for the exchanged field obeys [47].

The equations (2.89) are second-order ordinary differential equations, so they re-
quire two boundary conditions. It is natural to impose boundary conditions at
the singular points of the differential equation, w = 0,±1. It is easy to see that a
generic solution has the following logarithmic singularities

lim
w→+1

F̂ ∝ log(1 − w) , (2.91)

lim
w,v→−1

F̂ ∝ log(1 + w) log(1 + v) . (2.92)

The limit w → 1 corresponds to a collinear configuration, where the momenta
k⃗1 and k⃗2 become parallel. In the standard Bunch–Davies vacuum, this limit
should be regular, cf. §2.2.2. We therefore impose the absence of the singularity
at w = 1 as one boundary condition. The limit w, v → −1 corresponds to the
two partial energy limits EL, ER → 0 taken simultaneously. In this limit, the
four-point function factorizes into a product of two three-particle amplitudes. The
correct normalization of this factorization channel provides a second boundary
condition. These two boundary conditions uniquely fix the solutions to (2.89)
given the form of the contact source Ĉn. The four-point function has another
singularity at w = −v, which corresponds to the flat-space limit (2.60) with residue
the associated scattering amplitude. This can be used as a consistency check on
the solution.

The final singularity as w → 0 is physically the most interesting; in this limit, the
correlation function displays a characteristic non-analyticity

lim
w→0

F̂ ∝ w
1
2 ±ν , ν ≡

√
9
4 − m2

H2 , (2.93)

17In terms of the mass, we have M2 = m2/H2 − 2, where m2 is the mass squared of the
exchanged field in the bulk. Note that, in the limit M → ∞, equation (2.89) has a formal
solution as a series of contact terms of the form (2.88), which is the EFT expansion arising from
integrating out a heavy particle.
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k1

k2

s −−−−→
w → 0 k1

k2

s

Figure 2.7: Illustration of the collapsed limit w → 0. The four momentum vectors
associated to a four-point function form a closed quadrilateral due to momentum con-
servation. When two of the momenta (k⃗1 and k⃗2 in the picture) nearly add to zero, the
diagonal of length s = |⃗k1 + k⃗2| collapses.

where the parameter ν is set by the mass m of the exchanged particle, and is
purely imaginary for heavy fields. The limit w → 0 is the so-called collapsed
limit—where two of the momenta nearly add to zero, see Figure 2.7—and the
characteristic ringing as we approach this limit is imprinted in inflationary three-
point functions, providing a sharp way to test for the presence of these heavy
states in observables.

The detailed form of the solutions F̂ for generic ∆I can be found in [47], but won’t
be needed in this work. We will only require them for the specific cases ∆I = 2
and 3, corresponding to the exchange of conformally coupled and massless scalars
in the bulk, respectively. For Ĉ = Ĉ0, the relevant solutions of (2.89) are [13,47]18

F̂∆I =2 = 1
2

[
Li2
(
v

1 − w

w + v

)
+ Li2

(
w

1 − v

w + v

)
+ log

(
v

1 + w

w + v

)
log
(
w

1 + v

w + v

)
− π2

6

]
, (2.94)

F̂∆I =3 =
(

(1 − w2)∂w − 1
w

)(
(1 − v2)∂v − 1

v

)
F̂∆I =2 + wv + 1

w + v
, (2.95)

where Li2(x) is the dilogarithm.

The scalar three- and four-point functions presented here will serve as building
blocks for more complicated de Sitter wavefunction coefficients. We will see pre-
cisely how this works in the following two chapters.

18Recall that here F̂ denotes a wavefunction coefficient, while in [13,47] they computed bound-
ary correlators. As can be seen in (2.19), the two differ by a disconnected part, which is the
homogeneous solution to the equations (2.89).
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3 Weight-Shifting Operators
and Scalar Seeds

Given that the de Sitter wavefunction coefficients are conformally invariant, it is
natural to try to connect the study of cosmological correlators to CFT techniques.
However, most of our understanding of CFTs has been developed in position space,
while the natural habitat of cosmological correlators is momentum space. Unfor-
tunately, taking the direct Fourier transform of position space CFT correlators
is technically very challenging; in practice, it turns out to be easier to solve the
conformal Ward identities directly in momentum space. This approach can be
carried out to some extent for spinning operators at three points [34, 38, 41] and
for scalar operators at four points [42, 47, 129] (see Section 2.4), but it quickly
becomes intractable for spinning operators at four points and beyond.

Fortunately, the weight-shifting approach provides a more elegant way to proceed.
This formalism allows us to generate new solutions to the conformal Ward iden-
tities by acting with differential operators on an initial—simpler—seed solution.
This fact was already pointed out in [47], but the construction of the relevant oper-
ators involved a great deal of guesswork and bulk considerations. In this chapter,
we present a more systematic derivation of weight-shifting operators from a purely
boundary perspective. These objects are most naturally constructed in the embed-
ding space formalism, which introduces redundant variables to create an enlarged
space in which conformal transformations act linearly. Once these weight-shifting
operators have been identified in embedding space, they can straightforwardly
be projected to the physical space and easily Fourier transformed, bypassing the
challenge of relating position space and momentum space.

In Section 3.1, we start by introducing the cited embedding space formalism of
CFTs. Using it, we construct explicitly a class of weight-shifting operators in
Section 3.2, and then transform them to momentum space. Next, we put these
operators to work—in Section 3.3, we use them to raise the spin of the exchanged
field in the scalar wavefunction coefficients presented in Section 2.4, and in Sec-
tion 3.4, we transform any four-point function of conformally coupled scalars to
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that of massless scalars. Later, in Chapter 4, we will utilize weight-shifting oper-
ators to generate conformal correlators involving external spinning fields.

3.1 Embedding Space Formalism of CFTs

The conformal transformations (2.65)-(2.68) act non-linearly on the fields, so solv-
ing the constraints that they impose on correlators—particularly when spinning
fields are involved—is hard. However, we saw in §2.3.1 that the conformal algebra
of d-dimensional Euclidean space is isomorphic to the Lorentz algebra of (d+ 2)-
dimensional Minkowski. Therefore, finding an embedding of Rd in R1,d+1 would
allow to identify conformal transformations in the former with the much simpler
Lorentz transformations in the latter. This is precisely the spirit of the emmbed-
ing space formalism of conformal field theory [146, 147]—by lifting CFT fields to
R1,d+1 we can make conformal symmetry constraints as trivial as the Lorentz ones
are. Here, we provide a pedagogical review of CFTs in embedding space, based
mostly on the excellent treatment in [148].

3.1.1 Projective Null Cone
We begin by describing the embedding of d-dimensional Euclidean space as a slice
through a higher-dimensional lightcone. Consider d + 2 dimensional Minkowski
space, with coordinates

XM , M = 0, 1, . . . , d+ 1 , (3.1)

where Lorentz transformations act as

XM → ΛM
NX

N . (3.2)

The goal is to find an embedding of Rd into R1,d+1 on which these Lorentz trans-
formations become conformal transformations. We first restrict ourselves to points
living on the null cone in the embedding space:

X2 = 0 . (3.3)

This condition is Lorentz invariant and removes one of the coordinates in (3.1).
To remove a second coordinate and obtain a d-dimensional subspace, we define
a section of the lightcone X+ = f(Xi), where X± ≡ X0 ± Xd+1 are lightcone
coordinates and the coordinates Xi are identified with the coordinates xi on Rd.

We would like to understand how Lorentz transformations act on points living on
the section. In particular, we want to determine for which choice of embedding
function f(Xi) these transformations become conformal transformations. The
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Figure 3.1: Illustration of the action of Lorentz transformations (and re-scalings) on
points living on the Euclidean section of the lightcone in embedding space.

action of the Lorentz group on the section is illustrated in Figure 3.1. Each
point on the section defines a lightray by connecting the point to the origin. Let
dx be the infinitesimal interval between two nearby points on the section. The
induced metric on the section relates this to the interval ds2. Since the Lorentz
transformation (3.2) is an isometry, it will not change ds2. However, by itself, the
Lorentz transformation will move the interval off the section. To map it back onto
the section, we need to perform an additional rescaling

XM → λ(X)XM . (3.4)

Under the combined action of (3.2) and (3.4), the induced metric on the section
transforms as [148]

ds2 → Ω2(x) ds2 , with Ω(x) = λ(X) . (3.5)

This corresponds to a conformal transformation on Rd if ds2 is flat, cf. (2.64).
One can show that the latter requirement implies f(Xi) = const. Without loss of
generality, we can choose X+ = 1, so that the Euclidean section of the lightcone
is

XM = (X+, X−, Xi) = (1, x2, xi) . (3.6)

As we will show next, correlators in the d-dimensional Euclidean space are lifted
to homogeneous functions on the lightcone of the (d + 2)-dimensional Minkowski
spacetime, where the conformal group acts as the Lorentz group.

3.1.2 Tensors in Embedding Space
Consider a symmetric, traceless and transverse tensor OM1...Mℓ

defined on the cone
X2 = 0. Under the rescaling X → λX, the tensor transforms as

OM1...Mℓ
(λX) = λ−∆OM1...Mℓ

(X) , (3.7)
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i.e. it is a homogeneous function of degree ∆. This implies that the tensor is known
everywhere on the cone if it is known on the section (3.6). The corresponding
tensor on Rd is then defined through the following projection

Oi1i2...(x) = OM1M2...(X) ∂X
M1

∂xi1

∂XM2

∂xi2
· · · , ∂XM

∂xi
= (0, 2xi, δ

j
i ) . (3.8)

It is straightforward to show that the scaling transformation (3.7) for OM1M2...(X)
implies a conformal transformation for Oi1i2...(x).

Contracting the tensors with auxiliary null polarization vectors zi and ZM , we
can write them in index-free notation

O(ℓ)(x, z) = Oi1···iℓ
(x) zi1 · · · ziℓ , (3.9)

O(ℓ)(X,Z) = OM1···Mℓ
(X)ZM1 · · ·ZMℓ . (3.10)

In embedding space, any symmetric traceless tensor operator can therefore be
written as a homogeneous function O(ℓ)(X,Z) of the coordinates X,Z ∈ R1,d+1

such that X2 = X · Z = Z2 = 0, with “gauge invariance” under Z → Z +
βX. Together with the scaling (3.7), this gauge invariance removes exactly two
components per index from the tensor in embedding space, so its independent
components match with those of the tensor on the Euclidean section. Under
rescalings of the embedding coordinates, we have

O(ℓ)(λX,αZ) = λ−∆αℓ O(ℓ)(X,Z) , (3.11)

where ∆, ℓ are the dimension and spin of O(ℓ). Collectively, we refer to [ ∆, ℓ ] as
the weight of the operator. Conformal correlators in embedding space are simply
the most general Lorentz-invariant expressions with the correct scaling behavior.
The projection of these functions onto the Euclidean section defines the space of
conformally-invariant correlation functions on Rd.

3.1.3 Conformal Correlators

To illustrate the power of the embedding space formalism, we present a few exam-
ples of conformal correlators.

Consider first a set of scalar primary operators Oa ≡ Oa(Xa), of dimension ∆a.
Correlators of Oa can only depend on the Lorentz-invariant inner products

Xab ≡ Xa ·Xb , (3.12)

since X2
a = 0 on the lightcone. The scaling in (3.11) then uniquely fixes the two-
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and three-point functions of the operators to be

⟨O1O2⟩ = 1
X∆1

12
δ∆1∆2 , (3.13)

⟨O1O2O3⟩ = c123

X
(∆1+∆2−∆3)/2
12 X

(∆2+∆3−∆1)/2
23 X

(∆3+∆1−∆2)/2
31

, (3.14)

which, if we use that Xab = − 1
2 (xa − xb)2, reproduces the classic results in real

space [149]. Similarly, the four-point function of identical scalars, of dimensions
∆a ≡ ∆, is

⟨O1O2O3O4⟩ = 1
X∆

12X
∆
34
g(W,V ) ,

W ≡ X12X34

X13X24
,

V ≡ X14X32

X13X24
,

(3.15)

where g is an arbitrary function of the cross ratios W and V .

The real benefit of going to embedding space becomes most manifest for operators
with spin. For example, the two-point function of spin-ℓ operators (of dimen-
sion ∆) takes the form

⟨O(ℓ)
1 O

(ℓ)
2 ⟩ =

(
Z1 · Z2 − Z1 ·X2 Z2 ·X1

X12

)ℓ

⟨O1O2⟩ , (3.16)

where ⟨O1O2⟩ is given by (3.13) and the relative coefficient in the prefactor is
fixed by transversality. Similarly, the three-point function of two scalars (with
dimensions ∆1 and ∆2) and a spin-ℓ operator (with dimension ∆3) is

⟨O1O2O
(ℓ)
3 ⟩ =

(
(Z3 ·X1)(X2 ·X3) − (Z3 ·X2)(X1 ·X3)

(X12X13X23)1/2

)ℓ

⟨O1O2O3⟩ , (3.17)

where ⟨O1O2O3⟩ is given by (3.14). These simple examples already illustrate the
power of the embedding space formalism. The above results are simply the most
general Lorentz-invariant functions that are consistent with the scaling symmetry
(3.11) and the transversality of the operators. More general spinning correlators
are obtained in the same way and can be written in terms of a simple basis of tensor
structures (see e.g. [142, 150]), although this will not be needed here. For specific
weights, the operators become conserved and the correlators satisfy additional
constraints [142,151]. We will study these cases in Chapter 4.

3.2 Weight-Shifting Operators
We are now ready to introduce weight-shifting operators. The general philosophy
is fairly simple to state: given a solution to the conformal Ward identities (2.71)
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and (2.72), we would like to find differential operators that act on this solution to
generate new solutions with different quantum numbers (either conformal weight
or spin). In this section we start by constructing a number of such operators in
embedding space, and then transform them to ordinary momentum space, where
they can be used for our purposes.

3.2.1 Embedding Space
The most natural thing to look for would be a conformally-invariant operator
that accomplishes this change of quantum numbers. Such operators do exist, but
only in very special situations [152]. We can see this by considering the action
of a putative operator, D, on a conformal primary of weight ∆ and spin ℓ, which
would be of the form

DO(ℓ)
∆ = Õ

(ℓ′)
∆′ , (3.18)

where the operator Õ(ℓ′)
∆′ transforms in some new representation of the conformal

group, with weight ∆′ and spin ℓ′. Asking D to be conformally invariant is a
strong constraint. First of all, it implies that the operator commutes with all
conformal generators. In particular, this means that the operator is translationally
invariant. It therefore cannot depend on coordinates and a differential operator
with n derivatives must then change the weight as follows

∆ 7→ ∆′ = ∆ + n . (3.19)

Second, if the operator is conformally invariant it cannot change the quadratic
Casimir eigenvalue of the representation, and therefore must satisfy

∆(∆ − d) + C2(ℓ) = (∆ + n)(∆ + n− d) + C2(ℓ′) , (3.20)

where we have substituted for ∆′ on the right-hand side and C2(ℓ) denotes the
SO(d) quadratic Casimir of the spin-ℓ representation.1 Their precise values are
not important; the point is that if we fix the spin representations that the operator
D maps between, the constraint (3.20) becomes a linear equation for ∆, which is
only solved for one specific value.2 This means that—given a particular target
weight and spin representation—we are generically unable to find a conformally-
invariant differential operator that maps us there from a given starting point.

The loophole to this argument is fairly intuitive, we must relax our requirements
and search instead for differential operators that themselves transform in some

1More generally, any SO(d) representations can appear in (3.18). This does not change
the argument. In what follows, we will often restrict to spin-ℓ representations for notational
simplicity, but nothing depends on this choice.

2An example is that ∂µJµ transforms like a scalar, but only for ∆J = d− 1.
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representation of the conformal group. We therefore are in search of conformally-
covariant (as opposed to invariant) differential operators. The construction of
such weight-shifting operators was performed systematically in [153], and here we
briefly summarise it. Special cases of weight-shifting operators were constructed
earlier in [150]. It should be noted that there are, in principle, an infinite number
of such operators. Any finite-dimensional representation of the conformal group
can be used to construct a set of them. Here we will only focus in the vector and
adjoint representations, but it could be that some more exotic possibilities are also
of use in cosmology.

Vector representation
The vector representation gives rise to differential operators that shift the confor-
mal weight of a representation by ±1 and leave the spin untouched, and operators
that shift the spin by ±1 and leave the conformal weight untouched. We denote
them by

Dαβ
M : [∆, ℓ] 7→ [∆ + α, ℓ+ β] . (3.21)

The benefit of working in embedding space is that it is easy to implement the cor-
rect conformal transformation properties of the weight-shifting operators. For ex-
ample, weight-shifting operators coming from the vector representation will carry
an uncontracted embedding space index. It is then algorithmic to construct weight-
shifting operators: the above list completely catalogs the possible operators, our
task is to find embedding space expressions with the correct conformal dimensions
and spin weights.

One additional subtlety needs to be addressed: we must ensure that the resulting
expressions preserve the Euclidean section of the projective lightcone. This is not
automatic because embedding space tensors are invariant under the shift Z 7→
Z + βX and subject to the constraints

X2 = X · Z = Z2 = 0 . (3.22)

We must then make sure that these combined constraints are preserved by the dif-
ferential operators we construct. This turns out to be a strong enough requirement
to uniquely fix the embedding space expressions for each weight-shifting operator.

The algorithm involves first making an ansatz that has the correct weights. Note
that Z raises the spin by one, X lowers the weight by one and derivatives do the
opposite. The action of the operators X ·∂X = −∆ and Z ·∂Z = ℓ can be absorbed
into the constants, while X · ∂Z = 0 is one of the constraints we will impose, so
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this operator does not appear. In sum, we have

D−0
M = XM , (3.23)

D0−
M = a1

∂

∂ZM
+ a2ZM

∂2

∂Z2 + a3XM
∂2

∂X · ∂Z
+ a4XMZ · ∂

∂X

∂2

∂Z2 , (3.24)

D0+
M = b1ZM + b2XMZ · ∂

∂X
, (3.25)

D+0
M = c1

∂

∂XM
+ c2XM

∂2

∂X2 + c3ZM
∂2

∂Z · ∂X
(3.26)

+ c4Z · ∂

∂X

∂

∂ZM
+ c5XMZ · ∂

∂X

∂2

∂Z · ∂X

+ c6ZMZ · ∂

∂X

∂2

∂Z2 + c7XM

(
Z · ∂

∂X

)2
∂2

∂Z2 .

We now wish to fix the various coefficients in the operators above. First, we require
that the action of the weight-shifting operators preserves invariance under the shift
Z 7→ Z + βX. This implies(

X · ∂

∂Z

)
DMf∆,ℓ(X,Z) = 0 , (3.27)

where f∆,ℓ is any homogeneous polynomial of spin ℓ and weight ∆ that is invariant
under the shift of Z [142,153]. The latter can be written as

f∆,ℓ(X,Z) = (X · Y )−∆−ℓ
(
PMQNCMN

)ℓ
, (3.28)

where CMN = ZMXN −ZNXM and Y, P,Q are arbitrary constant vectors. Second,
we also have to ensure that the constraints (3.22) are preserved. This is somewhat
tricker to enforce because there are many possible ways to extend the operators
away from the lightcone. In practice, we only need to impose this constraint on a
small number of polynomials in order to completely fix all of the free coefficients.
The following set of polynomials, which all have weight ∆ and spin ℓ, does the
job [153]

g1(X,Z) = X2f∆+2,ℓ(X,Z) , (3.29)
g2(X,Z) = SMXNCMNf∆+2,ℓ−1(X,Z) , (3.30)
g3(X,Z) = ZMXNCMNf∆+2,ℓ−2(X,Z) , (3.31)
g4(X,Z) = SMSNCMOC

ONf∆+2,ℓ−2(X,Z) , (3.32)

where S is an arbitrary constant vector. It is straightforward to check that these
polynomials all vanish after imposing (3.22). Finally, we act with the weight-
shifting operators before imposing the constraints, then impose the constraints
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and demand that the result vanishes. This completely fixes all the remaining free
coefficients—we find

D−0
M = XM , (3.33)

D0−
M =

(
(∆ − d+ 2 − ℓ)δN

M +XM
∂

∂XN

)
× (3.34)

×
(

(d− 4 + 2ℓ) ∂

∂ZN
− ZN

∂2

∂Z2

)
,

D0+
M = (ℓ+ ∆)ZM +XMZ · ∂

∂X
, (3.35)

and (3.26) with coefficients

c1 =
(
d

2 − ∆ − 1
)

(∆ + ℓ− 1)(d− ∆ + ℓ− 2) , c5 = d

2 + ℓ− 2 , (3.36)

c2 = −1
2(∆ + ℓ− 1)(d− ∆ + ℓ− 2) , c6 = d

2 − ∆ − 1 , (3.37)

c3 = −
(
d

2 − ∆ − 1
)

(∆ + ℓ− 2) , c7 = −1
2 . (3.38)

c4 = −
(
d

2 − ∆ − 1
)

(d− ∆ + ℓ− 2) , (3.39)

The operators defined in this way preserve the Euclidean section of the projective
lightcone and shift the weights of the operators they act on as indicated by their
superscripts.

These weight-shifting operators satisfy all of our requirements—they are confor-
mally covariant and change the quantum numbers of representations—but it is
natural to ask if we can do better. It would be preferable to have some objects
that are actually conformally invariant. From the arguments shown before we
don’t expect to be able to accomplish this with operators that act at a single
point, but nothing prevents us from combining pairs of weight-shifting operators
into singlets that are bi-local. In particular, it is useful to introduce the following
combinations of operators that act at two points (labeled by 1 and 2) by contract-
ing their embedding space indices

S++
12 ≡ D0+

1 · D0+
2 , (3.40)

S−−
12 ≡ D0−

1 · D0−
2 , (3.41)

W++
12 ≡ D+0

1 · D+0
2 , (3.42)

W−−
12 ≡ D−0

1 · D−0
2 . (3.43)

Defined in this way, the operators S±±
12 raise (lower) the spins at points 1 and 2,

while the operators W±±
12 raise (lower) the conformal dimensions.
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The operators S±±
12 and W±±

12 act in the same way at both points, but nothing
requires us to combine the operators in this way. In fact, an extremely useful
combination is the operator

D12 ≡ D0+
1 · D−0

2 = (∆1 + ℓ1)Z1 ·X2 + (X1 ·X2)Z1 · ∂

∂X1
, (3.44)

which raises the spin by one unit at point 1 and lowers the dimension by one at
point 2. This operator was first derived in [150]. They also constructed an operator
that raises the spin and lowers the weight at the same point, but to construct this
operator we have to consider the adjoint representation, which we do next.

Adjoint representation
The adjoint representation generates weight-shifting operators that lower or raise
the conformal dimension by one unit and simultaneously lower or raise the spin
by one unit. There are four of these operators, corresponding to the four differ-
ent combinations of these shifts. In addition, we also find the actual conformal
generators—differential operators that transform in the adjoint and do nothing to
either the spin or the conformal weight.

We can construct these operators in embedding space like we did for the vector
representation. The difference is that in this case the operators will carry a pair of
anti-symmetric embedding space indices, as they must transform in the adjoint. In
practice, this means that we can construct the adjoint embedding space operators
by multiplying and anti-symmetrizing the vector embedding space operators.

Rather than systematically derive all possible operators, like we did for the vector
representation, we instead only quote some operators which are particularly useful.
For example, the operator that lowers the weight by one and raises the spin by
one is

D−+
MN = X[MZN ] . (3.45)

Another semi-trivial example is provided by the conformal generators

D00
MN = JMN = X[M

∂

∂XN ] + Z[M
∂

∂ZN ] , (3.46)

which by itself do not do anything to correlation functions if summed over all
points, but can be useful in tandem with one of the other weight-shifting opera-
tors. The other three weight-shifting operators that can be built from the adjoint
representation are not needed in our analysis, so we will not study them. If de-
sired, they can be constructed by antisymmetrizing various combinations of the
operators in the vector representation.
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W±±
12S±±

12

H12

D12D11

⟨O(ℓ1)
∆1

O
(ℓ2)
∆2

. . .⟩ ⟨O(ℓ1)
∆1±1O

(ℓ2)
∆2±1 . . .⟩⟨O(ℓ1±1)

∆1
O

(ℓ2±1)
∆2

. . .⟩

⟨O(ℓ1+1)
∆1−1 O

(ℓ2+1)
∆2−1 . . .⟩

⟨O(ℓ1+1)
∆1−1 O

(ℓ2)
∆2−1 . . .⟩

Figure 3.2: Schematic illustration of the different weight-shifting operators used in this
work.

As before, these operators are most useful when paired together into conformally-
invariant combinations. For example, a convenient combination is

H12 ≡ D−+
1 · D−+

2 = (Z1 · Z2)(X1 ·X2) − (Z1 ·X2)(Z2 ·X1) , (3.47)

which lowers the weight and raises the spin by one unit at both points 1 and 2.
Another very useful operator is

D11 ≡ D−+
1 · J2 = (X1 ·X2)Z1 · ∂

∂X2
− (X2 · Z1)X1 · ∂

∂X2

+ (X1 · Z2)Z1 · ∂

∂Z2
− (Z2 · Z1)X1 · ∂

∂Z2
, (3.48)

which raises the spin and lowers the weight by one unit at point 1, but does nothing
at point 2. This operator was also considered in [150].

As a summary of this subsection, all the relevant weight-shifting operators and
their effects are given in Figure 3.2.

3.2.2 Momentum Space

Cosmological correlation functions naturally live in Fourier space, so we would
like to understand the action of the bi-local weight-shifting operators in Fourier
space. This involves first projecting the weight-shifting operators from embedding
space to position space, and then transforming the result to Fourier space. This is
precisely what we do in the following, presenting results that are valid for general
dimensions.
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Projection to position space
We first consider projecting the embedding space weight-shifting operators to the
Euclidean section of the lightcone. Using XM = (1, x2, xi) and ZM = (0, 2 x⃗·z⃗, zi),
we can write the derivatives with respect to the embedding coordinates as

∂

∂XM
= ∂xi

∂XM

∂

∂xi
+ ∂zi

∂XM

∂

∂zi
=
(

−∆ − xj ∂

∂xj
, 0 , ∂

∂xi

)
, (3.49)

∂

∂ZM
= ∂xi

∂ZM

∂

∂xi
+ ∂zi

∂ZM

∂

∂zi
=
(

−xj ∂

∂zj
, 0 , ∂

∂zi

)
. (3.50)

This allows us to write all relevant scalar products in embedding space and scalar
products in position space:

Za · Zb = z⃗a · z⃗b , Za · ∂

∂Zb
= z⃗a · ∂

∂z⃗b
,

Xa · Zb = (x⃗a − x⃗b) · z⃗b , Za · ∂

∂Xb
= z⃗a · ∂

∂x⃗b
,

Xa ·Xb = − (xa − xb)2

2 , Xa · ∂

∂Xb
= −∆b + (x⃗a − x⃗b) · ∂

∂x⃗b
,

∂

∂Za
· ∂

∂Zb
= ∂

∂z⃗a
· ∂

∂z⃗b
, Xa · ∂

∂Zb
= (x⃗a − x⃗b) · ∂

∂z⃗b
,

∂

∂Xa
· ∂

∂Xb
= ∂

∂x⃗a
· ∂

∂x⃗b
,

(3.51)

where a, b label different positions. We will not write out the full position space
expressions for the weight-shifting operators, but they can be obtained straightfor-
wardly by substituting these scalar products into the embedding space expressions
given in §3.2.1.

Fourier-transformed operators
Once the weight-shifting operators have been written in position space, it is an
algorithmic (though tedious) task to transform these operators to Fourier space.
In the following, we record the Fourier space expressions for a variety of useful
weight-shifting operators that act on pairs of points.

• The operator W−−
12 , defined in (3.43), lowers weights at points 1 and 2 by

one unit. In Fourier space, it takes the form

W−−
12 = 1

2

(
∂

∂k⃗1
− ∂

∂k⃗2

)
·
(

∂

∂k⃗1
− ∂

∂k⃗2

)
≡ 1

2K⃗12 · K⃗12 , (3.52)

where we have defined the differential operator

K⃗12 ≡ ∂

∂k⃗1
− ∂

∂k⃗2
. (3.53)
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• Similarly, the operator W++
12 in (3.42) raises the weights by one at both

points 1 and 2. In general, this operator takes a very complicated form in
Fourier space,

W++
12 ∝ D

(A)
1 D

(A)
2 W−−

12

− (z⃗1 · k⃗1)(z⃗2 · k⃗2)
(
δ1δ2(z⃗1 · z⃗2)∇2

z⃗1
∇2

z⃗2
+ η2

12η
2
21(∂z⃗1 · ∂z⃗2)

)
+
[
δ1D

(a)
2 (K⃗12 · z⃗1)

(
(z⃗1 · k⃗1)∇2

z⃗1
− τ1(k⃗1 · ∂z⃗1)

)
− η2

11(z⃗1 · k⃗1)D(A)
1 (K⃗12 · ∂z⃗1) − δ1η12σ2(z⃗1 · k⃗1)

+ δ2(z⃗1 · k⃗1)
(
D

(B)
21 + (z⃗1 · k⃗1)

(
σ2(1 − d+ ∆2) − τ2(z⃗2 · ∂z⃗2)

))
∇2

z⃗1

− δ2

[
σ2(d− 4 + 2ℓ1)(1 − d+ ∆2)(z⃗1 · k⃗1) + τ1D

(B)
21

]
(k⃗1 · ∂z⃗1)

+ (1 ↔ 2)
]
, (3.54)

where we have defined

D(A)
a ≡ (k⃗a · z⃗a)2∇2

z⃗1
− (d− 4 + 2ℓa)(k⃗a · z⃗a)(k⃗a · ∂z⃗a

) − k2
aσ

2
a ,

D
(B)
ab ≡ δa

(
τa(z⃗1 · z⃗2)(k⃗a · ∂z⃗a

) + σb(k⃗a · z⃗b)
)

+ ηab(k⃗a · z⃗a)(z⃗b · ∂z⃗a
) ,

(3.55)

and

σ2
a ≡ (∆a + ℓa − 1)(d− 2 − ∆a + ℓa) ,

η2
ab ≡ (d− 3 − ∆a + ℓa)(d− 2∆b) ,
τa ≡ ∆a + ℓa − 1 ,
δa ≡ d− ∆a .

(3.56)

Fortunately, this becomes somewhat more manageable when acting on scalars:

W++
12 = (k1k2)2 W−−

12 − (d− 2∆1)(d− 2∆2) k⃗1 · k⃗2

+
(
k2

2(d− 2∆1)
(
d− 1 − ∆1 + k⃗1 · K⃗12

)
+ (1 ↔ 2)

)
.

(3.57)

• The spin-raising operator S++
12 , defined in (3.40), has the following Fourier

representation

S++
12 = (ℓ1 + ∆1 − 1)(ℓ2 + ∆2 − 1) z⃗1 · z⃗2 − (z⃗1 · k⃗1)(z⃗2 · k⃗2) W−−

12

+
[
(ℓ1 + ∆1 − 1)(k⃗2 · z⃗2)(z⃗1 · K⃗12) + (1 ↔ 2)

]
.

(3.58)

This operator raises the spin by one unit at both points 1 and 2, which is
useful for generating spinning correlators. As an example, we can apply it on
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the two-point function of scalar operators to obtain the spinning one. The
correlator of two scalars of dimension ∆ is given by

⟨OO⟩ = k2∆−d , (3.59)

where the normalization is arbitrary. Momentum conservation implies that
k⃗1 = −k⃗2, so that the spin-raising operator (3.58) simplifies to

S++
12 = (1 − ℓ− ∆)2 z⃗1 · z⃗2 + (1 − ℓ− ∆)

[
(k⃗ · z⃗1) z⃗2 · ∂k⃗ + (k⃗ · z⃗2) z⃗1 · ∂k⃗

]
+ (k⃗ · z⃗1)(k⃗ · z⃗2)

2 ∂k⃗ · ∂k⃗ . (3.60)

Acting with this operator repeatedly on ⟨OO⟩ generates the two-point func-
tion of spinning operators

⟨O(ℓ) O(ℓ)⟩ = (S++)ℓ⟨OO⟩ (3.61)

∝ [(k̂ · z⃗1)(k̂ · z⃗2)]ℓ
kd−2∆ P

(∆−ℓ−d/2,d/2−2)
ℓ

(
1 − z⃗1 · z⃗2

(k̂ · z⃗1)(k̂ · z⃗2)

)
,

where P (a,b)
ℓ is the Jacobi polynomial.

• The operator D12, defined in (3.44), raises the spin at point 1 and lowers the
weight at point 2. In Fourier space, it reads

D12 = (∆1 + ℓ1 − 1) z⃗1 · K⃗12 − (z⃗1 · k⃗1)W−−
12 , (3.62)

where we have dropped an overall factor of i. We will use this operator in
Section 3.3 to raise the spin of exchanged fields.

• The operator D11 in (3.48) both raises the spin and lowers the weight at the
point 1 and is useful for raising the spin of external fields. In Fourier space,
it becomes

D11 =
(
∆2 − d+ k⃗2 · K⃗12

)
z⃗1 · K⃗12 − (k⃗2 · z⃗1)W−−

12

− z⃗2 · K⃗12 z⃗1 · ∂z⃗2 + (z⃗1 · z⃗2)∂z⃗2 · K⃗12 ,
(3.63)

where we have again dropped an overall factor of i.

• It is often helpful to use the operator H12, defined in (3.47), which raises the
spin and lowers the weight by one unit at both points 1 and 2. Its Fourier
representation is

H12 = 2 z⃗1 · K⃗12 z⃗2 · K⃗12 − (z⃗1 · z⃗2)K⃗12 · K⃗12 . (3.64)
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3.3. Spin Exchange

• Although we will not make use of it, for completeness let us also give the
expression for the spin-lowering operator S−−

12 , defined in (3.41), which lowers
the spin by one unit at both points 1 and 2:

S−−
12 = D

(C)
1 D

(C)
2 W−−

12 − ρ1ρ2(z⃗1 · z⃗2)∇2
z⃗1

∇2
z⃗2

(3.65)

+
[
ρ1D

(C)
2 K12 · (z⃗1∇2

z⃗1
− λ1∂z⃗1

)
+ ρ1ρ2λ1∂z⃗1 · (λ2∂z⃗2 − z⃗2) + (1 ↔ 2)

]
,

where

D(C)
a ≡ (k⃗a · z⃗a)∇2

z⃗a
− λa(k⃗a · ∂z⃗a

) ,
ρa ≡ d− 1 − ∆a + ℓa ,

λa ≡ 2ℓa + d− 4 .
(3.66)

Finally, we need to highlight that, in momentum space, correlation functions come
with a momentum-conserving delta function, cf. (2.69). We often want to act with
weight-shifting operators directly on the primed correlator, with the delta function
removed. In that case, one might be concerned that the momentum space opera-
tors would also act on the delta function, leading to extra terms after integration-
by-parts. This situation is familiar from the Fourier space action of the dilation
operator. However, inspection of the weight-shifting operators presented here re-
veals that derivatives always appear in the combination K⃗12 defined in (3.53), so
that they depend on momentum differences and will therefore pass through the
delta function.

3.3 Spin Exchange
A remarkable feature of the cosmological bootstrap is the fact that all spin-
exchange solutions can be obtained from the scalar-exchange solution to (2.89)
through the action of a spin-raising operator :

σµ1...µℓ
σ

= S

Here we will provide a simple derivation of the relevant spin-raising operator S and
the spin-exchange wavefunction coefficients that it generates. This operator is an
example of the weight-shifting operators that we have introduced in Section 3.2.

Before we go on, we need to introduce some new variables. For scalar exchange,
the four-point correlator (2.85) only depended on the cross-ratios w, v (along with
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an overall power of s), but when we consider the exchange of spinning particles,
the kinematics are more complicated. The four-point function will depend on the
following additional variables

α ≡ k1 − k2 , β ≡ k3 − k4 , τ ≡ (k⃗1 − k⃗2) · (k⃗3 − k⃗4) , (3.67)

whose dimensionless versions are α̂ ≡ α/s, β̂ ≡ β/s, and τ̂ ≡ τ/s2.

3.3.1 Spin-Raising Operator
Ultimately, our goal is to raise the spin of exchanged particles in the scalar four-
point functions. To understand the origin of the relevant spin-raising operator,
however, it is helpful to first consider raising the spin of an operator in a three-
point function. Consider, for concreteness, the correlator of two scalar operators
φ (with dimension ∆φ = 2) and a generic scalar operator O (with dimension ∆3).
Using the expression for a general three-point function (3.14), specialized to this
case, we have

⟨φφO⟩ = (X4−∆3
12 X∆3

23 X
∆3
31 )−1/2 . (3.68)

Acting on this correlator with the operator defined in (3.44), we find

⟨φφ̃O(1)⟩ = − 2
∆3

D32 ⟨φφO⟩ , (3.69)

where φ̃ is the shadow of φ, which has dimension ∆φ̃ = 3 − ∆φ = 1, and O(1) is
a spin-1 operator. The relation in (3.69) is easily confirmed using the results of
§3.1.3. As advertised, the operator D32 raises the spin of the operator at position
3 by one unit and lowers the dimension at position 2 by one unit. In Fourier space,
this operator takes the form (see (3.62))

D32 = zi
3

[
(∆3 + ℓ3 − 1)Ki

32 + 1
2 k

i
3 K⃗32 · K⃗32

]
. (3.70)

After applying (3.70) on a correlator ⟨φφO⟩, we need to preform a shadow trans-
form to raise the dimension of the operator φ̃ at position 2. In Fourier space, this
simply amounts to multiplication by k2, so that

⟨φφO(1)⟩ = k2⟨φφ̃O(1)⟩ = − 2
∆3

k2D32 ⟨φφO⟩ ≡ − 2
∆3

iS12⟨φφO⟩ , (3.71)

where we have defined the spin-raising operator S12 that implements the combined
action of (3.70) and the shadow transform. For our future uses, it is convenient
to use momentum conservation to write the differential operator (3.70) in terms
of k⃗1 and k⃗2, rather than k⃗3. The differential operator then acts on the fields at
positions 1 and 2, which explains the subscript of S12. Repeated application of
iS12 = k2D32 would raise the spin further.
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3.3.2 Raising Internal Spin
We can use the operator S12 to raise the spin of the exchanged field using the
scalar-exchange solution as a seed. We first show how this works in detail for
spins 1 and 2 and then discuss the generalization to arbitrary spin.

Spin-1 exchange
We first consider the mapping of the scalar-exchange solution to a spin-1 exchange
solution. To understand which spin-raising operator to use, it is helpful to first
consider the disconnected contribution to the four-point function coming from
spin-1 exchange (see e.g. Appendix A of [47]):

⟨φφφφ⟩(1)
d =

⟨φk⃗1
φk⃗2

Oi
−s⃗ ⟩(Π1)ij⟨Oj

s⃗ φk⃗3
φk⃗4

⟩
⟨Os⃗ O−s⃗ ⟩

, (3.72)

where the symmetric traceless tensor (Π1)ij contains the polarization structure of
the inverse two-point function of the exchanged field:3

⟨Oi
s⃗ O

j
−s⃗ ⟩−1 ∝ (Π1)ij⟨Os⃗ O−s⃗ ⟩−1 . (3.73)

Using the spin-raising operator in (3.71), the expression (3.72) can be written as

⟨φφφφ⟩(1)
d = −(Π1)ij

Si
12⟨φk⃗1

φk⃗2
O−s⃗

⟩ Sj
34⟨O

s⃗
φk⃗3

φk⃗4
⟩

⟨Os⃗ O−s⃗ ⟩
, (3.74)

where O is a scalar operator of dimension ∆. From this, it is clear that the operator
(Π1)ij Si

12Sj
34 acting in the numerator raises the spin of the exchanged particle.

Our goal is to simplify this operator such that we can pull it outside and have it
act on the total disconnected correlator ⟨φφφφ⟩(0)

d .

We start by simplifying the expression S12⟨φφO⟩. Since the three-point func-
tion depends only on the magnitudes of the momenta, we can write the operator
in (3.71) as

Si
12 = (∆ − 1)ki

2
∂

∂k2
(3.75)

+ k2s
i

[
(∆ − 2)1

s

∂

∂s
− 1
k2

∂

∂k2
− 1

2
∂2

∂k2
2

− 1
2
∂2

∂s2 − (k̂2 · ŝ) ∂2

∂k2∂s

]
,

where we have used s⃗ = k⃗1 + k⃗2, which is the momentum of the exchanged particle.
Next, we change variables from {k1, k2} to {w, α̂}. In these variables, the scalar
three-point function has an extremely simple functional dependence [47]: ⟨φφO⟩ =

3Note that in Fourier space, the inverse of the two-point function is equivalent to the two-point
function of an operator with the shadow dimension (suitably normalized).
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s∆−2f̂(w), so we can drop any derivatives with respect to α̂ and derivatives with
respect to s act simply on the polynomial prefactor. In simplifying the answer it is
convenient to use ∆wf̂(w) = (∆−1)(∆−2)f̂(w), where ∆w was defined in (2.87).
After some algebra, the operator (3.75) simplifies to

Si
12 = ∆ − 1

2s

[
αiw2∂w − siα̂(w∂w + ∆ − 2)

]
, (3.76)

where we have introduced α⃗ ≡ k⃗1 − k⃗2, for later convenience.4 Importantly, this
operator only involves derivatives with respect to w. Similar manipulations let us
simplify the operator S34. All we have to do is replace s⃗ by −s⃗, α⃗ by β⃗ ≡ k⃗3 − k⃗4
and {w, α̂} by {v, β̂}. The resulting operator will only contain derivatives with
respect to v.

Having simplified the differential operators, we now turn our attention to the
polarization structure of the exchanged operator. For exchange of an operator of
weight ∆, the spin-1 polarization tensor is (see Appendix B for a derivation)

(Π1)ij = πij + 1 − ∆
∆ − 2 ŝiŝj , (3.77)

where πij ≡ δij − ŝiŝj is a transverse projector. Substituting (3.76) and (3.77)
into (3.74), we see that we can pull the differential operators outside to obtain

⟨φφφφ⟩(1)
d ∝ (Π1,1Dwv + Π1,0∆w) ⟨φφφφ⟩(0)

d , (3.78)

where we have defined the differential operator Dwv ≡ (wv)2∂w∂v and the polar-
ization sums

Π1,1 ≡ αiπijβ
j

s2 , Π1,0 ≡ α̂β̂ . (3.79)

The differential operator that raises the spin of the exchanged particle from zero
to one therefore is

S(1)
wv ≡ Π1,1Dwv + Π1,0∆w . (3.80)

Thus far, we have only discussed the disconnected contribution to the four-point
function arising from the exchange of a single scalar operator of general conformal
weight ∆. To relate this to the most general exchange four-point function, we
note that any four-point function can be decomposed as a sum over the exchange
of various states of different conformal weights, but fixed spin. Moreover, since
the spin-raising operator S(1)

wv in (3.80) does not depend on conformal dimension,
4The magnitude of this vector is not to be confused with α = k1 − k2, i.e. |α⃗| ̸= α.
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acting with it on the complete scalar exchange solution F̂ (0) produces the complete
spin-1 exchange solution F̂ (1):

F̂ (1) = S(1)
wv F̂

(0) . (3.81)

Indeed, this relation is precisely what was found by other means in [47].

Spin-2 exchange
We can repeat the same exercise for spin-2 exchange, which is algebraically more
involved, but conceptually the same. In this case, the disconnected part of the
four-point function is

⟨φφφφ⟩(2)
d =

⟨φk⃗1
φk⃗2

Oij
−s⃗ ⟩(Π2)ij,lm(ŝ)⟨Olm

s⃗ φk⃗3
φk⃗4

⟩
⟨Os⃗ O−s⃗ ⟩

, (3.82)

where (Π2)ij,lm is the spin-2 polarization tensor. Like in the spin-1 case, we can
write this in terms of the spin-raising operator (3.71) acting on scalar three-point
functions

⟨φφφφ⟩(2)
d = (Π2)ij,lm

(
S2

12
)ij ⟨φk⃗1

φk⃗2
O−s⃗

⟩
(
S2

34
)lm ⟨O

s⃗
φk⃗3

φk⃗4
⟩

⟨Os⃗ O−s⃗ ⟩
. (3.83)

As before, we want to write the spin-raising operators in such way that we can act
with them on the entire disconnected correlator. This proceeds very similarly to
the spin-1 case. We first focus on S2

12⟨φφO⟩. Changing variables to w, α̂, α⃗ and
eliminating s-derivatives, we can write the spin-raising operator as

(
S2

12
)ij ∝ ∆(∆ − 1)

s2

[
δijs2 [3(1 − α̂2)w∂w + (∆ − 2)(∆ − 3α̂2)

]
− 3αiαjw2∂w(w2∂w) + 3(αisj + siαj)wα̂

[
∆ − 3 + ∂w(w2∂w)

]
− 3sisj

(
∆ − 2 + w∂w + α̂2(∆ − 2)(∆ − 4)

+ α̂2(2∆ − 5)w∂w + α̂2w2∂2
w

)]
,

(3.84)

where again all derivatives are only with respect to w. As in the spin-1 case, we
can get S2

34 from the replacement {s⃗, w, α̂, α⃗} 7→ {−s⃗, v, β̂, β⃗}. Importantly, these
differential operators again have no derivatives on s, so we can pull them outside
to act on the full disconnected correlator ⟨φφφφ⟩(0)

d .

Next, we consider the spin-2 polarization structure, which is given by (see Ap-
pendix B)

(Π2)ij,lm = (Π2,2)ij,lm − ∆
∆ − 3(Π2,1)ij,lm + ∆(∆ − 1)

(∆ − 2)(∆ − 3)(Π2,0)ij,lm , (3.85)
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where we have defined the individual helicity components as

(Π2,2)ij
lm = π

(i
(lπ

j)
m) − 1

2π
ijπlm ,

(Π2,1)ij
lm = 2 ŝ(iŝ(lπ

j)
m) ,

(Π2,0)ij
lm = 3

2

(
ŝiŝj − 1

3δ
ij

)(
ŝlŝm − 1

3δlm

)
.

(3.86)

Combining these expressions together with the simplified expressions for S2
12 and

S2
34, and performing some algebra, then gives

⟨φφφφ⟩(2)
d ∝

(
Π2,2D

2
wv + Π2,1Dwv(∆w − 2)

+ Π2,0∆w(∆w − 2)
)

⟨φφφφ⟩(0)
d ,

(3.87)

where we have defined the following polarization sums

Π2,2 ≡ 3
2s4αiαj(Π2,2)ij

lmβ
lβm ,

Π2,1 ≡ 3
s2 α̂β̂ α

iπijβ
j ,

Π2,0 ≡ 1
4(1 − 3α̂2)(1 − 3β̂2) .

(3.88)

We have therefore found an operator that raises the spin of the exchanged particle
from zero to two:

S(2)
wv ≡ Π2,2D

2
wv + Π2,1Dwv(∆w − 2) + Π2,0∆w(∆w − 2) . (3.89)

For the same reason as before, we can take this operator and apply it to the full
connected four-point function to obtain the massive spin-2 exchange solution

F̂ (2) = S(2)
wv F̂

(0) , (3.90)

which is the same result as in [47].

Higher-spin exchange
The spin-raising procedure we have described is completely algorithmic and can
therefore easily be extended to arbitrary spin. In particular, the spin-ℓ exchange
solution can be written schematically as

F̂ (ℓ) = (Πℓ)i1...iℓ , j1...jℓ

(
Sℓ

12
)i1...iℓ

(
Sℓ

34
)j1...jℓ

F̂ (0) , (3.91)

where Sℓ
ab are the spin-ℓ analogues of (3.76) and (3.84), (Πℓ)i1..., j1... is the po-

larization structure of the spin-ℓ two-point function, and F̂ (0) is the same seed
function as before.
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It is instructive to write the spin-raising operator as a sum over the different
helicity components

F̂ (ℓ) =
ℓ∑

m=0
Πℓ,mD(ℓ,m)

wv F̂ (0) , (3.92)

where the differential operators at each helicity m are given by

D(ℓ,m)
wv = Dm

wv

ℓ−m∏
j=1

(
∆w − (ℓ− j)(ℓ− j + 1)

)
. (3.93)

The polarization sums appearing in (3.92) are presented in more detail in Ap-
pendix B. They can be written as

Πℓ,m = (2 − δm0)(−L̂)m cos(mχ)P̃m
ℓ (α̂) P̃−m

ℓ (β̂) , (3.94)

where

P̃m
ℓ (x) ≡ Pm

ℓ (x)
(1 − x2)|m|/2 , (3.95)

is a modified version of the associated Legendre polynomial Pm
ℓ (x), and χ is the

angle between k̂1 and k̂3 on the plane perpendicular to ŝ, given by

cosχ = cos γ − cos θ1 cos θ3

sin θ1 sin θ3
= T̂

L̂
. (3.96)

In this expression, we have defined the angles cos γ ≡ k̂1 · k̂3, cos θa ≡ k̂a · ŝ, and
the kinematic invariants:

T̂ ≡ αiπ
ijβj

s2 = τ̂ + α̂β̂

wv
, (3.97)

L̂2 ≡ αiπ
ijαj βkπ

klβl

s4 = (1 − w2)(1 − v2)
w2v2 (1 − α̂2)(1 − β̂2) . (3.98)

The overall normalization was chosen such that Π0,0 = 1.

Note that some of the “angles” appearing in (3.94) are slightly unusual. However,
taking the collapsed limit, s → 0, the angular dependence simply becomes

lim
s→0

Πℓ,m ∝ (2 − δm0)(−wv)m cos(mχ)Pm
ℓ (cos θ1)P−m

ℓ (cos θ3) . (3.99)

Along with the momentum dependence (2.93), this angular dependence in the
collapsed limit is one of the hallmarks of the exchange of massive particles with
spin. The characteristic angular structure allows both mass and spin spectroscopy
to be performed using the collapsed limit of the four-point function (or the squeezed
limit of the three-point function). We will give more details in Section 7.2.
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3.4 External Massless Scalars
So far, we have presented results for the four-point functions of ∆ = 2 operators
in de Sitter space. To describe inflationary correlators, however, we further need
to raise the weight of the external operators to ∆ = 3, corresponding to a massless
field in the bulk. This field plays the role of the inflaton in conventional models of
slow-roll inflation.

In [47], a set of weight-raising operators was introduced, relating the four-point
functions of conformally-coupled and massless scalars. The derivation of these
operators, however, was somewhat unsatisfactory because they had to be found
separately for each spin-exchange solution F̂ (ℓ). Explicit results were therefore only
presented for low spins. In this section, we will show that the embedding space
formalism allows for very simple derivation of a single weight-raising operator:

φφφ φ ϕϕϕ ϕ

= W

Acting with this operator W on the solutions F̂ (ℓ) straightforwardly reproduces
the results in [47] for low spin, and automatically generalizes them to arbitrary
spin.

3.4.1 Weight-Raising Operator

Recall from (3.15) that, in embedding space, the most general four-point functions
of a ∆ = 2 scalar operator, φ, and a ∆ = 3 scalar operator, ϕ, can be expressed
as5

⟨φφφφ⟩ = 1
X2

12X
2
34
f(W,V ) , (3.100)

⟨ϕϕϕϕ⟩ = 1
X3

12X
3
34
h(W,V ) , (3.101)

where f and h are arbitrary functions of the cross ratios W and V . It is then
straightforward to show that the following relation holds

⟨ϕϕϕϕ⟩ = W++
12 W++

34 ⟨φφφφ⟩ , (3.102)

5Recently, the momentum space versions of these formulas have been presented in [42].
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where, from (3.42), we have

W++
ab ≡ ηMN

(
∂

∂XM
a

+ Xa,M

3
∂2

∂X2
a

)(
∂

∂XN
b

+ Xb,N

3
∂2

∂X2
b

)
. (3.103)

The structure of these operators was justified in Section 3.2, and can quickly be
understood as follows: to lower the conformal weight by one unit, one must reduce
the overall power of X by one unit. This is done by taking derivatives with respect
toX. On the projective lightcone, there are only two possible operators that reduce
the weight by one, namely ∂/∂X and X∂2/∂X2. The specific linear combination
of these two operators in (3.103) is the unique combination that preserves the
Euclidean section.

The task is simply to transform (3.103) to momentum space, so that we can act on
our solutions for ⟨φφφφ⟩ to produce the corresponding correlators ⟨ϕϕϕϕ⟩. The
relevant expression is given in (3.57)—for ∆1 = ∆2 = 2, we have

W++
12 = (k1k2)2

2 K⃗12 · K⃗12 − k⃗1 · k⃗2 −
(
k2

2 k⃗1 · K⃗12 + 1 ↔ 2
)
. (3.104)

3.4.2 Raising External Weight
To apply the weight-shifting operator (3.104) to the spin-exchange four-point func-
tion (3.92), it is helpful to express it in terms of the dimensionless kinematic
variables {s, w, v, α̂, β̂, τ̂}. Although this is conceptually straightforward, it is al-
gebraically somewhat involved. After some work, we get

W++
12 = s2

8w2

[
2
(
1 − w2(2 − â2)

)
+ 2w(2 − 3w2 + w4α̂2)∂w

+ w2(1 − w2)(1 − w2α̂2)∂2
w − 2α̂(1 − w2(2 − α̂2))∂α̂ + (1 − α̂2)(1 − w2α̂2)∂2

α̂

+
(
1 − α̂2w2)2(1 − v2(1 − β̂2)

)
w2v2 ∂2

τ̂ − 4(α̂w(2β̂ + α̂τ̂wv) + vτ̂)
v

∂τ̂

−
2(1 − α̂2w2)

(
w2(α̂β̂w + vτ̂)∂w + (β̂ + α̂τ̂wv)∂α̂

)
wv

∂τ̂

]
, (3.105)

where α̂, β̂ and τ̂ were defined in (3.67).

When acting on spinning correlators in momentum space, it will be useful to
decompose W12 into helicity components. We do this by commuting it through
the polarization structure as

W++
12

ℓ∑
m=0

Πℓ,mD(ℓ,m)
wv F̂ (0) = s2

2

ℓ∑
m=0

Πℓ,mU
(ℓ,m)
12 D(ℓ,m)

wv F̂ (0) , (3.106)
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where U (ℓ,m)
12 is a dimensionless, helicity-decomposed weight-shifting operator. Us-

ing the detailed form of the polarization structure (3.94), we find that this operator
is given by

U
(ℓ,m)
12 ≡

(
1 + w(1 − α̂2w2)

4 ∂w

)
(1 − w2)(1 + w∂w) − 2ℓ

w2 + (ℓ+m)α̂
Pm

ℓ−1(α̂)
Pm

ℓ (α̂)

+ (ℓ−m)[(ℓ+m+ 1)w2α̂2 − ℓ−m+ 3 + 2w(1 − w2α̂2)∂w]
4w2 , (3.107)

where P 0
−1(α̂) = 1. This agrees with the results of [47] for ℓ = 1, 2, but now holds

for all ℓ. The corresponding operator U (ℓ,m)
34 is obtained from this expression by

swapping the kinematic variables {w, α̂} 7→ {v, β̂}.

Using the operators U (ℓ,m)
12 and U (ℓ,m)

34 , the general spin-exchange four-point func-
tion of massless scalars can then be written in the following form

F
(ℓ)
∆=3 = s3

ℓ∑
m=0

Πℓ,mU
(ℓ,m)
12 U

(ℓ,m)
34 D(ℓ,m)

wv F̂
(0)
∆=2 . (3.108)

As we will show in Chapter 7, only the longitudinal (m = 0) component contributes
to inflationary three-point functions. In that case, the operator in (3.107) can be
written in a slightly simplified form as

U
(ℓ,0)
12 =

(
1 − w2α̂2)(∆w − (ℓ− 1)(ℓ+ 2)

)
4w2

+ 1 − w2

w
∂w + ℓα̂

Pℓ−1(α̂)
Pℓ(α̂) − 1 + (1 − ℓ)α̂2 .

(3.109)

This operator acts on the longitudinal part of the ∆ = 2 solution,

F̂
(ℓ)
L ≡ D(ℓ,0)

wv F̂ (0) =
ℓ∏

j=1

(
∆w − (ℓ− j)(ℓ− j + 1)

)
F̂ (0) , (3.110)

where the operator D(ℓ,0)
wv was defined in (3.93).

64



4 Correlators of
Conserved Currents

In the previous chapter, the weight-shifting approach has been used to generate
spin-exchange solutions for scalar correlators from simple scalar-exchange seeds.
In this chapter, we show that the formalism also provides a dramatic simplification
for correlators with spinning external fields. Our particular focus is on correlation
functions involving spinning operators associated to massless fields. More precisely,
we consider spin-1 and spin-2 conserved currents Ji and Tij , which are dual to the
massless gauge field Aµ and the graviton γµν , respectively. Correlators of the later
are of particular interest, as they are a primary target of forthcoming observations.

Correlators of massless spinning operators must satisfy current conservation, which
manifests itself as additional Ward–Takahashi identities that relate the longitudi-
nal parts of the correlation functions to lower-point correlators. This implies that
the structure of these objects is more rigid and therefore more likely to be com-
pletely fixed by theoretical consistency, suggesting that the bootstrap approach
should be particularly powerful.

Our goal is to simultaneously solve the Ward identities of both conformal sym-
metry and current conservation. Once this is done, we are free to add identically
conserved correlation functions with the correct quantum numbers; these, com-
bined with the solution to the Ward–Takahashi identity, parametrize the most
general correlator. In Section 4.1, we present the general method in more de-
tail. Then, we apply it to the computation of three- and four-point functions in
Sections 4.2 and 4.3, respectively.

4.1 Ward–Takahashi Identities

The weight-shifting operators described in Chapter 3 provide us with an efficient
and systematic way to construct a large number of solutions to the conformal Ward
identities in (2.71) and (2.72). However, this is not sufficient for spin-ℓ operators
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4. Correlators of Conserved Currents

with the special conformal weights

∆ = t+ 2 , (4.1)

where t is a positive integer called depth. These currents obey [154,155]

∂i1 · · · ∂iℓ−t
J i1···iℓ = 0 , (4.2)

which leads to Ward–Takahashi (WT) identities for the correlation functions in-
volving such conserved currents. Derivations of these identities can be found in
Appendix C. In our work, we will mostly (but not only) be concerned with the
case

t = ℓ− 1 , (4.3)

corresponding to single conservation. Particularly important examples are con-
served spin-1 currents, which have ∆ = 2, and the spin-2 stress tensor, which has
∆ = 3. The corresponding WT identities will play a crucial role in the derivation
of correlation functions involving these operators.

Consider a correlator involving a conserved spin-1 current, Ji, and a set of generic
operators, Oa, with a = 2, . . . , n. Although classically ∂iJ

i = 0, inside of cor-
relation functions this only holds for separated points, and the divergence of the
correlator must satisfy the following WT identity

∂

∂xi
1

⟨J i(x⃗1)O2(x⃗2) · · ·On(x⃗n)⟩ =

−
n∑

a=2
δ(x⃗1 − x⃗a)⟨O2(x⃗2) · · · δOa(x⃗a) · · ·On(x⃗n)⟩ ,

(4.4)

where δOa stands for the action of the conserved charge associated to Ji on the
operator Oa. In the case of interest, the operators Oa transform in a linear repre-
sentation of the symmetry generated by Ji. The simplest case is an Abelian current
where the operators are charged under a U(1) symmetry, so that δOa = −ieaOa,
where ea are the charges associated with the operators Oa. These charges are part
of the data that defines the theory, just like the operator dimensions and spins. In
Fourier space, the identity (4.4) becomes1

ki
1⟨J i

k⃗1
Ok⃗2

· · ·Ok⃗n
⟩ = −

n∑
a=2

ea⟨Ok⃗2
· · ·Ok⃗a+k⃗1

· · ·Ok⃗n
⟩ . (4.5)

1More generally, we could have a multiplet of spin-1 currents, JA
i , in which case the operators

in the theory (including the currents themselves) can transform in representations of some non-
Abelian group, leading to a WT identity of the form (C.9).
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4.1. Ward–Takahashi Identities

We see that this places a nontrivial constraint on the longitudinal component of
the correlator, completely fixing it in terms of lower-point functions.

The spin-2 stress tensor is also conserved, ∂iT
ij = 0, which leads to a similar

identity for operators in the theory. In Fourier space, the WT identity for the
stress tensor reads

zi
1k

j
1⟨T ij

k⃗1
Ok⃗2

· · ·Ok⃗n
⟩ = −

n∑
a=2

κa(z⃗1 · k⃗a) ⟨Ok⃗2
· · ·Ok⃗a+k⃗1

· · ·Ok⃗n
⟩ , (4.6)

where κa is the coupling between the stress tensor and the operators in the theory.
We will often suppress any flavor structure of the scalar operators, but allow for
the possibility that they have different couplings to the stress tensor. Ultimately,
we will find that in fact these couplings are required to have the same strength—
because of the equivalence principle—but we allow them to be arbitrary at this
point in order to see this constraint arise explicitly. Finally, the WT identities
for correlators with multiple currents are slightly more complicated and will be
introduced as needed.

A disadvantage of working with the WT identities is that, in order to check them,
we must keep track of the longitudinal polarizations (i.e. terms proportional to
z⃗a · k⃗a). As we include more and more spinning external operators, this will
quickly become rather cumbersome. Since these pieces do not contribute to the
correlators with transverse and traceless polarization states that we are interested
in, it would be preferable to have a way to check the WT identity knowing only
these transverse parts of correlation functions. It turns out that this is indeed
possible, if we first write the correlators in cosmological spinor helicity variables: a
generalization of the scattering amplitudes spinor variables presented in Section 2.1
to the cosmological context. Appendix A contains a detailed review of the spinor
helicity formalism both for amplitudes and cosmology.

For the purpose of checking the WT identities, it is useful to consider the special
conformal generator in spinor variables [156]

K̃i = 2(σi) β
α

∂2

∂λα∂λ
β
. (4.7)

This differential operator acts on operators in different ways, depending on their
quantum numbers [38]. For example, its action on ∆ = 2 scalars, φ, is

K̃iφ = −Kiφ , (4.8)

where Ki is the usual special conformal generator (2.68). Acting on conserved
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4. Correlators of Conserved Currents

spin-1 and spin-2 currents, we instead get (see Appendix D)2

K̃iJ± =
(

−ξj
±K

i + 2ξi
±
kj

k2

)
Jj , (4.11)

K̃i

(
T±

k

)
=
(

− 1
k
ξ

(j
± ξ

l)
±K

i + 12ξi
±
ξ

(j
±k

l)

k3

)
Tjl , (4.12)

where J± ≡ ξ±
j J

j and T± ≡ ξ±
j ξ

±
l T

jl are the currents in the helicity basis. These
formulas show that K̃ not only acts on conserved currents like the conformal
generator, but also contains a piece proportional to the divergence of the current.
The operator K̃ therefore reconstructs the longitudinal components of correlation
functions purely from the corresponding correlators with definite helicities. This
means that we can drop the longitudinal parts of correlation functions without
losing any information.

The differential operator (4.7) is practically very useful for solving the WT iden-
tities. By utilizing weight-shifting operators, we are constructing correlators that
are annihilated by the special conformal generator Ki. The action of K̃i on these
correlators therefore simply generates their longitudinal parts, which we then de-
mand to satisfy the WT identity. Schematically, the action of K̃i on a correlation
function involving a conserved current then is

K̃i⟨J±
1 O2 · · ·On⟩ ∼ ξi

± k1 · ⟨J1O2 · · ·On⟩ . (4.13)

Demanding the right-hand side of this equation to be consistent with the WT
identity (4.5) is a nontrivial constraint on the form of the correlation function.
In particular, at four points this constraint relates particle exchange in different
channels.

4.1.1 Identically Conserved Correlators
After finding a “particular solution” to the “inhomogeneous” Ward–Takahashi
identity, we are still free to add to it any identically conserved correlators. More-
over, in many cases of interest the right-hand side of the WT identity vanishes, in
which case the relevant correlation functions must be identically conserved. Such
correlation functions are somewhat simpler to construct. In particular, we can

2Acting on tensors with uncontracted indices, the conformal generator takes the form

KiOj1···jℓ
=
[
2(∆ − 3)∂ki + ki∂km∂km − 2km∂km∂ki − 2∂km Σim

]
Oj1···jℓ

, (4.9)

where

ΣimOj1···jℓ
= ℓ
(
Oi(j1···δjℓ)m −Om(j1···δjℓ)m

)
. (4.10)

is the action of the generator of rotations in the vector representation.
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4.1. Ward–Takahashi Identities

simplify the search for the relevant structures by acting on generic structures in-
volving spinning operators with conformally invariant differential operators that
act as projectors onto the conserved structures.

We are primarily interested in conserved currents of spins 1 and 2, so we will now
describe the projectors in those cases explicitly.

• Spin-1: The simplest example is

Ji = ϵijk∂kBj ≡ (P1)ijBj . (4.14)

which turns general spin-1 operators, Bi, into operators, Ji, that are identi-
cally conserved. In order for this to be consistent with conformal invariance,
the operators Ji must have dimension ∆ = 2. Since the projection opera-
tor in (4.14) increases the weight by one unit, the seed operators Bi must
therefore have ∆ = 1. To apply the projection operator in (4.14) to an oper-
ator in the index-free form (2.74), we must first extract the tensor operator
using (2.75):

P(1)
a ≡ zi

a(P1)ijD
j
za
. (4.15)

Working with such scalar projection operators reduces index proliferation.

Since these projectors explicitly involve epsilon symbols, it would seem that
they violate parity. However, this is not the case if we restrict our attention
to the transverse components of correlation functions. This is done by taking
the auxiliary vector, zi, to be a polarization vector, ξi. Given a current with
momentum k, polarization vectors are eigenvectors of the two-form ∗k, which
implies ξ±

i = ±ϵijlξ
±
j kl/k. Contracting the polarization vector ξi with the

projection operator in (4.14) then leads to

ξi(P1)ij = kξi , (4.16)

where the factor of k effectively performs the shadow transform from ∆ = 1
to ∆ = 2. This means that it is extremely simple to implement the projection
operator on the transverse components of correlators: we just have to con-
tract the correlation functions of ∆ = 1 currents with a polarization vector
ξi and multiply by the magnitude of the momentum to get the (transverse
part of) correlation functions involving conserved currents.

• Spin-2: Similarly, we can generate a conserved spin-2 operator through the
following projection

Tij = k2 (ϵinmkmπjl + ϵjnmkmπil)Bln ≡ (P2)ij,lnBln , (4.17)
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4. Correlators of Conserved Currents

where πij(k̂) ≡ δij − k̂ik̂j . The projection operator (P2)ij,ln in (4.17) is
traceless in the ij and ln indices and transverse on all indices. It maps a
general traceless tensor, Bij , to a conserved traceless tensor with ∆′ = ∆+3.
Since we have to land on ∆′ = 3, this operator should be applied to ∆ = 0
spin-2 operators. It is again useful to introduce a scalar projector

P(2)
a ≡ zi

az
j
a(P2)ij,lmD

l
za
Dm

za
. (4.18)

As before, the action of the projector is dramatically simpler for polarization
vectors. In particular, we have

ξiξj(P2)ij,lm = k3ξlξm . (4.19)

This means that we can obtain the transverse part of a conserved correlator
by simply contracting the correlation function of ∆ = 0 spin-2 currents with
polarization vectors and multiplying by k3.

Using this approach, it is relatively straightforward to construct identically con-
served correlation functions. In many cases of interest these are the only possible
contributions, but in other cases we must add contributions whose longitudinal
pieces saturate the WT identities.

In this chapter, we focus on solutions to the Ward identities corresponding to
tree-level bulk processes, but the general strategy is also applicable at loop level.
Notice that for correlation functions involving only conserved currents, the three-
point function is totally fixed, which implies that all loops can do is possibly
re-scale the inhomogeneous solution to the WT identity and shift the correlator
by identically conserved pieces (at least at four points). This indicates that there is
some universal piece—already present at tree level—that characterizes correlation
functions of conserved currents, even accounting for loops.

4.1.2 Consistency Requires Multiple Channels

Starting at four points, there is an interesting complication to the general strategy
sketched above. From the bulk perspective, four-point functions can arise from the
exchange of particles in various channels, leading to different possible kinematic
structures for the boundary correlators. We will see that the conformal Ward
identities and the Ward–Takahashi identities can only be solved simultaneously if
the different channels are related to each other, leading to nontrivial constraints
on the couplings between conserved currents and other operators in the theory.
Before we describe these constraints in the cosmological context, it is useful to
review how these consistency constraints can arise in scattering amplitudes.
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Figure 4.1: Feynman diagrams of the s- and t-channel contributions to photon-induced
pion production.

A flat-space example
The scattering of massless particles in flat space is highly constrained, leading
to a very small list of consistent interactions. In fact, demanding consistency
of the four-particle S-matrix leads to powerful constraints on the space of viable
quantum field theories [104,105,157,158]. We will give a very simple illustration of
these restrictions by showing how gauge invariance of the S-matrix requires both
a combination of multiple channels and charge conservation.

Consider the following process in the s-channel: a photon (particle 1) is absorbed
by a charged scalar (particle 2) which then decays into two scalar particles (parti-
cles 3 and 4); see Figure 4.1 for an illustration. For simplicity, we will take particle
3 to be un-charged. In the Standard Model, such a scattering process describes
neutral pion photo-production from charged pions. The s-channel contribution to
the scattering amplitude is

As = e2
ϵ1 · p2

S
, (4.20)

where S is the Mandelstam invariant, e2 is the coupling of the photon to particle
2 (i.e. it is the charge of this particle), and we have set the coupling between the
scalar particles to unity. For simplicity, we have taken all particles to be massless.
This amplitude is not gauge-invariant: substituting ϵ1 7→ p1, the amplitude does
not vanish, but instead becomes As → − 1

2e2 ̸= 0. To rectify this problem, we
must add the t-channel contribution:

At = e4
ϵ1 · p4

T
, (4.21)

where e4 is the charge of particle 4. The total amplitude will be gauge-invariant
only if e2 = −e4 ≡ e, meaning that the charge is conserved. We then have

As+t = e
(ϵ1 · p2

S
− ϵ1 · p4

T

)
, (4.22)

which indeed vanishes upon the substitution ϵ1 7→ p1. We see that demanding
gauge invariance of the amplitude has forced us to have both s- and t-channel
contributions.
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4. Correlators of Conserved Currents

The fact that the individual channels are not gauge-invariant tells us that splitting
them in this way is somewhat arbitrary—exchanges in a given channel do not have
any independent physical meaning. It is therefore desirable to phrase things in a
slightly more on-shell language. This requires working in terms of spinor helicity
variables. We will see that there is an essential tension between locality and the
correct factorization of amplitudes when intermediate particles go on shell.

Consider the same scattering process where the photon has negative helicity (1−).
The form of the amplitude in the s-channel is fixed by the correct factorization on
the pole at S = 0. In four-dimensional spinor helicity variables (see Appendix A),
we get3

As = e2
⟨12⟩⟨1Is⟩

⟨2Is⟩
× 1
S

× 1 = +e2
⟨12⟩[24]⟨41⟩

ST
, (4.24)

where Is ≡ p1 + p2 and T = ⟨14⟩[14]. The fact that the residue of the s-channel
pole has a pole at T = 0 means that we also have to consider factorization in the
t-channel to get a consistent amplitude. An amplitude that factorizes correctly in
the t-channel is

At = e4
⟨14⟩⟨1It⟩

⟨4It⟩
× 1
T

× 1 = −e4
⟨12⟩[24]⟨41⟩

ST
, (4.25)

where It ≡ p1 + p4 and S = ⟨12⟩[12]. The goal then is to find an amplitude at
general kinematics which factorizes correctly in both channels. It is clear that this
is only possible if e2 = −e4 ≡ e, in which case the total amplitude is

As+t = e
⟨12⟩[24]⟨41⟩

ST
. (4.26)

This amplitude has the correct residues on both the s- and t-channel poles. In-
terestingly, demanding consistency of the two factorization channels has fixed the
amplitude completely.

One channel is not enough
Consistency constraints on correlation functions run parallel to those of scatter-
ing amplitudes. Individual channels satisfy the conformal Ward identities, but a
sum of exchanges in multiple channels is needed to satisfy the Ward–Takahashi
identities. The latter play a role analogous to the requirement of gauge invariance
of the S-matrix. In the case of the S-matrix, the individual Feynman diagrams

3To obtain the second equality in (4.24), we performed the following spinor manipulations

⟨1Is⟩
⟨2Is⟩

= ⟨1Is⟩
⟨2Is⟩

·
[Is4]
[Is4]

= ⟨1|Is|4]
⟨2|Is|4]

= ⟨12⟩[24]
⟨21⟩[14]

= −
[24]
[14]

= [24]⟨41⟩
T

. (4.23)
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generate Lorentz-covariant tensors. After contracting the answers with polariza-
tion vectors, the resulting objects are, in general, not Lorentz invariant. This
is because, as explained in Section 2.1, polarization vectors do not transform as
Lorentz vectors. The requirement of gauge invariance then becomes equivalent
to imposing Lorentz invariance of the full S-matrix. Likewise, in cosmology, the
correlators corresponding to individual exchange channels are de Sitter covariant,
being solutions of the conformal Ward identities. However, if their contractions
with polarization vectors fail to obey the WT identity, it means that the results
for the particular exchange channel by itself is not conformally invariant.

In practice, we implement the WT constraint by acting with the operator K̃ on
the four-point function of a conserved operator with exchange in a given channel.
We will find that we must introduce exchanges in additional channels with cor-
related couplings to obtain consistent correlators. This will reproduce bulk facts
like charge conservation and the equivalence principle from a purely boundary
perspective.

4.2 Three-Point Functions

We now have all the technical machinery required to begin our study of wave-
function coefficients involving conserved operators. As a first step, we consider
three-point functions. Although it has long been known that conformal invariance
completely fixes the form of correlation functions for three local operators up to
a finite number of coefficients [149, 159], most of the classic results are phrased
in position space, while cosmological applications require results in momentum
space. We will see that the weight-shifting procedure allows us to easily generate
these three-point functions involving conserved currents.4

Many of the interesting features of spinning correlation functions are already
present for correlators involving conserved spin-1 currents. Although this case is
phenomenologically less relevant than the case of external spin-2 currents (which
are dual to graviton fluctuations) it is computationally simpler, and therefore pro-
vides a useful setting in which the structure of spinning operators can be explored.
For this reason, here and in Section 4.3 we study correlators of spin-1 and spin-2
currents. Our goal is not to be entirely exhaustive, but rather to illustrate our
approach in a variety of examples.

4For previous work analyzing three-point functions in flat and curved space, and their con-
straints coming from Ward identities, see [159–165].
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4.2.1 ⟨JOO⟩
We begin with a correlator involving one spin-1 current and two general operators.
This correlator must satisfy the following Ward–Takahashi identity

ki
1⟨J i

k⃗1
Ok⃗2

Ok⃗3
⟩ = −e2⟨Ok⃗2+k⃗1

Ok⃗3
⟩ − e3⟨Ok⃗2

Ok⃗3+k⃗1
⟩ , (4.27)

where spin and conformal weight labels have been suppressed.

We first consider the case where the two additional operators are scalars, which
must have equal weights in order for any conformally-invariant structure to ex-
ist [151].5 A candidate for the correlator ⟨JO∆O∆⟩ can be constructed by acting
with D11 on the three-point scalar correlator with one ∆ = 3 scalar and two scalars
of general weight6

⟨JO∆O∆⟩ = D11⟨ϕO∆O∆⟩ . (4.28)

The operator D11 both raises the spin and lowers the weight of the first operator
to the conserved value ∆J = 2. In this case, there is a nontrivial WT identity,
given by (4.27), that we have to verify is satisfied. For generic scalars, the result is
not easily expressed in terms of elementary functions. However, for special values
of ∆ the answer dramatically simplifies (and indeed can be written as a rational
function). As an example, consider the correlator involving two ∆ = 2 scalars;
this can be obtained by acting with D11 on (2.79). In that case, the expression is
easy to evaluate, and we find

⟨Jφφ⟩ = D11⟨ϕφφ⟩ = 2
K

(k⃗2 · z⃗1) + k1 − k2 + k3

k1K
(k⃗1 · z⃗1) , (4.29)

where J ≡ z⃗1 · J⃗k⃗1
and K ≡ k1 + k2 + k3. We must still check that this result is

compatible with the WT identity (4.27). Letting z⃗1 → k⃗1 in (4.29), we get

k⃗1 · ⟨J⃗k⃗1
φk⃗2

φk⃗3
⟩ = NJφφ(k3 − k2) , (4.30)

where we have introduced the amplitude of the three-point function, NJφφ. Using7

⟨φφ⟩ = k, we see that this is only consistent with (4.27) if

e2 + e3 = 0 , NJφφ = −e2 . (4.31)
5The two-point function of operators in a conformal field theory vanishes for unequal weights,

cf. (2.73). The right-hand side of (4.27) then vanishes, and the correlator ⟨JO∆O∆′ ⟩ can be
constructed using the projection operator introduced in §4.1.1. However, it turns out that the
projector actually annihilates any putative correlator, so the correlation function of a spin-1
conserved current with two scalar operators must vanish if the scalars have unequal weights.

6In order for this correlation function to be nonzero, the scalar operators must contain addi-
tional flavour indices and be antisymmetric under their exchange. Since our focus is on kinematic
information, we suppress these labels.

7The normalization of the two-point function ⟨φφ⟩ can be changed by re-defining the opera-
tors. For simplicity, we have chosen Nφ2 = 1.
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We have therefore discovered that the three-point function is only nonzero if the
total charge is conserved, and found that the normalization of this three-point
function is fixed by the charges. Of course, this is expected from the bulk point of
view. When the kinetic term for the scalar field is written in covariant form, by
coupling it to a gauge field, the cubic interactions are fixed by gauge invariance
to be proportional to the charge. However, it is satisfying to reproduce these bulk
facts purely from a boundary perspective.

An alternative way to check the WT identity is to act with the operator (4.7)
on (4.29) written in spinor helicity variables (see Section 4.1 and Appendix A). In
terms of these variables, the correlator takes the form8

⟨J−φφ⟩ = NJφφ
⟨12⟩⟨21⟩

2k1

1
K
, (4.33)

where the result for positive helicity is related by parity (swapping barred and
un-barred spinors). Acting with (4.7) on (4.33) leads to the expression

3∑
a=1

b⃗ · K̃a ⟨J−
1 φ2φ3⟩ = 2⃗b · ξ⃗−

1
k2

1
(k3 − k2)NJφφ . (4.34)

Using (4.11) and (4.8), we can also write the left-hand side as

3∑
a=1

b⃗ · K̃a ⟨J−
1 φ2φ3⟩ = 2⃗b · ξ⃗−

1
k2

1
k⃗1 · ⟨J⃗k⃗1

φk⃗2
φk⃗3

⟩ = − 2⃗b · ξ⃗−
1

k2
1

[
e2 k3 + e3 k2

]
, (4.35)

where we have used the WT identity (4.27) and substituted ⟨φφ⟩ = k. We see
that the results (4.34) and (4.35) are only consistent if (4.31) holds.

Given a correlation function that saturates the WT identity (4.29), we can add
to it the most general identically conserved correlation function. However, it is
relatively easy to check that the projector (4.15) annihilates all kinematically-
allowed possibilities and the structure (4.30) is therefore unique. The result is
also consistent with a bulk calculation of the correlator between a photon and a
conformally coupled scalar in de Sitter, and matches the answer in [41].9

8Using the identity

⟨21⟩ = (k3 + k2 − k1) ⟨13⟩
⟨23⟩

, (4.32)

we can write this correlator in variables that are well-defined in four dimensions. It can then be
checked that the residue of the pole at E = 0 is the flat-space scattering amplitude for a photon
and two massless scalars.

9In [41], the expression for a three-point function involving a conserved current and two ∆ = 1
scalars is given. This can be shadow transformed to give our ∆ = 2 result.
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Finally, we let one of the operators have spin ℓ, i.e. we wish to determine ⟨JOO(ℓ)⟩.
In that case, the right-hand side of the WT identity vanishes, and the result (if
it exists) must come from the projection operator of §4.1.1. If the third operator
has spin 1, we can write the correlator as

⟨JφO(1)⟩ = P(1)
1 k1D11k2D32⟨φφO⟩ , (4.36)

which has a compact expression in terms of the scalar three-point function. This
three-point function comes from the bulk diagram with vertex φFµνG

µν , where
Gµν is the “field strength” of the massive spin-1 particle.

4.2.2 ⟨JJO⟩
Next, we consider the correlator of two conserved spin-1 currents and a generic
(non-conserved) operator. Since the two-point function ⟨JO(ℓ)

∆ ⟩ necessarily van-
ishes, the Ward–Takahashi identity simply reads

ki
1 ⟨J i

k⃗1
Jk⃗2

Ok⃗3
⟩ = 0 , (4.37)

where we have suppressed the spin and conformal weight labels. These correlation
functions can therefore be constructed completely using projectors.

Consider first the case where the third operator is a scalar. By starting with the
three-point correlator ⟨φφO∆⟩ given in (2.80) and acting with the operator H12,
given in (3.64), we obtain a correlation function for two currents of spin-1 and
weight ∆ = 1. This is the shadow dimension to a conserved current, so we can
apply the projector (4.15) to obtain an identically conserved three-point function

⟨JJO∆⟩ = P(1)
1 P(1)

2 H12⟨φφO∆⟩ . (4.38)

The fact that this correlation function is identically conserved reflects the fact that
it arises from a non-minimal coupling of the form σF 2

µν in the bulk, constructed
from gauge-invariant objects.

As an analytically tractable example, we consider the special case where the scalar
operator has ∆ = 2.10 In this case, we find11

⟨JJφ⟩ = P(1)
1 P(1)

2 H12⟨φφφ⟩ = (k1 + k2 − k3)
2K (z⃗1 · z⃗2) (4.39)

+ 1
K2 (k⃗1 · z⃗2)(k⃗2 · z⃗1) − (k2

1 + k2
2 − k2

3)
2k1k2K2 (k⃗1 · z⃗1)(k⃗2 · z⃗2)

− k2

k1K2 (k⃗1 · z⃗1)(k⃗1 · z⃗2) − k1

k2K2 (k⃗2 · z⃗1)(k⃗2 · z⃗2) .

10The result for ∆ = 3 can also easily be generated by acting on ⟨φφϕ⟩.
11If we shadow transform the scalar operator to ∆ = 1, this matches the expression found

by [41].

76



4.2. Three-Point Functions

In spinor helicity variables, this becomes (see also Appendix B of [166])

⟨J−J−φ⟩ = ⟨12⟩2

4K2 , (4.40)

⟨J−J+φ⟩ = 0 . (4.41)

We see that, when the third particle is a scalar, choosing opposite helicities causes
the correlator to vanish, by angular momentum conservation. We therefore have
only one independent structure corresponding to the case of equal helicities. Were
we to apply a weight-lowering operator and the projector again, we would obtain
a result proportional to the same three-point function, thus not generating a new
structure.

We can also consider the case where the third operator carries spin. In this case,
it is straightforward to spin-up the scalar operator in (4.38), by using the oper-
ator D33 in (3.63). Applying this operator ℓ times will generate the correlation
function ⟨JJO(ℓ)

∆−ℓ⟩. There are then two distinct cases: when ℓ is odd, the result-
ing structure ⟨JJO(ℓ)⟩ is antisymmetric in the currents. If the J ’s are the same
current, there would therefore be zero kinematically allowed correlators—this is
the correlator version of the (generalized) Landau–Yang theorem [167,168], which
states that a massive spin-1 particle cannot decay into two photons. When ℓ is
even, there are two kinematically allowed structures, corresponding to equal and
opposite helicities for the currents. Starting at spin 2, we obtain other structures
by applying the weight-lowering operator plus projectors:

⟨JJO(ℓ)⟩B = P(1)
1 P(1)

2 W−−
12 ⟨JJO(ℓ)⟩A . (4.42)

As alluded to above, performing this procedure for ℓ = 0, 1 would not produce a
new structure, because the resulting correlator would be proportional to its seed.

4.2.3 ⟨JJJ⟩
Finally, we consider the three-point function of three conserved spin-1 currents.
The novelty compared to the previous examples lies in the fact that there are
now two structures—one that solves the Ward–Takahashi identity nontrivially
and another that is identically conserved.

The WT identity for three currents is given by

k⃗1 · ⟨J⃗A
k⃗1
JB

k⃗2
JC

k⃗3
⟩ = fABD⟨JD

k⃗2+k⃗1
JC

k⃗3
⟩ − fADC⟨JB

k⃗2
JD

k⃗3+k⃗1
⟩ . (4.43)

For simplicity, we will restrict our attention to the case where the tensors fABC

are totally antisymmetric.12 We therefore only have to impose the WT identity
12There are no possible interactions between three spin-1 currents for symmetric fABC . In
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for one current, and it will then be satisfied for all of the currents by permutation
symmetry.

There are several ways to generate a correlation function with the correct kine-
matics. One possibility is to start with the correlator ⟨Jφφ⟩ and raise the spin of
the second and third operator using S++

23 :

⟨JJJ⟩ = S++
23 ⟨J1φ2φ3⟩ + cyclic perms. , (4.44)

where we have suppressed the color indices and summed over cyclic permutations
(which effectively antisymmetrizes the kinematic factor). We can then check that
this correlator does indeed solve the WT identity (4.43) if we normalize it by
fABC .

In order to simplify the later construction of four-point correlation functions (see
Section 4.3), it is convenient to construct this correlation function in a more in-
tricate way. Rather than starting with the correlation function ⟨Jφφ⟩, we instead
consider ⟨ϕϕJ⟩ and act with the following operator

⟨JJJ⟩ = (H12 +D11D22 − 2D12D21) ⟨ϕϕJ⟩

≡ D(1)
12 ⟨ϕϕJ⟩ .

(4.45)

The specific linear combination of weight-shifting operators has been chosen in
order to generate a correlation function that satisfies the WT identity.13 The
important feature of this approach is that it only requires acting on two of the
operators. Both (4.44) and (4.45) yield the same correlation function, which in
spinor variables takes the form

⟨J−J−J−⟩
YM

= fABC⟨12⟩⟨23⟩⟨31⟩ 1
k1k2k3

, (4.46)

⟨J−J−J+⟩
YM

= fABC⟨12⟩⟨23⟩⟨31⟩ k1 + k2 − k3

k1k2k3

1
K
, (4.47)

where we have introduced the color factor fABC as the normalization (but sup-
pressed the color indices on the left-hand side). It is straightforward to check us-
ing the operator (4.7) that this correlation function satisfies the WT identity [34].

the context of QED, this goes by the name Furry’s theorem [169]. There are kinematically
satisfactory correlators if the tensors fABC have mixed symmetry, but these structures are not
consistent with conservation of all three vector operators, so we do not consider them here.

13We do not have an independent justification for this precise combination of weight-shifting
paths, beyond the fact that it produces the correct structure that satisfies the WT identity. It
would be very interesting to understand if this combination of operators has an independent
interpretation.
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From the bulk perspective, the correlator above is generated by the cubic Yang–
Mills vertex fABC∂µA

A
ν A

B µAC ν .14

Having found a structure that saturates the WT identity, we are free to add to it an
identically conserved correlation function, constructed using the projector (4.15).
We act on ⟨Jφφ⟩ with H23 to generate the correlation function ⟨JBB⟩, which
involves three spin-1 operators, one with ∆ = 2 and two with ∆ = 1, and then
project onto the identically conserved structure:

⟨JJJ⟩ = P(1)
2 P(1)

3 H23⟨J1φ2φ3⟩ . (4.48)

It turns out that, despite the fact that we have only projected two of the operators
onto their conserved structure, the resulting correlation function is identically
conserved in all three arguments. In terms of spinor variables, we get

⟨J−J−J−⟩
F 3 = fABC⟨12⟩⟨23⟩⟨31⟩ 1

K3 , (4.49)

⟨J−J−J+⟩
F 3 = 0 . (4.50)

From the bulk perspective, this identically conserved correlator is generated by the
curvature coupling fABCF

A µ
ν FB ν

ρ FC ρ
µ . The most general three-point correlator

for conserved spin-1 currents is a mixture of the two structures found above.

4.2.4 ⟨TOO⟩
The correlator with a single conserved spin-2 current is very similar to the spin-1
case. In this case, we must satisfy the stress tensor Ward–Takahashi identity

zi
1k

j
1⟨T ij

k⃗1
Ok⃗2

Ok⃗3
⟩ = −κ2 (k⃗2 · z⃗1)⟨Ok⃗2+k⃗1

Ok⃗3
⟩ − κ3 (k⃗3 · z⃗1)⟨Ok⃗2

Ok⃗3+k⃗1
⟩ , (4.51)

where spin and conformal weight labels have been suppressed.

Let the two operators O2 and O3 be scalars. As for spin-1, the correlator then
vanishes unless the scalar operators have the same weight.15 A candidate correlator
can be generated by acting with the operators D12 and D13 on the three-point
function of a ∆ = 3 scalar ϕ with two general weight scalars

⟨TO∆O∆⟩ = D12D13⟨ϕO∆+1O∆+1⟩ . (4.52)

14Notice that the − − − correlator does not have the usual singularity at E = 0. This is
because the flat-space amplitude vanishes. In the cosmological context, the flat-space factor of
E cancels against the would-be 1/E pole to give something finite as E → 0.

15The argument is the same as in the spin-1 case: the right-hand side of the WT identity
vanishes, so the correlation function must be constructible using the projectors from §4.1.1, but
the projector annihilates any possibility.
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4. Correlators of Conserved Currents

For generic weights, the result cannot be written in terms of elementary functions,
but scalar operators with special weights will lead to simple expressions. For
example, starting with the three-point function of ∆ = 3 scalars (2.78), we obtain
the correlation function of the stress tensor with two ∆ = 2 scalars

⟨Tφφ⟩ = D12D13 ⟨ϕϕϕ⟩ = 9(k1 − k2 + k3)2

2k1K2 (k⃗1 · z⃗1)2 (4.53)

+ 36(k1 + k3)
K2 (k⃗1 · z⃗1)(k⃗2 · z⃗1) + 18(2k1 + k2 + k3)

K2 (k⃗2 · z⃗1)2 .

This reproduces the result presented in [41], after reintroducing the longitudinal
parts of the correlator there. In spinor helicity variables, the result takes the form

⟨T−φφ⟩ = NT φφ
(K + k1)
k2

1K
2 ⟨12⟩2⟨12⟩2 , (4.54)

where we have introduced the amplitude NT φφ. By applying the operator W++
23 ,

we can also raise the weight of the scalars to obtain ⟨Tϕϕ⟩. This object is interest-
ing because it is related in a simple way to the inflationary correlator ⟨γζζ⟩ (see
Chapter 7).

The expression (4.54) is kinematically satisfactory, but we still have to verify that
it satisfies the WT identity (4.51). This is most simply done in spinor helicity
variables, where acting with the operator K̃ leads to

3∑
a=1

b⃗ · K̃a

(
1
k1

⟨T−
1 φ2φ3⟩

)
= 96NT φφ

b⃗ · ξ⃗−
1

k3
1

(
k⃗2 · ξ⃗−

1 k3 + k⃗3 · ξ⃗−
1 k2

)
. (4.55)

Using (4.12), we can also write the left-hand side as

3∑
a=1

b⃗ · K̃a

(
1
k1

⟨T−
1 φ2φ3⟩

)
= −12 b⃗ · ξ⃗−

1
k3

1

(
κ2 k⃗2 · ξ⃗−

1 k3 + κ3 k⃗3 · ξ⃗−
1 k2

)
, (4.56)

where we have used the WT identity (4.51) and substituted ⟨φφ⟩ = k. We see
that the results (4.55) and (4.56) are only consistent if

κ2 = κ3 ≡ κ , NT φφ = −1
8κ . (4.57)

We see that the WT identity forces the couplings of the scalars to the stress tensor
to be the same, and fixes the normalization of the three-point function ⟨Tφφ⟩ in
terms of this coupling. Of course, both of these features are expected from the
bulk perspective. The three-point correlator arises from a bulk action of the form

S =
∫

d4x
√

−g
(

−1
2g

µν∂µφ∂νφ −H2φ2
)
, (4.58)
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which makes it clear that the equality of the couplings κ2 and κ3 is a manifestation
of the equivalence principle, and that the relation between the normalizations
follows from diffeomorphism invariance, which fixes the γφ2 coupling relative to
the φ2 terms.16

4.2.5 ⟨TTO⟩
Next, we consider the case with two spin-2 currents. This is again quite similar to
the spin-1 analysis, so we will not dwell on the details. The right-hand side of the
WT identity (4.51) vanishes, so we can construct this correlation function using
the projection operator (4.18). We obtain a kinematically satisfactory correlator
by applying H12 twice to (2.80) and then using the projector:

⟨TTO∆⟩ = P(2)
1 P(2)

2 H2
12⟨φφO∆⟩ . (4.59)

For generic weight ∆, this is a complicated expression, but it once again simplifies
dramatically when the scalar has ∆ = 2. Even then the full answer in terms of
auxiliary vectors is long and not particularly illuminating. However, the expression
becomes much simpler in spinor helicity variables:

⟨T−T−φ⟩ = k1k2

K4 ⟨12⟩4 , (4.60)

⟨T−T+φ⟩ = 0 , (4.61)

which agrees with results in the literature [166,170]. This correlator is identically
conserved, indicating that it arises from a non-minimal bulk curvature coupling,
such as φW 2

µνρσ, where Wµνρσ is the Weyl tensor.

We can also consider the case where the third operator has spin. For simplicity we
restrict to even parity correlators and assume that there is a single conserved spin-2
current. If the spin of the third operator is odd, then there are no conformally in-
variant correlators [142]. However, if it has even spin, there are possible structures.
If the third operator has spin-2, then there is a unique possible correlator. For
spin ≥ 4, there are two possible conformally invariant structures [142, 158].17 In
both cases, the correlators are identically conserved, and therefore can be built by
acting with the projector (4.18) on a correlator with the correct quantum numbers.

16For a single bulk scalar, the equality of κ2 and κ3 follows from symmetry under exchange of
these operators, but even if we allow some nontrivial flavour structure these coupling constants
have to be the same. This latter statement is the essential output of the equivalence principle in
this context.

17This counting assumes unbroken parity. If parity is broken, then a third structure is possible
for even spin, ⟨T+T+O(ℓ)⟩ ̸= ⟨T−T−O(ℓ)⟩. Moreover, in the case of broken parity, there is also
a structure ⟨T−T+O(ℓ)⟩ ̸= 0 for operators with odd spin ℓ ≥ 5.
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4.2.6 ⟨TTT ⟩
As a last example, we consider the correlation function of three stress tensors. In
this case, the Ward–Takahashi identity can be written as [34,41,159,171]18

ξi
1k

j
1⟨T ij

k⃗1
Tk⃗2

Tk⃗3
⟩ = − (ξ⃗1 · k⃗2)⟨Tk⃗2+k⃗1

Tk⃗3
⟩ + 2(ξ⃗1 · ξ⃗2) ki

2ξ
j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩

− (ξ⃗1 · k⃗3)⟨Tk⃗2
Tk⃗3+k⃗1

⟩ + 2(ξ⃗1 · ξ⃗3) ki
3ξ

j
3⟨Tk⃗2

T ij

k⃗3+k⃗1
⟩

+ (k⃗1 · ξ⃗2)ξi
1ξ

j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩ + (ξ⃗1 · ξ⃗2) ki
1ξ

j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩

+ (k⃗1 · ξ⃗3)ξi
1ξ

j
3⟨Tk⃗2

T ij

k⃗1+k⃗3
⟩ + (ξ⃗1 · ξ⃗3) ki

1ξ
j
3⟨Tk⃗2

T ij

k⃗1+k⃗3
⟩ .

(4.62)

Using the explicit expression for the stress tensor two-point function, ⟨Tk⃗T−k⃗⟩ =
2k3(ξ⃗1 · ξ⃗2)2, this identity simplifies dramatically:

ξi
1k

j
1⟨T ij

k⃗1
Tk⃗2

Tk⃗3
⟩ = 2(ξ⃗2 · ξ⃗3)

[
(ξ⃗1 · k⃗2)(ξ⃗2 · ξ⃗3) + cyclic perms.

] (
k3

2 − k3
3

)
. (4.63)

Intriguingly, the tensor structure that appears in the brackets is precisely the
Yang–Mills three-point amplitude. Given this identity, our goal is the same as
before: find a solution and then characterize the most general identically conserved
correlation function.

As in the spin-1 case, several different weight-shifting paths are required to con-
struct a solution to the WT identity. Using the three-point function of ∆ = 3
scalars as a seed, we can act with the following combinations of weight-shifting
operators to generate correlation functions of ∆ = 3 spin-2 operators:

⟨TTT ⟩A = S++
31 S++

23 S++
12 ⟨ϕϕϕ⟩ , (4.64)

⟨TTT ⟩B =
(
S++

23
)2 W++

23 D13D12⟨ϕϕϕ⟩ + perms. , (4.65)

⟨TTT ⟩C = D13D12
(
S++

23
)2 W++

23 ⟨ϕϕϕ⟩ + perms. , (4.66)

where “perms.” in the last two paths indicates that we should sum over symmetric
permutations to symmetrize the correlator in the three operators. Note that there
is also a contact term,

⟨TTT ⟩loc = (k3
1 + k3

2 + k3
3)(ξ⃗1 · ξ⃗2)(ξ⃗2 · ξ⃗3)(ξ⃗3 · ξ⃗1) , (4.67)

that satisfies the conformal Ward identities. Although we are free to add an
arbitrary amount of this term to the correlation function, the WT identity fixes
the contribution from this piece.

18There is an ambiguity in this identity, corresponding to the freedom to perform bulk field
redefinitions. In principle, we are allowed to add an arbitrary multiple of the last two lines
in (4.62). See Appendix C for details. This shifts the coefficient of the contact term (4.67). Our
choice of WT identity fixes the stress tensor three-point function to be the one that arises from
a bulk computation if the graviton fluctuation is written as hij = (eγ)ij [34].
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The requirement that ⟨TTT ⟩ satisfies the WT identity (4.62) fixes the precise
linear combination of weight-shifting paths, leading to the result

⟨TTT ⟩E = − 1
81 ⟨TTT ⟩A + 7

1458 ⟨TTT ⟩B + 2
3645 ⟨TTT ⟩C + 8

15 ⟨TTT ⟩loc . (4.68)

The somewhat peculiar-looking coefficients appearing in this expression are a con-
sequence of the (arbitrary) way that we have normalized the various weight-shifting
operators. Writing the explicit correlation function in terms of spinor helicity vari-
ables, we obtain

⟨T−T−T−⟩E = ⟨12⟩2⟨23⟩2⟨31⟩2 K
3 −K(k1k2 + k2k3 + k3k1) − k1k2k3

256(k1k2k3)2 , (4.69)

⟨T−T−T+⟩E = ⟨12⟩2⟨23⟩2⟨31⟩2× (4.70)

×
(k1 + k2 − k3)2 (K3 −K(k1k2 + k2k3 + k3k1) − k1k2k3

)
256(k1k2k3)2K2 ,

where the other helicity configurations can be obtained from these by swapping
barred and un-barred spinors. This expression agrees with [34,166], and from the
bulk perspective arises from the cubic interaction in the Einstein–Hilbert term√

−gR.19

Just like in the Yang–Mills case, in order to simplify later calculations, it is useful
to consider a more complicated path to the same result. In this route, we take as
a starting point the correlator of a spin-2 current with two ∆ = 5 scalar operators.
It is then possible to write the Einstein–Hilbert three-point function by acting
with a specific differential operator:

⟨TTT ⟩E =
[
(126H12 + 6D22D11 + 16S++

12 W−−
12 )D22D11

+ (15D12D21 + 5S++
12 W−−

12 )D12D21 + 2(S++
12 )2(W−−

12 )2
]
⟨O5O5T ⟩

≡ D(2)
12 ⟨O5O5T ⟩ , (4.71)

which gives the same result as (4.68). For future reference, we have defined the
differential operator D(2)

12 that implements this procedure. The key benefit of
the operator D(2)

12 is that it acts only on the first two operators appearing in the
correlator. This will be useful when we construct the four-point function with two
external stress tensors in §4.3.4.

19The − − + correlator has an E−2 pole, with residue the flat-space Einstein–Hilbert three-
point scattering amplitude, as can be verified by using spinor identities to remove the barred
spinors. The order of the pole is consistent with the bulk interaction being a two-derivative
vertex. Note also that the − − − correlator has no such pole, which is consistent with the
Einstein–Hilbert term not generating a scattering amplitude with these helicities.
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Having found a solution to the WT identity (4.62), we can add to it any identically
conserved correlator. As before, it is relatively straightforward to obtain identically
conserved shapes using the projectors. We can weight shift the ∆ = 3 scalar
three-point function to a correlator of the form ⟨Thh⟩, which involves a ∆ = 3
spin-2 conserved current T , and two ∆ = 0 spin-2 operators h. Applying the
projector (4.17) then gives

⟨TTT ⟩
W 3 = P(2)

2 P(2)
3
(
W−−

23
)2 (S++

23
)2
D13D12⟨ϕϕϕ⟩ . (4.72)

In spinor helicity variables, this takes the form

⟨T−T−T−⟩
W 3 = ⟨12⟩2⟨23⟩2⟨31⟩2 k1k2k3

K6 , (4.73)

⟨T−T−T+⟩W 3 = 0 , (4.74)

which agrees with the result of [34]. From the bulk perspective, this correlation
function arises from a higher-derivative cubic coupling, such as the Weyl tensor
cubed, √

−gW 3
µνρσ.20

4.3 Four-Point Functions
We now turn to the four-point functions of spinning operators. This time we are
not guaranteed to find solutions to both the conformal Ward identities and the
Ward–Takahashi identities for conserved currents. This is both a complication
and an opportunity: in flat space, locality and unitarity impose strong constraints
on four-particle scattering amplitudes, which has helped to carve out the space
of consistent theories. Our hope is to learn similar lessons in the cosmological
setting.21 Here we will focus mainly on wavefunction coefficients for which a
corresponding consistent four-particle amplitude is known to exist.

Our strategy is essentially the same as it was at three points. We first utilize
weight-shifting operators to generate candidate structures with the correct kine-
matics from known seed solutions, and then impose the Ward–Takahashi identities
to further constrain the possibilities. We remind the reader that longitudinal terms
do not contribute to the observables so here we present exclusively the transverse
part of four-point functions. As in Section 4.2, our goal is not to be completely
comprehensive, but rather to present a set of examples which illustrate the most
interesting physical phenomena.

20As for the Einstein–Hilbert correlator, this correlation function has a total energy pole (in
this case K−6), with a residue that is the flat-space scattering amplitude. The order of the pole
is consistent with the correlator coming from a six-derivative bulk vertex.

21There is a growing literature on higher-point correlation functions of spinning fields in curved
space [37,172–183].

84



4.3. Four-Point Functions

J1 ϕ2 ϕ3 ϕ4

e2 e4 e3

Figure 4.2: Diagrammatic representation of the s-, t-, and u-channel contributions to
⟨Jφφφ⟩.

4.3.1 ⟨JOOO⟩
We begin with the correlator of one conserved spin-1 current and three ∆ = 2
scalars (see Figure 4.2).22 The relevant Ward–Takahashi identity is

k⃗1 · ⟨J⃗k⃗1
φk⃗2

φk⃗3
φk⃗4

⟩ = − e2⟨φk⃗2+k⃗1
φk⃗3

φk⃗4
⟩

− e3⟨φk⃗2
φk⃗3+k⃗1

φk⃗4
⟩ − e4⟨φk⃗2

φk⃗3
φk⃗4+k⃗1

⟩ (4.75)

= −Nφ3

[
e2 log

(
k34 + s

µ

)
+ e3 log

(
k23 + u

µ

)
+ e4 log

(
k24 + t

µ

)]
,

where ea are the charges of the operators φa and we substituted ⟨φφφ⟩ in the
second equality. Our strategy for deriving the correlator is to first determine
⟨Jφφφ⟩s in the s-channel and then to demonstrate that multiple channels are
needed to satisfy the WT identity (4.75).

It is straightforward to increase the spin of one of the operators in ⟨φφφφ⟩s by
acting with the operator D12 defined in (3.62). Besides raising the spin of particle
1, this operator lowers the weight of particle 2. To undo the weight-lowering,
and get back to a ∆ = 2 scalar, we multiply by k2 (this corresponds to shadow
transforming particle 2):

⟨Jφφφ⟩s = k2D12
(
F∆I =2

)
, (4.76)

where the seed function F∆I =2 = s−1F̂∆I =2 was defined in (2.94). The explicit
answer for this correlator then is

⟨Jφφφ⟩s = ξ⃗1 · k⃗2

(k12 + s)(k12 − s) log
(
k34 + s

E

)
, (4.77)

where J ≡ ξ⃗ · J⃗ . We have re-scaled the correlator to have a convenient overall
normalization. We will later allow the normalization to be arbitrary and see that

22We could also consider the analogous correlation function with scalar operators of general
weights, but the corresponding expressions are substantially more unwieldy and do not add any
additional insights.
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it is fixed by the WT identity, so there is no loss of generality. We have also kept
only the transverse part of this correlation function by contracting it with a polar-
ization vector. Here, and throughout this section, we are suppressing flavor indices
on the operators φ. Since the kinematic structures in (4.77) are not symmetric
under permutations of the external momenta, we require nontrivial flavor factors
to restore Bose symmetry for the full correlator. To avoid notational clutter, we
do not write these explicitly.

One channel is not enough.—Next, we will show that the s-channel contribution
(4.77) on its own is not consistent with the WT identity. As we described in
Section 4.1, it is easiest to check the WT identity by first writing the result in
spinor helicity variables and then acting on it with the operator K̃ defined in (4.7).
Before doing this, we multiply the result (4.77) by a normalization factor e2 NJφ3 ,
where NJφ3 captures the overall normalization of the various channels, and the
charge e2 is the relative normalization of the s-channel. Acting with K̃, we then
get

4∑
a=1

b⃗ · K̃a

(
e2NJφ3⟨J−φφφ⟩s

)
= −e2 NJφ3

b⃗ · ξ⃗−
1

k2
1

[
log
(
k34 + s

E

)
+ k1

E

]
. (4.78)

Alternatively, we can use (4.11) to relate the action of K̃ on the full correlator to
the WT identity. This gives

4∑
a=1

b⃗ · K̃a⟨J−φφφ⟩s = 2 b⃗ · ξ⃗−
1

k2
1

k⃗1 · ⟨J−
k⃗1
φk⃗2

φk⃗3
φk⃗4

⟩ (4.79)

= −2Nφ3
b⃗ · ξ⃗−

1
k2

1

[
e2 log

(
k34 + s

µ

)
+ e3 log

(
k23 + u

µ

)
+ e4 log

(
k24 + t

µ

)]
,

where we have substituted (4.75) in the second equality. Consistency requires
(4.78) and (4.79) to agree with each other. However, we see that the 1/E and logE
terms in (4.78) cannot be matched with the right-hand side of (4.79), showing that
the s-channel answer alone is not sufficient.

To achieve consistency with the WT identity, we must add the t- and/or u-channel
contributions to the correlator. These contributions are simply permutations23 of
the s-channel answer in (4.77), which we combine as

⟨J−φφφ⟩s+t+u ≡ NJφ3

[
e2⟨J−φφφ⟩s + e4⟨J−φφφ⟩t + e3⟨J−φφφ⟩u

]
. (4.80)

23In detail, to go from the s-channel to the t-channel, we permute the legs 2 and 4, which
sends s 7→ t. Similarly, permuting 2 and 3 gives the u-channel answer, with s 7→ u.
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Acting on this sum of the channels with the operator K̃, we get

4∑
a=1

b⃗ · K̃a⟨J−φφφ⟩s+t+u = −NJφ3
b⃗ · ξ⃗−

1
k2

1

{
(e2 + e3 + e4)

[
log
( µ
E

)
+ k1

E

]
+ e2 log

(
k34 + s

µ

)
+ e3 log

(
k23 + u

µ

)
+ e4 log

(
k24 + t

µ

)}
. (4.81)

This expression agrees with (4.79)—and hence is consistent with the WT identity—
if NJφ3 = 2Nφ3 and all the charges add up to zero,

e2 + e3 + e4 = 0 . (4.82)

At a minimum, this requires including two channels with opposite charges. Hence,
we see that the WT identity requires the presence of multiple channels and that
the couplings satisfy charge conservation.

Identically conserved correlators.—Having found a solution to the WT identity, we
are still free to add to it any correlator with the correct quantum numbers as long
as it is identically conserved. Acting with the spin-raising operator D11 on one of
the solutions F (ℓ) in (3.92) and then projecting it onto the identically conserved
form, we obtain

⟨Jφφφ⟩s = P(1)
1 D11

(
F (ℓ)) , (4.83)

where P(1)
1 was defined in (4.15). It is easy to check that the scalar-exchange solu-

tion F (0) is annihilated by the projection operator. This is the CFT version of the
flat-space statement that the on-shell three-particle amplitude between a photon
and two massive scalars vanishes unless the scalars have equal mass, in which case
there is a unique amplitude. Correspondingly, for external ∆ = 2 scalars, the only
scalar operator that can be exchanged must have ∆ = 2, giving the solution (4.77).
Taking any of the spin-exchange solutions F (ℓ ̸=0) as a seed, the more complicated
kinematics allow for other nonzero possibilities. Finally, we can also let the seed in
(4.83) be a contact solution to generate contact interactions between the spinning
field and scalar operators. We have not attempted to systematically classify all
possible contact solutions of this form, but it would be interesting to do so.

4.3.2 ⟨JOJO⟩
The next-simplest case involves two spin-1 currents (see Figure 4.3). This is the
analog of Compton scattering. For simplicity, we will restrict to the case where the
two additional operators are ∆ = 2 scalars. There are two conceptually distinct
situations, depending on whether we have only one kind of conserved current, or
a multiplet of currents.
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J1 ϕ2 J3 ϕ4

e2 e4 e4 e2

Figure 4.3: Illustration of the s- and t-channel contributions to the Abelian Compton
correlator.

Abelian Compton scattering
We first consider the example of one type of conserved current, corresponding to
Abelian Compton scattering. In this case, the WT identity reads

k⃗1 · ⟨J⃗k⃗1
φk⃗2

Jk⃗3
φk⃗4

⟩ = −e2⟨φk⃗2+k⃗1
Jk⃗3

φk⃗4
⟩ − e4⟨φk⃗2

Jk⃗3
φk⃗4+k⃗1

⟩

= 2e2

[
ξ⃗3 · k⃗4

(k34 + s) + ξ⃗3 · k⃗2

(k23 + t)

]
,

(4.84)

where in the second line we have used (4.29) for the three-point function ⟨Jφφ⟩.
We also used the constraints (4.31) derived at three points to set e2 = −e4 = e.
Acting twice with the weight-shifting operators in (4.76) generates a solution with
the right kinematic properties:24

⟨JφJφ⟩s = k4D34 k2D12
(
F∆I =2

)
. (4.85)

The result of this weight-shifting procedure is

⟨JφJφ⟩s = (ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)
(k12 + s)(k34 + s)E , (4.86)

where we have re-scaled the correlator. The result in the t-channel is obtained
straightforwardly from (4.86) through the permutation 2 ↔ 4.

One channel is not enough.—As before, the s-channel correlator alone is not con-
sistent with the WT identity. This time, however, adding just the t-channel is not
sufficient. We add together the s- and t-channels as

⟨JφJφ⟩s+t ≡ NJφJφ

[
⟨JφJφ⟩s + ⟨JφJφ⟩t

]
, (4.87)

24A seemingly reasonable alternative weight-shifting procedure is to apply S++
13 directly

to (2.94). Although this generates a correlation function with the correct quantum numbers,
it turns out that this correlator does not have the right pole structure to satisfy the WT identity
and hence does not correspond to any physical bulk process.
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where NJφJφ is the overall normalization of the correlator. Acting with the oper-
ator K̃ on this sum of channels, we get

4∑
a=1

b⃗ · K̃a ⟨J−φJ+φ⟩s+t = −NJφJφ
b⃗ · ξ⃗−

1
k2

1

(
ξ⃗+

3 · k⃗4

(k34 + s) + ξ⃗+
3 · k⃗2

(k23 + t)

−
(
k1

E2 + 1
E

)
ξ⃗+

3 · k⃗1

)
−
(

3 ↔ 1, 2 ↔ 4
)
.

(4.88)

Alternatively, the action of K̃ on the full correlator can be computed by using the
WT identity (4.84):

4∑
a=1

b⃗ · K̃a ⟨J−φJ+φ⟩ = 2e2 b⃗ · ξ⃗−
1

k2
1

(
ξ⃗+

3 · k⃗4

(k34 + s) + ξ⃗+
3 · k⃗2

(k23 + t)

)
+
(

3 ↔ 1, 2 ↔ 4
)
.

(4.89)

Notice that there are additional poles at E = 0 in (4.88) that aren’t matched
by (4.89). To cancel off these total energy poles, we must add the following contact
solution

⟨JφJφ⟩c = S++
13 C0 = ec

ξ⃗1 · ξ⃗3

E
. (4.90)

Indeed, acting with K̃ on (4.90), we get
4∑

a=1
b⃗ · K̃a ⟨J−φJ+φ⟩c = 2ec

b⃗ · ξ⃗−
1

k2
1

(
k1

E2 + 1
E

)
ξ⃗+

3 · k⃗1 + (1 ↔ 3) . (4.91)

This cancels the unwanted terms in (4.88) if ec = 1
2NJφJφ. We then see that we

can make (4.88) and (4.89) consistent by setting NJφJφ = −2e2. The full solution
is

⟨JφJφ⟩s+t+c = −2e2

E

(
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)

(k12 + s)(k34 + s)

+ (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
(k14 + t)(k23 + t) + ξ⃗1 · ξ⃗3

2

)
.

(4.92)

It is easy to verify that the coefficient of the E → 0 singularity is indeed the
amplitude for Compton scattering; cf. Appendix E.1.

Non-Abelian Compton scattering
Next, we consider a multiplet of conserved currents. The WT identity now reads

k⃗1 · ⟨J⃗A
k⃗1
φa

k⃗2
JB

k⃗3
φb

k⃗4
⟩ = − i(TA)a

c⟨φc
k⃗2+k⃗1

JB
k⃗3
φb

k⃗4
⟩ − i(TA)b

c⟨φa
k⃗2
JB

k⃗3
φc

k⃗4+k⃗1
⟩

+ fABC⟨φa
k⃗2
JC

k⃗3+k⃗1
φb

k⃗4
⟩ , (4.93)
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where we have displayed the flavor structure explicitly. The currents are charged
under the symmetries that they generate, with structure constants fABC , and
(TA)ab are the couplings between the currents and a multiplet of charged scalar
operators. Note that the last term in (4.93) requires special care, because it
involves a polarization vector contracted with a current at a shifted momentum,
JC

k⃗3+k⃗1
≡ ξ⃗3 · J⃗ C

k⃗3+k⃗1
. To evaluate this expression, we write JC

q⃗=k⃗3+k⃗1
as

JC
q⃗ ≡ ξ⃗3 · J⃗ C

q⃗ = ξi
3

[ (
δij − q̂iq̂j

)
+ q̂iq̂j

]
Jj

q⃗

=
∑

±
ξ⃗3 · ξ⃗±

q⃗ ξ⃗∓
q⃗ · J⃗ C

q⃗ + ξ⃗3 · q⃗
q2 q⃗ · J⃗q⃗ .

(4.94)

The first term leads to the transverse part of ⟨φJφ⟩, while the second term is
constrained by the WT identity and is proportional to ⟨φφ⟩.

From the bulk perspective, the correlators in the Abelian Compton example arise
from the exchange of a scalar operator. In the non-Abelian case, it is also possible
for a conserved current to be exchanged in the u-channel (see Figure 4.4), and this
contribution is crucial to satisfy the WT identity. One of the vertices involved in
the correlator ⟨JφJφ⟩u is the Yang–Mills three-point vertex, whose corresponding
correlator was found in §4.2.3. In (4.45), this correlator was written in terms
of a differential operator D(1)

12 acting on ⟨ϕϕJ⟩. This suggests that we can write
⟨JφJφ⟩u as

⟨JφJφ⟩u
?= D(1)

13 ⟨ϕφϕφ⟩u,J , (4.95)

where the seed function ⟨ϕφϕφ⟩u,J involves the exchange of a conserved spin-
1 current in the u-channel. This turns out not to be quite right, but the true
answer is very closely related. As we will describe, the above weight-shifting
procedure only generates the correct u-channel exchange solution after a suitable
manipulation of the seed.

The required scalar seed correlator is obtained by first raising the spin of the
exchanged field in (2.94) and then raising the weight of two of the external legs:

⟨ϕφϕφ⟩u,J = W++
13 ⟨φφφφ⟩u,J

= W++
13

(
Π(u)

1,1Dwv + Π(u)
1,0∆w

)
F∆I =2 ,

(4.96)

where F∆I =2 = u−1F̂∆I =2(w, v), with w ≡ u/k13 and v ≡ u/k24.25 The polar-
ization sums Π(u)

1,1 and Π(u)
1,0 are the u-channel generalizations of the polarization

25We will use these definitions for the variables w and v when computing u-channel correlators,
instead of the s-channel definitions given in (2.84). It should always be clear from the context
whether we are dealing with the s- or u-channel variables.

90



4.3. Four-Point Functions

sums in (3.79), obtained by a permutation of labels 2 and 4. Evaluating (4.96)
using (3.57) leads to the following expression

⟨JφJφ⟩u
?=
[
(ξ⃗1 · ξ⃗3)

(
Π(u)

1,1Dwv + Π(u)
1,0∆w

)
+ 4
u2 (ξ⃗1 ◦ ξ⃗3)Dwv

]
(∆w − 12)∆w F∆I =2 ,

(4.97)

where we have defined

ξ⃗1 ◦ ξ⃗3 ≡ 2 ξ1iξ3jk
[i
2 k

j]
4 = (ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) − (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

= (ξ⃗1 · k⃗3)(ξ⃗3 · k⃗2) − (ξ⃗1 · k⃗2)(ξ⃗3 · k⃗1).
(4.98)

In the second line of this equation, we have used momentum conservation to elim-
inate k⃗4.

The result in (4.97) has the right quantum numbers, but does not have the correct
poles expected for particle exchange in the u-channel. These singularities are
present in the seed F∆I =2, but are removed by the weight-shifting procedure.
This follows from inspection of (2.89), which implies that

(∆w − 12)∆w F∆I =2 = ∆wC − 12C , (4.99)

so that (4.97) corresponds to a pure contact solution. However, the fix is simple: to
recover the singularity structure associated with the particle exchange, we replace
(∆w − 12)∆wF∆I =2 by F∆I =2 in (4.97). This leads to

⟨JφJφ⟩u = 1
(k13 + u)(k24 + u)E

[
P(u)

1 ξ⃗1 · ξ⃗3 + 4 ξ⃗1 ◦ ξ⃗3

]
, (4.100)

where we have defined the following combination of internal polarization sums (see
Appendix B)

P(u)
1 ≡ u2Π(u)

1,1 − (k13 + u)(k24 + u) Π(u)
1,0 . (4.101)

Notice that the coefficient of the E → 0 singularity reproduces the u-channel
Feynman diagram for non-Abelian Compton scattering in axial gauge; cf. Ap-
pendix E.1.26 An alternative derivation of the final result (4.100) is given in
Appendix E.2, which bypasses some of the complications discussed here.

One channel is not enough.—As before, the full correlator is only consistent with
the Ward–Takahashi identity if all channels, and an appropriate contact solution,

26This did not have to be the case. Individual flat-space Feynman diagrams and individual
correlator channels are not physically meaningful, so it is not required that they match. However,
it turns out that our weight-shifting procedure generates objects that do indeed have total energy
singularities that match the individual scattering amplitude diagrams computed in axial gauge.
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TA
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T
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Figure 4.4: Diagrammatic representation of the contributions to the non-Abelian Comp-
ton correlator.

are added with correlated couplings. The relevant couplings are shown in Fig-
ure 4.4, so that the sum of channels can be written as

⟨JAφaJBφb⟩ ≡ N
(s)
J2φ2(TATB)ab⟨JφJφ⟩s +N

(t)
J2φ2(TBTA)ab⟨JφJφ⟩t (4.102)

+N
(u)
J2φ2f

ABCTC
ab⟨JφJφ⟩u +N

(c)
J2φ2(T (ATB))ab⟨JφJφ⟩c ,

where we have written the flavor structure—which is carried by the couplings—
explicitly, but allowed the relative normalizations of the channels to be arbitrary.
The kinematic structures associated to each channel and to the contact term are
given by (4.86), (4.90) and (4.100). Acting with the operator K̃ on each of them,
we find∑

a

b⃗ · K̃⟨J−φJ+φ⟩s = − b⃗ · ξ⃗−
1

k2
1

ξ⃗+
3 · k⃗4

(
1

k34 + s
− k1

E2 − 1
E

)
+ (1 ↔ 3) ,

∑
a

b⃗ · K̃⟨J−φJ+φ⟩c = + b⃗ · ξ⃗−
1

k2
1

ξ⃗+
3 · k⃗1

(
k1

E2 + 1
E

)
+ (1 ↔ 3) , (4.103)

∑
a

b⃗ · K̃⟨J−φJ+φ⟩u = − b⃗ · ξ⃗−
1

k2
1

[
2 ξ⃗+

3 · k⃗2

(
1

k24 + u
− k1

E2 − 1
E

)
+ ξ⃗+

3 · k⃗1

(
u− k2 + k4

u(k24 + u) − k1

E2 − 1
E

)]
+ (1 ↔ 3) ,

where the t-channel contribution can be obtained from the s-channel by permuting
2 ↔ 4. On the other hand, the WT identity (4.93), together with the three-point
function

⟨JAφaφb⟩ = −iTA
ab

2
K

(k⃗2 · ξ⃗1) , (4.104)

implies that the action of this operator on the full correlator (4.102) must be equal
to ∑

a

b⃗ · K̃⟨JA
−φ

aJB
+φ

b⟩ = − 4⃗b · ξ⃗−
1

k2
1

[
(TATB)ab

ξ⃗+
3 · k⃗4

k34 + s
+ (TBTA)ab

ξ⃗+
3 · k⃗2

k23 + t

+fABCTC
ab

(
ξ⃗+

3 · k⃗4

k24 + u
+ ξ⃗+

3 · k⃗1(k2 − k4 + u)
2u(k24 + u)

)]
. (4.105)
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Consistency with the WT identity then requires that the relative normalizations
of the different channels are

N
(s)
J2φ2 = N

(t)
J2φ2 = 4 , N

(u)
J2φ2 = −1 , N

(c)
J2φ2 = 2 , (4.106)

and that the couplings satisfy

[TA, TB ]ab = fABCTC
ab . (4.107)

That is, the matter couplings TA
ab must transform in a representation of the Lie

algebra.

Identically conserved correlators.—Having found a correlation function that sat-
isfies the WT identity, we are still free to add to it any identically conserved
correlators. For example, we can add an s-channel contribution of the form

⟨JφJφ⟩s = P(1)
1 P(1)

3 H13
(
F (ℓ))

= k1k3

[
(ξ⃗1 · ξ⃗3)K2

13 − 2(ξ⃗1 · K⃗13)(ξ⃗3 · K⃗13)
]
F (ℓ) ,

(4.108)

where, in the second line, we have used the fact that the polarization vectors are
eigenvectors of the projection operators. By feeding arbitrary exchange or contact
solutions into this equation, we obtain identically conserved correlation functions.

4.3.3 ⟨TOOO⟩
Next, we consider the correlation function of one spin-2 current and three confor-
mally coupled scalars. This correlator satisfies the following WT identity

ki
1⟨T i

k⃗1
φk⃗2

φk⃗3
φk⃗4

⟩ = − κ2(ξ⃗1 · k⃗2)⟨φk⃗1+k⃗2
φk⃗3

φk⃗4
⟩ − κ3(ξ⃗1 · k⃗3)⟨φk⃗2

φk⃗1+k⃗3
φk⃗4

⟩

− κ4(ξ⃗1 · k⃗4)⟨φk⃗2
φk⃗3

φk⃗1+k⃗4
⟩ , (4.109)

where κa are the gravitational couplings of the operators φa, which we have allowed
to be different. We see that this WT identity is similar to that for ⟨Jφφφ⟩ in (4.75).

Using (2.94) as a seed function, an s-channel correlator with the correct quantum
numbers is

⟨Tφφφ⟩s = k2D
2
12W++

12 ⟨φφφφ⟩s . (4.110)

The result is a mix of the desired exchange solution and additional contact solu-
tions. This can be diagnosed by taking the limit E → 0. We expect this limit to
be singular and the coefficient of the singularity to be the flat-space amplitude,
see (2.60). Simple dimensional analysis then tells us that the correlator should
diverge as E−1 in this limit. The result in (4.110), however, diverges as E−3,
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suggesting the presence of additional contact solutions. Subtracting the contact
solutions associated to the E−3 and E−2 singularities,27 and rescaling the answer,
we obtain the following pure exchange contribution

⟨Tφφφ⟩s = (ξ⃗1 · k⃗2)2
[
k2

12 + 2k12k1 − s2

(k12 + s)2(k12 − s)2 log
(
k34 + s

E

)
+ 1

(k12 + s)(k12 − s)
k1

E

]
.

(4.113)

The t- and u-channel answers are simple permutations of (4.113).

One channel is not enough.—We now want to use the expression (4.113) to solve
the WT identity (4.109). As in the previous examples, it is not consistent to only
include this s-channel contribution. Indeed, we will see that all the scalar operators
involved in the correlator must couple to the spin-2 stress tensor, corresponding
to scalar exchange in all three channels.

To see this, we normalize the correlator (4.113) with a factor of κ2NT φ3 , where
NT φ3 is the overall normalization of the final answer, and κ2 is the coupling of
the graviton to operator 2 (see Figure 4.5), which parametrizes the normalization
relative to the other channels. Acting with the operator K̃, we get∑

a

b⃗ · K̃a

(
κ2NT φ3 k−1

1 ⟨T−
k⃗1
φk⃗2

φk⃗3
φk⃗4

⟩s

)
(4.114)

= 6NT φ3
b⃗ · ξ⃗−

1
k3

1

(
κ2(ξ⃗−

1 · k⃗2)
[
k2

1
3E2 + k1

E
+ log

(
s+ k3 + k4

E

)])
.

At the same time, the WT identity requires that the action of K̃ on the full
correlator gives∑

a

b⃗ · K̃a

(
k−1

1 ⟨T−
k⃗1
φk⃗2

φk⃗3
φk⃗4

⟩
)

=

− 12Nφ3
b⃗ · ξ⃗−

1
k3

1

(
(ξ⃗−

1 · k⃗2) log(s+ k3 + k4) + 2 perms.
)
,

(4.115)

27The required contact solutions can also be generated by weight shifting. The two contact
solutions accounting for the E−3 and E−2 divergences are obtained from distinct seeds. One
seed is the solution Ĉ0 of (2.88), corresponding to a bulk φ4 interaction, and the other is the
contact solution Ĉ0 obtained in Appendix D of [47], which is given by

Ĉ0(w, v) ≡
1
3

[( 1
w3 + 1

v3

)
log
(
µ

E

)
+
( 1
w

+ 1
v

) 1
wv

]
, (4.111)

where µ is some momentum-independent mass scale. The wavefunction coefficient arising from
a bulk ϕ4 interaction can then be written as

C0 = s3O12O34Ĉ0 , (4.112)

where the differential operators appearing in this expression are defined as Oab ≡ 1 − kakb
kab

∂kab
.
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T1 φ2 φ3 φ4

κ2 κ4 κ3

Figure 4.5: Diagrammatic representation of the s-, t-, and u-channel contributions to
⟨Tφφφ⟩.

where Nφ3 is the normalization of ⟨φφφ⟩. We see that there are terms with E−2,
E−1, and logE singularities in (4.114) that should be absent. It is relatively
straightforward to see how to rectify the situation. Each of these terms multiplies
ξ⃗−

1 · k⃗2, so if we add the analogous t- and u-channel contributions with identical
coupling constants, then these terms will be proportional to ξ⃗−

1 · (k⃗2 + k⃗3 + k⃗4),
which vanishes after using momentum conservation. More explicitly, we find that
the sum of the three exchange channels,

⟨Tφφφ⟩s+t+u ≡ NT φ3

[
κ2⟨Tφφφ⟩s + κ4⟨Tφφφ⟩t + κ3⟨Tφφφ⟩u

]
, (4.116)

solves the WT identity if the couplings satisfy

NT φ3 = −2Nφ3 and κ2 = κ3 = κ4 ≡ κ . (4.117)

We see that the normalization of the four-point function is fixed in terms of the
three-point function, so that all channels have the same coupling to the stress
tensor. This is, of course, a manifestation of the bulk equivalence principle.

Identically conserved correlators.—As before, we are still free to add any identically
conserved correlator with the correct quantum numbers. One way to build such
correlators is as

⟨Tφφφ⟩s = P(2)
1 (D11)2(F (ℓ)) , (4.118)

where P(2)
1 is the spin-2 projector (4.18). By acting with this differential operator

on any of the spin-exchange solutions, or alternatively on a ∆ = 2 contact solution,
we can construct a wide variety of identically conserved correlators involving a
single stress tensor. It would be nice to determine whether this spans all possible
contact solutions, by matching with the possible scattering amplitude structures.

4.3.4 ⟨TOTO⟩
Finally, we consider the four-point correlator involving two spin-2 currents and
two conformally coupled scalars. This is the gravitational analog of Compton
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κ κ

T1 φ2 T3 φ4

κ κ κg κ
κ2c

Figure 4.6: Diagrammatic representation of different contributions to the gravitational
Compton correlator.

scattering. The relevant WT identity is (see Appendix C for a derivation)

ki
1⟨T i

k⃗1
φk⃗2

Tk⃗3
φk⃗4

⟩ = −κ (ξ⃗1 · k⃗2)⟨φk⃗2+k⃗1
Tk⃗3

φk⃗4
⟩ − κ (ξ⃗1 · k⃗4)⟨φk⃗2

Tk⃗3
φk⃗4+k⃗1

⟩

+ 2κ2(ξ⃗1 · ξ⃗3)(ξ⃗3 · k⃗2)⟨φk⃗2+k⃗3+k⃗1
φk⃗4

⟩ + 2κ2(ξ⃗1 · ξ⃗3)(ξ⃗3 · k⃗4)⟨φk⃗4+k⃗3+k⃗1
φk⃗2

⟩

− κg (ξ⃗1 · k⃗3)ξi
3ξ

j
3⟨φk⃗2

T ij

k⃗3+k⃗1
φk⃗4

⟩ + 2κg (ξ⃗1 · ξ⃗3)ξj
3k

i
3⟨φk⃗2

T ij

k⃗3+k⃗1
φk⃗4

⟩

+ κg (ξ⃗3 · k⃗1)ξi
1ξ

j
3⟨φk⃗2

T ij

k⃗3+k⃗1
φk⃗4

⟩ + κg (ξ⃗1 · ξ⃗3)ξi
3k

j
1⟨φk⃗2

T ij

k⃗3+k⃗1
φk⃗4

⟩ , (4.119)

where we are using the shorthand notation Tk⃗3
≡ ξi

3ξ
j
3T

ij

k⃗3
. We have used (4.117)

to set the couplings of the scalar operators to the graviton to be equal, but have
allowed for the possibility that the graviton self-coupling is normalized differently.
The three-point functions appearing on the right-hand side can be obtained from
(4.53). As in the case involving spin-1 currents, special care must be taken to
include the longitudinal and trace components of the ⟨Tφφ⟩ correlators, both of
which are fixed by WT identities; see (C.38) for the trace identity.

This gravitational Compton example is conceptually quite similar to the non-
Abelian Compton correlator for spin-1 currents. There are two distinct types of
exchanges (see Fig. 4.6), one where a scalar is exchanged (which can happen in
either the s- or t-channel) and another where the exchanged field is the graviton (in
the u-channel). The sum of all of these processes—along with a particular contact
solution—is required to solve the WT identity (4.119), and we will consider each
of them in turn.

s/t-channel The contribution from scalar exchange (in the s-channel) is ob-
tained by acting twice with the weight-shifting operator of (4.110) on the seed
function (2.94):

⟨TφTφ⟩s
?=
(
k4D

2
34W++

34
) (
k2D

2
12W++

12
)

⟨φφφφ⟩s . (4.120)

Using the explicit expressions for the weight-shifting operators, this combination
can be simplified into the following form

⟨TφTφ⟩s
?= (ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2 Q12Q34(∆w − 2)(∆v − 2)F∆I =2 , (4.121)
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where we have defined the differential operator

Q12 = w

1 − w2

[
(s+ wα)∆w + 2(uα+ s(2 − w2)∂w

]
= w2(4s+ 2wα+ w(s+ wα)∂w

)
∂w .

(4.122)

The operator Q34 is the same as Q12, with w → v, α → β. Notice that the expres-
sion (4.121) contains pieces involving ∆w and ∆v acting on the ∆ = 2 exchange
seed F∆I =2. From (2.89), we see that these operators collapse the exchange sin-
gularities and create a contact solution. There are two ways to deal with this:
either we explicitly subtract off these contact solution contributions, or we can
make the replacement (∆w − 2)(∆v − 2)F∆I =2 → F∆I =2 in (4.121), which then
isolates the exchange contribution. We choose this latter, more economical, route.
Acting with the operators Qab, the pure exchange contribution then is

⟨TφTφ⟩s = 4(ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2

(k12 + s)(k34 + s)

[
2k1k3

E3 + k13

E2 + 1
E

(4.123)

+ 1
(k12 + s)(k34 + s)

(
2sk1k3

E2 + 2k1k3 + (k12 + s)k3 + (k34 + s)k1

E

)]
,

where we have rescaled the correlator to have a convenient overall normalization.
In Chapters 5 and 6, we will show how this rather complex result can also be ob-
tained by using unitarity to bootstrap its flat-space counterpart, and then “lifting”
the latter to de Sitter space by means of some suitable operators. The t-channel
result is a simple permutation of (4.123).

u-channel The contribution from graviton exchange, ⟨TφTφ⟩u, presents the
same problem as for ⟨JφJφ⟩u. The naive weight-shifting procedure, suggested by
(4.71), in this case is

⟨TφTφ⟩u
?= D(2)

13 ⟨O5φO5φ⟩u,T , (4.124)

where ⟨O5φO5φ⟩u,T corresponds to the graviton exchange contribution to the
scalar seed. This seed correlator is obtained by raising the spin of the exchanged
field of (2.95) by two units, which gives ⟨φφφφ⟩u,T , and then raising the conformal
weight of two legs to ∆ = 5:

⟨O5φO5φ⟩u,T =
(
W++

13
)3 ⟨φφφφ⟩u,T , (4.125)

=
(
W++

13
)3
[
Π(u)

2,2D
2
wv + Π(u)

2,1Dwv(∆w − 2) + Π(u)
2,0∆w(∆w − 2)

]
F∆I =3 .

Substituting this into (4.124), leads to

⟨TφTφ⟩u
?= DT φT φ (∆w − 72)(∆w − 42)(∆w − 12)(∆w − 2)∆w F∆I =3 , (4.126)
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where the differential operator DT φT φ is defined in (E.42). Just like in the analysis
for ⟨JφJφ⟩u, the poles expected for particle exchange are absent in this solution—
the operator (∆w − 2) acting on the seed has eliminated them, cf. (2.89). The
correct exchange solution is obtained by replacing (∆w −72) · · · (∆w −2)∆wF∆I =3
with F∆I =3. After some nontrivial algebra, the final result can be written as

⟨TφTφ⟩u = 1
(k13 + u)(k24 + u)

(
2k1k3

E3 + k13

E2

)
M

+ u

(k13 + u)2(k24 + u)2

(
2k1k3

E2 + k13 + u

E

)
N + 1

E
L ,

(4.127)

where we have defined the following polarization structures

N ≡ Q(u)
2

(ξ⃗1 · ξ⃗3)2

6 + 2Q(u)
1 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2 ,

M ≡ P(u)
2

(ξ⃗1 · ξ⃗3)2

6 + 2 P(u)
1 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2 ,

L ≡
(
u2 − (k1 − k3)2)(u2 − 3(k2 − k4)2)

2u2
(ξ⃗1 · ξ⃗3)2

6 ,

(4.128)

with the angular functions

Q(u)
2 ≡ u4Π(u)

2,2 − (k13 + u)2(k24 + u)2 Π(u)
2,0 ,

Q(u)
1 ≡ u2Π(u)

1,1 ,

P(u)
2 ≡ u4Π(u)

2,2 − (k13 + u)(k24 + u)u2Π(u)
2,1 + (k13 + u)2(k24 + u)2 Π(u)

2,0 ,

P(u)
1 ≡ u2Π(u)

1,1 − (k13 + u)(k24 + u) Π(u)
1,0 .

(4.129)

The full answer has both a contribution with the exchange singularities required
to reproduce the flat-space scattering amplitude—the first line of (4.127)—and a
piece with higher-order partial energy singularities, which are sub-leading in the
flat-space limit, but are required by conformal invariance.

Contact term Given our experience with the spin-1 Compton correlator, it is
natural to expect that an additional contract solution will be required in order to
solve the WT identity (4.119). A candidate contact solution can be constructed
by the following procedure: The scalar and spin-2 exchange contributions to the
correlator have total energy singularities of order E3 and lower, and we know that
the ⟨TφTφ⟩ correlator must have mass dimension one. This leaves three possible
polarization structures compatible with both of these constraints. We can then
construct these structures via weight-shifting and fix their relative coefficients by
demanding consistency with the WT identity. The end result of this procedure is

⟨TφTφ⟩c = (S++
13 )2W++

13 C0 + 1
2S++

13 (D12D34 +D14D32) C0 , (4.130)
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where C0 = 1/E, and C0 is the ϕ4 contact solution given by (4.112). Explicitly
evaluating the action of the weight-shifting operators, and rescaling by an overall
factor, we obtain

⟨TφTφ⟩c = 1
6

(
(k2

13 − u2)
(

2k1k3

E3 + k13

E2 + 1
E

)
− 2k1k3

(
k13

E2 + 1
E

))
(ξ⃗1 · ξ⃗3)2

+ 2
(

2k1k3

E3 + k13

E2 + 1
E

)[
(ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2) + (ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)

]
(ξ⃗1 · ξ⃗3) . (4.131)

This correlator has only total energy singularities, which have a similar structure
to those appearing in the exchange contributions.

In addition to the pieces that we have constructed, there are possible local terms
that in principle could contribute to the correlator. However, we find that they
are not needed to satisfy the WT identity (4.119), so we do not have to consider
them here.

One channel is not enough.—To solve the Ward–Takahashi identity (4.119), we
combine the exchange and contract contributions in the following way

⟨TφTφ⟩ =N
(s)
T 2φ2⟨TφTφ⟩s +N

(t)
T 2φ2⟨TφTφ⟩t

+N
(u)
T 2φ2⟨TφTφ⟩u + κ2

c⟨TφTφ⟩c ,
(4.132)

where we have allowed for independent normalizations in the different channels.
Going through the same procedure as before, consistency between the action of K̃
and the WT identity imposes the following constraints:

N
(s)
T 2φ2 = N

(t)
T 2φ2 = −κ2 , N

(u)
T 2φ2 = −κκg and κg = κc = κ . (4.133)

To obtain these relations, it is also necessary to use the WT identity (4.51) for
⟨TOO⟩, which relates the normalization of ⟨Tφφ⟩ to that of ⟨φφ⟩ (which we have
taken to be 1). We learn that the various channels have to be added together with
precise relative normalizations and further that the self-coupling of graviton must
be the same as its coupling to other operators. Additionally, the normalization of
the contact contribution is completely fixed in terms of these couplings. The fact
that all of these coupling are the same is another manifestation of the equivalence
principle.

Identically conserved correlators.—As before, we are still free to add identically
conserved correlators as homogeneous solutions to the WT identity. A possible
such correlator is

⟨TφTφ⟩s = P(2)
1 P(2)

3 (H13)2(F (ℓ)) , (4.134)

where F (ℓ) can be any of the exchange or contact solutions that we have discussed.
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5 Cutting and Gluing
Rational Correlators

An important piece of information that can be used to bootstrap boundary cor-
relators comes from unitarity of the bulk time evolution. This imposes specific
constraints on the wavefunction, which were first introduced in the form of a “cos-
mological optical theorem” in [51] (see also [52]) and have recently been extended
to a systematic set of cutting rules in [56, 57, 184]. These cuts encode slightly
different information about the bulk Green’s function from the conformal differen-
tial equations. Importantly, they fix the residues of all partial energy singularities
(including those of subleading poles) in terms of lower-point correlators.

As argued in Chapter 2, the structure of correlators is controlled in large part by
their singularities. In fact, in many cases, correlators are completely specified by
these singularities, allowing us to use the aforementioned unitarity constraints to
“glue” together higher-point functions when we know the relevant lower-point data.
This gluing can be formalized through recursion relations, which were introduced
for a class of scalar theories in [46] and generalized in [55]. Just like the conformal
Ward identities utilized in the previous chapters, this is a way of extending the
wavefunction coefficients to general kinematics.

These methods rely on general properties of the propagators and the singularity
structure of the wavefunction, so they can be applied when the interactions break
the de Sitter symmetries or, even more generally, in any FLRW background. In
this chapter, we work with rational wavefunction coefficients both in flat space
and in de Sitter. This type of wavefunction coefficients appear in theories with
conformally coupled or massless scalars, gauge fields, and gravitons. We start by
studying the consequences of unitarity on the boundary in Section 5.1, and then
introduce the recursion relations in Section 5.2. To illustrate the utility of these
tools, we use them to bootstrap the flat-space graviton Compton wavefunction
coefficient in Section 5.3.
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5.1 Constraints from Unitarity

Unitarity—the conservation of probability—is a fundamental feature of quantum
mechanics. It therefore plays an important role in defining consistent observables
in any quantum-mechanical theory. Until recently, however, it wasn’t known how
the constraints of bulk unitary are encoded in cosmological boundary correlators.
In [51, 52], it was pointed out that unitarity implies specific relations that cos-
mological correlators have to satisfy in perturbation theory, quite similar to the
optical theorem in flat space. Moreover, these relations can be systematized into
a set of cutting rules for cosmological correlators [56, 57, 184] that are spiritually
similar to the Cutkosky rules for the S-matrix [185–188].

In addition to the wavefunction Ψ, it will be convenient for the study of unitarity
constraints to introduce the conjugate wavefunction, Ψ. The corresponding con-
jugate wavefunction coefficients, ψn, are computed using the same Feynman rules
as for the wavefunction coefficients, except that we assign the anti-bulk-to-bulk
propagator to internal lines, G = G∗, and replace each vertex factor with −iV , but
use the same bulk-to-boundary propagators as for the ordinary wavefunction. An
important feature of the conjugate wavefunction coefficients is that in a unitary
theory, they are related to the complex conjugate of the ordinary wavefunction
coefficients, but with analytically continued external energies [51,52]1

ψn(k1, · · · , kn) = ψ∗
n(−k1, · · · ,−kn) (unitarity) . (5.1)

This relation will play an important role in the cutting rules for the wavefunction
coefficients.

In this section, we will derive these cutting rules and explain how they can be
used as a tool for bootstrapping the wavefunction. We first describe the cutting
rules in flat space, before generalizing to de Sitter space, which is conceptually
very similar.

1As we will discuss more in detail in §5.1.2, this analytic continuation to negative energies
is performed by rotating clockwise in the complex plane. Moreover, when dealing with external
spinning particles, the wavefunction coefficients can have an explicit dependence on spatial mo-
menta k⃗a, contracted with polarization vectors. In such cases, we also flip the signs of external
momenta k⃗a 7→ −k⃗a, which can be understood as analytically continuing the energies ka 7→ −ka,
while keeping the directions of k̂a fixed in the real domain. The polarization vectors can be either
stripped off in the process or kept unchanged under the replacement rule [ξ±

a (−k̂a)]∗ 7→ ξ±
a (k̂a);

see also [57]. With this being understood, in what follows, we will only show energies in the
argument of ψ for brevity.
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5.1.1 Cuts in Flat Space
Part of the difficulty involved in bulk perturbation theory is the presence of nested
time integrals, which are challenging to compute. We therefore would like to
ascertain some features without having to perform these integrals explicitly. We
can do this by considering a suitable combination of the wavefunction coefficients
ψ and conjugate wavefunction coefficients ψ, engineered so that the bulk-to-bulk
propagator (2.25) and the anti-bulk-to-bulk propagator

G(k; t, t′) = G∗(k; t, t′) = −G(−k; t, t′) , (5.2)

appear as the sum

G̃(k; t, t′) ≡ G(k; t, t′) + G(k; t, t′) = − 1
2k
(
e−ikt − eikt

)(
e−ikt′

− eikt′)
. (5.3)

We will refer to G̃ as the cut propagator. This combination trivializes the time-
ordering involved in the bulk integrations and therefore simplifies the computation
of particular sums of ψ and ψ. Notice that (5.3) can be written in terms of the
bulk-to-boundary propagator as

G̃(k; t, t′) = − 1
2k

(
K(−k, t) − K(k, t)

)(
K(−k, t′) − K(k, t′)

)
. (5.4)

We will see that introducing this combination of propagators has the interpre-
tation of cutting the internal line of a graph, as in the S-matrix cutting rules.
The cutting rules essentially systematize finding combinations that simplify time
integrals, and naturally produce identities involving both ψ and ψ. In a unitary
theory, ψ can be related back to ψ (cf. (5.1)), which produces identities satisfied
by the wavefunction ψ alone.

In this subsection, we describe the cutting rules for wavefunction coefficients in
their simplest manifestation by considering the theory (2.23), which involves a
single scalar field in flat spacetime with polynomial self-interactions. The vertex
factors are just constants, ign, and we will typically set gn ≡ 1 to avoid clutter.

A scalar example
To illustrate the cutting rule in a simple example, we again consider the four-
point function arising from tree-level exchange in φ3 theory. The wavefunction
coefficient corresponding to the s-channel contribution was given in (2.27):

ψ4(k12, k34) = −
∫ 0

−∞
dtdt′ eik12t G(s; t, t′) eik34t′

. (5.5)

Note that the bulk-to-bulk propagator in (2.25) leads to nested time integrals,
which can be done explicitly in this simple example, but are harder to perform
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in more general situations. However, we can simplify the integrals involved by
considering the sum of ψ4 and its conjugate ψ4:

ψ4(k12, k34) + ψ4(k12, k34) = −
∫ 0

−∞
dtdt′ eik12t G̃(s; t, t′) eik34t′

, (5.6)

where G̃ is the cut propagator (5.3). We can perform the two time integrals over
t and t′ separately. Each integral leads to a shifted three-point function

ψ̃3(k12 ∓ s) ≡ i

2s

∫ 0

−∞
dt eik12t

(
e−ist − eist

)
= 1

2s

(
ψ3(k12 − s) − ψ3(k12 + s)

)
,

(5.7)

so that (5.6) becomes

ψ4(k12, k34) + ψ4(k12, k34) = −2s ψ̃3(k12 ∓ s) ψ̃3(k34 ∓ s) . (5.8)

We can interpret the right-hand side as cutting the internal line connecting the
two vertices, and then shifting the energies of these nodes by the energy of the
cut line. At this point, the relation (5.8) is just an algebraic identity between
ψ4 and the auxiliary object ψ4. However, using (5.1)—which holds in a unitary
theory—we can write the left-hand side in terms of ψ4 alone2

ψ4(k12, k34) + ψ∗
4(−k12,−k34) = −2s ψ̃3(k12 ∓ s) ψ̃3(−k34 ∓ s) . (5.9)

For later convenience, we will use the following shorthand for the left-hand side of
the cutting rule

Disc[ψ4] ≡ ψ4(k12, k34) + ψ∗
4(−k12,−k34) , (5.10)

although we must emphasize that this operation is not precisely the same as ex-
tracting the discontinuity of a complexified function.3 Note that ψ̃3(k34 ∓ s) =
ψ̃3(−k34 ∓ s), but it is convenient to write things as in (5.9) in order to give the
final formula a diagrammatic interpretation. The formula (5.9) also provides an
additional perspective on the partial energy singularities discussed in §2.2.2. By

2In the simple flat-space examples that we are considering, we will never encounter branch
cuts, so we do not have to specify the precise analytic continuation to negative energies, but this
will be important in the generalization to de Sitter space, as we will see in §5.1.2.

3The notation follows that of [52, 55–57], and is meant to recall the discontinuity operation
involved in the cuts of scattering amplitudes. While the way that we have defined this operation
it is not a true discontinuity, at least at tree level it can be related to a true discontinuity with
respect to internal energy variables [60]. It is also important to note that our definition of this
operation differs slightly from that of [52, 55–57], because of different conventions for factors of
i. See Appendix F for more details and applications.
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taking partial energy limits of this formula we can reproduce the partial energy
singularity formulas (2.31).

It is straightforward to check that the cutting rule (5.9) is satisfied by the wave-
function coefficients in this example. Given the three-point function (2.26) and
the four-point function (2.28), it is a matter of simple algebra to compute the two
sides of (5.9) and verify that the relation holds.

In order to extract a more general lesson from this simple example, it is useful
to move the shifted wavefunctions in (5.9) to the left-hand side. The resulting
formula can then be given a simple diagrammatic interpretation:

k12 k34s

+

−k12 −k34s

+

k12 −k34

ss = 0 .

This corresponds to partitioning the graph into two sets of vertices, which we color
black and white. The • vertices are treated in the usual way, while the energies
of ◦ vertices must be flipped. If a cut through the graph intersects an internal
line, that line is replaced with two lines to the boundary each representing a sum
of two terms, carrying ∓ the energy of the internal line. Note that we have also
included two trivial “cuts” where the cut runs either to the left or right of the
entire graph. These cuts correspond to the left-hand side of the formula (5.9).
The diagrammatic version of the cutting rules is then the statement that the sum
of all cuts, including the trivial cuts, vanishes.

In the remainder of the thesis, we will only require expressions for the cuts of graphs
involving single exchanges at tree level, as described by the cutting rule in (5.9). It
is possible, however, to produce identities for arbitrary graphs following the same
steps. We elaborate on these more general situations in §5.1.3 and Appendix F.

Including spin
So far, we have described the cutting rule in the simplest possible example involving
only a single scalar field. However, many cases of practical interest involve fields
with spin on both internal and external lines. Fortunately, the generalization to
this situation is relatively straightforward. In cases with spinning external lines,
everything proceeds as before, the only subtlety being that the lower-point shifted
wavefunctions will now involve spinning external lines.

The generalization to the cutting of spinning internal lines is also simple, but
requires a small amount of work. Essentially, the only new ingredient is the bulk-
to-bulk propagator for fields with spin. In the following, we will specialize to
the case of massless fields. This is partly for simplicity, but also because we
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5. Cutting and Gluing Rational Correlators

expect that in the extension to de Sitter space, cutting will provide the most
useful information for rational correlators, like those involving massless spinning
particles in four dimensions.

For a massless spin-1 particle, the bulk-to-bulk propagator is most naturally ex-
pressed as a frequency integral in axial gauge (where A0 = 0) [35]

Gij(k⃗; t, t′) = −i
∫ ∞

0

dω
2π (Πω

1,1)ij

(
e−iωt − eiωt

)(
e−iωt′ − eiωt′)

ω2 − k2 + iϵ
, (5.11)

where the tensor (Πω
1,1)ij is defined as

(Πω
1,1)ij ≡ δij − kikj

ω2 . (5.12)

On shell (i.e. when ω = k), this tensor is transverse and traceless, but away from
this point it is not, which accounts for the exchange of lower-helicity potential
modes. In analogy to the scalar case, we can define the cut propagator as the sum
of Gij and its complex conjugate, which takes the form4

G̃ij(k⃗; t, t′) = −(Π1,1)ij
1
2k
(
e−ikt − eikt

)(
e−ikt′

− eikt′)
, (5.14)

where (Π1,1)ij is the transverse-traceless projector of (3.77),

(Π1,1)ij ≡ πij , with πij = δij − kikj

k2 . (5.15)

Note that (5.14) is identical to (5.3), except for the additional tensor factor carrying
the polarization information. Consequently, the cutting rules involving massless
spin-1 exchange will be essentially the same as those for scalar internal lines. We
only have to contract the indices of the lower-point wavefunctons that the graph
splits into with (Π1,1)ij . An interesting corollary to this is that only the highest-
helicity propagating components of exchanges contribute to cuts, as we will see in
some examples below.

The analysis for a massless spin-2 particle proceeds similarly. Notice that in the
spin-1 cut propagator (5.14) we are effectively putting the exchanged line on-shell,
so that only the helicity-1 modes propagate. The same thing happens in the spin-2
case: only the helicity-2 part of the bulk-to-bulk propagator survives, so that we
get (in axial gauge, where h0µ = 0)

G̃i1i2
j1j2

(k⃗; t, t′) = −(Π2,2)i1i2
j1j2

1
2k
(
e−ikt − eikt

)(
e−ikt′

− eikt′)
, (5.16)

4In deriving this, we use the standard distributional identity
1

x+ iϵ
−

1
x− iϵ

= −2πiδ(x) , (5.13)

which also lies at the heart of the S-matrix cutting formulae.
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which again differs from the scalar cut propagator only by the transverse-traceless
spin-2 projector defined in (3.86),

(Π2,2)i1i2
j1j2

≡ π
(i1
(j1
π

i2)
j2) − 1

2π
i1i2πj1j2 . (5.17)

When we cut diagrams involving internal spin-2 fields, we therefore just have to
sum over the exchanged helicity-2 polarizations using the Π2,2 projector. The
generalization to higher-spin particles is straightforward, the only substantive dif-
ference is that higher-spin transverse-traceless projectors Πℓ,ℓ appear multiplying
the cut propagator (see Appendix B for explicit expressions for these projectors).

The simplest example where cutting a spinning internal line is important is the
four-point function of external scalars exchanging an internal particle with spin.
In this case, the cutting rule has the following diagrammatic expression

+ + = 0 ,

where we note the appearance of shifted three-point functions involving two scalars
and one spinning field in the cut diagram.

• Spin-1 exchange: We first consider the wavefunction coefficient arising from
the exchange of a massless spin-1 field, ψ(J). Since the interactions are Weyl
invariant, this object is the same in flat space and in de Sitter. The cutting
rule for the s-channel wavefunction coefficient is

Disc[ψ(J)
4 ] = −2s ψ̃i

φφJ(Π1,1)ijψ̃
j
Jφφ ≡ −2s ψ̃φφJ ⊗ ψ̃Jφφ , (5.18)

where we have introduced the symbol ⊗ to denote the contraction with the
polarization tensor. From a direct calculation, one finds [47]

ψ
(J)
4 = − Π̃1,1

EELER
+ Π̃1,0

E
, (5.19)

where Π̃1,1 and Π̃1,0 are rescaled polarization sums given by

Π̃1,1 ≡ αiπijβ
j = k12k34

αβ

s2 − t2 + u2 , (5.20)

Π̃1,0 ≡ αβ

s2 . (5.21)

From the explicit expression (5.19), it is straightforward to compute the cut:

Disc[ψ(J)
4 ] = ψ

(J)
4 (k12, k34) + ψ

(J)
4 (−k12,−k34)

= 2s Π̃1,1

(k2
12 − s2)(k2

34 − s2) .
(5.22)
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Notice that only the highest-helicity part of the exchange contributes to the
cut, the helicity-0 potential part of the interaction has dropped out due to its
singularity structure. This is of course how it must be, because on the right-
hand side of the cutting rule (5.18) we only sum over the highest-helicity
polarizations.

To independently compute the right-hand side of (5.18), we need the three-
point function involving two scalars and a massless spin-1 field:

ψφφJ(k1, k2, s) = iα⃗ · ξ⃗s

k12 + s
. (5.23)

We then calculate the shifted wavefunction as in (5.7), shifting the spin-1
line, and contract it with the same object permuted as {1, 2} 7→ {3, 4} using
the projector (5.15). From the definition (5.20), we find

−2s ψ̃φφJ ⊗ ψ̃Jφφ = 2s Π̃1,1

(k2
12 − s2)(k2

34 − s2) , (5.24)

which is identical to (5.22), as expected.

• Spin-2 exchange: The case of spin-2 exchange is very similar. The relevant
cut is now

Disc[ψ(T )
4 ] = −2s ψ̃φφT ⊗ ψ̃T φφ , (5.25)

where the three-point function of one graviton and two scalars is given by

ψφφT (k1, k2, s) =
(
α⃗ · ξ⃗s

)2

2(k12 + s) . (5.26)

Computing the shifted wavefunction and contracting with the spin-2 transverse-
traceless projector (5.17), we obtain

−2s ψ̃φφT ⊗ ψ̃T φφ = − s Π̃2,2

3(k2
12 − s2)(k2

34 − s2) , (5.27)

where we have defined

Π̃2,2 ≡ 3
2α

iαj(Π2,2)kl
ijβkβl . (5.28)

We would like to check this expression for the cut against the full answer.
The wavefunction coefficient in flat space can be obtained in various ways,
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and the explicit expression is5

ψ
(T )
4 = Π̃2,2

6EELER
− Π̃2,1

6E + Π̃2,0

6E

− k12k34 + s2

6E − 1
4

(
k12β

2

s2 + k34α
2

s2

)
+ 1

4E .
(5.29)

In addition to (5.28), we have defined the polarization sums Π̃2,1 and Π̃2,0
by (the motivations for these definitions can be found in Appendix B)

Π̃2,1 ≡ − s2

k12k34

3
2s2αiαj(Π2,1)ij

lmβ
lβm = 3αβα

iπijβ
j

s2 , (5.30)

Π̃2,0 ≡ ELER − sE

4

(
1 − 3α

2

s2

)(
1 − 3β

2

s2

)
. (5.31)

Given the expression (5.29), it is straightforward to check that it has the
expected cut

Disc[ψ(T )
4 ] = ψ

(T )
4 (k12, k34) + ψ

(T )
4 (−k12,−k34)

= − s Π̃2,2

3(k2
12 − s2)(k2

34 − s2) ,
(5.32)

which indeed agrees with (5.27). Note that, like in the spin-1 example, only
the highest-helicity part of the exchange (proportional to Π̃2,2) contributes
to the cut of the diagram, as expected from the form of the cut propaga-
tor (5.16).

5.1.2 Generalization to de Sitter
Our discussion of cutting wavefunction coefficients in flat space has only relied on
very general properties of the Green’s functions used to compute them, so the es-
sential features generalize almost immediately to other spacetimes. Our particular
interest will be in de Sitter backgrounds because the relevant propagators take a
simplified form, but the extension to more general situations is straightforward.

5This wavefunction coefficient is actually an example where the full answer can be boot-
strapped from physical principles. The entire first line of (5.29) is fixed by the requirements that
it has the correct residues on its partial energy and total energy singularities (as we will explore
more fully in the following). In particular, the polarization sums appear in the appropriate com-
bination to reduce to a Legendre polynomial as E → 0 (see Appendix B), which is the signature
of massless particle exchange in the scattering amplitude. Aside from reproducing these limits
correctly, the second line of (5.29) is fixed by demanding that the wavefunction coefficient van-
ishes when any of its external momenta are taken to be soft, which is a consequence of the shift
symmetry of the interactions. Putting these things together, and demanding the absence of any
other singularities in the physical region, leads to (5.29). The resulting expression can also be
verified by a direct bulk calculation.
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Recall that the goal is to understand the structure of fluctuations on the late-time
(η = 0) surface of de Sitter without tracking their detailed time evolution through
the whole spacetime. Cuts of their correlation functions give us some partial
information about this time evolution. An interesting feature of the cutting rules
in de Sitter space is that they apply equally well in cases where the symmetries of
the background spacetime are broken by the interaction vertices. These symmetry-
breaking interactions are phenomenologically relevant in inflationary models with
large non-Gaussianities.

Only two generalizations of the previous discussion are needed to import our results
to de Sitter space. First, the bulk-to-bulk propagators are slightly different, so we
have to re-derive the cut propagators. Second, the bulk-to-boundary propagators
are no longer just exponentials, so we have to be careful about the precise analytic
continuation that relates ψ to ψ.

Scalar propagators
We begin by collecting the necessary ingredients for cutting scalar lines in de
Sitter. The bulk-to-boundary propagator for a general massive scalar is (2.54). In
flat space, the conjugate wavefunction coefficients ψ are related to the complex
conjugate of the ordinary wavefunction coefficients, but with the external energies
analytically continued to negative values. To apply a similar analytic continuation
in de Sitter space, we note that the complex conjugate of the bulk-to-boundary
propagator satisfies [51]

K∗
ν(k, η) = Kν(e−iπk, η) . (5.33)

This relation instructs us to analytically continue by rotating the energies clockwise
in the complex plane to negative arguments. In flat space, the details of this
analytic continuation did not matter because none of the answers had branch cuts,
but some wavefunction coefficients in de Sitter space do, so we should navigate
the branch cuts according to this prescription. In the following, we will typically
leave this implicit, but negative energies should be understood in this sense.

The bulk-to-bulk propagator for a massive scalar is given by (2.55). Using this
expression, it is easy to show that the cut propagator G̃ν ≡ Gν +G∗

ν can be written
in terms of the bulk-to-boundary propagator as6

G̃ν(k; η, η′) = −Pν(k)
(

Kν(−k, η) − Kν(k, η)
)(

Kν(−k, η′) − Kν(k, η′)
)
, (5.34)

6In this expression, we have pulled out an overall factor of −1 on the right-hand side for uni-
formity with the other cut propagator expressions that we have presented. When evaluating this
expression for explicit mass values, for example for ν = 3/2 (appropriate for massless fields), this
sign can be compensated by choosing the branch of the square root that appears appropriately.
The result then recovers the previously shown expressions.
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where we have introduced the power spectrum of the exchanged field

Pν(k) ≡ π

4 η
3
∗H

(1)
ν (−kη∗)H(2)

ν (−kη∗) . (5.35)

The cut propagator (5.34) is structurally the same as the formula (5.4) for the
flat-space cut propagator. In particular, it also factorizes. As a result, the cutting
formulas in de Sitter are essentially identical—we just have to replace all flat-space
objects with their de Sitter counterparts, to obtain

ψ4(k12, k34) + ψ∗
4(−k12,−k34) = −Pν(s) ψ̃3(k12 ∓ s) ψ̃3(−k34 ∓ s) , (5.36)

where the shifted wavefunctions are defined as in (2.63) and the analytic continu-
ation to negative arguments is clockwise in the complex plane as in (5.33).

Spinning propagators
It is also straightforward to update our discussion of spinning internal lines to
cover the de Sitter case. First, notice that the bulk-to-boundary propagators
of the (transverse parts of) spinning fields are just given by transverse-traceless
projectors times (2.54) at special values of ν, so we can do the same analytic
continuation of the external energies as for the scalar case.

A massless spin-1 field has a quadratic action that is Weyl invariant (in D = 4),
so its propagators in de Sitter are identical to those in flat space. This implies
that we can use the cut propagator (5.14) also in de Sitter space.

The massless spin-2 propagator does require a new calculation. We can write the
bulk-to-bulk propagator in axial gauge as [35]

Gi1i2
j1j2

(k⃗; η, η′) = −i
∫ ∞

0

dω2

2 (Πω
2,2)i1i2

j1j2

(ηη′)3/2J3/2(ωη)J3/2(ωη′)
ω2 − k2 + iϵ

, (5.37)

where now Bessel functions instead of plane waves appear in the numerator and
(Πω

2,2)i1i2
j1j2

is the tensor (5.17) with k2 7→ ω2. By adding this propagator with its
complex conjugate, we can extract the cut propagator as before

G̃i1i2
j1j2

(k⃗; η, η′) = −
(Π2,2)i1i2

j1j2

2k3 ×

×
(

K3/2(−k, η) − K3/2(k, η)
)(

K3/2(−k, η′) − K3/2(k, η′)
)
.

(5.38)

Note that the result could be written in terms of the massless scalar bulk-to-
boundary propagator,

K3/2(k, η) = (1 − ikη)eikη , (5.39)

because the mode function of the massless graviton is the same as that of a mass-
less scalar field. The generalization to higher spin is straightforward: the cut
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propagator is the transverse-traceless projector for spin ℓ multiplied by the scalar
cut propagator (5.34), with ν = ℓ− 1/2.

We have now assembled all the ingredients necessary to compute cuts of correlators
in de Sitter space. All of the flat-space combinatorics go through unchanged
because they only relied on the relation between the bulk-to-bulk, anti-bulk-to-
bulk and cut propagators: G + G = G̃.

Examples
Our ultimate goal is to use the cuts of correlators as additional constraints to aid
in bootstrapping them from the boundary, but it is useful to first verify that a
couple examples in de Sitter space have the expected cuts.

• Conformally coupled scalar: Perhaps the simplest example is the four-point
function arising from a φ3 interaction involving conformally coupled scalars.
In this case, the cut of the four-point wavefunction is given by

Disc[ψφ4 ] = −2s ψ̃φ3(k12 ∓ s) ψ̃φ3(−k34 ∓ s) . (5.40)

We can verify this formula using the explicit expressions for the three and
four-point functions computed in de Sitter7 (see Section 2.4)

ψφ3 = i log(K/µ) − π

2 . (5.41)

ψφ4 = 1
2s

[
Li2
(
k12 − s

E

)
+ Li2

(
k34 − s

E

)
(5.42)

+ log
(
k12 + s

E

)
log
(
k34 + s

E

)
− π2

6

]
,

Notice that there is already some nontrivial structure to the ψφ3 wavefunc-
tion coefficient in de Sitter space. Aside from the non-local part being purely
imaginary (as can be verified by a direct calculation [13]), there is a precise
(real) local term required in order for the answer to have a vanishing cut:

ψφ3(K) +
[
ψφ3(e−iπK)

]∗
= i log(K/µ) − i log(eiπK/µ) − π = 0 . (5.43)

A similar example involving the three-point function of massless scalars was
discussed in [51].

In order to verify the cutting rule in (5.40), we compute its left-hand side
7The expression for ψφ4 differs slightly from the one in [47], which is the corresponding corre-

lation function. The wavefunction coefficient and correlator differ by a homogeneous term which
affects the sign and coefficient of the π2 term. See [13, 189] for a derivation of the wavefunction
expression.
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using Euler’s identity for the dilog

Li2(z) = −Li2(1 − z) − log(1 − z) log(z) + π2

6 , (5.44)

which, after some algebra, leads to

Disc[ψφ4 ] = ψφ4(k12, k34) + ψ∗
φ4(−k12,−k34)

= 1
2s log

(
k12 − s

k12 + s

)
log
(
k34 − s

k34 + s

)
.

(5.45)

This is exactly minus the product of shifted three-point functions, accounting
for the fact that we have to flip the energies in one of them.

There is a parallel path to checking the cut of the conformally coupled four-
point function, which will be conceptually useful later on. The idea is to
express the de Sitter answer by operating on the flat-space wavefunction co-
efficient (2.28) in some way—in this case the relevant operation is integration
with respect to energies [13]

ψφ4 = −
∫ ∞

k12

dk̃12

∫ ∞

k34

dk̃34
1

(k̃12 + k̃34)(k̃12 + s)(k̃34 + s)
. (5.46)

It is most convenient to compute the cut in this case using the formula (5.2)
which implies that the cut is given by subtracting (5.46) with the sign of s
flipped. This leads to

Disc[ψφ4 ] = 2s
∫ ∞

k12

dk̃12
1

(k̃2
12 − s2)

∫ ∞

k34

dk̃34
1

(k̃2
34 − s2)

, (5.47)

which integrates to (5.45), as expected. Notice that in this case the de Sitter
space cut follows straightforwardly from the cut of the integrand, which
is just the flat-space wavefunction. We explore this theme more fully in
Chapter 6.

• Massless spin-2 exchange: As a simple example involving a cut of an internal
line with spin, we consider the four-point wavefunction coefficient arising
from the exchange of a massless spin-2 field between conformally coupled
scalar fields. In this case, the relevant three-point data is the result (4.53)
for the interaction between two scalars and a massless spin-2

ψφφT = k12 + 2s
2(k12 + s)2

(
α⃗ · ξ⃗s

)2
, (5.48)

so that the wavefunction with a shifted graviton leg is

ψ̃φφT = − 1
(k2

12 − s2)2

(
α⃗ · ξ⃗s

)2
. (5.49)
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This allows us to construct the cut

Disc[ψ(T )
4 ] = ψ

(T )
4 (k12, k34) + ψ

(T )
4 (−k12,−k34) = −2s3ψ̃φφT ⊗ ψ̃T φφ

= −2s3 2Π̃2,2

3(k2
12 − s2)2(k2

34 − s2)2 .

(5.50)

On the other hand, the full answer is [47]

ψ
(T )
4 = −sE + ELER

3E3E2
LE

2
R

Π̃2,2 + 1
3E3 Π̃2,1 − 1

3E3 Π̃2,0 . (5.51)

Note that the result of an explicit bulk calculation contains additional con-
tact solution pieces, as in the second line of (5.29), which are de Sitter
invariant by themselves. This freedom to add invariant contact solutions re-
flects an inherent ambiguity in exchange correlators. However, the helicity-2
part of (5.51), involving partial energy singularities, is an unambiguous sig-
nature of a massless spin-2 exchange. The only ambiguity is in its extension
to a fully de Sitter-invariant correlator, which is reflecting the freedom to
add contact interactions in the bulk. Taking the cut of (5.51), it is straight-
forward to see that we reproduce (5.50).

5.1.3 Summary of Cutting Rules

In the remainder of the thesis, we will only require the simplest cutting formulas
that have already been introduced, involving only a single internal line. However,
it is possible to generalize the cutting rules to arbitrary graphs. Here, we just state
the procedure without justification, and refer the interested reader to Appendix F
for the details.

We have seen that the various cuts separate the graph into two pieces, where on
one side we compute the ordinary wavefunction, and on the other side we compute
the conjugate wavefunction (or the complex conjugated wavefunction at negative
energies), both shifted by the internal energy of the cut line. This generalizes
readily to a general graph. The procedure is the following:

• Pick a direction to move through the graph. This is essentially a (partial)
ordering of the vertices of the graph.

• Consider cuts that separate the graph into two parts, consistent with the
partial order.

• On one side of the cut, compute the wavefunction associated to the relevant
graph, but use the cut propagator for the cut line.
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• On the other side of the cut, compute the wavefunction at negative energy,
again using the cut propagator for internal lines and then take its complex
conjugate. Alternatively, compute the conjugate wavefunction.

The sum over all cuts of this type vanishes, leading to the following schematic
identity

ψn(X) + ψ∗
n(−X) = −

∑
cuts

ψn , (5.52)

where we have separated out on the left-hand side the “cuts” that pass either all
the way to the left or to the right of the graph, and X stands for all the external
energies of the wavefunction.

5.2 Recursion Relations
The structure of the cosmological wavefunction is in large part controlled by its
singularities. In fact, in many cases the behavior near singularities is sufficient
information to completely reconstruct the full coefficients at tree level. In this
section, we will describe how to construct higher-point rational wavefunction co-
efficients recursively by “gluing” together lower-point building blocks. If all of a
wavefunction’s singularities are poles, its energy variables can be deformed into the
complex plane and the physical objects can be expressed as a sum over the residues
of its singularities [46]. This is philosophically similar to the BCFW construction
of scattering amplitudes [190]. To write such a recursive formula, we need to know
both the locations and residues of singularities of the cosmological wavefunction.
Fortunately, as we reviewed in Section 2.2, this information is well-understood at
tree level: wavefunction coefficients have singularities when the energies of sub-
graphs add up to zero, and their residues involve scattering amplitudes and shifted
lower-point coefficients.

5.2.1 Energy Deformations
The general strategy is to promote the wavefunction coefficient of interest to a
complex function of its kinematic arguments, which can then be fixed by its sin-
gularities using the power of complex analysis. At the kinematic level, an n-point
wavefunction coefficient is a function of n spatial momenta, k⃗a, which are subject
to the constraint of (spatial) momentum conservation. The lengths of these mo-
menta (the “energies”) are importantly not required to add up to zero, in contrast
to the situation for scattering amplitudes. Despite the fact that the wavefunction
is fundamentally a function of momenta, the singularities of the wavefunction al-
ways appear at certain loci in energy space. Hence, it is most convenient to deform
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Im z

Re z×
zj

× ×

Figure 5.1: Schematic of the contour deformation used to derive (5.55). The solid
contour centered around z = 0, whose residue is the original wavefunction coefficient,
ψ(0), can be deformed into the dashed contour to write the wavefunction as a sum over
the residues of the other poles of ψ(z), located at zj .

the energies into the complex plane. The simplest family of such deformations is to
extend the internal and external energy variables by a single complex parameter,
z, as [46]

ka 7→ ka + caz ,

|⃗ka + k⃗b| 7→ |⃗ka + k⃗b| + dabz ,
(5.53)

where ca and dab are arbitrary numerical coefficients parametrizing the fact that
we can do a different deformation for each energy variable. Since the wavefunction
coefficients do not conserve energy, there is no constraint on the deformation, in
stark contrast to the situation for amplitudes, where it is important for the complex
deformation to be consistent with momentum conservation. Despite the simplicity
of thinking of the wavefunction coefficient as a function of its energy arguments
and deforming them into the complex plane, this type of energy deformation is
quite subtle. Fundamentally, the energies are not independent kinematic variables,
but are the norms of spatial momenta. However, a generic deformation (5.53)
cannot be induced by such a deformation of the momenta. Instead, these complex
deformations should be thought of as a formal device to extract the singularity
structure of the wavefunction coefficients.8

Deformations of the form (5.53) promote the wavefunction coefficient to a complex
function ψ(z). Our interest is in the physical wavefunction coefficient, which is

8This requires us to separate the part of the wavefunction coefficient that depends on
momenta—which will enter through the residues—from the singularity structure that depends
only on the energies. This split is slightly ambiguous, but the problem is sufficiently constrained
that the ambiguity will be restricted to terms that are regular in all kinematic limits. These
leftover terms are somewhat analogous to undetermined rational terms that can appear in con-
structions based on generalized unitarity.
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ψ(z = 0). Using Cauchy’s integral formula, we can write this as

ψ(0) = 1
2πi

∮
C

dz ψ(z)
z

, (5.54)

where the integration is along a small circle C centered around z = 0 (see Fig-
ure 5.1). If all the singularities of ψ(z) are poles, then we can deform the integra-
tion contour and write the integral as a sum of residues

ψ(0) = −
∑

j

Res
z=zj

(
ψ(z)
z

)
+B∞ , (5.55)

where zj are the poles of the function ψ(z)—which are related to the total en-
ergy and partial energy singularities of the wavefunction—and B∞ is a possible
boundary contribution from z → ∞. In cases where the pole at infinity is ab-
sent, we can reconstruct correlators completely from knowledge of their residues.
Typically, the vanishing of the pole at infinity follows from ψ(z) going to zero as
z → ∞. Theories for which this happens are the analogues of BCFW-constructible
theories.

In flat space, all of the singularities are simple poles, so that we can apply the
formula (5.55) directly. In cosmological spacetimes, the situation is slightly more
complicated. For our purposes, the primary subtlety is that correlators in de Sitter
space often have a series of higher-order poles, so that we need to know the Laurent
expansion of a correlator in the vicinity of its singularities in order to apply the
formula (5.55). As described in Appendix G, the residue at a pole of order n is
related to the Laurent expansion of ψ through

Res
z=zj

(
ψ(z)
z

)
= −

n∑
l=1

R(l)(Ka)
(−zj)l

, (5.56)

where Ka ≡ {ka, |⃗ka + k⃗b|} collectively denotes the energy variables that the wave-
function coefficient depends on and the functions R(l) are the coefficients of the
singular terms appearing in the Laurent expansion of ψ(z) around the pole, i.e.

lim
z→zj

ψ(z) =
n∑

l=1

R(l)(Ka)
(z − zj)l

+ finite terms . (5.57)

This implies that we need to know all singular terms of the Laurent series of ψ(z)
around the singularities. As we will see, the subleading partial energy coefficients
in de Sitter space can be inferred from the cutting rule [55].
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5.2.2 Recursion in Flat Space

The recursive procedure is simplest to illustrate through examples. We begin
by considering some examples in flat space, which are simpler to construct via
recursion than de Sitter correlators because they only have simple poles. Moreover,
as we will see in Chapter 6, in many cases it is possible to lift a correlation function
computed in flat space to its de Sitter version by acting with a set of transmutation
operations. Therefore, we can often first construct a correlator in flat space—
taking advantage of the simpler singularity structure—and then transform it to
get the correlator of interest in cosmology.

Four-point φ3 correlator As our first example, we consider the four-point
correlator in φ3 theory in flat space—the s-channel part of the correlator was
given by (2.28). Famously, the corresponding scattering amplitude is not BCFW-
constructible, so it might seem somewhat surprising that the correlator can be
constructed via recursion. The important difference is that we are using informa-
tion about the total energy singularity of the correlator, for which the scattering
amplitude is an input. In effect, this is fixing the (absence of a) contact interaction
in the theory, and so the corresponding correlator can be generated recursively.

In this case, it is sufficient to deform only one of the external energies. For example,
we can take

k1 7→ k1 + z . (5.58)

Since the correlator does not conserve energy, we do not have to compensate this
shift by deforming any of the other variables. The singularities of the deformed
tree-level wavefunction, ψ4(z) can be inferred from the possible singularities of the
undeformed wavefunction: it can have a singularity when the total energy adds
up to zero or when a partial energy involving k1 adds up to zero. The deformed
wavefunction ψ4(z) therefore has (simple) poles at the locations

zE ≡ −(k1 + k2 + k3 + k4) = −E ,

zs ≡ −(k12 + s) = −E(s)
L ,

zt ≡ −(k14 + t) = −E(t)
L ,

zu ≡ −(k13 + u) = −E(u)
L .

(5.59)

Since we have shifted k1, the complex shift only sees the left partial energy singu-
larities of the correlator (along with the total energy singularity). However, this is
enough information to reconstruct the correlator because the residues of the right
partial energy singularities are not independent from these [76]. We further know
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that the residues are9

Res
z=zE

ψ4(z) = A4 = − 1
k2

34 − s2 − 1
k2

23 − t2
− 1
k2

24 − u2 , (5.60)

Res
z=zs

ψ4(z) = A3 × ψ̃3 = 1
k2

34 − s2 , (5.61)

Res
z=zt

ψ4(z) = A3 × ψ̃3 = 1
k2

23 − t2
, (5.62)

Res
z=zu

ψ4(z) = A3 × ψ̃3 = 1
k2

24 − u2 , (5.63)

where A4 = A4(zE), A3 = A3(zL) and ψ̃3 = ψ̃3(zL). Note that in the final
equality, the residues do not depend on k1, because this is the energy variable that
we deformed (see Appendix G). Summing up the residues according to (5.55), we
get

ψ4(0) = − 1
E

(
1

k2
34 − s2 + 1

k2
23 − t2

+ 1
k2

24 − u2

)
+ 1
E

(s)
L

1
k2

34 − s2 + 1
E

(t)
L

1
k2

23 − t2
+ 1
E

(u)
L

1
k2

24 − u2 .
(5.64)

Interestingly, each residue separately has an unphysical folded singularity (e.g. at
k34 = s), but these all cancel in the sum of terms to give

ψ4 = 1
EE

(s)
L E

(s)
R

+ 1
EE

(t)
L E

(t)
R

+ 1
EE

(u)
L E

(u)
R

, (5.65)

which is exactly the right answer; cf. (2.28). It is easy check that this wavefunction
coefficient has the correct cuts, which as expected are reproduced solely by the
partial energy singularities, with the contribution from the total energy singularity
dropping out.10

Abelian Compton scattering A second instructive example is provided by
the wavefunction coefficient arising from (Abelian) Compton scattering, where a
photon scatters off a scalar particle (see Figure 5.2). Since some of the external
particles now carry spin, there must be exchanges in more than one channel in
order for the final correlator to be consistent (see Section 4.3).

9The relative normalizations of the residues are fixed by noting that both the three- and
four-point objects used to build the residues are related to flat-space scattering amplitudes.
Demanding the correct relative normalization between the scattering amplitudes fixes the relative
normalization between the residues. We have also set the φ3 coupling to 1 for simplicity.

10We can also understand the lack of a boundary term by noting that the shift (5.58) causes
the entire correlator to go to zero as z → ∞. This is in contrast to the usual S-matrix BCFW
shifts, for which one of the channels survives at infinity and must be reproduced by a boundary
term.

119



5. Cutting and Gluing Rational Correlators

J φ J φ

Figure 5.2: Illustration of the different contributions to the Abelian Compton correlator.
Consistency requires the exchange of particles in both the s and t-channels, along with
a particular contact contribution. In the recursive construction of the correlator, these
contributions are linked together by the total energy singularity.

We consider the same deformation as in the previous example

k1 7→ k1 + z . (5.66)

To catalog the singularities of the deformed coefficient, ψJφJφ(z), we note that the
corresponding scattering amplitude only has exchanges in the s- and t-channels.
This implies that the only poles of the deformed correlator are at

zE = −E ,

zs = −E(s)
L ,

zt = −E(t)
L ,

(5.67)

and that the residues associated to these singularities are

Res
z=zE

ψJφJφ(z) = AJφJφ (5.68)

= −4
(

(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)
k2

34 − s2 + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
k2

23 − t2
− ξ⃗1 · ξ⃗3

2

)
,

Res
z=zs

ψJφJφ(z) = AJφ2 × ψ̃Jφ2 = 2(ξ⃗1 · k⃗2) 2(ξ⃗3 · k⃗4)
k2

34 − s2 , (5.69)

Res
z=zt

ψJφJφ(z) = AJφ2 × ψ̃Jφ2 = 2(ξ⃗1 · k⃗4) 2(ξ⃗3 · k⃗2)
k2

23 − t2
. (5.70)

Using (5.55) to sum up these residues, we get

ψJφJφ = − 4
E

(
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)

k2
34 − s2 + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

k2
23 − t2

− ξ⃗1 · ξ⃗3

2

)

+ 1
E

(s)
L

4(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)
k2

34 − s2 + 1
E

(t)
L

4(ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
k2

23 − t2
.

(5.71)
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Despite all terms having unphysical folded singularities at k34 = s and k23 = t,
they cancel in the sum to generate11

ψJφJφ = 4
E

(
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)

E
(s)
L E

(s)
R

+ (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
E

(t)
L E

(t)
R

+ ξ⃗1 · ξ⃗3

2

)
, (5.72)

which is indeed the correct answer (4.92). The residue of the total energy singu-
larity again drops out of the cuts, which are entirely reproduced by the partial
energy singularities.

The various exchange channels of (5.72) are linked together in an interesting way
by the singularity structure. The residue of the total energy singularity—i.e. the
scattering amplitude (5.68)—has folded singularities in both the s and t variables,
which requires the correlator to have partial energy singularities at both E(s)

L and
E

(t)
L , with residues that cancel off these unwanted singularities. From this perspec-

tive, the rigid structure of the scattering amplitude connects the channels of the
correlator. This introduces a contact contribution to the correlator, which is also
required by current conservation on the boundary (cf. Chapter 4). Despite these
nice features, the final answer (5.72) is still written in a form resembling a sum
over channels. Its rich structure, however, suggests that there should be another
presentation of the answer that makes its combined structure more manifest, and
it would be extremely interesting to find such a representation of the correlator.

Non-Abelian Compton We consider now the non-Abelian Compton correlator
between two massless spin-1 particles and two conformally coupled scalars. This
is quite similar to the Abelian example considered above, but with the addition of
gluon exchange in the u-channel. Due to the Weyl invariance of the interactions
in this theory, the corresponding wavefunction coefficient is the same in de Sitter
space. We perform the same complex deformation as in the Abelian case

k1 7→ k1 + z, (5.73)

which now accesses singularities located at

zE = −E , zs = −E(s)
L , zt = −E(t)

L , zu = −E(u)
L . (5.74)

11Alternatively, we can think of the cancellation of these unwanted singularities as an input
that will fix the relative normalization of the various contributions to be consistent with charge
conservation.
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The residues of these singularities can be computed from the known three-point
amplitudes and correlators

AJφφ = 2TA
ab(ξ⃗1 · k⃗2) , (5.75)

AJJJ = fABE
[
(ξ⃗1 · ξ⃗2)(ξ⃗3 · α⃗) + 2(ξ⃗2 · ξ⃗3)(ξ⃗1 · k⃗2) − 2(ξ⃗1 · ξ⃗3)(ξ⃗2 · k⃗1)

]
, (5.76)

ψJφφ = AJφ2

K
, (5.77)

ψJJJ = AJJJ

K
, (5.78)

where TA
ab and fABC are the couplings of the non-Abelian vector to scalars and its

self-coupling, respectively, which satisfy the relation [TA, TB ]ab = fABCTC
ab. We

also require the four-point amplitude (E.5)-(E.8),

AJφJφ = TA
acT

B
cb

4(ϵ1 · p2)(ϵ3 · p4)
S

+ TB
acT

A
cb

4(ϵ1 · p4)(ϵ3 · p2)
T

+ (TATB − TBTA)ab
1
U

[
−UP1

(
1 + 2S

U

)
(ϵ1 · ϵ3) + 4ϵ1 ◦ ϵ3

]
− (TATB + TBTA)ab(ϵ1 · ϵ3) ,

(5.79)

where ϵ1 ◦ ϵ3 ≡ (ϵ1 ·p2)(ϵ3 ·p4) − (ϵ1 ·p4)(ϵ3 ·p2) is the scattering amplitude version
of (4.98).

Using this information, we can construct the residues of the singularities in (5.74):

− Res
z=zE

(
ψ(z)
z

)
= 4TA

acT
B
cb

(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)
(k34 − s)(k34 + s) + 4TB

acT
A
cb

(ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
(k23 − t)(k23 + t)

+ (TATB − TBTA)ab
1

(k24 − u)(k24 + u)

[
P(u)

1 (ξ⃗1 · ξ⃗3) + 4ξ⃗1 ◦ ξ⃗3

]
− (TATB + TBTA)ab(ξ⃗1 · ξ⃗3) , (5.80)

−Res
z=zs

(
ψ(z)
z

)
= AJφφ · ψ̃φJφ = −TA

acT
B
cb

4(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)
(k34 + s)(k34 − s) , (5.81)

−Res
z=zt

(
ψ(z)
z

)
= AJφφ · ψ̃φJφ = −TB

acT
A
cb

4(ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)
(k23 + t)(k23 − t) , (5.82)

− Res
z=zu

(
ψ(z)
z

)
= AJJJ ⊗ ψ̃Jφφ

= −(TATB − TBTA)ab

u2Π(u)
1,1 ξ⃗1 · ξ⃗3 + 4ξ⃗1 ◦ ξ⃗3

(k24 + u)(k24 − u) , (5.83)

where the residues do not depend on the deformed variable k1, and we have used

P(u)
1 ≡ Π̃1,1 − (−k24 + u)E(u)

R Π̃1,0 , (5.84)
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a modified version of the polarization sum P(u)
1 of (4.129) which does not depend on

k1.12 This polarization sum is introduced because, as explained in Appendix B, it
is the natural extension of the amplitude’s Legendre polynomial away from E = 0.
The partial energy residues could also have been obtained by taking limits of the
cuts of correlators. Summing up all the residues according to (5.55), and using
the identity

1
E(k34 + s)(k34 − s) − 1

(k12 + s)(k34 + s)(k34 − s) = − 1
EE

(s)
L E

(s)
R

, (5.85)

along with the analogous expressions in the other channels, we obtain the final
expression for the non-Abelian Compton correlator

ψJφJφ = − (TATB)ab
4(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4)

EE
(s)
L E

(s)
R

− (TBTA)ab
4(ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

EE
(t)
L E

(t)
R

− [TA, TB ]ab
1

EE
(u)
L E

(u)
R

[
P(u)

1 ξ⃗1 · ξ⃗3 + 4ξ⃗1 ◦ ξ⃗3

]
− (TATB + TBTA)ab

ξ⃗1 · ξ⃗3

E
.

(5.86)

This agrees with the correlator obtained by other methods in Chapter 4. It is
straightforward to check that this expression is consistent with the cutting rules
discussed in Section 5.1. In principle, there is the freedom in the above derivation
to add terms that are regular in all of the total energy and partial energy limits,
but these terms are not necessary to produce the correct answer.

Yang–Mills Finally, we consider the wavefunction coefficient associated to pure
Yang–Mills scattering. This theory is Weyl invariant in four dimensions, so that
the corresponding wavefunction is the same in de Sitter space. This makes these
coefficients particularly simple, and we expect that these techniques can fruit-
fully be applied to construct higher-multiplicity correlators. As in the previous
case, we perform the complex deformation (5.73), which can access the singular-
ities (5.74). We can compute the partial energy residues from the three-point
wavefunction (5.78) which allows us to construct the cut of the correlator (in the
s-channel for concreteness):

Disc[ψ(s)
JJJJ ] = −2sψ̃JJJ(k12 ∓ s) ⊗ ψ̃JJJ(−k34 ∓ s) (5.87)

= −cs 2s (ξ⃗1 · ξ⃗2)(ξ⃗3 · ξ⃗4)Π̃1,1 + 4(ξ⃗1 · ξ⃗2)(ξ⃗3 ◦ ξ⃗4) + 4(ξ⃗1 ◦ ξ⃗2)(ξ⃗3 · ξ⃗4) + 4Z(s)

(k2
12 − s2)(k2

34 − s2) ,

12Recall that the polarization sums Π̃(u)
ℓ,m

come from contracting momentum vectors and po-
larization tensors, so they are not affected by the complex shift (5.73).
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with

ξ⃗1 ◦ ξ⃗2 ≡ (ξ⃗1 · k⃗3)(ξ⃗2 · k⃗4) − (ξ⃗1 · k⃗4)(ξ⃗2 · k⃗3) , (5.88)

ξ⃗3 ◦ ξ⃗4 ≡ (ξ⃗3 · k⃗1)(ξ⃗4 · k⃗2) − (ξ⃗3 · k⃗2)(ξ⃗4 · k⃗1) , (5.89)

Z(s) ≡
[
(ξ⃗1 · k⃗2)ξ⃗2 − (ξ⃗2 · k⃗1)ξ⃗1

]
·
[
(ξ⃗3 · k⃗4)ξ⃗4 − (ξ⃗4 · k⃗3)ξ⃗3

]
. (5.90)

The color factor cs ≡ fABEfCDE guarantees Bose symmetry, with {A,B,C,D}
labeling the external legs with momenta {k1, k2, k3, k4}, respectively. We can
obtain the residues of the partial energy singularities by taking the EL → 0 limit
of this equation. Similar formulas hold for the t- and u-channels after permutation.

The residue of the total energy singularity can be obtained from the scattering
amplitude:

iAJJJJ = cs

S

[
(ϵ1 · ϵ2)(ϵ3 · ϵ4)SP1

(
1 + 2U

S

)
(5.91)

− 4(ϵ1 · ϵ2)(ϵ3 ◦ ϵ4) − 4(ϵ1 ◦ ϵ2)(ϵ3 · ϵ4) − 4Z(s)
]

+ cs

[
(ϵ1 · ϵ4)(ϵ2 · ϵ3) − (ϵ1 · ϵ3)(ϵ2 · ϵ4)

]
+ (t- and u-channels) ,

with P1(x) the Legendre polynomial and

ϵ1 ◦ ϵ2 ≡ (ϵ1 · p3)(ϵ2 · p4) − (ϵ1 · p4)(ϵ2 · p3) , (5.92)
ϵ3 ◦ ϵ4 ≡ (ϵ3 · p1)(ϵ4 · p2) − (ϵ3 · p2)(ϵ4 · p1) , (5.93)
Z(s) ≡

[
(ϵ1 · p2)ϵµ2 − (ϵ2 · p1)ϵµ1

]
·
[
(ϵ3 · p4)ϵµ4 − (ϵ4 · p3)ϵµ3

]
. (5.94)

The t- and u-channel contributions can be obtained by permuting 2 ↔ 4 and
2 ↔ 3, respectively. The full amplitude is gauge invariant as a consequence of the
Jacobi identity, cs + ct + cu = 0.

Using this information we can construct the partial energy singularity residues as:

− Res
z=zs

(
ψ(z)
z

)
= (5.95)

cs
(ξ⃗1 · ξ⃗2)(ξ⃗3 · ξ⃗4)Π̃1,1 + 4(ξ⃗1 · ξ⃗2)(ξ⃗3 ◦ ξ⃗4) + 4(ξ⃗1 ◦ ξ⃗2)(ξ⃗3 · ξ⃗4) + 4Z(s)

EL(k2
34 − s2) .

The zt and zu residues are simply obtained by permutation. The residue at zE is
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simply related to the scattering amplitude (5.91):

− Res
z=zE

(
ψ(z)
z

)
= (5.96)

− cs
(ξ⃗1 · ξ⃗2)(ξ⃗3 · ξ⃗4)P(s)

1 + 4(ξ⃗1 · ξ⃗2)(ξ⃗3 ◦ ξ⃗4) + 4(ξ⃗1 ◦ ξ⃗2)(ξ⃗3 · ξ⃗4) + 4Z(s)

E(k2
34 − s2)

+ cs

E

[
(ξ⃗1 · ξ⃗4)(ξ⃗2 · ξ⃗3) − (ξ⃗1 · ξ⃗3)(ξ⃗2 · ξ⃗4)

]
+ (t- and u-channels) ,

where P(s)
1 is the s-channel version of (5.84). Adding up the four residues one

obtains the following after some algebra

ψJJJJ = cs
(ξ⃗1 · ξ⃗2)(ξ⃗3 · ξ⃗4)P1 + 4(ξ⃗1 · ξ⃗2)(ξ⃗3 ◦ ξ⃗4) + 4(ξ⃗1 ◦ ξ⃗2)(ξ⃗3 · ξ⃗4) + 4Z(s)

EELER

+ cs

E

[
(ξ⃗1 · ξ⃗4)(ξ⃗2 · ξ⃗3) − (ξ⃗1 · ξ⃗3)(ξ⃗2 · ξ⃗4)

]
+ (t- and u-channels) . (5.97)

It is straightforward to check both that this correlator satisfies the correct cutting
rule, to which only the partial energy singularities contribute, and that it matches
the result of an explicit bulk calculation [180].

5.2.3 Recursion in de Sitter

For applications to cosmology, we would like to extend the previous discussion
to more general backgrounds, in particular to de Sitter space. An immediate
complication is that the analytic structure of wavefunction coefficients in de Sitter
can be markedly different from their flat-space counterparts. However, in some
special circumstances de Sitter coefficients are still rational functions of various
combinations of energies, just with higher-order singularities, making it possible
to extend the previous discussion to include these cases.

The key insight that makes this possible is that the cut of the de Sitter four-
point function relates the partial energy singularities—including its subleading
divergences—to three-point functions [55]. This determines the Laurent expan-
sion around the partial energy singularities exactly. In order to completely fix
the correlator, we need one additional constraint, which is that the residues of
subleading total energy singularities are not independent from the residues of the
subleading partial energy singularities [108]. Rather, they must combine in order
to remove folded singularities, similar to the flat-space case.

More concretely, the (s-channel) cut of a four-point exchange correlator in de Sitter
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can be written as
ψ4(k1, k2, k3, k4) + ψ∗

4(−k1,−k2,−k3,−k4)

= − 1
Pσ(s) ψ̃3(k1, k2, s) ⊗ ψ̃3(s,−k3,−k4) .

(5.98)

Crucially, the correlator ψ∗
4(−k1,−k2,−k3,−k4) is regular as EL or ER go to

zero, which follows from the assumption that the original correlator does not have
any folded singularities (e.g. when k12 − s → 0). This implies that if we expand
the right-hand side of (5.98) near EL,R = 0, then all of the divergences must be
attributable to ψ4(k1, k2, k3, k4), which is precisely the object that we are interested
in. In other words, in the limit EL → 0 the cutting rule implies that the Laurent
series of ψ4 can be written as [55]

lim
EL→0

ψ4(EL) = − lim
EL→0

1
Pσ

ψ̃3 ⊗ ψ̃3

= R
(m)
L

Em
L

+ R
(m−1)
L

Em−1
L

+ · · · + R
(1)
L

EL
+ · · · ,

(5.99)

where m is the order of the total energy singularity of the three-point function
ψ3(k1, k2, s) and the coefficients of the expansion are

R
(l)
L = lim

EL→0

1
(m− l)!

dm−l

d(EL)m−l

(
−Em

L

1
Pσ

ψ̃3 ⊗ ψ̃3

)
. (5.100)

A similar Laurent expansion holds around ER = 0.

A generic complex deformation of a correlator will also have a singularity when z =
−E. The residue of the leading E → 0 divergence is just the corresponding flat-
space scattering amplitude, but the coefficients of the subleading terms are more
subtle and are not obviously fixed by readily available information.13 Fortunately,
it is possible to deal with this complication by requiring that the subleading total
energy singularities have the right coefficients to cancel off the would-be folded
singularities in the Laurent coefficients in (5.99). This information turns out to be
enough to completely fix the answer in many cases, so that we can apply (5.56) to
reconstruct the correlator.14

13To avoid dealing with this subtlety, one can restrict to complex deformations that do not
shift the total energy [55]. The downside of this approach is that in many cases correlators then
require boundary terms to be reconstructed. This can be understood from the presence of terms
in the true correlator that have total energy singularities, but no EL or ER singularities. Under
the complex deformation these terms do not shift and so survive as boundary terms as z → ∞.
In the way we are proceeding, demanding a particular residue for the total energy singularity is
effectively fixing the freedom that would otherwise appear as a boundary term.

14One class of examples that require additional input are those involving sub-leading E poles
that are not multiplied by any factors of EL or ER, since these terms cannot be inferred from
the absence of folded singularities. Terms of this type arise in some examples involving massless
external states, and one way to fix them in that context is to use the manifestly local test of [55].
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It is simplest to illustrate the procedure through examples, so we now consider a
few cases that demonstrate the general features.

Massless spin-2 exchange As a first example, we consider the (s-channel)
wavefunction coefficient arising from the exchange of a massless spin-2 field be-
tween conformally coupled scalars. Because of the permutation symmetries, it is
convenient to do a slightly different complex deformation than before, namely

k12 7→ k12 + z , (5.101)

which accesses the singularities of the wavefunction coefficient at EL = 0 and
E = 0. As we have just explained, the Laurent expansion about EL = 0 is fixed
by the cut

ψ
(T )
4 (k12, k34) + ψ

(T )
4 (−k12,−k34) = −2s3ψ̃φφT ⊗ ψ̃T φφ , (5.102)

where the right-hand side can be computed using the shifted wavefunction (5.49)

ψ̃φφT = [(k⃗1 − k⃗2) · ξ⃗s ]2
(k2

12 − s2)2 , (5.103)

as well as an analogous expression with k⃗1,2 replaced by k⃗3,4. Contracting these
three-point functions with the projector (Π2,2)ij

kl gives an explicit expression for
the cut of the four-point function. According to (5.56), the expansion of this
expression around EL → 0 is the residue of the deformed wavefunction coefficient

− Res
z=zL

(
ψ

(T )
4 (z)
z

)
=
(

− 1
E2

L

4s
E2

R(k34 − s)2 − 1
EL

4
E2

R(k34 − s)2

)
Π̃2,2

12 , (5.104)

where zL ≡ −EL and we have again utilized the polarization sum Π̃2,2 (see Ap-
pendix B). Note that the residue in (5.104) has singularities at ER = 0 and
k34 = s. We know that the final answer must have ER singularities, but the
residues of (5.104) are not quite right. Further, we know that the folded singular-
ities at k34 = s must be absent in the final answer. Both of these problems are
fixed by adding the residue at E = 0, exactly as in the flat-space case.

The coefficient of the leading total energy singularity is fixed by the corresponding
scattering amplitude,

lim
E→0

ψ
(T )
4 = 1

E3
1

3S S
2P2

(
1 + 2U

S

)
, (5.105)

where P2 is a Legendre polynomial and S, U are the flat-space Mandelstam vari-
ables. While this tells us the leading residue of the total energy pole evaluated
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5. Cutting and Gluing Rational Correlators

on the kinematic locus E = 0, we also need to know the subleading total energy
coefficients, which we will fix below. The most convenient way to write the residue
is

− Res
z=zE

(
ψ

(T )
4 (z)
z

)
= 1
E3

1
3

(
Π̃2,2

k2
34 − s2 + Π̃2,1 − Π̃2,0

)
+ R

(2)
E

E2 + R
(1)
E

E
, (5.106)

where zE ≡ −E and the functions R(2)
E and R(1)

E parametrize the subleading total
energy poles that are not fixed by the limit (5.105). Note that any other way
of writing the leading singularity in (5.106) can only differ by terms that can be
absorbed into R(2)

E and R
(1)
E , which we will see are fixed by other considerations.

An important constraint that (5.106) satisfies is that it has vanishing cut, so
that the contribution from the total energy singularity drops out of the cut of
the reconstructed answer. In the following, it will be convenient to combine the
subleading total energy Laurent coefficients as RE ≡ R

(2)
E + ER

(1)
E .

Adding up (5.104) and (5.106), we obtain

ψ
(T )
4 =

(
− 1
E2

L

4s
(k2

34 − s2)2 − 1
EL

4
(k2

34 − s2)2

)
Π̃2,2

12

+ 1
E3

1
3

(
Π̃2,2

k2
34 − s2 + Π̃2,1 − Π̃2,0

)
+ RE

E2 .

(5.107)

The subleading total energy pole coefficients, RE , are then fixed by demanding
that (5.107) does not have any folded singularities, and that it has the correct
residues on its ER singularities. Expanding (5.107) in the folded limit, k34 →
s, and imposing the constraint that the would-be folded singularities cancel, we
obtain the following Laurent series for the function RE

lim
k34→s

RE =
(

1
(k34 − s)2

k12 + 2s
s2 − 1

k34 − s

k12

s3

)
Π̃2,2

12 + · · · . (5.108)

Similarly, by expanding the cut (5.102) as ER → 0, and comparing the result
to (5.107), we get the Laurent series for RE in this limit

lim
ER→0

RE =
(

1
E2

R

k12 − 2s
s2 + 1

ER

k12

s3

)
Π̃2,2

12 + · · · . (5.109)

From these two Laurent expansions, we can then reconstruct RE as

RE

E2 = 1
E2

[
1

(k34 − s)2
k12 + 2s

s2 − 1
k34 − s

k12

s3 + 1
E2

R

k12 − 2s
s2 + 1

ER

k12

s3

]
Π̃2,2

12

=
(
k34

E2 + 1
E

)
1

(k2
34 − s2)2

Π̃2,2

3 . (5.110)
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Notice that this correction term is proportional to Π̃2,2, implying that only the
highest-helicity part of the wavefunction coefficient needs to be corrected. This is
physically sensible because it is only in this part that folded singularities appear
in (5.107). Importantly, the expression (5.110) does not have any EL singularities,
so it does not ruin the partial energy singularities that were fixed earlier in (5.107).
Substituting (5.110) into (5.107), we find

ψ
(T )
4 = −sE + ELER

3E3E2
LE

2
R

Π̃2,2 + 1
3E3 Π̃2,1 − 1

3E3 Π̃2,0 , (5.111)

which agrees with the result computed by other means in [47].

Massless ϕ̇3 exchange Another interesting example is the four-point function
of a massless scalar with a ϕ̇3 interaction, which breaks the boost symmetries
of the de Sitter background. Concretely, we want to reconstruct the four-point
function arising in a model of the form

S =
∫

dtd3x a3(t)
(

1
2 ϕ̇

2 − 1
a2 (∇⃗ϕ)2 + g3

3! ϕ̇
3
)
. (5.112)

Note that this action is written in terms of cosmic (as opposed to conformal)
time. De Sitter boost-breaking interactions of the form ϕ̇n are particularly simple
because the corresponding bulk-to-boundary propagator is the same as in a theory
of conformally coupled scalars, and the bulk-to-bulk propagator is simply related
to the one in flat space. As a consequence, the final correlation functions are
rational functions, and so are amenable to reconstruction via recursion.

For concreteness, we will focus on the correlator arising from s-channel exchange.
The cut of the four-point function can then be written as

ψ4(k12, k34) + ψ4(−k12,−k34) = −2s3ψ̃3 × ψ̃3 , (5.113)

where the shifted three-point functions can be computed from the three-point
wavefunction coefficient

ψ3(k1, k2, s) = − 2(k1k2s)2

(k12 + s)3 , (5.114)

where we have set g3 = 1. This will allow us to compute the partial energy
singularities of ψ4. We again perform a complex deformation of the correlator

k12 7→ k12 + z , (5.115)

which will access the EL and E singularities. Expanding the right-hand side
of (5.113) around EL = 0 yields the Laurent series, and hence the residue at
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z = zL:

− Res
z=zL

(
ψ4(z)
z

)
= 1
E3

L

4(k1k2k3k4s)2(3k2
34 + s2)

E3
R(k34 − s)3 . (5.116)

As before, this residue has singularities at ER = 0 and k34 = s that have to
combine with the corresponding singularities of the residue at E = 0. The latter
can be written as

− Res
z=zE

(
ψ4(z)
z

)
= − 1

E5
24(k1k2k3k4)2k2

34
k2

34 − s2 + RE

E4 , (5.117)

where RE ≡ R
(4)
E + · · · + E3R

(1)
E again parametrizes the subleading singularities.

The full correlator can then be written as

ψ4 = − 1
E5

24(k1k2k3k4)2k2
34

k2
34 − s2 + 1

E3
L

4(k1k2k3k4s)2(3k2
34 + s2)

(k2
34 − s2)3 + RE

E4 . (5.118)

Note that there are now four unknown Laurent coefficients, but they will again be
fixed by demanding the absence of folded singularities and the correct normaliza-
tion of the ER singularities. Following the same steps as above, we find

RE

E4 = −4(k1k2k3k4s)2

(k2
34 − s2)2

[
6k34

E4 + 1
E3

s2 + 3k2
34

k2
34 − s2

]
. (5.119)

This expression has a string of subleading total energy singularities, but is reg-
ular in the limit EL → 0, as it must be in order to not spoil the limit (5.118).
Substituting (5.119) into (5.118), we obtain the full correlator

ψ4 = (k1k2k3k4)2
[
2s
(

6
E5

[
1
EL

+ 1
ER

]
+ 3
E4

[
1
E2

L

+ 1
E2

R

]
+ 1
E3

[
1
E3

L

+ 1
E3

R

]
− 1
E3

LE
3
R

)
− 24
E5

]
.

(5.120)

This final expression has only physical singularities, as expected, and agrees with
a direct bulk calculation [51,55].

It is conceptually very satisfying that rational correlation functions can be com-
pletely fixed by their behavior in the vicinity of their singularities. However, as we
have seen in these examples, considerably more labor is involved in reconstruct-
ing the de Sitter answers from this singularity information than for their flat-space
counterparts. As we will show in the next chapter, in many cases we can bypass the
construction in de Sitter space and instead transmute the corresponding flat-space
correlation functions into their de Sitter counterparts. This makes manifest that
many of the subleading singularities must have related coefficients, being derivable
from simple structures in flat space.
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5.3. Graviton Compton Correlator

5.3 Graviton Compton Correlator
To illustrate the power of the tools presented in this chapter, we will now apply
them to a more complex example: the flat-space four-point function associated
with the Compton scattering of gravitons. As a useful motivational success story
of this philosophy, it is illuminating to determine the gravitational Compton scat-
tering amplitude from a similar perspective. This is done in Appendix E.1.

Here, we first construct the Compton wavefunction coefficient directly by making
an ansatz and demanding that it satisfies the cutting rule. After that, we repeat
the derivation using the recursion method of Section 5.2. In Chapter 6, we will
transmute the answer found here to de Sitter space, without having to repeat the
derivation in that spacetime.

5.3.1 Correlator from Cutting
The benefit of first constructing the wavefunction coefficient in flat space is that
nearly all of its structure is fixed by singularities in a transparent way. Our strategy
will be same as for the amplitude derived in Appendix E.1: first construct the cut of
the wavefunction in its various exchange channels and then infer the contributions
away from the cut by demanding that the answer has the correct singularities.

s/t-channel It is again simplest to start with the s-channel. We can build the
cut of the wavefunction coefficient in this channel using the three-point coefficient
ψT φφ, found in (6.3). We obtain

Disc[ψ(s)
T φT φ] = −2s 4(k⃗2 · ξ⃗1)2(k⃗4 · ξ⃗3)2

(k2
12 − s2)(k2

34 − s2) . (5.121)

Recall that this is an expression of the form ψ
(s)
T φT φ(k12, k34)+ψ(s)

T φT φ(−k12,−k34),
from which we want to infer ψ(s)

T φT φ(k12, k34). It is clear that the polarization
structure must be (k⃗2 · ξ⃗1)2(k⃗4 · ξ⃗3)2, so we only need to determine the structure of
the energy variables. Locality dictates that the s-channel has singularities when
E, E(s)

L and E(s)
R go to zero. In flat space, these singularities are simple poles. The

unique object that reproduces (5.121) and only has these singularities is

ψ
(s)
T φT φ = 4(k⃗2 · ξ⃗1)2(k⃗4 · ξ⃗3)2

EE
(s)
L E

(s)
R

. (5.122)

Notice that we are forced to have a total energy singularity, whose residue re-
produces (E.15). The t-channel result is obtained from this by the permutation
2 ↔ 4.
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u-channel The u-channel is a bit more involved. In order to construct the cut,
we need the tensor three-point function

ψT T T = 1
2(k13 + u)

[[
(k⃗1 − k⃗3) · ξ⃗u

]
ξ⃗1 · ξ⃗3 + 2(k⃗3 · ξ⃗1)(ξ⃗3 · ξ⃗u)

− 2(k⃗1 · ξ⃗3)(ξ⃗u · ξ⃗1)
]2
.

(5.123)

Combining this with the three-point function (6.3), we get

Disc[ψ(u)
T φT φ] = − 2u

(k2
13 − u2)(k2

24 − u2)

(
1
6Π̃(u)

2,2(ξ⃗1 · ξ⃗3)2

+ 2Π̃(u)
1,1(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2

)
,

(5.124)

where ξ⃗1 ◦ ξ⃗3 is given by (4.98),

ξ⃗1 ◦ ξ⃗3 ≡ (ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) − (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2) . (5.125)

We want to reconstruct the full u-channel contribution to the wavefunction from
this cut. As before, the correct answer must have simple poles when either E,
E

(u)
L or E

(u)
R vanish. Our strategy will be to make an ansatz that has these

singularities and the correct polarization structure, and then fix its coefficient
functions by requiring consistency with the cut (5.124) and the correct residues
on the singularities. Our ansatz is

ψ
(u)
T φT φ = g2(ξ⃗1 · ξ⃗3)2 + g1(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + g0(ξ⃗1 ◦ ξ⃗3)2

EE
(u)
L E

(u)
R

, (5.126)

where g2, g1, and g0 are functions of the energies with mass dimension 4, 2 and 0,
respectively. Plugging this ansatz into (5.124) fixes g0 = 4, which is also consistent
with the E → 0 limit where it must match the scattering amplitude. For g1 and
g2, the cut (5.124) implies

g1 = 2Π̃(u)
1,1 + E

(u)
L E

(u)
R g

(h)
1 and g2 = 1

6Π̃(u)
2,2 + E

(u)
L E

(u)
R g

(h)
2 , (5.127)

where g
(h)
1,2 (ka) = g

(h)
1,2 (−ka) are even functions of the external energies, which

parametrize solutions with vanishing cut, i.e. homogeneous solutions to the cutting
equation. To fix the functions g1,2, we therefore require additional information.
We know that in the E → 0 limit, (5.126) should match the coefficient of 1/U
in (E.23), which implies that we should have

g1
E→0−−−−→ −2UP1

(
1 + 2S

U

)
and g2

E→0−−−−→ 1
6U

2P2

(
1 + 2S

U

)
. (5.128)
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The natural extensions away from the E = 0 limit are provided by the following
functions, defined in (4.129) (see also Appendix B),

P(u)
1 ≡ Π̃(u)

1,1 − E
(u)
L E

(u)
R Π̃(u)

1,0 ,

P(u)
2 ≡ Π̃(u)

2,2 − E
(u)
L E

(u)
R Π̃(u)

2,1 + E
(u)
L E

(u)
R Π̃(u)

2,0 .
(5.129)

Up to regular terms of the form EE
(u)
L E

(u)
R (. . .), the coefficient functions therefore

are

g1 = 2P(u)
1 and g2 = 1

6P(u)
2 . (5.130)

Putting everything together, the final u-channel wavefunction coefficient is

ψ
(u)
T φT φ =

1
6 P(u)

2 (ξ⃗1 · ξ⃗3)2 + 2P(u)
1 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2

EE
(u)
L E

(u)
R

, (5.131)

which, by construction, reproduces (5.124) and has the correct residues on its
singularities.

Contact term Much like in the amplitude case, the sum of s-, t-, and u-channels
is not the full answer. The clearest way to see this is to note that the sum does
not reproduce the flat-space scattering amplitude on the total energy pole because
we are missing a contact term. Like before, we can parametrize the most general
contact term consistent with dimensional analysis, the presence of only a total
energy pole and the symmetries of the problem:

ψ
(c)
T φT φ = g

(c)
1
E

(ξ⃗1 · ξ⃗3)2

+ g
(c)
2
E

(ξ⃗1 · ξ⃗3)
[
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

]
.

(5.132)

where g(c)
1 and g(c)

2 are functions of dimension 2 and 0, respectively. Matching the
E → 0 limit of this expression to the last line of the scattering amplitude (E.23),
we find that g(c)

2 = 2 and

g
(c)
1

E→0−−−−→ U

6 . (5.133)

We further know that ψ(c)
T φT φ must have a vanishing cut. These requirements fix

the wavefunction coefficient up to terms that are regular in the flat-space limit.
In other words, we can choose g(c)

1 to be any function that is symmetric under
ka → −ka and has the limit (5.133). As a further physical input, we can demand
that the wavefunction coefficient vanishes when the momenta of either of the scalar
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lines (2 or 4) are taken to be soft. This follows from the shift symmetry of the
bulk interactions. A function that has these properties is

g
(c)
1 = −k13k24 + u2

6 − E

4

[(
k13β

2
u

u2 + k24α
2
u

u2

)
− E

]
, (5.134)

where αu ≡ k1 −k3 and βu ≡ k2 −k4. There is some leftover freedom to add terms
without singularities that identically vanish in the soft limit. Putting all of this
together, the flat-space graviton Compton wavefunction coefficient takes the form

ψ
(flat)
T φT φ = 4(ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2

EE
(s)
L E

(s)
R

+ 4(ξ⃗1 · k⃗4)2(ξ⃗3 · k⃗2)2

EEE
(t)
L E

(t)
R

(5.135)

+ ψ
(T,u)
4, flat(ξ⃗1 · ξ⃗3)2 + 1

EE
(u)
L E

(u)
R

[
2P(u)

1 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2
]

+ 2
E

(ξ⃗1 · ξ⃗3)
[
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

]
,

where ψ(T,u)
4, flat is the scalar four-point function arising from exchange of a massless

spin-2 field; i.e. (5.29) permuted to the u-channel. The appearance of this scalar
wavefunction coefficient is a useful consistency check on the final answer, since
from the bulk perspective it is easy to see that the part of the three-graviton
Feynman rule that is proportional to (ξ⃗1 · ξ⃗3)2 is identical to that of two scalars
and a graviton.

By construction, the result (5.135) reproduces the correct cuts in all of its channels
and has the correct residues on its partial and total energy singularities. However,
the result is not completely unambiguous, since we are, in principle, still free to
add to it any expression that does not have any singularities and has vanishing
cuts. In analogy with the “cut-constructible” parts of amplitudes, the singular
part of the answer could be called the “cut + singularity-constructible” part of the
wavefunction coefficient. We have fixed the additional regular terms by demanding
that the wavefunction coefficient vanishes in the soft limit for either of the scalar
particles, leading to the second term in (5.134).

5.3.2 Correlator from Recursion
The expression (5.135) is completely fixed by its singularities, up to terms that
are regular and have vanishing cuts. To make this more explicit, we will now
construct the wavefunction coefficient following the recursive procedure outlined
in Section 5.2.

Consider the following complex shift of the energy of the first leg

k1 7→ k1 + z . (5.136)
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The poles of the deformed wavefunction coefficient ψT φT φ(z) are at

zE = −E , (5.137)

zs = −E(s)
L , (5.138)

zt = −E(t)
L , (5.139)

zu = −E(u)
L . (5.140)

The goal is to write the original four-point function, ψT φT φ(z = 0), as a sum over
the residues of these singularities.

The residue of the total energy pole is given by the scattering amplitude (E.23).
We need to write this residue in terms of the energy variables of the wavefunction
coefficient. As we discussed in the previous section, the natural way to extend the
Legendre polynomials away from E = 0 is to write them as (5.129), which reduce
back to the Legendre polynomials when E → 0. Since we have deformed k1, the
residue does not depend on k1, so we use (5.84) and its spin-2 counterpart

P(u)
1 ≡ Π̃(u)

1,1 − (−k24 + u)E(u)
R Π̃(u)

1,0 ,

P(u)
2 ≡ Π̃(u)

2,2 − (−k24 + u)E(u)
R Π̃(u)

2,1 + (−k24 + u)E(u)
R Π̃(u)

2,0 .

(5.141)

The residue at z = zE then is

− Res
z=zE

(
ψ(z)
z

)
= −4(ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2

E(k2
34 − s2) − 4(ξ⃗1 · k⃗4)2(ξ⃗3 · k⃗2)2

E(k2
23 − t2) (5.142)

− 1
E(k2

24 − u2)

[
1
6P(u)

2 (ξ⃗1 · ξ⃗3)2 + 2P(u)
1 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2

]
+ k2

24 − u2

6E (ξ⃗1 · ξ⃗3)2 + 2
E

(ξ⃗1 · ξ⃗3)
[
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

]
.

We can derive the residues of the partial energy singularities from the available
three-point data (6.3) and (6.5), getting

−Res
z=zs

(
ψ(z)
z

)
= AT φφ ψ̃φT φ

E
(s)
L

= 4(ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2

E
(s)
L (k34 − s)(k34 + s)

, (5.143)

−Res
z=zt

(
ψ(z)
z

)
= AT φφ ψ̃φT φ

E
(t)
L

= 4(ξ⃗1 · k⃗4)2(ξ⃗3 · k⃗2)2

E
(t)
L (k23 − t)(k23 + t)

, (5.144)

− Res
z=zu

(
ψ(z)
z

)
= AT T T ⊗ ψ̃T φφ

E
(u)
L

(5.145)

=
1
6 Π̃(u)

2,2(ξ⃗1 · ξ⃗3)2 + 2Π̃(u)
1,1(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2

E
(u)
L (k24 − u)(k24 + u)

.
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Summing up all residues according to (5.55), we get exactly the result (5.135),
except for the regular part corresponding to the second term in (5.134). It isn’t
surprising that we don’t capture these regular terms since they don’t contribute
to the residues of the deformed four-point function. Of course, we could reproduce
them by imposing the same soft behaviour as in the previous subsection.
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6 From Flat Space to de Sitter

The singularity structure of the wavefunction is substantially simpler in flat space
than in de Sitter space. In particular, the poles of flat-space wavefunction coeffi-
cients are simple poles and the full object can often be reconstructed from these
singularities. In contrast, wavefunction coefficients in de Sitter space typically
have a string of subleading singularities which require additional effort to fix. As
we will show in this section, in many cases the more complicated structure of
singularities in de Sitter space can be obtained from the corresponding flat-space
cases by applying certain “transmutation” operations.

One way to understand the connection between the wavefunction in flat space
and in de Sitter space is to note that plane waves of massless fields in the two
spacetimes are related by simple differential operations. As a consequence, the
time integrals involved in the calculation of wavefunction coefficients are closely
related. Keeping track of both the modified plane waves and time dependent
vertex factors in de Sitter space then allows us to define operators that transform
the flat-space answers to de Sitter space. From a purely boundary perspective, we
can also derive and understand the relevant transmutation operators as objects
that transform the cuts of flat-space wavefunction coefficients to their de Sitter
counterparts. A conceptually useful aspect of this approach is that it is possible
to account for the breaking of de Sitter symmetries by the bulk interactions at the
level of the lifting operation.

We start by transmuting three-point functions in Section 6.1. We derive the rele-
vant operators from two different perspectives: from the bulk time integrals first,
and then from conformal symmetry on the boundary. In Section 6.2, we transmute
four-point functions. We also use two different approaches to derive the opera-
tors: to compare the bulk time integrals, just like in the previous section, and to
use information about the unitarity cuts introduced in Chapter 5. In Section 6.3
we apply the transmutation technology to the flat-space graviton Compton wave-
function coefficient computed in 5.3, obtaining the de Sitter result. Finally, in
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6. From Flat Space to de Sitter

Section 6.4, we transmute the four-point wavefunction coefficient coming from a
ϕ̇3 boost-breaking interaction in de Sitter space.

6.1 Three-Point Functions
We will first illustrate the concept of transmutation for three-point functions.
Since three-point functions are the building blocks for more complex wavefunction
coefficients, we will be able to identify transmutation operators that also appear
in the lifting of higher-point functions. For concreteness, we consider a variety of
three-point functions involving conserved spin-ℓ currents and scalar fields. In flat
space, the scalar field will be massless, while in de Sitter it will be conformally
coupled. We are therefore interested in the following wavefunction coefficients1

ψ3 ∈
{

⟨Jℓφφ⟩ , ⟨JℓJℓφ⟩ , ⟨JℓJℓJℓ⟩
}
. (6.1)

As we will show explicitly below, these three-point functions can be written as

ψ3 = fℓ Πℓ , (6.2)

where Πℓ are polarization structures and fℓ are momentum-dependent form fac-
tors. The form factors are simple and universal in flat space, but are more compli-
cated in de Sitter space. The goal is to find operators that transform the flat-space
form factors into those in de Sitter space, f (dS)

ℓ = Df (flat)
ℓ . We will present two

different ways to determine the transmutation operators D. First, we will find
these operators by comparing the bulk time integrals in flat space and de Sitter
space, which suggests operators that connect the two computations without ac-
tually performing the integrals. Second, we derive the transmutation operators
without reference to the bulk by demanding that the ansatz (6.2) satisfies the
conformal Ward identities on the boundary.

6.1.1 Form Factors from Bulk Transmutation
Wavefunction coefficients involving conserved currents in four-dimensional de Sit-
ter space are related in a simple way to their flat-space counterparts. At a technical
level, this is because the bulk-to-boundary propagators for conserved currents are
Bessel functions of half-integer order, which can be generated from the flat-space
plane wave solutions by acting with differential operators. As a result, it is possible
to generate de Sitter observables involving conserved currents from the correspond-
ing flat-space results. Wavefunction coefficients of conserved currents in flat space
are themselves simply related to scattering amplitudes. This provides a natural

1It is only for simplicity of presentation that we assume the currents Jℓ to have the same spin
ℓ. Our approach can straightforwardly be generalized to more complicated situations.
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6.1. Three-Point Functions

path from scattering amplitudes to the de Sitter wavefunction (at least at the
three-point level): first deform the amplitude to generate a flat-space wavefunc-
tion coefficient, and then “lift” it to de Sitter space by acting with transmutation
operators.

Flat-space correlators
At the three-point level, flat-space wavefunction coefficients are very closely re-
lated to scattering amplitudes. The main difference is that, for the wavefunction
coefficients, the bulk vertex insertion points are integrated only up to the spatial
boundary on which the correlations are defined. This is the origin of the total
energy singularity at K ≡ k1 + k2 + k3 = 0 discussed in Section 2.2. Flat-space
three-point functions can therefore be written as

⟨Jℓφφ⟩ = (ξ⃗1 · k⃗2)ℓ 1
K
, (6.3)

⟨JℓJℓφ⟩ =
[
(k2

3 − k2
2 − k2

1)(ξ⃗1 · ξ⃗2) − 2(k⃗1 · ξ⃗2)(k⃗2 · ξ⃗1)
]ℓ 1
K
, (6.4)

⟨JℓJℓJℓ⟩(n) =
[
(k⃗1 · ξ⃗3)(ξ⃗1 · ξ⃗2) + (k⃗3 · ξ⃗2)(ξ⃗1 · ξ⃗3) + (k⃗2 · ξ⃗1)(ξ⃗2 · ξ⃗3)

]ℓ 1
K
, (6.5)

⟨JℓJℓJℓ⟩(a) =
[
2(k⃗1 · ξ⃗2)(k⃗2 · ξ⃗3)(k⃗3 · ξ⃗1) (6.6)

+
(
k2

1(ξ⃗1 · k⃗3)(ξ⃗2 · ξ⃗3) + 2 perms
)]ℓ 1

K
.

There are two conceptually different classes of wavefunction coefficients: one con-
sists of those coming from “minimal coupling” vertices, corresponding to ⟨Jℓφφ⟩
and ⟨JℓJℓJℓ⟩(n). These vertices have the minimal number of derivatives in the
bulk, and require a deformation of the gauge algebra (hence the label (n) for
“non-Abelian”). The flat-space three-point functions following from these vertices
are just the corresponding scattering amplitudes divided by K. The other class of
wavefunction coefficients are those that come from higher-derivative cubic vertices
built from curvatures, which are invariant under linearized gauge transformations.
These latter interactions give rise to ⟨JℓJℓφ⟩ and ⟨JℓJℓJℓ⟩(a) (where (a) stands for
“Abelian”).2 These correlators are identically conserved (cf. Chapter 4), and are
given by the corresponding flat-space amplitudes minus a contribution that makes
the mixed-helicity correlator vanish, all divided by K.3

2As an example, for spin-1 fields, the non-Abelian vertex is just the cubic Yang–Mills vertex
LYM ∼ AµAν∂νAµ, while the Abelian vertex is L ∼ F ν

µF
ρ
ν F

µ
ρ , where in both cases we have

suppressed the color factors required by Bose symmetry.
3Note that the vanishing of the mixed-helicity wavefunction coefficient is the natural extension

of the flat-space scattering amplitude away from K = 0, because the mixed-helicity amplitudes
coming from these vertices vanish. Interestingly, the analogous property of the non-Abelian ver-
tices in flat space—that equal-helicity amplitudes vanish—is not preserved by the wavefunction.
This is because the structures that we have written in (6.3) and (6.5) are unique, so there is no
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6. From Flat Space to de Sitter

We can also see that these are the correct expressions from a bulk computation.
The vertex contractions in the amplitude and wavefunction computations are very
closely related because we can perform both calculations in axial gauge for the
bulk fields (which we denote by A(ℓ)), so that A(ℓ)

0µ2···µℓ
= 0. After this, a direct

calculation verifies (6.3)–(6.6).

In de Sitter space, the polarization contractions are the same as in flat space, the
only difference is that the 1/K factors become more complicated functions of the
external particles’ energies. In the following, we will show how these form factors
can be generated in a simple way from the flat-space energy structures.

Form factors in de Sitter space
In order to make the helicity transformation properties of the wavefunction co-
efficients manifest, it is convenient to write them in terms of the spinor helicity
variables explained in Section A.2. Since all of the polarization factors are the
same in flat space and in de Sitter space, we can write the three-point functions
as products of spinor bracket prefactors that contain the helicity information and
form factors that encode the time dependence of the bulk spacetime. We do this
explicitly by substituting (A.39) into the polarization structures in (6.3)–(6.6):

⟨J−
ℓ φφ⟩ =

[
⟨12⟩⟨21⟩
k1

]ℓ

f[ℓ00] , (6.7)

⟨J−
ℓ J

−
ℓ φ⟩ = ⟨12⟩2ℓ f[ℓℓ0] , (6.8)

⟨J−
ℓ J

−
ℓ J

−
ℓ ⟩(n) =

[
⟨12⟩⟨23⟩⟨31⟩K̂

k1k2k3

]ℓ

f
(n)
[ℓℓℓ] , (6.9)

⟨J−
ℓ J

−
ℓ J

−
ℓ ⟩(a) =

[
⟨12⟩⟨23⟩⟨31⟩

]ℓ

f
(a)
[ℓℓℓ] . (6.10)

Note that we have introduced the total energy written in terms of spinors, which is
given by K̂ = 1

2
(
⟨11⟩ + ⟨22⟩ + ⟨33⟩

)
. The reason for doing this is that wavefunc-

tion coefficients with + helicities can then be obtained from the above expressions
by interchanging barred and un-barred spinors (which changes some signs in K̂).4
Notice that the polarization structures in (6.3)–(6.6) have generated additional
energy factors when written in spinor variables. This selects a particular exten-
sion of the wavefunction away from the K = 0 locus where the spinor structures
are fixed by the flat-space helicity amplitudes.

Our goal is to find explicit expressions for the form factors, f[ℓ1ℓ2ℓ3], in (6.7)–(6.10).

freedom to add a piece to cancel off the equal helicity contributions. It is possible to set either
the + + + or the − − − coefficient to zero by adding a parity-violating coupling, but not both.

4Note that ⟨J+
ℓ
J−

ℓ
J−

ℓ
⟩(a) = 0, i.e. the mixed-helicity Abelian wavefunction coefficient van-

ishes.
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6.1. Three-Point Functions

One way to do this would be to explicitly perform the bulk time integrals, but
this turns out not to be necessary. Instead, we note that the bulk-to-boundary
propagator for a massless spin-ℓ field in de Sitter space, K(ℓ), can be written in
terms of the scalar bulk-to-boundary propagator (2.54), Kℓ− 1

2
, as5

(K(ℓ))j1···jℓ

i1···iℓ
(k, η) = (Πℓ,ℓ)j1···jℓ

i1···iℓ
(η/η∗)−ℓ Kℓ− 1

2
(k, η) , (6.11)

where (Πℓ,ℓ)j1···jℓ

i1···iℓ
is the spin-ℓ transverse-traceless projector. We have written

only the transverse-traceless part of the bulk-to-boundary propagator because it
is the only part that contributes to the fixed helicity correlators we are computing.
In fact, we have already accounted for the polarization structures in the spinor
brackets, so only the scalar bulk-to-boundary propagator factors are necessary to
compute the form factors. For integer ℓ, the scalar bulk-to-boundary propagators
satisfy the following differential recursion relation in the limit η∗ → 0

lim
η∗→0

Kℓ− 1
2
(k, η) = 1

(2ℓ− 3)!!

(
η

η∗

)2−ℓ ℓ−1∏
j=1

S [j]
k eikη , (6.12)

where we have introduced the differential operator

S [j]
k ≡ (2j − 1) − k∂k . (6.13)

As we will see below, the operator S [j]
k acts like a spin-raising operator on the

form factors. The expression (6.12) relates the de Sitter mode functions directly
to flat-space plane waves, which will enable us to write the de Sitter integrals in
terms of their flat-space counterparts.

Minimal coupling: We first consider the correlators coming from the minimal-
coupling cubic vertices in the bulk: ⟨Jℓφφ⟩ and ⟨JℓJℓJℓ⟩(n).

• ⟨Jℓφφ⟩: The simplest case is the form factor associated to the correlator
with a single current. From the bulk Feynman rules, we infer the following
integral representation of the form factor in (6.7):6

f[ℓ00] = i

∫ 0

−∞
dη ηℓ−2eik23ηKℓ− 1

2
(k1, η) . (6.14)

5This bulk-to-boundary propagator arises for the fields A(ℓ)
µ1···µℓ

that one would write in the
action. These fields have late-time fall-offs in de Sitter of the form A(ℓ) ∼ η∆−ℓ. In many cases,
it is convenient to re-define the bulk fields to absorb the η−ℓ factor, so that the bulk-to-bulk
propagator does not have the η−ℓ prefactor. This does not change the time integrals that we
will discuss in this section, because the additional time dependence effectively gets shuffled into
the vertex factor.

6In these form factors we do not keep track of the overall factors of i coming from the
polarization structures, but these can be recovered by demanding that the total three point
wavefunction coefficient has vanishing cut.
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6. From Flat Space to de Sitter

The time dependence of the integrand is easy to understand: the external
spin-ℓ particle contributes η−ℓKℓ− 1

2
(k1, η), while the two external confor-

mally coupled scalars give η2eik23η. In addition, the measure of the action
gives rise to a factor of η−4. Finally, the bulk vertex we are interested in has
2ℓ indices (ℓ for the field A(ℓ) and ℓ derivatives). We must raise ℓ of these
indices, which leads to an additional factor of η2ℓ from the inverse metrics.
All together this gives the factor of ηℓ−2 in (6.14). Using (6.12), the factors
of η cancel, and (up to an overall factor) we get

f[ℓ00] =
ℓ−1∏
j=1

S [j]
k1
i

∫ 0

−∞
dη eiKη . (6.15)

The time integral gives the flat-space form factor, 1/K, so the de Sitter form
factor can be written as

f[ℓ00] =
ℓ−1∏
j=1

S [j]
k1

1
K
. (6.16)

• ⟨JℓJℓJℓ⟩: Next, we consider the three-point function involving three spin-ℓ
currents. In the case of minimal coupling, the bulk Feynman rules lead to
the time integral

f
(n)
[ℓℓℓ] = i

∫ 0

−∞
dη ηℓ−4Kℓ− 1

2
(k1, η) Kℓ− 1

2
(k2, η) Kℓ− 1

2
(k3, η) . (6.17)

As before, each external spinning line contributes a factor of η−ℓKℓ− 1
2
, and

we get a factor of η−4 from the measure. The bulk vertex has three spin-ℓ
fields and ℓ derivatives, so we require 2ℓ inverse metrics to raise half of these
indices, leading to a factor of η4ℓ. Putting all these factors together, we
get (6.17). Using (6.12), we can write the time integral as

f
(n)
[ℓℓℓ] =

ℓ−1∏
j=1

S [j]
k1

S [j]
k2

S [j]
k3
i

∫ 0

−∞
dη η−2(ℓ−1)eiKη . (6.18)

This time, the factors of η in the integrand have not cancelled. To deal with
this, we integrate the flat-space form factor with respect to the total energy
K a number of times to produce the factor of η−2(ℓ−1). This is philosophically
similar to the integral representation (5.46) of conformal scalar exchange in
de Sitter. The de Sitter form factor is then7

f
(n)
[ℓℓℓ] =

ℓ−1∏
j=1

S [j]
k1

S [j]
k2

S [j]
k3

(∫
dK
)2(ℓ−1) 1

K
. (6.20)

7Note that we have an indefinite integral in K. If necessary, the constants of integration can
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6.1. Three-Point Functions

To the best of our knowledge, these correlators for ℓ > 2 have not been
written down in the literature before. For example, the ℓ = 3 form factor is
given by

f
(n)
[333] = 1

K3

(
3K6 − 9K4(k1k2 + k1k3 + k2k3) + 3K3k1k2k3 + 3K2(k1k2

+ k1k3 + k2k3)2 + 3K(k1k2 + k1k3 + k2k3)k1k2k3 + 2(k1k2k3)2
)
. (6.21)

Given that these objects are unique, we expect that they may be of indepen-
dent interest for other applications beyond cosmology.

Non-minimal coupling: Next, we work out the case of non-minimal bulk cou-
plings, which can be written in terms of (linear) gauge-invariant higher-spin Weyl
tensors [191, 192].8 For our purposes, the important property of these Weyl-like
curvatures is that when evaluated on the bulk-to-boundary propagator (6.11), the
de Sitter tensor is simply related to the flat-space Weyl tensor evaluated on an
ordinary plane wave

W
(ℓ)
dS [K(ℓ)]µ1ν1···µℓνℓ

∝
(
k

η

)ℓ−1
W

(ℓ)
flat[e

ikη]µ1ν1···µℓνℓ
. (6.23)

This is the higher-spin version of the relation used in [34] to compute the graviton
three-point function coming from a Weyl-cubed interaction, and with it we can
easily determine the time integrals that produce de Sitter form factors.

• ⟨JℓJℓφ⟩: The simplest wavefunction coefficient that arises from a non-
minimal coupling in the bulk involves two massless spin-ℓ fields and a scalar.
For example, the spin-1 version of the bulk coupling is φF 2

µν , while the spin-2
version is built from the Weyl tensor, φW 2

µνρσ. Using the relation (6.23), it

be fixed to match the exact result of the time integral given by

i

∫ η∗

−∞
dη η−2(ℓ−1)eiKη = (−1)ℓ+1

(2ℓ− 3)!
K2ℓ−3

[
log(−Kη∗) + γE − H2ℓ−3 − iπ/2

]
+ · · · , (6.19)

where Hn is the n-th Harmonic number and we have dropped some η∗-dependent terms. However,
only the logK piece inside the brackets survives when acted on by the spin-raising operators.

8Explicitly, these tensors in flat space are given by ℓ derivatives acting on the spin-ℓ bulk field
as

W
(ℓ)
µ1ν1···µℓνℓ

= P[ℓ,ℓ] ∂µ1 · · · ∂µℓA
(ℓ)
ν1···νℓ

, (6.22)

where P[ℓ,ℓ] is a Young projector onto a tensor with the symmetries of a (traceless) Young
diagram with two rows of length ℓ. This tensor is invariant under both linearized higher-spin
gauge transformations and linearized higher-spin Weyl transformations, whose explicit forms can
be found in [191, 192]. The de Sitter analogues replace ∂µ with covariant derivatives, and have
subleading terms with fewer derivatives, which are uniquely fixed by the requirement of gauge
invariance [193]. We will not require their explicit expressions.
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6. From Flat Space to de Sitter

is straightforward to determine the time integral that computes the de Sitter
form factor

f[ℓℓ0] = (k1k2)ℓ−1i

∫ 0

−∞
dη η2ℓ−1eiKη , (6.24)

where the factors of conformal time in the integral can be understood in the
same way as in the previous examples.

There are several ways to write (6.24) as a differential operator acting on
the flat-space form factor. The most obvious one is

f[ℓℓ0] = (k1k2)ℓ−1
(

∂

∂K

)2ℓ−1 1
K
. (6.25)

However, for later applications this will not be the most useful way of writing
the answer, because we often want to think of the transmutation operators
as acting on the various external fields separately. A representation of the
form factor with this property is

f[ℓℓ0] = ∂k3

ℓ−1∏
j=1

(
S [j]

k1
− j
)(

S [j]
k2

− j
) 1
K
. (6.26)

In this case, we can easily find a closed-form expression for the form factor,
which we record for completeness

f[ℓℓ0] =
(
k1k2

K2

)ℓ−1 1
K2 . (6.27)

Notice that in contrast to the minimal-coupling case, the ℓ = 1 correlator is
different from its flat-space counterpart because the interaction is not Weyl
invariant.

• ⟨JℓJℓJℓ⟩: As a final example, we consider the correlator of three massless
spin-ℓ fields coming from a curvature-cubed coupling in the bulk. Following
similar steps as before, we deduce that the form factor is given by

f
(a)
[ℓℓℓ] = (k1k2k3)ℓ−1i

∫ 0

−∞
dη η3ℓ−1eiKη , (6.28)

where 3(1 − ℓ) factors of η come from converting the de Sitter bulk-to-
boundary propagators to the flat-space propagators using (6.23), 6ℓ come
from raising half of the 6ℓ indices of the curvatures, and η−4 comes from
the measure. We can again write this form factor as the action of derivative
operators on the flat-space form factor:

f
(a)
[ℓℓℓ] =

ℓ−1∏
j=1

(
S [j]

k1
− j
)(

S [j]
k2

− j
)(

S [j]
k3

− j
) ∂2

∂K2
1
K
. (6.29)
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As in the previous case, this expression can be put in a closed form

f
(a)
[ℓℓℓ] =

(
k1k2k3

K3

)ℓ−1 1
K3 , (6.30)

which reduces to the known expressions for ℓ = 1, 2 [34, 41, 166]. Note also
that the wavefunction coefficients arising from curvature couplings have a
double copy-like structure [139,166,194].

Interestingly, reintroducing factors of i, so that these three-point functions have
vanishing cuts, we see that in some cases the wavefunction coefficients drop out
of the square of the wavefunction. This causes the corresponding in-in correlation
functions to vanish due to a cancellation between the two branches of the contour.
An example where this happens is ⟨JℓJℓφ⟩, for which the wavefunction coefficient
is pure imaginary and the polarization structure is even under taking the complex
conjugate.9

6.1.2 Form Factors from Conformal Symmetry

The de Sitter form factors can also be found directly by utilizing the symmetries of
the background de Sitter spacetime. On the boundary, these symmetries manifest
themselves as conformal Ward identities that the correlation functions must obey.
The form factors derived in the previous section then arise as solutions to these
differential equations. The advantage of this approach is that it makes no reference
to the bulk and therefore is more in the spirit of the bootstrap philosophy.

There are two conceptually distinct kinds of Ward identities that boundary cor-
relators arising from massless fields with spin must obey. The symmetries of the
de Sitter spacetime translate directly into kinematic Ward identities, while the
fact that the boundary operators dual to massless fields are conserved currents
translates into current conservation Ward identities (which we will call Ward–
Takahashi identities). Conserved operators must satisfy both of these simultane-
ously, which as we showed in Chapter 4 places highly nontrivial constraints on
consistent interactions. Recall that the combined constraints of conformal sym-
metry and the Ward–Takahashi identity can be imposed with a single differential
operator, namely the special conformal generator in spinor-helicity variables (4.7):

K̃i = 2(σi)α
β ∂2

∂λα∂λ
β
. (6.31)

9More generally, the contribution to the in-in correlator will vanish whenever the form factor
is invariant under flipping the sign of all its energies, as is elaborated on in [64].
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Applying this operator to the current dual to a massless spin-ℓ field gives

K̃i

(
Jℓ

kℓ−1

)
= 1
kℓ−1

(
− ξi1 · · · ξiℓKi + ℓ(ℓ+ 1)

k2 ξiki1ξi2 · · · ξiℓ

)
J i1···iℓ

ℓ , (6.32)

where Ki is the ordinary special conformal generator, and Jℓ ≡ ξi1 · · · ξiℓJ i1···iℓ

ℓ ,
which we have rescaled so that it has conformal weight 2, on which K̃i acts
nicely [34, 38]. The first term on the right-hand side vanishes inside a correla-
tor, while the second term gives the longitudinal part of the spinning field. The
latter is needed to check the Ward–Takahashi identity, and we see that K̃ can
extract this from Jℓ with definite helicity. It is hence sufficient to just consider
form factors that multiply the transverse-traceless part of correlators.

The divergence of the massless spinning wavefunction coefficients (6.7)–(6.10) is
constrained by Ward–Takahashi identities. For those coming from minimal cou-
plings in the bulk, the identities are

ξi
1k

j
1⟨J ij

ℓ φφ⟩ ∝ (⟨12⟩⟨12⟩)ℓ−1k3 + (−1)ℓ(⟨13⟩⟨13⟩)ℓ−1k2

kℓ−1
1

, (6.33)

ξi
1k

j
1⟨J ij

ℓ J
−
ℓ J

−
ℓ ⟩(n) ∝ (⟨12⟩⟨23⟩⟨31⟩K)ℓ−1

(k1k2k3)2ℓ−1
⟨23⟩2

k1
(k2ℓ−1

2 − k2ℓ−1
3 ) . (6.34)

The coefficients arising from non-minimal bulk couplings, on the other hand, are
completely transverse and therefore obey

ξi
1k

j
1⟨J ij

ℓ J
−
ℓ φ⟩ = 0 , (6.35)

ξi
1k

j
1⟨J ij

ℓ J
−
ℓ J

−
ℓ ⟩(a) = 0 . (6.36)

The differential equations obeyed by the form factors can be obtained by acting
with K̃ on the three-point functions and then matching the longitudinal part with
the expected structure from the above Ward identities; details of the procedure
were given in Chapter 4 (see also [139] for a related discussion).

As an example, let us see how this works for ⟨J−
ℓ φφ⟩. Acting with the special

conformal generator on the rescaled correlator, we obtain
3∑

a=1
k⃗1 · K̃a

[
⟨J−

ℓ φφ⟩
kℓ−1

1

]
= (⟨12⟩⟨12⟩)ℓ

k2ℓ−1
1

∆[ℓ00]f[ℓ00] = 0 , (6.37)

where the longitudinal part of Jℓ vanishes due to the contraction with k⃗1, and we
have defined the differential operator

∆[ℓ00] ≡
3∑

a=1
(k⃗1 · k⃗a)∂2

ka
− 2k1(ℓ− 1)∂k1 . (6.38)
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Consider first the solution for ℓ = 1. In this case, the single derivative term in
(6.38) vanishes, and imposing permutation symmetry, together with dimensional
analysis, fixes the solution to be f[100] = 1/K. The solution for ℓ > 1 can be found
recursively by taking

f[ℓ+1,00] = [(2ℓ− 1) − k1∂k1 ] f[ℓ00] ≡ S [ℓ]
k1
f[ℓ00] . (6.39)

To see that this is indeed a solution, we note that

∆[ℓ+1,00]S
[ℓ]
k1
f[ℓ00] = S [ℓ+1]

k1
∆[ℓ00]f[ℓ00] − (k2

2 − k2
3)(∂2

k2
− ∂2

k3
)f[ℓ00] = 0 , (6.40)

where we have used that f[ℓ00] is annihilated by ∂2
k2

− ∂2
k3

because it is symmetric
in k2 and k3, given that both the initial solution f[100] and the recursive relation
(6.39) have this permutation symmetry. This shows how the transmutation oper-
ator (6.13) arises from a purely boundary perspective. Since ⟨J−

ℓ φφ⟩ is unique,
it is sufficient to just consider the solution to the homogeneous differential equa-
tion (6.37); it can be checked that the solution to this equation also satisfies the
inhomogeneous Ward–Takahashi identity (6.33).

Following a similar procedure, we can also obtain the differential equations for the
other form factors and find their solutions. To simplify the equations, it will be
convenient to factor out some powers of momenta from the form factors and define

f[ℓℓ0] ≡ (k1k2)ℓ−1 g[ℓℓ0] , (6.41)

f
(a)
[ℓℓℓ] ≡ (k1k2k3)ℓ−1 g

(a)
[ℓℓℓ] , (6.42)

f
(n)
[ℓℓℓ] ≡ K̂−ℓ(k1k2k3)2ℓ−1 g

(n)
[ℓℓℓ] , (6.43)

where K̂ was defined in (6.9). The rescaled form factors then satisfy the following
differential equations

∆⃗[ℓℓ0] g[ℓℓ0] = 0 , (6.44)

∆[ℓℓℓ] g
(a)
[ℓℓℓ] = 0 , (6.45)

∆[ℓℓℓ] g
(n)
[ℓℓℓ] = Kℓ−1

(k1k2k3)2ℓ+1

[
k2

2k
2
3(k2ℓ−1

2 − k2ℓ−1
3 ) + cyc.

]
, (6.46)

where the differential operators are given by

∆⃗[ℓℓ0] ≡
3∑

a=1
k⃗a∂

2
ka
, (6.47)

∆[ℓℓℓ] ≡ (k2 − k3)∂2
k1

+ (k3 − k1)∂2
k2

+ (k1 − k2)∂2
k3
. (6.48)
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The solutions to (6.44) and (6.45) are simply powers ofK, and dilatation symmetry
fixes each of these to be

g[ℓℓ0] = 1
K2ℓ

⇒ f[ℓℓ0] =
(
k1k2

K2

)ℓ−1 1
K2 , (6.49)

g
(a)
[ℓℓℓ] = 1

K3ℓ
⇒ f

(a)
[ℓℓℓ] =

(
k1k2k3

K3

)ℓ−1 1
K3 , (6.50)

which matches the results (6.27) and (6.30).

Lastly, we consider the inhomogeneous equation (6.46). For ℓ = 1, the source term
simply becomes

k2 − k3

k3
1k2k3

+ k3 − k1

k1k3
2k3

+ k1 − k2

k1k2k3
3
. (6.51)

From the structure of the differential operator ∆[ℓℓℓ], it is easy to see that g(n)
[111] =

1/(k1k2k3) is the solution. The solution for higher spins can again be written
recursively: it can be checked by direct substitution that the recursive formula

g
(n)
[ℓℓℓ] = Kℓ

(k1k2k3)2ℓ−1

ℓ−1∏
j=1

S [j]
k1

S [j]
k2

S [j]
k3

(∫
dK
)2(ℓ−1) 1

K
, (6.52)

solves the equation, which after using (6.43) reproduces the form factor (6.20)
from the bulk.

6.2 Four-Point Functions
We next consider the transmutation of four-point functions. Those arising from
contact interactions have essentially the same properties as the three-point ex-
amples already considered and can be treated similarly. The conceptually new
features at four points come from bulk exchanges. As before, we can take two
complementary viewpoints on lifting these objects from flat space to de Sitter.
Inspection of the bulk time integrals giving rise to the exchange allows us to iden-
tify a set of operations that generate these integrals from their flat-space counter-
parts. However, we can also directly leverage the lessons learned from transmuting
three-point functions combined with information about the cuts of the four-point
functions. We will see that transmutation operators for exchange graphs can be
understood as operations that transform the cut of a flat-space exchange diagram
into the cut of the corresponding de Sitter wavefunction coefficient. Acting with
this operator on the full flat-space object then lifts it to de Sitter space.
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6.2. Four-Point Functions

6.2.1 Transmutation from Cuts

We first illustrate the logic in a simple setting where only external lines need to be
transmuted, before turning to the more complicated example of spinning particle
exchange, which requires transmuting internal lines as well.

Consider the four-point function of a single spin-ℓ current and three conformally
coupled scalars, ⟨Jℓφφφ⟩, where the exchanged particle is a scalar. For simplicity,
we will focus on the s-channel contribution, but other channels are related to this
by simple permutations.

We first consider the case of an external spin-1 field, where the cutting rule (5.9)
reads

Disc[ψJφ3 ] = −2s ψ̃Jφ2 ψ̃φ3 . (6.53)

The idea is to infer the transmutation of the four-point function ψJφ3 from the
transmutations of the two shifted three-point functions on the right-hand side. In
flat space, it is easy to compute the full wavefunction coefficient directly, but in
order to parallel the de Sitter treatment, we can also construct its cut from the
available three-point data:

Disc[ψ(flat)
Jφ3 ] = i(k⃗2 · ξ⃗1) 2s

(k2
12 − s2)(k2

34 − s2) , (6.54)

where the right-hand side is the product of shifted versions of (2.26) and (6.3). The
cut in de Sitter space is very closely related. The ψJφ2 wavefunction is identical
because the coupling is Weyl invariant, but the ψφ3 wavefunction is instead given
by (5.41). Putting these elements together, the cut of the de Sitter wavefunction
is

Disc[ψ(dS)
Jφ3 ] = −(k⃗2 · ξ⃗1) 1

(k2
12 − s2) log

(
k34 − s

k34 + s

)
. (6.55)

The only difference between (6.54) and (6.55) is the factor coming from the shifted
ψφ3 wavefunction, but it is straightforward to generate this structure from the
shifted wavefunction in flat space:

ψ̃
(dS)
φ3 = −i

∫ ∞

k34

dk̃34 ψ̃
(flat)
φ3 (6.56)

= −i
∫ ∞

k34

dk̃34
1

k̃2
34 − s2

= i

2s log
(
k34 − s

k34 + s

)
,

which is the same relation we utilized in (5.47). The idea is then to integrate the

149



6. From Flat Space to de Sitter

full flat-space four-point function in the same way:

ψ
(dS)
Jφ3 = −i

∫ ∞

k34

dk̃34 ψ
(flat)
Jφ3 (6.57)

= −
∫ ∞

k34

dk̃34
(k⃗2 · ξ⃗1)

(k12 + k̃34)(k12 + s)(k̃34 + s)
= k⃗2 · ξ⃗1

k2
12 − s2 log

(
k34 + s

E

)
,

which is indeed the answer found in (4.77). It is also straightforward to check that
this expression reproduces the cut (6.55).

The spin-2 case is very similar. The cuts in flat space and in de Sitter are now
given by

Disc[ψ(flat)
T φ3 ] = −(k⃗2 · ξ⃗1)2 2s

(k2
12 − s2)(k2

34 − s2) , (6.58)

Disc[ψ(dS)
T φ3 ] = −(k⃗2 · ξ⃗1)2 k

2
12 + 2k12k1 − s2

(k2
12 − s2)2 i log

(
k34 − s

k34 + s

)
, (6.59)

where the first factor in (6.59) is the shifted ψT φ2 wavefunction (4.53). The ψT φ2

wavefunctions in flat space and de Sitter are related by the following transmutation

ψ̃
(dS)
T φ2 = S [1]

k1
ψ̃

(flat)
T φ2

= (k⃗2 · ξ⃗1)2S [1]
k1

1
k2

12 − s2 = (k⃗2 · ξ⃗1)2 k
2
12 + 2k12k1 − s2

(k2
12 − s2)2 .

(6.60)

To transform the bulk φ3 vertex, we integrate with respect to k34 in the same way
as in (6.56). Combining the transmutations of the left and right vertices, we can
generate the full de Sitter correlator from the flat-space one

ψ
(dS)
T φ3 = −iS [1]

k1

∫ ∞

k34

dk̃34 ψ
(flat)
T φ3 = −iS [1]

k1

∫ ∞

k34

dk̃34
(k⃗2 · ξ⃗1)2

ẼELẼR

= i(k⃗2 · ξ⃗1)2
[
k2

12 + 2k12k1 − s2

E2
L(k12 − s)2 log

(
ER

E

)
+ k1

EEL(k12 − s)

]
, (6.61)

where the energies with a tilde over them contain the variable being integrated,
k̃34. This also reproduces the answer found in (4.113).

Notice that both (6.57) and (6.61) apparently have singularities in the folded
configuration k12 = s. However, these singularities are fictitious—if one tries to
probe them, the other parts of the correlator vanish, so everything is actually
regular. This is manifest in the flat-space expressions that these correlators are
transmuted from, which only have physical singularities. Since the transmutation
operations do not introduce any singularities, it then follows that the de Sitter
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6.2. Four-Point Functions

correlators can only have singularities at the same locations (though possibly of
higher order). An advantage of the transmutation approach therefore is that we
see very explicitly how the complicated structure of subleading singularities in de
Sitter space follows inevitably from the simpler flat-space structure.

The obvious generalization of the previous formulas to higher spin is10

ψ
(dS)
Jℓφ3 = −i

ℓ−1∏
j=1

S [j]
k1

∫ ∞

k34

dk̃34 ψ
(flat)
Jℓφ3 , (6.63)

where ψ(flat)
Jℓφ3 is given by the simple expression

ψ
(flat)
Jℓφ3 = (k⃗2 · ξ⃗1)ℓ

EELER
. (6.64)

However, these higher-spin cases are not really physical. As noted before, we
have only constructed the s-channel exchange part of the correlator, and in order
for correlators involving external particles with spin to be consistent, they must
also satisfy the current conservation Ward–Takahashi identities, which only hold
for ℓ ≤ 2 in flat space. The connection between the de Sitter and flat-space
correlators implies that the same is true in de Sitter space—there is no way to
combine exchanges in different channels to satisfy the Ward–Takahashi identities
for correlators of the form ⟨Jℓφφφ⟩ if ℓ > 2 [58].

6.2.2 Internal Spin
Next, we consider the transmutation of correlators involving the exchange of par-
ticles with spin. One additional complication that arises when the internal field
has spin is that there are contributions from all helicities of the exchanged particle
(and constrained potential modes for massless fields). We can decompose such
exchanges into their various helicity components. For example, the four-point
function of conformally coupled scalars can be written as

ψ
(ℓ)
φ4 =

∑
m

f(ℓ,m) Π̃ℓ,m , (6.65)

10Although we have taken the approach of deriving the relevant transmutation operation by
looking at the cuts of four-point functions, one can of course equally well parallel the treatment
in §6.1.1. In this case, the relevant bulk time integral is of the form

ψ
(dS)
Jℓφ3 = (ξ⃗1 · k⃗2)ℓ

∫
dη dη′ ηℓ−2Kℓ− 1

2
(k1, η)eik2η 1

η′ e
ik34η′

G(flat)(s; η, η′) , (6.62)

where we have performed similar manipulations as before, along with the relation between the
conformally coupled and flat-space bulk-to-bulk propagators: G1/2(s; η, η′) = ηη′G(flat)(s; η, η′).
It is then straightforward to see that this time integral is related to the flat-space one by the
action of the operator in (6.63).
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where Π̃ℓ,m are polarization structures (see Appendix B) and f(ℓ,m) are form fac-
tors. Since only the highest-helicity piece, Π̃ℓ,ℓ, survives in the cutting equation,
it will be most straightforward to lift these components. Transmuting the lower-
helicity form factors will require a little more work.

As an illustration, we first consider the exchange of a massless spin-2 field between
scalars. Using the cutting rule, it is easy to show that the cuts of the correlator
in flat space and de Sitter space are

Disc[ψ(T )
(flat)] = −2s Π̃2,2

6(k2
12 − s2)(k2

34 − s2) , (6.66)

Disc[ψ(T )
(dS)] = −2s3 2Π̃2,2

3(k2
12 − s2)2(k2

34 − s2)2 . (6.67)

The goal is to find an operator that transforms the cut of the flat-space exchange
(6.66) into that of its de Sitter counterpart (6.67). The form of the two expressions
suggests that we are looking for a differential operator that has single derivatives
with respect to k12 and k34. One possibility that does the job would seem to be

s2

2k12k34
∂k12∂k34 . (6.68)

However, this is not the correct operator—it does transmute the cut correctly, but
it introduces spurious singularities at k12 = 0 and k34 = 0. We must impose the
additional restriction that if our differential operator has singularities, it only has
physical singularities. With this requirement, the following operator transforms
the form factor of (6.66) into that of (6.67)

I [1]
s ≡ 2

E
(∂k12 + ∂k34) + ∂k12∂k34 . (6.69)

An interesting feature of this operator is that it does not factorize into operators
that act separately on the left and right vertex factors. This is to be expected be-
cause we are trying to transmute the internal line which connects the two vertices,
so it is not surprising that the operator reflects this structure.

To demystify the origin of the operator (6.69), and to find generalizations that
lift correlators with higher-spin exchange, it is helpful to return to the bulk time
integrals that give rise to these wavefunction coefficients. For simplicity, we con-
sider first the time integral arising from the exchange of a massless spin-ℓ particle
between conformally coupled scalars, leading to the following expression for the
form factor

f
(dS)
(ℓ,ℓ) =

∫
dη dη′eik12ηeik34η′

(ηη′)ℓ−2Gℓ− 1
2
(s; η, η′) . (6.70)
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In order to relate this expression to its counterpart in flat space, it is useful to
define

G(ν)(k; η, η′) ≡ (ηη′)ν−3/2Gν(k; η, η′)
∣∣∣
η∗=0

, (6.71)

which is precisely the combination appearing in (6.70) with ν = ℓ− 1
2 . Note that

we have taken the limit η∗ → 0 in the definition of G(ν). The function G(ν) satisfies
the identity [108]

(∂η + ∂η′)G(ν)(η, η′) = [(η + η′)2(ν − 1) − ηη′ (∂η + ∂η′)]G(ν−1)(η, η′) , (6.72)

which relates bulk-to-bulk propagators with ν shifted by 1. This relation is par-
ticularly useful for massless fields with spin precisely because ν = ℓ − 1

2 , so the
highest-helicity parts of their bulk-to-bulk propagators have indices that differ by
integers.

Using (6.72), it is relatively straightforward to derive relations between ψ
(ℓ)
4 with

different spins. To do so, we consider the slightly modified time integral:

E f
(dS)
(ℓ,ℓ) = i

∫
dη dη′eik12ηeik34η′

(∂η + ∂η′)G(ℓ−1/2)(s; η, η′) , (6.73)

where the factor of E on the left-hand side can be understood by integrating the
right-hand side by parts. Using the identity (6.72), and integrating by parts to
trade factors of η for derivatives with respect to energies, we get

f
(dS)
(ℓ,ℓ) =

[
2(ℓ− 1) 1

E
(∂k12 + ∂k34) + ∂k12∂k34

]
f

(dS)
(ℓ−1,ℓ−1) . (6.74)

This equation provides a recursion relation between the four-point function of
conformally coupled scalars arising from the highest-helicity part of massless spin-
ℓ exchange. From this, we can extract the differential operator

I [j]
s ≡ 2j

E
(∂k12 + ∂k34) + ∂k12∂k34 , (6.75)

which raises the spin to j + 1 when acting on an exchange of spin j, and where
the derivatives are appropriate for s-channel exchange. Note also that the same
operator can be used to generate wavefunction coefficients involving the exchange
of scalar fields with half-integer ν (corresponding to integer ∆)—e.g. massless
scalars—from flat-space exchanges. Ideas along this line were explored in [108].

For ℓ = 1, the time integral (6.70) is just the usual flat-space four-point correlator
1/(EELER), because spin-1 fields are conformally coupled.11 We can therefore

11Note that the ℓ = 0 scalar field that fits into this series of exchanges is the conformally
coupled scalar on de Sitter space.
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write the highest-helicity form factor in the decomposition (6.65) as

f
(dS)
(ℓ,ℓ) =

ℓ−1∏
j=1

I [j]
s

1
EELER

. (6.76)

We could, of course, have derived (6.75) by looking at the cuts of higher-spin
exchanges in the same way that we did for spin-2, but the approach we have taken
is algebraically simpler because it does not require explicit expressions for the
shifted wavefunctions appearing in the cut.

Since the lower-helicity components of the exchange drop out of the cut, their
uplifting to de Sitter space requires more care. However, for conformally coupled
external fields it is relatively straightforward, because the parts of the propagator
responsible for potential modes are related in a simple way to the highest-helicity
piece, and the vertex factors have a simple relation to their flat-space counterparts.
The propagator for potential modes in de Sitter is just the s → 0 limit of the
highest-helicity propagating mode, which implies that the form factors satisfy

f
(dS)
(ℓ,m) = lim

s→0
(−1)ℓ−mk12k34f

(dS)
(ℓ,ℓ) , (6.77)

where the factor of k12k34 is a consequence of the way we have defined the po-
larization sums. If we want to generate the lower-helicity form factors by acting
with a differential operator on the flat-space form factors, we can use the following
operator

Î [j]
s ≡ k12k34 I [j]

s

1
k12k34

, (6.78)

where derivatives act on everything to their right. Note that this operator becomes
equivalent to ∂2

E when acting on the 1/E form factors that accompany the lower-
helicity polarization sums in flat space.

For external fields that are not conformally coupled, the lifting of the longitudinal
polarization sums is more complicated. The essential complication is that there
is no longer a simple relation between the vertex factors for the lowest-helicity
components in flat space and those in de Sitter space. We will see an avatar
of this complication in Section 6.3 when we lift the flat-space graviton Compton
correlator to de Sitter space.

Examples
We now illustrate the transmutation procedure explicitly for some simple cases,
first treating a few low-spin exchanges before generalizing to arbitrary spin ex-
change between conformally coupled scalars.
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Spin-2 exchange We first consider massless spin-2 exchange in de Sitter. As an
input, we take the four-point function of massless scalars in flat-space exchanging
a massless spin-2 particle

ψ
(T )
4, flat = 1

6EELER
Π̃2,2 − 1

6E Π̃2,1 + 1
6E Π̃2,0 + · · · , (6.79)

where the ellipses denote the second line appearing in the explicit answer (5.29).
While these additional terms are necessary to make the flat-space correlator van-
ish in the soft limit, it turns out that they do not contribute to the uplifting—
instead they produce a de Sitter-invariant contact solution, which is degenerate
with higher-dimensional contact interactions. This can be understood from the
difference in the structure of the longitudinal part of the graviton propagators
in de Sitter space and in flat space. Comparing (6.79) to (6.65), we identify the
following form factors

f
(flat)
(2,2) = 1

6EELER
, f

(flat)
(2,1) = − 1

6E , f
(flat)
(2,0) = 1

6E . (6.80)

Acting on these form factors with the relevant transmutation operators, we obtain

f
(dS)
(2,2) = I [1]

s f
(flat)
(2,2) = −sE + ELER

3E3E2
LE

2
R

, (6.81)

f
(dS)
(2,1) = Î [1]

s f
(flat)
(2,1) = 1

3E3 , (6.82)

f
(dS)
(2,0) = Î [1]

s f
(flat)
(2,0) = − 1

3E3 , (6.83)

which, combined with the associated polarization structures, leads to the expres-
sion

ψ
(T )
4, dS = −sE + ELER

3E3E2
LE

2
R

Π̃2,2 + 1
3E3 Π̃2,1 − 1

3E3 Π̃2,0 . (6.84)

This is exactly the answer obtained in (5.111) from recursion, and computed in [47].
The benefit of the transmutation approach is that we see the commonalities be-
tween the de Sitter and flat-space correlators.

Spin-3 exchange Next, we consider massless spin-3 exchange. Much like for
spin-1 exchange, this requires multiple flavors of scalars in order to have a non-
vanishing correlator, but we suppress this flavor structure in the following. In flat
space, the spin-3 exchange correlator is

ψ
(ℓ=3)
4, flat = 1

24EELER
Π̃3,3 − 1

24E Π̃3,2 + 1
24E Π̃3,1 − 1

24E Π̃3,0 + · · · , (6.85)
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where we have defined

Π̃3,3 ≡ s6Π3,3 , Π̃3,2 ≡ s4Π3,2 , Π̃3,1 ≡ (ELER − sE)s2Π3,1 ,

Π̃3,0 ≡
[
(ELER − sE)2 − s2E2/3

]
Π3,0 .

(6.86)

As in the spin-2 case, this result can be obtained by demanding that the correlator
vanishes in the soft limits and reduces to a Lorentz-invariant amplitude on the total
energy singularity (up to contact contributions). The polarization sums Π3,m can
be found in Appendix B. The form factors in (6.85) are 1/EELER for the helicity-
3 component and ±1/E for the other helicities. Acting on these form factors with
the same transmutation operators as before, we obtain the following result in de
Sitter space:

ψ
(ℓ=3)
4, dS = 3ELER(ELER + sE) + 2s2E2

3E5E3
LE

3
R

Π̃3,3

− 1
E5 Π̃3,2 + 1

E5 Π̃3,1 − 1
E5 Π̃3,0 .

(6.87)

It can be checked that this answer is de Sitter invariant and captures the exchange
of a massless spin-3 particle in the bulk.

Spin-ℓ exchange The above results can be generalized to arbitrary spin ex-
change. The spin-ℓ exchange correlator in flat space takes the form

ψ
(ℓ)
4,flat ∝ 1

E

[
1

ELER
Π̃ℓ,ℓ +

ℓ−1∑
m=0

Π̃ℓ,m

]
+ · · · , (6.88)

where the ellipses denote terms that can be fixed by demanding that the correlator
has vanishing soft limits. These terms are not necessary to produce a de Sitter-
invariant correlator for the same reason as in the spin-2 case. The polarization
sums are given by (see Appendix B)

Π̃ℓ,ℓ = s2ℓΠℓ,ℓ , (6.89)

Π̃ℓ,m = s2m(sE)ℓ−m−1P̃m
ℓ−1

(
ELER

sE
− 1
)

Πℓ,m (m ̸= ℓ) , (6.90)

where we have defined a modified version of the associated Legendre polynomial

P̃m
ℓ−1(x) ≡ (−2)ℓ−2(ℓ− 2)!(ℓ−m− 1)!

(2ℓ− 3)!
Pm

ℓ−1(x)
(1 − x2)m/2 = (−1)mxℓ−1 + · · · . (6.91)

The flat-space form factors take the simple form

f
(flat)
(ℓ,ℓ) = 1

EELER
, f

(flat)
(ℓ,m̸=ℓ) = (−1)ℓ−m

E
. (6.92)
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Lifting these form factors using the operator (6.75), we find the corresponding
result for massless spin-ℓ exchange in de Sitter space12

ψ
(ℓ,∆=ℓ+1)
4,dS ∝ 1

E2ℓ−1

[
pℓ

Eℓ
LE

ℓ
R

Π̃ℓ,ℓ +
ℓ−1∑
m=0

Π̃ℓ,m

]
, (6.94)

where the coefficient of the highest-helicity contribution,

pℓ ≡ (sE)ℓ−1P̃
(ℓ,−ℓ)
ℓ−1

(
ELER

sE
− 1
)
, (6.95)

is defined in terms of a modified version of the Jacobi polynomial

P̃
(m,−m)
ℓ−1 (x) ≡ (−1)ℓ−m2ℓ−2(ℓ− 2)!(ℓ− 1)!

(2ℓ− 3)! P
(m,−m)
ℓ−1 (x)

= (−1)ℓ−mxℓ−1 + · · · .
(6.96)

It can be checked that (6.94) is consistent with the general spin-ℓ exchange result
[47], and is thus conformally invariant.

6.3 Graviton Compton Correlator
In the following, we lift the flat-space graviton Compton wavefunction coefficient
generated in Section 5.3 to de Sitter, using the procedure described in the present
chapter. In Section 4.3, we derived this wavefunction coefficient in de Sitter space
as a solution to the conformal Ward identities utilizing weight-shifting operators.
Even with this technology, the derivation was somewhat involved—in fact, this
example arguably pushed the weight-shifting formalism near its limits, which mo-
tivates looking for a more streamlined approach to move forward. Moreover, the
final answer obtained there is not very illuminating, involving fairly complicated
subleading singularities that were fixed by conformal symmetry, but whose con-
nection to other physical principles is obscure. We will see that—much like in the
other examples we have considered so far—the precise structure of singularities
follows in a straightforward way from the singularities of the corresponding flat-
space process. This gives us some additional insight into the structure of the final
answer. The transmutation operators required in this derivation are summarized
in Figure 6.1.

12We may also express the correlator as

ψ
(ℓ,∆=ℓ+1)
4,dS = 1

s

ℓ∑
m=0

(
s

E

)ℓ+m ( sE

ELER

)m

P̃
(m,−m)
ℓ−1

(
ELER

sE
− 1
)

Πℓ,m . (6.93)

This representation is nice in that it treats all helicities on an equal footing, but it makes the
energy singularities less manifest.
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S [1]
k1

S [1]
k3

×

T Tφ φ

S [1]
k1

S [1]
k3

S [1]
k1

S [1]
k3

(∫
dk13

)2
I [1]

u×

s/t-channels contact u-channel

Figure 6.1: Illustration of the transmutation operators for the graviton Compton cor-
relator.

First, it is helpful to write the correlator (5.135) as

ψ
(flat)
T φT φ = f (flat)

s Ps + f
(flat)
t Pt + f (flat)

c Pc

+ f
(flat)
u,T PT

u + f
(flat)
u,⊥ P⊥

u + f
(flat)
u,∥ P∥

u ,
(6.97)

which splits the various quantities appearing into polarization structures,

Ps ≡ (ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2 ,

Pt ≡ (ξ⃗1 · k⃗4)2(ξ⃗3 · k⃗2)2 ,

Pc ≡ (ξ⃗1 · ξ⃗3)
[
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

]
,

PT
u ≡ (ξ⃗1 · ξ⃗3)2 ,

P⊥
u ≡ 2Π̃(u)

1,1(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2 ,

P∥
u ≡ 2Π̃(u)

1,0(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) ,

(6.98)

and form factors,

f (flat)
s ≡ − 4

ES
, f

(flat)
t ≡ − 4

ET
, f (flat)

c ≡ 2
E
,

f
(flat)
u,T ≡ ψ

(T,u)
4, flat , f

(flat)
u,⊥ ≡ − 1

E U
, f

(flat)
u,∥ ≡ − 1

E
,

(6.99)

where we have introduced the variables

S ≡ −E(s)
L E

(s)
R , T ≡ −E(t)

L E
(t)
R , U ≡ −E(u)

L E
(u)
R . (6.100)

In the limit E → 0, these reduce to the ordinary Mandelstam variables. Similar
to the example considered in §6.2.1, we have separated the contribution coming
from graviton exchange into several components. Aside from separating out the
polarization structure that is proportional to a scalar correlator, we have isolated
the helicity-1 piece, denoted by fu,⊥, and the lower-helicity contributions, fu,∥.
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6.3. Graviton Compton Correlator

Each of these pieces will have to be transformed individually. It is useful to treat
the (ξ⃗1 · ξ⃗3)2 polarization structure separately because its split into exchange and
contact contributions is gauge-dependent, and thus ambiguous. Instead, we will
see that we can lift this contribution all at once.13

s/t-channel It is easiest to first consider the transmutation of the s- and t-
channels. Looking at Figure 6.1, we see that these processes involve two copies of
the vertex (6.60) connected by the exchange of a scalar. We can therefore lift the
s- and t-channel contributions, by acting with the operator S [1] defined in (6.13)
on each of the spinning external lines:

f (dS)
s = S [1]

k1
S [1]

k3
f (flat)

s , (6.101)

f
(dS)
t = S [1]

k1
S [1]

k3
f

(flat)
t . (6.102)

This produces the following de Sitter form factors

f (dS)
s = −4

[
1
S

(
2k1k3

E3 + k13

E2 + 1
E

)
(6.103)

− 1
S2

(
2sk1k3

E2 + 2k1k3 + k3E
(s)
L + k1E

(s)
R

E

)]
,

f
(dS)
t = −4

[
1
T

(
2k1k3

E3 + k13

E2 + 1
E

)
(6.104)

− 1
T 2

(
2tk1k3

E2 + 2k1k3 + k3E
(t)
L + k1E

(t)
R

E

)]
.

These expressions precisely reproduce the complicated analytic structure of the
form factors found in (4.123), from the transmutation of a very simple flat-space
seed.

Contact term The contact contribution can be lifted to de Sitter space in pre-
cisely the same way as the scalar exchange channels, because it involves the same
spinning external lines. Explicitly, the de Sitter result is

f (dS)
c = S [1]

k1
S [1]

k3
f (flat)

c = 2
(

2k1k3

E3 + k13

E2 + 1
E

)
, (6.105)

which has a set of subleading singularities that come along with the leading total
energy singularity.

13Alternatively, we could make some choice of assignment into the u-channel and contact
contributions. The subsequent lifting procedure would then have an ambiguity at O(E−1),
which can then be corrected systematically, as we will explain below.
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6. From Flat Space to de Sitter

u-channel The u-channel contribution is a little more complex. We start with
the fu,⊥ form factor. Since the interaction vertex involves three spinning fields,
we must transform both the external lines with S [1]

k1
S [1]

k3
and also the internal line

with I [1]
u defined in (6.75). Additionally, the fact that all the particles are massless

requires us to integrate with respect to energies, as in (6.20). A small subtlety is
that we integrate with respect to k13 rather than EL because we only want to act
on the external lines. We can therefore write the helicity-2 form factor in de Sitter
as (see Figure 6.1)

f
(dS)
u,⊥ = −S [1]

k1
S [1]

k3

(∫
dk13

)2
I [1]

u f
(flat)
u,⊥

= − 1
U

(
2k1k3

E3 + k13

E2

)
+ u

U2

(
2k1k3

E2 + E
(u)
L

E

)
.

(6.106)

The longitudinal form factor is most simply written as −k13k24 times the u → 0
limit of this form factor:

f
(dS)
u,∥ = −2k1k3

E3 − k13

E2 . (6.107)

Finally, we have to lift f (flat)
u,T . This is done most simply by replacing ψ(T,u)

4, flat with
its de Sitter counterpart ψ(T,u)

ϕφϕφ, which is a scalar exchange wavefunction coeffi-
cient involving two massless scalars and two conformally coupled scalars where a
graviton is exchanged in the u-channel,14 cf. (E.30). Explicitly, this object is

ψ
(T,u)
ϕφϕφ = −1

6

[
g(2,2)Π̃(u)

2,2 + g(2,1)Π̃(u)
2,1 + g(2,0) Π̃(u)

2,0 + gc

]
, (6.108)

where the form factors are given by

g(2,2) ≡ 1
U

(
2k1k3

E3 + k13

E2

)
− u

U2

(
2k1k3

E2 + E
(u)
L

E

)
, (6.109)

g(2,1) = −g(2,0) ≡ 2k1k3

E3 + k13

E2 , (6.110)

gc ≡
[
(k1 − k3)2 + u2] [3(k2 − k4)2 − u2]

4Eu2

− 2k1k3(k2
13 − u2)
E3 − (k2

1 + k2
3 − u2)

(
k13

E2 + 1
E

)
. (6.111)

14This procedure can be justified from several different perspectives. First, this is the unique
de Sitter-invariant object whose E → 0 residue is the correct scattering amplitude. It is also
fixed by its cuts and amplitude, along with the manifestly local test of [55] for the massless lines.
Finally, the coefficient of the (ξ⃗1 · ξ⃗3)2 term in ψT φT φ must take this form in order for it to
satisfy the leading and subleading graviton soft theorems of [21,195].
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6.4. Boost-Breaking Transmutation

Having lifted each of these form factors to de Sitter space, we can assemble the
full wavefunction coefficient as

ψ
(dS)
T φT φ = f (dS)

s Ps + f
(dS)
t Pt + f (dS)

c Pc + f
(dS)
u,T PT

u + f
(dS)
u,⊥ P⊥

u + f
(dS)
u,∥ P∥

u , (6.112)

which, more explicitly, can be written as

ψ
(dS)
T φT φ = − 4(ξ⃗1 · k⃗2)2(ξ⃗3 · k⃗4)2S [1]

k1
S [1]

k3

1
E S

− 4(ξ⃗1 · k⃗4)2(ξ⃗3 · k⃗2)2S [1]
k1

S [1]
k3

1
E T

−

[
1
U

(
2k1k3

E3 + k13

E2

)
− u

U2

(
2k1k3

E2 + E
(u)
L

E

)]
×

×
[
2u2Π(u)

1,1(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3) + 4(ξ⃗1 ◦ ξ⃗3)2
]

(6.113)

+ ψ
(T )
ϕφϕφ(ξ⃗1 · ξ⃗3)2 −

(
2k1k3

E3 + k13

E2

)
2Π(u)

1,0(ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3)

+ 2
(

2k1k3

E2 + k13

E
+ 1
E

)
(ξ⃗1 · ξ⃗3)

[
(ξ⃗1 · k⃗2)(ξ⃗3 · k⃗4) + (ξ⃗1 · k⃗4)(ξ⃗3 · k⃗2)

]
.

It is easy to verify that this expression agrees exactly with the answer found in
Section 4.3.

Given the relative simplicity of the calculations involved in generating (6.113) com-
pared to the weight-shifting approach, we expect that these techniques will have
wider applicability. Note that the organization of part of the answer into a scalar
correlator is both computationally and conceptually useful—for example, it makes
it straightforward to reproduce the graviton Compton answer involving massless
scalars, computed using weight shifting in Appendix E.2. We also anticipate that
this approach will be useful to generate the four-graviton wavefunction.

6.4 Boost-Breaking Transmutation
An appealing feature of the transmutation procedure is that it does not rely
strongly on de Sitter symmetry and can therefore be extended to cases where
the bulk interactions break the symmetry. Since the interactions in inflation-
ary models necessarily break de Sitter symmetry [77, 196, 197], this situation is
particularly relevant phenomenologically, especially in models with large non-
Gaussianities [22,27,198].

As an illustrative example, we again consider the four-point function arising from
a ϕ̇3 interaction in de Sitter space, given by the action (5.112); see also [199,200].
The three-point wavefunction coefficient in this theory is fairly simple:

ψ
(dS)
3,ϕ̇3 (k1, k2, s) = − 2(k1k2s)2

(k1 + k2 + s)3 , (6.114)
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6. From Flat Space to de Sitter

and we can use it to generate the cut of the four-point function (in the s-channel)

Disc[ψ(dS)
4,ϕ̇3 ] = −2s3 ψ̃

(dS)
3,ϕ̇3 (k1, k2, s) × ψ̃

(dS)
3,ϕ̇3 (s, k3, k4)

= −2s3 2k2
1k

2
2(3k2

12 + s2)
(k2

12 − s2)3
2k2

3k
2
4(3k2

34 + s2)
(k2

34 − s2)3 . (6.115)

We want to find a differential operator that transforms the cut of the flat-space
exchange 1/(EELER), given by

Disc[ψ(flat)
4,φ3 ] = −2s 1

(k2
12 − s2)(k2

34 − s2) , (6.116)

into (6.115). A very simple such operator is15

Bs ≡ (k1k2k3k4)2 s2∂2
k12
∂2

k34
. (6.118)

This operator does not introduce any spurious singularities, so we can act with it
on the full flat-space exchange solution to obtain

ψ̂
(dS)
4,ϕ̇3 ≡ Bsψ

(flat)
4,φ3 = 2s(k1k2k3k4)2

[
6
E5

(
1
EL

+ 1
ER

)
+ 3
E4

(
1
E2

L

+ 1
E2

R

)
+ 1
E3

(
1
E3

L

+ 1
E3

R

)
− 1
E3

LE
3
R

]
. (6.119)

Interestingly, this is not quite the full answer (5.120), which is

ψ
(dS)
4,ϕ̇3 = ψ̂

(dS)
4,ϕ̇3 − 24(k1k2k3k4)2

E5 . (6.120)

We see that the solution generated by the operator (6.118) differs from the result
of a bulk calculation by a contact solution. This is completely consistent, because
we inferred the structure of the operator (6.118) by transmuting the cut of the
four-point function, which precisely projects out the contributions from contact
solutions. This solution also coincides with the structure that arises from a ϕ̇4

bulk interaction. By manipulating the bulk time integral, we can find another
operator that transmutes (6.116) into (6.115)

B ′
s ≡ (k1k2k3k4)2∂k12∂k34

(
k12k34I [1]

s

)
, (6.121)

15It is relatively easy to see that this operator will work as desired because of the relation

∂2
k12

1
k2

12 − s2 =
2(3k2

12 + s2)
(k2

12 − s2)3 , (6.117)

which transforms the shifted three-point function of a massless scalar in flat space into that of
ϕ̇3 theory in de Sitter space.
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where the derivatives act on everything to their right. This operator generates
exactly the four-point function (5.120) by acting on the flat-space exchange:

(B ′
s − Bs)ψ(flat)

4,φ3 = −24(k1k2k3k4)2

E5 . (6.122)

As expected, the combination B ′
s − Bs annihilates the cut (6.116). This suggests

that there is an organization of the bulk effective field theory from the boundary
point of view, where operators that transmute the cuts of flat-space correlators
generate the corresponding contributions from exchanges in de Sitter space, while
combinations of operators that annihilate flat-space cuts generate the contributions
from contact diagrams in de Sitter. It would be interesting to investigate this more
systematically.

We have, so far, focused on the simplest wavefunction coefficients that arise from
de Sitter boost-breaking interactions, but the general philosophy can be readily
extended to more complicated situations. Since this procedure takes as an input
the three-point wavefunction, it synergizes naturally with recent progress in boot-
strapping these building blocks [53,55]. As an example, in Chapter 7, we apply this
approach to the EFT of inflation and generate the contribution to the trispectrum
arising from the π̇(∇π)2 operator. In this case, the result of a direct bulk compu-
tation is very complicated, but we show how it arises from the transmutation of a
simple seed in flat space.
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7 Inflationary Correlators

The inflationary spacetime was not exactly de Sitter space. The time dependence
of inflation weakly breaks scale invariance, as shown by the spectral tilt of the
primordial power spectrum of scalar perturbations [15]. In addition, there is no
evidence that the primordial correlators respect de Sitter boosts—in models be-
yond slow-roll inflation, this symmetry could, in principle, be arbitrarily badly
broken by the interactions. If we want to use bootstrap techniques to compute
realistic inflationary correlators, we need to account for these facts.

In slow-roll inflation, the symmetry breaking is suppressed and can be treated
perturbatively; in that context, the inflationary correlators are still constrained
by the approximate conformal symmetry. It is then possible to perturb exact de
Sitter four-point functions to obtain inflationary three-point functions at leading
order in the slow-roll parameters [22,43]. This method is explained in Section 7.1,
and used to compute various different contributions to the scalar bispectrum in
Section 7.2 and mixed scalar-tensor bispectra in Section 7.3.

In single-field inflation, it is necessary to strongly break the de Sitter boost sym-
metry in order to generate levels of non-Gaussianity that can be detected by the
upcoming cosmological surveys [77]. In that context, it is not possible to use
conformal symmetry to compute the relevant correlators. Fortunately, there are
alternatives. One is to use the transmutation operators of Chapter 6, which can be
worked out for boost-breaking interactions. In Section 7.4, we follow that strategy
to bootstrap three- and four-point functions in the EFT of inflation. Although
they will not be described here, other methods have been recently developed that
allow to bootstrap scalar bispectra coming from exchange of massive particles with
boost-breaking interactions [66,67].
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7. Inflationary Correlators

7.1 From de Sitter to Inflation
The conformal Ward identities were initially solved in Section 2.4 for four-point
functions of external conformally coupled scalars. But our real interest for applica-
tions to inflation is in massless external fields ϕ (with ∆ = 3), and not conformally
coupled fields φ (with ∆ = 2). Using the operator U (ℓ,m)

12 defined in (3.107), we are
able to efficiently generate ∆ = 3 scalar solutions to the conformal Ward identities.
To apply these results to inflation, we must take into account that the inflaton
field is not exactly massless and has a time-dependent expectation value ϕ(t). We
assume that the associated breaking of the de Sitter symmetries is weak and can be
treated perturbatively. As explained in [22, 43], inflationary three-point functions
to leading order in slow-roll can then be obtained from our de Sitter four-point
functions by the following procedure:

• First, perturb the scaling dimensions of the external fields, ∆ = 3 7→ 3 − ϵ,
where ϵ ≪ 1 is the slow-roll parameter.

• Second, take the soft limit of one of the external momenta (which we take
to be k4 → 0), and expand the result in powers of ϵ.

From the bulk point of view, this amounts to evaluating one of the external fields
ϕ on its time-dependent background value ϕ(t). For shift-symmetric inflaton
interactions,1 this gives a three-point vertex with a coupling proportional to ϕ̇. In
slow-roll inflation, this coupling is almost constant and can be related to the slow-
roll parameter ϵ using ϵ ≡ ϕ̇2/(2M2

plH
2). This allows us to identify the soft limit

of the perturbed de Sitter four-point function with the corresponding three-point
function in slow-roll inflation.

Since the weight-shifting operator changes the weight by precisely one unit, it
makes sense to perturb the conformal dimensions of the seed to ∆ = 2 − ϵ. To
apply the weight-raising operator to the perturbed seed correlator, we need the
generalization of (3.103) to general ∆:

W++
ab ≡ ηMN

(
∂

∂XM
a

+ Xa,M

2∆ − 1
∂2

∂X2
a

)(
∂

∂XN
b

+ Xb,N

2∆ − 1
∂2

∂X2
b

)
. (7.1)

Note that, due to the transversality of the polarization tensors, all of the polar-
ization sums (3.94) except the longitudinal component, m = 0, vanish in the soft
limit. This is easily seen from the L̂ dependence of (3.94), which vanishes as
w, α̂ → 1 (or v, β̂ → 1). Repeating the derivation in Section 3.4 for ∆ = 2 − ϵ,

1For non-derivatively coupled interactions, like ϕ4, the expectation values will generically
contain logarithms and not be de Sitter invariant. However, the breaking of de Sitter symmetry
is mild and the violation of de Sitter symmetry is given by local terms. These cases have been
analyzed carefully in [34,47,143,201].
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and expanding for small ϵ, we obtain the following weight-shifting operator for the
longitudinal mode of the four-point function

U
(ℓ,0)
34 → U

(ℓ,0)
34 − ϵ

[
3 − 2(ℓ− 1)vβ̂ − (4 + (2ℓ− 3)β̂2)v2

2v2

+ℓ(1 + vβ̂)
2v

Pℓ−1(β̂)
Pℓ(β̂)

]
,

(7.2)

where U (ℓ,0)
34 is given by (3.109), and we have only kept the correction at linear

order in ϵ.

In the soft limit k4 → 0 (or v, β̂ → 1), the unperturbed weight-raising operator
U

(ℓ,0)
34 vanishes identically (i.e. independent of the object it acts on) and we simply

get

U
(ℓ,0)
34

k4 → 0−−−−−→ −ϵ , (7.3)

independent of spin. This means that, at order ϵ, we can simply take the seed
function to be that of the unperturbed dimension ∆ = 2 operators, F̂ (ℓ)

L (w, 1),
evaluated at v = 1, and multiply it by −ϵ. The corresponding inflationary wave-
function coefficient is then obtained by applying the operator U (ℓ,0)

12 and summing
over permutations (to account for the fact that the four-point function was eval-
uated for the s-channel exchange). Putting everything together, the inflationary
wavefunction coefficient for spin-ℓ exchange can then be written as2

B(ℓ)(k1, k2, k3) = −ϵ k3
3 Pℓ(α̂)U (ℓ,0)

12 F̂
(ℓ)
L (w, 1) + perms. , (7.5)

where U (ℓ,0)
12 and F̂

(ℓ)
L were defined in (3.109) and (3.110), respectively, and Pℓ is

a Legendre polynomial that arises from the polarization sum Πℓ,0. This formula
holds for any ℓ, generalizing the result of [47] to all spins.

7.2 Scalar Bispectra

Now we can insert any seed F̂ (ℓ)
L in formula (7.5) to generate contributions to the

inflationary scalar bispectrum. In this section, we first review the contribution
2The function B(ℓ) is the correlator of the sub-leading fall-off dual to ζ and is hence related

to the observed bispectrum by

⟨ζ
k⃗1
ζ

k⃗2
ζ

k⃗3
⟩ =

3∏
a=1

(
H2

2M2
plϵk

3
a

)
B(ℓ)(k1, k2, k3) , (7.4)

where H is the Hubble scale during inflation and Mpl is the (reduced) Planck mass. The prefactor
arises from the shadow transform.
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from exchanging a generic massive field, and then reproduce Maldacena’s classic
slow-roll result [21] from graviton exchange. Finally, we compute the bispectra
resulting from the exchange of partially massless fields.

7.2.1 Massive Exchange

The contribution from massive spinning fields to the inflationary bispectrum can be
obtained by feeding the four-point function of conformally-coupled scalars coming
from massive scalar exchange in Equation (7.5). The solution contains hypergeo-
metric functions and an infinite series in w [47], so it is not very illuminating and
will not be shown here. We will only look at a particular kinematic limit.

The squeezed limit of the bispectrum is the limit in which one of the momenta—
take k⃗3 for example—becomes much shorter than the rest, i.e. k⃗3 → 0. In the
context in which the inflationary three-point function is derived from a de Sitter
four-point function, this limit is related to the collapsed limit (2.93) of the latter.
In the squeezed limit, the scalar bispectrum from massive field exchange has a
characteristic oscillatory behaviour. Schematically, it becomes [13,31]

lim
k3→0

B(ℓ)(k1, k2, k3) ∼

[(
k3

k1

) 3
2 +ν

+ c.c.
]
Pℓ(cos θ) , (7.6)

where the oscillation frequency ν (notice that iν ∈ R for heavy fields) is set by
the mass of the exchanged field (see (2.93)), and θ is the angle between k⃗3 and k⃗1.
These oscillations are the cosmological avatar of resonances measured at particle
colliders, cf. Figure 7.1. In addition, and just like in the particle collider case, the
angular dependence via the Legendre polynomial Pℓ contains information about
the spin of the exchanged particle.

These features of the scalar bispectrum provide a clean way to test the presence
of particles during inflation, and read off their masses and spins. If this signal is
measured, we would be able to do particle spectroscopy from cosmological data.
This is the motivation for the so-called cosmological collider program [13, 31, 66,
67,202–237].

7.2.2 Graviton Exchange

The bulk graviton is dual to the stress tensor T ; hence, to compute the contribution
to the scalar bispectrum from graviton exchange, we just have to plug the seed F̂ (0)

corresponding to ∆I = 3 exchange in (7.5). For this seed function, the exchange
equation (2.89) becomes (∆w −2)F̂ (0) = Ĉ0, with the simplest contact term on the
right-hand side. Comparing this to the longitudinal coefficient function in (3.110),

168



7.2. Scalar Bispectra

c.o.m energy

cross
section

k3/k1

signal

A M
Figure 7.1: In a particle collider (left panel), a peak in the cross section of a process
is an indication of particle exchange. In the cosmological collider (right panel), the
signal oscillates as the ratio of momenta is changed, and the frequency is set by the
mass of the produced particle. The regimes where these signals of particle exchange
dominate are shown in red, whereas the blue lines correspond to the EFT tower of
contact contributions.

we find

F̂
(2)
L = ∆w(∆w − 2)F̂ (0) = Ĉ1 . (7.7)

Plugging this solution into (7.5), we obtain the corresponding bispectrum.3 We
wish to isolate the part of this result that can unambiguously be attributed to
massless spin-2 exchange. In other words, we want to see whether any parts of
this correlator can be mimicked by contact terms, and then subtract off these
pieces.

The relevant contact contributions to the bispectrum are

Bc = −ϵk3
3

3
∑

n

anU
(0,0)
12 Ĉn(w, 1) + perms. (7.8)

To identify the parts that are degenerate with the PM-induced bispectrum, we
consider the limit K ≡ k1 + k2 + k3 → 0. In this limit, the exchange bispectrum
has a leading singularity scaling as K−3. This singularity can be removed by
adding the contact interaction Ĉ1, with a1 = 15 in (7.8) (and all other coefficients
zero). After this subtraction, the bispectrum still has a K−1 singularity, which

3In [47], a different exchange solution was utilized, with an unphysical contact term. The goal
there was to mimic the number of derivatives of the bulk Lagrangian for graviton exchange. We
see here that such a choice was unnecessary; one can just as well use a more physical exchange
solution as a seed.
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cannot be removed by another contact term. The part of the bispectrum that is
cleanly associated with the exchange of a graviton therefore is

Binf = 3ϵ

∑
a̸=b

kak
2
b + 8

K

∑
a>b

k2
ak

2
b − 3

∑
a

k3
a

 . (7.9)

Up to a local term,
∑

a k
3
a, arising from the gauge transformation from spatially

flat gauge to comoving gauge, this is precisely the famous bispectrum of single-field
slow-roll inflation [21].

7.2.3 Partially Massless Exchange
As a new application of the weight-shifting technology, we construct the inflation-
ary bispectra arising from the exchange of partially massless (PM) fields. These
PM fields, introduced in Section 2.3, are unitary spinning representations that
exist on (anti) de Sitter space, but have no flat-space counterparts [122–124, 155,
207,238,239]. They occur at special values of the mass-to-Hubble ratio,

m2

H2 = ℓ(ℓ− 1) − t(t+ 1) , (7.10)

where ℓ is the spin and t ∈ {0, · · ·, ℓ−1} is the “depth” of the field. The correspond-
ing dual operators have integer dimensions ∆ = 2 + t. At these special points,
the theory possesses an additional gauge invariance that projects out modes with
helicity ≤ t. The tight structure of PM representations is reflected in the sim-
plicity of their mode functions, which leads to simple analytic expressions for the
associated correlation functions.

We are interested in the inflationary scalar three-point functions arising from the
exchange of PM fields. As we have seen above, these bispectra only depend on the
longitudinal modes of the exchanged particle, which for a PM field isn’t a prop-
agating degree of freedom. This does not mean, however, that the corresponding
bispectra are trivial. Higher-spin particles have a nontrivial constraint structure,
where the non-propagating degrees of freedom are fixed in terms of the propagat-
ing ones. In particular, the longitudinal modes mediate Coulomb-like potentials,
which lead to distinct imprints in the inflationary bispectra. In order to probe
all degrees of freedom of the PM field, we would have to measure inflationary
trispectra. Nonetheless, as we will see below, the Coulomb potentials generate
bispectrum shapes with striking features that uniquely characterize the presence
of a PM field in the spectrum.

The general features of PM exchange are substantially simpler to describe than
those of massive exchange. Recall that the longitudinal part of the ∆ = 2 wave-
function coefficient coming from spin-ℓ exchange is given by (3.110). We can write
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this in a slightly more illuminating form by redefining t ≡ ℓ− j to obtain

F̂
(ℓ)
L =

ℓ−1∏
t=0

[
∆w − t(t+ 1)

]
F̂

(0)
∆I

, (7.11)

where we have added the weight dependence of the seed as a subscript to avoid
confusion. Notice that the differential operators appearing on the right-hand side
are precisely those appearing in the differential equation describing the exchange
of a PM particle of depth t:[

∆w − t(t+ 1)
]
F̂

(0)
∆I =2+t = Ĉ0 . (7.12)

It is important to emphasize that a given PM seed F̂
(0)
∆I

will only have the right
conformal weight to satisfy (7.12) for a particular depth. Since (7.11) includes the
left-hand-side of (7.12) for all depths though, this means that at every PM point,
one of the operators in (7.11) will reduce the seed exchange function to a contact
solution through (7.12). This contact solution is then acted on by the operators
in (7.5). It is for this reason that the PM-induced bispectra are so simple.

Cleanly disentangling the effects of PM exchange is somewhat subtle. In the
case of massive particle exchange, there are characteristic non-analytic features
that cannot be mimicked by contact interactions and therefore are unambiguously
attributed to the exchange. In the present case, however, the resulting bispectra
will be rational functions of momenta, and so it is less obvious which parts to
ascribe to particle exchange. In practice, this subtlety can be managed by explicitly
subtracting off all possible contact solutions. After performing this subtraction,
the leftover shape is a sharp signature of the exchanged PM particle.

Spin-2 exchange
Let us first consider the special case ℓ = 2. There are then two (partially) massless
points with corresponding dual operators having ∆I = 3 and ∆I = 2. The former
is the ordinary graviton (m2 = 0) studied in the previous subsection, and the
latter is the PM state that saturates the Higuchi bound (m2 = 2H2), which we
discuss here.

The exchange equation for a ∆I = 2 state is

∆wF̂
(0) = Ĉ0 . (7.13)

Although the exchange solution is slightly different than for the graviton, after
plugging it into (7.5), we still obtain a bispectrum with a K−3 singularity. As
before, we can subtract this singularity, together with the subleading K−2 term,
by adding a suitable choice of contact terms. In this case, we must take a0 = 24
and a1 = 15 in (7.8), with all the other coefficients vanishing.
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This time, however, there is no leftover bispectrum! This means that the bispec-
trum due to the exchange of a PM graviton can be represented completely by a cer-
tain mixture of equilateral non-Gaussianity coming from inflaton self-interactions.
This, however, does not rule out the possibility that inflaton correlators with PM
exchange involve transcendental functions and therefore give shapes that are non-
degenerate with contact diagrams. This is because our seed functions—the four-
point functions of conformally coupled scalars with PM exchange—were rational
functions.

Higher-spin exchange
The story becomes richer for higher spins, especially because there are now multiple
PM points. Let us first describe a few qualitative features of these bispectra, before
presenting details for the special cases ℓ = 4 and 6.4 Acting on the PM seed
function F̂

(0)
∆I

as in (7.11) yields the longitudinal part of the exchange correlator,
which we then feed into (7.5) to produce the inflationary bispectrum. To isolate the
part which is an unambiguous signature of PM exchange, we adopt the following
procedure:

• The bispectrum will have a leading singularity for K → 0 that can be re-
moved by adding a contact interaction. In other words, part of the bis-
pectrum shape is indistinguishable from equilateral non-Gaussianity. After
removing those terms, the resulting shape will have a singularity scaling as
K1−ℓ (for any depth).

• The exchange of a PM field of depth t = ℓ−2 can be absorbed completely by
a sum of contact terms, with no exchange contribution remaining.5 These
fields therefore do not produce a distinct bispectrum shape. Their imprint
will only appear cleanly in the four-point function.

• After fixing the singularity for K → 0, we still have the freedom to choose
some contact terms to remove the least soft pieces of the bispectrum in the
squeezed limit, so that

lim
k3→0

⟨δϕk⃗1
δϕk⃗2

δϕk⃗3
⟩ ≃ 1

(k1k3)3

(
k3

k1

)p

PJ(cos θ) + · · · , (7.14)

where δϕ is the inflaton fluctuation, θ is the angle between k⃗1 and k⃗3, and
the power p depends on ℓ and t in a nontrivial way. This subtraction can be

4Since we require a coupling to two identical ∆ = 2 scalars in the relevant seed function, only
particles of even spin can contribute to the bispectrum of an uncharged inflaton.

5We do not have a deep explanation for this fact, but it is interesting to speculate that it
has something to do with the fact that the corresponding operator obeys a double-conservation
condition [154,240,241], which somehow behaves differently from the other multiple-conservation
conditions that dual PM operators satisfy.
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done without changing the overall singularity in K. If there is any freedom
left, we try to remove the highest possible Legendre polynomial PJ .

We now illustrate this procedure for PM fields of spin 4 and 6.

• Spin-4: A spin-4 field has four PM points. Carrying out the procedure
described above at each of them, we are able to pick various contact terms
in (7.8) to isolate the parts of the inflationary bispectra due to the exchange
of PM fields. We tabulate the necessary contact term coefficients and the
resulting scalings in the squeezed limit (7.14) below:

t a0 a1 a2 a3 (p, J)

0 0 0 2394 63 (2, 4)
1 6880 9128 2178 63 (3, 4)
2 4320 7128 1746 63 —
3 2880 3708 1098 63 (3, 0)

We see that there is a rich structure of scalings and angular dependences of
the final inflationary bispectra. In particular, the depth-2 PM point has no
unambiguous signature in the inflationary bispectrum. The other PM points
lead to distinct behaviors in the squeezed limit.

• Spin-6: Finally, we consider the exchange of a spin-6 field, with five PM
points. A novelty of this situation is that, to perform the subtraction, we
must introduce contact terms arising from integrating out intermediate spin-
2 particles:

Bc = −ϵk3
3
∑

n

bnP2(α̂)U (2,0)
12

[
(∆w − 2)∆wĈn(w, 1)

]
+ perms. , (7.15)

where α̂ = (k1 − k2)/k3. The coefficients an and bn in (7.8) and (7.15)
are fixed by the same requirements as above. Their precise values are not
very illuminating, so we don’t display them. Instead, we present the final
squeezed-limit scalings and angular dependences of the inflationary bispec-
tra:

t 0 1 2 3 4 5

(p,J) (2 ,6) (3 ,6) (4 ,6) (4 ,2) — (4 ,2)

Again, this displays an interesting range of scalings, with the depth-4 point
being degenerate with a set of contact interactions.

In summary, just like the famous graviton-induced bispectrum (7.9), PM fields
generate new, distinct shapes of non-Gaussianity, which can be written as polyno-
mials in the momenta divided by some overall power of the total energy K. These
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shapes uniquely characterize the presence of PM fields of various depths in the
early universe. Whether consistent interacting theories of those PM fields (beyond
gravity and gauge theory) exist remains an open problem (but see [58,242,243]).

7.3 Scalar-Tensor Bispectra
We compute now mixed scalar-tensor bispectra in slow-roll inflation. Two com-
ments are in order. Firstly, some correlators involving the graviton are de Sitter
invariant at leading order in slow-roll, so it will not be necessary to deform a
de Sitter four-point function to obtain those three-point functions. Secondly, in
the cases where it is still necessary to deform a de Sitter four-point function, for-
mula (7.5) will not straightforwardly apply here. We will need to use operators
that raise the spin of some of the external particles in order to get the graviton
scalar legs.

The inflationary scalar fluctuations are typically parametrized by the comoving
curvature perturbation ζ, which in single-field slow-roll inflation can be written as

ζ = −H

ϕ̇
δϕ , (7.16)

where δϕ are the inflaton fluctuations in spatially flat gauge and ϕ̇ controls the
small deviation from a pure de Sitter background. To leading order in the slow-
roll approximation, cosmological correlators can be computed first in terms of a
(nearly) massless scalar field in a de Sitter background and are then converted to
correlators for ζ using (7.16).

7.3.1 ⟨γζζ⟩
We begin with the mixed tensor-scalar-scalar bispectrum ⟨γζζ⟩. This was first
computed in [21] and recently re-derived by solving the conformal Ward iden-
tity [38]. Here, we show that the weight-shifting approach provides a very simple
path to the answer.

In terms of the dual wavefunction coefficients, the tensor-scalar-scalar correlator
⟨γ δϕ δϕ⟩ can be written as

⟨γ δϕ δϕ⟩ = −1
4

Re⟨Tϕϕ⟩
Re⟨TT ⟩(Re⟨ϕϕ⟩)2 . (7.17)

The relevant three-point correlation function ⟨Tϕϕ⟩ between one stress tensor
and two massless scalars is related by a weight-raising operator to the result for
conformally coupled scalars:

⟨Tϕϕ⟩ = W++
23 ⟨Tφφ⟩ , (7.18)

174



7.3. Scalar-Tensor Bispectra

γ δφγ φ(t)

Figure 7.2: Illustration of the inflationary tensor-tensor-scalar bispectrum arising from
the soft limit of a de Sitter trispectrum.

where ⟨Tφφ⟩ is given by (4.53). Applying the weight-shifting operator (3.57), we
find that the transverse part of the correlation function is

⟨Tϕϕ⟩ = cT ϕϕ

(
K − k1k2 + k1k3 + k2k3

K
− k1k2k3

K2

)
(ξ⃗1 · k⃗2)(ξ⃗1 · k⃗3) , (7.19)

where the normalization cT ϕϕ is not arbitrary, but fixed in terms of the size of the
scalar two-point function ⟨ϕϕ⟩. Using

⟨ϕϕ⟩ = 1
M2

pl
⟨TT ⟩ = 1

H2 k
3 , (7.20)

we find that the stress tensor Ward–Takahashi identity requires that cT ϕϕ =
−2/H2. Putting everything together, and converting from δϕ to ζ using (7.16),
we get

⟨γζζ⟩ = H4

4M4
Plϵ

(ξ⃗1 · k⃗2)(ξ⃗1 · k⃗3)
(k1k2k3)3

(
−K + k1k2 + k1k3 + k2k3

K
+ k1k2k3

K2

)
, (7.21)

which agrees precisely with the result in [21].

7.3.2 ⟨γγζ⟩
Next, we compute the tensor-tensor-scalar correlator ⟨γγζ⟩. We first derive this
correlator in standard slow-roll inflation (assuming Einstein gravity) and then
consider higher-curvature corrections.

Einstein gravity
To determine the three-point function ⟨γγζ⟩ in slow-roll inflation, we must first
compute the de Sitter four-point function of two gravitons and two massless scalars,
or its dual wavefunction coefficient ⟨TTϕϕ⟩. To relate this to the three-point
function in an inflationary background, we perturb the conformal weight of the
external scalars, ∆ = 3 − ϵ (where ϵ is the slow-roll parameter), and take the
soft limit k4 → 0 (see Figure 7.2). The later corresponds to evaluating one of the
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inflaton fields on its time-dependent background ϕ(t). The inflationary bispectrum
⟨γγζ⟩ can then be written as

⟨γγζ⟩ = −H

ϕ̇
⟨γγ δϕ⟩ = 1

4
H

ϕ̇
lim

k4→0

Re⟨TTϕϕ∆4=3−ϵ⟩
(Re⟨TT ⟩)2Re⟨ϕϕ⟩

, (7.22)

where we have used (7.16) to convert δϕ to ζ.

Our first task therefore is to compute the correlator ⟨TTϕϕ⟩ in de Sitter space.
We present the full correlator in Appendix E.2, but only part of the answer is
needed for the inflationary bispectrum. In particular, the scalar exchange and
contact parts vanish when any of the scalar legs is taken to be soft, so they don’t
contribute to the inflationary bispectrum. We can therefore focus on the graviton
exchange contribution.

For ⟨TTϕϕ⟩, graviton exchange arises in the s-channel, while for ⟨TφTφ⟩ in §4.3.4
it was in the u-channel. In principle, the graviton exchange involves contribu-
tions from all helicities, but only its longitudinal part has a non-vanishing soft
limit and hence affects the inflationary bispectrum. This longitudinal piece is (see
Appendix E.2)

⟨TTϕϕ⟩s,L =
(
ξ⃗1 · ξ⃗2

)2⟨ϕϕϕϕ⟩s,T , (7.23)

where ⟨ϕϕϕϕ⟩s,T is the four-point function of massless scalars exchanging a gravi-
ton in the s-channel. This can be written as

⟨ϕϕϕϕ⟩s,T = W++
12 W++

34
[
Π2,0(∆w − 2)⟨φφφφ⟩s

]
+ ⟨ϕϕϕϕ⟩c + · · · , (7.24)

where the weight-raising operators W++
ab are defined in (3.57) and the relevant

seed function ⟨φφφφ⟩s is given in (2.95). A contact solution ⟨ϕϕϕϕ⟩c was added
in (7.24) to remove the leading total energy singularity of the term proportional
to Π2,0, reducing the dominant scaling from E−5 to E−3. It is given by

⟨ϕϕϕϕ⟩c =
(
2 W++

12 W++
34 − 3 W++

13 W++
24 − 3 W++

14 W++
23
) 1
E
. (7.25)

The ellipses in (7.24) denote terms proportional to Π2,2 and Π2,1 that vanish in
the soft limit and therefore don’t contribute to the inflationary bispectrum.

As can be seen from (3.57), the weight-raising operator W++
34 depends on the

perturbed scaling dimension ∆4 = 3 − ϵ. Expanding (7.23) to linear order in the
slow-roll parameter ϵ, we find

lim
k4→0

⟨TTϕϕ∆4=3−ϵ⟩ = ϵ
(
ξ⃗1 · ξ⃗2

)2
[
k2

3W++
12 Π2,0 (∆w − 2) ⟨φφφφ⟩s

+
(
2k2

3W++
12 − 3k2

2W++
13 − 3k2

1W++
23
) 1
E

]
k⃗4→0

. (7.26)

176



7.3. Scalar-Tensor Bispectra

Substituting this into (7.22), we get

⟨γγζ⟩ = H4

8M4
pl

(ξ⃗1 · ξ⃗2)2

(k1k2k3)3

[
4k2

1k
2
2

K
+ 1

2k3(k2
1 + k2

2) − k3
1 − k3

2 + k3
3
2

]
, (7.27)

which matches the result in [21] up to a local term.6

Higher-derivative correction
In §4.2.5, we defined the three-point function between two stress tensors and a
generic scalar operator,

⟨TTO∆⟩ = P(2)
1 P(2)

2 H2
12⟨φφO∆⟩ , (7.28)

where P(2)
a are the projection operators defined in (4.18) and H12 is the weight-

shifting operator introduced in (3.64). For ∆ = 3, this allows us to compute a
higher-derivative correction to the inflationary tensor-tensor-scalar correlator

⟨γγζ⟩ = −H

ϕ̇
⟨γγ δϕ⟩ = −1

4
H

ϕ̇

Re⟨TTϕ⟩
(Re⟨TT ⟩)2 Re⟨ϕϕ⟩

. (7.29)

The bulk interaction that gives rise to this correlator is ϕW 2, where Wµνρσ is the
Weyl tensor. Using (2.79) in (7.28), we find

⟨TTϕ⟩ = cT T ϕ

K4

[
f1
(
ξ⃗1 · ξ⃗2

)2 + 4f2
(
ξ⃗1 · ξ⃗2

)(
ξ⃗1 · k⃗2

)(
ξ⃗2 · k⃗1

)
+ 4f3

(
ξ⃗1 · k⃗2

)2(
ξ⃗2 · k⃗1

)2
]
,

(7.30)

where

f1 ≡K2(K − 2k3)
[
K(4) + 3k3K

(3) + k1k2
(
K(2) − 7k2

3
)

− 3k3
3K

(1)
]
, (7.31)

f2 ≡ − 3K(5) + 4KK(4) + 3k2
3K

(3) + 3k3
(
4k1k2 − k2

3
)
K(2) (7.32)

+ k2
1k

2
2
(
7K + 9k3

)
,

f3 ≡ − 3
(
K(3) + 2k3

3
)

+ 4K
(
K(2) + 2k2

3
)

+ 12k1k2k3 , (7.33)

with K(n) ≡
∑

a k
n
a − 2kn

3 . The result simplifies considerably in spinor helicity
variables,

⟨T−T−ϕ⟩ = cT T ϕ
k1k2(K + 3k3)

K4 ⟨12⟩4 . (7.34)

Substituting (7.30) or (7.34) into (7.29) gives the result for ⟨γγζ⟩.
6Notice that the expression we found has vanishing soft limit. The missing local term can be

fixed by the inflationary consistency condition for the squeezed limit [21].
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7.4 EFT of Inflation
Finally, we consider correlation functions in the effective field theory of infla-
tion [196, 197]. In this case, the relevant interactions are boost-breaking so we
cannot use the weight-shifting operators of Chapter 3. We will instead transmute
the answer from flat space using the technology introduced in Chapter 6. Since
our goal is not to be comprehensive, but merely illustrate the techniques, we will
focus on the correlators arising from a particular vertex in the EFT. However, we
anticipate that this approach will help to streamline more general computations
in the EFT of inflation.

7.4.1 Goldstone Action
The effective field theory of inflation views inflation as a process of spontaneous
symmetry breaking, where the fact that inflation ends signals the presence of some
“clock” that spontaneously breaks time reparametrization invariance by picking a
preferred space-like foliation of the inflationary spacetime. From this perspective,
fluctuations of the inflaton are the Goldstone modes of this symmetry breaking.
In general, these perturbations mix with the graviton and form a single multiplet
in the infrared. However, we can isolate the dynamics of the Goldstone field by
taking the decoupling limit MPl → ∞, Ḣ → 0, while holding the combination
f4

π/H
4 = 2csM

2
Pl|Ḣ|/H4 fixed, where cs is the speed of sound of the Goldstone

fluctuation. This latter scale, fπ, has the interpretation as the scale of symmetry
breaking, where the Goldstone field becomes relevant. In the decoupling limit, the
action governing the dynamics of the Goldstone fluctuations at leading order in
derivatives and up to cubic order in fields is [197,244]:

S =
∫

d4x a3 f
4
π

c3
s

(
1
2 π̇

2 − c2
s

2a2 (∇⃗π)2

+(1 − c2
s)

2

(
1 + 2c3

3

)
π̇3 + (c2

s − 1)
2 π̇(∇⃗π)2 + · · ·

)
,

(7.35)

where c3 is a free parameter and a(t) = eHt is the scale factor of the de Sitter
spacetime. We see that there are two inequivalent cubic couplings—the coefficient
of π̇3 can be tuned independently of the quadratic action, while the coefficient of
the π̇(∇⃗π)2 is fixed by the quadratic action. Correlators involving only the π̇3

interaction fall into the class considered in Section 6.4. In this section, we instead
focus on the correlators arising from the universal interaction π̇(∇⃗π)2.

Our goal is to derive the trispectrum coming from the π̇(∇⃗π)2 interaction following
the logic of transmuting the flat-space exchange correlator. This contribution was
computed explicitly in [30]. The computation was rather involved, and we will see
that we are able to reproduce the answer with substantially less effort.
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7.4.2 Two- and Three-Point Functions
In order to construct the four-point function, we will need to know its cut, which
will require the three-point function as an input. Fortunately, this is relatively
straightforward to compute. The power spectrum coming from the quadratic part
of the action (7.35) is

Pπ(k) = H2

f4
π

1
2k3 , (7.36)

while the three-point wavefunction coefficient coming from the π̇(∇⃗π)2 vertex
is [244]

ψπ̇(∇⃗π)2 = 2f4
π

H2

(
1
c2

s

− 1
)6k2

1k
2
2k

2
3

K3 − 4
K

∑
i>j

k2
i k

2
j

+ 2
K2

∑
i ̸=j

k2
i k

3
j + 1

2
∑

i

k3
i

 .

(7.37)

Note that in the way that we are organizing the calculation, we are thinking
of (7.37) as given, remaining agnostic as to how it was obtained, either from a
bulk calculation [244] or from symmetry and consistency requirements directly at
late times [53,55]. We now want to use the three-point function (7.37) to construct
the cut of the four-point function.

7.4.3 Four-Point Function

Our strategy to compute the four-point function arising from the π̇(∇⃗π)2 term
will be similar to the approach we took in Section 6.4. The cut of the four-point
function is

Disc[ψ4] = 1
Pπ(s) ψ̃π̇(∇⃗π)2(k1, k2, s) ψ̃π̇(∇⃗π)2(k3, k4, s) , (7.38)

where the shifted wavefunctions appearing in this expression are

ψ̃π̇(∇⃗π)2(k1, k2, s) ≡ Pπ(s)
(
ψπ̇(∇⃗π)2(k1, k2,−s) − ψπ̇(∇⃗π)2(k1, k2, s)

)
, (7.39)

and similarly for the right vertex with {k1, k2} 7→ {k3, k4}. Using the shifted
three-point wavefunction in flat space, the cut of the four-point function is

Disc[ψ(flat)
4 ] = − 2s

(k2
12 − s2)(k2

34 − s2) . (7.40)
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7. Inflationary Correlators

Similarly, the cut of the de Sitter four-point function can be computed from the
three-point wavefunction (7.37). The result can be related to its flat-space coun-
terpart by a transmutation operator

Disc[ψ(dS)
4 ] = −H2

f4
π

(
1
c2

s

− 1
)

OLOR I [1]
s Disc[ψ(flat)

4 ] , (7.41)

where we have defined

OL ≡ k2
1(s2 − k2

1)S [1]
k2

+ k2
2(s2 − k2

2)S [1]
k1

+ 1
2(s2 − k2

1 − k2
2)S [1]

k1
S [1]

k2

(∫ ∞

k12

dk12

)2
,

(7.42)

which acts on the left vertex. The analogous operator for the right vertex can
be obtained by sending {k1, k2} 7→ {k3, k4}. These operators have many of the
features that we have become accustomed to from other examples; the operators
OL,R transform the flat-space vertices into the de Sitter boost-breaking π̇(∇⃗π)2

vertices, and the Is operator transforms the exchanged field into a massless scalar
field in de Sitter space.7

Given this operation that transmutes the flat-space cut into the cut of the desired
EFT of inflation object, we can then act on the full flat-space exchange to obtain
the s-channel contribution to the wavefunction:

ψ
(dS)
4 = −H2

f4
π

(
1
c2

s

− 1
)

OLOR I [1]
s

1
EELER

. (7.43)

By construction, this wavefunction coefficient has the correct cut, and correspond-
ingly has the correct factorization properties on its EL and ER singularities. In-
deed, one of the nice features of this representation is that it makes the singularity
structure of the answer manifest. Note that this expression is for a single permu-
tation of external momenta, corresponding to exchange in the s-channel. In order
to produce the full answer we should sum over permutations. This representation
of the wavefunction can be checked to agree with an explicit bulk calculation [30].8

7One way to understand the various types of terms that appear in OL,R comes from looking
at the Feynman rule for the π̇(∇⃗π)2 vertex and inferring what types of operations should be
present to generate it from the flat-space vertex. Alternatively, these operators can also be
obtained without reference to the bulk by making a systematic ansatz and matching the cut.

8Because [30] computed the corresponding correlation function in the in-in formalism, the
comparison is a bit subtle. First, there are some overall normalization factors involved in going
between the wavefunction and correlators. In addition to this, two modifications must be made
to the correlator exchange contribution (called Ts3 in [30]) to get the wavefunction: first we
must subtract off a disconnected contribution coming from the three-point wavefunction coeffi-
cient squared. In addition, the cubic π̇(∇⃗π)2 term contributes to the fourth-order interaction
Hamiltonian. It is therefore necessary to include a contact solution contribution (proportional
to Tc3 in [30]).
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7.4. EFT of Inflation

We can write the wavefunction coefficient more explicitly by actually performing
all the energy integrals, after which we have

OLOR I [1]
s

1
EELER

= −ÕLÕR
2k12k34 + 4Es+ 2s2

E3E2
LE

2
R

(7.44)

− ÕL

[
(s2 − k2

3 − k2
4)

2
(k12k34 + 2sE)(k34E + 2k3k4) + [(E + k34)E + 2k3k4] s2

E3E2
LE

2
R

]
− ÕR

[
(s2 − k2

1 − k2
2)

2
(k12k34 + 2sE)(k34E + 2k1k2) + [(E + k12)E + 2k1k2] s2

E3E2
LE

2
R

]
− (s2 − k2

1 − k2
2)(s2 − k2

3 − k2
4)

4

[
ELER + sE

E2
LE

2
R

(
2k1k2k3k4

E3

+k12k3k4 + k34k1k2

E2 + k12k34

E

)
+ s2

E2
LE

2
R

(
k1k2 + k3k4

E
+ s+ E

)]
,

where we have defined the operators

ÕL ≡ k2
1(s2 − k2

1)S [1]
k2

− k2
2(s2 − k2

2)S [1]
k1
,

ÕR ≡ k2
3(s2 − k2

3)S [1]
k4

− k2
4(s2 − k2

4)S [1]
k3
.

(7.45)

We can see from the expression (7.44) that this object has up to E−5 total energy
singularities and E−3

L,R partial energy singularities.

181



7. Inflationary Correlators

182



8 Conclusions and Outlook

In this thesis, we have presented a study of cosmological correlation functions from
a bootstrap perspective. We have used physical principles like symmetries, locality,
and unitarity as consistency conditions to fix the form of these correlators, rather
than computing them from explicit time evolution. This is a way of understanding
correlators directly on the surface on which they reside—the future boundary of the
inflationary spacetime (or the initial surface of the hot Big Bang). Although this
formalism does not make explicit reference to time, the effects of time evolution
in the bulk spacetime are encoded in the momentum dependence of the answers.

One of the ways in which information about the bulk dynamics is imprinted in the
correlators is through their singularity structure. The locations and orders of the
singularities of a correlator are determined by the specifics of the interactions from
which it arises. In addition, the residues of singularities are given by scattering
amplitudes, so that cosmological correlators contain the S-matrix within them. We
expect then that many of the nice organizing principles discovered for scattering
amplitudes have counterparts in cosmological correlators.

At tree level, there is enough control over the analytic structure of correlators that
the challenge of computing them is translated into the problem of extending them
away from their singular limits. The present thesis has studied different ways of
doing this, some of which assumed the full set of de Sitter symmetries (Chapters 3
and 4), and others did not (Chapters 5 and 6). The exact de Sitter bootstrap
is observationally relevant, since its correlators can be easily deformed to obtain
correlators of slow-roll inflation. It is also conceptually relevant for understanding
the nature of quantum field theory and quantum gravity in expanding spacetimes.
In fact, it is important in order to resolve the paradoxical situation that we know
less about how to define a consistent theory the closer we get to the real universe
(see Figure 8.1).

In the present thesis, it has been shown that de Sitter correlators can be related
to simpler building blocks by using various types of integral and differential opera-
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understanding

anti-de SitterMinkowskide Sitter

Figure 8.1: The degree of understanding about the asymptotic physics and the rules
that observables satisfy varies in different spacetimes. From a non-perturbative control
in AdS, to a perturbative grasp in flat space, to a nascent tree-level understanding in dS.

tors, like the weight-shifting operators of Chapter 3 or the transmutation operators
of Chapter 6. The former provide a systematic framework to relate complicated
spinning correlators to more elementary scalar seeds. The latter implement the
effects of spacetime curvature on correlators, transforming simpler flat-space ob-
jects into their de Sitter counterparts. Another way to construct correlators from
simpler building blocks was given in Chapter 5, where bulk unitarity was used to
derive recursion relations that fix the form of a given n-point rational correlator
in terms of scattering amplitudes and lower-point functions.

These methods were used in this thesis to compute de Sitter and inflationary cor-
relation functions. The weight-shifting operators allowed us to generate a large
number of spinning three- and four-point functions of conserved currents in Chap-
ter 4. They were also used to compute some relevant inflationary bispectra and to
characterize the effects of partially massless field exchange in Chapter 7. In turn,
recursion relations and transmutation operators allowed to bootstrap the graviton
Compton four-point function in Chapters 5 and 6, as well as some EFT of inflation
three- and four-point functions in Chapter 7.

Despite the significant progress, the cosmological bootstrap is a nascent field which
still contains many mysteries and challenges. The developments presented in this
thesis leave open a number of avenues for future work, that we list here:

• Our derivation of the transmutation operators in Chapter 7 was not com-
pletely systematic. We identified specific transmutation operators by com-
paring the wavefunction calculations in flat space and de Sitter space in
selected examples and then showed how these operators can be combined in
more complicated cases. It would be interesting to derive these transmuta-
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tion operators (and their generalizations) more systematically, like we did
for the weight-shifting operators in Chapter 3. One interesting possibility is
that these two kinds of operators are related to each other: the flat-space
seeds that we lifted are often conformal in other dimensions (for example ϕ3

theory is conformal in D = 6), so it could be that some generalization of
the weight-shifting procedure that changes dimensions is connected to the
transmutation operators.1

• In the scattering amplitude context, it is at loop level that the unitarity
methods exhibit all their power [99]. Hence, it would be natural to use the
bootstrap, and in particular the unitarity cutting rules, to study loop corre-
lation functions as well. Unlike for amplitudes, the analytic structure of one-
loop correlators is still not understood. Notice that in the case of correlators
branch cuts are already present at tree-level, so we expect the one-loop struc-
ture to be rather rich. The bootstrap could help to unravel this structure,
and the results would also have some practical utility—phenomenologically,
the study of loops is important since fermions only couple with the inflation
starting at one loop [247–250]. Conceptually, loops are relevant for studying
the consistency of perturbation theory in expanding spacetimes [78–92].

• So far, the cosmological bootstrap has only been applied to correlators of
bosonic fields. It would be interesting to extend it to fermions as well. The
weight-shifting technology, for example, can be used to generate fermionic
correlation functions [153]. As a concrete application, one could derive cor-
relators with massless gravitinos. It is known that, in flat space, the grav-
itational couplings of massless spin-3/2 particles must be supersymmetric,
leading to a bootstrap derivation of supergravity [104, 105]. In de Sitter
space, on the other hand, supersymmetry must be broken [251–253], and it
would be illuminating to understand how this symmetry breaking manifests
itself in the cosmological correlators.

• The bootstrap has proven to be an efficient tool to carve out the space of
consistent QFTs in de Sitter space (cf. Chapter 4). It would be interesting
to extend this effort to more uncharted corners of theory space. Important
targets would be to understand the already mentioned broken supersymme-
try, to study the viability of Vasiliev-like theories [113,254], and to continue
constraining the interactions of partially massless fields [58,242,243].

• The greatest success of the modern scattering amplitudes program has been
the discovery of structures and relations that were hidden in the traditional

1It is interesting to speculate that this is related to recent observations of connections between
correlators in different dimensions in [245,246].
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approach [69, 99]. Since correlators contain scattering amplitudes within
them, it stands to reason that some of these structures will manifest in cor-
relators as well. A famous example is the double copy—originally discovered
as a relation between Yang–Mills and gravity [255–257], it is now known to
relate a large number of theories [258,259]. There has been some recent effort
to find similar connections in the cosmological context [166,194,245,260–268],
but their precise formulation is still unclear. We hope that, just like for am-
plitudes, the discovery of cosmological double copy relations will facilitate
complicated gravity calculations and will expose an illuminating web of re-
lations between different theories.

• Most of the bootstrap tools presented in this thesis are still tied to the Feyn-
man diagram expansion of wavefunction coefficients—the weight-shifting and
transmutation operators, as well as the cutting rules, are implemented di-
agram by diagram. In the case of gauge theories, these individual pieces
are not gauge invariant by themselves; as shown in Chapter 4, only the full
answer is consistent and has proper physical meaning. All of this is also
true for scattering amplitudes, but the modern approach avoids the channel
decomposition by bootstrapping the full answer directly in terms of physical
degrees of freedom alone [69]. A similar simplification has not yet been found
in cosmology. The recursive construction presented in Chapter 5 is a mod-
est step in this direction, because the residue of the total energy singularity
links the various exchange channels together. This suggests that a more ir-
reducible, on-shell representation of cosmological correlators is possible and,
just like it did for amplitudes, its discovery might spark a revolution in our
understanding of these observables.

• In the search for hidden simplicities in the structure of cosmological correla-
tors, it will be essential to find the best possible variables to express them.
A famous example of this are spinor helicity variables, which were funda-
mental in the development of the modern S-matrix program. Their cosmo-
logical analogues—that we review in Appendix A—have been very useful for
studying correlators, but the fact that they don’t diagonalise the full set of
conformal symmetries suggests that there might be better de Sitter-adapted
variables waiting to be discovered. A more radical approach is to identify
a completely new representation of correlators, for example in terms of geo-
metric objects like polytopes [46, 75, 76, 108, 109]. Some future challenges of
the cosmological polytope picture are to go beyond the notion of Feynman
diagrams and to extend its applicability to correlators of fields with general
masses and spins.

• One of the greatest missing pieces of the bootstrap is to understand the con-
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sequences of bulk causality for boundary correlators. Causal time evolution
has very important consequences for the analytic structure of scattering am-
plitudes, for example implying the so-called Steinmann relations [269, 270].
A version of these relations is satisfied by cosmological correlators, but in
that case the connection to causality has not been formally established [271].

• In the case of scattering amplitudes, causality constraints are crucial to de-
rive dispersion relations that connect IR and UV physics, which in turn allow
to obtain nontrivial positivity bounds for EFT coefficients.2 It would be very
interesting to find analogous results for cosmological correlators, which would
provide powerful constraints on inflationary model building. An understand-
ing of the analytic structure of correlators beyond tree level, as mentioned in
the second bullet point, or the recent efforts towards a non-perturbative for-
mulation of unitarity constraints [61,62], could also help finding the desired
cosmological dispersion relations.

• A very important theoretical milestone would be to find the de Sitter correla-
tor corresponding to a UV-complete theory. This would be the cosmological
version of the Veneziano amplitude [273], often regarded as the discovery
that gave birth to string theory. Such a correlator would not have the en-
ergy singularities described in Chapter 2 [47], and its squeezed limit should
display the resonant oscillatory behaviour (7.6) for the whole de Sitter Regge
spectrum [274–279]. Thanks to these insights, a Veneziano correlator might
be found even in the absence of a string theory worldsheet formulation in de
Sitter.

• The cosmological bootstrap has a holographic nature—it tries to understand
how the physics of the inflationary bulk spacetime is encoded in the boundary
correlation functions. The most rigorous examples of holography have been
formulated in anti-de Sitter spacetime [280–283], in which the boundary is a
Lorentzian manifold and the emergent direction is spacelike. The notions of
causality and unitarity on the boundary are then formulated in the same way
as in the bulk. This is very different in the de Sitter case [21, 113, 141, 254,
284–289], where the emergent direction is time. The analysis presented in
Chapter 2 suggest that a putative holographic boundary theory should obey
the symmetries of a Euclidean CFT, but it is not clear what bulk causality
and unitarity would translate to in this theory in the absence of time. The
cosmological bootstrap can surely help to answer these questions, bringing
us closer to the formulation of a dS/CFT correspondence and opening the
path towards a non-perturbative definition of quantum gravity in de Sitter
space.

2There is an enormous body of work on this topic, see [272] for a review.
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The ultimate motivation to study and observe cosmological correlation functions
is to understand the evolution of the early universe. It is therefore crucial to learn
how time evolution is encoded in these observables frozen on the future boundary of
inflation. This question is addressed systematically by the cosmological bootstrap.
The success of this program so far suggests a bright future, in which the paths
listed above hopefully will lead us to many new insights and discoveries.
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A Spinor Helicity Formalism

The complexity of the scattering amplitudes of massless particles decreases dra-
matically in spinor helicity variables. Similar simplifications occur for massless
spinning particles in de Sitter space [34]. In this appendix, we review the basics of
the spinor helicity formalism both for scattering amplitudes and for cosmological
correlators.1

A.1 Scattering Amplitudes
We will begin with a discussion of the spinor helicity formalism for scattering
amplitudes. We will follow closely the excellent treatment in [69].

Spinor helicity variables
Given the momentum four-vector pµ, we can define the following two-by-two ma-
trix

pαα̇ = pµσ
µ
αα̇ =

(
p0 + p3 p1 − ip2
p1 + ip2 p0 − p3

)
, (A.1)

where σµ = (1, σ⃗) is a four-vector of Pauli matrices. For massless on-shell particles,
the determinant of this matrix vanishes

det(p) = pµpµ = 0 . (A.2)

The matrix pαα̇ is therefore rank one and can be decomposed as the outer product
of two commuting spinors

pαα̇ = λαλ̃α̇ , (A.3)

where λα and λ̃α̇ are called holomorphic and anti-holomorphic, respectively. We
typically consider complex momenta, corresponding to complexifying the Lorentz

1For other approaches to spinor helicity variables in cosmology, see [290–293].
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group to two copies of SL(2,C). In this case, the spinors λα and λ̃α̇ are indepen-
dent. For real momenta, pαα̇ is Hermitian and we must have λ̃α̇ = ±(λ∗)α̇, where
the sign corresponds to the sign of the energy of the associated four-momentum.
Parity exchanges λα and λ̃α̇.

Lorentz-invariant building blocks are constructed by contracting the spinor indices
using the Levi-Civita tensors ϵαβ and ϵα̇β̇ .2 Denoting two particles by a and b, we
define the following “angle” and “square” brackets

⟨ab⟩ ≡ λa
αλ

b
β ϵ

αβ , (A.4)

[ab] ≡ λ̃a
α̇λ̃

b
β̇
ϵα̇β̇ . (A.5)

When we need to raise and lower spinor indices, we do so with the convention of
contracting with the first index of the epsilon symbol, for example λα = ϵβαλ

β . For
massless particles in four dimensions, all kinematical information can be expressed
in these angle and square brackets. For example, the Mandelstam invariants are

sab ≡ −(pa + pb)2 = −2pa · pb = ⟨ab⟩[ab] . (A.6)

The spinor brackets satisfy a number of important identities. First, by definition,
they obey ⟨ab⟩ = −⟨ba⟩ and [ab] = −[ba], which implies ⟨aa⟩ = [aa] = 0. Second,
any spinor can be written as a linear combination of two linearly independent
spinors:3

⟨ab⟩λc + ⟨ca⟩λb + ⟨bc⟩λa = 0 , (A.7)

which is called the Schouten identity. Finally, momentum conservation implies
n∑

a=1
pµ

a = 0 ⇔
n∑

a=1
λα

a λ̃
α̇
a = 0 ⇔

n∑
a=1

⟨ca⟩[ad] = 0 , (A.8)

for arbitrary λc and λ̃d.

Little group scaling
The subset of Lorentz transformations that leave the momentum of a particle
invariant is the little group. Under the little group, the spinor helicity variables
transform as

λa → raλa ,

λ̃a → r−1
a λ̃a .

(A.9)

2We adopt the convention that ϵ12 = −ϵ21 = ϵ21 = −ϵ12 = 1.
3This follows simply from the fact that each of the spinors defines a two-dimensional vector,

and it is not possible for three 2-vectors to be linearly independent.
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For real momenta, this transformation is constrained to be a pure phase. Parti-
cles with spin correspond to nontrivial representations of the little group which
carry helicity quantum numbers. In spinor helicity variables, we write polarization
vectors as

ξ+
αα̇ = ηαλ̃α̇

⟨ηλ⟩
and ξ−

αα̇ = λαη̃α̇

[λη] , (A.10)

where the subscripts ± label the helicity. The reference spinors η and η̃ must be
linearly independent of λ and λ̃, but are otherwise arbitrary. Any change of the
reference spinors corresponds to a gauge transformation. Under the little group,
the polarization vectors transform as

ξ+
αα̇ → r−2ξ+

αα̇ and ξ−
αα̇ → r2ξ−

αα̇ . (A.11)

Contracting the output of Feynman diagrams with polarization vectors gives am-
plitudes with the correct helicity weights.

Amplitudes are Lorentz-invariant, but little group covariant. This means that
they must be built out of the scalar quantities ⟨ab⟩ and [ab], and have the correct
scaling weight under the rescaling (A.9):

A(1h1 · · ·nhn) →

(∏
a

r−2ha
a

)
A(1h1 · · ·nhn) , (A.12)

where ha denotes the helicity quantum number of the ath particle. Notice that
for real momenta the rescaling is a pure phase and doesn’t affect observables
(which only depend on squares of amplitudes). Despite not being observable, little
group covariance is an important constraint dictating the structure of scattering
amplitudes for massless particles. In the following, we provide a few examples of
the power of the spinor helicity formalism.

Three-particle amplitudes
Using momentum conservation, p1 + p2 + p3 = 0, it is easy to show that all the
Lorentz invariant kinematic variables are zero and the three-particle amplitudes
vanish on-shell for real momenta. Nonzero amplitudes therefore require complex
momenta in only two possible kinematic configurations: i) all square brackets
vanish, or ii) all angle brackets vanish. Little group covariance then dictates that
the most general three-particle amplitude of massless particles in four dimensions
is

A(1h12h23h3) = ⟨12⟩h3−h1−h2⟨23⟩h1−h2−h3⟨31⟩h2−h3−h1 , h ≤ 0 , (A.13)

where h ≡
∑

a ha. Flipping the signs of all helicities gives the same result with
angle and square brackets interchanged. Notice that this formula was derived
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purely from kinematic considerations, so it holds non-perturbatively. Important
special cases are:

• Scalars The three-particle amplitude of scalars (with ha = 0) is simply a
constant

A(1A 2B 3C) = ωABC , (A.14)

where we have allowed for the possibility of multiple distinct scalars, as
indicated by the subscripts. This result corresponds to a cubic potential
term in the Lagrangian, while all derivative interactions vanish on-shell for
massless particles.

• Vectors The three-particle amplitude of identical vectors (with ha = ±1)
vanishes by Bose symmetry. Allowing for multiple vector species, we get

A(1−
A2−

B3+
C) = fABC

⟨12⟩3

⟨13⟩⟨32⟩
, A(1−

A2−
B3−

C) = fABC ⟨12⟩⟨23⟩⟨31⟩ , (A.15)

where fABC must be antisymmetric in its indices.

• Tensors The three-particle amplitude of identical gravitons (with ha = ±2)
is

A(1−2−3+) = ⟨12⟩6

⟨13⟩2⟨32⟩2 , A(1−2−3−) = ⟨12⟩2⟨23⟩2⟨31⟩2 . (A.16)

Note that after stripping the color factor, the graviton amplitudes (A.16)
are the squares of the corresponding Yang–Mills amplitudes (A.15). This is
a manifestation of the double-copy relation [255–257].

Four-particle amplitudes
While three-particle amplitudes are completely fixed by kinematics, four-particle
amplitudes must satisfy additional constraints. One important extra requirement
is locality, which is encoded in the singularity structure of the amplitude. For ex-
ample, in the s-channel, amplitudes can have at most simple poles, 1/S. Moreover,
on the pole, the four-particle amplitude must factorize into a product of on-shell
three-particle amplitudes. At tree-level, this means

lim
S→0

SA4 = A3 ×A3 . (A.17)

Consistent factorization is a remarkably efficient way to bootstrap four-particle
amplitudes from three-particles amplitudes alone. In the following, we illustrate
this in a number of important examples:
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• Scalars For ϕ3 theory, the four-particle amplitude is

A4 = S−1 + T−1 + U−1 . (A.18)

For derivative interactions, the four-particle amplitudes are all regular (cor-
responding to contact interactions), consistent with the fact that associated
three-particle amplitudes are zero.

• Vectors The most general four-particle amplitude of massless vectors con-
sistent with little group covariance, permutation symmetry and dimensional
analysis is

A(1−
A2−

B3+
C4+

D) = ⟨12⟩2[34]2
( c1

ST
+ c2

TU
+ c3

US

)
. (A.19)

The correct factorization in all channels implies

c1 − c3 =
∑

E

fABEfCDE , (A.20)

c2 − c1 =
∑

E

fBCEfADE , (A.21)

c3 − c2 =
∑

E

fCAEfBDE . (A.22)

The sum of these relations is∑
E

fABEfCDE + fBCEfADE + fCAEfBDE = 0 , (A.23)

which we recognize as the Jacobi identity.

• Tensors The most general four-particle amplitude of massless tensors con-
sistent with little group covariance, permutation symmetry and dimensional
analysis is

A(1−2−3+4+) = ⟨12⟩4[34]4 1
STU

. (A.24)

It is straightforward to check that this answer factorizes correctly on all
poles, although this was not used in its derivation.

A.2 Correlation Functions
In slightly modified form the spinor helicity formalism also applies in de Sitter
space, where it leads to similarly dramatic simplifications for the correlators of
massless fields. In this case, the relevant variables are spinors of the complexified
three-dimensional group of rotations, SL(2,C). In order to match back to bulk
physics, it is useful to understand the sense in which boundary spinor helicity
variables are induced from the scattering-amplitude construction. This review
will follow closely the treatment in [34,166].
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Spinor helicity variables
The primary difference between flat space and cosmology is that there is a preferred
foliation in cosmology. Moreover, energy is no longer conserved. To apply the
spinor helicity formalism, we embed the three-momentum vector k⃗ into a null
four-momentum vector

kµ = (k, k⃗ ) , (A.25)

where k ≡ |⃗k|. Using this four-momentum, we can define spinors as we did for
scattering amplitudes:

kαα̇ = kµσ
µ
αα̇ = λαλ̃α̇ . (A.26)

Like in flat space, contractions with the Levi–Civita tensors give Lorentz-invariant
spinor brackets, ⟨λλ⟩ and [λ̃λ̃]. Unlike in flat space, there is only one physically
meaningful SL(2,C), so it is possible to define a contraction between λ and λ̃.
To see this, we introduce a time-like vector normal to the foliation of the space-
time [294], τµ = (1, 0⃗ ), which in spinor variables reads ταα̇ = τµσ

µ
αα̇ = −1αα̇. This

tensor provides an identification between the two SL(2,C) groups, allowing us to
convert dotted indices into un-dotted indices, and vice versa.

In order to convert indices, it is useful to introduce the tensor

τ α̇
α = −ϵα̇β̇1β̇α. (A.27)

In order to avoid confusion related to the fact that ϵαβ = −ϵαρϵβσϵρσ, it is con-
venient to use the tensor (A.27) to convert dotted to undotted indices, and then
never again consider dotted indices. Using this tensor, we define a new set of
barred spinors related to the tilde spinors:

λα ≡ λ̃α̇τ
α̇
α . (A.28)

Using this convention, we see that to a three-momentum, we associate the spinors

λαλβ = ki(σ̂i)αβ + kϵαβ , (A.29)

where σ̂i
αβ ≡ σi

αα̇τ
α̇
β = (σz,−i1,−σx)αβ . Alternatively, using λβ = ϵαβλ

α we
have

λαλ
β = ki(σi) β

α + k 1 β
α . (A.30)

Given a set of spinors, we can recover the original momentum vector via the inverse
relation

ki = 1
2(σi) α

β λαλ
β
. (A.31)
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Since there is now only one set of indices for all spinors, in addition to the usual
brackets

⟨ab⟩ ≡ ϵαβλa
αλ

b
β , (A.32)

⟨ab⟩ ≡ ϵαβλ
a

αλ
b

β , (A.33)

there exists a pairing between barred and un-barred spinors

⟨ab⟩ ≡ ϵαβλa
αλ

b

β . (A.34)

If we consider this bracket between the two spinors associated to a given momen-
tum, we isolate the energy component

⟨λλ⟩ = −2k . (A.35)

The fact that is is possible to isolate the energy component is a reflection of the
fact that the setup is no longer Lorentz invariant. We now turn to deriving some
identities which are useful in simplifying spinor expressions.

Momentum conservation
In the cosmological background, we no longer have energy conservation, but mo-
mentum is still conserved. This implies that the sum of spinors is proportional to
the total energy

n∑
a=1

λa
αλ

a

β = E ϵαβ , (A.36)

where E ≡
∑

a ka. Contracting this expression with other spinors, we obtain the
following identities:

n = 3 :

⟨ba⟩⟨ac⟩ = E⟨bc⟩ ,
⟨ba⟩⟨ac⟩ = (E − 2kc)⟨bc⟩ ,
⟨ba⟩⟨ac⟩ = (E − 2kb)⟨bc⟩ ,
⟨ba⟩⟨ac⟩ = (E − 2kb − 2kc)⟨bc⟩ ,

⟨ba⟩⟨ab⟩ + ⟨bc⟩⟨cb⟩ = 0 ,
⟨ab⟩⟨ab⟩ = E(E − 2kc) ,
⟨ba⟩⟨ab⟩ = (E − 2ka)(E − 2kb) = k2

c − (ka − kb)2 ,

(A.37)

where a ̸= b ̸= c and E = k1 + k2 + k3.
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n = 4 :

⟨ba⟩⟨ac⟩ + ⟨bd⟩⟨dc⟩ = E⟨bc⟩ ,
⟨ba⟩⟨ac⟩ + ⟨bd⟩⟨dc⟩ = (E − 2kc)⟨bc⟩ ,
⟨ba⟩⟨ac⟩ + ⟨bd⟩⟨dc⟩ = (E − 2kb)⟨bc⟩ ,
⟨ba⟩⟨ac⟩ + ⟨bd⟩⟨dc⟩ = (E − 2kb − 2kc)⟨bc⟩ ,

⟨ba⟩⟨ab⟩ + ⟨bc⟩⟨cb⟩ + ⟨bd⟩⟨db⟩ = 0 ,
⟨ba⟩⟨ab⟩ − ⟨cd⟩⟨dc⟩ = E(2kc + 2kd − E) ,
⟨ba⟩⟨ab⟩ − ⟨cd⟩⟨dc⟩ = (kc − kb)2 − (ka − kb)2 ,

(A.38)

where a ̸= b ̸= c ̸= d and E = k1 + k2 + k3 + k4.

Polarization vectors
When defining polarization vectors in the cosmological context, it is convenient to
chose a gauge where the zero component vanishes. This amounts to choosing λ

for the reference spinor η in (A.10). Converting everything to undotted indices,
the polarization vectors become

ξ+
αβ = λαλβ

2k and ξ−
αβ = λαλβ

2k . (A.39)

Dot products between momenta and polarization vectors are

2ka · kb = −⟨ab⟩⟨ab⟩ , 2ξ+
a · ξ−

b = − ⟨ab⟩2

4kakb
,

2ξ+
a · ξ+

b = − ⟨ab⟩2

4kakb
, 2ξ−

a · ξ−
b = − ⟨ab⟩2

4kakb
,

2ka · ξ+
b = ⟨ab⟩⟨ba⟩

2kb
, 2ka · ξ−

b = ⟨ab⟩⟨ba⟩
2kb

.

(A.40)

In deriving these expressions, we used the identity

vµuµ = −1
2ϵ

α1α2ϵβ1β2vα1β1uα2β2 . (A.41)
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B Polarization Structures

All along this thesis we study processes in which a spinning field is exchanged.
In order to efficiently express the contributions coming from the different polar-
izations of the exchanged fields we require some formalism. In particular, we
need explicit expressions for the polarization tensors of spinning operators. These
are the numerators that appear in the conformal two-point functions of spinning
operators (3.61):

⟨Oi1···iℓOj1···jℓ
⟩ =

(Πℓ)i1···iℓ
j1···jℓ

k3−2∆ . (B.1)

We will provide results for general spin ℓ, but since we mostly consider the exchange
of spin-1 and spin-2 operators, we will focus our attention on these cases.

B.1 Polarization Tensors
On a given spatial slice—either in the bulk spacetime or on the boundary—it
is convenient to decompose a spatial tensor into its irreducible components with
respect to the (spatial) rotation group. This can be achieved by introducing a
basis of projectors for symmetric, traceless, ℓ-index tensors.

• Spin 1: For a spin-1 field, we split the polarization tensor into

(Π1)i
j = (Π1,1)i

j + (1 − ∆)
(∆ − 2)(Π1,0)i

j . (B.2)

The basis of projectors is given by

(Π1,1)i
j = πi

j , (B.3)
(Π1,0)i

j = k̂ik̂j , (B.4)

where πi
j is the transverse projector

πi
j ≡ δi

j − k̂ik̂j . (B.5)
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The tensors πij and k̂ik̂j are orthonormal and form a complete basis of
projectors for a vector. Further note that kiπij = 0. For ∆ = 2, the
coefficient of the longitudinal term diverges, which is a reflection of the fact
that the corresponding operator is conserved at this point. The bulk dual of
this operator is a massless vector field.

• Spin 2: For a spin-2 field, we write the relevant polarization tensor as

(Π2)i1i2
j1j2

= (Π2,2)i1i2
j1j2

+ ∆
3 − ∆(Π2,1)i1i2

j1j2
+ ∆(∆ − 1)

(3 − ∆)(2 − ∆)(Π2,0)i1i2
j1j2

, (B.6)

with the following basis of projectors

(Π2,2)i1i2
j1j2

= π
(i1
(j1
π

i2)
j2) − 1

2π
i1i2πj1j2 , (B.7)

(Π2,1)i1i2
j1j2

= 2k̂(i1 k̂(j1π
i2)
j2) , (B.8)

(Π2,0)i1i2
j1j2

= 3
2

(
k̂i1 k̂i2 − 1

3δ
i1i2

)(
k̂j1 k̂j2 − 1

3δj1j2

)
. (B.9)

These projectors are orthonormal, complete and transverse in the sense:

orthonormality : (Π2,m)i1i2
j1j2

(Π2,m′)j1j2
l1l2

= δmm′(Π2,m)i1i2
l1l2

, (B.10)

completeness : (Π2,2)i1i2
j1j2

+ (Π2,1)i1i2
j1j2

+ (Π2,0)i1i2
j1j2

= δ
(i1
(j1
δ

i2)T

j2)T
, (B.11)

transversality : kj1(Π2,2)i1i2
j1j2

= kj1kj2(Π2,1)i1i2
j1j2

= 0 , (B.12)

where (· · · )T denotes the traceless symmetric part of the enclosed indices.
These tensors therefore provide a complete basis for traceless, symmetric
tensors. From (B.6), we see that there are two distinguished values of ∆ for
spin-2 operators. When ∆ = 3, the coefficients of the helicity-1 and helicity-
0 components diverge. This signals that these states are becoming null and
decouple from the theory. This corresponds to the operator being conserved
if we take a single divergence. The bulk field dual to such a singly conserved
spin-2 operator is the graviton. The second interesting value is ∆ = 2. At
this point, the spin-2 operator is conserved if we take two divergences, and
correspondingly we see that the coefficient of the helicity-0 mode diverges,
indicating it decouples. A spin-2 operator with this weight is dual to a
partially massless spin-2 field.

• Spin ℓ: For general spin, the polarization tensors can be constructed by
methods of harmonic analysis [117], but we can get an intuitive understand-
ing of the answer as follows: After normalizing the highest-helicity projec-
tor to 1, for each lower-helicity state there will be a pole at each of the
partially-massless weights that projects out that mode. The numerator for
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B.2. Polarization Sums

each helicity mode is given by the same polynomial with ∆ → 3 − ∆. The
unitary/non-unitary states between the partially-massless points fixes the
relative signs between adjacent helicity components. The final answer is

(Πℓ)i1···iℓ
j1···jℓ

=
ℓ∑

m=0

(∆ − 1 +m)ℓ−m

(2 − ∆ +m)ℓ−m
(Πℓ,m)i1···iℓ

j1···jℓ
, (B.13)

with (·)n the Pochhammer symbol. The polarization tensor contracted with
null vectors z⃗1 and z⃗2 takes the form [117]

Πℓ,m(z⃗1, z⃗2) ≡ zi1
1 · · · ziℓ

1 (Πℓ,m)i1···iℓ
j1···jℓ

zj1
2 · · · zjℓ

2 (B.14)

= 2m (−1)m ℓ!
(ℓ−m)!

(
m+ 1

2
)

ℓ−m

(m)ℓ+1

[
2(k̂ · z⃗1)(k̂ · z⃗2)

]ℓ
P

(− 1
2 ,− 1

2 )
m (ω) ,

where the argument of the Jacobi polynomial P (a,b)
m is

ω ≡ 1 − z⃗1 · z⃗2

(k̂ · z⃗1)(k̂ · z⃗2)
. (B.15)

The explicit polarization tensors can be obtained by stripping off the aux-
iliary null vectors with the help of the operator (2.75). These polarization
tensors satisfy

orthonormality : (Πℓ,m)i1···iℓ
j1···jℓ

(Πℓ,m′)j1···jℓ

l1···lℓ
= δmm′(Πℓ,m)i1···iℓ

l1···lℓ
, (B.16)

completeness : 1 =
ℓ∑

m=0
Πℓ,m , (B.17)

transversality : 0 = k̂jm · · · k̂jℓ(Πℓ,m)i1···iℓ
j1···jℓ

. (B.18)

These projectors appear both in the expansion of the two-point function of spin-
ning fields and in their bulk-to-bulk propagators. For our purposes, the latter
appearance is the most relevant.

B.2 Polarization Sums
In most cases, the polarization tensors introduced in the previous section will be
contracted with vertex factors which will combine into scalar polarization sums
that capture the exchanges of the various helicity components of spinning fields.
These polarization sums are therefore useful building blocks, and in the de Sitter
context have convenient conformal transformation properties [47]. In this section,
we collect formulas involving these polarization sums that are relevant for the
calculations in the next chapters.
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For simplicity, we present the polarization sums as they would appear for the s-
channel exchange of a spinning particle, but the momentum arguments can be
permuted to obtain the analogous expressions in different exchange channels. In
the s-channel, the relevant combinations of external momenta in vertex factors
are typically α⃗ ≡ k⃗1 − k⃗2 and β⃗ ≡ k⃗3 − k⃗4, and the internal momentum that the
polarization tensors depend on is s⃗ ≡ k⃗1 + k⃗2.

• Spin 1: In the spin-1 case, there are two polarization sums, defined as

Π1,1 ≡ 1
s2α

i(Π1,1)ijβ
j = k12k34αβ − s2(t2 − u2)

s4 , (B.19)

Π1,0 ≡ − 1
k12k34

αi(Π1,0)ijβ
j = αβ

s2 . (B.20)

Recall that α ≡ k1 − k2 and β ≡ k3 − k4, which are not the magnitudes of α⃗
and β⃗.

• Spin 2: The relevant spin-2 polarization sums are

Π2,2 ≡ 3
2s4 αiαj(Π2,2)ij

lmβ
lβm , (B.21)

Π2,1 ≡ − s2

k12k34

3
2s4αiαj(Π2,1)ij

lmβ
lβm = 3αβ

s2
αiπijβ

j

s2 , (B.22)

Π2,0 ≡ 1
4

(
1 − 3α

2

s2

)(
1 − 3β

2

s2

)
. (B.23)

Note that the helicity-1 and 2 polarization sums are defined in a natural
way via contraction with α⃗ and β⃗, while the helicity-0 polarization sum Π2,0
does not have such an obvious definition. Instead it is defined in such a way
that it depends only on α and β, and has good conformal transformation
properties.

• Spin ℓ: For general spin ℓ, the polarization sums can be expressed in closed
form as

Πℓ,m = (2 − δm0)(−L̂)m cos(mχ)P̃m
ℓ (α/s)P̃m

ℓ (β/s) , (B.24)

where P̃m
ℓ was defined in (6.91) and cosχ ≡ Π1,1/L̂ is the angle between k⃗1

and k⃗3 projected onto the plane perpendicular to s⃗, with

L̂2 ≡ 1
s4α

i(Π1,1)ijα
jβk(Π1,1)klβ

l

= (k2
12 − s2)(k2

34 − s2)(α2 − s2)(β2 − s2)
s8 .

(B.25)

The polarization sums defined in this way capture the angular dependence of
a correlator that arises from the spin exchange. An additional nice property

200



B.2. Polarization Sums

of the polarization sums is that s−1Πℓ,0 solves the conformal Ward identities
with ∆ = 2.

For a given spin ℓ, the helicity components 0 ≤ m ≤ ℓ must combine in a way
consistent with the amplitude limit and the cutting equation (as well as confor-
mal symmetry for de Sitter correlators). As we explain below, there is a natural
modification of the polarization sums that achieves this.

Amplitude limit
The E → 0 singularities of correlators play an important role in our discussion. In
this limit, the coefficients of singular correlation functions are the corresponding
flat-space scattering amplitudes. We therefore expect the internal polarization
structures to simplify in this limit. Each individual polarization sum does not
produce a Lorentz-invariant structure in the E → 0 limit, but certain specific
combinations do. These combinations therefore appear in the natural extensions
of flat-space scattering amplitudes away from the E = 0 locus.

The following combinations,

P1 ≡ s2Π1,1 − ELERΠ1,0 , (B.26)
P2 ≡ s4Π2,2 − ELER s

2Π2,1 + ELER(ELER − sE) Π2,0 , (B.27)

have the particularly useful limits

P1
E→0−−−−→ −S P1

(
1 + 2U

S

)
, (B.28)

P2
E→0−−−−→ S2 P2

(
1 + 2U

S

)
, (B.29)

where Pℓ is a Legendre polynomial and recall that EL ≡ k12 +s and ER ≡ k34 +s,
while S and U are the ordinary flat-space Mandelstam variables. These particular
combinations of polarization sums therefore turn into Legendre polynomials of the
Mandelstam invariants in the E → 0 limit, which are Lorentz invariant and repro-
duce the expected angular structure of a spin-ℓ exchange scattering amplitude.

Rescaled polarization sums
Notice that in (B.27) we have included a term with sE multiplying Π2,0, which
obviously does not contribute to the E → 0 limit. The motivation for including
this additional piece is that when the polarization sum multiplies a form factor that
changes sign under the flip of external energies (for example 1/E in flat space),
it causes the Π2,0 structure to drop out of the unitarity cuts of Chapter 5, as it
must. With this in mind, it is convenient to introduce some modified polarization
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sums

Π̃ℓ,ℓ ≡ s2ℓΠℓ,ℓ , (B.30)

Π̃ℓ,m ≡ s2m(sE)ℓ−m−1P̃m
ℓ−1

(
ELER

sE
− 1
)

Πℓ,m (m ̸= ℓ) , (B.31)

which have mass dimensions 2ℓ and 2(ℓ− 1) for m = ℓ and m ̸= ℓ, respectively. A
nice feature of this basis is that it gives a well-defined flat-space limit and, being
functions of ELER − sE = k12k34 + s2, the longitudinal components manifestly
vanish when taking the cut of a correlator if they are multiplied by form factors
with odd powers of 1/E. For reference, we list some lower-spin structures that are
frequently used in the main text:

Π̃1,1 = s2Π1,1 , Π̃1,0 = Π1,0 , (B.32)

Π̃2,2 = s4Π2,2 , Π̃2,1 = s2Π2,1 , Π̃2,0 = (ELER − sE)Π2,0 . (B.33)

Not only will this simplify the appearance of many expressions, but all of these
sums now have the property that they drop out of the cut of an exchange correlator
if they multiply a form factor that changes sign when we flip the external energies,
which happens for lower-helicity components.
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C Ward–Takahashi Identities

In this appendix, we describe the derivation of the Ward–Takahashi identities used
in Sections 4.2 and 4.3. Additional discussions can be found in [34,41,159,171,295].
Our starting point is the late-time wavefunctional Ψ[γij , A

B
i , σ

a]. This plays the
role of a generating functional for a three-dimensional quantum field theory, where
the sources are the late-time profiles and the correlators are the wavefunction
coefficients. Specifically, the relation between the wavefunction and the correlators
of interest is given by the following one-point functions in the presence of sources

⟨Ob(x⃗)⟩ = 1√
γ(x⃗)

δΨ
δσb(x⃗) , (C.1)

⟨JB
i (x⃗)⟩ = 1√

γ(x⃗)
δΨ

δAB
i (x⃗)

, (C.2)

⟨T ij(x⃗)⟩ = 2√
γ(x⃗)

δΨ
δγij(x⃗) . (C.3)

Invariance under gauge transformations and diffeomorphisms in the bulk translate
into identities satisfied by these wavefunction coefficients. These identities are
precisely the Ward–Takahashi identities of interest.

In this appendix, we will derive the WT identities by using our knowledge of bulk
gauge transformations. However, it is an important conceptual point that these
WT identities also have a purely boundary interpretation, where they are part of
the definition of conserved current operators. The WT identities could then also
be derived from a more axiomatic point of view, using the fact that currents are
conserved only up to contact terms (see e.g. [112]). A useful aspect of this more
boundary-centric point of view is the notion that the action of the stress tensor on
other operators Oa can have an associated “charge,” which we call κa. Eventually,
all of these couplings are of course required to be the same due to the equivalence
principle, but we allow these normalizations to float in the main text in order to
see this constraint come out explicitly.

203



C. Ward–Takahashi Identities

C.1 Spin-1 Identities
We first consider the WT identities satisfied by correlation functions involving
spin-1 currents. Under a gauge transformation the late-time field profiles change
as follows

δAB
i = ∂iΛB − ifBCDAC

i ΛD , (C.4)
δσa = ΛA (TA)ab σ

b . (C.5)

Demanding that the wavefunction is invariant under (small) gauge transforma-
tions1 of these sources implies the identity

δΛΨ =
∫

d3x

[(
∂iΛB − ifBCDAC

i ΛD
) δ

δAB
i

+ ΛA (TA)ab σ
b δ

δσa

]
Ψ = 0 . (C.6)

Using the relations (C.1) and (C.2), we can write this as

∂i⟨JA
i (x⃗)⟩ − ifABCAB

i (x⃗)⟨JC
i (x⃗)⟩ + (TA)ab σ

b(x⃗)⟨Oa(x⃗)⟩ = 0 . (C.7)

The WT identities involving currents can be obtained from this formula by re-
peated differentiation with respect to σ and Ai, after which we set the sources
to zero. The presence of sources in some of the terms is the reason that these
identities relate correlation functions with different numbers of fields.

As an example, consider the identity for correlators involving a single current and
arbitrarily many scalar operators ⟨J1O2 · · ·On⟩. The corresponding WT identity
can be obtained from (C.7) by differentiating n times with respect to the σa source:

∂i⟨JA
i (x⃗1)Ob2(x⃗2) · · ·Obn(x⃗n)⟩ =

−
n∑

a=2
δ(x⃗1 − x⃗a)(TA)bac⟨Ob2(x⃗2) · · ·Oc(x⃗a) · · ·Obn(x⃗n)⟩ .

(C.8)

Transforming to Fourier space, the delta function on the right-hand side shifts the
momentum argument of the a-th operator, so that

k⃗1 · ⟨J⃗A
k⃗1
Ob2

k⃗2
· · ·Obn

k⃗n
⟩ = −

n∑
a=2

i(TA)bac⟨Ob2
k⃗2

· · ·Oc
k⃗a+k⃗1

· · ·Obn

k⃗n
⟩ . (C.9)

Other identities involving currents can be obtained in a similar way by taking
functional derivatives of (C.7).

1In contrast, the wavefunction is typically not invariant under large gauge transformations.
See, e.g., [296].
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C.2 Spin-2 Identities

Next, we consider the WT identities associated to spin-2 currents. In this case,
there are two different types of WT identities, associated to either current conser-
vation or the vanishing of the trace of the current. We will consider each of these
in turn.

C.2.1 Current Conservation

The action of bulk diffeomorphisms implies that the sources transform as

δγij = −2∇(iξj) , (C.10)
δAB

i = −ξj∇jA
B
i − ∇iξ

jAB
j , (C.11)

δσa = −ξi∇iσ
a , (C.12)

where ∇ is the covariant derivative associated to γij . Varying the wavefunction,
we obtain the identity

0 = δξΨ (C.13)

=
∫

d3x

[
−2∇(iξj)

δ

δγij
−
(
ξj∇jAB

i + ∇iξjA
jB
) δ

δAB
i

− ξi∇iσa δ

δσa

]
Ψ .

Using the relations (C.1)–(C.3), this can be written as

∇i⟨T ij(x⃗)⟩ = ∇jAi B⟨JB
i (x⃗)⟩ − ∇i

(
AjB⟨JB

i (x⃗)⟩
)

+ ∇jσa(x⃗)⟨Oa(x⃗)⟩ . (C.14)

We can then obtain any desired WT identity by functionally differentiating this
expression. In the main text, we do not consider correlators with both spin-1 and
spin-2 conserved currents, so in the following we will set Ai = 0.

There is an important subtlety in deriving the WT identities for correlators with
spin-2 currents that was absent in the spin-1 case. The covariant derivatives
in (C.14) involve the metric, so they will contribute when we take functional
derivatives. To make these additional contributions manifest, it is helpful to
rewrite (C.14) as

∂i⟨T ij(x⃗)⟩ = −Γi
ik(x⃗)⟨T kj(x⃗)⟩ − Γj

ik(x⃗)⟨T ik(x⃗)⟩ + γij(x⃗)∂iσ
a(x⃗)⟨Oa(x⃗)⟩ . (C.15)
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To take the functional derivatives, we will use [295]

δγij(x⃗)
δγkl(y⃗ ) = 1kl

ij δ(x⃗− y⃗ ) , (C.16)

δγij(x⃗)
δγkl(y⃗ ) = −γimγjn1kl

mn δ(x⃗− y⃗ ) , (C.17)

δΓk
mn(x⃗)

δγij(y⃗ ) = δγlk(x⃗)
δγij(y⃗ ) Γl,mn(x⃗) + γlk(x⃗)δΓl,mn(x⃗)

δγij(y⃗ ) , (C.18)

δΓl,mn(x⃗)
δγij(y⃗ ) = 1

2

(
1

ij
ln

∂

∂xm
δ(x⃗− y⃗ ) (C.19)

+1ij
lm

∂

∂xn
δ(x⃗− y⃗ ) − 1ij

mn

∂

∂xl
δ(x⃗− y⃗ )

)
,

where we have defined 1
ij
kl ≡ 1

2
(
δi

kδ
j
l + δi

lδ
j
k

)
and Γi,jk ≡ γilΓl

jk.

There are two further subtleties involved in the derivation of stress tensor WT
identities, both related to the definition of the stress tensor. First, we are defining
stress tensor insertions as functional derivatives of Ψ with factors of √

γ:

⟨T i1j1(x⃗1) · · ·T injn(x⃗n)⟩ ≡ 2√
γ(x⃗1)

δ

δγi1j1(x⃗1) · · · 2√
γ(x⃗n)

δ

δγinjn
(x⃗n)Ψ , (C.20)

where the functional derivatives act on everything to their right. There are then
contributions where the functional derivatives act on the measure factors. Some
authors define stress tensor insertions without the √

γ factors, which will cause
the resulting WT identity to differ by contact terms (terms with delta functions).
Additionally, there is a freedom to perform field redefinitions of the sources, and to
define the stress tensor as a functional derivative of some function of γij . Consider
γij = c−1(ecγ̂)ij and define an alternative stress tensor as the functional derivative
with respect to γ̂ij . The constant c parametrizes this ambiguity. The relation
between the two stress tensors is

T̂ ij = δγkl

δγ̂ij
T kl = T ij + c

2γ
ikT j

k + c

2γ
jkT i

k + · · · , (C.21)

where we have only kept the leading-order terms in γ. When we differentiate
with respect to γ, we therefore see that this source ambiguity can contribute. In
fact, this ambiguity is degenerate with the previously discussed one, and we will
describe how to account for them both.

For correlation functions involving a single stress tensor, none of these subtleties
matter, and the relevant identities can be obtained by differentiating (C.14) with
respect to the sources. After Fourier transforming, this leads to the identities used
in the main text, for example (4.109).
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Two stress tensors We next consider identities with two stress tensor inser-
tions. To obtain these, we differentiate (C.15) with respect to γij and then set
γij = δij to obtain

0 = ∂i1⟨T i1j1(x⃗1)T i2j2(x⃗2)⟩

+ 2 δlk δΓl,ki1(x⃗1)
δγi2j2(x⃗2) ⟨T i1j1(x⃗1)⟩ + 2δj1k δΓk,i1l(x⃗1)

δγi2j2(x⃗2) ⟨T i1l(x⃗1)⟩

+ 2 × 1i1j1,i2j2 δ(x⃗1 − x⃗2 )∂i1σ
a(x⃗1)⟨Oa(x⃗1)⟩

− ∂j1σa(x⃗1)⟨Oa(x⃗1)T i2j2(x⃗2)⟩ .

(C.22)

We can simplify this expression using the above identities (after contracting with
auxiliary polarization vectors)

0 = ∂i1⟨T i1(x⃗1)T (x⃗2)⟩ (C.23)

− ξl
1∂

x1
l δ(x⃗1 − x⃗2)⟨ξ2 i1ξ2 j1T

i1j1(x⃗1)⟩ + 2 (ξ⃗1 · ξ⃗2) ∂x1
i1
δ(x⃗1 − x⃗2)⟨ξ2 j1T

i1j1(x⃗1)⟩

+ 2 δ(x⃗1 − x⃗2)(ξ⃗1 · ξ⃗2) ξl
2∂lσ

a(x⃗1)⟨Oa(x⃗1)⟩ − ξ1 l∂
lσa(x⃗1)⟨Oa(x⃗1)T (x⃗2)⟩ ,

where we have left the contraction with external polarizations implicit when the
contractions are associated to the insertion point; e.g. T (x⃗2) ≡ ξi

2ξ
j
2Tij(x⃗2). We

can now differentiate this expression with respect to σ to derive identities with
two stress tensor insertions and arbitrarily many scalar operators. Note that the
vanishing of one-point functions and of the two-point function ⟨OT ⟩ implies that
the right-hand side of ⟨TTO⟩ is trivial, as we found in the main text.

The next simplest example is ⟨TTOO⟩, for which we can derive the WT identity
by taking two functional derivatives of (C.23):

0 = ∂i1⟨T i1(x⃗1)T (x⃗2)Ob(x⃗3)Oc(x⃗4)⟩
− ξl

1∂
x1
l δ(x⃗1 − x⃗2)⟨ξ2 i1ξ2 j1T

i1j1(x⃗1)Ob(x⃗3)Oc(x⃗4)⟩

+ 2 (ξ⃗1 · ξ⃗2) ∂x1
i1
δ(x⃗1 − x⃗2)⟨ξ2 j1T

i1j1(x⃗1)Ob(x⃗3)Oc(x⃗4)⟩

+ 2 (ξ⃗1 · ξ⃗2) δ(x⃗1 − x⃗2) ξl
2
[
∂x1

l δ(x⃗1 − x⃗3)⟨Ob(x⃗1)Oc(x⃗4)⟩
+∂x1

l δ(x⃗1 − x⃗4)⟨Oc(x⃗1)Ob(x⃗3)⟩
]

− ξ1 l∂
l
x1
δ(x⃗1 − x⃗3)⟨Ob(x⃗1)T (x⃗2)Oc(x⃗4)⟩

− ξ1 l∂
l
x1
δ(x⃗1 − x⃗4)⟨Oc(x⃗1)T (x⃗2)Ob(x⃗3)⟩ . (C.24)

We now have to account for the subtleties related to the definition of the stress
tensor. Notice that when evaluated for γij = δij , (C.21) reduces to an unimportant
rescaling of T ij . For there to be a nontrivial contribution, we must differentiate the
γij factors before setting them to the background, which leads to a contribution
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of the form

δT̂ ij(x⃗)
δγkl(y⃗ )

∣∣∣∣
γij=δij

= − c

2δ(x⃗− y⃗ )
[
1kl,imT j

m + 1kl,jmT i
m

]
. (C.25)

The only term affected by this consideration is the first term in (C.15), which adds
a term in the final identity (C.24) of the form

− c

2∂
x1
i δ(x⃗1 − x⃗2)

[
ξi

2⟨ξk
1 ξ

l
2Tkl(x⃗2)Ob(x⃗3)Oc(x⃗4)⟩

+(ξ⃗1 · ξ⃗2) ⟨ξm
2 T

i
m(x⃗2)Ob(x⃗3)Oc(x⃗4)⟩

]
.

(C.26)

All we then have to do is to transform the sum of (C.24) and (C.26) to Fourier
space:

0 = ki
1⟨T i

k⃗1
Tk⃗2

Ob
k⃗3
Oc

k⃗4
⟩ (C.27)

+ (ξ⃗1 · k⃗2)ξi
2ξ

j
2⟨T ij

k⃗2+k⃗1
Ob

k⃗3
Oc

k⃗4
⟩ − 2(ξ⃗1 · ξ⃗2)ξj

2k
i
2⟨T ij

k⃗2+k⃗1
Ob

k⃗3
Oc

k⃗4
⟩

+ (ξ⃗1 · k⃗3)⟨Ob
k⃗3+k⃗1

Tk⃗2
Oc

k⃗4
⟩ + (ξ⃗1 · k⃗4)⟨Oc

k⃗4+k⃗1
Tk⃗2

Ob
k⃗3

⟩

− 2(ξ⃗1 · ξ⃗2)(ξ⃗2 · k⃗3)⟨Ob
k⃗3+k⃗2+k⃗1

Oc
k⃗4

⟩ − 2(ξ⃗1 · ξ⃗2)(ξ⃗2 · k⃗4)⟨Oc
k⃗4+k⃗2+k⃗1

Ob
k⃗3

⟩

+ c

2(ξ⃗2 · k⃗1)ξi
1ξ

j
2⟨T ij

k⃗2+k⃗1
Ob

k⃗3
Oc

k⃗4
⟩ + c

2(ξ⃗1 · ξ⃗2)ξi
2k

j
1⟨T ij

k⃗2+k⃗1
Ob

k⃗3
Oc

k⃗4
⟩ .

The identity (4.119) is obtained from this one by permuting 2 ↔ 3.

Three stress tensors As another example, we consider the WT identity for
⟨TTT ⟩, which is relevant in §4.2.6. Setting the sources for J and O to zero, the
fundamental identity (C.15) takes the form

∂i⟨T ij(x⃗1)⟩ + Γi
ik(x⃗1)⟨T kj(x⃗1)⟩ + Γj

ik(x⃗1)⟨T ik(x⃗1)⟩ = 0 . (C.28)

We have to differentiate this identity twice with respect to γij . Due to the vanishing
of the one-point function, second functional derivatives acting on the Christoffel
symbols will not contribute to the final answer, which simplifies the algebra, so
that we get

0 = ∂i1⟨T i1(x⃗1)T (x⃗2)T (x⃗3)⟩
− ξl

1∂
x1
l δ(x⃗1 − x⃗2)⟨ξ2 i1ξ2 j1T

i1j1(x⃗1)T (x⃗3)⟩

+ 2 (ξ⃗1 · ξ⃗2) ∂x1
i1
δ(x⃗1 − x⃗2)⟨ξ2 j1T

i1j1(x⃗1)T (x⃗3)⟩
− ξl

1∂
x1
l δ(x⃗1 − x⃗3)⟨ξ3 i1ξ3 j1T

i1j1(x⃗1)T (x⃗2)⟩

+ 2 (ξ⃗1 · ξ⃗3) ∂x1
i1
δ(x⃗1 − x⃗3)⟨ξ3 j1T

i1j1(x⃗1)T (x⃗2)⟩ .

(C.29)
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We again have to account for the field-redefinition ambiguity (C.21), which enters
in essentially the same way, leading to an additional contribution of the form

− c

2∂
x1
i δ(x⃗1 − x⃗2)

[
ξi

2⟨ξk
1 ξ

l
2Tkl(x⃗2)T (x⃗3)⟩ + (ξ⃗1 · ξ⃗2) ⟨ξm

2 T
i
m(x⃗2)T (x⃗3)⟩

]
− c

2∂
x1
i δ(x⃗1 − x⃗3)

[
ξi

3⟨ξk
1 ξ

l
3Tkl(x⃗3)T (x⃗2)⟩ + (ξ⃗1 · ξ⃗3) ⟨ξm

3 T
i
m(x⃗3)T (x⃗2)⟩

]
.

(C.30)

Putting (C.29) and (C.30) together and Fourier transforming, we obtain

0 = ki⟨T i
k⃗1
Tk⃗2

Tk⃗3
⟩

+ (ξ⃗1 · k⃗2)ξi
2ξ

j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩ − 2(ξ⃗1 · ξ⃗2)ξj
2k

i
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩

+ (ξ⃗1 · k⃗3)ξi
3ξ

j
3⟨Tk⃗2

T ij

k⃗3+k⃗1
⟩ − 2(ξ⃗1 · ξ⃗3)ξj

3k
i
3⟨Tk⃗2

T ij

k⃗3+k⃗1
⟩

+ c

2(k⃗1 · ξ⃗2)ξi
1ξ

j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩ + c

2(ξ⃗1 · ξ⃗2) ki
1ξ

j
2⟨T ij

k⃗2+k⃗1
Tk⃗3

⟩

+ c

2(k⃗1 · ξ⃗3)ξi
1ξ

j
3⟨Tk⃗2

T ij

k⃗1+k⃗3
⟩ + c

2(ξ⃗1 · ξ⃗3) ki
1ξ

j
3⟨Tk⃗2

T ij

k⃗1+k⃗3
⟩ .

(C.31)

This is precisely the identity we solved in §4.2.6 with c = −2, which corresponds
to the natural bulk inflationary choice of graviton field variables.

C.2.2 Trace Identity
We next consider the Ward–Takahashi identity coming from the fact that the
stress tensor is traceless. From the bulk perspective, this identity follows from the
Hamiltonian constraint

HΨ[γij , A
B
i , σ

a] = 0 , (C.32)

where H is the Hamiltonian associated to the bulk fields. This equation is often
also called the Wheeler–DeWitt equation. Given an explicit form of the bulk
Hamiltonian, the late-time limit of this equation can be approximated as [295,297][

2γij
δ

δγij
− ∆−σ

a δ

δσa

]
Ψ = 0 , (C.33)

where we have written the coefficient of the scalar functional derivative as ∆−
to emphasize that it is the weight of the late-time bulk field profile. The equa-
tion (C.33) can also be derived from a purely boundary perspective by demanding
invariance of the generating function under the following Weyl transformation [159]

δγij = 2Ω(x⃗)γij , (C.34)
δσa = −∆−Ω(x⃗)σa , (C.35)

where the vector current source does not transform.
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Recalling the definitions (C.1)–(C.3), we can write (C.33) as

⟨T (x⃗)⟩ − (3 − ∆a)σa⟨Oa(x⃗)⟩ = 0 , (C.36)

where T is the trace of the stress tensor (not to be confused with index-free nota-
tion) and we have rewritten ∆− = 3 − ∆a in terms of the weight of the boundary
operator Oa. We can now use this master equation in the same way as (C.15)
by taking functional derivatives and then setting the sources to zero. Much like
for the current conservation identity, additional stress tensor insertions must be
treated with care, but for our purposes we will not need these identities.

The only trace WT identity that we need in the main text is for the correlator
⟨TOO⟩. This can be obtained by differentiating (C.36) twice with respect to σ:

⟨T (x⃗1)Oa(x⃗2)Ob(x⃗3)⟩ = (3 − ∆)
[
δ(x⃗1 − x⃗2)⟨Oa(x⃗1)Ob(x⃗3)⟩

+δ(x⃗1 − x⃗3)⟨Ob(x⃗1)Oa(x⃗2)⟩
]
,

(C.37)

where we have set the sources to zero and used the fact that the weights have to
be equal for the two-point function to be non-vanishing. Transforming to Fourier
space, we obtain

⟨Tk⃗O
a
k⃗2
Ob

k⃗3
⟩ = (3 − ∆)

[
⟨Oa

k⃗2+k⃗1
Ob

k⃗3
⟩ + ⟨Oa

k⃗2
Ob

k⃗3+k⃗1
⟩
]
. (C.38)

This is the trace identity required to evaluate the longitudinal parts of the ⟨TOTO⟩
Ward–Takahashi identity (4.119).
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D Spinor Conformal Generator

In this appendix, we derive the action of the special conformal generator written
in spinor helicity variables,

K̃i = 2(σi)α
β ∂2

∂λα∂λ
β
, (D.1)

on conformally coupled scalars, spin-1 currents and the stress tensor.

D.1 Action on φ

First, we consider the action of K̃ on the dual to conformally coupled scalars φ.
The relevant spinor derivatives are

∂φ

∂λ
β

= ∂kj

∂λ
β
∂kjφ = 1

2(σj)β
γλγ∂kjφ , (D.2)

∂2φ

∂λα∂λ
β

= 1
2(σj)β

α∂kjφ+ 1
4λδλ

γ(σj)β
δ(σl)γ

α∂kj∂klφ . (D.3)

Contracting the two terms in (D.3) with 2(σi)α
β , we get

(σi)α
β(σj)β

α∂kj = 2∂ki
, (D.4)

1
2λδλ

γ(σl)γ
α(σi)α

β(σj)β
δ∂ki∂kj = 2kj∂kj∂ki

− ki∂2
kj
, (D.5)

where we have repeatedly applied the identity

(σi)α
γ(σj)γ

β = δij1α
β + iϵijk(σk)α

β . (D.6)

We also used the definition of the spinor variables λαλ
β = ki(σi)α

β + k1α
β .

Combining (D.4) and (D.5), we find

K̃iφ = −Kiφ , (D.7)

where Ki = −2∂ki
− 2kj∂kj∂ki

+ki∂kj∂kj
is the special conformal generator when

it acts on a scalar with ∆ = 2, cf. (2.68).
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D.2 Action on J

Next, we derive the action of K̃ on a spin-1 current Ji. When the current is
contracted with a polarization vector, J ≡ ξiJi, the operator K̃ will act on the
current and also on the polarization vector. This introduces some new features.
In particular, we obtain two pieces—one proportional to the special conformal
generator and a second proportional to the divergence of the current.

If the current operator has negative helicity, we write J− ≡ (ξ−)iJi, where the
polarization vector is

(ξ−)i = (σi)β
αλαλ

β

4k . (D.8)

The spinor derivatives of this polarization vector are
∂(ξ−)i

∂λ
β

= −λβ

2k (ξ−)i , (D.9)

∂(ξ−)i

∂λα
= −λ

α

2k (ξ−)i + (σi)γ
δ

4k
(
δα

δλ
γ + ϵαγλδ

)
. (D.10)

Using these expressions, we can can find the spinor derivatives of J−. The second
derivative has several contributions
∂2J−

∂λα∂λ
β

= − δβ
α

2k J
− + (ξ−)j ∂2Jj

∂λα∂λ
β

+ λβ

2k2
∂k

∂λα
J− − λβ

2k (ξ−)j ∂Jj

∂λα
− λβ

2k
∂(ξ−)j

∂λα
Jj + ∂(ξ−)j

∂λα

∂Jj

∂λ
β
.

(D.11)

The first term vanishes when contracted with Pauli matrices. The second term is
proportional to the action on a conformally coupled scalar, which we have already
determined. Evaluating the terms in the second line of (D.11) requires a bit more
work. Contracting the first two terms with 2(σi)α

β , we obtain

(σi)α
β λβ

k2
∂k

∂λα
J− = ki

k2 J
− , (D.12)

−(σi)α
β λβ

k
(ξ−)j ∂Jj

∂λα
= −(ξ−)j ∂Jj

∂ki
− iϵlim

km

k
(ξ−)j ∂Jj

∂kl
. (D.13)

The last two terms in (D.11) lead to

2(σi)α
β

(
−λβ

2k
∂(ξ−)j

∂λα
Jj + ∂(ξ−)j

∂λα

∂Jj

∂λ
β

)
=

(σi)α
β

(
−λβ

k
Jj + (σl)β

γλγ
∂Jj

∂kl

)
∂(ξ−)j

∂λα
= ki

k2 J
− − 2i ϵ

ji
l

k
(ξ−)lJj

−2(ξ−)i ∂Jj

∂kj
+ (ξ−)j ∂Jj

∂ki
+ 2(ξ−)j ∂J

i

∂kj
− iϵiml

kl

k
(ξ−)j ∂Jj

∂km
.

(D.14)
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To arrive at the expression in the second line, we have used (D.10) and (D.6), as
well as the identity

ϵαγ(σj)γ
δ(σi)α

β = δjiϵδβ + iϵji
l(σl)γ

βϵδγ . (D.15)

Combining (D.12)-(D.14), we find that the second line of (D.11) leads to

2 k
i

k2 J
− − 2i ϵ

ji
l

k
(ξ−)lJj − 2(ξ−)i ∂Jj

∂kj
+ 2(ξ−)j ∂J

i

∂kj
. (D.16)

Adding the contribution from the first line of (D.11), we then get

K̃iJ− = 2 k
i

k2 (ξ−)jJj − 2i ϵ
ji

l

k
(ξ−)lJj

− 2(ξ−)i ∂Jj

∂kj
+ 2(ξ−)j ∂J

i

∂kj
+ (ξ−)jK̃iJj .

(D.17)

This expression can be further simplified. In particular, the second term in (D.17)
can be rewritten by replacing the current with

Jj =
[(
δj

m − kjk
m

k2

)
+ kjk

m

k2

]
Jm

=
[
−2
(
(ξ−)j(ξ+)m + (ξ+)j(ξ−)m

)
+ kjk

m

k2

]
Jm

= −2
(

(ξ−)j(ξ+)mJm + (ξ+)j(ξ−)mJm

)
+ kj

k2 k
mJm .

(D.18)

We then have

−2i ϵ
jil

k
ξ−

l Jj = 4i
k
ϵjilξ−

l ξ
+
j (ξ−)mJm − 2i

k3 ϵ
jilξ−

l kj k
mJm

= − 2
k2 k

i(ξ−)mJm + 2
k2 (ξ−)i kmJm ,

(D.19)

where we have used that1

ϵjilξ−
l kj = ik(ξ−)i , (D.20)

ϵjilξ−
l ξ

+
j = i

2kk
i . (D.21)

The action of K̃i on J− then is

K̃iJ− = 2
k2 (ξ−)i kmJm − 2(ξ−)i ∂Jj

∂kj
+ 2(ξ−)j ∂J

i

∂kj
+ (ξ−)jK̃iJj . (D.22)

1These identities can be derived by writing each vector as a linear combination of k⃗, ξ⃗− and
ξ⃗+. Contracting the free index with those same vectors then shows that ϵjilξ−

l
kj ∝ (ξ−)i and

ϵjilξ−
l
ξ+

j ∝ ki. Finally, the proportionality constants are obtained by plugging in an explicit
example.
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Since the vector current Jj only depends on the momentum, we can use (D.7) to
write the last term as (ξ−)jK̃iJj = (ξ−)j(2∂ki

+2kj∂kj∂ki
−ki∂kl∂kl

)Jj . However,
in contrast with the scalar case, this is not proportional to the action of the special
conformal generator Ki on the field. The reason is that Ki contains derivatives
of the polarization vectors, cf. (4.9). Taking the action of the special conformal
generator on a vector operator into account and substituting this into (D.22), we
finally get

K̃iJ− =
(

−ξj
−K

i + 2ξi
−
kj

k2

)
Jj , (D.23)

which is the result (4.11) used in the main text.

D.3 Action on T

The analysis for the stress tensor is conceptually similar, but algebraically slightly
more involved. Since the stress tensor has dimension ∆ = 3, the operator K̃ acts
more naturally on

1
k
T− ≡ 1

k
(ξ−)jlTjl = (σj)δ

γλγλ
δ

4k2 (ξ−)lTjl , (D.24)

where the rewriting in the last equality is for later convenience. The relevant
spinor derivatives then are

∂

∂λ
β

(
T−

k

)
= (σj)δ

γλγλ
δ

4
∂k−2

∂λ
β

(ξ−)lTjl + (σj)δ
γλγλ

δ

4k2
∂
(
(ξ−)lTjl

)
∂λ

β
, (D.25)

∂2

∂λα∂λ
β

(
T−

k

)
= k

∂2k−2

∂λα∂λ
β
T− + (σj)η

γ

4 (δα
γλ

η + ϵηαλγ)
[
∂k−2

∂λ
β

(ξ−)lTjl

+ 1
k2

∂

∂λ
β

(
(ξ−)lTjl

)]
+ k

∂k−2

∂λ
β

(ξ−)j ∂

∂λα

(
(ξ−)lTjl

)
(D.26)

+ k
∂k−2

∂λα
(ξ−)j ∂

∂λ
β

(
(ξ−)lTjl

)
+ 1
k

(ξ−)j ∂2

∂λα∂λ
β

(
(ξ−)lTjl

)
.

The single derivatives on k−2 are
∂k−2

∂λ
β

= − λβ

k3 , (D.27)

∂k−2

∂λα
= − λ

α

k3 , (D.28)

and the double derivative, after contracting with 2(σi)α
β , gives

2(σi)α
β ∂2k−2

∂λα∂λ
β

= 6
k4 k

i . (D.29)
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D.3. Action on T

The action of ∂/∂λβ on (ξ−)lTjl is easy to compute using (D.9), and the dou-
ble derivative, after contracting with 2(σi)α

β , is given by (D.23). What remains
therefore is to compute the derivative with respect to λα, using (D.10):

∂

∂λα

(
(ξ−)lTjl

)
= (ξ−)l ∂Tjl

∂λα

+ 1
4k

(
−2λα(ξ−)l + λγ(σl)γ

α + ϵαγ(σl)γ
δλδ

)
Tjl .

(D.30)

After some algebra, we find

K̃i

(
T−

k

)
= 10
k3 k

i T− − 2(σi)α
β λβ

k2 (ξ−)jl ∂Tjl

∂λα

+ (σi)α
β(σj)δ

γ

2k2

(
δα

γλ
δ + ϵδαλγ

)
(ξ−)l

(
−5λβ

k
Tjl + ∂Tjl

∂λ
β

)
− 2(σi)α

β λ
α

k2 (ξ−)jl ∂Tjl

∂λ
β

+ 1
k

(ξ−)jK̃i
(
(ξ−)lTjl

)
. (D.31)

The last term is given by (D.23), but again we need to take into account that the
action of the special conformal generator Ki on Tjl is different from its action on
Jj ; cf. (4.9). The result is

K̃i
(
(ξ−)lTjl

)
= − (ξ−)lKiTjl + 2

k2 (ξ−)iklTjl + 2(ξ−)l ∂Tjl

∂ki

− 2(ξ−)m ∂Tj
i

∂km
+ 2(ξ−)i ∂Tjl

∂kl
.

(D.32)

The spinor derivatives in (D.31) are

∂Tjl

∂λ
β

= λγ

2 (σm)β
γ ∂Tjl

∂km
, (D.33)

∂Tjl

∂λα
= λ

γ

2 (σm)γ
α ∂Tjl

∂km
. (D.34)

Substituting the previous expressions in (D.31), and performing some Pauli matrix
algebra, we get

K̃i

(
T−

k

)
= − 1

k
(ξ−)jlKiTjl + 2

k3 (ξ−)jiklTjl

+ 10
k3 k

iT− − i
10
k2 ϵ

ji
k(ξ−)klTjl .

(D.35)
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D. Spinor Conformal Generator

To simplify the last term, we use the same trick as before and write the stress
tensor as

Tjl =
[(
δj

m − kjk
m

k2

)
+ kjk

m

k2

]
Tml

=
[
−2
(
(ξ−)j(ξ+)m + (ξ+)j(ξ−)m

)
+ kjk

m

k2

]
Tml

= −2
[
ξ−

j (ξ+)mTml + ξ+
j (ξ−)mTml

]
+ kj

k2 k
mTml .

(D.36)

This leads to

−i10
k2 ϵ

ji
k(ξ−)klTjl = i

20
k2 ϵ

ji
k(ξ−)kξ+

j T
− − i

10
k4 ϵ

ji
kkj(ξ−)klkmTml

= −10
k3 k

iT− + 10
k3 (ξ−)ilkmTml ,

(D.37)

where in the last step we used (D.20) and (D.21). Substituting (D.37) into (D.35),
we finally get

K̃i

(
T−

k

)
=
(

− 1
k
ξ

(j
− ξ

l)
−K

i + 12ξi
−
ξ

(j
−k

l)

k3

)
Tjl , (D.38)

which confirms the result (4.12) used in the main text.
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E Compton Correlators

This appendix includes some material related to Compton scattering amplitudes
and correlators, which are needed at different points in the main text. We work
out expressions involving spin-1 and spin-2 fields.

E.1 Compton Scattering Amplitudes

In this section, we present the amplitudes for Compton scattering of photons,
gluons, and gravitons (see Figure E.1). These results are needed to check the flat-
space limits of the corresponding correlators in Section 4.3 and as an input for the
graviton Compton computation in Section 5.3.

E.1.1 Spin-1 Compton Scattering

In (scalar) Compton scattering, γφ → γφ, a charged scalar and a photon scatter
off each other. The s- and t-channel contributions to the amplitude for this process
are

As = e2e4
(ϵ1 · p2)(ϵ3 · p4)

S
, (E.1)

At = e2e4
(ϵ1 · p4)(ϵ3 · p2)

T
. (E.2)

As = At = Au = Ac =

Figure E.1: Feynman diagrams of the different tree-level contributions to Compton
scattering.
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E. Compton Correlators

These answers are not gauge invariant—they don’t vanish when either ϵ1 or ϵ3 are
replaced by the corresponding momenta. Even the sum of the two channels is not
gauge invariant:

As +At
ϵ1 7→p1−−−−−→ −e2e4

2 ϵ3 · (p2 + p4) ̸= 0 . (E.3)

To obtain a gauge-invariant result we must add the contact interaction Ac =
− 1

2e2e4(ϵ1 · ϵ3), so that the total amplitude becomes

As+t+c = e2e4

(
(ϵ1 · p2)(ϵ3 · p4)

S
+ (ϵ1 · p4)(ϵ3 · p2)

T
− 1

2(ϵ1 · ϵ3)
)
. (E.4)

This is indeed gauge invariant, after using momentum conservation and transver-
sality of the polarization vectors (pa · ϵa = 0). From a field theory perspective,
this feature of Compton scattering is, of course, expected. Minimally coupling a
scalar field to a photon, the covariant derivative gives rise to both a cubic coupling
2eAµφ∗∂µφ and a contact interaction e2A2|φ|2 with a precise relative coefficient.

If we have multiple gauge fields, then Compton scattering can also proceed by the
exchange of the gauge field in the u-channel (see Figure E.1). In this case, we
associate to each interaction between the gauge fields and two scalars a coupling
matrix TA

ab. The s- and t-channel amplitudes are basically the same as before, just
dressed by the coupling matrices

As = TA
acT

B
cb

(ϵ1 · p2)(ϵ3 · p4)
S

, (E.5)

At = TB
acT

A
cb

(ϵ1 · p4)(ϵ3 · p2)
T

. (E.6)

The extra u-channel amplitude is

Au = −1
4f

ABCTC
ab

[
T − S

U
(ϵ1 · ϵ3)

+ 4
U

(
(ϵ1 · p3)(ϵ3 · p2) − (ϵ1 · p2)(ϵ3 · p1)

)]
.

(E.7)

As in the Abelian case, it is necessary to add a contact interaction for the final
answer to be gauge invariant

Ac = −1
2T

(A
ac T

B)
cb (ϵ1 · ϵ3) . (E.8)

Putting everything together, we get

As+t+u+c
ϵ1 7→p1−−−−−→ − [TA, TB ]ab

2 ϵ3 ·
(
p4 + p1

2

)
− fABCTC

ab

2 ϵ3 ·
(
p2 + p1

2

)
. (E.9)
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E.1. Compton Scattering Amplitudes

We see that the amplitude is only gauge invariant if the coupling matrices satisfy

[TA, TB ]ab = fABCTC
ab , (E.10)

i.e. we require that the couplings transform in a linear representation of the gauge
group [157]. In addition to this requirement, we have had to fix the relative
couplings of the contributions to the amplitude rather delicately. Of course, this
is expected from the Lagrangian viewpoint, where minimally coupling a scalar to
gluons fixes both the three- and four-point couplings.

E.1.2 Graviton Compton Scattering
We consider now graviton Compton scattering. In this case, we derive the scatter-
ing amplitude in detail by using unitarity. This amplitude will serve as inspiration
for the computation of the flat-space graviton Compton correlator in Section 5.3,
and will also be an input of that construction.

In Chapter 5, we explain that the cuts of correlators provide useful constraints
on their analytic structure, and the same is true for scattering amplitudes. An
important constraint on scattering amplitudes is that they must obey the optical
theorem

2 Im[A(i → f)] = i
∑
X

∫
dLIPS (2π)4δ(pi − pX)A(i → X)A∗(X → f) , (E.11)

which relates the imaginary part of a scattering process to the sum over all possible
intermediate states between factorized lower-point amplitudes. In this expression
dLIPS indicates that the integral is over the Lorentz-invariant phase space accessi-
ble to the on-shell intermediate states X. The famous Cutkosky rules systematize
the perturbative expansion of the relation (E.11). We now show how the tree-level
graviton Compton S-matrix can be derived from these cuts.

s/t-channel Three distinct channels contribute to the scattering between two
gravitons and two scalar particles (see Figure E.1). In two of them, a scalar is
exchanged (in our conventions, the s and t-channels), much like in ordinary Abelian
vector Compton scattering in scalar QED. In the third channel (the u-channel), a
graviton is exchanged. The channels with scalar exchange are simpler, so we treat
them first. For the s-channel contribution, the optical theorem reads

iAs − iA∗
s = −2πδ(S)Aγφφ Aφγφ , (E.12)

which expresses the imaginary part of the four-point amplitude in the s-channel
in terms of (on-shell) three-point amplitudes involving two scalars and a graviton.
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E. Compton Correlators

These three-particle amplitudes have a very simple form:

iAγφφ(p1, p2, p3) = (ϵ1 · p2)2 . (E.13)

Substituting this into (E.12) and using a standard distribution identity for the
delta function yields

iAs − iA∗
s = −

[
1

S + iε
− 1
S − iε

]
(ϵ1 · p2)2 (ϵ3 · p4)2 . (E.14)

It is easy to extract from this expression an amplitude with the correct cut:

iAs = − (ϵ1 · p2)2 (ϵ3 · p4)2

S + iε
. (E.15)

The t-channel result, At, is obtained by interchanging 2 ↔ 4.

u-channel Deriving the u-channel contribution is only slightly more elaborate.
This involves graviton exchange, so the optical theorem now gives

iAu − iA∗
u = −2πδ(U)Aµν

γγγ Gµν,αβ A
αβ
γφφ , (E.16)

where the right-hand side implicitly contains a sum over internal polarizations
through the propagator1 Gµν,αβ = −iηµαηνβ . The graviton-scalar-scalar on-shell
three-point amplitude is just a permutation of (E.13), while the graviton three-
point amplitude is given by

iAγγγ(p1, p2, p3) =
[
(p1 · ϵ3)(ϵ1 · ϵ2) + (p3 · ϵ2)(ϵ1 · ϵ3)

+ (p2 · ϵ1)(ϵ2 · ϵ3)
]2
.

(E.17)

Putting these elements together, and performing similar steps as for the s-channel,
we find that the u-channel amplitude with the correct cut is

iAu = − 1
U + iε

[
− ST (ϵ1 · ϵ3)2 + 2(T − S)(ϵ1 · ϵ3)(ϵ1 ◦ ϵ3) + 4(ϵ1 ◦ ϵ3)2

]
, (E.18)

where ϵ1 ◦ ϵ3 ≡ (ϵ1 · p2)(ϵ3 · p4) − (ϵ1 · p4)(ϵ3 · p2). In addition to the s-, t-, and
u-channels, the amplitude has one further piece.

1Here, we are using the simplified graviton propagator of [298]. Using the graviton propagator
in a different gauge does not change the full result, but shifts the terms appearing in Au and Ac

around, which is why our check of the flat-space limit in the main text only matches the sum of
these two terms.
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E.2. Derivation of Compton Correlators

Contact term The sum of the above contributions is not yet the full answer
because it isn’t gauge invariant. Restoring gauge invariance requires a contact term
contribution. The most general possibility arising from a two-derivative vertex,
and with the correct permutation symmetry, is

Ac = c1(ϵ1 · ϵ3)2 + c2(ϵ1 · ϵ3)
[
(ϵ1 · p2)(ϵ3 · p4) + (ϵ1 · p4)(ϵ3 · p2)

]
. (E.19)

Demanding gauge invariance of the total amplitude

A ≡ csAs + ctAt + cuAu +Ac , (E.20)

then fixes all coefficients up to an overall normalization

cs = ct = 4cu , c1 = 0 , c2 = −cs

2 . (E.21)

The full amplitude can then be written in the extremely simple KLT-like form

iA = −ST

4U

[
4(ϵ1 · p2)(ϵ3 · p4)

S
+ 4(ϵ1 · p4)(ϵ3 · p2)

T
− 2(ϵ1 · ϵ3)

]2
, (E.22)

where the structure appearing in the brackets is the Abelian vector Compton
scattering amplitude (E.4). For our later purposes, it will be convenient to write
the amplitude in a somewhat less elegant, but equivalent, form

iA = −4(ϵ1 ·p2)2(ϵ3 ·p4)2

S
− 4(ϵ1 ·p4)2(ϵ3 ·p2)2

T
− 1
U

[
1
6U

2P2

(
1 + 2S

U

)
(ϵ1 · ϵ3)2

− 2UP1

(
1 + 2S

U

)
(ϵ1 · ϵ3)(ϵ1 ◦ ϵ3) + 4(ϵ1 ◦ ϵ3)2

]
(E.23)

+ 1
6U(ϵ1 · ϵ3)2 + 2(ϵ1 · ϵ3)

[
(ϵ1 · p2)(ϵ3 · p4) + (ϵ1 · p4)(ϵ3 · p2)

]
,

where P1 and P2 are the first and second Legendre polynomials. This result agrees
with that obtained by an explicit computation in [299]. It is worth appreciating,
however, how much simpler this procedure was than computing the answer directly
using Feynman rules.

E.2 Derivation of Compton Correlators

In this section, we present alternative derivations of ⟨JφJφ⟩u and ⟨TφTφ⟩u in de
Sitter that are somewhat simpler than the weight-shifting approach presented in
Chapter 4. We also give explicit results for ⟨TTϕϕ⟩, which are used in Chapter 7.

221



E. Compton Correlators

E.2.1 ⟨JφJφ⟩
Consider the four-point function of conformally coupled scalars exchanging a spin-
1 current in the u-channel:

⟨φφφφ⟩u,J =
(

Π(u)
1,1Dwv + Π(u)

1,0∆w

)
F∆I =2 , (E.24)

where F∆I =2 = u−1F̂∆I =2. The correlator we wish to compute, ⟨JφJφ⟩u, differs
from ⟨φφφφ⟩u,J in one of the vertices, namely the Yang–Mills self-coupling of the
vector field. Notice that the three-point correlators corresponding to these two
different vertices, ⟨φJφ⟩ and ⟨JJJ⟩, only have different polarization structures:

⟨φk⃗1
Jk⃗I

φk⃗3
⟩ = (α⃗u · ξ⃗I) f(k1, kI , k3) , (E.25)

⟨Jk⃗1
Jk⃗I

Jk⃗3
⟩ =

[
(ξ⃗1 · ξ⃗3)(α⃗u · ξ⃗I) + 2(k⃗3 · ξ⃗1)(ξ⃗3 · ξ⃗I) (E.26)

−2(k⃗1 · ξ⃗3)(ξ⃗1 · ξ⃗I)
]
f(k1, kI , k3) ,

where f(k1, kI , k3) = K−1, with K ≡ k1 + kI + k3. We can therefore obtain
⟨JφJφ⟩u by modifying (E.24) in accordance with this difference in the polarization
factors.

The first term in (E.24) contains the polarization sum Π(u)
1,1 , which comes from

contracting two copies of the polarization structure in (E.25) and summing over
helicities. It will now have to be replaced by

Π(u)
1,1 = αi

uπijβ
j
u

u2 →
[
(ξ⃗1 · ξ⃗3)αi

u + 2(k⃗3 · ξ⃗1)ξi
3 − 2(k⃗1 · ξ⃗3)ξi

1

] πijβ
j
u

u2

= (ξ⃗1 · ξ⃗3) Π(u)
1,1 + 4

u2 (ξ⃗1 ◦ ξ⃗3) , (E.27)

where ξ⃗1◦ξ⃗3 was defined in (4.98). The second term in (E.24), proportional to Π(u)
1,0 ,

comes from the longitudinal piece of ⟨φJφ⟩. This piece is absent in (E.25), which is
written in terms of transverse polarization vectors, but can be reconstructed from
the Ward–Takahashi identity. First, notice that taking ξ⃗I → k⃗I in (E.25) gives
(k2

3−k2
1)f(k1, kI , k3). Comparing this to the WT identity, ki

I⟨φk⃗1
J i

k⃗I
φk⃗3

⟩ = k3−k1,
we see that the longitudinal part of the correlator must be

⟨φk⃗1
Jk⃗I

φk⃗3
⟩L = (z⃗I · k⃗I)(k3 − k1)

kIK
. (E.28)

A similar analysis for ⟨JJJ⟩ shows that ⟨JJJ⟩L = (ξ⃗1 · ξ⃗3) ⟨φJφ⟩L is its longitudi-
nal piece. Hence, the contribution proportional to Π(u)

1,0 in the four-point correlator
will just differ by a factor of (ξ⃗1 · ξ⃗3). Putting everything together, we get

⟨JφJφ⟩u =
[
(ξ⃗1 · ξ⃗3)

(
Π(u)

1,1Dwv + Π(u)
1,0∆w

)
+ 4
u2 (ξ⃗1 ◦ ξ⃗3)Dwv

]
F∆I =2 , (E.29)

which is the same as the result (4.100) obtained through weight-shifting.
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E.2. Derivation of Compton Correlators

E.2.2 ⟨TφTφ⟩
The strategy to obtain ⟨TφTφ⟩u is very similar. In this case, we start from the
correlator of two massless scalars, ϕ, and two conformally coupled scalars, φ,
exchanging a spin-2 current in the u-channel, which can be written as

⟨ϕφϕφ⟩u,T = u2
[
Π(u)

2,2U
(2,2)
13 D2

wv + Π(u)
2,1U

(2,1)
13 Dwv(∆w − 2)

+ Π(u)
2,0U

(2,0)
13 ∆w(∆w − 2)

]
F∆I =3 ,

(E.30)

where the explicit expression for the weight-shifting operator U (2,m)
ab can be found

in (3.107). The difference between (E.30) and the desired correlator is again in
one of the vertices, and the three-point functions corresponding to these vertices
differ only in their polarization structure:

⟨ϕk⃗1
Tk⃗I

ϕk⃗3
⟩ =

(
α⃗u · ξ⃗I

)2
g(k1, kI , k3) , (E.31)

⟨Tk⃗1
Tk⃗I

Tk⃗3
⟩ =

[
(ξ⃗1 · ξ⃗3)(α⃗u · ξ⃗I) + 2(k⃗3 · ξ⃗1)(ξ⃗3 · ξ⃗I) (E.32)

−2(k⃗1 · ξ⃗3)(ξ⃗1 · ξ⃗I)
]2
g(k1, kI , k3) ,

where the common function is now

g(k1, kI , k3) = K3 −K(k1kI + k1k3 + kIk3) − k1kIk3

K2 . (E.33)

The WT identities allow to reconstruct the longitudinal parts of these correlators.
They are also the same up to the polarization structure:

⟨ϕk⃗1
Tk⃗I

ϕk⃗3
⟩L =

(
α⃗u · z⃗I

)(
k⃗I · z⃗I

)
h1(k1, kI , k3) +

(
k⃗I · z⃗I

)2
h0(k1, kI , k3) , (E.34)

⟨Tk⃗1
Tk⃗I

Tk⃗3
⟩L =

(
ξ⃗1 · ξ⃗3

) [(
ξ⃗1 · ξ⃗3

)(
α⃗u · z⃗I

)
+ 2
(
k⃗3 · ξ⃗1

)(
ξ⃗3 · z⃗I

)
(E.35)

−2
(
k⃗1 · ξ⃗3

)(
ξ⃗1 · z⃗I

)] (
k⃗I · z⃗I

)
h1(k1, kI , k3)

+
(
ξ⃗1 · ξ⃗3

)2(
k⃗I · z⃗I

)2
h0(k1, kI , k3) .

We see that the part proportional to h0 only differs by a factor of (ξ⃗1 · ξ⃗3)2, so
the term proportional to Π(u)

2,0 in (E.30) will just pick up this factor. In the Π(u)
2,2

and Π(u)
2,1 terms, the substitution is more involved and will produce more complex

polarization structures in a similar fashion as in (E.27):

Π(u)
2,2 → (ξ⃗1 · ξ⃗3)2Π(u)

2,2 + 12
u2 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3)Π(u)

1,1 + 24
u4 (ξ⃗1 ◦ ξ⃗3)2 , (E.36)

Π(u)
2,1 → (ξ⃗1 · ξ⃗3)2Π(u)

2,1 + 12
u2 (ξ⃗1 · ξ⃗3)(ξ⃗1 ◦ ξ⃗3)Π(u)

1,0 . (E.37)
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After introducing all of these modifications in (E.30), we get

⟨TφTφ⟩u
?= u2

[((
ξ⃗1 · ξ⃗3

)2Π(u)
2,2 + 12

u2

(
ξ⃗1 · ξ⃗3

)(
ξ⃗1 ◦ ξ⃗3

)
Π(u)

1,1 (E.38)

+ 24
u4

(
ξ⃗1 ◦ ξ⃗3

)2
)
U

(2,2)
13 D2

wv+

+
((
ξ⃗1 · ξ⃗3

)
Π(u)

2,1 + 12
u2

(
ξ⃗1 ◦ ξ⃗3

)
Π(u)

1,0

)(
ξ⃗1 · ξ⃗3

)
U

(2,1)
13 Dwv (∆w − 2) +

+
(
ξ⃗1 · ξ⃗3

)2 Π(u)
2,0 U

(2,0)
13 (∆w − 2)∆w

]
F∆I =3 .

This solution is not yet the pure exchange solution, but still contains within it a
contact solution diverging as E−5. Using the explicit expressions for U (2,m)

13 , we
find

U
(2,2)
13 w2∂w

(
w2∂wF∆I =3

)
= O13∂w (w∆wF∆I =3) , (E.39)

U
(2,1)
13 w2∂w(∆w − 2)F∆I =3 = 1

w
O13∆w(∆w − 2)F∆I =3 , (E.40)

where we have introduced the operator

O13 = 1 − k1k3

k13
∂k13 . (E.41)

This implies that (E.38) can be written as

⟨TφTφ⟩u
?= DT φT φ∆wF∆I =3 . (E.42)

We see that the seed is acted on by ∆w, which yields a sum of the seed itself and
a contact solution, cf. (2.89). The contact part can be removed by just replacing
∆wF∆I =3 with 2F∆I =3, and the outcome is then precisely the weight-shifting result
(4.127).

E.2.3 ⟨TTϕϕ⟩
In this subsection, we compute the correlator ⟨TTϕϕ⟩ of two spin-2 currents and
two massless scalars. The longitudinal part of this correlator is used in Section 7.3
to compute the inflationary bispectrum ⟨γγζ⟩. The final result for each channel
will be normalized in such a way that a simple sum (without additional factors)
gives the correct answer for the full correlator ⟨TTϕϕ⟩.

u/t-channel We will first find the u-channel contribution coming from the ex-
change of a massless scalar field. We start by noticing that

⟨Tϕϕ⟩ = D11D12W++
12 ⟨ϕϕϕ⟩ , (E.43)

224



E.2. Derivation of Compton Correlators

where the differential operators only act on legs 1 and 2. This suggests that the
desired four-point function can we written as

⟨TTϕϕ⟩u
?∝ (D22D24W++

24 )(D11D13W++
13 )⟨ϕϕϕϕ⟩u,ϕ (E.44)

= D22D24D11D13
(
W++

24 W++
13
)2
F∆I =3

= (ξ⃗1 · k⃗3)2(ξ⃗2 · k⃗4)2 O13O24∂w∂v

[
wv (∆w − 12)2 (∆w − 2)2

F∆I =3

]
.

As in §4.3.2 and §4.3.4, however, the result in (E.44) is not yet the correct answer
because the differential operators acting on the seed F∆I =3 eliminate the poles
corresponding to particle exchange. As before, the correct result is obtained by
removing these operators

⟨TTϕϕ⟩u = 4 (ξ⃗1 · k⃗3)2(ξ⃗2 · k⃗4)2O13O24∂w∂v (wvF∆I =3) , (E.45)

where we have introduced the correct normalization. The t-channel contribution,
⟨TTϕϕ⟩t, follows from this solution simply by permuting the legs 3 and 4. It is
easy to see that both u- and t-channel contributions vanish as we take the soft
limit in one of the scalar legs, so they do not contribute to the bispectrum ⟨γγζ⟩
computed in Section 7.3.

s-channel Next, we compute the s-channel contribution ⟨TTϕϕ⟩s arising from
graviton exchange. The derivation is similar to that of ⟨TφTφ⟩u in the previous
subsection. The only difference is that now the external scalar fields are massless,
so we first act with the weight-raising operator W++

34 on the s-channel equivalent
of (E.30) to get

⟨ϕϕϕϕ⟩s,T
?∝ s4

[
Π2,2U

(2,2)
34 U

(2,2)
12 D2

wv + Π2,1U
(2,1)
34 U

(2,1)
12 Dwv(∆w − 2)

+ Π2,0U
(2,0)
34 U

(2,0)
12 ∆w(∆w − 2)

]
F∆I =3 . (E.46)

The result has a leading divergence scaling as 1/E7, while the expected divergence
is 1/E3. Using (E.39) and (E.40), and replacing ∆wF∆I =3 with 2F∆I =3, reduces
the scaling to 1/E5. To obtain the correct 1/E3 scaling, we must subtract an
additional contact solution. We find such a contact solution by weight-shifting
the seed C0 = s−1Ĉ0 of (2.88). The final result for the contribution associated to
particle exchange then is

⟨ϕϕϕϕ⟩s,T ∝ s4
[
Π2,2O34O12∂w∂v (wv∆wF∆I =3) (E.47)

+ Π2,1
1
wv

O34O12∆w(∆w − 2)F∆I =3 + Π2,0U
(2,0)
34 U

(2,0)
12 (∆w − 2)F∆I =3

]
+
(

2s4U
(0,0)
34 U

(0,0)
12 − 3u4U

(0,0)
24 U

(0,0)
13 − 3t4U (0,0)

23 U
(0,0)
14

)
C0 .
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E. Compton Correlators

To relate this to ⟨TTϕϕ⟩s, we follow exactly the same procedure as in §E.2.2—
i.e. we change the polarization structure of (E.47) to account for the difference in
the three-point vertices. This gives

⟨TTϕϕ⟩s
?∝
[
12 s2(ξ⃗1 · ξ⃗2

)(
ξ⃗1 ◦ ξ⃗2

)
Π1,1 + 24

(
ξ⃗1 ◦ ξ⃗2

)2
]
O34O12∂w∂v (wv∆wF∆I =3)

+ 12 s2(ξ⃗1 · ξ⃗2
)(
ξ⃗1 ◦ ξ⃗2

)
Π1,0

1
wv

O34O12(∆w − 2)∆wF∆I =3

+
(
ξ⃗1 · ξ⃗2

)2 ⟨ϕϕϕϕ⟩s,T , (E.48)

where ξ⃗1 ◦ ξ⃗2 was defined in (5.88). However, this procedure has re-introduced the
E−5 singularity that we cancelled in (E.47). In particular, the first two lines do
not contain the contact solution and therefore diverge again as E−5. To reduce the
order of the divergence to E−3, we replace ∆wF∆I =3 by 2F∆I =3 in these terms.
The final solution then is

⟨TTϕϕ⟩s = −
[
2 s2(ξ⃗1 · ξ⃗2

)(
ξ⃗1 ◦ ξ⃗2

)
Π1,1 + 4

(
ξ⃗1 ◦ ξ⃗2

)2
]
O34O12∂w∂v (wvF∆I =3)

− 2 s2(ξ⃗1 · ξ⃗2
)(
ξ⃗1 ◦ ξ⃗2

)
Π1,0

1
wv

O34O12(∆w − 2)F∆I =3

− 1
12
(
ξ⃗1 · ξ⃗2

)2 ⟨ϕϕϕϕ⟩s,T , (E.49)

where we have fixed the overall normalization. It is easy to see that ξ⃗1 ◦ ξ⃗2 vanishes
in the soft limit of either scalar leg, so only the term proportional to (ξ⃗1 · ξ⃗2)2 is
relevant for the bispectrum ⟨γγζ⟩.

Contact term Finally, the contact contribution ⟨TTϕϕ⟩c can be written in
terms of weight-shifting operators as

⟨TTϕϕ⟩c = 1
18 S++

12

[
W++

34 (D24D13 +D23D14) C0

−1
2(k3k4)3(D24D13 +D23D14)W++

12

(
C0

k3k4

)]
, (E.50)

where C0 is given in (2.88) and C0 is the ϕ4 contact solution (4.112). The result
vanishes in the soft limit of either scalar leg, so it does not contribute to the
inflationary bispectrum in Section 7.3.
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F Wavefunction Cutting Rules

In the main text, our primary focus was on the construction of four-point corre-
lation functions at tree level. Consequently, we only required the simplest cut-
ting formulas presented in Section 5.1, involving graphs with a single internal
line. However, cutting rules are far more general, as we explain in this appendix.
See [56,57,184] for related discussions.

F.1 Preliminaries
We first introduce some notation that will simplify the description of the cutting
rules. The main objects of interest will be wavefunctional coefficients ψn. As was
explained in Section 2.2, these can be computed via a Feynman diagram expansion
involving two types of propagator, a bulk-to-boundary propagator, K, for external
lines, and a bulk-to-bulk propagator, G, for internal lines. In flat space, these
propagators are given by (2.24) and (2.25), respectively, while in de Sitter space,
they are (2.54) and (2.55). In addition to these propagators, we associate to each
vertex a factor iV , obtained in the usual way.

It will also prove useful to introduce conjugate wavefunction coefficients, ψn. These
are computed in nearly the same way, except that we associate an anti-bulk-to-
bulk propagator, G = G∗, to internal lines, and use the sign-flipped Feynman rule
for the vertices, −iV . The conjugated wavefunction coefficients are then simply
related to the complex conjugate of the ordinary wavefunction coefficients. For
example, in flat space, the relation in a unitary theory is given by (5.1).

At their core, the cutting formulas that we will present follow from a simple identity
involving bulk-to-bulk propagators:

G(k; η, η′) + G(k; η, η′) = G̃(k; η, η′) , (F.1)

where the cut propagator, G̃, can be written in terms of bulk-to-boundary propa-
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F. Wavefunction Cutting Rules

gators as

G̃(k; η, η′) = −P (k)
(

K(−k, η) − K(k, η)
)(

K(−k, η′) − K(k, η′)
)
, (F.2)

with P (k) being the power spectrum of the field associated to the internal line
that has been cut. The utility of this expression is that, while the individual
bulk-to-bulk and anti-bulk-to-bulk propagators involve time-ordered pieces, the
cut propagator is completely un-time-ordered. This factorizes the computation of
bulk time integrals, and effectively splits the relevant diagram in two, simplifying
the evaluation of this combination of objects.

For the flat-space wavefunctional, a simplification occurs because the bulk-to-
boundary propagator is a pure exponential. Wavefunction coefficients then depend
only on the sum of the energies that flow from a given vertex to the boundary.
It is therefore convenient to denote these sums by xa, where a labels the corre-
sponding vertex. Once we have associated an energy variable, xa to a vertex, we
can remove all the lines that connect this vertex to the boundary and consider a
truncated graph that only displays the relationships between internal lines [46].
Consequently, it will also be convenient in the following to introduce some notation
for the wavefunction coefficient arising from a tree graph with n vertices: ψ(n).1 In
de Sitter space, one must instead keep track of the individual energies flowing to
the boundary. However, since all of our manipulations will involve internal lines in
graphs, the relevant combinatorics are the same in de Sitter space. Nevertheless,
in what follows we will mostly give explicit formulas for flat-space wavefunction
coefficients in a theory with ϕn interactions, for simplicity. The generalization to
more complicated situations does not require any conceptually new ingredients.

Both the relation between the wavefunction and its conjugate (5.1) and the dif-
ferences of bulk-to-boundary propagators in (F.2) involve sums and differences
between wavefunctions evaluated at positive and negative energies. It is therefore
useful to define some notation to simplify these operations. First, we define the
“discontinuity”

Disc
xa

[ψ(xa, xb, sab)] ≡ ψ(xa, xb, sab) + ψ∗(−xa, xb, sab) , (F.3)

where xa, xb are external energies and sab are internal energies, with xa being the
subset of the energies that are flipped. This function is the same as that defined
in (5.10). This operation is useful for taking the cut of wavefunction coefficients.

1For sufficiently many vertices, there are graphs that are topologically inequivalent, making
it difficult to give them a uniform notation, but we will deal with those cases as they arise.
Similarly, it is difficult to give a uniform notation for graphs involving loops, but we will only
encounter isolated examples.
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F.2. Cutting Rules

In cases where cut propagators appear, it is useful to define the related operation2

D̃isc
sab

[ψ(xa, sab)] ≡ ψ(xa, sab) − ψ∗(xa,−sab) , (F.5)

which will typically involve internal energies. As an example, we can write the
shifted wavefunction (5.7) as

ψ̃3(k1, k2, s) = − 1
2s D̃isc

s
[ψ3(k1, k2, s)] . (F.6)

As we will see, these two operations will simplify the identities derived from the
cutting rules. With these preliminaries out of the way, we can now state the
cutting rules for an arbitrary graph.

F.2 Cutting Rules
It is simplest to first state the cutting rules for a general graph, and then illustrate
them with a few simple examples. We then turn to their proof at tree level in
Section F.4, and comment on the extension to loops in Section F.5. Given a
Feynman–Witten diagram that computes a tree-level wavefunction coefficient, the
procedure is the following:

• Pick a direction (arbitrarily) to move through the graph associated to ψn.
One can think of this as a partial ordering of the vertices in the graph.

• Consider cuts that separate the graph into two halves.
• On one side of the cut—for concreteness the left—compute the wavefunction

associated to the relevant graph, using the cut propagator for the cut line.
• On the other side of the cut, compute the wavefunction at negative energy,

again using the cut propagator for internal lines and then take its complex
conjugate. Alternatively, compute the conjugate wavefunction.

• Sum over all cuts of this type.

At the diagrammatic level, it is useful to think of each cut as partitioning the
diagram into two types of vertices that we can color differently: • for vertices to
the left of a cut and ◦ for vertices to the right of the cut. For the • vertices, we
compute the wavefunction coefficients as normal, while we flip the energies of the

2This difference of wavefunction coefficients can be written in terms of (F.3) by introducing
factors of i as

D̃isc
sab

[ψ(xa, sab)] = −iDisc
sab

[iψ(xa, sab)] , (F.4)

but it is convenient to introduce this notation to avoid a proliferation of these factors.
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F. Wavefunction Cutting Rules

◦ vertices and take the complex conjugate at the end. Any internal lines that are
cut should be replaced with the cut propagator.

The claim is that the sum over all cuts (including the trivial cuts completely to
the left or right of the graph) will vanish. This implies the following schematic
cutting rule identity

ψn(X) + ψ∗
n(−X) = −

∑
cuts

ψn , (F.7)

where X is a multi-index that accounts for all the external energy arguments of the
wavefunction coefficient, ψn. We have separated the trivial cuts out and put them
on the left-hand side, so that the sum on the right runs over all nontrivial cuts of
the diagram—that is, those that pass through at least one internal line. In practice,
the cuts of the diagrams appearing on the right-hand side are computed using the
D̃isc operation (F.5), while the left-hand side is precisely the discontinuity (F.3).

F.3 Examples
This is still somewhat abstract, so it is useful to illustrate the procedure on a
number of simple examples, which will make the proof more intuitive.

One-site graph
The simplest possible example is provided by a one-site graph without any internal
lines. There are still two “trivial” cuts, which we can think of as completely to the
right or left of the lone vertex. Pictorially, we have

x1
+

−x1
= 0 ,

which as an equation reads ψ(1)(x1)+ψ∗
(1)(−x1) = 0. In the flat-space context, we

have ψ(1)(x1) = 1/x1, so it is straightforward to verify that this relation is satisfied.
In de Sitter space, one simple example is provided by the contact interaction (5.43).
Other examples can be found in [51].

Two-site graph
Next, we consider a two-site graph with a single internal line. The corresponding
cutting rule was used extensively in a variety of contexts in the main text, but for
completeness we briefly review it here. The cutting rule pictorially reads

x1 x2

s12 +
−x1 −x2

s12 +
x1 −x2

= 0 ,
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which translates into a formula for ψ(2) in terms of ψ(1):

Disc
x1,x2

[ψ(2)(x1, x2, s12)] =

− P (s12) D̃isc
s12

[ψ(1)(x1 + s12)] D̃isc
s12

[ψ(1)(−x2 + s12)] .
(F.8)

In flat space, explicit expressions for the relevant wavefunction coefficients are easy
to obtain for a theory with polynomial interactions:

ψ(1)(x1) = 1
x1

,

ψ(2)(x1, x2, s12) = 1
(x1 + x2)(x1 + s12)(x2 + s12) ,

(F.9)

along with P (k) = 1/(2k). Using these expressions, it is straightforward to ver-
ify (F.8).

Three-site graph
As a more complex example, we can consider the three-site graph, which introduces
a couple novelties compared to the two-site graph. In particular, there are now
multiple internal cuts that will appear in the sum over cuts. Another interesting
aspect is that there are now two inequivalent ways of cutting the diagram, leading
to different identities, which are both satisfied. The truncated three-site Feynman
graph takes the form

ψ(3) =
x1

s12

x2

s23

x3
, (F.10)

where we have labelled both the energies associated to the vertices and the internal
lines.

We can assign a bulk time integral expression to (F.10), which will involve two
bulk-to-bulk propagators that must be integrated over. These integrals were eval-
uated in [46]. One of the benefits of cutting rules is that we don’t actually need
to perform these integrations in order to obtain a formula for part of the answer
in terms of lower-point objects.

Following the recipe described above, we sum up the following cuts of the three-site
graph:

x1 x2 x3
+

−x1 −x2 −x3

+
x1 −x2 −x3

+
x1 x2 −x3

= 0 .
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We see that this case is fairly similar to the two-site graph. In particular, there
are again two terms where the cuts do not pass through any of the internal lines
of the graph, which produce the left-hand side of (F.7). In addition, there are two
terms with cuts through internal lines. We should replace these internal lines with
cut propagators, which will shift the energies of the one and two-site graphs that
they connect to. Finally, we flip the energies of nodes that appear to the right
of a cut. Translating this picture into a formula, we obtain the following identity
satisfied by the three-site graph

Disc
x1,x2,x3

[ψ(3)(x1, x2, x3)] =

− P (s12) D̃isc
s12

[ψ(1)(x1 + s12)] D̃isc
s12

[ψ(2)(−x2 + s12,−x3, s23)]

− P (s23) D̃isc
s23

[ψ(2)(x1, x2 + s23, s12)] D̃isc
s23

[ψ̃(1)(−x3 + s23)] .

(F.11)

This expression relates part of the three-site graph wavefunction to shifted versions
of one and two-site wavefunctions. Given the explicit expressions for the one, two,
and three-site graphs in flat space, it is straightforward to verify that this identity
is indeed satisfied.3

In the way that we have cut the three-site graph, we have taken one of the vertices
that has a single internal line emanating from it as the “rightmost” vertex. This
leads to the set of cuts presented above. However, we could just as well have taken
the middle vertex, which connects to two internal lines, as the rightmost vertex,
in which case we would draw the graph as:

ψ(3) =
x2

x1

x3

. (F.13)

Of course, this graph and (F.10) are topologically equivalent, so it would seem that
this is merely a cosmetic choice. However, from the perspective of the cutting rules,
this presentation of the graph is essentially a different choice of partial ordering
on the vertices of the graph, and so leads us to cut the graph in a different way.
This feature first appears for the three-site graph and, interestingly, implies that
there are two distinct identities satisfied by the wavefunction.

3In addition to (F.9), this requires the following formula for the three-site graph

ψ(3)(x1, x2, x3) = 1
x1 + x2 + x3

1
(x1 + s12)(x3 + s23)(s12 + x2 + s23)

×

×
[ 1
x1 + x2 + s23

+ 1
x2 + x3 + s12

]
.

(F.12)

232



F.3. Examples

In this case, the set of cuts that we should sum over is

x2

x1

x3

+
−x2

−x1

−x3

+
−x2

x1

−x3

+
−x2

−x1

x3

+
−x2

x1

x3

= 0 .

The main difference with the presentation (F.10) is that now one of the cuts passes
through two lines, separating the graph into three one-site graphs, all with shifted
energies. In particular, the x2 node is shifted with respect to both the s12 and s23
internal energies. We again translate this picture into a formula as

Disc
x1,x2,x3

[ψ(3)(x1, x2, x3)] =

− P (s12) D̃isc
s12

[ψ(1)(x1 + s12)] D̃isc
s12

[ψ(2)(−x2 + s12,−x3, s23)]

− P (s23) D̃isc
s23

[ψ(2)(−x1,−x2 + s23, s12)] D̃isc
s23

[ψ(1)(x3 + s23)]

− P (s12)P (s23) D̃isc
s12

[ψ(1)(x1 + s12)]D̃isc
s23

[ψ(1)(x3 + s23)]×

× D̃isc
s12

[
D̃isc
s23

[ψ(1)(−x2 + s12 + s23)]
]
.

(F.14)

Notice that the vertex connected to two cut lines involves a double shifting of the
associated wavefunction coefficient, which for concreteness, is given by

D̃isc
sa

[
D̃isc

sb

[ψ(1)(x+ sa + sb)]
]

= ψ(1)(x− sa − sb) − ψ∗
(1)(x+ sa − sb)

− ψ∗
(1)(x− sb + sa) + ψ(1)(x+ sa + sb) .

(F.15)

It is again straightforward to verify that the identity (F.14) is satisfied in flat
space, by using the explicit expressions for the various wavefunction coefficients.

The fact that the cutting rules generate true identities irrespective of the presen-
tation of the graph suggests that there is some invariant notion of cutting the
wavefunctional coefficients, which then gets presented in various ways depend-
ing on how one chooses to order the graph, in this case leading either to (F.11)
or (F.14). It is tempting to speculate that this might have a natural interpre-
tation in terms of the cosmological polytopes that compute these wavefunction
coefficients [46].

233



F. Wavefunction Cutting Rules

It is not difficult to extend the above discussion to general tree graphs. Once one
has chosen an ordering of the various vertices in the graph, it is just a matter of
summing over the cuts, which can then be translated into an identity satisfied by
the wavefunction as above.

F.4 Tree-Level Proof
We now want to describe how one proves these identities, at least for tree-level
wavefunction coefficients. As we describe in the next section, the fact that the
cutting rules hold at the level of the time integrand allows us to derive cutting
identities satisfied by loops from the tree cutting rules.

At their core, the cutting rules follow from the identity (F.1), which relates the
three relevant propagators: the bulk-to-bulk, anti-bulk-to-bulk and cut propaga-
tors. At the level of the time integrand, a wavefunction coefficient is a product of
bulk-to-bulk propagators dressed with external mode functions. The essential idea
is that we are combining this integrand with the analogous integrand where the
bulk-to-bulk propagator has been replaced with the anti-bulk-to-bulk propagator.
This is (up to a sign) the way we have defined the conjugate wavefunction. There-
fore, we are combining the wavefunction and the conjugate wavefunction in such
a way that we can factor out all the information about external lines and apply
the identity (F.1) repeatedly.4 The rest is just book-keeping—we need to ensure
that the final answer can be written back in terms of the original wavefunction at
analytically continued energies. To do this, we use the relation (5.1):

ψn(k1, · · · , kn) = ψ∗
n(−k1, · · · ,−kn) , (F.18)

which is true in a unitary theory, where the analytic continuation to negative
energies corresponds to a clockwise rotation in the complex plane. Two things
are worth emphasizing: first, the cutting rules are true already at the level of the
integrand (similar to the Cutkosky-like rules derived for amplitudes in [300]), and,
second, they do not rely on unitarity per se—there are cutting identities satisfied by
any theory that involve both the wavefunction and conjugate wavefunction. These
identities depend only on the structure of the propagators, and can therefore be

4A related way to think about the cutting rules is that given three objects related by

Aj −Bj = Cj , (F.16)

the following identity is true [300]

A1 · · ·An −B1 · · ·Bn = C1B2 · · ·Bn +A1C2B3 · · ·Bn + · · · +A1 · · ·An−1Cn . (F.17)

In our context, A = G, B = −G, and C = G̃ and the cutting rules systematize the application of
the identity (F.17), giving a relation between the wavefunction and conjugate wavefunction.
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thought of as a consequence of locality. The additional input of unitarity is the
fact that only in a unitary theory can the relations be written in a way that only
involves the wavefunction. (This is also true in the case of scattering amplitudes.)

In order to prove the cutting formula (F.7) at tree level we proceed via induction.
In order to streamline the argument, it is useful to introduce some diagrammatic
notation. First, we denote the sum of all nontrivial cuts of a diagram (those that
intersect at least one internal line) as

∑
cuts

ψ = , (F.19)

where the shaded circle represents an arbitrary tree-level graph. For example, this
would correspond to the sum of diagrams with dashed lines in the above identities.
In this diagrammatic notation, we can write the cutting rule (F.7) as

+ = − , (F.20)

which relates the sum of cuts of a diagram to the wavefunction and its conjugate,
as defined above.

As we have explained earlier, the bulk-to-bulk and anti-bulk-to-bulk propagators
play an essential role, so it is useful to introduce the following graphical notation
for them:

G(k; t1, t2) = (F.21)
G(k; t1, t2) = . (F.22)

In this pictorial form, the identity (F.1) is simply

+ − = 0 . (F.23)

Having introduced this notation, we are ready to proceed with the proof. As
mentioned before, the argument is inductive. We are going to take advantage of
the fact that any tree graph can be built iteratively by successively adding internal
lines. Consider adding a single additional internal line that connects some general
graph to an additional vertex. Take this vertex to be the farthest “right” vertex and
assume that the graph it connects to satisfies the cutting formula (F.7). We want
to show that the graph obtained by adding the extra line then also satisfies (F.7).

We begin by considering the sum of internal cuts of a general graph, which is
denoted pictorially by (F.19). At the integrand level, we then multiply by the
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left-hand side of (F.23), and imagine connecting the propagators to a white vertex
(but evaluated for positive energy). Since we are multiplying by zero, we get

+ − = 0 . (F.24)

The goal is to arrange this into the appropriate cutting formula for the new graph
with this additional line. First, we notice that the middle term (with the blue
internal line) corresponds to almost all of the cuts of this graph. In particular, it
is a sum over all cuts except for the one where we cut the additional line, because
we are instructed to use the anti-bulk-to-bulk propagator for lines to the right of
cuts. We then want to arrange the other two terms in a form that produces the
last cut, along with the trivial cuts to the right and left of the wavefunction. We
can accomplish this by using the cutting rule for the grey blob (F.20) to write the
following diagrammatic identities

= − − , (F.25)

= − − , (F.26)

and then use the identity (F.23) in the last term of (F.26) to write

= + . (F.27)

Putting all of this together, various terms cancel and we can write (F.24) as

− +

+ + = 0 .
(F.28)

This is nearly the desired formula: Notice that in the first term the rightmost
vertex is ◦ instead of •. However, these two vertices only differ by a minus sign (i
versus −i), so we can write

− = . (F.29)

In addition, the last two terms of (F.28) combine into the full set of internal cuts
of the tree diagram, which implies

ψ + ψ = −
∑
cuts

ψ , (F.30)
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as desired. In order to complete the argument, we need one additional step, which
is to note that the fact that the sum of cuts of a graph vanishes for any ordering of
its vertices right to left, where we sum over all cuts according to the prescription
described in Section F.2. This can be seen starting from the cutting formula (F.7)
and on the right hand side (in the sum over internal cuts) using the identity
G + G = G̃ to transform any subgraph built from all bulk-to-bulk propagators into
one using all anti-bulk-to-bulk propagators (or vice versa). This will necessarily
also introduce a number of new cuts to the graph, effectively ordering the vertices
in a different way. As an example, we can transform the two ways of cutting
the three-site graph into each other via this procedure. With this information
in hand, we can effectively build any tree graph we want iteratively using (F.24),
where the added line attaches to the rightmost vertex. Then, since we have proven
the cutting rules explicitly in the base two-site case, they then follow for a general
graph.

Single cuts

The cutting rules that we have described are useful because they apply to general
graphs. However, there is another identity satisfied by the bulk-to-bulk propagator
that is useful in some cases. Specifically, the bulk-to-bulk propagator satisfies

G(k; t1, t2) = −G(−k; t1, t2) . (F.31)

We can use this relation to make the cut propagator appear in expressions involving
the wavefunction, without having to introduce the conjugate wavefunction. For
example, the two-site graph satisfies

ψ(2)(x1, x2, s12) − ψ(2)(x1, x2,−s12) =

− P (s12) D̃isc
s12

[ψ(1)(x1 + s12)] D̃isc
s12

[ψ(1)(−x2 + s12)] ,
(F.32)

which follows from combining (F.31) and (F.1). The extension to more compli-
cated tree graphs is immediate, we just take the difference between a wavefunction
coefficient and itself with one of its internal energies flipped, which has the inter-
pretation of cutting this internal line. Identities of this kind are somewhat similar
to single discontinuities in the context of scattering amplitudes. A drawback of
these cuts is that they do not readily extend to loop level because they require
shifting internal energies, which are integrated over in a loop. Nevertheless, they
may be useful in helping to constrain correlator ansatzes by demanding that all of
their individual cuts reproduce the correct lower-point objects. See [57] for some
examples along these lines.
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F.5 From Trees to Loops
So far, we have focused on cuts of tree-level graphs. In the context of cosmological
correlators, these relations already provide useful structural information. However,
in the case of flat-space scattering amplitudes, it is really at loop level that unitarity
methods are the most powerful. It stands to reason that cuts will also prove to be
useful at loop level for correlators. Fortunately, much of our previous discussion
can be adapted to consider loop diagrams.

A useful feature of the cutting formulas proved in the previous section is that they
hold at the level of the integrand, because they are essentially identities satisfied by
products of bulk-to-bulk propagators. From this perspective, there is not so much
difference between a tree diagram and a loop—to turn a tree integrand into a loop
integrand, we just identify two of the vertices.5 Consequently, we can re-interpret
our tree-level cutting formulas as ones involving loop diagrams.

There are two important subtleties when carrying out this procedure. The first is
that we have to be careful about vertex factors—for the most part we will focus on
theories with polynomial interactions, so that this only requires tracking factors of
i which depend on the number of actual vertex insertions. For more complicated
interactions involving nontrivial vertex factors, it should not be difficult to factorize
the problem by combining vertex factors for the loop diagram and then casting the
time integral as a tree integrand with identifications. However, we will not pursue
this systematically. The second important subtlety relates to loop momenta—in a
loop diagram there are unconstrained momenta running in the loops that have to
be integrated over. After cutting loop diagrams, it is important to still integrate
over the undetermined loop momenta. We will not attempt to actually perform
the loop momentum integrals, so the cutting formulas that we present should be
read as relations between the time integrals involved in loop calculations.

Since loops are not our main focus, we will just illustrate the procedure for a couple
simple examples, and leave a systematic exploration to the future. See also [56]
for a detailed discussion of cutting loops.

One-site loop
The simplest loop diagram involves a single vertex, where the loop connects the
vertex to itself:

ψ̂1-loop
(1) =

x

y

, (F.33)

5Interestingly, an avatar of this relation between trees and loops persists even after doing the
time integrals, as was pointed out in [76].
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where we include a hat on ψ̂1-loop
(1) to emphasize that this is not the full wavefunc-

tional coefficient, but is rather the loop integrand. Since this diagram only has
a single exchange, we can adapt the tree-level two-site cutting rule (F.8) to this
graph by identifying the two vertices, which leads to the identity

x

−

−x

−

x

= 0 , (F.34)

where the minus signs come from the factors of i and −i that are different for a
loop and for the identified tree diagram. We can translate this graphical identity
into the following formula:

D̃isc
x

[ψ̂1-loop
(1) ] − lim

y′→y
P (y) D̃isc

y

[
D̃isc

y′
[ψ̂(1)(x+ y + y′)]

]
= 0 , (F.35)

where it is important to split the energies y and y′ when taking the double dis-
continuity in order to preserve the correct identification of the two vertices in the
tree graph (F.8).

We can then check that this relation is indeed satisfied by the one-site loop in flat
space, where the explicit wavefunction coefficient is given by

ψ̂1-loop
(1) = 1

x(x+ 2y) . (F.36)

In this case, the shifted one-site wavefunctional coming from the cut is

lim
y′→y

P (y) D̃isc
y

[
D̃isc

y′
[ψ̂(1)(x+ y + y′)] = 1

2y

(
1

x− 2y − 2
x

+ 1
x+ 2y

)
, (F.37)

where ψ̂(1)(x + y + y′) = 1/(x + y + y′). Combining (F.37) with (F.36), we can
verify that (F.34) is satisfied. As mentioned earlier, it is worth bearing in mind
that this is a relation satisfied by the loop integrand, where the integration over
the undetermined loop momentum must still be carried out.

Two-site loop
The next-simplest example of a loop consists of two vertices with two internal
lines:

ψ̂1-loop
(2) = x1 x2

ya

yb

. (F.38)

Since this has the same number of propagators as the three-site graph example
at tree level, we can transform that cutting rule into one for this loop graph by
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identifying vertices 1 and 3. Interestingly, as in the case of the three-site tree, there
are two ways of cutting this loop diagram. The first comes from the identity (F.11)
and reads pictorially:

− − + = 0 , (F.39)

which, translated to an equation, is

D̃isc
x1,x2

[ψ̂1-loop
(2) ] − lim

y′
b
→yb

P (yb)D̃isc
yb

[
D̃isc

yb

[ψ̂(2)(−x1 + yb,−x2 + y′
b, ya)]

]
+ lim

y′
a→ya

P (ya)D̃isc
ya

[
D̃isc

ya

[ψ̂(2)(x1 + ya, x2 + y′
a, yb)]

]
= 0 ,

(F.40)

where again the nested D̃isc operations have to be treated with some care. For
example:

lim
y′

a→ya

D̃isc
ya

[
D̃isc

ya

[ψ̂(2)(x1 + ya, x2 + y′
a, yb)] = ψ̂(2)(x1 − ya, x2 − ya, yb)

− ψ̂(2)(x1 − ya, x2 + ya, yb) − ψ̂(2)(x1 + ya, x2 − ya, yb)
+ ψ̂(2)(x1 + ya, x2 + ya, yb) .

(F.41)

To check that the identity (F.40) is actually satisfied in flat space, we use the
explicit expression for the two-site loop [46]

ψ̂1-loop
(2) = 1

(x1 + x2)(x1 + ya + yb)(x2 + ya + yb)×

×
[

1
x1 + x2 + 2ya

+ 1
x1 + x2 + 2yb

]
,

(F.42)

as well as (F.9) for the two-site graph at tree level.

We can also imagine manipulating the identity (F.14) at the level of the integrand
into a loop identity. This different way of cutting the three-site graph leads to the
following diagrammatic identity:

− − − + = 0 , (F.43)

which it is also straightforward to verify given the explicit formulas.

As mentioned before, the fact that there are multiple different ways of cutting
diagrams suggests that there is a more invariant formulation of the problem. Ad-
ditionally, it would be interesting to connect these ideas to the formulation of
Steinmann relations found in [271].
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G Complex Deformations
and Residues

In Section 5.2, we constructed wavefunction coefficients recursively from lower-
point coefficients and scattering information by deforming their kinematic argu-
ments into the complex plane. These deformed wavefunction coefficients have a
number of poles at complex momenta, whose residues can be summed to obtain the
physical (i.e. the undeformed) wavefunction. In this appendix, we find a general
formula for these residues—at any pole order—in terms of the Laurent expansion
of the wavefunction coefficient around its singularities.

G.1 Deformation and Singularities

Imagine we want to construct a wavefunction coefficient, ψ(Ka), with an arbitrary
number of internal and external lines, whose energies we collectively call Ka ≡
{ka, |⃗ka1 + . . . + k⃗am |}, where k⃗a1 + . . . + k⃗am denotes a basis for the exchanged
momenta in a given process. We will assume that ψ(Ka) is a rational function of
these kinematic arguments, and that it has a pole of order n when a certain linear
combination of the energy variables, which we will denote by pj(Ka), goes to zero,
where j is an index that labels the different poles. We can then write

ψ(Ka) = 1
pj(Ka)n

Fj(Ka) , (G.1)

where Fj is the wavefunction coefficient after factoring out the pole. We could
similarly factor out all of the poles, but we just show the jth pole for illustration.
As explained in Section 5.2, we can isolate a subset of the poles by performing a
complex linear shift in the energy variables:

Ka 7→ K̂a(z) = {ka + caz, |⃗ka1 + . . .+ k⃗am | + da1...amz} . (G.2)

After doing this shift, we can write pj as

pj(Ka) 7→ pj(K̂a) = A(z − zj) , (G.3)
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where zj ̸= 0 is a linear combination of energy variables and A a numerical factor
that we will ignore in the following, as it can always be absorbed in the definition
of Fj . Equation (G.3) merely expresses that the zero of pj(K̂a) has been moved
into the complex plane by the deformation, and now sits at z = zj .

As described in Section 5.2, we can formally write the original undeformed wave-
function coefficient as

ψ(0) = 1
2πi

∮
C

dz ψ(z)
z

, (G.4)

by integrating around a small circle C centered around z = 0. By assumption, all
of the singularities of ψ(z) are poles, so we can write a residue formula for the
original wavefunction by deforming the contour

ψ(0) = −
∑

j

Res
z=zj

(
ψ(z)
z

)
, (G.5)

where we are assuming the absence of a pole at infinity.

G.2 Residues and Laurent Coefficients

In order to use the formula (G.5), we need to know the residues of ψ(z)/z at each
pole zj . Using the general residue formula, we can write

Res
z=zj

(
ψ(z)
z

)
= 1

(n− 1)! lim
z→zj

dn−1

dzn−1

[
(z − zj)nψ(z)

z

]
(G.6)

= 1
(n− 1)! lim

z→zj

dn−1

dzn−1

[
1
z
Fj(z)

]
= −

n∑
l=1

1
(−zj)l

1
(n− l)! lim

z→zj

dn−l

dzn−l
Fj(z) .

We want to relate this expression to the Laurent series of ψ. To do this, we note
that we can write the singular terms of the Laurent series of the deformed function
ψ(z) around z = zj as

lim
z→zj

ψ(z)
∣∣∣∣
sing

=
−1∑

m=−n

(z − zj)m 1
2πi

∮
Cj

dw ψ(w)
(w − zj)m+1

=
−1∑

m=−n

(z − zj)m Res
[

ψ(w)
(w − zj)m+1 , w = zj

]

=
−1∑

m=−n

(z − zj)m 1
(n+m)! lim

w→zj

dn+m

dwn+m
[(w − zj)nψ(w)]

=
−1∑

m=−n

(z − zj)m 1
(n+m)! lim

w→zj

dn+m

dwn+m
Fj(w) , (G.7)
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where Cj is a small circle centered around w = zj . Relabelling the summation
index m → −l yields

lim
z→zj

ψ(z)
∣∣∣∣
sing

=
n∑

l=1

R(l)(Ka)
(z − zj)l

, (G.8)

with

R(l)(Ka) ≡ 1
(n− l)! lim

w→zj

dn−l

dwn−l
Fj(w) . (G.9)

Comparing this with (G.6), we obtain a general expression relating the residue to
the coefficients in the Laurent expansion of ψ(z):

Res
z=zj

(
ψ(z)
z

)
= −

n∑
l=1

R(l)(Ka)
(−zj)l

. (G.10)

In Section 5.2, we use our knowledge of ψ(Ka) around its singularities—i.e. knowl-
edge of the Laurent series (G.8)—to compute the residues and reconstruct the full
function. In the case of partial energy singularities, the cutting equation allows
us to compute all the singular terms in (G.8). For the total energy singularity, we
only know the most singular term of the series, which is given by the high-energy
limit of the corresponding scattering amplitude. The subleading total energy sin-
gularities can however be fixed by consistency conditions, as they are not in general
independent from the partial energy singularities.

Shifting a single variable
The relevant formulas simplify if the complex deformation affects only one of the
energy variables, e.g. k1 7→ k1 + z. In this case, we have

pj(Ka) = k1 − θj(Ka) =⇒ zj = θj − k1 , (G.11)

and

lim
k1→θj

ψ(Ka)
∣∣∣∣
sing

=
−1∑

m=−n

(k1 − θj)m

(n+m)! lim
w→θj

dn+m

dwn+m
[(w − θj)nψ(w, k2, . . .)]

=
−1∑

m=−n

(−zj)m

(n+m)! lim
w→θj

dn+m

dwn+m
ψj(w, k2, . . .)

=
n∑

l=1

1
(−zj)l

1
(n− l)! lim

w→θj

dn−l

dwn−l
ψj(w, k2, . . .) , (G.12)

which coincides exactly with (G.6). The residue at zj = θj − k1 then takes the
simple form

Res
z=zj

(
ψ(z)
z

)
= − lim

k1→θj

ψ(Ka)
∣∣∣∣
sing

. (G.13)
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To sum up, when only one of the energy variables is shifted, the residue is just equal
to minus the singular terms of the Laurent series of the undeformed wavefunction
coefficient.

Simple poles
If all poles are simple poles, as is the case for flat-space wavefunction coefficients,
then the formula (G.10) for each pole simplifies even further and reduces to

Res
z=zj

(
ψ(z)
z

)
= 1
zj

lim
z→zj

[(z − zj)ψ(z)] . (G.14)

Furthermore, if we shift only one energy variable, then the formula involves only
the unshifted wavefunction coefficient:

Res
z=zj

(
ψ(z)
z

)
= − 1

k1 − θj
lim

k1→θj

[(k1 − θj)ψ(Ka)] . (G.15)

This implies that for simple poles, and deforming only one of the energy variables,
the residues of the deformed wavefunction are simply given by a limit of the (unde-
formed) wavefunction coefficient. We typically know expressions for these singular
limits of the wavefunction from other principles, like bulk locality.
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H Notation

Here we collect the most important variables used in this thesis. When relevant,
we write the variables in the s-channel, with only a few exceptions in which we
present the t- and u-versions explicitly. The t- and u-channel variables can be
obtained from the s-channel definition by the following permutations,

s-channel t-channel u-channel
1234 1432 1324 .

Symbol Meaning

Ψ Wavefunction of the universe
ψn n-point wavefunction coefficient
Ψ Conjugate wavefunction
ψn n-point conjugate wavefunction coefficient
ψ̃n Shifted wavefunction coefficient

Disc[ψ4] “Discontinuity” operation, Disc[ψ4] ≡ ψ4(ka) + ψ∗
4(−ka)

Pi Translation generator
Jij Rotation generator
D Dilatation generator
Ki Special conformal generator
K̃i Conformal generator in spinor variables

η Conformal time
x⃗ Spatial three-vector
xi Component of x⃗
k⃗ Three-momentum vector
ki Component of k⃗
k Magnitude of k⃗, k ≡ |⃗k|
k̂ Unit momentum vector, k̂ ≡ k⃗/k

245



H. Notation

Symbol Meaning

kab Sum of ka and kb, kab ≡ ka + kb

E Total energy, E ≡
∑

a ka

K Total energy (3-point function), K ≡ k1 + k2 + k3

s Exchange momentum (s-channel), s ≡ |⃗k1 + k⃗2|
t Exchange momentum (t-channel), t ≡ |⃗k1 + k⃗4|
u Exchange momentum (u-channel), u ≡ |⃗k1 + k⃗3|
w Ratio of s and k12, w ≡ s/k12

v Ratio of s and k34, v ≡ s/k34

α Difference of energies, α ≡ k1 − k2

β Difference of energies, β ≡ k3 − k4

α̂ Ratio of α and s, α̂ ≡ α/s

β̂ Ratio of β and s, β̂ ≡ β/s

α⃗ Difference of momenta, α⃗ ≡ k⃗1 − k⃗2

β⃗ Difference of momenta, β⃗ ≡ k⃗3 − k⃗4

τ Angular variable, τ ≡ α⃗ · β⃗
τ̂ Dimensionless angular variable, τ̂ ≡ τ/s2

EL Partial energy (s-channel), EL ≡ k12 + s

ER Partial energy (s-channel), ER ≡ k34 + s

E
(t)
L Partial energy (t-channel), E(t)

L ≡ k14 + t

E
(t)
R Partial energy (t-channel), E(t)

R ≡ k23 + t

E
(u)
L Partial energy (u-channel), E(u)

L ≡ k13 + u

E
(u)
R Partial energy (u-channel), E(u)

R ≡ k24 + u

sab Energy running between vertices a and b

xa Energy entering vertex a

z⃗ Auxiliary null vector, z2 = 0
ξ⃗ Transverse polarization vector, k⃗ · ξ⃗ = 0
λα Momentum spinor variable (holomorphic)
λα Momentum spinor variable (anti-holomorphic)
σi

αβ Pauli matrices
ϵαβ Totally antisymmetric 2-index tensor
⟨ab⟩ Inner product between momentum spinors, ⟨ab⟩ ≡ ϵαβλa

αλ
b
β

⟨ab⟩ Inner product between momentum spinors, ⟨ab⟩ ≡ ϵαβλa
αλ

b

β

m Helicity in 3 dimensions
h Helicity in 4 dimensions
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m2 Mass squared
ν Mass parameter, ν ≡ ∆ − 3/2
t Depth of partially massless field
σ Generic bulk field
Φ Boundary value of the field σ

σ± Late-time mode functions of a field σ in de Sitter
∆ Scaling dimension (conformal weight)
ℓ Spin
O Operator dual to the field σ

Õ Shadow operator of O
φ C.c. bulk scalar in de Sitter, massless bulk scalar in flat space
ϕ Massless bulk scalar in de Sitter
φ Scalar operator with ∆ = 2 (dual to conformal scalar φ)
ϕ Scalar operator with ∆ = 3 (dual to massless scalar ϕ)
Aµ Bulk vector field
Fµν Field strength
Ji Conserved spin-1 current (dual to photon Aµ)
J± Helicity components of J i, J± ≡ ξ±

i J
i

γµν Bulk graviton
Wµνρσ Weyl tensor
Tij Conserved spin-2 current (dual to graviton γµν)
T± Helicity components of T ij , T± ≡ ξ±

i ξ
±
j T

ij

Jℓ Conserved current of generic spin ℓ

K Bulk-to-boundary propagator
G Bulk-to-bulk propagator
G Anti-bulk-to-bulk propagator
G̃ Cut propagator
iV Vertex factor

An n-point amplitude
pµ Four-momentum
ϵµ Polarization four-vector, p · ϵ = 0
S Flat-space Mandelstam variable, S ≡ −(p1 + p2)2

T Flat-space Mandelstam variable, T ≡ −(p1 + p4)2

U Flat-space Mandelstam variable, U ≡ −(p1 + p3)2
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Symbol Meaning

X Embedding space coordinate
Z Embedding space null vector
XM Component of X
ZM Component of Z
JMN Lorentz generators in embedding space
Xab Dot product, Xab ≡ Xa ·Xb

U Cross ratio, U ≡ X12X34/X13X24

V Cross ratio, V ≡ X14X32/X13X24

∆w Hypergeometric differential operator, ∆w ≡ w2(1−w2)∂2
w −2w3∂w

Dwv Differential operator, Dwv ≡ (wv)2∂w∂v

K⃗ab Vector differential operator, K⃗ab ≡ ∂k⃗a
− ∂k⃗b

W−−
12 Weight-lowering operator, ∆ 7→ ∆ − 1 at 1 and 2

W++
12 Weight-raising operator, ∆ 7→ ∆ + 1 at 1 and 2

S−−
12 Spin-lowering operator, ℓ 7→ ℓ− 1 at 1 and 2

S++
12 Spin-raising operator, ℓ 7→ ℓ+ 1 at 1 and 2

S12 Spin-raising operator iS12 ≡ k2D32

D12 Operator that raises spin at 1 and lowers weight at 2
D11 Operator that raises spin at 1 and lowers weight at 1
H12 Operator that raises spin and lowers weight at 1 and 2
Oab Auxiliary weight-shifting operator
Qab Auxiliary weight-shifting operator
U

(ℓ,m)
ab Weight-shifting operator

D(ℓ,m)
wv Helicity-decomposed spin-raising operator

(P1)ij Spin-1 projector
(P2)ij,lm Spin-2 projector

P(1)
a Scalar spin-1 projector, P(1)

a ≡ zi
a(P1)ijD

j
za

P(2)
a Scalar spin-2 projector, P(2)

a ≡ zi
az

j
a(P2)ij,lmD

l
za
Dm

za

ea Charge of particle a
fABC Self-coupling of non-Abelian vector
TA

ab Vector-scalar coupling
κa Gravitational coupling of particle a
κg Gravitational self-coupling
κc Nonlinear gravitational coupling to matter
κ Universal gravitational coupling
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Di
z Operator removing auxiliary null vectors

πij Transverse projector, πij ≡ δij − k̂ik̂j

(Πℓ)i1···iℓ
j1···jℓ

Polarization tensor
⊗ Product involving polarization tensor contraction

Πℓ,m Polarization sum
Π̃ℓ,m Rescaled polarization sum
P1 Spin-1 generalization of the Legendre polynomial
P2 Spin-2 generalization of the Legendre polynomial
M Polarization structure of ⟨TφTφ⟩u

N Polarization structure of ⟨TφTφ⟩u

L Polarization structure of ⟨TφTφ⟩u

ξ⃗1 ◦ ξ⃗2 Polarization structure, ξ⃗1 ◦ ξ⃗2 ≡ (ξ⃗1 · k⃗3)(ξ⃗2 · k⃗4) − (ξ⃗1 · k⃗4)(ξ⃗2 · k⃗3)
ξ⃗3 ◦ ξ⃗4 Polarization structure, ξ⃗3 ◦ ξ⃗4 ≡ (ξ⃗3 · k⃗1)(ξ⃗4 · k⃗2) − (ξ⃗3 · k⃗2)(ξ⃗4 · k⃗1)

F 4-point function ⟨O1O2O3O4⟩
F̂ Dimensionless four-point function, F = s∆t−9F̂ (s-channel)

F̂∆I =2 Exchange solution (∆I = 2)
F̂∆I =3 Exchange solution (∆I = 3)
F̂ (ℓ) Spin-ℓ exchange solution
F

(ℓ)
L Longitudinal part of the spin-ℓ exchange solution
C0 Lowest-order contact solution, C0 ≡ wv/s(w + v)
Cn Higher-order contact solutions, Cn = ∆n

wC0

C0 Contact solution from bulk ϕ4 interaction
M2 Mass parameter, M2 ≡ (1 − ∆)(∆ − 2) = m2/H2 − 2

z Complex deformation parameter
ψ(z) Deformed wavefunction coefficient
B∞ Boundary contribution from pole at infinity
R(l) l-th coefficient of the Laurent expansion of ψ around a pole
RE Subleading Laurent coefficients around the E = 0 pole

f[ℓ1ℓ2ℓ3] 3-point function form factor
f(ℓ,m) 4-point function form factor associated to the sum Π̃ℓ,m

S [j]
k Transmutation operator for external spinning field

∆[ℓ1ℓ2ℓ3] Differential operator that encodes the action of K̃ on f[ℓ1ℓ2ℓ3]

I [j]
s Transmutation operator for highest helicity in spin exchange

Î [j]
s Transmutation operator for lower helicities in spin exchange
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Symbol Meaning

Bs 4-point ϕ̇3 transmutation operator
OL,R Transmutation operators for the EFToI π̇(∇⃗π)2 vertex

H Hubble parameter
Pσ Power spectrum of the field σ

B(ℓ) Bispectrum from spin-ℓ exchange
Bc Contact contributions to the bispectrum
Binf Bispectrum of slow-roll inflation
ϵ Slow-roll parameter
ζ Comoving curvature perturbation
δϕ Inflaton fluctuation
θ Angle in the squeezed limit
π Goldstone mode of time reparametrization invariance
fπ Scale of symmetry breaking
cs Speed of sound

T̂ Angular variable, T̂ ≡ τ̂ + α̂β̂/(wv)
L̂ Angular variable
γ Angle between k̂1 and k̂3, cos γ ≡ k̂1 · k̂3

θa Angle between k̂a and ŝ, cos θa ≡ k̂a · ŝ
χ Projected angle between k̂1 and k̂3, cosχ ≡ T̂ /L̂

δab Kronecker delta
δ(. . .) Dirac delta
Pℓ Legendre polynomial
Pm

ℓ Associated Legendre polynomial
P̃m

ℓ Modified version of the associated Legendre polynomial
P

(a,b)
ℓ Jacobi polynomial
Cλ

m Gegenbauer polynomial
Kν Bessel function
H

(1,2)
ν Hankel functions

2F1 Hypergeometric function
Li2 Dilogarithm
(·)n Pochhammer symbol
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Summary

This summary presents the contents of the thesis in more accessible terms, hoping
to be useful both for the layperson and for the expert reader.

The origin of structure
On large scales, the universe looks homogeneous and isotropic, meaning that it
is the same at every point and in every direction. The structures that inhabit
it—galaxies, dark matter halos, clusters and voids, etc.—are fluctuations over a
very uniform background. These structures have their origin in perturbations of
the very early universe, that evolved during fourteen billion years under the effect
of the gravitational force. Their precise size and distribution today are the result
of their initial conditions and the gravitational evolution. The central challenge of
modern cosmology is then to reconstruct the history of the universe and its initial
conditions from the patterns observed in late-time cosmological structures.

The careful study of cosmological data points towards the existence of an epoch
of very violent expansion of space in the early universe—a period called inflation.
The expansion was so great that it stretched quantum scales to cosmic scales;
the quantum fluctuations of the inflationary vacuum had grown into macroscopic
density fluctuations by the end of this period. This is, in fact, the origin of the
aforementioned perturbations and, therefore, of the structure that we see today.
To put it in simple terms, the stars and galaxies that surround us were seeded by
quantum ripples in the beginning of the universe.

Even though there is a good amount of evidence supporting inflation, very little
is known about its detailed physics. For example, we do not have information
about the particles and forces that were at play during that period. The reason is
that inflation took place at extremely high energies; very far from what the most
powerful experiments on Earth can probe. For this reason, we cannot directly
extrapolate the physics that we know into that epoch. This sounds like a problem,
but it is actually a great opportunity—we can see inflation as a very-high-energy
experiment that nature ran for us. The outcome of this experiment—this is,
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the late-time structure of the universe—potentially contains information about a
totally unexplored physical regime.

Cosmological correlations
In quantum physics, the results of experiments are probabilistic, so physicists
need to repeat them a number of times and perform a statistical analysis of the
results. This is not possible in cosmology—the experiment that evolved some ini-
tial quantum perturbations into our current universe took place only once. What
cosmologists then do is to replace the average over experiments by a spatial av-
erage. If we accept the premise that the laws of physics are the same everywhere
in the universe, we can assume that every direction we look at corresponds to a
different realization of the experiment. We then do statistics by comparing the
values of some physical quantity (for example the frequency of photons or the
density of matter) as measured in different directions. The mathematical objects
that contain this statistical information are correlators: functions that quantify
how much different points in space are related to each other.

The correlators of interest for early universe cosmology are those of the perturba-
tions at the end of inflation. On the one hand, our knowledge of the subsequent
evolution of matter and light allows us to relate them to the correlations measured
in late-time structures. On the other hand, they encode the inflationary dynamics
that we want to learn about. In sum, these are the key objects that connect theory
and observations. These correlators are evaluated at a specific time slice, which
we can imagine as the surface separating the inflationary epoch from the conven-
tional hot Big Bang era. It is important to emphasize that we do not have direct
observational access to the period of inflation, but only to this “future boundary”
of the inflationary spacetime.

A new approach
One can study correlation functions between any number of points, but the diffi-
culty of measuring them in the sky or computing them from a theoretical model
grows with this number. When the physics that gives rise to correlations is Gaus-
sian, all the relevant information is contained in the two-point function. However,
if we want to learn about the possible interactions that took place in the infla-
tionary spacetime, we need to measure the higher-point functions associated to
the non-Gaussianity of the initial conditions. In particle theory, the equivalent
statement is that one needs to study three- or higher-point scattering amplitudes
in order to test the interactions of a theory—the propagator alone will not provide
information about them. Only the two-point function of scalar perturbations has
so far been measured, but the detection of three- or higher-point functions is an
important target of current and future experiments. In this quest, it is crucial to
have sharp theoretical predictions that help us find and interpret possible signals
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in the data.

The traditional way to compute predictions for primordial correlation functions is
by assuming a specific model and following the time evolution of its particles in the
inflationary spacetime. However, the fact that we can only observe the final result
of that evolution suggests a new approach—trying to understand the correlators
directly at the boundary, without following the details of the inflationary dynamics.
This strategy is called the “cosmological bootstrap,” and draws inspiration from
similar developments in the fields of scattering amplitudes and conformal field
theory. In essence, it tries to fix the functional form of correlators using physical
principles as consistency conditions.

Results

The bootstrap approach to cosmology has made possible a number of computations
that were out of reach with traditional methods. Besides, it has shed light on how
fundamental physical principles affect the structure of correlators. One of its
major conceptual breakthroughs has been to uncover a web of relations among
correlators of different fields in de Sitter space. These relations were presented
in Chapter 3, formulated in terms of differential operators that we called weight-
shifting operators. In Chapter 4, we used these operators to generate a large set
of three- and four-point functions of massless spinning fields starting from simpler
scalar seeds. We also showed how these correlation functions are constrained
by current conservation identities, which imply nontrivial relations between the
couplings of the theory.

Unitarity is a fundamental principle in quantum field theory, so any consistent
observable should be compatible with it. In Chapter 5, we reviewed the conse-
quences of unitarity on cosmological correlators. We showed that any n-point
function coming from unitary time evolution is related to lower-point functions
via cutting rules. With the help of complex analysis, this fact can be used to build
recursion formulas of broad applicability. We bootstrapped a number of four-point
functions via these recursion relations, building them from scattering amplitude
and three-point correlator data.

An important conceptual discovery of the bootstrap is the fact that most of the
relevant physical information is already captured in correlation functions in flat
spacetime. A consequence of this is that the effect of an expanding background
on correlators can be accounted for systematically by a series of differential and
integral operators. In Chapter 6, we showed that these operators transmute the
simpler Minkowski correlators into their de Sitter counterparts. Since the former
are usually much easier to bootstrap, this transmutation procedure provides a
more efficient route towards the de Sitter answers.
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Many of the results presented in this thesis, particularly in Chapters 3 and 4,
were for correlation functions in an exact de Sitter spacetime. In order to obtain
realistic correlators of inflation, one must deform the de Sitter-invariant answers.
This was done in Chapter 7 to compute a number of contributions to inflationary
scalar and scalar-tensor three-point functions. Since the transmutation tools of
Chapter 6 allow us to break de Sitter symmetries at the level of the transmutation
operators, we also used them to calculate contributions to the scalar three- and
four-point functions coming from boost-breaking interactions in the effective field
theory of inflation.

The outlook discussed some potential directions of research, arguing that the cos-
mological bootstrap has a promising future in pushing forward our theoretical
understanding of de Sitter and inflationary physics. The lessons learned so far
suggest that there are more relations, structures, and insights waiting to be re-
vealed.
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Samenvatting

Deze samenvatting behandelt de inhoud van dit proefschrift in meer toegankelijke
taal, en is daarmee hopelijk van nut voor zowel de leek als de expert.

De oorsprong van structuur
Op grote schaal ziet het heelal er homogeen en isotroop uit: het is hetzelfde op
elk punt en in elke richting. De structuren die we waarnemen – sterrenstelsels,
halo’s van donkere materie, clusters, leegtes, etc. – zijn fluctuaties bovenop een
zeer uniforme achtergrond. Deze structuren vinden hun oorsprong in verstoringen
van het heelal in de beginfase, die zich daarna gedurende veertien miljard jaar
hebben ontwikkeld onder het effect van de zwaartekracht. Hun precieze grootte en
verspreiding vandaag de dag zijn het resultaat van de begincondities en de evolutie
onder de zwaartekracht. De belangrijkste uitdaging van de moderne kosmologie is
om de geschiedenis van het heelal en diens beginvoorwaarden te reconstrueren op
basis van de patronen die we nu observeren in de kosmologische structuren.

Het zorgvuldig bestuderen van kosmologische data wijst op het bestaan van een
tijdperk van extreme uitdijing van de ruimte in het vroege heelal: een periode die
inflatie wordt genoemd. De uitdijing was in die periode zó groot dat quantumscha-
len oprekten tot kosmische schalen; de quantumfluctuaties van het vacuüm waren
tegen het einde van deze periode uitgegroeid tot macroscopische dichtheidsfluctu-
aties. Dit is de oorsprong van de eerder genoemde verstoringen – en dus van de
structuur die we nu waarnemen. Simpel gezegd zijn de sterren en sterrenstelsels
die ons omringen het effect van “quantumrimpelingen” in het begin van het heelal.

Hoewel er veel bewijs is voor inflatie, is er slechts weinig bekend over de precieze
fysica van dit tijdperk. Zo hebben we geen informatie over de deeltjes en krach-
ten die in die periode van belang waren. De reden is dat inflatie plaatsvond bij
extreem hoge energieën, ver verwijderd van wat de krachtigste experimenten op
aarde kunnen onderzoeken. Dit betekent dat we de fysica die we kennen niet direct
kunnen extrapoleren naar dat tijdperk. Dit klinkt problematisch, maar is eigen-
lijk een geweldige kans: we kunnen inflatie zien als een experiment op zeer hoge
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schaal dat de natuur voor ons heeft uitgevoerd. De uitkomst van dit experiment –
de structuur van het universum op late tijd – bevat mogelijk informatie over een
totaal onontgonnen natuurkundig gebied.

Kosmologische correlatoren
In de quantumfysica zijn de resultaten van experimenten probabilistisch; daarom
moeten natuurkundigen experimenten een aantal keer herhalen en een statistische
analyse op de resultaten loslaten. Dit is niet mogelijk in de kosmologie: het ex-
periment dat de oorspronkelijke quantumverstoringen evolueerde tot ons huidige
heelal heeft slechts één keer plaatsgevonden. Wat kosmologen daarom doen, is
het gemiddelde over experimenten vervangen door een gemiddelde over de ruimte.
Als we de premisse accepteren dat de wetten van de natuurkunde overal in het
heelal hetzelfde zijn, dan kunnen we aannemen dat elke richting waarin we kijken
overeenkomt met een andere ‘herhaling’ van het experiment. Vervolgens kun-
nen we statistiek bedrijven door de waarden van een natuurkundige hoeveelheid
(bijvoorbeeld de frequentie van fotonen of de dichtheid van materie) gemeten in
verschillende richtingen te vergelijken. De wiskundige objecten die deze statis-
tische informatie bevatten zijn correlatoren: functies die kwantificeren hoeveel
verschillende punten in de ruimte aan elkaar gerelateerd zijn.

De correlatoren die van belang zijn voor de kosmologie van het vroege heelal
zijn die van de verstoringen aan het einde van de inflatie. Enerzijds stelt onze
kennis van de daaropvolgende evolutie van materie en licht ons in staat om ze
te relateren aan de correlaties gemeten in de structuren op latere tijd. Aan de
andere kant coderen ze de dynamica van de inflatie, waar we meer over willen
leren. Kortom: deze correlatoren zijn de belangrijkste objecten die theorie en
waarnemingen met elkaar verbinden. Deze correlatoren worden geëvalueerd op
het tijdsvlak dat het inflatietijdperk scheidt van de hete oerknal. Het is daarbij
belangrijk om te benadrukken dat we geen directe waarnemingen kunnen doen
aan de inflatie, maar alleen aan deze “grens van de toekomst” van de ruimtetijd
tijdens inflatie.

Een nieuwe aanpak
Men kan correlatiefuncties tussen een willekeurig aantal punten bestuderen, maar
de complexiteit om ze te meten in het heelal of ze te berekenen vanuit een theo-
retisch model neemt toe met dit aantal. Wanneer de onderliggende natuurkunde
Gaussiaans is, zit alle relevante informatie in de tweepuntsfunctie. Als we echter
meer willen weten over de mogelijke interacties die plaatsvonden tijdens infla-
tie, moeten we de hogere-puntfuncties meten die verband houden met de non-
Gaussianiteit van de beginvoorwaarden. In de deeltjestheorie is de equivalente
bewering dat men verstrooiingamplitudes moet bestuderen van drie- of hogere-
puntsfuncties om de interacties van een theorie te testen – de tweepuntsfunctie
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alleen is onvoldoende. Tot nu toe is alleen de tweepuntsfunctie van scalaire versto-
ringen gemeten; de detectie van driepunts- of hogere-puntfuncties is een belangrijk
doel van huidige en toekomstige experimenten. In deze zoektocht is het cruciaal
om goede theoretische voorspellingen te hebben die ons helpen mogelijke signalen
in de data te vinden en te interpreteren.

De traditionele manier om voorspellingen voor primordiale correlatiefuncties te
doen, is door een specifiek model aan te nemen en de tijdsevolutie van de bij-
behorende deeltjes tijdens inflatie te volgen. Het feit dat we echter alleen het
eindresultaat van die evolutie kunnen waarnemen, impliceert een nieuwe benade-
ring: proberen de correlatoren direct aan de rand te begrijpen, zonder de details
van de inflatoire dynamiek te volgen. Deze strategie wordt de ’kosmologische boot-
strap’ genoemd en is gëınspireerd op soortgelijke ontwikkelingen op het gebied van
verstrooiingsamplitudes en conforme veldentheorie. De kosmologische bootstrap
probeert de functionele vorm van correlatoren vast te stellen met behulp van fysi-
sche principes als consistentievoorwaarden.

Resultaten

De bootstrap-benadering van kosmologie heeft een aantal berekeningen mogelijk
gemaakt die met traditionele methoden onbereikbaar waren. Bovendien heeft het
licht geworpen op hoe fundamentele natuurkundige principes de structuur van
correlatoren bëınvloeden. Een van de belangrijkste conceptuele doorbraken was
het blootleggen van een web van relaties tussen correlatoren van verschillende
velden in een de Sitter-ruimte. Deze relaties werden gepresenteerd in Hoofdstuk 3
van dit proefschrift, in termen van differentiaaloperatoren die we ‘weight-shifting’
operatoren noemden. In Hoofdstuk 4 hebben we deze operatoren gebruikt om een
groot aantal drie- en vierpuntsfuncties van massaloze velden met spin te genereren,
uitgaande van eenvoudiger scalaire velden. We hebben ook laten zien hoe aan deze
correlatiefuncties randvoorwaarden worden opgelegd door stroombehoudsrelaties,
die niet-triviale relaties tussen de koppelingsconstanten van de theorie impliceren.

Unitariteit is een fundamenteel principe in de kwantumveldentheorie, dus elke con-
sistente observabele moet ermee verenigbaar zijn. In Hoofdstuk 5 hebben we de
consequenties van unitariteit op kosmologische correlatoren besproken. We toon-
den aan dat elke n-puntsfunctie afkomstig van unitaire tijdsevolutie gerelateerd is
aan lagere-puntfuncties via zogeheten ‘cutting rules’. Met behulp van complexe
analyse kan dit gegeven worden gebruikt om recursieformules op te stellen die
breed toepasbaar zijn. We hebben deze recursierelaties gebruikt om een aantal
vierpuntsfuncties te bootstrappen, door ze op te bouwen uit verstrooiingsamplitu-
des en driepuntscorrelatoren.

Een belangrijke conceptuele ontdekking van de bootstrap is het feit dat de meeste
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relevante fysische informatie al is vastgelegd in correlatiefuncties in de vlakke ruim-
tetijd. Een gevolg hiervan is dat het effect van een zich uitdijende achtergrond
op correlatoren systematisch kan worden uitgerekend met behulp van een reeks
differentiaal- en integraaloperatoren. In Hoofdstuk 6 hebben we laten zien dat
deze operatoren de eenvoudigere Minkowski-correlatoren transmuteren in hun de
Sitter-tegenhangers. Aangezien de eerstgenoemde gewoonlijk veel gemakkelijker
te bootstrappen zijn, biedt deze transmutatieprocedure een efficiëntere route naar
de correlatoren in de Sitter.

Veel van de resultaten die in dit proefschrift worden gepresenteerd, met name in
de hoofdstukken 3 en 4, hebben betrekking op correlatiefuncties in een exacte de
Sitter-ruimtetijd. Om realistische correlatoren van inflatie te verkrijgen, moeten de
de Sitter-invariante antwoorden aangepast worden. Dit is gedaan in Hoofdstuk 7
voor een aantal bijdragen aan inflatoire scalaire en scalair-tensor driepuntsfuncties
te berekenen. Omdat de transmutatietools van Hoofdstuk 6 ons in staat stellen om
de de Sitter symmetrieën op het niveau van de transmutatie-operatoren te breken,
hebben we ze ook gebruikt om bijdragen aan de scalaire drie- en vierpuntsfunc-
ties te berekenen die voortkomen uit boost-brekende interacties in de effectieve
veldentheorie van inflatie.

De discussiesectie van dit proefschrift besprak enkele mogelijke toekomstige onder-
zoeksrichtingen, en benadrukte dat de kosmologische bootstrap een veelbelovende
toekomst heeft in het vergroten van ons theoretisch begrip van de Sitter en infla-
toire fysica. De lessen die tot nu toe zijn geleerd, suggereren dat er meer relaties,
structuren en inzichten wachten om onthuld te worden.

Vertaald door Evita Verheijden.
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