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Chapter 1

Introduction

Opening motif of Beethoven’s 5th

Gravity has been one of the earliest known forces of nature, formulated as an

inverse square law by Newton circa 1687. Yet to this day, it remains one of the most

mysterious. It was only with the advent of Einstein’s general theory of relativity in

1915, that a concrete mathematical foundation was laid for classical gravity. About the

same time, in the early nineteen hundreds came the quantum revolution, lead by the

likes of Schroedinger, Heisenberg and Dirac. Now quantum mechanics is a theory of

microscopic particles and their interactions. These are objects typically characterized

as small in size and light in weight. Classical gravity, on the other hand, is a theory

of macroscopic bodies, which are typically large in size and heavy in weight. So the

question is, how should one describe the physics of objects, which are small in size, yet

huge in mass? Black holes are classic examples in this category and the rest of this

thesis shall be devoted to that cause. To describe the these, a quantum description

of gravity becomes pertinent. It was Einstein’s dream to find a unified description of

gravity that reconciled the classical and quantum paradigms. A promising candidate

in this direction emerges in the form of string theory. In addition to unifying Einstein’s

theory to quantum mechanics, string theory seeks to go even further and unify all the

forces of nature in such a way that they can be understood through a common set of

fundamental principles.

Now how does one put together the pieces of this jig-saw? Let us start by laying
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2 CHAPTER 1. INTRODUCTION

out the fundamental ingredients of our universe. The physical universe is comprised

of matter, radiation and their interactions. The fundamental building blocks of mat-

ter are particles called fermions. The building blocks of radiation are bosons. The

fundamental interactions are electromagnetic, strong nuclear force, weak nuclear force

and gravity. Before the advent of quantum mechanics and Einstein’s special relativ-

ity, much of physics was based on Newtonian dynamics. Quantum theory shook the

very foundations of the Newtonian paradigm and presented before us a whole new

world which behaves very differently at microscopic scales, yet at large distances ag-

gregates to classical laws. Moreover quantum mechanics and special relativity easily

gelled together to give rise to what we now call relativistic quantum field theories.

However general relativity as a classical theory of gravity remained evasive to any such

“quantization”.

Let us briefly see how fundamental interactions can be described in the language of

quantum field theories. From this perspective a force between two fermions is mediated

via the exchange of a specific boson. And these processes lend themselves to some of

the most precise perturbative computations known. The predictions of field theory for

each of these 3 forces (sans gravity) confer amazingly with experiment. Put together,

this is what we call the standard model of particle physics. On the other hand, in

general relativity, gravity is a property of space-time. From this point of view, space-

time is a dynamic rather than static, whose geometry is responsible for the gravitational

attraction between massive bodies. The presence of matter has the effect of distorting

the ’shape’ of the space-time around it. However, the standard model does not seem

to incorporate gravity or the dynamism of space-time. Apparently there is no natural

way to extend quantum field theories to include gravity. In field theory, an interaction

is mediated via an exchange boson. The carriers of gravity are spin-2 bosons called

gravitons. However, gravitons cannot be found in the spectrum of any conventional

quantum field theory. A full description of quantum gravity should reconcile these two

notions of force, one as an exchange of gravitons at microscopic scales and the other

as a manifestation of space-time geometry at macroscopic scales. String theory is one

such attempt to answer these questions.

The fundamental ingredients of string theory are not particles, but one dimensional
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objects called strings. These come in 2 types : open and closed. Analogous to the

chords of a musical instrument, a string of a given length and fixed tension has a discrete

range of vibrating frequencies, thus characterizing its energy spectrum. The idea now

is that each vibrating mode represents a particle of nature. Low energy vibrations

correspond to light particles, high energy modes to massive particles. It is indeed

remarkable that the spectrum of these vibrations includes matter, radiation and gravity

all in one package. Moreover strings interact with each other: closed strings intersect

each other at a point, where they open up to form another closed string. Similarly

open strings interact with other open strings by gluing at one of their ends once again

resulting in an open string. Now this is a consistent interacting perturbative quantum

field theory, not of particles but of strings. Subsequently non-perturbative techniques

were also developed and higher dimensional objects called D-branes were included into

the machinery. And as we shall soon see, the latter will play a very important role

in the duality relating gravity to a gauge theory. The world is then fundamentally

comprised of such quantum strings and branes; and the particles we observe around us

are simply manifestations of their vibrations. Mathematical consistency requires that

the theory be defined in 10 space-time dimensions, six of which are compactified on an

internal manifold. In this thesis, we shall often encounter string theory compactified on

a Calabi-Yau space, with D-branes wrapping internal cycles and thus resulting in black

hole solutions in 4 dimensions. For practical purposes, we shall be interested in the low-

energy effective theory in the bulk space-time, which turns out to be supergravity in 4

or 5D. Thus we now have a rigorous mathematical framework to compute observables

involving graviton exchange such as correlation functions, scattering amplitudes, etc.

Before seeing how black holes enter the picture, let us briefly discuss the interplay

between length and energy scales. This is crucial for understanding when stringy effects

will be of relevance and also for subsequent unification of forces. A string length is typ-

ically of the order of 10−33 cm, called the Planck length. In physics, the scale of length

is inversely proportional of that of energy, meaning that shorter distance interactions

occur at higher energies and vice-versa. By the same logic, energies of dynamical pro-

cesses that directly involve string interactions are of the order of cataclysmic explosions

such as the big bang itself. In contrast, the shortest distance scales that present day
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technology can probe lie in giga electron volts, corresponding to sub-nuclear processes;

the mass of the top quark is 174 GeV; and the LHC, when fully functional is anticipated

to achieve energies of up to 7000 GeV. Now the energies at which stringy interactions

can be probed are around 1019 GeV. This is called the Planck Scale. Unfortunately

this far far beyond the reach of current laboratory technology. But these are precisely

the scales relevant for processes that occurred during the early history of the universe.

Moreover, this is the scale at which a fully quantum description of gravity becomes

relevant. The reason is simply because the strength of the fundamental forces is not

the same at every energy scale. It in fact varies as we probe physical processes at

different energies. This running of coupling constants with energy is what eventually

enables the unification of the fundamental interactions at the Planck scale. String the-

ory offers a fully quantum description of Planck scale physics with the string coupling

as the only free parameter in the theory and all other interactions described in terms

of this parameter.

Having motivated why a quantum description of gravity is necessary for probing

Planck scale physics, we now turn our attention to black holes. These are precisely

the objects, whose underlying microscopics take us to the Planck scale, and that is

how string theory enters the picture. Black holes thus serve as the test-beds of any

theory of quantum gravity. Then in 1972 Bekenstein discovered that black holes are

much more than mere voids in space-time, bound by event horizons: rather they be-

have like thermodynamic objects that carry a temperature and entropy! Putting these

ideas on a firmer footing, Hawking later showed that black holes aren’t really black

when treated (semi-)quantum mechanically; they emit thermal radiation, later called

Hawking radiation. In a sharp twist of ideas, black holes could now shrink and evap-

orate! Such an underlying thermodynamic association comes with its fair share of

implications. Now a thermodynamic system can be can be formulated in terms of a

statistical ensemble of an underlying structure that constitutes the microscopic degrees

of freedom of the system. For instance, the temperature of a gas is a measure of the

average kinetic energy of its molecules. However temperature is not a notion that can

be assigned to an individual molecule of a gas; it is a meaningful concept only for the

gas as a whole. Thus its origin lies in microscopic degrees of freedom of the gas as a
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whole. Similarly, the entropy of a thermodynamic system is precisely a measure of its

underlying microstates.

The immediate question ensuing from this chain of ideas is what then are the mi-

crostates of a black hole and how do they interact? Since general relativity breaks

down beyond the horizon, it is not suited to answer this question. One now needs

to go beyond Hawking’s approximate calculation and requires a full-fledged theory of

quantum gravity, which probes physics at the smallest of length scales. And this is

where string theory sheds some light into the picture. At large distances, string theory

adequately reproduces Einstein’s classical gravity, but at short distances it significantly

modifies the latter - indicating that space-time geometry itself is not fundamental, but

emerges as a macroscopic average. In string theory, a black hole is then described as a

bound state of D-branes with stringy excitations. Hawking radiation is then the pro-

cess of emission of closed strings from this ensemble. Within this one can now perform

bulk computations via a low-energy effective analysis to compute say the leading-order

result of several black holes. However, in general, such strongly gravitating systems

will carry higher order curvature corrections, that can be difficult to compute using

only low-energy effective techniques. This is where holography enters as a power-

ful new tool. ’t Hooft’s holographic principle is a statement about quantum gravity

relating the degrees of freedom of a bulk gravitating system to those encoded in a holo-

graphically dual boundary quantum field theory without gravity. In string theory, this

bulk/boundary correspondence manifests itself as Maldacena’s gauge/gravity duality -

also known as the AdS/CFT correspondence. What makes this correspondence useful

is its realization as a strong/weak coupling duality - meaning that a strongly coupled

gravitating system in the bulk maps to a weakly coupled gauge theory on the boundary

and vice-versa. This is a remarkable feature of the correspondence that now permits

us to perform strongly coupled and hence non-perturbative bulk computations simply

via a perturbative analysis on a dual gauge theory living on the boundary. Indeed a

lot of current research on black holes in string theory, including the work presented in

this thesis, is focussed along this direction.

The starting point of the research in this thesis has been a recent conjecture in string

theory due to Ooguri, Strominger and Vafa (OSV) relating a type of string theory in



6 CHAPTER 1. INTRODUCTION

six dimensions to a supersymmetric black hole in four dimensions. The former known

as topological string theory is defined on a six dimensional Calabi-Yau target space en-

dowed with D-branes wrapped along homology cycles. In the bulk this corresponds to

a four dimensional black hole, whose microstates can be accounted for by counting su-

persymmetric (known as BPS in this context) states on the world-volume theory of the

bound state of branes. Topological string theory has deep mathematical connections

to the field of algebraic geometry and in that context is concerned with the counting of

algebraic invariants, known as Gromov-Witten invariants. However topological string

theory is mostly understood only in the perturbative limit of a small string coupling

constant. The reason why the OSV conjecture has managed to captivate so much at-

tention is that it offers a rare glimpse into a non-perturbative definition of topological

strings. The catch of course lies in the fact that in order to capture non-perturbative

features in this theory, one has to know its equivalent in terms of corresponding black

hole states, and as things turn out, neither is the latter fully understood. A modest

approach might then be to look for specific limits of topological string theory by prob-

ing corresponding states of the associated black hole; and even this turns out to be

rather difficult. This is the point at which it is useful to invoke the AdS/CFT duality.

This opens out a new angle for making progress on the above-mentioned issues. In its

manifestation as a strong/weak coupling duality, the strongly coupled regime of grav-

ity in the bulk corresponds to the weakly coupled sector of the holographically dual

gauge theory (without gravity) and vice-versa. This way computing observables of a

quantum field theory on the boundary not only helps probe black holes in the bulk,

but coupled with the OSV correspondence, it reveals hitherto unknown sectors in the

spectrum of topological string theory. Now consider the scenario in which the brane

system we are investigating, possesses a gauge theory which is exactly solvable. In rare

cases when this does happen, one can carry out non-perturbative analysis and get a

handle of the corresponding non-perturbative features in both, the bulk gravitational

system as well as the associated string theory. The D0-D2-D4 BPS black hole that

we have extensively investigated in this thesis, precisely allows for such a possibility,

with the gauge theory being localized to a q-deformed version of 2D Yang-Mills on a

Riemann surface with gauge group U(N).
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Putting these links together is part of an extensive on-going research program within

the string theory community. The work presented in this thesis will focus on the

gauge/gravity side of these connections. Within this backdrop, some of the research

questions we pose in this thesis concern precision black hole entropy counting in 4D

or 5D; observable charge shifts for these gravitational systems; the role of multi-center

configurations as fragments of a single black hole geometry; and how one may probe the

phase space of the holographically dual Yang-Mills theory. In this thesis we investigate

these questions from several angles, incorporating new related developments such as

the discovery of black rings in five dimensions; the 4D/5D connection relating black

holes in four dimensions to those in five dimensions, and subsequently a multi-center

extension of this connection along with the inclusion of extended black objects; the for-

mulation of an entropy function technique that is well suited for computations involving

higher order corrections due to the remarkable feature that within this formalism, all

equations of motion straightforwardly reduce to algebraic equations; gauge theories

dual to multi-center black hole configurations, necessary for a holographic understand-

ing of microstates. A lot of the pieces of this jig-saw in fact compliment each other

and thus a parallel rather than serial approach towards investigating these questions

indeed leads to an integration of ideas and emergence of new insights. Nevertheless,

the underlying theme behind all of this work shall still be the gravity/gauge duality

connecting the macroscopic to the microscopic. In order to modestly achieve some of

the above objectives, a large part of this work shall be devoted towards developing

methodology and interpreting underlying mechanisms.

We begin our investigations in chapter 3 with macroscopic gravity calculations and

further build up on the entropy function formalism of Sen. Our goal in this chapter

is to develop an entropy function formalism for any extremal 5D black object, whose

action contains what are called Chern-Simons terms. This is because Sen’s original

formulation was not incorporated to include such terms in the action owing to problems

with manifest gauge invariance under large gauge transformations. We shall solve the

problem and show that our 5D entropy function works for both black holes as well as

black rings. With this 5D technology, it is now possible to correctly identify the physical

charges in 5D black holes/rings. These are conserved Page charges, which are shifted
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relative to their 4D counterparts due to large gauge transformations originating from

Chern-Simons terms. Here we shall interpret these charge shifts as what are known

as spectral flow shifts and have also shown how spectral flow can be incorporated into

the 5D entropy formalism, which at the same time remains gauge invariant and has

an explicit dependence only on physical charges. Moreover, our 5D analysis enables

us to fix a mismatch that arose in the electric charges of Goldstein and Jena’s prior

calculation. The utility of these techniques is that they now allow a thorough precision

entropy counting in 5D with higher curvature corrections.

Then in chapter 4, we turned our attention to the 4D/5D conjecture. The question

we investigate in this chapter is how should the 4D/5D connection work for these

multi-center configurations? More specifically, we explicitly set-up a 5D construction

of AdS-fragmentation, whereby a single black ring splits-up into a multi-black ring

configuration. Furthermore it is shown that these fragmented rings are equivalent to a

direct 5D lift of 4D multi-center black holes. In this way the 5D duals of these baby

universes turn out to be a configuration of non-concentric multi-black rings. Once

again we are faced with Chern-Simons induced charge shifts, but now for multi-center

5D systems. For single center configurations, the tools developed in chapter 3 gave us

a geometric interpretation of these shifts as spectral flow. Even in the case of multi-

center systems, we can show the manifestation of 4D/5D charge shifts as spectral flow,

but now using insights from AdS fragmentation. Using an independent supergravity

analysis, we also confirm that all conserved charges in 5D are once again Page charges,

as expected. As an application of these methods, we then reproduce the total angular

momentum of concentric black rings, originally due to Gauntlett and Gutowski. Finally,

through this analysis we provide a geometric description of this system of multiple black

rings, using the idea of split-spectral flows, wherein a given black ring’s observables

are influenced by fluxes generated in a background of neighboring rings. As a possible

future research direction one may incorporate these split-flows into an entropy function

so as to compute sub-leading degeneracies to multi-center systems as well.

Moving further, in chapter 5, we investigate a continuum limit of multi-center black

hole configurations. We find solutions to integrability equations for large n centers,

thus showing that such a limit indeed exists. We then construct a continuum dis-
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tribution of black holes and performed a multipole expansion to find smeared black

hole geometries with multipole moments. Using these solutions, one can now construct

geometries with test black holes in multipole background fields, and that too along

with the back-reaction. A very interesting application of precisely this is the black hole

levitron. This entails spatially stabilizing a four dimensional black hole in background

electric/magnetic fields. A stationary stable solution for this phenomenon is analyti-

cally found via the continuum multi-center limit developed in this thesis. Our levitron

consists of a black hole levitating in stable equilibrium over a magnetic dipole base.

We then go on to discuss how this construction strikes a resemblance to a mechanical

Levitron.

Finally in chapter 6, we move on to microscopics. We investigate topological strings

over a Calabi-Yau background of a Riemann surface endowed with two line bundles.

The surface in this case is an S2. Over this non-compact background, we seek to test the

validity of the OSV conjecture and in the process discover a remarkable phase transition

of the theory. We analyze this transition and comment on its implications for black

hole physics. Here we investigate the dual gauge theory of the aforementioned D0-D2-

D4 black hole, which turns out to localize to a quantum deformation of 2D Yang-Mills

theory with gauge group U(N), where N represents the magnetic D4 brane charge. In

this rare case, the microscopic theory turns out to be fully solvable and hence lends

itself as an interesting tool for non-perturbative analysis. For our analysis, the Yang-

Mills gauge theory is most effectively studied using an equivalent matrix model in the

large N limit, which in this case was derived from Chern-Simons theory. In this work

we discover that an analogous phase transition occurring in two dimensional QCD

on a sphere is replicated in its q-deformed cousin for specific values of deformation

parameter. The phase diagram of the model is determined and we show that the

theory exhibits a phase transition only for small values of the deformation parameter,

whereas for large values of the deformation parameter the phase transition is absent.

We explicitly see how this transition is triggered by instanton effects. Finally, we

presented the solution of the model in the strongly coupled phase. Our analysis suggests

that, on certain backgrounds, non-perturbative topological string theory has a new

phase transitions at small radius. From the point of view of gauge theory, it suggests a



10 CHAPTER 1. INTRODUCTION

mechanism to smooth out such phase transitions. One implication of our result is that

for certain backgrounds, the usual geometric description of topological strings does not

hold in the small area phase of the gauge theory and this has bearing on the validity of

OSV itself in that regime. A likely scenario suggested by this work is that sub-leading

contributions to the gauge theory partition sum are associated to AdS-fragmentation

of black holes.


