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This supplement is organized as follows. Appendix A contains technical lem-
mas and proofs. Appendix B collects additional simulation results, that were
omitted from the main paper due to page limits.

Appendix A: Technical lemmas and proofs

Lemma 1. Let B be a Bernoulli random wvariable, Ty a nonnegative random
variable and let T =Ty if B=1 and T = oo if B = 0. Let X and Z be two
real-valued random vectors. Then

ToL(C,X)|Z and BL(C,Ty,2)| X = T L1C|(X,2)

Proof. This lemma is similar to Lemma 8.1 in [2]. We provide the proof for
completeness. By elementary properties of conditional independence we have

B1(C,Ty,Z)| X < BLC|(X,ZT,) and BLT,|(X,Z) and BLZ|X

and
ToL(C,X)|Z < T,LC|(X,Z) and Ty LX|Z

Then,

C1lB|(X,2,T)) and CL1LTy|(X,Z2) <= (BT LC|(X,2)
The result follows from the fact that T is completely determined by B and
To. O

A.1. Identifiability with restricted survival times
For any 0 < 7 < 79, let

T3 = min(Ty, 7°), T* =BTy + (1 — B)x and C* = min(C, 7").
Moreover, let

Y* = min(T*, C*) and A* = ]l{T*SC*}
1
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A first aspect to study is the identifiability of the true values of the parameter
when (Y, A) is replaced by (Y*, A*). Here, identifiability means that the true
values By and Ay of the parameters maximize the expectation of the criterion
maximized to obtain the estimators. This issue is addressed in Lemma 2. Let
us introduce some additional notation: for any 0 < 7* < 79 and A € H, A« is
defined as

Ape(t) = A(t), VE€[0,7%) and AAL.(7") = A-({7*}) = 1. (A1)

The dominating measure for the model of Ty changes with such a stopped cu-
mulative hazard measure to allow for a positive mass at 7*. Then, £ defined in
(13) becomes

E(y,d,1‘,2’;ﬂ,A‘T*7’Y) = ﬂ{y<7’*} [dlogfu(y|zvﬁaA)
+(1 = d)log {1 = ¢(v,2) + ¢(v,2)Su(ylz; 8, A)}]
+ Lgyzrey [dlog Su(r7]2; 8, A) + (1 = d) log {1 — ¢(7, 2)}] . (A2)

Lemma 2. Let 0 < 7 < 7. Assume that for any 3 € B and A € H,

Su(t\z;B,A‘T*) = Su(t|z; Bo, Agj7+), VE € [0,77) = B =Py and ]\‘T* = Agj7=.
(A3)

Then (Bo, Moj+) is the unique solution of

max B [6(Y*, A", X, Z; B, Ajre, 0)] - (A4)

Condition (A3) is a minimal requirement of identification of the true value of
the parameters in the model for the uncured subjects if the variable Ty A C was
observed and only the events in a subset of the support of Tj are considered. In
the Cox PH model (A3) is guaranteed by the requirement that Var(Z) has full
rank.

Proof of Lemma 2. First, let
Hi([0,t]|z,2) =P(Y <t,A=k|X =z,Z=2), ke{0,1}, te]0,00),

and let Hy(dt|x, z) be the associated conditional measures. These conditional
measures characterize the distribution of (Y, A) given X = x and Z = z. By the
model and independence assumptions, for any ¢ > 0,

Hy(dt|z, 2) = ¢(y0,x)Fo([t, 00)|x, 2) fu(t]z; Bo, Ao)dt, (A5)
and
Ho(dt|z,z) = {1 = (70, 2) + ¢(70, ) Su(t|2; Bo, Ao) e (dil|z, 2). (A6)

Following an usual notation abuse, herein we treat dt not just as the length
of a small interval but also as the name of the interval itself. Note that up to
additive terms which do not depend on the parameters 3, A,

(y7d) = leg fu(y|z7 607A0)+(1_d) IOg {1 - ¢('Y(),x) + ¢(70,w)5'u(y|z,ﬂo7A0)} )
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is the conditional log-density of (Y, A) given X = z and Z = z. From this
and Kullback information inequality one can deduce that the expectation of ¢
defined in (13) is maximized by By, Ay and ~o.

Let 0 < 7* < 19. Note that

Hi([7" mo] |z, 2) = Hi([7", 00) |, 2) = ¢(70790)/ Fo([t, 00)|a, 2) fu(t|2; Bo, Ao)dt,

[7*,70]

and

HO([T*a OO)‘J?, Z) = (b(rYOa 3:) /[ o] S’u.(t‘zvﬁ(h Ao)Fc'(dt|JI, Z)
+ {1 = ¢(v0, 2)}Fe([r", 00z, 2).
Moreover,

d(x,z;7%) == qb(’yomc)/ Fo([t,00)|x, 2) fu(t|z; Bo, Ao)dt

[7*,70]

1 670, ) / Su(t]2: Bo Ao) Fe(dtz, )

[7*,70]

= ¢(v0,2)Fe ([, 00)|2, 2)Su(T"|2; Bo, Ao)
=P(TyAC >7",B=1).

In the limit case of no cure, d(x, z;7*) = Hy([7*,00)|x, 2) + Ho([7*, 00)|x, 2). By
construction we have Y* = min(Y, 7*), and

PY*=7"A"=1|X=2,Z=2)=d(z,z;7").
Next, let
HE([0,t]|z,2) =PY* <t,A"=k|X =z,Z=2), ke{0,1}, t€][0,00),

and let Hj (dt|z, z) be the associated conditional measures. This means for any
te[0,7%),

H; (dt|x,z) = Hi(dt|z,z) and H{(dt|z,z) = Ho(dt|z, 2).

Moreover,
Hi({m"}Ha, 2) = H{([7", 00)|z, 2) = d(z, z;77),

and
Hy({m"}Ha, z) = Hi([7", 702, 2) = {1 = ¢(10,2) } e ([T7, 00)|z, 2).

Now, according to the inversion formulae of [6], without any reference to a
model, one can solve the set of equations

Hi(dtlz,z) = ¢*(x,2)Fo([t, 00)|z, 2) Fy (dt|z, 2),
(A7)
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where F;} = 1— S}. Solving (A7) for Fg, S and ¢*, the functional S} is a
proper survival function which puts mass only on sets where H; does. Note
that solving the similar system with Hi, Hy instead of Hf, Hj, one gets the
true F¢, S, and ¢. If A}, denotes the cumulative hazard function associated to
the solution F, then

H(dt|x, 2)
v _ 0 s >
o) = o + B 20

and thus, by construction, we have Fg(dt|x, z) = Fi(dt|z, z) on [0, 7*), for any
x,z. Then, by (A6) and the second equation in (A7) we deduce

QZ)*(I,Z)F':(HI,Z) = ¢(707x)Fu(t|Z;50aAO)a vt € [O,T*),VI,Z.

Next, taking into account that SX(t|x,z) = 0, Vt > 7, Vx, 2z, and integrating
the second equation (A7) on [7*,00), we obtain

{1=¢" (2, 2)} Fe (77, 00) |z, 2) = Hy({7" }[z, 2) = {1=¢(, 2)} Fo([77, 00)|z, 2).

Since F4([0,7)|x, 2) = Fo ([0, 7%)|z, z), we deduce that ¢*(z, z) = ¢(vy0, ) and
thus

Fy(tlz, 2) = Fu(t|z; o, Ao) = Fu(t|z; Bo, Aojr=), V€ [0,77), Yz, 2. (AS)

The second equality in the last display is by the construction of the survival
function from the cumulative hazard function: only the values of Ag on [0, ] con-
tribute to obtain F,(t|z; 8o, Ao). Since the inversion formula necessarily yields
Fx(]0,7*]|x, 2) = 1, we deduce

Fr({m"}z, 2) = Su(7"|2; Bo, Ao) = Su(7|2; Bo, Aojr+)- (A9)
Finally, we can write
E [Z(Y*a A*7Xa Z;ﬂ7 A|'r*a’70)]
= ///logf(t, Lz, 2; B, Ajr+, o) Hy (dt|z, 2) G(dx, dz)
+ /// log (t,0,x, z; 8, A7+, v0) Hg (dt|x, 2)G(dx, dz).

To obtain the identifiability result it remains to apply Kullback information
inequality. More precisely, it suffices to notice that here, up to additive terms
which do not depend on the parameters, ¢ defined in (A2) considered with
Bo, M|+ corresponds to the log-density of the conditional law of (Y™*, A*) given
X =z and Z = z. (Note that the dominated measure changed as we introduce
jumps at 7*.) This follows from (A8) and (A9). Thus By, A, is solution of the
problem (A4). The unicity of the solution is guaranteed by (A3). O
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A.2. Consistency

PROOF OF THEOREM 1.. We follow the idea of [7]. Since we are interested in
almost sure convergence, we work with fixed realizations of the data, w that
will lie in a set of probability one. Let €2 be the abstract probability space
where the random vector (B, Ty, C, X, Z) is defined (for example we can take
Q ={0,1}x][0,70]x[0, 7] x X% Z and (B, Ty, C, X, Z)(w) = w. Let N C Q be a set
of probability one P(N) = 1 and fix w € N. We will show that each subsequence
An, has a subsequence that converges to 7y. As a bounded sequence in R?, 4,
has a convergent subsequence 4,,, — v*. It suffices to show that v* = . Since
Ym, Mmaximizes log l:m,ﬁl, we have

1 . 1.
0< mik IOg Lmkul(’ymk) - mik log Lmk71(70)

_ i = _ & ) o ¢(AmkaXi) & ) 1- ¢(;Ymk’Xi)
B my ; {{1 (Xl)}l 8 ¢(70»Xz') * (Xl)l s 1 —¢’(70,Xi) }
= i 2 [0 o ton S o =S ot

(A10)

if N C {w:sup, |7(x) — mo(x)] — 0}. Note that the remainder term o(1) in the
previous display depends on w and converges to zero as 7 converges to my. Next
we will show that, for an appropriate choice of N, the first term converges to

(ZS(’Y*’X) ]-_QS(’Y*’X)]
¢(707X) 1- ¢(707X)

where the expectation is taken with respect to X and ~* € RP (for a fixed
w). Since here we are dealing with a simple parametric model, this convergence
follows easily from the uniform law of large numbers. However, we follow a longer
argument to explain the idea that will be used also in the proof of Theorem 2
(where the model is semiparametric). It is obvious, by the law of large numbers,
that

E {{1 — mo(X)}log + mo(z) log (A11)

my

3 L= mo(X0)}log é(0, X5) + mo(X) log (1= &0, X0)

= E[{1 = m(X)}log ¢(70, X) + mo(2) log (1 — ¢(70, X))] as.

and, at first sight it seems that the same holds when vy is replaced by ~*.
However, the proof is more delicate because v* depends on w and thus also the
event of probability one where the strong law of large numbers holds for this
average. To avoid this we consider a countable dense subset of G, {%;,};>1 (for
example the subset for which all components of v are rational numbers). Now,
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consider the countable collection of the probability one sets {N;};>1 where

mik > {1 = mo(Xi)}Hog 6(31, Xi) + mo(Xi) log (1 = (51, X))

= E[{1 — mo(X)}log ¢(71, X) + mo(z) log (1 — (71, X))] VI = 1.
If N C (My>1]N;), we can write

1 &

— Z [{1 — mo(X;)}og ¢(v*, X;) + 7m0(X;) log (1 — $(v", X;))]

—E[{1 —mo(X)}logg(v", X) + 7o(x) log (1 — ¢(7", X))] ‘

R e B0 X) (10, X))
< | [0 oK) o G o X o = ¢><fn,xi>>“
2o 3 1 = mo(X0)Hog 631, X + mo(X0) og (1 91, X))

=1

—E[{1 —m(X)}log ¢(71, X) + mo(x)log (1 — ¢(Y1, X)) ‘

(", X) 1—¢(y", X)

i ‘E [{1 molXOHos g5 5y ol los M,X)H'
Since 4; can be taken arbitrarily close to v*, by properties of ¢ in assumptions
(AC3)-(AC4), it can be easily derived that, for an appropriate choice of 4;, the
first and the third term on the right hand side in the previous equation converge
to zero. Moreover, the second term also converges to zero in the set of probability
one that we are considering. As a result, we can conclude that

< 10g ﬁmk,l(:ymk) — logf/ka(’)’o)

0<
my
=E [{1 —7my(X)}log ——— + mo(z) log —————| + o(1
= mol)Hos g Sy Tt os T 00 x| oW
For each x € X, consider the function
z 1—2z

9:(2) = #(70, ) log (70, 7) + {1 - é(70,7)} log ma z€(0,1).

It is easy to check that g,(z) < 0 and the equality holds only if z = ¢(~, x).
Hence, the expectation in (A11) is smaller or equal to zero. Due to the inequality
in (A10), it must be equal to zero, which means that ¢(v*, X) = ¢(v, X). By
the identifiability assumption (5), this is possible only if v* = 7. O
Lemma 3. Assume (AC2),(AC5) hold and T* is such that (20) is satisfied.

Then sup,, A, (7*) < oo almost surely.
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Proof. By definition

A (%) = lzn: Ailfyi<r) .
" 5 e Lyi<yy <noy exp(8,Z5) {Aj + (1= A;)g;(Yj, An, ﬁm%)}

From assumptions (AC2) and (AC5) we have

1o . .
~ > ez <y exp(5),Z)) {Aj +(1- Aj)gj(Yj,An,ﬁn,%)}

j=1

1 — .
= ; Ajlircy,<ry exp(B,Z5)

1 n
> ¢ ZAj]l{T*S}GSTQ}7
j=1
for some ¢ > 0. Since %27:1 Al cy, <ro) LELP(Y > 7%, A=1) >0, it fol-

lows that 1 > i1 Ajl <y <7y is bounded from below away from zero almost
everywhere. As a result

SupA < sup — Z A]I{K<T*}
S AT vy exp(825) {8y (U= 89)g5(Vi Aus B )}

Ailgy, <7y}

<su
”p n Z 1 Z] 1 A ]1{7'*<Y <7}
—1

1
<=
C

Ll
12%21%]1{7*%90}
iz

is bounded almost surely. Note that, if (19) is satisfied, then we can take 7* =
T0- O

PROOF OF THEOREM 2.. Let 0 < 7* < 19 and
1By Ajre s Am) = Zf Y A7, X, Zi By Njre ),

with ¢ defined in (A2). If we consider the Cox PH model for the conditional law
of Ty, then

B (8, A ) = ZA (L {log AA(Y) + 820 = A(¥)e” |

(1 - Ai)]l{YKT*} log {1 = ¢(Fns Xi) + &(Yn, Xi) exp (_A(Yi)eﬁlzi) }

+
SRR
vms

K3

*

n 1 n R
Z Il{YiZ'r*}Il{Bizl}eﬁ Za,_A'_E Z]I{YiZT*}IL{Bi:U} log {1 - ¢(’yn,Xi)},

i=1 i=1
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and has to be maximized with respect to 5 and A in the class of step functions
A with jumps of size AA at the event times in [0,7*). As in [5], it can be shown
that the maximizer (A%, 5%) of [ exists and it is finite. Moreover, for ¢ € [0, o],

Ax _ A%
Ay = An, B A where
IS Ailfyi<tyicr)
n8y(8) = n § : 1 ~ -

=1 7 =1 Liy,>viy exp(B'Z;) {A§ +(1- Aj)]l{Yj<T*}gj(Yj,Afhgﬁ?ﬁﬁ)}

A = Iyricory = Alyy, <oy + Liy,>+yLip,=1y and g;(t, A, 8,7) defined in

(17).
Let

Ronn =13 Al gyicnvi<m) |
’ n T Ly s vy, <) eXP(B525) {8 + (1= A)g;(Yj, Ao, Bo, 70)) }

(A12)

We want to prove that 3,238y, and SUPyco,7] |An(t) — Ao()] 2250 for any

7 < 7o. We suppose that the previous statement is false, i.e Bn does not converge
almost surely to 8o or there exists 7 such that sup,c(o 71 [An(t) — Ao(t)| does not

converge to zero almost surely. This means that, there exist ¢ > 0 and 7 < 79
such that

Bo = ol + sup [An(®) = 2o(0)

n—»00 t€[0,7]

P[Ay(7,¢)] > 0, with A, (7€) = {limsup “

>e}.

On the other hand, since (An, Bn) maximizes lﬁn(A7 B,4n), for any realization w
of the data we have

Zn(énvﬁnyﬁ/n) - Zn(ﬁo; AO,TL?’S/R) 2 0 (A13)

Then the idea for creating the contradiction is to show that the previous in-
equality is not satisfied for any w in some event of positive probability. We argue
for a fixed realization w of the data. As a bounded sequence in R?, Bn has a con-
vergent subsequence Bnk — B. Let (7;)i>1 be an increasing sequence such that
lim; 00 73 = 7o0. Since for all 7 < 70, A, (1) < oo almost surely (see Lemma 3),
by Helly’s selection theorem ([1]), there exists a subsequence Amk of Ank, con-
verging pointwise to a function A on [0, 7;]. Repeating the same argument, we
can extract a further subsequence converging pointwise to a function A on [0, 2]
and so on. Hence, there exist a subsequence ATk converging pointwise to a func-
tion A on all compacts of [0, 7] that do not include 75. This defines a monotone
function A on [0, 7), which could be extended at 7y by taking the limit. As in
Lemma 2 of [5], it can be shown that A is absolutely continuous and pointwise
convergence of monotone functions to a continuous monotone function implies
uniform convergence on compacts. Note that the chosen subsequence and the
limits 5 and A depend on w. To keep the notation simple, in what follows we
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use the index n instead of the chosen subsequence ry. For any 7" < 19, we can
write

0 S Zn(Bna Anaﬂ/n) - lAn(BOv]XO,naﬁ/n)

l:;(Bn7 An\‘r*a?yn) + Dln - lA:L(BOvixO,n\T*a’AYn) - D2n
E[E(Y*v A*a X7 Z§57[\\T*7’YO)] + Dln + Rln

—E[((Y", A%, X, Z; Bo, Aoj7=,70)] — Dan — Ran, (A14)
where o o
Din = ln (B Any An) = Uy (B, Anjres i), (A15)
Dan = In(Bo, Ro.ms4n) — 15 (Bos Ronjr=s ) (A16)
Run = I3 (B Anjre s An) = BI(Y ™, A", X, Z5 B, Ny, 70)) (A17)
Ron = (B0, Aonjr+» An) — BIU(Y™, A%, X, Z; By, Aojr=570)]. (A18)

Note that the limit of (Bn, [\n) depends on w, but here the expectation is taken
with respect to (Y*, A*, X, Z) for fixed (3, A). We now define the event Az(7*) =
{|R1n — Ran| — 0} . By Lemma 4, for any 7* < 79, we have P[A1 (7, €)NA3(7*)] =
P[A1(7,€)]. Next, for 7 < 79 and € > 0 such that P[A;(7,€)] > 0, by Lemma 6
there exist 0 < ¢; < 1 and § > 0 such that we have

c = inf {E[K(Y*a A*aXv Za BOa AO‘T*?’YO)] - E[Z(Y*a A*aXv Za B7A\T*a70)] :

T+o<71" <79, |B=05ll>c1e/2 or sup |A(t)—Ao(t)] > (1— 01)6/2} > 0.
te[0,7]

Note that if w € A1(7,€) and $ and A are the limits for 3, and A,,, respectively,
then necessarily, either || — Bol| > c1€/2, or sup |A(t) — Ag(t)| > (1 — ¢1)e/2,

te(0,7]
and consequently

]E[K(Y*vA*7X7ZaB7A\T*7VO)]7E[€(Y*5A*7X5 Z;/B07AO|T*;’YO)] 2 ¢, VT +0 < " < 70-

Finally, we define

Aqo(17) = {limsup |D1y, — Do | < c/2} ,
n—roo
with Dy, and Dy, defined in (A15) and (A16), and choose 7* € [T + 4, 7p) such
that
ey {P(To > 7) log{1/P(Ty > ")} + P(C € [7*,m0])} < ¢/2,

with ¢, the constant from Lemma 5. Then we have P[A3(7*)] = 1. Gathering
facts, we deduce that by a suitable choice of 7* € [T+ 6, 79), we necessarily have
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P[A1(T,e) N Ax(7*) N As(7*)] > 0. Moreover, with such a suitable 7*, for any
w € A1 (T,e) N Az(7*) N As(7*), we have

limsup £ (Bus Ans ) = (B0 Rons 4n)| < —¢/2 < 0.
n— oo

We deduce that (A13) is violated on an event of positive probability, which by

definition is impossible. Thus 3,2+, and SUPyc(o,7] |An(t) — Ao ()| =250 for

any 7 < Tgp.

If condition (19) is satisfied, we want to show in addition that |A, () —
Ao(70)| =250, In that case, A, (75) < oo almost surely and as a result, for any
realization w, there exists a subsequence A,, converging to some absolutely
continuous function A uniformly on [0, 7). Since we already showed that |A,, (t)—
Ao(t)| =250 for any ¢t < 79 and Ag(79) = limgps, Ag(t), we necessarily have

A = Ap on the whole interval [0, 7p]. This concludes the proof of the Theorem.
O

Lemma 4. Consider a realization of the data w and assume that 3, (w) = B and
A (w)(t) = A(t) for any t € [0,70), for some absolutely continuous function A.
Let 0 < 7 < 79 and let Ry, Ray, be defined as in (A17) and (A18), respectively.
There exists an event As(7*) of probability one such that, for any w € As(7*),

Rln(w) — Rgn(w) — 0.

Proof. Let us consider some 0 < 7* < 79. From Theorem 1 and Lemma 2 in [5]
it follows that the event

Aé(T*) = {'Ayn — v and S[up | \[\o,n(t) —Ao(t)] — O}
tel0,7*

has probability one. Next we argue for the given realization of the data we AL(7*)
and will determine the event Az(7*) appropriately. By the triangular inequality
we can write

[Rin = Ran| < [{T5(Bns Antras )= BB, Rosnirer ) b= {8, Ara10) =15 (B0, Aojrer0) ||
ZZ(B(% AO"T*?’YO) —-E [Z(Y*7 A*a X7 Z7 BOa AO\T* 770)]

Z:L(B7A‘T*7’YO) —E [Z(Y*7A*7X7Z;Baj\\‘r*7’70)]‘ . (Alg)

+

+

Since A is absolutely continuous, it is differentiable almost everywhere. Let



Musta, Patilea, Van Keilegom/A presmoothing approach for mizture cure models 11
A(t) = dA(t)/dt. By definition we have
Z:L(an An\‘r*; ’?n) - 12(607 AO,n|7‘*v &n)

1« AN (Y " 3, .
==Y Ailgy,crey §log =5+ (B — Bo) Zi — An(Yi)eP 7 4 Mg (Yi)eho %
n 2 {Yi<r*} { g Aon(Y:) (Bn — Bo) (Y7) 0.n(Y3)

+

1 1= §(3n, Xi) + 63, Xi) exp (—Rn (Vi)ePs 7))

-~ D (1= ATy, rey log - - . -
i=1 1= (Y, Xi) + ¢(n, X;) exp <—A0,n(Yz‘)eﬁ0 )
1 n ~ Al ~ ’

_ * ani _ * Bgzi
- ;nsz*}n{BFl} {An()e Ron(r)ef% ).

If w € AY(7*), we obtain

In(

sy

" An|-r>t<a ’A}/n) - ZZ(ﬁ(% ]\O,n\‘r*v ’AYn)

2 \Y; _ - 5, '
D Ay {IOg )\o((Y-)) + (B = Bo) Zi — AN(Y;)eP 7 + AO(Y%’)JOZL}
i=1 v

S|

T e s <r*} 10 .
nia {Yi<r=} 108 1 — é(70, Xi) + é(70, Xi) exp (—Ao(Y;)eﬁoZz)

1 — - 3 N
~ =3 sy L {RE) % = A7)} +o(1)
=1

= 52(57 A‘T*,’YO) - ZA:(BOa AO\T*a 70) + O(l)a

where the remainder term depends on w and converges to zero. Hence, the first
term on the right hand side of (A19) converges to zero. Let A2 (7*) be the event
where

ZA;;(BO,A()“-*,’YO) —E [Z(Y*7A*7X72;607A0\T*770)] as n — o0.

By the law of large numbers P[A2 (7%)] = 1, implying that also the second term
on the right hand side of (A19) converges to zero if w € A% (7*). It remains to
deal with the third term. Note that here (3, A) depend on w and the expectation
is taken with respect to (Y, A, X, Z) for fixed (8,A). We have the same issue
as in the proof of Theorem 1 when dealing with the terms involving 3 and A,
so we need to consider approximations by elements of a countable dense subset
of B and of the space of bounded, absolutely continuous, increasing functions
in [0,7*] (is separable, so such subset exists). The same reasoning is used also
in [4, 5, 7]. Hence, there exists a countable collection of probability one sets
{Nl}lzl where

(B, Ay v0) = E[L(Y*, A, X, Z; 81, A, v0)] asn— oo
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and (3, A;) can be taken arbitrarily close to (3, A). As a result, if w € A3 (r*) =
Mi>1 N, then

ZA:L(/BV/XH*’FYO) —-E [l(Y*aA*aXa Z?Ba]\h*af}/o)]’ — 0.

To conclude, we define A3(7*) = AL (7*)NA%(7*)NA3(7*) and we have P[A3(7*)] =
1. O

Lemma 5. Let Dy, and Da, be defined as in (Al5) and (A16), respectively,
for some 7" < 19. Then there exists a constant ¢, independent of T* such that

P {limsup | D1y — Do | > ey {P(Tp > 7%) log{1/P(Tp > )} + P(C € [7*,70])}| = 0.

n—oo
Proof. By definition, for any =, f and cumulative hazard function A piecewise
constant with jumps at the observed events

ln(ﬂaAa ’Y) - [:L(/B’ Al‘r*v'Y)

1 n
= E Z ]I{T*SY;<T0}A’L' IOg A({}/Z})

=1

1 n
+ ﬁ Z ]1{7'*§Yi<'m}Aiﬂ/Zi

i=1

1O 'y i}
==Y ey P{AMY) — Lip o AT )}
i=1

1w ,
+ n;ﬂ{rozmzr*}[(lAi) log{1.— 65(7)+ (1) exp (~A(¥)e” %)}
Ly p,—olog {1—¢;(7)}]
= Tln(A;T*) + T2n(6§7-*) - T3n(Aaﬂ;T*) + T47l(A’ ﬁ77; T*)’

where ¢; () is a short notation for ¢(~, X;). For proving the Lemma, we have to
suitably bound 71y, . . ., T4, For this purpose, let us notice that, by definition, all
the cumulative hazard functions we have to consider (An, /N\o,n,...) have bounded
jumps at the event times. More precisely, because the parameter space B and
Z are supposed bounded, there exist constants 0 < ¢; < ¢, such that

¢ <exp(8'Z) <cy.

Then the largest jump of any of the cumulative hazard functions we need to con-
sider is bounded by 1/¢; (which is located at the last uncensored observation),
the second largest one (and is located at the before last uncensored observation)
is bounded by 1/2¢,...

To control 71, (A; 7*), one would look for a suitable lower bound forthe jumps
of A. However, no meaningful lower bound could be derived for these jumps.
More precisely, such a bound is necessarily of order 1/n, so that the sequence
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of the logarithm of the jumps is unbounded. Fortunately, for our purposes it
suffices to find a bound for

tog Jn YD)

Aon({Yi})

* A * 1 .
Tin(An; 7)) = 110 (Mo T )‘ = ﬁzﬂ{r*gm«o}ﬁi
=1

9

where

A ({Yi}) Yie1 Lirgsvysviy exp(BpZ5) {8 + (1 — Aj)g; (Y5, Ao, Bos 4n)) }

Ron({Yi}) S0 L(rsv,5vi) exp(B'Z)) {Aj +(1- Aj)gj(Yj,An,gm,ﬂ,%)}

Since all g;’s are between 0 and 1, it is easy to see that for any uncensored
Y, > 77,
1 ¢ /A\n Y; Cu
a o Ml oy,
pn(Y;) Cy Ao’n({Y;}) C|

where
n 1
Zj:l {ro>Y;>t>7*}

= n 5
21 Aoy sy

pn(t) te[r*, Tl

Thus, since all p,,(Y;)’s are larger than 1, it suffices to suitably bound

1 n
0= An =23 LiyizryAilog(pn(¥:),

i=1
which we decompose as
1 1«
Apn= E Z ]I{YiE[T*,To—an]}Ai IOg(pn (Y;))+ﬁ Z ]l{YiE[To—an,To]}Ai log(pn (K)) =: A1ntAan,
i=1 i=1

for some sequence of real numbers a,, n > 1, decreasing to zero. The rate of a,
should be taken such that, on one hand, for any constant C' > 0,

P(limsup Az, > C) =0, (A20)

n—oo

and, on the other hand, the lim sup of Ay, could be controlled by a function of
7* almost surely. More precisely, since

A2n S o

gN O
Zﬂ{}’ie[mfan,m}}Aia

n
i=1

we take a,, such that p, logn — 0 and p, log® n — oo, where

pn =P € [r9—an,0],A=1)=E

M%Jﬁ/ Fe([t,00)|X, Z)Fu(dt|2))

[To—an,7o]
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Then, by Theorem 1(i) from [9], we have

11
Hm 77211{3/1'6[70*%,70]}Ai =1, a.s.,
=1

n—00 Pp N “

which implies (A20). On the other hand, we have

1 n
Ay, <log ( sSup ]pn(t)> X n Z]l{me[T*,To]}Ai'
i=1

te[T*, T0—an

By the same Theorem 1(i) from [9],

P(YG[t,TO_an]vAzl) _ a.s
I R

fim _ sup [p A e PR

N0t 1% T —an]

By our assumptions, there exists a constant C,., independent of 7%, 3, v and A,
such that

. P(Y € [t, 70 — an)) P(Y € [t, 70 — an))
1< inf < su <C,.
te[r*,mo—an] P(Y € [ta 70 — an]a A= 1) tE[T*,TE)—an] P(Y € [ta 70 — an]a A= 1) N

Gathering facts, deduce with probability 1, for sufficiently large n,

*

Tln(An;T*) —Tln(]\o’n;’r*) <c -

where N* be the number of uncensored observations in [7*,79] and ¢ is some
constant (independent of 7*, 3, v and A). Here, N* is a binomial random variable
with n trials and success probability

P =B(Y 27 A=1)=E

¢Wwﬂ/ Fe([t,00)| X, Z)F, (dt]2)

[7*,70]

< sup ¢(yo, 2)P(Y > 17).

To bound 73, = 73, (A, B;7%), we note that 1yp,—1y = &; + (1 — Ay) 1 p,—13
and rewrite

1 n ‘g .
= S 000 A

_AG-)

n

n
Z Liy,srye? 2l g1y (1 — Ay) = 305 — T3pn-
i=1

On one hand,

¢, N*
r3an§?x n
1
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The last inequality is obtained by bounding the jumps of A and using the
following identity: for any integer M > 1,

M

Sy doytumy

kl]k 7,k=1

To bound r3p,, let us note that

with ¢; some constant depending only on ¢; and the maximal value of the

convergent sequence
m

1
Zf—logm, m > 1.
=17
Here, N = """ | A; is a binomial random variable with n trials and success
probability

p=P(A =1) =E |$(30, X) / Fe([t,00)|X, 2)F, (dt|2)

[O,T()]

Thus
N/n " Q

N*/n "~ n’

N 1
T3pn < clogm X Z]l{inT*}]I{Bi:l}(l —A;) =clog

i=1

where QQ* is a binomial variable with n trials and success probability

q}k =K [¢(7{),X)[ ]Fu([t,T(]HX, Z).FC(CZH_XP7 Z)

< E[p(yo, X)Fe([r", mo]| X, Z) Fu([7”
Fo([m*, m0)| X = =, Z—z)}
<

< [suw (70, ] [sup

To—T

lim log 2 = log 2
mm lIog — = Iog —, a.S.
n—o00 g N* gp

Next, to bound ro, = r9,(8;7*), we write

*

N
Ton = Z]l{-r*<T0<To}e N <y "

1=1
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Finally, to control r4, = r4n(A, 8,7;7%), since Iip,—oy = (1 — Aj)11p,—0)
and log(1 4+ u) < u, Yu > 0, we have

1 & ¢i(7) exp (*A(Yi)eﬁlZ)
Tan = ﬁ;n{TOZYiZT*}]l{Bi:U} log ¢ 1+ 1_¢i('7)

+ % > Upyizry (1= AL pmny log {1 = 6i(3) + éi(7) exp (~A(Yi)e” %) |

i=1
Thus
|r4n| < sup o) exp (—cA(T"—)) li]l al
= e 1= 0(y,2) : n & {vizr+} H{Bi=0}
1 n
+sup [log {1 — ¢(, 2)}| x — D vz (= A)lp_yy
v, i=1
R* *
= cexp (—qA(T7—)) + co @ ,
n n

where R* is a binomial variable with n trials and success probability
r*=E[{1—¢(y, X)}Fe([r", ]| X, Z2)],

and ¢; and ¢y are some constants. Deduce that there exists a constant c3 such

that . .
mus%( +Q).
n n

Gathering facts, there exists a constants C* and ¢*, independent of 7*, 3, v
and A, such that

J+5

where N*, Q* and R* are binomial with n trials and success probabilities p*,
q¢* and 7*, respectively, and

(8 89) = G308 -] < € {4 &

n
*

N

[1 + log

} + 04.5.(1),

*
n

p + ¢ <P(To > 7") and r* < ¢"P(C € [77, 70)).

O

Lemma 6. Assume that for any x and z, the conditional distribution of the
censoring times given X = x and Z = z is such that there exists a constant
C > 0 such that

inf inf{Fc(t2|$7 Z) — Fo(t1|$7 Z)} > C(ﬁg — tl), Vo > 0.

[t1,t2]C[0,70] %:2



Musta, Patilea, Van Keilegom/A presmoothing approach for mizture cure models 17

Let 0 < 7 < 19 and € > 0. There exist ¢c1,co > 0, § > 0 such that ¢; + ¢ = 1
and

inf {]E[E(Y*7 A*7X7 Z7 507A0|T*770)] - ]E[E(Y*7 A*7X7 Z7 ﬂa A|T*7’YO)] :

THO0<7T" <710, ||B—00ll>c1re or sup |A(t) —Ao(t)] > ch} >0
te[0,7]

Proof. Note that, for any 7 € (7, 79),
E[g(Y*7 A*7 X7 Za ﬂ()v AO\T* ) ’YO)] - E[K(Y*7 A*7 X7 Za 67 A‘T* 5 PYO)]

is the Kullback-Leibler divergence K L(P|Q), where P and @ are the probabil-
ity measures of (Y*,A* X,Z) when the true parameters are (Ag, 5o,70) and
(A, B,70) respectively. By Pinsker’s inequality, we have

KL(P|Q) > 26(P, Q)?,

where 6(P, Q) is the total variation distance between the two probability mea-
sures, defined as

I(P,Q) = sup IP(A) — Q(A),

where the supremum is taken over all measurable sets A. We want to find a
positive lower bound for §(P, @) independent of 7* and @, for all @ such that
18 = Boll > c1€ or sup;ep 7 |A(f) — Ao(t)| > cze. Hence, it is sufficient to find
k > 0 and for each such @ an event A, which could depend on @, for which
[P(A) — Q(A)| > k. Without loss of generality we can assume that the covariate
vector Z has mean zero.

Case 1. If sup;epo 77 [A(t) — Ao(t)] > cae, there exists ¢ € [0, 7] such that either
A(t) = Ao(t) + cae (A21)

> A(E) S Ao(f) — Cg€. (A22)

We first consider (A21) and define

s . TO— T Co€
= min , .
2 28UP;se 0, (7470) /2] AO (t)

It follows that for all ¢t € [t,¢ + 6] C [0, (7 + 79)/2] C [0,70) we have A(t) >

Ao(t) + Fcze. Indeed, we can write

1 o
A(t) > A(t) > Ao(t)+cae > Ap(t)—6 sup Ao(u)+cze > Ag(t)+=coe, Vit € [t,t40].
uel0,(7+70)/2] 2
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Since Z has mean zero, (8 — fp)’Z also has zero mean. Moreover, since B is
compact and Z is bounded non degenerated variance, we have

,3153 P((8—050)Z>0)>0 and ,élelfB P((B—B0)Z <0)>0 (A23)

(see proof below). Let Ag be the event {A* =0,Y™ € [t,t+6], (8 — Bo)'Z > 0},
which depends on § and thus on Q. However, by (A23) and the construction
of the model, the event Ag has positive probability which stays bounded away
from zero. Moreover, we have

Pas)-Qun = [ ] ™ b0,
(B—Bo)' 220

X {eXp (_Ao(t)eﬁéz) —exp (—A(t)eﬂ'Z) } Fe(dt|z, 2)G(dz, dz2).
Whenever (8 — fo)'z > 0, by the mean value theorem, we obtain
exp (—Ao(t)eﬂ(l’z) — exp (—A(t)e*glf") = {A(t)eﬁlz - Ao(t)eﬂ‘l’z} et
= [{A() = Ao(6)}e= + M) e — %7} ¢
> {A(t) — Ao(t)}ePo7e s,
for some £ > 0 such that |& — Ag(t)eo?| < [A(t)eP s — Ag(t)ePo?|, t € [t,T+ 0]

Now, let
supg , ez log 2

M(t) = Ap(t telt,t+4].
®) O()infgﬁzeﬁ'z infg , €8z’ €ltt+9]

Then, for (83— £y)'z > 0and t € [t,t+ d], such that A(¢) < M(¢) we simply use
(A21) and write

’ / ]_ ’
exp (—Ao(t)eﬂ02> — exp (—A(t)eB Z) > 56266’6026_5 > ke,

for some constant k1 > 0 independent of A, 8 and the event Ag, because M ()
is uniformly bounded on [0, (7 +79)/2] and thus e ¢ is bounded away from zero.
On the other hand, for ¢ € [¢,t + d] such that A(t) > M (t), we have

exp (fA(t)eB/Z> < exp (M(t) 1511;" GBIZ) < %exp <7A0(t)eﬁ<"z) .

Consequently,

exp (fAO(t)eﬁf/’Z) — exp (fA(t)eB'Z) > %exp <7A0(t)eﬂ<"z)

> —exp <—A0((T + 79)/2) sup 6662> = ko(T) > 0.

B,z

DO =
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We conclude that, for any ¢ € [t,t + §],

exp (—AO( ’HOZ) - exp( ) > min{kye, k2(7)} > 0.

It follows that
[P(Ap) = Q(Ap)| = min{kye, ka(7)} inf ¢ (0, 7)

X // {Fc(t+ 6|z, 2)— Fo(t|z, z)} G(dz,dz).
(B—PB0)'z=0

By assumption we have

inf Fo(t + 6|z, 2) — Fe(t)z, z) > C6,

yielding that there exist another constant k3 > 0 independent of A, 8 and the
event Ag (but depending on € and 7) such that

VB € B, [P(4p) ~ Q(Ag)| 2 ks inf P((8~ Fo)'Z > 0) > 0.

Note that the uniform lower bound holds for any choice of the constants ¢; and
¢y in the statement of the Lemma.
We next consider (A22). Let

g . T Co€
=ming -, ————— 5.
27 28upeqo,7) Mo(t)

It follows that for all ¢ € [£ — 6,%] we have A(t) < Ag(t) — 3cze. Indeed, we can
write

A(t) < A(t) < {Ao(t) — Ao(t)} + Ao(t) — cae

_ 1 [
< 4§ sup Ao(u) + Ao(t) — coe < Ag(t) — 5C26; Vte[t—o0,t].
we[0,7]

Next we redefine Ag as the event {A* = 0,Y* € [t — 6,%],(8— Bo)'Z < 0},
which depends on 8 and thus on Q. However, by (A23) and the construction
of the model, the event Ag has positive probability which stays bounded away
from zero. Moreover, we have

P(s) - Qs = [ / b(10.2

(B—PB0)'2<0
X {exp (—Ao(t)e OZ) — exp (—A(t)e[h) } Feo(dt|x, 2)G(dx, dz).

Whenever (8 — )’z < 0, by the mean value theorem, we obtain

exp (~Ro(t)e%") — exp (~A(1)”7) < {A() — Aolr)}e’e~¢ < —%czeeﬁ et
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for some & > 0 such that |€ — Ag(t)ePo?| < |A(t)eP® — Ag(t)efo?| < 2A(t)efo,
t € [t — 6,t]. Thus necessarily 0 < & < 2A¢(7)ef0%, and thus e~¢ stays away
from zero. Using arguments as we used for the case (A22), we deduce that
P(Ag) — Q(Ap) is negative and away from zero. Thus we obtain the result with
T < 7% < 19 instead of T+ 6 < 7% < 79. Finally, it remains to recall that inf is a
decreasing function of nested sets. Now the arguments for Case I are complete
for any choice of the constants ¢; and co in the statement of the Lemma.

Case 2. If sup,c(o 71 [A(t) — Ao(t)] < cae, then necessarily [|8 — Bol| > cie. In
particular we also have that A(7) < Ag(T) + ca¢, so all such functions A are
uniformly bounded on [0, 7]. Without loss of generality we can also assume that
Ao(7/2) > 1 (otherwise we can take a larger 7). Note that

Var((8 —Bo)'Z) = (B — Bo)' Var(Z)(8 — Bo) > (c16)*Amin,

with A, the smallest eigenvalue of Var(Z). From this lower bound for the
variance of (8 — By)'Z, and since Z is centered and has a bounded support, we
have

2
A
inf P - 'Z > z2) + P — "7 < —20)] > (016)7”””, A24
Iﬁ—ﬂo\zcle[ (B=50)'Z 2 20) (8= Fo)'Z < —20)] 2sup || Z]? ( )
for zg = 016)\:,{; /2 (see proof below). If
2
Ao s
inf P((B8-50)'Z>= >(016)7mm7
oty F B = Bo) 2 2 20) > 5 7l

let Ag be the event {A* =0,Y* € [7/2,7],(8—Bo0)'Z > zp}. By (A24) and the
construction of the model, the event Az has positive probability which stays
bounded away from zero. Next, as in Case 1, we write

P Q= ([ [ otun)

(B—Bo)'z=z0
X {exp (—Ao(t)eﬁéz) — exp (—A(t)eﬁlz) } Feo(dt|z, 2) G(dz, dz),

[N

and
exp (—Ao(t)e%Z) — exp (—A(t)eﬁ’Z) - [{A(t) ~ Ao(t)}ePor £ A(){eP'F — P01 e,

for some & > 0 such that |& — Ag(t)efo?| < |A(t)ef'* — Ag(t)eo?|. From the
boundedness of 3, z, A and Ay on [0,7], it follows that e=¢ > k4 > 0 for some
k4 independent of A, 8 and the event Az (but depending on 7). Moreover, since
for t € [7:/2777—]7 (B - 60)12 > 2o,

IA(t) — Ao(t)] €707 < cpeeo?,
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and

A){e?'? — P02} > No(7/2)ePo= {e(F=F0)'= _ 1} > ePozz = €072 ¢ ¢/2,

min
we obtain

exp (—Ao(t)eﬁéz) — exp (—A(t)eﬁ,z) >€ {)‘717{1271 ¢1/2 = cy| %%,

Define
o A
= —r an Ccp = —
Astin + 4 Astin 4

such that 0 < ¢1,c0 < 1 and ¢; + ¢ = 1, and deduce that
’ / , —1
exp (—Ao(t)eﬁoz> — exp (—A(t)eﬁ Z) > eAir{fneﬁon {)\;{fn + 4} .

Deduce that, for any ||8 — Bo|| > c1e,

/ -1 ’
P(As) — Q(Ap) > € {A;{fneﬁom [t +4} } inf %2 inf ¢(v0, 7)

X, it P(CE[r/27(5 B0)'Z > z) > 0.

Note that this bound does not depend on § in the statement of the Lemma.
Finally it is easy to see that similar arguments apply when inf|g_g >, P((8 —
Bo)' Z < —z0) > (c1€)*Amin/{4sup || Z||?}, for the same expression of zg. In this
case, we define Ag = {A* =0,Y* € [7/2,7], (8 — po)'Z < —z} and follow the
same steps as above to show that

exp (—Ao(t)eﬂéz> — exp (—A(t)eﬁ/z> <0,

and the difference of exponentials stays away from zero. Now, the proof of
Lemma 6 is complete. O

PROOF OF EQUATION (A23).. For 8 = By we have P((8 — 59)'Z > 0) = 1
and thus we only have to study 8 # fo. Since Var(Z) is non degenerated,
P((8— Bo)'Z =0) < 1 for any 8 # SBy. Next, we could write

_ /Z _ /Z . /Z
0= (%) —F (Mﬂ{(ﬁ‘BO"ZZO})JFE (Mﬂ{(ﬁ—ﬁo)/zw})
(B—po)'Z

<|ZIIP((B - By) Z >0 +IE<]1 Ry >
> H H (( 0) = ) HB ﬂOH {(B—Bo)'Z<0}
It remains to notice that

sup E (/B,ZH{B’Z<O}) < 0.
13]l=1
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Indeed, if E (ﬁ’ Z1 7z <0})v which is negative, could be arbitrarily close to zero,
and since E (B/Z]I{B'Z«)}) = -E (B’Z]I{B,ZZO}), we deduce that E(|3'Z])

could be arbitrarily close to zero, for suitable 5 with unit norm. Since the
support of Z is bounded and

Amin(Var(2)) < E(5'Z1°) <E(18'Z))sup | 2], VI8 =1,

we thus get a contradiction with the assumption that A.,;,, the smallest eigen-
value of Var(Z), is positive. Deduce that (A23) holds true. O

PROOF OF EQUATION (A24).. It suffices to prove the following property. Let
U be a centered variable such that |[U| < M for some constant M and Var(U)
is bounded from below by some constant 0 < C < M?2. Then there exists
2o > 0 such that P(|U| > z9) > C/2M? with 2y depending on M and C but
independent of the law of U.

For any 0 < zg < M we can write

C <E(U?) =E (UL{u|320}) +E (UL {u<z0}) < MPP(|U| > 20)+25{1-P([U| > 20)}.

Deduce that
C— 22
M2 — 22’

Finally, it suffices to take 25 < CM?/(2M? — C) in order to obtain

(U] > z0) >

C
P(|U| > 20) > S

Since C could be arbitrarily small, we could take 2% = C/4. O

A.3. Asymptotic normality

PROOF OF THEOREM 3.. Let m be as in (21) and define M, (y,m) = = >°7" |, m(X;;v,7)
and M(y,n) = E[m(X;~,7)]. Note that m(x; 9, m) = 0 and M (7o, 7o) = 0. If
we take partial derivatives with respect to 7 of the vector M (v, ) evaluated at

(70, mo) we obtain a matrix VM (v, my) with elements

Vva,m)klE{a {1—W<X> m(X) }a

for k,1 € {1,...,p}, because

1 — 7o (x) mo(x)

— = V. X.
QS(’)/O’I) 1*@5(’}/0,.’,5) 0 ve
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Hence,
Iy ==V, M(y,m) = —E [W(X)V4¢(70, X)V40(70, X)'] (A25)
where

¢(707X)2 (1 — (23(’)/0,X))2 B (ZS(’YU?X) 1- ¢(707X)

We will also use the Gateaux derivative of M (v, m) in a direction [ — 7] given
by

Lo (v, mo)[m — mo] := V2 M (v, mo)[m — mo]

- lim % [M (5, 0 + h(x — m0)) — M(~,m0)]

h—0
L [0 (X)) A {r(X) — m(X)}
=g H 51, %) 1= (7, X) }V”‘M’X)]
= -2 [r0) =m0 { 555 + T3 Vo0 )
(A26)

We apply Theorem 2 in [3] so we need to verify its conditions. Consistency of 4,
is shown in Theorem 1, while condition (2.1) in [3] is satisfied by construction
since

| M (s Tn) || = 0 = inf || M, (7, 7n)-
veG

Note that assumption (AC1) was needed in Theorem 1 in order to obtain almost
sure convergence. However, here we only need convergence in probability for
which (AN4)-(ii) suffices. For condition (2.2) in [3], the derivative of M with
respect to 7 is computed in (A25) and the matrix is negative definite (as a
result also full rank) because of our assumption (AN3). Moreover the directional
derivative was computed in (A26) and for (y,7) € G5, x I, with G5, = {v €
G:lv—l <o}, Us, ={m €Il : || — 70|loc < In}, 6 = 0(1), we have

| M (v, 7) — M(v,m0) — T2 (v, m0)[m — mo] |

_ mo(X) —7m(X) | mo(X) —7(X)

_HEH S X)) 1- 60, X)
1

IR [{W(X) —mo(X)} {¢(%X) T —dify,X)}

which means that condition (2.3i) is satisfied. For condition (2.3ii), we have

} Vyo(y, X )}

V.60, %) H 0,

L2 (y,m)[m — mo] — I'2(70, 7o) [T — 7o)

=-E {{w(X) — mo(X)} { (¢(71,X) 1- ¢>17,X)>

(a0 * ) T 0]

+ v“/(ls(’an)
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Then, from sup, |7(z) — 7o(z)| < dn, |7 — 0| < dp — 0 and (AN1), it follows
that
T2 (7, mo) [ — mo] = T'2(70, ™o) [ — mo][| < 0(1)dn.

Conditions (2.4) and (2.6) in [3] are satisfied thanks to our assumption (AN4)
because

M, (’70,7?0) +F2(%77To)[ff — o)

L= m(X mo(X5)
n Z { ¢(70,X:) 11— 0(70,X;) } V(0. Xi)
kG 1 1 (A27)
+E [{W(X) —mo(X)} <¢(’YO,X) + 1= ¢(70,X)) vazb(fyo,X)]

1 1
510 %) T 1610, X)

Then we conclude by central limit theorem that

= E* [{fr(X) —mo(X)} < ) szb(vo,X)] :

Vi (Mo (30, 70) + T2 (Y0, ™) [ — m0]) % N(0,V)

where V = Var(¥(Y,A, X, Z)). It remains to deal with condition (2.5), which
is a consequence of Theorem 3 in [3] and assumption (AN2) because from (AN1)
we have

(331, 71) — (72, 72) ||_H( e ara] RN

- (2@?? g X)) Vaglm X )H

< Chlly = 7ell + Col|m — 72| co-

Finally, the asymptotic normality follows from Theorem 2 in [3] and the asymp-
totic covariance matrix is given by

Sy = ({0 70V (D)~ =Ty VIt (A28)
]

PROOF OF THEOREM 4.. We show that conditions 1 and 4 of Theorem 4 in [5]
are satisfied. Define S,, as the version of S,, where 4,, is replaced by 7o

(Anvﬁn)(h17h2 ZA ]l{Y <70} [hl(Y;) + h/ZZ’L]
i=1

-5 IR (NI NTTRPIT A

X {eﬁnzi/ hi(s)dA,(s) + eﬂ”zi/\n(n)h/zzi}
0
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Condition 1. We start by writing

Sn(Aoy Bo)(ha, hz) = S(Ro, Bo) (i, ha) = [ Sn (Ao, Bo) (it ha) = Su(Ao, Bo) (b o)

+ [Sn(Ao, Bo)(h1, ha) — S(Ao, Bo)(h1, ha)] .
(A29)

For the second term on the right hand side we have

Sn(Ao, ﬁo)(hl, hg) — S(Ao, Bo)(hl, hg) = / fh(y7 (5, x, Z) d(Pn — P)(y, (5, Z, Z)

(A30)
where

fh(yv(sama Z) = h/QZ {5]1{y<‘ro} - [5 - (1 - 6)]1{y§70}g(y7A0750370)} eﬁézAO(y)}
, Yy
+ 00 pyeryhi(y) = [6 — (1= 8)L(y<r19(y, Ao, Bo, 0)] eﬁ"z/ hi(s)dAo(s).
0

The classes {hs € R, ||hs|| < m}, {h1 € BV[0, 7], ||h1]lo < m} and

{/0 ha(£) dAo (), ha € BV(0,7o]. || [l < m}

are Donsker classes (the last one because it consists of monotone bounded func-
tions). As in [5], because of the boundedness of the covariates and Ay, it follows
that {f(y,d,2,2), h € Hn} is also a Donsker class since it is sum of products
of Donsker classes with fixed uniformly bounded functions.

On the other hand, for the first term on the right hand side of (A29), we
have

{Sn(Ao, ﬂo)(hl, h2) - Sn(A07 BO)(hla hQ)]

1 & o Y '
I D (1= AT yi<ry {eﬁozl /O hi(s)dAo(s) + eﬁ‘)z”/\o(mhézi}
=1

X {gz(}/u AO?BO?’?n) - gi(}/i,AmﬂOa’yO)}

1 & AL
= D (1= A1y <y {/ hi(s)dAo(s) + Ao(Yi)h'QZz}
0

i=1
X %(K7A07ﬁ07'}/0) {¢(ﬁ/n7X2) — ¢(’YO7X»L)} + Op(n_l/g)7
(A31)
where
' exp —A(Yi)eﬁ'zj
99: 3, Ao o 20) = 4 ( | ) .
8¢ 1_¢(V7X])+¢(’Y7X])exp(_A(Yl)e J)

o7 ;) exp (~AY)eH % ) [exp (~A(¥)e" %) —1]
1 — oy, X;) + o(v, X;) exp (—A(Yi)eﬁ’zj)]?
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In order to conclude that the remainder term is of order op(n~1/2) we use

sup |¢ (9, 7) — ¢(70, )| < b . IV26(7: )|l [4n = 20| = Op(n~"/?)

yeE

and the fact that %(E,Ao,ﬂoﬁ) and

Y
(1 — D)Ly, <rpy 0% { / hi(s)dAo(s) + Ao(Yi)h’QZi}
0

are uniformly bounded functions thanks to our assumptions on Z, A, ® and h.
From the same assumptions we also obtain

n Y;
%Z(l — Ai)]].{yigm}eﬁézi {/ hl(S)dAo(S) + A()(Y;)hézz}
i=1 0
0g; .
X %(Yiﬂo,ﬁoﬁo) {6, Xi) — ¢(v0, Xi)}
—lzn:u_A) BoZi /Yih (s)dAo(s) + Ao(Yi)hyZ;
~n £ i)€ o 1S ols o\Lq)No sy
X %(Y},Ao,ﬂoa’)’o)vwéﬁ(’)’o,)ﬁ)/ {An — 0} + op(n~/?)
) Y
=K (]_ - A)]].{YSTO}@BOZ {/ hl(s)dAo(S) —+ A(](Y)hIQZ}
0
X %(Yv Ao, Bo, 10) V4é(70, X)'] (3n = Y0) + op(n=1/3).

(A32)

and the expectation term is uniformly bounded. To prove the asymptotic nor-
mality of 4, — 7o in Theorem 3 we used Theorem 2 in [3]. Going through the
proof of Theorem 2 in [3], we actually have

(%n — 70) = —(T4T1) 7T} {Mn (70, ™) + D2 (70, m0) [ — mo]} + op(n~/?)

where I’y is defined in (A25) and 'y in (A26). From Assumption (AN4-iii) and
(A27), it follows that

(;Yn - '70) - 7(F/1F1)71F/1 / lI/(ya 571') (Pn - P)(yv Saxa Z) + OP(nil/Q)' (A33)

Putting together (A29)-(A33), we have

Sn(Ao, Bo)(h1, ha) — S(Ao, Bo)(ha, o)
= / {fh(yv 57 z, Z) - Qh]_—‘l_ll:[l(y7 57 x)} d(]Pn - P)(ya 57 Z, Z) + OP(nilm)
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where

%
Qn=E|(1- A)ﬂ{ygm}eﬁéz {/o hi(s)dAo(s) + AO(Y)héZ} %(Yv Ao, Bo,70) V¢ (70, X)'

In order to conclude the convergence of \/n(S,(Yo) — S(To)) to a Gaussian
process G*, we need to have that {Q,T7'¥(y,6,x),h € Hu} is a bounded
Dosker class of functions (since sum of bounded Donsker classes is also Donsker).
We can write

Qhrflqj(yv(s? LC)
’ 8Lz dg 1| p-1
="k |(1 = A) Ly <ry Ze™ AO(Y)%(Y’Ao,ﬁo,wo)VW(Wo’X) Iy V(y,d,z)
TO , a B
+ / E {(1 - A)]l{YsTo}eﬁ(’Zafi(K Ao, B0, 70) V60, X)’} ha (s)dAo(s)0y 1O (y, 6, )
0
By assumption (AN1) and inf, H((79,00)|x) > 0, Ag(70) < oo and the bound-

edness of the covariates, we have that

/ 0
E [(1 = D)L yeny 265 0a(Y) SV, Amﬁo,’yo)Vm(’yo»X)'] Iy, 6.2)

is uniformly bounded. Hence

/ 0
{h;E [(1 - )y ey 20 (V) S (Y, Aoﬁo,%)w(v@,xﬂ Iy, 60)

ha € R el < m
is a Donsker class (see Example 2.10.10 in [8]). It can also be shown that, since

h1 belongs to the class of bounded functions with bounded variation and all the
other terms are uniformly bounded, that

70 0 ) _
{70 )15 (.o, o100 T600 X | a ()bl 000:6,0),
0

hl S BV[O,T()], ||h1||v S m}

is also a bounded Donsker class (covering numbers of order € of {h1 € BV[0, 7], ||h1|l» <
m} correspond to covering numbers of order ce for some constant ¢ > 0).
The limit process G* has mean zero because

Elfn(y,0,2,2)] = S(To)(h) =0 and  E[¥(Y,A, X)] =0.
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The covariance process of G* is

Cov (G*(h)7 G*(B))

=E[{fi(V,A,X,2) - QT V(YA X)}{fi(YV,A, X,Z) — Q;TT U (Y, A, X)}]
=E[fa(Y,A, X, 2)f;(Y, A, X, 2)] = QuTT'E[f3 (Y, A, X, 2)¥(Y, A, X)]

— Qi 'E[fn(Y, A, X, Z)U(Y, A, X)] + Q; T 'E[ (Y, A, X)U(V, A, X)' I Q).
(A34)

Condition 4 of Theorem /4 in [5]. As for condition 1, we write
Vi { (80 = $)(Xa) = (S = 8)(To) | = v {(Su = $)(Tn) = (Su = 8)(Yo)}

+ v/ {80 = Sa)(Tn) = (S = Sa)(To) }
(A35)

For the second term in the right hand side of (A35), similarly to (A31)-(A32),

we have

(S = Su)(T) = (S — Su)(To)
Yi ~ ~
= fZ (1= ALy <y { / 1(5)dAn (s >+Anm>hgzi}

0 l PO )
g Yi, A, Brs70) V@ (0, Xi) {3 — 70}

_%Zn:(l_A)ﬂ{Yqo}e {/ hi(s)dAo(s) + Ao (Yi)h5Z, }

( AOa ﬂ07 ’YO) “/QS(’YOa i)l {:yﬂ - ’YO} + OP(n71/2)

¢

Using the boundedness in probability of £, and A,,(7), the boundedness of the
covariates, o, Ao(7), V,@(7v,x) and the consistency results in Theorem 2, it

follows that

iZ(l EAY )]1{Y<To} { ﬁ Zi (/ hl dA ( )+A ( )h’/ ) aa‘?; ()/hAnvﬁnerO)

=1

8¢ :Op(].)

As a consequence, since 4, — v9 = Op(n~'/?), we obtain
Vi { (8 = 82)(T) = (S = $a)(Yo) } = o (1).

It remains to deal with the first term on the right hand side of (A35). It suffices
to show that, for any sequence €, — 0,

. (S0 = S)(X) = (S0 — 5)(Xo)|

IA=AolowSen, 18— Foll<en 2V 18 = Boll VA = Aoloo

Y;
—efoZi (/ hi(s)dAo(s) +Ao(Yi)h'gZi> 99 (Y;7Ao7ﬂoﬁo)} V., o(v0, Xi)
0

= Op(l).
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Let
.Y .Y
a1 (y, 6, z,x) = 5P Z/ hi(s)dA(s) — (5650Z/ hi(s)dAo(s),
0 0

as(y, 8, 2,x) = 6e” *A(y)hiyz — 607 Ao (y) b2,
and

’ y ’
a3(y’ 672’56) = (1 - 6)1{ySTo}g(y7A75”70) {6,8 Z/ hl(S)dA(S) + 66 ZA(y) /QZ}
0

! y !’
— (1= 0)1gy<ry9(y, Ao, Bo,v0) {6602/ hi(s)dAo(s) + 66021\0(2/)”22}
0

Then, we have

(Sn = S)(T) = (Sn = 5)(To) = *% Y Aan(Vi, 80, 2, Xi) — Elan (Y, A, Z, X))}

i=1

_ %Zn:{ag(Yi,Ai,Zi,Xi) —E[aa(Y, A, Z, X)]}

=1

- %Z {a3(Yi, Ai, Z;, X)) — Elas(Y, A, Z, X)]}

i=1

Next we consider the first term. The other two can be handled similarly. From
a Taylor expansion we have

se?' /O ! hy(s)dA(s) — defo /O ! hi(s)dAo(s)

= (B — Bo)'20€Po* /y hy(s)dA(s) + delo? /y ha(s)d(A — Ag)(s) + o(||B = Bol])-

0 0

Hence

1 n
- E {al(}/;mAZvZ“XZ)_E[GI(KA727X)]}
n

i=1

I gz [ oz [V
< (8- Po) - ZZiA,;e 0 1/0 hi(s)dA(s) — E [ ZAePo /0 hi(s)dA(s)
i=1

+o<1>}
}.

n Y; v
o ; {Aieﬂ”i / B (s)d(A — Ag)(s) — E [Aeﬂéz / B (5)d(A — Ao)(s)
(A36)

} =op(1)

By the law of large numbers

1 & , Ys o (Y
nZ{Z,AieBOZi / hi(s)dA(s) — E | ZAePo? / hi(s)dA(s)
i=1 0 0
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and as a result, the first term in the right hand side of (A36) is op(||8 — Boll)-
The second term can be rewritten as

/O " Do)l ()d(A — Ag)(s)
where

Do) = 33 {7 B A ge7]}

By integration by parts and the chain rule we have
/ D hl (A — Ao) (8)

= Dy (70)h1(70)(A — Ao)(70) — A — Ao)(s)d [Dn(s)hi(s)]
= Dy (70)h1(70)(A = Ao)(70) — )(s)

A —Ap)(s)Dy,(s)dhy(s)

(o) Am<
(o) Am<
+ Z{ (A = Ao)( )hl(Yi)e%Zi_E[(A—Ao)(Y)M(Y)Ae%Z:}

Note that

E [(A - Ao)(y)hl(y)Aeﬁéz] ~E [eﬂéz /OTO (A — Ao)(s)h (s)dH: (s|X, Z)| X, Z}

TO ,
_ _/ (A = Ro)()h1 (5)E [AlLys 7]
0
It can be shown that 1/nD,, converges weakly to a tight, mean zero Gaussian

process D in [°°([0, 7g]). Since hy is bounded, it follows

| D (70) 71 (10) (A — Ao)(70)|
1A — Aol =or)

Moreover, since D,, — 0 and h; is of bounded variation

‘ (A= Ap)(s) n(s)dhl(s)‘ /
< sup dh(s)| — 0.
||A AOHoo te[om | I

Finally, since {g,\(y, 8,2) = 0(A — Ag) () (y)ePo? = ||A — Mgl < en} is a Donsker

class (product of bounded variation functions, uniformly bounded) and
B [(A - A())(Y)2h1(Y)2A62562} = O(eg) = o(1),

we have that

Vn— Z{ (A — Ao)( )hl(Yi)e"éZi—JE[(A—AO)(Y)hl(Y)Ae%ZH
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converges to zero in probability. So we obtain
foTO Dy (s)ha(s)d(A — Ao)(s)
n=2V A = Aol
The other two terms related to as and a3 can be treated similarly.
This concludes the verification of conditions of Theorem 4 in [5] (or Theorem
3.3.1 in [8]). Hence, the weak convergence of /n(Y, — To) to a tight, mean

zero Gaussian process G follows. Next we compute the covariance process of G.
From Theorem 3.3.1 in [8] we have

~v/nS(Xo) (T = To)(h) = Vn(Sn(To) = S(To))(h) +0op(1).  (A37)

Moreover, in [5] it is computed that

=op(1)

S(Xo) (T — To)(h) = /OTO a1 (B)()d(An () — Ao(t)) + (B — Bo) oa(h) (A38)
where o = (01, 05) is a continuous linear operator from He to Hy of the form

1 (B)(t) = E [Lgysn V(E Yo)(R)g(t, Yo)e ]

~E [/t Ly sy V(t Yo)(R)g(s, Yo){l — gs, TO)}eQB{JZdAO(s)}
and
a0 =E | [ Lo W YoV (0, To) 00 To)eSana(t)|
where
V(t, Yo)(h) = hy(t) — {1 — g(t, To)} %% /Ot ha(s)dAo(s) + Wy W (£, o)

and )

W(t,To) = |1 — {1 — g(t,To)} eﬂoZAo(t)} Z
In [5], it is also shown that o is invertible with inverse 0! = (o7 *, 05 !). Hence,
for all g € Hu, let b = 071(g). If in (A38) we replace h by o~ !(g) and use
(A37), we obtain

/oTO g1 (dVR(AL (1) = Ao(t)) + V(B — Bo)'g2

= (8, (To) — S(To)) (07 (9)) + 0p(1) L ~G*(07(g)).

Since the previous results holds for all ¢ € H., it follows that (\/H(An —
Ag),/n(Brn — Bo)) converges to a tight mean zero Gaussian process G with
covariance

Cov(G(g), G(9)) = Cov (G (07 (9)),G"(c7(7))) (A39)

and the covariance of G* is given in (A34). O
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Appendix B: Additional simulation results

In this section we report the simulation results for scenario 2 of the models 1-4,
n = 200, 400, that were omitted from the main paper and the results for sample
size n = 1000 (all models and scenarios). In addition, Table A2 complements
Tables 4 and 5 containing results for B.

References

[1] Ash, R. B. (1972) Real Analysis and Probability. Academic Press, New York.

[2] Burke, K. and Patilea, V. (2020) Supplementary Material for ” A likelihood
approach for cure regression models”. TEST.

[3] Chen, X., Linton, O. and Van Keilegom, I. (2003) Estimation of semipara-
metric models when the criterion function is not smooth. Econometrica, 71
(5), 1591-1608.

[4] Murphy, S. A et. al. (1994) Consistency in a proportional hazards model
incorporating a random effect. Ann. Stat., 22 (2), 712-731.

[5] Lu, W. (2008) Maximum likelihood estimation in the proportional hazards
cure model. Ann. I. Stat. Math., 60 (3), 545-574.

[6] Patilea, V. and Van Keilegom, I. (2020) A general approach for cure models
in survival analysis. To apperar in: Ann. Stat.

[7] Scharfstein, D. O., Tsiatis, A. A. and Gilbert, P. B. (1998) Semiparametric
efficient estimation in the generalized odds-rate class of regression models for
right-censored time-to-event data. Lifetime Data Anal., 4 (4), 355-391.

[8] van der Vaart, A. W. and Wellner, J. A. (1996) Weak convergence and empir-
ical processes. Springer Series in Statistics, Springer-Verlag, New York,With
applications to statistics.

[9] Wellner, J. A. (1978) Limit theorems for the ratio of the empirical distribu-
tion function to the true distribution function. Z. Wahrsch. Verw. Gebiete,
45 (1), 73-88.



Musta, Patilea, Van Keilegom/A presmoothing approach for mizture cure models

TABLE Al

33

Bias, variance and MSE of 4 and 3 for smcure (second rows) and our approach (first rows)
in Model 1 and 2 (scenario 2).

Cens. level 1 Cens. level 2 Cens. level 3
Mod. n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
1 200 %1 0.005 0.032 0.032 —0.005 0.037 0.037 —0.005 0.045 0.045
0.013 0.032 0.032 0.009 0.038 0.038 0.015 0.046 0.046
Y2 —0.024 0.093 0.094 -0.035 0.116 0.118 —0.018 0.137 0.137
0.017 0.096 0.096 0.016 0.123 0.123 0.046  0.144 0.146
B 0.019 0.033 0.033 0.025 0.035 0.036 0.011  0.041 0.041
0.018 0.033 0.033 0.023 0.036 0.036 0.007 0.042 0.042
400 71 0.002 0.016 0.016 0.003 0.018 0.018 0.009 0.021 0.021
0.008 0.016 0.016 0.011  0.019 0.019 0.020 0.021  0.022
Y2 —0.017 0.046 0.047 —0.016 0.054 0.054 —-0.013 0.070 0.070
0.012  0.046 0.047 0.018  0.055 0.055 0.025 0.068 0.068
B 0.001 0.014 0.014 0.019 0.019 0.019 0.001  0.020 0.020
0.000 0.014 0.014 0.017 0.019 0.019 —0.001 0.020 0.020
2 200 oGl —0.004 0.033 0.033 —0.016 0.039 0.039 —0.032 0.050 0.051
0.020 0.034 0.034 0.037  0.042 0.044 0.079  0.064 0.070
Y2 —0.016 0.041 0.041 —0.037 0.044 0.045 —0.054 0.057 0.060
0.029 0.044 0.045 0.031  0.052  0.053 0.064 0.075 0.079
B 0.004 0.016 0.016 0.008 0.017 0.017 0.008 0.018 0.018
0.002 0.016 0.016 0.003 0.018 0.018 —0.005 0.019 0.019
400 1 0.000 0.018 0.018 —0.002 0.022 0.022 —0.015 0.028 0.028
0.012 0.018 0.018 0.027 0.022 0.023 0.043 0.030 0.032
Y2 —0.019 0.021 0.021 —-0.022 0.025 0.026 —0.045 0.031 0.033
0.007 0.022 0.022 0.018 0.027 0.027 0.023 0.033 0.033
B 0.005  0.007  0.007 0.010  0.008  0.008 0.009 0.010 0.010
0.004 0.007 0.007 0.007 0.008 0.008 0.001 0.011 0.011
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TABLE A2

34

Bias, variance and MSE of B for smcure (second rows) and our approach (first rows) in
Model 3 and 4.

Cens. level 1

Cens. level 2

Cens. level 3

Mod. n scen. Par Bias Var. MSE Bias Var. MSE Bias Var. MSE
3 200 1 B —0.013 0.007 0.007 —0.007 0.006 0.006 —0.009 0.008 0.008
—0.014 0.007 0.007 —0.009 0.006 0.007 —0.014 0.008 0.008

B2 0.007  0.003  0.003 0.006  0.003  0.003 0.005 0.004 0.004

0.007  0.003  0.003 0.008 0.003  0.003 0.007  0.004 0.004

B3 0.016 0.043 0.043 0.004 0.043 0.043 0.007  0.053  0.053

0.017 0.043 0.043 0.006  0.043  0.043 0.015 0.053  0.054

3 51 0.024 0.014 0.014 0.024 0.014 0.015 0.017  0.017  0.017

0.023 0.014 0.014 0.025 0.014 0.015 0.024 0.017 0.018

B2 —0.005 0.004 0.004 —0.002 0.005 0.005 —0.003 0.006 0.006

—0.005 0.004 0.004 —0.003 0.005 0.005 —0.004 0.006 0.006

B3 0.018 0.066 0.066 —0.002 0.081 0.081 0.021  0.099 0.100

0.018 0.066 0.066 0.001 0.083 0.083 0.033 0.104 0.105

400 1 B —0.007 0.003 0.003 —0.004 0.003 0.003 —0.002 0.003 0.003
—0.007 0.003 0.003 —0.005 0.003 0.003 —0.006 0.003 0.003

B2 0.004 0.002 0.002 0.003  0.002  0.002 0.002  0.002  0.002

0.004 0.002 0.002 0.003  0.002  0.002 0.003  0.002  0.002

B3 0.006  0.020 0.020 0.007  0.022 0.022 0.002 0.024 0.024

0.006  0.020 0.020 0.008 0.022 0.022 0.006 0.024 0.024

3 B 0.013  0.006 0.006 0.009  0.007  0.007 0.003  0.008 0.008

0.012  0.006  0.006 0.009  0.007  0.007 0.007  0.008 0.008

B2 —0.002 0.002 0.002 —0.001 0.003 0.003 0.000 0.003  0.003

—0.002 0.002 0.002 —0.001 0.003 0.003 —0.001 0.003 0.003

B3 0.008 0.030 0.030 0.000 0.035 0.035 —0.007 0.045 0.045

0.007  0.030  0.030 0.001  0.035 0.035 0.001  0.047  0.047

4 200 1 B —0.012 0.005 0.005 —0.010 0.005 0.005 —0.006 0.005 0.005
—0.013 0.005 0.005 —0.013 0.005 0.005 —0.013 0.005 0.006

B2 0.003  0.003 0.003 0.002  0.003  0.003 0.001  0.003 0.003

0.003  0.003 0.003 0.002  0.003  0.003 0.003  0.003  0.003

B3 0.002 0.032 0.032 0.000 0.036 0.036 0.000 0.040 0.040

0.002 0.032 0.032 0.002  0.037 0.037 0.005 0.041 0.041

3 51 0.013  0.005 0.005 0.010  0.005  0.005 0.002  0.007  0.007

0.014  0.005 0.005 0.013  0.005  0.006 0.010  0.007  0.007

B2 —0.003 0.004 0.004 —0.002 0.005 0.005 —0.002 0.006 0.006

—0.004 0.004 0.004 —0.003 0.005 0.005 —0.004 0.006 0.006

B3 —0.001 0.057 0.057 —0.008 0.067 0.067 —0.023 0.085 0.085

0.001 0.057 0.057 —0.001 0.068 0.068 —0.005 0.089 0.089

400 1 B —0.005 0.002 0.002 —0.003 0.002 0.002 0.001  0.003  0.003
—0.005 0.002 0.002 —0.005 0.002 0.002 —0.003 0.003 0.003

B2 0.000 0.001 0.001 0.000 0.001 0.001 —0.001 0.001 0.001

0.000 0.001 0.001 0.000 0.001 0.001 —0.001 0.001 0.001

B3 0.002 0.015 0.015 0.000 0.017 0.017 —0.002 0.018 0.018

0.002 0.015 0.015 0.000 0.017 0.017 —0.001 0.018 0.018

3 B 0.006  0.002 0.002 0.004  0.003 0.003 0.000 0.003  0.003

0.006  0.002 0.002 0.006  0.003  0.003 0.006  0.004 0.004

B2 —0.004 0.002 0.002 —0.004 0.003 0.003 —0.004 0.003 0.003

—0.005 0.002 0.002 —0.005 0.003 0.003 —0.005 0.003 0.003

B3 0.001 0.028 0.028 —0.004 0.033 0.033 —0.013 0.046 0.046

0.001 0.028 0.028 —0.001 0.034 0.034 0.000 0.048 0.048
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TABLE A3
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Bias, variance and MSE of 5 and B for smcure (second rows) and our approach (first rows)
in Model 3 (Scenario 2).

Cens. level 1

Cens. level 2

Cens. level 3

Mod. n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
3 200 o1 —0.056 0.261 0.264 —0.215 0.344 0.390 —0.379 0.422 0.566
0.091 0.299 0.308 0.090 0.454 0.462 0.127  0.755 0.771

Y2 —0.0565 0.124 0.127 —0.123 0.137 0.152 —0.198 0.165 0.204

0.183 0.178 0.212 0.275 0.268 0.344 0.390  0.485 0.638

¥3 0.023 0.401 0.402 0.087 0.512  0.519 0.162 0.612 0.639

0.161 0.488 0.514 0.278 0.729  0.806 0.427 1.159 1.341

Ya —0.049 0.321 0.324 —0.093 0.421 0.429 —0.164 0.543 0.570

0.036  0.367  0.369 0.086  0.547  0.554 0.062  0.795 0.799

B 0.017  0.008  0.009 0.017  0.009  0.009 0.013  0.010 0.010

0.016  0.008 0.009 0.018 0.009  0.009 0.015 0.010 0.011

B2 0.004 0.004 0.004 0.007  0.004 0.004 0.005  0.005 0.005

0.004 0.004 0.004 0.009  0.004 0.004 0.008  0.005 0.005

B3 0.022  0.059 0.059 0.008 0.059 0.060 —0.003 0.074 0.074

0.024  0.059 0.060 0.015 0.060  0.060 0.013  0.074 0.075

400 o1 —0.037 0.120 0.121 —0.145 0.174 0.195 —0.255 0.240 0.305
0.047 0.122 0.124 0.029 0.179 0.179 0.042  0.265 0.267

Y2 —0.059 0.056 0.060 —0.123 0.075 0.090 —0.177 0.077 0.0108

0.090 0.068 0.076 0.110  0.098 0.110 0.173  0.125 0.155

v3 —0.020 0.181 0.182 0.026  0.245 0.246 0.080  0.337 0.344

0.066 0.194 0.198 0.124 0.261 0.276 0.212  0.380 0.425

Y4 —0.021 0.151 0.152 —0.069 0.220 0.225 —0.122 0.315 0.329

0.023 0.156  0.157 0.022 0.218 0.218 0.033  0.309 0.310

51 0.011  0.004 0.004 0.008 0.004 0.004 0.013  0.005 0.005

0.011  0.004 0.004 0.007  0.004 0.004 0.013  0.005 0.005

B2 0.003  0.002 0.002 0.003  0.002  0.002 0.001  0.002 0.002

0.003  0.002 0.002 0.004 0.002  0.002 0.003  0.002 0.002

B3 0.019 0.028 0.029 0.002 0.029 0.029 —0.001 0.033 0.033

0.020 0.028 0.029 0.006 0.029 0.029 0.009  0.034 0.034




Musta, Patilea, Van Keilegom/A presmoothing approach for mizture cure models

TABLE A4
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Bias, variance and MSE of 4 and B for smcure (second rows) and our approach (first rows)
in Model 4 (Scenario 2).

Cens. level 1

Cens. level 2

Cens. level 3

Mod. n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
4 200 o1 —0.121  0.117 0.131 —0.240 0.140 0.198 —0.375 0.179 0.320
0.006 0.134 0.134 —0.011 0.170 0.170 —0.035 0.231 0.232

Y2 0.053 0.014 0.017 0.091 0.017 0.026 0.122  0.018 0.033
0.041 0.016 0.018 0.056  0.020 0.024 0.077  0.027  0.033

v3 —0.195 0.137 0.175 —0.348 0.156 0.277 —0.511 0.165 0.426
0.119 0.169 0.183 0.122  0.216 0.231 0.139  0.273  0.293

Y4 0.096 0.156  0.165 0.157  0.189 0.213 0.240 0.229 0.287
0.072 0.182 0.187 0.096 0.216 0.226 0.137  0.288 0.307

s —0.038 0.161 0.163 —0.078 0.185 0.191 —0.149 0.218 0.240
0.046  0.175 0.177 0.058 0.220 0.223 0.047  0.254  0.257

B 0.014  0.007  0.007 0.009  0.008 0.008 0.001  0.008  0.008
0.017  0.007 0.007 0.016  0.008 0.008 0.014  0.008 0.008

B2 0.005 0.004 0.004 0.003  0.004 0.004 0.002  0.004 0.005
0.005 0.004 0.004 0.005 0.004 0.004 0.005 0.004 0.005

B3 0.010 0.056 0.056 —0.003 0.063 0.063 —0.022 0.071 0.072
0.015 0.057 0.057 0.011  0.064 0.064 0.006 0.072  0.072

400 o1 —0.068 0.057 0.062 —0.169 0.073 0.102 —0.279 0.089 0.167
0.015 0.061 0.061 0.001  0.078 0.078 —0.022 0.097 0.098

Y2 0.033  0.007  0.008 0.068 0.008 0.013 0.099 0.010 0.019
0.019  0.008 0.008 0.030  0.010 0.011 0.044 0.012 0.014

v3 —0.180 0.073 0.105 —0.311 0.084 0.181 —0.450 0.093 0.296
0.043 0.079 0.081 0.038  0.096 0.097 0.030 0.119 0.120

Y4 0.050  0.078 0.080 0.119 0.096 0.110 0.177 0.118 0.149
0.028 0.082 0.083 0.049 0.101 0.104 0.066 0.124 0.129

s —0.060 0.077 0.081 —0.106 0.096 0.107 —0.150 0.101 0.124
0.003 0.082 0.082 0.001  0.099 0.099 0.003 0.116 0.116

51 0.006  0.003  0.003 0.002 0.004 0.004 —0.004 0.004 0.004
0.008  0.003 0.003 0.008  0.004 0.004 0.007  0.004 0.004

B2 0.002  0.002 0.002 0.000  0.002  0.002 0.000 0.002  0.002
0.002  0.002 0.002 0.001  0.002  0.002 0.002  0.002 0.002

B3 0.003 0.026 0.026 —0.010 0.030 0.030 —0.023 0.034 0.034
0.007  0.026  0.026 0.002 0.031 0.031 —0.001 0.034 0.034
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. TABLE A5
Bias, variance and MSE of 4 and B for smcure (second rows) and our approach (first rows)
in Model 1 and 2 (n = 1000).

Cens. level 1 Cens. level 2 Cens. level 3
Mod. n scen.  Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
1 1000 1 o1 0.007  0.011 0.011 0.008 0.013 0.013 0.010 0.015 0.015
0.016 0.011 0.012 0.019 0.013 0.013 0.022 0.015 0.016
Y2 —0.006 0.032 0.032 —0.006 0.037 0.037 —0.006 0.041 0.041
0.023 0.033 0.034 0.027  0.038  0.039 0.028 0.043 0.044
B 0.001  0.005 0.005 0.002  0.006 0.006 0.002  0.006 0.006
0.000  0.005 0.005 0.001  0.006 0.006 0.000 0.006 0.006
2 o1 0.005  0.007  0.007 0.006  0.008 0.008 0.007  0.010 0.010
0.008  0.007 0.007 0.011  0.008 0.008 0.014 0.010 0.010
Y2 —0.008 0.019 0.019 —0.006 0.022 0.022 —0.007 0.026 0.026
0.012 0.019 0.020 0.016  0.023  0.023 0.018 0.027  0.027
B 0.000 0.006 0.006 —0.001 0.007 0.007 0.000 0.008 0.008
—0.001 0.006 0.006 —0.002 0.007 0.007 —0.002 0.008 0.008
3 o1 0.001 0.011 0.011 —0.008 0.012 0.012 —0.003 0.018 0.018
0.004 0.011 0.011 —0.002 0.013 0.013 0.009 0.019 0.019
Y2 —0.064 0.093 0.097 -—0.076 0.123 0.129 —0.107 0.163 0.175
0.046  0.099 0.102 0.058 0.130 0.134 0.072  0.167 0.173
B 0.011 0.018 0.018 0.005 0.022 0.022 0.004 0.026 0.026
0.009 0.018 0.018 0.001 0.022 0.022 —0.005 0.026 0.026
2 1000 1 o1 0.006  0.008 0.008 0.000  0.009 0.009 0.007 0.012 0.012
0.009  0.008 0.008 0.007  0.009  0.009 0.022 0.013 0.013
Y2 —0.010 0.007 0.007 —0.011 0.009 0.009 —0.018 0.011 0.011
—0.002 0.007 0.007 —0.002 0.009 0.009 —0.005 0.012 0.012
B —0.001  0.002 0.002 0.000  0.003  0.003 0.001  0.003  0.003
—0.001 0.002 0.002 —0.001 0.003 0.003 —0.001 0.003 0.003
2 o721 —0.004 0.006 0.006 —0.010 0.007 0.007 —0.004 0.010 0.010
0.002  0.006 0.006 0.003  0.008 0.008 0.022 0.010 0.011
Y2 —0.012 0.007 0.008 —0.023 0.009 0.010 -0.031 0.012 0.012
0.004 0.008 0.008 0.000  0.009 0.009 0.002 0.012 0.012
B 0.005  0.003 0.003 0.006  0.003  0.003 0.005 0.004 0.004
0.004 0.003 0.003 0.005 0.003  0.003 0.001  0.004 0.004
3 o1 —0.011 0.014 0.014 —0.029 0.014 0.015 —0.054 0.019 0.022
0.002 0.016 0.016 0.015 0.018 0.018 0.028 0.029 0.029
Y2 —0.314 0.144 0.242 —0.583 0.189 0.529 —0.841 0.237 0.945
0.045 0.148 0.151 0.068 0.175 0.180 0.137  0.223  0.242
B 0.004 0.006 0.006 0.004 0.008 0.008 0.006 0.010 0.010
0.002  0.006 0.006 0.001  0.008 0.008 0.003 0.010 0.010
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. TABLE A6
Bias, variance and MSE of 4 and 3 for smcure and our approach in Model 3 (n = 1000).

Cens. level 1

Cens. level 2

Cens. level 3

n scen. Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
1000 1 Y1 0.000 0.026  0.026 0.010 0.035  0.035 0.013  0.050 0.050
0.001  0.026 0.026 0.003 0.031  0.031 0.006  0.040 0.040

Y2 —0.009 0.008 0.008 —0.021 0.001 0.011 —0.051 0.014 0.017
—0.018 0.008 0.008 —0.022 0.010 0.010 —0.036 0.013 0.014

v3 0.019 0.071 0.072 0.022 0.094 0.094 0.022 0.128 0.128
0.041  0.069 0.070 0.060 0.078  0.082 0.062 0.105 0.109

Ya 0.004 0.061 0.061 —0.030 0.087 0.088 —0.095 0.124 0.133
0.026  0.058 0.058 —0.002 0.077  0.078 0.033  0.098 0.099

51 —0.002 0.001 0.001 —0.001 0.001  0.001 0.001  0.001 0.001
—0.002 0.001 0.001 —0.002 0.001  0.001 —0.002 0.001 0.001

B2 0.002 0.001 0.001 0.000 0.001  0.001 0.001  0.001 0.001
0.002  0.001 0.001 0.000 0.001  0.001 0.001 0.001 0.001

B3 0.001  0.007 0.007 —0.006 0.008 0.008 —0.003 0.009 0.009
0.001  0.007 0.007 —0.006 0.0018 0.008 —0.001 0.009 0.009

2 o1 —0.025 0.046 0.047 —0.071 0.077 0.082 —0.142 0.117 0.137
0.020 0.046  0.047 0.007 0.066  0.066 0.005  0.090 0.090

Y2 —0.057 0.022 0.025 —0.097 0.030 0.040 —0.108 0.038 0.050
0.032  0.023 0.024 0.037 0.031  0.032 0.056  0.038 0.041

¥3 —0.041 0.068 0.070 —0.024 0.125  0.126 0.015 0.169 0.170
0.009 0.066 0.066 0.044 0.104  0.106 0.059 0.132 0.136

Ya —0.019 0.059 0.060 —0.025 0.093 0.093 —0.037 0.127 0.128
0.005 0.058  0.058 0.020 0.081  0.081 0.039 0.101 0.102

B1 0.003  0.001  0.001 0.002 0.002  0.002 0.002 0.002 0.002
0.003  0.001 0.001 0.001 0.002  0.002 0.002  0.002 0.002

B2 0.001  0.001  0.001 0.002 0.001 0.001 —0.002 0.001 0.001
0.001  0.001 0.001 0.002 0.001 0.001 —0.002 0.001 0.001

B3 0.003  0.010 0.010 0.004 0.011 0.011 —0.010 0.013 0.013
0.003 0.010 0.010 0.005 0.011 0.011 —0.004 0.013 0.013

3 Y1 0.004 0.030 0.031 —0.008 0.050  0.050 —0.058 0.093 0.096
—0.001 0.029 0.029 —0.008 0.043 0.043 —0.022 0.069 0.070

Y2 —0.014 0.009 0.009 —0.011 0.014 0.014 0.031 0.022 0.023
0.015 0.009  0.009 0.018 0.012  0.012 0.045 0.018 0.020

¥3 0.000 0.044 0.044 —0.004 0.072  0.072 0.049 0.123 0.125
0.017  0.043  0.043 0.016 0.058  0.058 0.043 0.089 0.091

Ya —0.002 0.037 0.037 0.002 0.060 0.060 —0.020 0.099 0.099
—0.007 0.036 0.036 0.003 0.051 0.051 —0.012 0.071 0.072

B 0.007 0.002 0.002 0.008 0.003  0.003 0.005  0.003  0.003
0.006  0.002  0.002 0.007 0.003  0.003 0.006  0.003 0.003

B2 0.000 0.001 0.001 —0.002 0.001 0.001 —0.001 0.001 0.001
0.000 0.001 0.001 —0.002 0.001 0.001 —0.001 0.001 0.001

B3 0.000  0.001 0.001 0.014 0.013 0.013 —0.004 0.017 0.017
0.000  0.001  0.001 0.014 0.012 0.013 —0.001 0.016 0.016
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. TABLE A7
Bias, variance and MSE of 4 and ( for smcure and our approach in Model 4 (n = 1000).
Cens. level 1 Cens. level 2 Cens. level 3
n scen. Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE
1000 1 Y1 —0.002 0.027 0.027 0.007 0.033 0.033 0.010 0.038 0.038
0.004 0.027 0.027 0.008 0.032 0.032 0.012 0.038 0.038
Y2 0.013 0.007 0.007 —0.001 0.008 0.008 —0.005 0.009 0.009
—0.015 0.007 0.007 —0.024 0.009 0.009 -—0.029 0.011 0.012
Y3 —0.192 0.041 0.078 —0.149 0.037 0.059 —0.196 0.046 0.084
0.020 0.037 0.037 0.029 0.047 0.048 0.035 0.058 0.059
Ya —0.054 0.063 0.066 —0.086 0.076 0.084 —0.155 0.090 0.114
0.030 0.067 0.068 0.047 0.083 0.085 0.053 0.104 0.107
V5 —0.043 0.060 0.062 —0.108 0.075 0.087 —0.188 0.083 0.118
0.025 0.061 0.062 0.035 0.075 0.076 0.039 0.092 0.093
B1 —0.001 0.001 0.001 0.000 0.001 0.001 0.002 0.001 0.001
—0.002 0.001 0.001 —-0.002 0.001 0.001 —0.001 0.001 0.001
B2 0.000 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.001
0.000  0.000  0.000 0.000 0.001  0.001 0.000 0.001 0.001
B3 0.001 0.006 0.006 0.002 0.006 0.006 0.002 0.007 0.007
0.001  0.006 0.006 0.002 0.007 0.007 0.003  0.007 0.007
2 1 —0.049 0.024 0.027 —0.116 0.031 0.044 —0.207 0.040 0.083
0.006 0.024 0.024 —-0.004 0.031 0.031 —0.020 0.039 0.039
Y2 0.019 0.003 0.003 0.049 0.003 0.006 0.079 0.004 0.011
0.006 0.003 0.003 0.011 0.004 0.004 0.018 0.005 0.005
¥3 —0.142 0.031 0.051 —0.229 0.039 0.091 —0.330 0.045 0.154
0.017 0.032 0.033 0.021 0.040 0.040 0.017 0.046 0.046
Ya 0.029 0.033 0.034 0.079 0.041 0.047 0.144 0.051 0.072
0.012 0.033 0.033 0.026 0.040 0.040 0.039 0.047 0.049
Y5 —0.034 0.033 0.034 —-0.068 0.039 0.044 —0.103 0.048 0.058
0.005 0.032 0.032 0.006 0.036 0.036 0.007 0.041 0.042
51 0.001 0.001 0.001 —0.003 0.001 0.001 —0.008 0.001 0.001
0.002 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.001
B2 0.000 0.001 0.001 —0.001 0.001 0.001 —0.001 0.001 0.001
0.001 0.001 0.001 0.000 0.001 0.001 0.001 0.001 0.001
B3 0.000 0.010 0.010 -—-0.009 0.011 0.011 -—-0.019 0.012 0.012
0.002 0.010 0.010 0.000 0.011 0.011 —0.001 0.012 0.012
3 oG —0.002 0.015 0.015 —0.012 0.019 0.019 —0.029 0.026 0.027
0.004 0.015 0.015 0.001 0.018 0.018 0.001 0.023 0.023
Y2 —0.005 0.001 0.001 —0.001 0.002 0.002 0.006 0.002 0.002
0.007  0.002 0.002 0.004 0.002 0.002 0.002 0.002 0.002
Y3 0.051 0.016 0.019 0.034 0.015 0.017 0.041 0.021 0.022
—0.009 0.014 0.014 —-0.006 0.016 0.016 —0.006 0.021 0.021
Y4 0.000 0.020 0.020 0.009 0.024 0.024 0.018 0.031 0.031
—0.001 0.019 0.019 0.004 0.023 0.023 0.004 0.028 0.028
v5 —0.006 0.019 0.019 —-0.011 0.024 0.024 —0.015 0.033 0.033
—0.005 0.019 0.019 —-0.007 0.022 0.022 -—-0.011 0.028 0.028
B1 0.003 0.001 0.001 0.001 0.001 0.001 —0.001 0.001 0.001
0.002 0.001  0.001 0.001 0.001 0.001 0.001  0.001 0.001
B2 0.000 0.001 0.001 0.000 0.001 0.001 0.000 0.001 0.001
—0.001 0.001 0.001 0.000 0.001  0.001 0.000 0.001  0.001
B3 0.003 0.010 0.010 0.001 0.012 0.012 —0.005 0.016 0.016
0.003 0.010 0.010 0.002 0.012 0.012 —-0.001 0.016 0.016




