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Chapter 2

The Iterated Best Response Model

“At first I basically thought: What the fuck? And then I thought:
You’ve got to be kidding me. And then I began to sort of think, Oh
no.” (Gessen 2008, p. 15)

“[T]he natural way of looking at game situations [. . . ] is not based on
circular concepts, but rather on a step-by-step reasoning procedure.”

(Selten 1998, p. 421)

Chapter Contents
2.1 · Focal Points & Iterated Best Response · 44

2.2 · The Vanilla Model · 53

2.3 · Forward Induction · 76

2.4 · Overview and Comparison · 89

2.5 · Semantic Meaning and Credibility · 107
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This chapter presents a model of iterated best response reasoning with focal points
(the ibr model). The chapter is structured as follows. I will first try to mo-
tivate the core assumptions of my approach in section 2.1 by reviewing key
results of behavioral game theory. Then I will spell out a plain version of the
ibr model in section 2.2 and apply it to some illustrating examples. The basic
model will be supplemented with an additional refinement: section 2.3 intro-
duces forward induction reasoning. Section 2.4 reflects back on the proposed
model and its variations, and compares the lot to other relevant models in
pragmatics and game theory. Finally, section 2.5 comes back to the question
whether the ibr model really properly implements conventional meaning in
a pragmatic solution concept, and compares the present approach with previ-
ous approaches to message credibility.

2.1 Focal Points & Iterated Best Response

As a means of introducing in rough outline iterated best response reasoning
with focal points, consider the following simple ‘hide-and-seek’ game. There
are four labelled and linearly arranged doors, as shown here:

A B A A

Door 1 Door 2 Door 3 Door 4

One player, called Hider, hides a prize behind any of these doors and a second
player, Seeker, simultaneously guesses a door. Seeker wins iff Hider loses iff
Seeker chooses the door where Hider hid the prize. The payoff structure for
this game is the following (Hider is the row player):

Door 1 Door 2 Door 3 Door 4

Door 1 0,1 1,0 1,0 1,0
Door 2 1,0 0,1 1,0 1,0
Door 3 1,0 1,0 0,1 1,0
Door 4 1,0 1,0 1,0 0,1

When looking at the game in this abstract form, there is nothing that should
prejudice any of the four doors over any other for either Hider or Seeker. There
is exactly one unique mixed Nash equilibrium in this strategic game: both
players choose a door completely at random with probability 1/4 for each
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door.1 However, the different labeling of doors and their linear arrangement
does seem to make a difference to human reasoners. There are, as the be-
havioral game-theorist would say, non-neutral psychological framing ef-
fects in the way the game is presented. And, indeed, when Rubinstein et al.
(1996) put this condition to the test, they found that the following percentage
of subjects chose the various doors:

A B A A

Hider 9% 36% 40% 15%
Seeker 13% 31% 45% 11%

This result deviates significantly from a flat 25% choice of every door that we
would expect if reasoners played the unique mixed Nash equilibrium. Some-
thing in the presentation of the game, the labelling of doors and their linear
arrangement, must have prejudiced human reasoners to consider some alter-
natives more salient than others. This is also highly plausible by introspection:
the door labeled B very obviously sticks out, and similarly so do the left- and
right-most doors.

Experiments following this paradigm have been multiply replicated. Sur-
veying these, Crawford and Iriberri (2007) argue that Rubinstein et al.’s em-
pirical results in this and similar ‘hide-and-seek’ games on non-neutral land-
scapes can best be explained by an iterated best response model with fo-
cal starting points, which I will henceforth call an ibr model (with focal
points) for short.2 Such a model, basically rests on two assumptions, namely
that:

1. there are focal points in the presentation of the game that attract the
attention of reasoners before they engage in further strategic deliberation;
and that

2. starting from this initial focal prejudice of attention, players use iter-
ated best response reasoning at different levels of strategic sophisti-

1. Strictly speaking, the notion of a mixed Nash equilibrium of a strategic game has not
been introduced explicitly, but it is also not essential here and in the following. The interested
reader is referred to the standard textbooks.

2. To say here that the ibr model explains the data best needs a careful hedge, if we want
to be precise and fair. Crawford and Iriberri (2007) show that their ibr model with focal
point reasoning provides the best model from a set of competing alternative models if several
factors are taken into account: generality and portability of the model, theoretical parsimony,
and econometric fit of the data. Looking at econometric fit of the data alone, the ibr model of
Crawford and Iriberri does not do better than some of the alternatives, but also not worse.
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cation, i.e., they compute best responses to focal point behavior, to which
they compute a best response (if they can), to which they compute a best
response (if they can), and so on.

For example, according to an ibr model with focal points for the above ‘hide-
and-seek’ game Hider might reason as follows.3 Hider might start her delib-
eration with the focal point, saying to herself: “Obviously, the door labeled B
sticks out,” and then go on reasoning about Seeker’s behavior based on this:
“So, I expect that if Seeker doesn’t think much about what he’s doing, he will
choose this door.” This is then where Hider would anticipate the behavior
of a naı̈ve, unstrategic player. Based on this, Hider would act rationally by
thinking: “But then, I should not hide the prize there, but choose another
door.” But Hider may also anticipate that Seeker may anticipate her own best
response; Hider may think: “But, hey, if Seeker thinks the same, I probably
should hide the prize exactly behind door B.” Clearly, for a zero-sum game
this reasoning pattern will soon start to loop. (We will come back to this
feature in section 2.2.1.) For the time being, the point of interest is that to
assume that subjects perform roughly this kind of reasoning explains well the
empirical data of Rubinstein et al. Let me therefore enlarge briefly on both
assumptions, focal points and iterated best response reasoning, in order to
motivate their respective and conjoined use as a model of pragmatic reason-
ing.

2.1.1 Semantic Meaning as a Focal Point

Schelling Points in Coordination. The idea of focal points, that some-
how attract our attention and therefore psychologically bias our reasoning
patterns, is very natural. It is also familiar, in slightly different form, from
Thomas Schelling’s ground-breaking work on equilibrium selection in strate-
gic coordination games (Schelling 1960). Schelling’s idea was that indepen-
dent coordination choices will often converge on the most salient option. For
example, if two people have to independently make a choice such as where
to go meet the other person somewhere in New York city when they can-
not communicate a meeting place beforehand but know that it’s commonly
known to both sides that they are facing exactly this coordination problem,

3. This exposition is simplified, assuming that only the door labeled B is focal. The inter-
action of two focal points of possibly differing strengths of attraction further complicates the
example, but I will gloss over this here because I merely want to introduce the general idea
of ibr reasoning.
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then it is not only fairly natural to assume, but also empirically supported (see
Camerer 2003, chapter 7 for overview) that people will coordinate on choices
that are somehow psychologically salient, such as, in the present example,
Grand Central Terminal in Midtown Manhattan. What counts as salient un-
der which circumstances is a separate, interesting, but ultimately empirical
question.4 Nonetheless, Schelling’s insight remains: people are guided by
psychological salience when choosing among several possible coordination
equilibria that are, as far as utilities are concerned, equally good.

Schelling’s idea of focality has had prominent influence on some appli-
cations of game theory to linguistics and philosophy of language. Lewis’
analysis of the notion of ‘convention’ in terms of signaling games is inspired
by Schelling’s insight that precedence may act as a focal element (Lewis 1969).
Parikh, on the other hand, motivates his use of Pareto-dominance as a second-
order selection principle on sets of equilibria with reference to focality of
Pareto-efficiency (Parikh 2001).

Focality as Starting Point of Deliberation. The role of focal points in an
ibr model is slightly different though. First of all, focality in the ibr model is
not a second-order selection criterion on top of standard equilibrium notions.
Similarly, whereas Schelling’s focal points are what most people would expect
to be a commonly expected coordination point, focal points in the ibr model
are not —in a manner of speaking— the outcome of reasoning about a game
situation but rather the starting point. Focal point reasoning in ibr is also not
confined to coordination games, as the above ‘hide-and-seek’ game illustrates:
reasoners might convince themselves that playing a focal strategy is not a good
idea. In other words, reasoners may reason themselves away from focality,
rather than being attracted by it through or after deliberation. Still, the general
idea of a psychologically attractive option that most if not all people will
notice and know that most if not all people will notice etc., is the same.

Semantic Meaning as Focal. Focal point reasoning, I would like to sug-
gest, is fairly intuitive also for models of natural language interpretation.
The model of pragmatic reasoning that this chapter spells out therefore rests
on the following Focal Meaning Assumption: semantic meaning is focal
in the sense that pragmatic deliberation —to be identified as a sequence of

4. Schelling wrote: “One cannot, without empirical evidence, deduce what understandings
can be perceived in a nonzero-sum game of maneuver any more than one can prove, by
purely formal deduction, that a particular joke is bound to be funny.” (Schelling 1960, p. 164)
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best responses— departs from semantic meaning as a psychological attrac-
tion point of interlocutors’ attention. In other words, the semantic meaning
of messages is a focal point, I would propose, much like the door labeled B in
the above ‘hide-and-seek’ game: even though strategically semantic meaning
is not binding, it is fairly intuitive to start pondering how to use an expression
and what might have been meant by its use by assessing first the expression’s
semantic meaning.

Thus conceived, the Focal Meaning Assumption is a solution to a technical
problem —the problem how to implement semantic meaning non-bindingly
in the solution concept for games— which has a general, independent empiri-
cal motivation in the psychology of reasoners. On top of that, I believe that the
Focal Meaning Assumption is not entirely implausible for the intended pur-
pose either: it is not unnatural to assume that the conventional meaning of an
expression provides the best first clue to utterance meaning. Using rational-
istic vocabulary we could say that, given a semantically meaningful message,
the hearer would like to rationalize why the speaker said what he said. So,
as a starting point of his deliberation the hearer asks himself, what he would
do if the message was indeed true. But then he might realize that the sender
could anticipate this response. In that case, the hearer is best advised to take
the sender’s strategic incentives —her preferences and action alternatives—
into consideration. Similarly, a naı̈ve sender might just say whatever is true
at a given occasion. But with some more pragmatic sophistication she might
reason her way up the ibr ladder where she includes her expectations of the
receiver’s responses to her naı̈ve sending strategy. The resulting hypothet-
ical reasoning on both the sender and the hearer side can be modelled as
a sequence of iterated best responses that, crucially, takes its origin in a fo-
cal point constituted by semantic meaning. And this is, in bare outline, the
solution concept that this chapter will put forward.

2.1.2 Iterated Best Response Reasoning as Pragmatic Inference

ibr models not only help implement possible psychological reasoning biases
in the form of focal starting points of the deliberation, but they also intend to
capture (some of) the natural resource-bounded limitations of actual human
reasoning. That human reasoning is bound, in a manner of speaking, to a
finite, even narrow horizon of strategic sophistication has been demonstrated
repeatedly in multiple laboratory experiments on strategic reasoning. In sim-
plified terms, the upshot of this empirical research is that although nearly all
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subjects behave rationally in laboratory games, far fewer subjects trust the ra-
tionality of others when making their own decisions, even fewer people are
certain of others’ belief in others’ rationality, and so on. What is generally
at stake here can be appreciated also intuitively based on so-called ‘p-beauty
contest’ games, which I will tend to presently. A subsequent look at subjects’
reasoning in particular dynamic games will help refine the general picture.

‘p-Beauty Contest’ Games. For a start, let’s have a look at experiments on
so-called ‘p-beauty contest’ games, which have been tested extensively (see
Nagel 1995; Ho et al. 1998; Camerer 2003; Camerer et al. 2004).5 In such a
‘p-beauty contest’ each player from a group of size n > 2 chooses a number
from zero to 100. The player closest to p times the average wins. When this
game is played with parameter p = 2/3 by a group of subjects who have never
played the game before, the usual group average lies somewhere between 20

and 30, which is curiously far from the group average zero which we would
expect from common (true) belief in rationality and which is the only Nash
equilibrium in this game.

The reasoning with which a player may arrive at the conclusion that zero
is the analytically best choice in a ‘p-beauty contest’ with p = 2/3 is the fol-
lowing: a rational player will not play a number bigger than 67 because any
such number has a lower chance of winning than exactly 67;6 but if a ratio-
nal player believes that her opponents are rational and will therefore realize
this much, she should not play any number higher than 2/3 × 66 = 44 by
the same reasoning; again, a rational player who is convinced that her oppo-
nents are rational and believe in the rationality of others will play maximally
2/3 × 44 ≈ 29, and so on. Further iterated steps of such reasoning will lead to

5. The name of these games, however, is slightly misleading. It originates in an observation
by John Maynard Keynes who likened stock markets to a newspaper contest in which read-
ers were encouraged to guess which face most readers would choose as the most beautiful
(Keynes 1936). The newspaper’s beauty contest is actually a coordination game much in the
sense of looking for a Schellingesque focal point in a coordination game: guessers need to
guess what others guess (what others guess etc.) to be the most beautiful face. In ‘p-beauty
contest’ games, the element of coordination is broken in favor of a more abstract and revealing
game design.

6. The notion of rationality at stake here is that no action will be played which is stochasti-
cally dominated: an action A is stochastically dominated by an action B if the chance of
ascertaining a fixed amount of payoff when playing B is higher than when playing A. The
process that is outlined informally here is one of iteratively removing stochastically domi-
nated actions. I am glossing over interesting technical detail here for the sake of exposition.
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the conclusion that zero is the best choice, in fact the only choice compatible
with common belief in rationality.

Nonetheless, but perhaps unsurprisingly, few subjects in experimental
plays of this game choose zero — be that the first time they play this game or
in later rounds after having observed the behavior of other players. Rather, a
large pool of data on these kinds of games suggests that “the typical subject
uses only one or two steps of reasoning (starting from 50)” (Camerer 2003,
p. 218).

A non-zero choice is by no means a bad choice, of course. If (you be-
lieve that) everybody else chooses relatively high numbers, you do not want
to choose too low a number yourself. What a number choice in this game
actually represents is a player’s estimate of the estimate (of the estimate . . . )
of other players: provided a player is rational, her choice will be around 2/3

her estimated average; but that means that any choice of number other than
zero is either irrational —which we will exclude— or indicative of a belief
that some or most other players are a little less smart than the choosing player
herself. What any choice other than zero therefore truly expresses is a belief
in the relative reasoning incapabilities of others and a certain amount of over-
confidence: bluntly put, a non-zero choice says “I think I am smarter than
you guys are (on average).”

In sum, ‘p-beauty contest’ games show, both experimentally and intu-
itively, a general healthy tendency of human subjects to distrust other players’
ideal and flawless rational behavior and/or reasoning capabilities. Similar re-
sults have been obtained from experiments on different kinds of games. Stahl
and Wilson (1995), for instance, tested subjects’ performance on static games
some of which had unique solutions in either one or two steps of iterated
strict dominance. Camerer (2003) discusses a wealth of experiments on sim-
ilarly ‘dominance-solvable’ games, amongst others variants of the centipede
game, variants of the muddy children puzzle and the ‘electronic mail’ game
(Rubinstein 1989). Despite the heterogeneity of the tested games, a rough and
general conclusion —to be scrutinized presently— seems feasible: subjects’
performance in experimental conditions drops to the extent that the tested
choice requires higher levels of iterated reasoning. The more careful ques-
tion we should ask though is: what exactly is the limitation in subjects’ game
theoretic reasoning due to?

Iterated Dominance in Dynamic Games. A dynamic two-player game like
that in figure 2.1 may help shed light on this issue. In this game, first player
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c c c 〈4, 3〉

q

〈3, 2〉

q

〈1, 4〉

q

〈2, 6〉

Player 1 Player 1Player 2

Figure 2.1: A dominance-solvable dynamic game

1 makes a choice to continue (c) or quit (q), then player 2 does the same if
player 1 continued to play initially, and finally player 1 gets another choice
to continue or quit if player 2 decided to continue too. Clearly, if ever player
1’s last choice point is reached she should choose to continue because that
will give her a payoff of 4 as opposed to 2. Then, if player 2 realizes that
player 1 will play c at her last choice point, player 2 should quit when she
gets the chance, securing a payoff of 4 instead of 3. But then, anticipating
player 2’s behavior, player 1 should already initially quit the game to obtain 3

utils instead of only 1 util.
This kind of backward induction reasoning on player 1’s part corre-

sponds with her ascribing to player 2 both rationality and the belief that player
1 will make a rational choice at her last choice point (Aumann 1995; Stalnaker
1998). In other words, player 1 will play the prediction of backward induc-
tion, if she believes that (i) player 2 is rational and that (ii) player 2 believes
that player 1 herself is rational (assuming, that is, that the game structure is
common knowledge).

This suggests that player 1’s initial choice, whether to continue or quit,
is diagnostic of the depth of strategic reasoning that player 1 is capable of,
including the depth of strategic reasoning that player 1 is able to ascribe to
player 2. Hedden and Zhang (2002) indeed argue that player 1’s initial choice
is indicative in particular of whether player 1 is using first- or second-order
Theory of Mind reasoning (tom reasoning) (Premack and Woodruff 1978):
according to common classification, zeroth-order tom reasoning is reason-
ing that takes into account one’s own desires and beliefs about the state of
the world only, first-order tom reasoning takes into account others’ desires
and (zeroth-order) beliefs, and (n + 1)-th-order tom reasoning takes into ac-
count others’ desires and n-th-order beliefs. According to Hedden and Zhang,
player 1’s initial choice to continue is indicative of her using first-order theory
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of mind:7 if player 1 does not reason about player 2’s first-order theory, she
must think that player 2 is a zeroth-level reasoner who does not take player
1’s incentives into account, and therefore, Hedden and Zhang assume, a first-
order player 1 will assume that player 2 will choose to continue, hoping for an
average payoff of 4

1/2 . On the other hand, if player 1 uses second-order tom

reasoning she will choose to quit initially, as predicted by backward induction
and its above epistemic justification.

Hedden and Zhang conclude based on their experimental data that most
subjects initially only apply first-order tom reasoning, and only later possibly
advance to second-order tom reasoning when playing against a first-order
confederate player 2. It is not essential to discuss the soundness of this con-
clusion in minute detail. It suffices to note that the conclusion as such is in line
with the bulk of research on dominance-solvable games: subjects are capable
of one or two levels of iterated reasoning. Hedden and Zhang then suggest
that this may be due to a lack of tom reasoning capability. For clarity, this is a
thesis opposed to the idea that subjects, for instance, lack trust in rationality.
To say, as Hedden and Zhang do, that subjects lack the conceptual grasp or
the computational resources necessary for higher-order tom reasoning is differ-
ent from saying that belief in (belief in. . . ) rationality is waning proportional
to the depth of nesting of belief in rationality. Which position is correct, or
whether even both are or neither is, is a matter for more refined empirical
research that this thesis does not contribute to, unfortunately. Although the
model I will present in this chapter is, as far as I can see, compatible with both
explanations of human reasoning limitations in dominance solvable games, I
will adopt Hedden and Zhang’s idea that it is general tom reasoning that is
difficult —either to grasp or perform— and not so much faith in rationality
that is lacking.8

2.1.3 Strategic-Type Models

In order to capture the idea that human reasoning is at the same time bounded
in the number of analytical steps and overconfident in assuming that others
can be outperformed, several behavioral game theorists have postulated mod-

7. Several things that are crucial to evaluating Hedden and Zhang’s experimental design
are left out in this short exposition. The interested reader is referred to the original paper, as
well as Colman (2003) and Zhang and Hedden (2003).

8. I adopt this position here partly also because it makes for a neater model, but I will
come back to a closer discussion of the role of tom reasoning in chapter 4, where I discuss
the connection of the ibr model with bidirectional optimality theory.
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els featuring different strategic types of players (Stahl 1993; Stahl and Wilson
1995; Holt 1999; Crawford 2003; Camerer et al. 2004). Detailed differences in
models notwithstanding, a strategic type captures the level of sophistication
of a player and corresponds to the number of steps that the agent is able to
(and/or in fact does) compute in a sequence of iterated best responses. This
number of steps is bounded above by the maximal order of tom reasoning
that the agent is capable of. It is then the set of all such strategic types, with
their beliefs and behavior, that forms the prediction of a strategic-type model.

Such strategic-type models are good predictors of experimental data, be-
cause they are often simpler than competing theories (involving fewer param-
eters), and more generally applicable at equal econometric fit (see Camerer
2003; Camerer et al. 2004; Crawford and Iriberri 2007). Additionally, these
models are also conceptually appealing for several reasons. First of all, these
models allow the implementation of focal points in a natural manner as start-
ing points of strategic reasoning. Moreover, strategic type models take seri-
ously the natural resource boundedness of tom reasoning, as demonstrated
in the last section. The advantage of this is that a strategic type model, as
an analytic solution concept, also yields predictions about boundedly ratio-
nal behavior that possibly falls short of the classical game theoretic ideals of
equilibrium or (play consistent with) common belief in rationality.

In the following section I will propose a model of strategic types of senders
and receivers in signaling games. The assumption that semantic meaning is
focal cashes out in the stipulation of level-zero players that do not engage
in strategic reasoning at all: they are blind to their opponent’s strategy and
preferences, and only take into account the semantic meaning of messages.
In particular, a level-zero sender would like to send arbitrarily any message
that is true; similarly a level-zero receiver would simply believe all messages
literally. Given a specification of level-zero players, we can define the behavior
of level-(k + 1) players by induction. A level-(k + 1) player believes that his
opponent is a level-k player and will play a best response to this belief.

2.2 The Vanilla Model

Recall from the previous chapter that a signaling game (with meaningful sig-
nals) is a tuple

〈{S, R} , T, Pr, M, [[·]] , A, US, UR〉
where sender S and receiver R are the players of the game; T is a set of
states; Pr ∈ ∆(T) is a probability distribution over T with full support; M
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is a set of messages that the sender can send; [[·]] : M → P(T) gives the
semantic meaning of a message; A is the set of receiver actions; and US,R :
T ×M× A→ R are utility functions for both sender and receiver.

Generally speaking, the ibr model proposed here defines strategic types
of players in terms of their beliefs about the opponent’s behavior. More con-
cretely, a level-(k + 1) player believes that she is playing against a rational
level-k opponent. That is to say that I will assume here that each higher level
player believes that she is exactly one level more sophisticated than her oppo-
nent.9 Additionally to that we may allow level-(k + 1) players to have further
prejudices and beliefs about the belief formation and behavior of their oppo-
nents. For ease of exposition though, I will first spell out a vanilla version of
the ibr model without such extra assumptions.

2.2.1 Strategic Types and the IBR Sequence

Before plunging into the definitions of strategic types, a word of caution is
in order. Since the ibr model defines player types in terms of beliefs about
opponent behavior, the notation I will use is strictly —but harmlessly— am-
biguous: Sk, for instance, will denote both (i) a sender of strategic level k as an
abstract entity defined by the ibr model, but also (ii) the set of pure strategies
representing the unbiased belief (see below) of Rk+1 in his opponent’s behavior.
Analogously, of course, for Rk and Sk+1.

Level-Zero Players. The beginning of the ibr sequence is defined by types
who adhere strongly to ‘semantics only’ in line with the Focal Meaning As-
sumption argued for above. I will assume that S0 plays an arbitrary truthful
sender strategy. A pure sender strategy s is truthful iff t ∈ [[s(t)]] for all t.
Hence, let S0 be the set of all truthful sender strategies:

S0 = {s ∈ S | ∀t ∈ T : t ∈ [[s(t)]]} .

Additionally, I will assume that R0 plays an arbitrary strategy that is rational
given a literal, semantic interpretation of the receiver message. A literal

interpretation is a posterior belief µ0(·|m) = Pr(·| [[m]]) which results from
updating the prior beliefs with the semantic meaning of the observed mes-
sage. In general, if δ ∈ ∆(X) is a probability distribution over set X, then

9. This simplifying assumption makes the model more tractable and enables easy applica-
tion for our linguistic purposes, but it is also unrealistic in several respects. Other models
have made other design choices in the definition of higher level types, and I will come back
to a thorough discussion and comparison of models in section 2.4.
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the conditional probability of event Y ⊆ X conditional on event Z ⊆ X is
calculated by Bayesian update:

δ(Y|Z) =
δ(Y ∩ Z)

δ(Z)
.

For a level-zero receiver, literal interpretation is such a Bayesian update of
his priors with the event that the observed message is true. In this sense, a
level-zero receiver considers the semantic meaning of an observed message,
but does not take his opponent’s strategy into account. Let R0 = BR(µ0) be
the set of all rational responses to a literal interpretation.

Unbiased Beliefs. In the vanilla version of the ibr model, player types of
level k + 1 are simply defined as best responding to unbiased beliefs that their
opponent is a level-k player, without any further restrictions on these beliefs.
An unbiased belief in some finite set X is the belief that all x ∈ X are equally
likely and that all y < X have probability zero. To use unbiased beliefs about
possible opponent behavior is to average over any possible hunch or con-
jecture an agent may have about her opponent’s behavior and to apply the
‘principle of insufficient reason’ as a strict tie-break rule at every iteration
step. We may think of this as essentially a simplifying assumption that keeps
the mathematics simple and allows for more straightforward computation in
linguistic applications. We will come back, though, to a more thorough con-
ceptual characterization of this assumption in section 2.4 of this chapter.

Notice that, for instance, an unbiased sender belief that the receiver is
playing a strategy in some set R′ ⊆ R is entirely defined by the set R′ itself.
I will therefore use ’loose typing’ and take R′ to refer to either a set of pure
receiver strategies or the corresponding sender belief, which strictly speaking
should be represented as a behavioral strategy. The same applies, mutatis
mutandis, to the receiver’s unbiased beliefs in a set of sender strategies.

Higher Level Types. With this notational convention, the definition of the
ibr sequence becomes very simple: Sk+1 has an unbiased belief that she is
facing Rk, so —with full use of loose typing— Rk simply is Sk+1’s belief of her
opponents behavior. Her own rational behavior is then defined as:

Sk+1 = BR(Rk).

For the receiver the situation is only slightly more complicated. If there are
surprise messages under the belief Sk, then an unbiased receiver belief in a
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set of sender strategies Sk does not necessarily yield a single unique posterior
µ consistent with Sk to which the receiver could best respond.10 The vanilla
ibr model is simply unrestricted here and says that Rk+1 will adopt any pos-
terior µ which is consistent with the belief Sk. So, formally, let ΠRk+1 be the
set of all triples 〈Pr, Sk, µ〉 such that µ is consistent with Sk and define:

Rk+1 = BR(ΠRk+1).

The vanilla ibr model consequently predicts that if m is a surprise message
given belief in Sk, then Rk+1 will respond to m with any action that is zero-order
rationalizable in the play after m, i.e., rational for some belief δ ∈ ∆(T) about
which state is actual. Put formally, the set of zero-order rationalizable

actions A∗(m) ⊆ A after observing message m are all actions rational under
some belief in µ(·|m) ∈ ∆(T):

A∗(m) =
{

a ∈ A | ∃µ ∈ (∆(T))M a ∈ arg max
a′∈A

EUR(a′, m, µ)
}

.

Clearly, if m is a surprise message, the vanilla ibr model yields

Rk+1(m) = A∗(m).

Limit Prediction. The ibr model defines an infinite sequence of ever more
sophisticated players. It is important to stress that the ibr model is not an
equilibrium solution concept, and that the behavior of boundedly rational
types belongs to its predictions even though such behavior may fall short of
the idealized predictions under common belief in rationality.

Nonetheless, the ibr model also makes predictions about unbounded tom

reasoners, so to speak. To see this, notice first of all that for finite T and
M the ibr sequence always enters a cycle after some k ∈ N: since there are
only finitely many pure sender strategies for finite sets T and M, there are
also only finitely many sets of such strategies; and since Rk+1 is completely
determined for a given Sk, the ibr sequence is bound to repeat itself. In a
sense, we could consider the limit behavior of the ibr sequence, i.e., the set of
all pure sender and receiver strategies that are repeated infinitely often, as the
model’s abstract prediction of idealized pragmatic reasoning. Let me elaborate
on this idea.

10. Recall that surprise messages are messages that are not expected to be used given a
belief about the sender’s behavior, in this case given the belief Sk. We will come back to (the
sender’s beliefs about) the receiver’s interpretation of surprise messages later in this chapter,
in section 2.3.
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S0 R0

S1R1

S2 R2

...
...

sends any
true message

interprets
messages literally

best response
to S0

best response
to R0

best response
to R1

...

best response
to S1

...

Figure 2.2: Schema of the ibr-sequence

The ibr model presented here defines two strands of iterated best response
reasoning, one starting with a naı̈ve sender and one starting with a naı̈ve re-
ceiver. What results is a picture of ibr reasoning as schematized in figure
2.2: two separate strands of iterated best responses. We could speak of the S0-
sequence and the R0-sequence respectively. It is relatively easy to see on an in-
tuitive basis that each strategic type in such a double ibr sequence represents,
in a sense, a certain resource limitation: not every strategic type necessarily
has beliefs that are consistent with common belief in rationality; some strate-
gic types’ beliefs might only be compatible with some finite approximation of
nestings in belief in rationality.

In particular, the picture is the following. The S0-sequence contains all odd
receiver types and all even sender types. The R0-sequence contains all even
receiver types and all odd sender types. As for the S0-sequence, level-zero
senders are possibly irrational, but level-1 receivers are rational, but need not
believe that their opponents are rational; in turn, level-2 senders are rational
and believe that their opponents are rational but not necessarily that their
opponents believe in rationality etc.; this generalizes to saying that any level-
(2k− 1) receiver is rational and believes in at least 2k− 2 nestings of belief in
rationality and that a level-(2k) sender is rational and believes in at least 2k− 1
nestings of belief in rationality (k > 0, of course). A similar fact holds for the
R0-sequence: level-(2k− 1) senders are rational and believe in at least 2k− 1
nestings of belief in rationality, while level-(2k) receivers are also rational and
believe in at least 2k nestings of belief in rationality.

That the ibr model represents cognitively limited, possibly too limited,
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reasoners is crucial for explaining natural shortcomings of pragmatic reason-
ing and the development of pragmatic reasoning competence. Nevertheless,
the ibr model also makes predictions, in a sense, about unrestricted, resource-
unbounded ibr reasoners: since for finite sets T and M the ibr sequence will
cycle, there are strategic types, even for finite levels k, whose beliefs and be-
havior is compatible with common belief in rationality: any strategic type that
occurs in a cycle is repeated infinitely many times and therefore compatible
with an unbounded nesting of belief in rationality. It is for this reason that I
will speak of the set of sender and receiver types that are repeated infinitely
often as the model’s prediction of idealized pragmatic reasoning in the limit or for
short the model’s limit prediction. I will use the notation

S∗ =
{

s ∈ S | ∀i ∃j > i : s ∈ Sj
}

R∗ =
{

r ∈ R | ∀i ∃j > i : r ∈ Rj
}

to collect all infinitely repeated strategies. It is then the tuple 〈S∗, R∗〉 that can
be regarded as the ibr model’s idealized solution, to compare it with other
game theoretic solution concepts.

We will discuss the properties of the ibr model as a solution concept in
more detail especially in section 2.4. For the moment, suffice it to conclude
the exposition of the basic ibr model with a simple, obvious but noteworthy
result about the model’s limit prediction in case either sequence —starting
with S0 or R0— reaches a fixed point, i.e., a cycle of length 1. It is fairly trivial
to show that any fixed point of the ibr model in which there are no surprise
messages under S∗ is a perfect Bayesian equilibrium.11

Proposition 2.2.1. If 〈S∗, R∗〉 is a fixed point of an ibr sequence such that
there are no surprise messages under S∗, then 〈S∗, R∗, µ∗〉 is a perfect Bayesian
equilibrium where µ∗ is the unique posterior consistent with S∗.

Proof. If 〈S∗, R∗〉 is the fixed point of an ibr sequence, S∗ is a best response
to the belief R∗. Moreover, if there are no surprise messages under S∗, then
there is only one posterior belief µ∗ consistent with the given prior and the
belief S∗. By definition of ibr types, R∗ is a best response to µ∗. Hence, all
conditions for perfect Bayesian equilibrium are fulfilled. �

11. Proposition 2.2.1 does not generalize to arbitrary fixed points, because if there are
surprise messages under S∗, then R∗ is defined as the union of all best responses to some
consistent belief in S∗. But that does not necessarily mean that there is a single unique
posterior consistent with S∗, that rationalizes all of R∗’s reactions to surprise messages at the
same time. Peeking ahead, the result does generalize, however, on the class of interpretation
games, defined in chapter 3.1, that are used primarily for linguistic applications in this thesis.
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2.2.2 Examples: Scalar & M-Implicatures

The workings of the ibr model will become much clearer when calculating
some simple examples. Let’s therefore first have a look at the some-all game
for scalar implicature calculation, and subsequently at how the model deals
with M-implicatures.

Scalar Implicature

The some-all game for scalar implicature calculation is given in figure 1.3 on
page 21. For the sake of the example, let us assume that the prior probability
distribution is flat, i.e., that p = 1/2 . It will transpire that the vanilla ibr model
uniquely selects the desired equilibrium behavior in this case.

The behavior of level-zero players is straightforward. S0 will send some
true message in each state:12 St∃¬∀

0 will send only msome, while St∀
0 might send

either msome or mall. As an unbiased belief of R1, S0 can then be perspicuously
represented as follows:

S0 =

{
t∃¬∀ 7→ msome
t∀ 7→ msome, mall

}
.

For clarity, this means that a level-zero sender is expected (by R1) to be indif-
ferent between sending msome and mall in state t∀.

Similarly, R0’s posteriors are easily calculated by Bayesian update:

µ0(t|m) t∃¬∀ t∀

msome 1/2

1/2

mall 0 1

and the resulting set of pure receiver strategies R0 = BR(µ0) again is straight-
forwardly represented as:

R0 =

{
msome 7→ t∃¬∀, t∀
mall 7→ t∀

}
.

This much is nothing out of the ordinary: S0 and R0 are unstrategic players
who simply incorporate semantic meaning into their behavior in the most
straightforward fashion. But already at the next level of iteration things start

12. I will write St
k for a sender of information type t and strategic type k.
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to become interesting. A level-1 sender will show what we could call scalar

implicature behavior:

S1 =

{
t∃¬∀ 7→ msome
t∀ 7→ mall

}
.

S1 will send messages corresponding one-to-one to states, because this is the
most optimal way of behaving under S1’s belief that messages are interpreted
literally. To break this prediction down in more detail, in state t∃¬∀ the ex-
pected utility of sending message msome given belief R0 is 1/2 , but that of
sending message mall is zero. Moreover, the expected utility of sending mes-
sage msome in state t∀ is 1/2 for S1, while that of sending mall is 1. Whence
that the scalar implicature behavior of S1 is the only rational behavior given
her belief in literal interpretation. Nonetheless, S1 does not believe that her
message msome is going to be understood as uniquely expressing t∃¬∀. Thus,
although S1 shows scalar implicature behavior, she does not yet have scalar

implicature beliefs, as we could say.
To specify R1’s behavior, we first have to calculate his posterior beliefs µ1

which should be consistent with his unbiased belief in S0. The only non-trivial
part of this calculation is the value of µ1(·|msome). Here is the calculation based
on consistency:

µ1(t∃¬∀|msome) =
Pr(t∃¬∀)× S0(msome|t∃¬∀)
∑t′∈T Pr(t′)× S0(msome|t′)

=
1/2 × 1

1/2 × 1 + 1/2 × 1/2

= 2/3 .

The result means that a receiver who believes that states are equiprobable
at the outset and believes in the sender’s strategy S0 will come to believe
after hearing message msome —if his posteriors are consistent with these two
beliefs— that it is twice as likely that the true state of the world is t∃¬∀ rather
than t∀. I will elaborate on this feature of the consistency requirement, which
some readers might find surprising, in section 2.2.3. For the time being, suffice
it to note that the complete resulting posterior of R1 is:

µ1(t|m) t∃¬∀ t∀

msome 2/3

1/3

mall 0 1
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Based on these posterior beliefs, R1 will also show scalar implicature behavior:

R1 =

{
msome 7→ t∃¬∀
mall 7→ t∀

}
.

This is because R1 will maximize his expected utility after each observed mes-
sage based on µ1, and this entails in particular that after m∃¬∀ action a∃¬∀ is
uniquely chosen. Nonetheless, at this stage of pragmatic sophistication the
posterior µ1 does not actually rule out that the message m∃¬∀ could have been
sent in state m∀, i.e., R1 does not yet have scalar implicature beliefs.13

Eventually, the ibr model predicts that for all player types of level k ≥ 2
we get the same prediction:

Sk =

{
t∃¬∀ 7→ msome
t∀ 7→ mall

}
Rk =

{
msome 7→ t∃¬∀
mall 7→ t∀

}

µk =


t∃¬∀ t∀

msome 7→ 1 0
mall 7→ 0 1


Level-k agents not only show scalar implicature behavior, but also scalar im-
plicature beliefs: they believe that their opponents will also show scalar im-
plicature behavior. With this, the ibr sequence has reached a fixed point
after two rounds of iteration; indeed the same fixed point for both sequences.
This is then the unique limit prediction of the model for the scalar implica-
ture game. By proposition 2.2.1, 〈S∗, R∗, µ∗〉 is a perfect Bayesian equilibrium,
and in fact the intuitively appropriate one in the set of pbes for this game.
Thus conceived, the ibr model solves the problem of equilibrium selection for
this game that the previous chapter worked out as a central problem of gtp.
Moreover, the ibr model does so by implementing semantic meaning not in
the game model but in the solution concept, much as we wanted it to.

M-Implicatures

The ibr model also deals surprisingly well with M-implicatures. This is note-
worthy in the light of the fact that M-implicatures turned out problematic for

13. The distinction between implicature behavior and implicature beliefs will indeed play an
explanatory role later in this thesis: in section 4.4 for an explanation of the peculiar develop-
mental pattern of acquisition of pragmatic competence in young children.
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pretty much all standard solution concepts in game theory, and many non-
standard solutions have been tried within the realm of classical game theory
and beyond it (cf. Parikh 2001; van Rooij 2004b; de Jaegher 2008).

Remember from section 1.1.2 that we want to explain how an unmarked
form (9a) is paired with an unmarked meaning (9b), while a marked form
(10a) is paired with a marked meaning (10b).

(9a) Black Bart killed the sheriff.

(9b) { Black Bart killed the sheriff in a stereotypical way.

(10a) Black Bart caused the sheriff to die.

(10b) { Black Bart killed the sheriff in a non-stereotypical way.

Before heading into calculation of this example, it may be worthwhile men-
tioning that Horn’s division of pragmatic labor is often considered a phe-
nomenon about language organization and hence something that needs to be
dealt with by a theory of diachronic language change. This may well be cor-
rect for the inferences associated with overly complex causative constructions
wherever a lexicalized causative exists, as in the contrast between (9a) and
(10a). However, there are also cases of M-implicatures like those in (14)–(17)
that do call for a synchronic treatment.

(14) a. Sue smiled.

b. { Sue smiled genuinely.

(15) a. The corners of Sue’s lips turned slightly upwards.

b. { Sue faked a smile.

(16) a. Mrs T sang ‘Home Sweet Home.’

b. { Mrs T sang a lovely song.

(17) a. Mrs T produced a series of sounds roughly corresponding to the
score of ‘Home Sweet Home.’

b. { Mrs T sang very badly.

Context Model. The signaling game that models abstractly the basic fea-
tures of these inferences is given in figure 2.3. The utilities listed in this figure
are response utilities. We should additionally assume that the long message
mlng, which would correspond to (10a), incurs a slightly higher cost than the
short message mshrt, which corresponds to (9a). On top of that, we should as-
sume that p > 1/2 , i.e., that the normal state of affairs tnorm, which corresponds
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Pr(t) tnorm tabn mshrt mlng

tnorm p 1,1 0,0
√ √

tabn 1− p 0,0 1,1
√ √

Figure 2.3: A context model for M-implicatures

to (9b), is however slightly more likely than the non-stereotypical, abnormal
state tabn, which corresponds to (10b).14 Notice also that I am equating re-
ceiver response actions directly with world states (see below and section 3.1).
For this context model, we would like our solution concept to uniquely single
out the Horn-strategy play:

S∗ =

{
tnorm 7→ mshrt
tabn 7→ mlng

}
R∗ =

{
mshrt 7→ tnorm
mlng 7→ tabn

}
.

Unraveling M-Implicatures. This is indeed what the ibr model provides,
and it follows from the more general result that the basic ibr model accounts
for what I will call generalized M-implicatures, of which the M-implicature
game in figure 2.3 is the special case n = 2. Take a signaling game with n
states, n messages and n response actions, n ≥ 2. Assume furthermore that
t1, t2, . . . , tn is strictly decreasing in prior probability and that m1, m2, . . . , mn
is strictly increasing in message costs with CS,R(mn) < 1. Finally, assume that
actions are interpretation actions (see also section 3.1) that can be equated with
the set of states A = T because we assume utilities as follows:

VS,R(t, a) =

{
1 if t = a

0 otherwise.

For such a game both sequences of the vanilla ibr model reach the same
fixed point 〈S∗, R∗〉 for which S∗(ti) = mi and R∗(mi) = ti for all 1 ≤ i ≤ n.
An obvious unravelling argument establishes this result. I will only sketch it
here. Notice, first of all, that R0 = R1, so that it suffices to show that the
R0-sequence has the fixed point in question. Since R0 answers all messages

14. Although certain features of it are certainly debatable, this signaling game model is the
standard model assumed in game theoretic accounts of Horn’s division of pragmatic labor
(Parikh 1992, 2001; van Rooij 2004b, 2006b; Benz and van Rooij 2007; Jäger 2008c; de Jaegher
2008; van Rooij 2008) and it is also in line with the standard formalization of the problem in
Bidirectional Optimality Theory (see Blutner 1998, 2000, and also chapter 4.1.3).
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with t1, S1 will never induce her preferred action in any state other than t1
and so she will always send the cheapest message m1:

S1 =


t1 7→ m1
t2 7→ m1
...

...
tn 7→ m1


This renders all of m2, . . . , mn surprise messages for R2. The vanilla ibr model
does not restrict counterfactual beliefs, and —as we have seen above— there-
fore collects all actions that are zero-order rationalizable. Since in the present
game all actions are rational for some belief in ∆(T) this yields:

R2 =


m1 7→ t1
m2 7→ t1, t2, . . . , tn
...

...
mn 7→ t1, t2, . . . , tn


Given this receiver behavior it becomes advantageous for S3 to send the cheap-
est message other than m1, i.e., m2, in all states other than t1. This will have
R4 respond to m2 with the most likely state where it is being sent, which is t2,
but it also leaves him surprised by messages m3, . . . , mn:

S3 =



t1 7→ m1
t2 7→ m2
t3 7→ m2
...

...
tn 7→ m2


R4 =



m1 7→ t1
m2 7→ t2
m3 7→ t1, t2, . . . , tn
...

...
mn 7→ t1, t2, . . . , tn


It is clear how this process continues until after (2× n) rounds of iteration
a fixed point is reached in which every message mi is associated one-to-one
with ti by sender and receiver behavior. Consequently, the ibr model again
solves the problem of equilibrium selection also for Horn’s division of prag-
matic labor, for it uniquely selects the intuitively desirable equilibrium even
for arbitrary generalizations with n states and n messages.

Reflection. This strong prediction, though theoretically neat, also has its
opponents. Beaver and Lee (2004) argue in a slightly different context —a
discussion of optimality theory for use in linguistic pragmatics (see chap-
ter 4)— that a system that predicts generalized M-implicatures is actually
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flawed, because it overgenerates as there is no data in support of this very
strong prediction.15 To this, I have two replies.

Firstly, the ibr model’s prediction is not confined to the most rational limit
behavior. The ibr model presented here predicts idealized pragmatic reason-
ing, but it also predicts resource-bounded pragmatic reasoning. Obviously, if
we don’t observe generalized M-implicature play, this is totally in line with
the predictions of the ibr model and the results from behavioral game theory
reported in section 2.1 of this chapter, that iterated reasoning such as needed
for generalized M-implicatures is restricted to a few steps only.

Secondly, and to my mind more importantly, there is yet another perfor-
mance limitation that may explain the absence of generalized M-implicatures.
My preferred interpretation of a signaling game is as a model of the context of
utterance, more specifically as the receiver’s belief that it is common belief be-
tween sender and receiver that the context of utterance is as modelled by the
signaling game (see section 3.1). For a generalized M-implicature to occur, it
would be required that a hearer may reasonably come to believe that it is com-
mon belief that a given form is associated with a long chain of decreasingly
complex alternative forms, which are quite possibly fairly unrelated lexical
associations. It might therefore also be a natural portion of uncertainty about
the context of utterance which prevents generalized M-implicatures from oc-
curring frequently in the wild. Still, I take it to be an advantage that the present
model lets us derive generalized M-implicatures for idealized agents when they
are sufficiently certain that this is the game that is being played.

Intermediate Summary. To sum up briefly here, the vanilla ibr model ex-
plains scalar and M-implicatures by uniquely selecting the empirically at-
tested speaker and interpretation behavior. This much is already a small
achievement. Still, there is room for improvement, and therefore the following
sections discuss slightly stronger versions of the model. But before coming to
that, I would like to briefly reflect on a common assumption shared by all
versions of the ibr model, viz., the consistency requirement on the receiver’s
beliefs.

15. This may then speak in favor of Jäger’s (2008) version of the ibr model (see section 2.4)
which does account for simple M-implicatures, but not for generalized M-implicatures.
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2.2.3 Consistency: Naı̈ve & Sophisticated Updates

Let us have a brief look back at the previous some-all example, in particular
at the one non-trivial application of the consistency requirement on the re-
ceiver’s beliefs. As we have seen, there is only one posterior receiver belief
µ1 that is consistent with a belief in sender strategy S0. Although the prior
probabilities on states were equal, after observing the message msome the pos-
terior µ1(·|msome) renders the state t∃¬∀ twice as likely as the state t∀. This
may seem peculiar: why are µ1(t∃¬∀|msome) and µ1(t∀|msome) not equal, given
that prior probabilities are equal and given that S0 sends the message msome
in both of these states?

The answer is that consistency requires the receiver to form his posterior
beliefs in a sophisticated manner, viz., in such a way that a posterior µ(·|m)
that is consistent with some behavioral belief does not only take into account
which states send message m, but also which other messages those states that
send m might send alternatively. To see this difference, let us define

Sk(m) = {t ∈ T | ∃s ∈ Sk : s(t) = m}

as the set of all states that send m according to sender strategy Sk. We could
now say that a receiver of strategic type k ≥ 1 with belief 〈Pr, Sk, µk〉 performs
a naïve update (alternatively: unsophisticated update) if his posterior is
derived from Pr and Sk by Bayesian conditionalization on Sk(m):

µk(t|m) = Pr(t|Sk−1(m)).

In that case we say that the triple 〈Pr, Sk, µk〉 is naïvely consistent. This
contrasts with sophisticated update, in which the posteriors are required to
be consistent simpliciter. To give the obvious example: a naı̈vely updating R1

in the some-all game would consider both states equally likely after hearing
msome, while a sophisticated updater would consider t∃¬∀ twice as likely as t∀.

The conceptual difference between naı̈ve and sophisticated update is this.
A naı̈ve update takes into account which states a message m is sent in, but it
does not take into account —as a sophisticated update would do— with which
probability m is sent in each state. In other words, a naı̈ve posterior belief
µ(·|m) rests on the (possibly false) assumption that all and only types t ∈
Sk(m) always only send message m. In contrast, a sophisticated posterior belief
µ(·|m) assumes that all and only types t ∈ Sk(m) sometimes send message
m, but that these types may also occasionally send different messages with
specific probabilities.
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The ibr model thus requires sophisticated updating in the receiver’s be-
lief formation. Still, the question remains how exactly sophisticated updating
works and why it is more adequate than naı̈ve updating.16 In order to answer
this question it pays to introduce the idea of updating on naı̈ve and sophis-
ticated spaces, and to review empirical research on subjects’ judgements of
conditional probabilities in the laboratory.

Bertrand’s Box Problem. Consider a variation of the so-called Bertrand’s
box problem, a well-known puzzle about conditional probabilities (Bar-Hillel
and Falk 1982).17 Suppose that there are three playing cards, the first of which
is red on both sides, the second of which is white on both sides, and the last
of which is red on one side and white on the other. Now imagine that one
card is drawn at random and you only observe one side of that card. For
concreteness, let’s say that you observe that the visible side of the selected
card is red. What is the probability that the other side of that card is also red?

It is tempting to think that the probability is 1/2 . The naı̈ve argument for this
would go something like this: initially there are three equally likely possibili-
ties because there are three cards all of which are equally likely to be drawn;
my observation rules out that the selected card has white on both sides; but
that leaves two equally likely possibilities and hence the probability that the
other side of the selected card is red is 1/2 .

Alternatively, one could argue that the probability of the other side of the
card being red is 2/3 . The sophisticated argument for this would then be: since
initially I could get to observe each side of each card, there are six equally
likely possibilities; when I observe that one side of the chosen card is red, I
can eliminate three of those possibilities; but that leaves three possibilities in
the race; in one of those three possibilities, the other side of the card is white,
while in two of those possibilities the other side of the card is red; hence the
probability that the other side of the selected card is red is 2/3 .

Both the naı̈ve and the sophisticated argument start from an assessment
of a set of possibilities which are deemed equally likely. Both arguments then

16. The distinction deserves attention also because it will transpire later that some related
approaches in formal pragmatics (Blutner 1998; Benz and van Rooij 2007) rely on naı̈ve update
where the ibr model subscribes to sophisticated updates (see sections 2.4 and 4.3).

17. Related problems that would show the same point are the “Monty Hall problem”, or the
equivalent “three prisoners problem.” I discuss Bertrand’s box problem, because it is easier,
its ‘normatively correct’ solution is more readily acceptable and it relates more directly to
updating in the some-all game.
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rule out those possibilities that are incompatible with the given observation.
The difference between the naı̈ve and the sophisticated argument is that the
former conceptualizes the problem on a naı̈ve space, whereas the latter con-
sults a sophisticated space (see Grünwald and Halpern 2003). The naı̈ve space
only distinguishes three possibilities, viz., which of the three available cards
as a whole is observed. The sophisticated space distinguishes more fine-grained
information, viz., which side of which card is observed.

The normatively correct answer to Bertrand’s box problem is 2/3 , the an-
swer backed up by the sophisticated argument. If in doubt, the reader could
imagine a repeated performance of the problem as an experiment: draw a
card at random and look at only one side of it; whenever the card shows
red, count the number of times the opposite side turns out to be red and
white; whenever the card shows white, put it back and start again. The only
cards that would ever enter this counting process are the red-red card (all of
the time that it is drawn) and the red-white card (half of the time that it is
drawn). Therefore, the count for red will roughly double the count for white
in repeated execution of the problem. (If still in doubt, the reader is advised
to actually perform the count, preferably without gambling on the outcome.)

Priming on Sophisticated Partitions. Being the normatively correct an-
swer does not mean being the answer that many or most people would give
in response to such a problem, be they experts or laymen.18 Indeed, Fox and
Levav (2004) found that a majority of subjects seem to judge conditional prob-
abilities in accordance with a naı̈ve updating strategy. But Fox and Levav’s
study also showed that subjects can be primed into a sophisticated update if
the problem statement was presented so as to raise the salience of a sophisti-
cated space.

More in particular, Fox and Levav found empirical support for their hy-
pothesis that subjective conditional probability is assessed by a simple three
step partition-edit-count strategy: (i) partition the space of initial possibilities,
(ii) remove possibilities inconsistent with the given observation, and then (iii)
count the number of remaining possibilities. This algorithm entails that sub-
jects readily adopt flat priors (in the absence of information to the contrary)19

18. This is evidenced by a particularly long and heated discussion about the ‘true’ answer
to the Monty Hall problem (see Savant (1994), as well as http://www.marilynvossavant.
com/articles/gameshow.html).

19. This then also supports my use of flat priors in interpretation games (see section 3.1),
as well as the assumption of unbiased beliefs in player’s reasoning chains (see section 2.4).

http://www.marilynvossavant.com/articles/gameshow.html
http://www.marilynvossavant.com/articles/gameshow.html
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and that they subsequently perform either a naı̈ve or a sophisticated update,
depending on how they partitioned the logical space in the first step of the
procedure. Fox and Levav’s data showed that although under a neutral for-
mulation of a probability problem, such as the Bertrand’s box problem or a
version of the Monty Hall problem, subjects tend to perform naı̈ve updates,
slight rewordings of the problem statement helped trigger sophisticated par-
titioning by raising the salience of the additional distinctions of the sophisti-
cated space.

Consistency as Update on Sophisticated Spaces. This is relevant also for
the ibr model and its assumption about the receiver’s belief formation, be-
cause sophisticated updating in the ibr model can be conceived of as updating
on a sophisticated space that takes the sender strategy into account. A naı̈ve
space, on the other hand, does not take the sender strategy into account. The
main argument for adoption of sophisticated updating in the ibr model is
then that ibr is essentially about reasoning about the opponent’s strategy and
that it is thus legitimate to assume that the receiver construes a sophisticated
space that duly respects the necessary distinctions.

To see what is at stake, take once more the sender’s strategy S0 in the
some-all game from above:

S0 =

{
t∃¬∀ 7→ msome
t∀ 7→ msome, mall

}
and consider how either a naı̈ve or a sophisticated R1 would partition a pos-
sibility space and update with the observation msome. A naı̈ve receiver would
consider two possibilities, equally probable at the outset:

(Poss 1) actual state: t∃¬∀

(Poss 2) actual state: t∀

Since both possibilities are compatible with the observation msome under the
belief in S0, nothing is eliminated and the posterior belief after msome equals
the prior belief.

Consider, on the other hand, a sophisticated receiver R1 who takes into ac-
count the sender’s strategy when individuating possibilities in a sophisticated
space. A sophisticated R1 considers two pure strategies of the sender possi-
ble. A sophisticated space would therefore distinguish four contingencies
individuated by the product of which state is actual and which pure strategy
the sender is playing:
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(Poss 1) actual state: t∃¬∀
sender plays: [t∃¬∀ 7→ msome; t∀ 7→ mall]

(Poss 2) actual state: t∃¬∀
sender plays: [t∃¬∀ 7→ msome; t∀ 7→ msome]

(Poss 3) actual state: t∀
sender plays: [t∃¬∀ 7→ msome; t∀ 7→ mall]

(Poss 4) actual state: t∀
sender plays: [t∃¬∀ 7→ msome; t∀ 7→ msome]

An observation of message msome is incompatible with only possibility 3, be-
cause in this possibility msome would not be sent. But that means that two
possibilities with t∃¬∀ remain, but only one with t∀. This explains the work-
ings of consistency on a sophisticated space that takes the sender’s sending
strategy duly into account.

Naïve or Sophisticated Update in Language Interpretation? In conclu-
sion, naı̈ve update appeals because it is easier to calculate. In fact, under a
naı̈ve update the whole ibr model becomes much simpler: it is easy to verify
that under naı̈ve update we have R0 = R1 and so the S0-sequence collapses
into the R0-sequence.20 Nonetheless there are several reasons to prefer so-
phisticated update.

Firstly, updating naı̈vely is often an actual mistake. As such it is unlike,
for instance, computing only finitely many steps of an ibr sequence. Assum-
ing that reasoners systematically make a particular mistake seems like an odd
strategy for a model of pragmatic competence. Such an assumption might be
defensible if the predictions derived under it would have superior empirical
coverage on the to-be-explained data. But this is not so. In fact, my second rea-
son for subscribing to sophisticated updating is that the system’s predictions
are much better with sophisticated update than those that we would derive
with naı̈vely updating receivers.21 Thirdly, lastly and most importantly, so-
phisticated update is also defensible on empirical grounds. As Fox and Levav

20. This is an interesting issue to ponder in the context of the question whether pragmatic
interpretation is to start with a naı̈ve sender or with a naı̈ve receiver. Under naı̈ve update this
distinction is futile.

21. Anticipating a little, we would, for instance, need extra assumptions, such as non-flat
priors implementing minimality of states, in order to account for implicatures of disjunctions,
as well as free choice implicatures (see sections 3.2 and 3.3).
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(2004) show, it is possible to prime subjects into conceptualizing a sophisti-
cated space if the necessary distinctions are sufficiently salient. In the context
of ibr reasoning, it is plausible to assume that reasoners are sufficiently aware
of their opponent’s strategies and the strategic implications of these. This is,
in essence, what the ibr model is basically about. Whence that the assump-
tion that receivers update on a sophisticated space which duly respects the
sender’s strategy seems legitimate also from an empirical point of view.

2.2.4 Truth Ceteris Paribus & Skewed Priors

The main motivation for the ibr model which I gave in chapter 1 was a proper
implementation of semantic meaning into a game theoretic solution concept.
So far, conventional meaning has been implemented as a focal point at the
beginning of the ibr sequence. This is sufficient for many examples, but still
there are also good arguments why the impact of conventional meaning on
the ibr reasoning should be strengthened slightly, by what I will call a truth
ceteris paribus assumption: the idea that the sender will stick to conventional
meaning at later stages of the ibr sequence if otherwise indifferent. This
section motivates and implements such an extra assumption.

Example. Consider again the some-all game in figure 1.3, but assume this
time that the prior probabilities are not flat, but rather skewed towards t∀: let
Pr(t∀) = p > 1/2 . With these priors, the naı̈ve receiver R0 has the beliefs

µ0 t∃¬∀ t∀

msome 1− p p
mall 0 1

to which his best response is to play t∀ in both states (since p > 1/2 ):

R0 =

{
msome 7→ t∀
mall 7→ t∀

}
.

But then S1 believes that she cannot induce action t∃¬∀ by either message in
state t∃¬∀, and she is thus indifferent between sending a true message msome
and an untrue message mall. As things stand, S1 is expected to send either
message in either state, and the sequence thereby reaches a pooling fixed
point in which msome is interpreted to mean t∀.
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This prediction is not entirely satisfactory. For values of p just slightly
bigger that 1/2 , only the R0-sequence predicts such pooling, while the S0-
sequence predicts the scalar implicature play for all values p ≤ 2/3 and pre-
dicts pooling of this sort only for p > 2/3 . It would certainly be desirable
to have the same fixed point prediction for both sequences, in particular,
the stronger scalar implicature prediction also for 1/2 < p ≤ 2/3 in the R0-
sequence, so that the intuitive implicature prediction is not sensitive to slight
deviations from flat priors.

Truth Ceteris Paribus. Therefore, it is here that we should strengthen the
impact of conventional meaning on pragmatic reasoning slightly. Also intu-
itively there is something strange about the above pooling outcome. Why
would we not trust the conventional meaning of messages in this case, if after
all the sender has no positive incentive to deviate from the semantics? It seems
that whenever the sender could in principle say something true, when other-
wise being indifferent, we may as well expect the sender to stick to the truth.
Effectively, I argue, there is an expectation of the interpreter of a secondary
preference for truth ceteris paribus (tcp) of the speaker.

To implement the tcp assumption as the receiver’s expectation about sender
behavior in the ibr model we simply have to restrict the strategies of sender
type Sk+1 so that whenever the sender could optimally say something true,
she will do so. Formally, the ibr model implements the tcp assumption if we
define Sk+1, not as Sk+1 = BR(Rk), but as:

Sk+1 =
{

s ∈ BR(Rk) | ∀t (∃s′ ∈ BR(Rk) t ∈
[[

s′(t)
]]
)→ t ∈ [[s(t)]]

}
.

If Sk+1 is a representation of the unbiased belief of Rk+2, this restriction in the
inductive definition of the ibr model implements a bias in the receiver’s belief
formation: the receiver expects a true message all else being equal.

TCP as Nominal Costs. The tcp assumption could equivalently be thought
of as a nominal cost of false signaling. In order to appreciate this, let us first
introduce the concept of nominal message costs. As we have already seen, we
would sometimes like to regard especially the sender’s utility function US as
composed of response utilities VS : T× A→ R and message costs CS : T×M→
R. One way of combining these is by straightforward subtraction:

US(t, m, a) = VS(t, a)−CS(t, m).
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More generally, of course, the operation that combines response utilities and
message costs need not be subtraction. In general, we could think of the utility
function US as some composite function F : R×R → R that takes response
utilities and message costs and maps these onto a real number giving the
preference of the sender:

US(t, m, a) = F(VS(t, a), CS(t, m)).

This makes it possible to correctly spell out the idea, for instance, that re-
sponse utilities are always more important to the sender’s expected utilities
than message costs, i.e., that what matters first and foremost for the sender’s
expected utility is the response utility, and that only where this is undecided
do message costs apply. Formally speaking, this idea says that the speaker’s
expected utilities are defined in terms of a lexicographic ordering that ranks re-
sponse utilities higher than message costs. A utility function US implements
nominal message costs if it gives rise to such a lexicographic ordering under
expected utility calculation.

More concretely, define the sender’s expected response utilities as

EVS(m, t, ρ) = ∑
a∈A

ρ(a|m)×VS(t, m, a).

We then say that the sender’s utility function US implements nominal mes-
sage costs if it is a functional combination of response utilities and message
costs such that for all t, ρ, m and m′ we have

EUS(m, t, ρ) > EUS(m′, t, ρ) iff (i) EVS(m, t, ρ) > EVS(m′, t, ρ) or

(ii) EVS(m, t, ρ) = EVS(m′, t, ρ) and

CS(t, m) > CS(t, m′).

It becomes obvious that we may either think of the tcp assumption as an
assumption about belief formation of agents (in particular of the receiver), or
alternatively as a uniform nominal message cost for sending false signals. To
make sense of the latter approach, we would need to assume that the given
utilities of a cheap-talk signaling game are response utilities and that there
are nominal message costs

CS(t, m) =

{
c > 0 if t < [[m]]

0 otherwise

that apply to the sender’s overall utilities.



74 Chapter 2. The Iterated Best Response Model

Example — Continued. Returning to the example, given belief in R0 the
tcp assumption yields that S1 is expected to send only the true message msome
in state t∃¬∀ though otherwise indifferent:

S1 =

{
t∃¬∀ 7→ msome
t∀ 7→ M

}
.

Deriving R2’s posteriors from S1 gives a different result:

µ2(t∀|msome) =
Pr(t∀)× S1(msome|t∀)

∑t′∈T Pr(t′)× S1(msome|t′)

=
p/2

p/2 + 1− p

=
p

2− p
.

We find that now the receiver’s best response to message msome will not nec-
essarily be t∀ anymore. Only if p/2−p > 1/2 , i.e., if p > 2/3 , will the receiver
interpret msome as t∀. For values p < 2/3 we get

R2 =

{
msome 7→ t∃¬∀
mall 7→ t∀

}

and for p = 2/3 we get

R2 =

{
msome 7→ T
mall 7→ t∀

}
.

Still, the best response of the sender S3 to either receiver strategy is to play

S3 =

{
t∃¬∀ 7→ msome
t∀ 7→ mall

}

with which the scalar implicature fixed point is reached.
In summary, the presence of the tcp assumption ensures that small devi-

ations from flat priors still result in the intuitively correct scalar implicature
prediction for both ibr sequences. Without the tcp assumption, even a minute
deviation from a flat prior has the ibr model predict a pooling outcome for
the R0-sequence. With the tcp assumption the predictions of the R0-sequence
exactly match those of the S0-sequence (which are the same with or without
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tcp) for all values of Pr(t∀): in particular, for Pr(t∀) ≤ 2/3 we get the scalar
implicature play; for Pr(t∀) > 2/3 we predict the pooling outcome:

R∗ =

{
msome 7→ t∀
mall 7→ t∀

}

S∗ =

{
t∃¬∀ 7→ msome
t∀ 7→ M

}
.

In other words, the tcp assumption helps, among other things, to rule out un-
intuitive pooling behavior from the model’s limit prediction that arises from
small deviations from flat priors. It it for this reason that I will always adopt
this tcp assumption in the basic model.

Heavily Skewed Priors. A wrinkle remains. Is it not bad that the ibr model
predicts the scalar implicature play only for most constellations of prior prob-
abilities, but not all? Is it not unintuitive that whenever the state t∀ is more
than twice as likely as t∃¬∀, that we interpret msome as t∀? For several reasons I
do not think that this is problematic. Let me then briefly enlarge on this here,
even at the risk of digression.

First of all, we need to settle the question how prior probabilities in the
signaling game context model are to be interpreted. Only then can we answer
whether the model’s prediction here is intuitive. I argue extensively in sec-
tion 3.1 that the prior probabilities in a signaling game should not be thought
of as specifications of the receiver’s beliefs about which state is actual before
he has observed a message. Rather, in a pragmatic context, prior probabilities
should be considered condensed and simplified representations of generally
accessible meaning associations. From this point of view it is sufficient that
the ibr model can deal with slightly and even fairly skewed priors, while
predicting pooling for cases of extreme associative biases. I consider these
extreme contexts unnatural and I am not worried if a theory makes unintu-
itive predictions for unnatural, non-occurring parameter settings, as long as
there is some sufficient margin around natural parameter settings in which
predictions are robust.

Nonetheless, some readers may not like my interpretation of prior prob-
abilities and these readers may find the pooling prediction under heavily
skewed priors objectionable. In that case, consolation may be found in a more
technical solution.22 Suppose we introduce an infinitesimal sender uncer-
tainty about the prior probabilities into the model: suppose that the sender

22. The following idea is derived from a proposal by Tikitu de Jager on how to eliminate
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considers it very unlikely, but still possible, that the priors are not heavily
skewed so that at least with infinitesimal ε-chance the receiver is expected to
respond to unskewed, i.e., flat or nearly flat, priors. This assumption is not
unnatural, because there is arguably always some uncertainty about the ac-
tual context of utterance. But with this, even if the sender believes that the
receiver plays

R∗ =

{
msome 7→ t∀
mall 7→ t∀

}
it becomes suboptimal to use msome in state t∀, because by ε-chance this mes-
sage might be interpreted incorrectly as t∃¬∀, while the message mall will
never be incorrectly interpreted even if the receiver may have different prior
probabilities (as long as the receiver can be expected to make no mistakes
about semantic meaning). In effect, with a natural arbitrarily small sender
uncertainty about the receiver’s priors, pooling can be ruled out even for
heavily skewed priors.

Summary. Taken together, the ibr model implements semantic meaning most
prominently as the focal starting point of best response reasoning. To fine-
tune predictions, such as in the light of skewed priors, we would additionally
like to require that semantic meaning also impacts the use of messages at later
stages of the ibr reasoning. In particular, we would like the sender to send a
true message, rather than a false, whenever she is otherwise indifferent. This
requirement can be thought of as either an epistemic assumption, a bias in the
belief formation of the receiver, or as a nominal cost for untrue signaling. I
would like to consider the tcp assumption part of the basic vanilla ibr model
because it makes the model’s predictions for scalar implicatures robust under
varying priors. I argued that heavily skewed priors are unnatural context as-
sumptions to begin with, but may still be dealt with if we also introduce a
minimal fragrance of sender uncertainty about the receiver’s priors.

2.3 Forward Induction

This section enlarges on a refinement of the basic ibr model, called forward
induction assumption, which is a constraint on the receiver’s counterfactual

pooling equilibria in the context of finite persuasion games (see Franke et al. to appear).
Robert van Rooij repeatedly argued in favor of this idea as a general means of ruling out
pooling equilibria.
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beliefs. I will first motivate the adoption of such a refinement by appeal to a
simple example in section 2.3.1. Section 2.3.2 gives a general introduction to
forward induction reasoning and section 2.3.3 shows how to implement this
kind of reasoning in the ibr model.

2.3.1 Trouble-Maker “Some But Not All”

Like many other (Neo-)Gricean theories, the vanilla ibr model is vulnerable
to a version of the so-called symmetry problem.23 Take an amended some-all
signaling game, which is like that in figure 1.3 with p = 1/2 , but which also
includes a message msbna —short for “some but not all”— with the obvious
semantics [[msbna]] = {t∃¬∀}. If we assume that all messages are equally costly
(or costless), the vanilla model predicts (in the limit) that the message msome is
not going to be sent and will also not pragmatically strengthened by a scalar
inference. Concretely, the equilibrium play that the model uniquely selects in
this case is:

S∗ =

{
t∃¬∀ 7→ msbna
t∀ 7→ mall

}
R∗ =


msbna 7→ t∃¬∀
msome 7→ t∃¬∀, t∀
mall 7→ t∀

 . (2.1)

Here the unspecific message msome is a surprise message and will therefore
be responded to with any zero-order rationalizable action. This is clearly not
a desirable prediction, although it is sound from a purely analytic point of
view.24

There are two standard solutions to this problem. Either (i) we could
assume that specific forms like msbna should be excluded from reasonable
context models, or (ii) we could argue that whenever such specific forms are
included, they incur a small message cost that sets them off from other mes-
sages. Using the present game theoretic jargon, both lines of defense are
geared towards a proper specification of the context model. Indeed, I will
argue for option (i) as a reasonable constraint on models of standard, generic
contexts (see section 3.1), but I do not want to rely on option (i) entirely, and

23. I will come back to the symmetry problem in section 3.1.

24. If it’s common knowledge between speaker and hearer that those three messages are
available to the speaker, all at equal cost and with the assumed semantic meaning, there is
indeed no reason whatsoever why msome should be enriched to mean either only t∃¬∀ or t∀.
This is actually an interesting point to notice: unlike, for instance, a diachronic, evolutionary
account with a natural small mutation rate, the ibr model does not support arbitrary meaning
enrichment.
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this is where a problem arises for the vanilla model as a solution concept:
even if msbna incurs a small cost —smaller than 1/2 — the vanilla model still
predicts the unintuitive strategy profile (2.1).

To my mind, if msbna incurs a cost, this prediction is analytically dubi-
ous for the following reason. Take R∗ whose behavior is given in (2.1), and
who is surprised by message msome. The vanilla model keeps t∀ as a possi-
ble interpretation of the surprise message msome, because there is a belief πR

under which this interpretation is rational. The question is, however, is this
belief itself rational? For there is a rather compelling reason why the receiver
should not adopt the (counterfactual) posterior belief after hearing msome that
the true state of affairs might possibly be t∀. The receiver should answer to
himself the question why the sender has sent a surprise message after all by
reasoning that there is just one state, namely t∃¬∀, in which the sender could
possibly profit from sending the surprise message. In t∀ there is already a
cost-minimal message which successfully communicates this state of affairs,
but in t∃¬∀ there is not: although there is a message which successfully com-
municates this state, there is also a cheaper message which could communicate
this state too, but which at present is not used.

This kind of reasoning is known as forward induction. Forward induction
reasoning is a restriction on counterfactual beliefs held in response to a sur-
prise message m: roughly speaking, the receiver should not put any positive
credence on a state t for which there already is a message m′ so that most
efficient communicative success is already guaranteed in t (no matter how the
surprising m would be interpreted). Put the other way around, the receiver
should try to rationalize the use of a surprise message if there is a conceivable
reason for which the sender would want to deviate from a given play. The
following section enlarges on this concept.

2.3.2 Forward Induction and Strong Belief in Rationality

As a general motivating example of forward induction reasoning, consider the
hawk-dove game in figure 2.4. In this static game, both row player and column
player have a choice between playing hawk h and dove d (as usual, the row
player’s payoff is given first). Classically, this game represents a situation of
conflict about a scarce resource. Both players can choose to behave hawkish
so as to selfishly fight for the resource at the expense of physical injury, or
play dovish so as to only take as much as the other player is willing to give.
Since payoffs here only represent players’ interest in obtaining the resource
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h d

h -2,-2 2,0
d 0,2 1,1

Figure 2.4: The hawk-dove game

and avoiding physical injury, the absolute best outcome for a player is to play
hawk and claim the whole resource for herself while the other player gives in
by playing dove. However, if two hawk players meet, they will fight and harm
each other, which is the worst outcome for both players. If both players play
dove, they peacefully share the resource at stake which is worse than getting
all the resource, but better than being injured in a fight.

This game has two (asymmetric) Nash equilibra in pure strategies, 〈h, d〉
and 〈d, h〉, with expected payoffs of 〈2, 0〉 and 〈0, 2〉 respectively. But the game
also has a Nash equilibrium in mixed strategies, where both players play hawk
with probability 1/3 . The expected payoff for each player if the mixed Nash
equilibrium is played is 2/3 . Intuitively speaking, each player would like to
coordinate on an equillibrium play that has her play hawk, and the opponent
play dove. But playing hawk in the absence of any reasonable conjecture
about the opponent’s behavior and beliefs is risky, because the outcome 〈h, h〉
is the worst that can happen to both players.

But consider now the following variant of this game, where the row player,
which we can identify with the sender S for reasons that will become obvious
soon, has the opportunity to inflict some damage on herself prior to playing
the static hawk-dove game against the column playing receiver R. Assuming
that the sender’s self-damage equals one util this gives rise to the dynamic
game in figure 2.5. Dynamic games like this have been studied extensively
in the game theoretic literature (Ben-Porath and Dekel 1992; Shimoji 2002),
where the initial self-damaging move is often referred to as money burning,
to highlight the apparent irrationality of a move that merely harms oneself.
Having the chance to burn money or inflict self-damage should make no dif-
ference to the analysis of the game, one could argue, because why would a
rational agent ever choose to hurt herself?

Indeed, backward induction (see also section 2.1.2) predicts that the sender
should not choose to hurt herself here. Backward induction is an iterative
procedure that determines each moving player’s optimal choices in each sub-
game of a dynamic game, starting from the last choice points where players
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self-damageno self-damage

S’s choice

original game

h d

h -2,-2 2,0
d 0,2 1,1

modified game

h d

h -3,-2 1,0
d -1,2 0,1

Figure 2.5: The hawk-dove game with initial option of self-damage

move and then propagating optimal choices backwards —hence the name— to
all earlier choice points. Here’s what backward induction does in the above
dynamic hawk-dove game. This game has two (strategic) subgames which
are strategically equivalent, both of which have the same Nash equilibria: two
pure equilibria 〈h, d〉 and 〈d, h〉, and one mixed equilibrium in which both
players play h with probability 1/3 . The only difference between the two sub-
games is that S’s expected payoff from any equilibrium, pure or mixed, is
exactly one util less in the game after she inflicted damage on herself than
in the one after she did not. But that means that if the receiver makes his
choice in both subgames independently of whether the sender chose to hurt
herself or not, it would indeed be irrational for the sender to hurt herself.
Backward induction predicts exactly that, because backward induction —the
name is somewhat unfortunate when we look at things in this way— only
looks forward into the future moves of the dynamic game and does not take
into account the previous game history that led to a particular subgame.

Still, there is ample reason why it may be rational for S to hurt herself
after all. S might believe that R would choose to play d if he observes her
hurting herself, but would otherwise play h with some positive probability.
In that case, it is absolutely rational from S’s point of view to inflict damage
on herself, because if R indeed plays dove after observing S inflict damage
on herself, S actually gains by self-sacrifice after all, because she can play
hawk and expect a payoff of 1, where otherwise her expected payoff is strictly
smaller than 1.

This is where forward induction reasoning enters. In proper subgames of
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a dynamic game, unlike backward induction, forward induction recommends
to look back —again the unfortunate naming— at the history of the play that
led to the given subgame. Forward induction reasoning tries to rationalize ob-
served behavior, as much as that is possible. There are many different versions
of this idea in the economics literature and it is fair to say that there is no
consensus as to what formal notion satisfactorily captures this intuitive rea-
soning in its entirety. Still, an intuitively very accessible approach to forward
induction reasoning is via the following informal Best Rationalization Principle
of Battigalli (1996):

Best Rationalization Principle “A player should always believe that
her opponents are implementing one of the ‘most rational’ (or ‘least
irrational’) strategy profiles which are consistent with her informa-
tion.” (Battigalli 1996, p. 180)

This principle captures the essence of forward induction reasoning: we apply
forward induction reasoning if we show persistence in the belief that others
are rational given any choices that they may have made up to a certain point
in time, even after they have failed to choose what seemed to us the most
rational option.

Even without further formal specification, it should be clear how the Best
Rationalization Principle gives rise to the intuitive verdict in the extended
hawk-dove game above: if the receiver adheres to this principle, he should
believe that the sender believes that the receiver will play d after the sender
has hurt herself, since this is the only belief that the receiver could ascribe to
the sender which has self-damage come out rational.

This reasoning is intricate, but its bare essentials are, to my mind, intuitive
and compelling. I will argue below that the same kind of forward induction
reasoning also underlies the hunch that in the some-all signaling game with
an additional costly message msbna, the receiver nevertheless comes to inter-
pret message msome correctly as {m∃¬∀}. The question to be addressed next is
how forward induction can be integrated into the ibr model.

2.3.3 Restrictions on Counterfactual Beliefs

The Best Rationalization Principle says that agents ought to persist in their
belief in others’ rationality as much as possible, even in the face of appar-
ent violations of rationality. This has been implemented in epistemic mod-
els of games in order to characterize the notion of rationalizability and it-
erated dominance (cf. Bernheim 1984; Pearce 1984; Stalnaker 1998; Battigalli
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and Siniscalchi 2002). Prior to this, forward induction reasoning was primarily
studied as a refinement on equilibrium notions in dynamic games (Kohlberg
and Mertens 1986; van Damme 1989). This line of research has spawned a se-
ries of more or less complicated restrictions on plausible counterfactual beliefs
that may be held in equilibrium. I will focus in the following on the intuitive
criterion by Cho and Kreps (1987) and I propose that we should implement a
similar restriction in the ibr model, which I will call weak k-dominance.

The Intuitive Criterion. Cho and Kreps’s intuitive criterion is perhaps the
most basic restriction of acceptable counterfactual beliefs in equilibria of sig-
naling games that implements pure forward induction reasoning. According
to the intuitive criterion, the receiver should not believe that a surprise mes-
sage was sent by a type that could only do worse by sending that message
compared to the given equilibrium (unless this would rule out support of any
possible state). Consequently, an intuitive equilibrium is one which does not
rely on beliefs ruled out by the intuitive criterion. More precisely, let 〈σ, ρ, µ〉
be some perfect Bayesian equilibrium in probabilistic strategies and let U∗(t)
be the sender’s expected payoff of that equilibrium in state t. Then define
the set of states T(m) that would never want to deviate from the equilibrium
outcome by sending a surprise message m, no matter which zero-order ratio-
nalizable action (see section 2.2.1) the receiver plays:

T(m) =
{

t ∈ T | U∗(t) > max
a∈A∗(m)

US(t, m, a)
}

.

We say that the set T(m) is the set of states in which the message m is equi-
librium dominated. A posterior belief µ satisfies the intuitive criterion if
for all surprise messages m such that T(m) , T, it holds that if t ∈ T(m), then
µ(t|m) = 0. This lets us rule out unintuitive equilibria: a perfect Bayesian
equilibrium 〈σ, ρ, µ〉 is an intuitive equilibrium if µ satisfies the intuitive
criterion.

Although its precise mathematical formulation is rather complex, I be-
lieve that the intuitive criterion is a reasonable restriction on counterfactual
beliefs, a form of which should also be included in the ibr model. But, un-
fortunately, the intuitive criterion of Cho and Kreps does not help with the
some/all/some-but-not-all game that motivated the whole discussion of re-
strictions on counterfactual beliefs. It turns out that the intuitive criterion is
not strong enough for this case. To see this, it suffices to look at the limit
prediction of the vanilla ibr model. This is a perfect Bayesian equilibrium, to
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which the intuitive criterion should in principle apply. However, the intuitive
criterion is vacuous as a restriction on counterfactual belief formation in this
case, because the surprise message msome, which we would like to have in-
terpreted as {t∃¬∀}, is equilibrium dominated neither in state t∃¬∀, nor in t∀,
because the sender does not do strictly better in either state by sticking to the
equilibrium, so that T(msome) = ∅. Hence, the intuitive criterion is too weak
to place any restrictions on counterfactual beliefs in this case.

Weak k-Dominance. This leaves the problem with the some/all/some-but-
not-all game unsolved and us with the wish to possibly consult further, per-
haps even stronger refinement notions. But maybe we should not do that. For,
as Banks et al. (1994) showed, there seems to be an empirical limit to analyt-
ically plausible refinements. Banks et al.’s experimental results suggest that
in laboratory experiments subjects conform with the predictions of perfect
Bayesian, intuitive equilibrium and possibly divinity (see below) —reasoning
themselves towards the more refined equilibrium, if a less refined one also
exists— but not necessarily much further.25

That is why I will opt for adopting a slightly modified version of the in-
tuitive criterion into the ibr model, which I will call weak k-dominance. Since
weak k-dominance adds forward induction reasoning to the ibr model, I will
refer more generally to this restriction on counterfactual belief formation as
the forward induction assumption, or fi assumption for short, which is
being added to the vanilla ibr model.

Now, first of all, it should be pointed out that it is not a problem that the
intuitive criterion is strictly speaking a refinement of equilibrium: forward
induction reasoning does not strictly require equilibrium, but is sound for
any triple 〈σ, ρ, µ〉 such that ρ is rational given µ, and µ is consistent with
σ; it is not necessary for the intuitive argument that σ is a best response to
ρ. So we could, in principle, take over the intuitive criterion, or an amended
version of it, as a restriction on counterfactual belief formation of the receiver
at each step in the ibr model. Still, there is a slight difference in whether
forward induction reasoning applies to equilibrium or a sequence of iterated
best responses and it therefore pays to have a detailed look at what it means

25. Banks et al. (1994) also tested universal divinity (Banks and Sobel 1987), a notion called
never-a-weak-best-response and stability (Kohlberg and Mertens 1986). The exact conclusion
that Banks et al. draw from their data is more carefully hedged than presented here. (Of
course.) The interested reader is referred to their paper as well as the overview in chapter 8

of Camerer’s book (Camerer 2003).
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exactly to incorporate forward induction reasoning into the ibr model.
The ibr model defines a series of non-trivial receiver beliefs πRk for all

k ≥ 1 which includes a belief in the sender’s strategy Sk−1. This component
determines which messages the receiver will consider surprising. It is easily
seen that there are no surprise messages given belief in S0: counterfactual
beliefs arise no earlier than for R2. So for k ≥ 2, Rk believes that his opponent
plays according to Sk−1 as a rational response to the belief that he plays Rk−2.
That means that Rk believes that Sk−1 has expected utility EUs(·, ·, Rk−2) and
that she sends some message that would maximize this expected utility in
the state that she knows to be actual. But that in turn means that if Rk is
surprised by a message, something about his belief must be wrong: either
Sk−1 does not believe in Rk−2 or she is not making a rational decision. Enter
the Best Rationalization Principle, according to which Rk should preferably
not revise his belief in S’s rationality, but rather revise his belief about S’s
beliefs. So, according to the principle, Rk should adopt a belief that has the
surprise message come out rational after all.

This could in principle be done by many belief ascriptions, but I would
like to make and defend what is perhaps a highly contestable simplification,
namely the assumption that the rationalization of surprise messages is guided
by beliefs about types in the ibr sequence. In other words, whenever Rk
needs to rationalize the use of a surprise message, the beliefs that he may
adopt about his opponent will be restricted to sender types that occur in the
ibr model. That means in particular that if Rk is surprised by S’s choice of
message given his belief in Sk−1, I will assume that R can do either of two
things:

1. Rk can rationalize down the ibr sequence, so to speak, thinking that he
has overestimated his opponent who is of a type lower than k− 1; or

2. Rk can rationalize up the ibr sequence, thinking that he has underesti-
mated his opponent who is of a type higher than k− 1.

Notice that it is always possible for Rk to come to believe that he has over-
estimated his opponent: Rk can always make sense of surprise messages by
coming to believe that S is of strategic level zero. However, this is not nec-
essarily really a rationalization of the sender’s behavior, because level-zero
senders are not necessarily rational. If, on the other hand, the receiver ratio-
nalizes a surprise message up the ibr sequence, this seems to contradict the
assumption that agents are resource bounded, since after all the assumption
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was that finite-level types might have reasoning limitations that force them to
adopt the belief in a finite-level opponent.

What this suggests is that true forward induction reasoning, if it takes
place within the ibr model, which —I repeat for clarity— is a simplifying
assumption, involves the receiver rationalizing up the ibr model. But, in or-
der to conserve the spirit of resource boundedness, upwards rationalization
should go only slightly further up the ibr sequence, because of the difficultly
involved in this reasoning. More concretely, the forward induction assump-
tion which I propose to include into the model is this: if Rk uses forward
induction to rationalize a surprise message m, he will tentatively adopt the
belief that S is of type Sk+1 and reason based on his own interpretation of
non-surprise messages which incentives Sk+1 could have had to send a sur-
prise message. This is then essentially forward induction reasoning folded
into the ibr model.

Consequently, I suggest that Rk’s counterfactual beliefs are subject to the
following formal requirement. Say that a message m which surprises Rk is
weakly k-dominated in state t iff there is a message m′ which does not
surprise him such that there is no zero-order rationalizable receiver action
a ∈ A∗(m) for which US(t, m, a) > EUS(m′, t, Rk). The set of states in which
surprise message m is weakly k-dominated is thus:

Tk(m) =
{

t ∈ T | U∗k(t) ≥ max
a∈A∗(m)

US(t, m, a)
}

where U∗k(t) is the maximal expected payoff of St
k+1 if she sends a message

that does not surprise Rk. By the fi assumption, Rk should then not put
positive credence on states t after a surprise message m if m is weakly k-
dominated, if that is possible: if m is a surprise message for Rk such that
Tk(m) , T, then Rk’s posterior beliefs satisfy weak k-dominance if µ(t|m) = 0
for all t ∈ Tk(m).

Example: Some but not All. The gist of weak k-dominance becomes clear
under a simple example. We should check that weak k-dominance solves
our initial problem with the some/all/some-but-not-all game. Here, message
msome is a surprise message to R2. However, we can check that msome is weakly
2-dominated in t∀ but not in t∃¬∀. Message msome is weakly 2-dominated in
t∀, because there is a non-surprise message mall which gives the sender her
maximal payoff under interpretation R2. This is the minute difference between
weak k-dominance and the intuitive criterion: since the sender cannot hope to
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do better in state t∀ the receiver excludes this state, reasoning that there is
no point risking misunderstanding when nothing can be gained. But msome
is not weakly 2-dominated in t∃¬∀ because there is no non-surprise message
which yields a higher payoff for the sender than when she sends msome and
this is interpreted as t∃¬∀. Hence, R2 will compute the scalar implicature for
the surprise message msome. In a next step, S3 will then of course use only
messages msome and mall, and the ibr sequence reaches a fixed point.

Example: M-Implicatures. A similar argument shows that the model with
forward induction requires fewer iteration steps than the vanilla model to cal-
culate the M-implicature in a setting with two states and two forms. Take the
basic example in figure 2.3. It is enough to look at the R0-sequence, because
R0 = R1. Since S1 will use the cheap message mshrt in both states, the costly
message mlng is a surprise for R2. Whereas in the vanilla model we then had
R2(mlng) = T, we can now use forward induction. Indeed, the message mlng
is weakly 2-dominated in tnorm because there is a message mshrt which is bet-
ter for the sender in tnorm under interpretation R2 no matter how mlng would
be interpreted. Consequently, the model with forward induction yields

R2 = R∗ =

{
mshrt 7→ tnorm
mlng 7→ tabn

}
.

This is to say that forward induction reduces the iteration steps necessary for
the computation of M-implicatures in a setting with two states and two forms
from 4 to 2 — a welcome improvement also.

In general, forward induction reduces the number of steps necessary to es-
tablish M-implicatures in settings with n states and n forms from (2× n) steps
without forward induction to (2× (n− 1)) steps with weak k-dominance. The
calculation of the generalized M-implicature game under the basic model (see
section 2.2.2) changes only slightly. Under the basic model, a level-(2i) re-
ceiver, 0 < i < n, interprets as follows:

R2i =



m1 7→ t1
m2 7→ t2
...

...
mi 7→ ti

mi+1 7→ t1, t2, . . . , tn
...

...
mn 7→ t1, t2, . . . , tn


.
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If we allow weak (2i)-dominance to affect the counterfactual beliefs of a level-
(2i) receiver, we rather get:

R′2i =



m1 7→ t1
m2 7→ t2
...

...
mi 7→ ti

mi+1 7→ ti+1, ti+2, . . . , tn
...

...
mn 7→ ti+1, ti+2, . . . , tn


.

Obviously, weak k-dominance only excludes states that have, in a manner of
speaking, already been associated with a message at that point of reasoning.
This shows that weak k-dominance does not take into account the prior prob-
ability of the states that are to be compared.

Prior Probabilities and Divinity. If we wanted the receiver to further take
the prior probabilities of states into account when forming counterfactual pos-
teriors, we could of course do that.26 Another prominent refinement concept
that is stronger than the intuitive criterion —that in fact subsumes it— and
that does take prior probabilities of states into account is divinity by Banks
and Sobel (1987). Roughly speaking, while the intuitive criterion only ex-
cludes certain states from the counterfactual beliefs of the receiver, divinity
additionally specifies which states that are not ruled out entirely from poste-
rior beliefs should be considered more likely to have sent the surprise message
in question than others. Divinity as an equilibrium refinement is technically
rather involved (see also Sobel to appear, for an accessible reformulation and
comparison). For our present purposes, we can sidestep the technical details
and just layer on top of weak k-dominance the additional requirement that
prior probabilities be taken into account. More concretely, let’s say that a
level-k receiver’s posterior beliefs µk satisfy divine k-dominance if it satisfies
weak k-dominance and furthermore satisfies the constraint:

µk(t|m) ≤ µk(t′|m) iff Pr(t) ≤ Pr(t′)

for all surprise messages m and states t, t′ for which µ(·|m) , 0 by weak
k-dominance.

26. This extension is not needed for any application in the remainder of this thesis. I
mention this for completeness only.
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Summary & Reflection. What exactly is the difference between the vanilla
ibr model and a more advanced model with an additional forward induc-
tion assumption? It will become clear in section 2.4.3 that already the ba-
sic ibr model includes a particular forward induction rationale. Weak k-
dominance, however, is even stronger, and is specifically needed in pragmatic
applications to rationalize costly messages, and, in a manner of speaking, to
abbreviate ibr reasoning. This surfaced in the two previous examples.

Beyond these technical arguments for an fi assumption, there are also
conceptual reasons why explicit integration of forward induction reasoning is
sensible for a theory of pragmatic interpretation. We could think of forward
induction in signaling games as a particularly technical implementation of
reasoning towards speaker relevance (see Franke et al. to appear). At heart,
forward induction is reasoning based on a persistent belief that observed
behavior is rational and purposeful. On an abstract level, the parallel to a
hermeneutic presumption of rationality that fundamentally underlies natural
language understanding is evident. To establish the meaning of an appar-
ent non-sequitur as, for instance, in the classical example (18) of Grice (Grice
1989, p. 32), the hearer needs to rationalize the speaker’s linguistic behavior,
especially where it deviates from expectation; the question to be asked and
answered is: “which beliefs of the speaker justify best that she said that?”

(18) A: I am out of petrol.
B: There is a garage round the corner.

Thus conceived, a forward induction assumption implements the receiver’s
attempt to make sense of utterances from the speaker’s perspective, asking
under which circumstances, in which frame of mind the speaker could have
benefited from acting as she did.27 Even more abstractly speaking fi reasoning
is a particular instance of our general intellectual faculty of ‘making sense’ of
the world around us as purposeful:

“Winnie-the-Pooh sat down at the foot of the tree, put his head between
his paws and began to think. First of all, he said to himself: ‘That
buzzing-noise means something. You don’t get a buzzing-noise like that,
just buzzing and buzzing, without its meaning something. If there’s a
buzzing-noise, somebody’s making a buzzing-noise, and the only reason
for making a buzzing-noise that I know of is because you’re a bee.’ Then

27. Chapter 5 uses such relevance-based forward induction reasoning to explain some as-
pects of the pragmatic interpretation of conditionals.
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he thought another long time, and said: ‘And the only reason for being a
bee that I know of is making honey.’ And then he got up, and said: ‘And
the only reason for making honey is so as I can eat it.’ So he began to
climb the tree.” (Milne 1991, p. 18)

2.4 Overview and Comparison

It is high time to take stock, to summarize the various versions of the ibr model
that this chapter introduced and to compare these to other related models pro-
posed in game theory and game theoretic pragmatics.

2.4.1 Versions of the IBR Model

IBR Scaffolding. A general scheme for a basic ibr model is given in fig-
ure 2.6. An ibr model gives an inductive definition of sender and receiver
types. As for the base case, we would like to restrict the set of strategies that
we start out with in some suitable way, choosing subsets S0 ⊆ S and R0 ⊆ R.
In the inductive step, we compute best responses to some belief that the op-
ponent is of a lower level of strategic sophistication. Here some variation is
possible in how this belief is formed, as we will see shortly. All the types de-
fined by an ibr sequence are part of the solution of the model in a broad sense,
because this is what the model can make sense of, possibly under a belief in
the opponent’s bounded rationality. The set of strategies that are infinitely
repeated in such a sequence are the model’s limit prediction. These strategies
are consistent with common belief in rationality and could be regarded as the
model’s solution in a narrow sense.

Different versions of ibr models result from different assumptions about
the inductive base and, more crucially even, the inductive step. Here, a mul-
tiplicity of additional assumptions about agents’ belief formation can be fed
into the model. These different assumptions not only give rise to possibly
different predictions, but may also differ conceptually in the sense that they
implement weaker or stronger reasoning rationales.

IBR Variety. The vanilla ibr model that I have proposed in this chapter adds
several specific assumptions to our basic scaffolding. To begin with, we have
identified semantic meaning as a focal strategy at the outset of ibr reasoning.
So, the initial restriction on sender and receiver behavior in the inductive base
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Base: S0 ⊆ S
R0 ⊆ R

Step: Sk+1 = {s ∈ S | ∃ ρ ∈ ΠS :
(s1) ρ is a belief based in some fashion on Rk

(s2) s ∈ BR(ρ) }
Rk+1 = {r ∈ R | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :

(r1) σ is a belief based in some fashion on Sk

(r2) πR is consistent
(r3) r ∈ BR(µ) }

Limit: S∗ =
{

s ∈ S | ∀i ∃j > i : s ∈ Sj
}

R∗ =
{

r ∈ R | ∀i ∃j > i : r ∈ Rj
}

IBR = 〈S∗, R∗〉

Figure 2.6: Basic scaffolding of an ibr model

became the set of all truthful sender strategies

S0 = {s ∈ S | ∀t : t ∈ [[s(t)]]}

and the set of all best responses to a literal interpretation of messages

R0 = BR(µ0)

µ0(m) = Pr(·| [[m]]).

Secondly, the vanilla ibr model makes two specific assumptions about
agents’ belief formation in the inductive step, namely that (i) agents of level k
believe to face an opponent of exactly level (k− 1), and that (ii) agents of level
k think that any possible level-(k − 1) behavior is equally likely. With these
assumptions of (i) myopic overconfidence and (ii) unbiased beliefs, as I will call
them, the vanilla ibr model therefore has the following induction step:28

Sk+1 = {s ∈ S | ∃ ρ ∈ ΠS :
(v-s1) ρ = Rk
(s2) s ∈ BR(ρ) }

Rk+1 = {r ∈ R | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :
(v-r1) σ = Sk
(r2) πR is consistent
(r3) r ∈ BR(µ) }

28. As for notation, remember that unbiased beliefs are flat probability distributions over a
given set X of opponent strategies, so that it is feasible to write ρ = Rk, for instance, since Rn

completely defines the unbiased probabilistic strategy ρ whose support is exactly Rn.
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In addition to that, two refinements were motivated in this chapter: (i)
the tcp assumption that has the sender stick to conventional meaning unless
she strictly profits from deviation (section 2.2.4), and (ii) the fi assumption
that refines the receiver’s belief revision policies (section 2.3). These extra
assumptions can be implemented in further refinements of the inductive step
as follows:

Sk+1 = {s ∈ S | ∃ ρ ∈ ΠS :
(v-s1) ρ = Rk
(s2) s ∈ BR(ρ)
(tcp) ∀t (∃s′ ∈ BR(Rk) t ∈ [[s′(t)]])→ t ∈ [[s(t)]] }

Rk+1 = {r ∈ R | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :
(v-r1) σ = Sk
(r2) πR is consistent
(r3) r ∈ BR(µ)
(fi) πR satisfies weak (k + 1)-dominance }

In the remainder of this thesis, especially when applying the model to prag-
matics, I will always assume that tcp is in place and that, as a default, fi is
absent. The ibr model with tcp and without fi is what I call the basic model,
or vanilla model. This way, the workings of fi can be assessed separately.

2.4.2 Related Models

Other noteworthy variations on the basic ibr schema result if we adopt dif-
ferent assumptions about belief formation about opponent behavior, and pos-
sibly also different notions of best response calculation. Let me just briefly
mention few salient alternatives.

Optimal Assertions. The ibr model proposed here originally arose from
criticism of the optimal assertions framework spelled out by Benz (2006) and
Benz and van Rooij (2007). In the optimal assertions framework, implicatures
are calculated based on the idea that a given assertion was optimal, i.e., ra-
tional under a literal interpretation. This idea is reminiscent of a limited
R0-S1-R2-sequence of the ibr model. There are, however, formal differences
in set-up. The biggest difference is that the interpretation of the receiver R2 in
the ibr model implements a sophisticated update with the full sender strat-
egy S1 (see section 2.2.3). The optimal assertions framework, at least in the
formulation given by Benz and van Rooij (2007), instead derives the following
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pragmatic interpretation operator (for a signaling game with honest senders
and interpretation actions that corresponds one-to-one with states):

Prag(m) = {t ∈ [[m]] | m is optimal in t}
= {t ∈ [[m]] | m ∈ BR(R0)(t)}

This interpretation operator differs from R2 (on otherwise the same restricted
class of games) foremost in that R2 takes into account the prior probability
of states and also the frequency with which S1 sends messages in different
states. Clearly, this interpretation operator then implements a naı̈ve update
(see also Franke 2008a, for comparison of ibr, optimal assertions and biot).

Myopia vs. Distributed Unsophistication. The assumption of myopic over-
confidence that each agent believes to be exactly one level more sophisticated
than their opponent makes the model perspicuous and tractable, but it is also
somewhat unrealistic. Why would an agent that can perform, say, up to three
level of tom reasoning necessarily believe that her opponent is performing
exactly two? Why should she not be uncertain whether her opponent could
do none, one or two? In this case the agent would still be overconfident, but
no longer myopic. We could then also assume that Sk+1, for instance, adopts
some belief ρ ∈ ∆(

⋃
i≤k Ri).

The cognitive hierarchy model of Camerer et al. (2004) does exactly this.
Camerer et al. assume that agents of level k are overconfident in believing that
their opponent is at most of level (k− 1). In order to restrict such overconfident
belief in reasonable ways, each agent has a conjecture about the distribution
of strategic types in the population. Camerer et al. specifically assume that the
distribution of strategic types in a population is a Poisson distribution, and
that every level-k player derives his population estimate by conditionalizing
the population distribution to types strictly lower than k.

Although a cognitive hierarchy model with population estimates is clearly
more realistic and provides a good fit of empirical data for laboratory exper-
iments on a wealth of strategic games (cf. Camerer 2003; Costa-Gomes et al.
2009), it is also much more mathematically involved than other strategic type
models that implement myopic overconfidence (e.g Stahl and Wilson 1995;
Nagel 1995; Crawford 2003). Still, for our present purposes, the simple model
that sticks to myopically overconfident players seems good enough. This will
be demonstrated by the model’s predictions in many linguistically relevant
test cases. Whether ultimately a more complex model of interlocutor’s belief
formation is necessary is an empirical issue. In order to address this issue we
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would have to take in particular the kinds of signaling games studied here
into the behavioral economist’s laboratory — a line of experimentation that
has, to the best of my knowledge, not been executed so far. In other words, in
the absence of compelling (empirical) evidence against myopia, I will adopt it
for the sake of a simpler model.

Non-Exclusive Beliefs. We could scrutinize not only myopia, but also un-
biased beliefs, the other assumption that underlies the ibr model’s belief
formation process. Indeed, Gerhard Jäger has independently suggested an
ibr model in which the assumption of unbiased beliefs is relaxed (Jäger 2008c;
Jäger and Ebert 2009). Jäger’s model allows arbitrary non-exclusive beliefs, i.e.,
arbitrary conjectures about opponent play as long as these do not exclude
a possibility altogether.29 Formally, let ∆+(X) be the set of all probability
distributions on some set X with full support on X:

∆+(X) = {δ ∈ ∆(X) | ∀x ∈ X : δ(x) , 0} .

With this, the assumption of non-exclusive biases yields a definition of the
induction step as follows:

Sk+1 = {s ∈ S | ∃ ρ ∈ ΠS :
(j-s1) ρ ∈ ∆+(Rk)
(s2) s ∈ BR(ρ) }

Rk+1 = {r ∈ R | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :
(j-r1) σ ∈ ∆+(Sk)
(r2) πR is consistent
(r3) r ∈ BR(µ) }.

What is the difference between unbiased and non-exclusive beliefs? First
of all, we might say that the former are, in a sense, a simpler modelling choice
than the latter, because non-exclusive beliefs involve a further quantification

29. There are other differences too. For one, Jäger’s model only consults the R0-sequence.
This way we cannot account for unsophisticated sender behavior, for instance, in language
acquisition (see section 4.4). For another, the Jäger model is defined for games that are
more complex than signaling games. Jäger includes “contexts” as a parameter for sender
uncertainty too. His implementation of sender uncertainty differs from the one presented in
section 3.2 in relevant ways: Jäger requires best responses to be rational for every possible
context. This is actually a non-standard treatment of players’ uncertainty under Bayesian
rationality, but one that is certainly worthwhile exploring for application to pragmatics, in
particular matters of context-sensitivity and the like.
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a1 a2 a3 m1 m2 m3

t1 1,1 0,0 0,0
√

−
√

t2 0,0 1,1 0,0 −
√ √

t3 0,0 0,0 1,1
√ √ √

Figure 2.7: Game in which non-exclusive biases are too weak

over beliefs, i.e., probability distributions over a set X, of which there are un-
countably many (in non-trivial cases |X| > 1). On the other hand, if we look
at things from a purely formal perspective, to require unbiased beliefs for a
strategy to be rationalized at some iteration step is strictly stronger than to re-
quire non-exclusive beliefs: obviously every unbiased belief is non-exclusive,
but not vice versa. Hence we would expect to find models for which Jäger’s
model includes more strategies than my ibr model with unbiased beliefs.30

Indeed, non-exclusive biases can sometimes turn out too inclusive. Al-
though Jäger’s model deals with scalar implicatures, as well as M-implicatures
with two states and two messages, it does not account for generalized M-
implicatures (see Jäger 2008c). Another example where predictions differ is the
game in figure 2.7. This game has two specific messages, m1 and m2, which
are true only in two of the three states, and one universally true message m3.
Since this game is essentially a coordination game for proper interpretation
of the state, it is fairly intuitive to except a fully revealing communication
outcome with strategy profile:

S∗ =


t1 7→ m1
t2 7→ m2
t3 7→ m3

 R∗ =


m1 7→ a1
m2 7→ a2
m3 7→ a3

 .

This is indeed exactly what the ibr model predicts under unbiased beliefs.
With the more liberal non-exclusive biases, however, we do not predict reveal-
ing communication in this simple example. Suffice it to take the R0-sequence.

30. Notice that it is not the case, though, that the limit solution selected by Jäger’s model
is necessarily a superset of the limit prediction of the ibr model with unbiased beliefs. Each
ibr model defines a different sequence through the strategy space, so to speak, and these
sequences may diverge substantially for some games.
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Starting with a literal interpretation:

R0 =


m1 7→ a1, a3
m2 7→ a2, a3
m3 7→ a1, a2, a3


we need to ask which non-exclusive beliefs in R0 may rationalize a sender
strategy. It turns out that in Jäger’s system every truthful sender strategy is
rational for some non-exclusive belief in R0:

S1 =


t1 7→ m1, m3
t2 7→ m2, m3
t3 7→ m1, m2, m3

 .

For instance, a sender of type t1 may believe that R0 plays a1 after m1 with
high probability, and that no other message induces R0 to play a1 with note-
worthy probability. But she might as well believe that m3 is the message which
induces a1 with highest probability. Both messages are thus rational in t1 un-
der some non-exclusive belief. Similar reasoning then leads to R2 = R0, for
which the sequence enters a fixed point. The ibr model with non-exclusive
beliefs predicts no pragmatic enrichment and no revealing communication
here.

We would not have be worried too much that non-exclusive beliefs are too
weak to account for a seemingly arbitrary example like the game in figure 2.7,
but it will turn out that this game actually captures part of the essential struc-
ture of examples that are central to the concern of pragmatics. As will be
apparent later in chapter 3, the game in figure 2.7 reoccurs, so to speak, em-
bedded in context models for the interpretation of disjunctions. It is here,
then, that we expect non-exclusive biases to be too weak to yield intuitive
predictions in pragmatically relevant cases too.

Best Responses in Learning and Evolution. Best response models that
are at least superficially similar to the present variety have also been enter-
tained as models of belief learning in repeated play, as well as in models of
(social) evolution of behavioral patterns (see Fudenberg and Levine 1998).

When playing a game repeatedly, players can form, maintain and revise
beliefs about opponent behavior based on past observations. Belief-learning
models can be quite complex, for instance, by computing a weighted fre-
quency of occurrence of opponent strategies, with weights favoring either
recent or initial observations. A very simple version of such belief-learning
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models of repeated play is the Cournot best-response dynamics in which players
believe that their opponents play exactly the same move as in the previous
round. By then playing a best response to this belief a sequence of best re-
sponses ensues that is superficially similar to the ibr sequence, but not quite
the same. Firstly, unlike the ibr model, the Cournot best-response dynam-
ics starts with a random strategy. Secondly, in signaling games —dynamic
games with incomplete information— it is actually not possible to observe the
opponent’s whole strategy in one or a few rounds of actual playing: the re-
ceiver, for instance, can only observe the message that was sent at a given
occasion, but not the whole strategy, a function from states to messages. So, if
the ibr model computes best responses to sets of possible strategies as it does,
it is not very plausible to interpret this as a sequence of best responding to
the opponent’s previously observed move. It is at best a sequence of fictitious
play, a soliloquy of agents reasoning to themselves before playing the game.
Thirdly, there is another conceptual reason why the ibr model is not a model
of naı̈ve learning and adaptation, but rather a model of strategic thinking.
The ibr model does not necessarily assume that players develop into more
sophisticated types by (a few rounds of) repeated play. Rather the ibr model
implements what is possibly a fundamental tom reasoning capability that
needs to develop in young children, and may even fail fully competent adults
occasionally (see more in chapter 4.4).

Yet another diachronic variation of ibr is as a model of social evolution un-
der so-called best-response dynamics in which at every moment a small fraction
of the population plays a best response to the present population distribu-
tion (Gilboa and Matsui 1991; Matsui 1992).31 We could think of ibr models,
as entertained here, as special cases of such best-response dynamics in dis-
crete time, in which not just a fraction, but the whole population plays best
responses to the present population behavior. It is an interesting topic for
future research to link an ibr model of the current variety to diachrony and
to apply it to language change and evolution.

2.4.3 IBR vs. Rationalizability

Every step of ibr reasoning adds another level of tom reasoning and incre-
ments the depth of nested belief in rationality. When looking at things this
way, ibr reasoning is strongly reminiscent of iterated dominance reasoning
and rationalizability. Still, if we look more closely at these two solution con-

31. Jäger (2007) applies such a model to linguistic pragmatics.
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Base: S0 = S
R0 = R

Step: Sk+1 = {s ∈ Sn | ∃ ρ ∈ ΠS :
(rat-s1) ρ ∈ ∆(Rk)
(rat-s2) s ∈ BR(ρ) }

Rk+1 = {r ∈ Rn | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :
(rat-r1) σ ∈ ∆(Sk)
(rat-r2) πR is consistent
(rat-r3) r ∈ BR(µ) }

Limit: Rat = 〈
⋂

i Si,
⋂

i Ri〉

Figure 2.8: Standard (weak) rationalizability

cepts, we find interesting differences. I will suggest in this section that ibr

should be regarded as a refinement of rationalizability, to which it adds fo-
cality of conventional meaning. More precisely even, the ibr model is a re-
finement of cautious rationalizability, which in turn is a refinement of strong
rationalizability as defined by Battigalli (2006).

Weak Rationalizability

Recall from section 1.2.3 that a standard notion of rationalizability for signal-
ing games is defined inductively as in figure 2.8. I will speak of weak ratio-
nalizability in the present context, because, firstly, we have already seen in
section 1.2.3 that this solution concept is indeed very weak in the context of
signaling games (cf. Zapater 1997; Battigalli 2006), and, secondly, we will look
at two other notions subsequently, called strong and cautious rationalizability.

Let’s first just superficially compare weak rationalizability to the basic ibr

scaffolding in figure 2.6. There are three major differences to note. Firstly,
whereas ibr allows for arbitrary restrictions of strategies in the base step,
rationalizability begins with the full set of sender and receiver strategies. Sec-
ondly, rationalizability assumes a standard notion of best response in condi-
tions (rat-s1) and (rat-r1), asking for some conjecture δ ∈ ∆(Xn) about op-
ponent strategies in Xn to rationalize behavior at level (n + 1). Here, my pre-
ferred version of ibr assumes unbiased beliefs δ = Xn, while Jäger’s ibr model
would assume non-exclusive beliefs δ ∈ ∆+(Xn). Thirdly and lastly, the in-
ductive step of rationalizability is purely eliminative, ruling out more and
more strategies. In contrast to that, ibr rather defines a trajectory through
the strategy space. This leads to a different assessment of the prediction of
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the solution concepts in the limit. In finite games, rationalizability will always
reach a fixed point, while ibr may loop, so that we need to collect all infinitely
repeated strategies to define ibr’s limit solution.

Despite these differences, it turns out that ibr is a rather conservative re-
finement of rationalizability in the sense that the limit prediction of the vanilla
ibr model contains only rationalizable strategies.

Claim 2.4.1. Every solution of the vanilla ibr model is rationalizable.

This may as such not be too much of a surprise, given the weakness of stan-
dard rationalizability, but still it actually follows from an interesting further
result, namely that the solution selected by the ibr model has the best re-
sponse property.

Best Response Property. Towards a proof of the above claim, let us define
the notion of best response underlying weak rationalizability. Given a set of
receiver strategies R′ ⊆ R define the set WBR(R′) ⊆ S as:

WBR(R′) =
{

s ∈ S | ∃ ρ ∈ ∆(R′) : s ∈ BR(ρ)
}

.

Similarly, for S′ ⊆ S let

WBR(S′) = {r ∈ R | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :

σ ∈ ∆(S′) ∧
πR is consistent ∧
r ∈ BR(µ)}.

Following Pearce (1984), say that a pair of sets of sender and receiver strategies
〈S′, R′〉 has the best response property (br property for short) iff (i) S′ ⊆
WBR(R′) and (ii) R′ ⊆ WBR(S′). It is straightforward to show that:

Lemma 2.4.2. If 〈S′, R′〉 has the br property, then 〈S′, R′〉 ⊆ Rat, i.e, all its
strategies are rationalizable.

Proof. This is so, because all strategies in the sets S′ and R′ will be in the run
for rationalizability at the outset of the iterated elimination procedure. Since,
by the br property, each set provides support for all the strategies in the other
set, no strategy from either set will be eliminated during rationalizability. �

Lemma 2.4.3. The limit prediction IBR of the vanilla ibr model has the br

property.
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a1 a2 a3 m1 m2 m3

t1 2,0 0,2 1,1
√

− −
t2 0,2 2,0 1,1 −

√
−

t3 1,1 1,1 1,1 − −
√

Figure 2.9: Game in which the ibr outcome is not curb

Proof. Let IBR = 〈S∗, R∗〉. Then s ∈ S∗ means that there is some subset
R′ ⊆ R∗ for which s ∈ BR(R′), i.e., for which s is a best response to an unbi-
ased belief. But then s ∈ WBR(R′), and since WBR(·) is actually monotonic,
WBR(R′) ⊆ WBR(R∗), we find s ∈ WBR(R∗), too. A similar argument applies
for the receiver side. Taken together, then, IBR has the br property and the
above claim established. �

Claim 2.4.1 follows from these two lemmas.

Digression: Closure under Best Response. In order to understand the
solution of ibr and rationalizability even better, it may help to briefly digress
and to define the converse notion to the br property. So, let’s say that a pair
of strategies 〈S′, R′〉 is closed under rational behavior (or curb for short)
iff (i) WBR(R′) ⊆ S′ and (ii) WBR(S′) ⊆ R′ (see Basu and Weibull 1991, for
more on curb sets as solutions for games).

It transpires that IBR is not necessarily curb. A game where this shows is
given in figure 2.9. We could think of this game as a variation on the matching
pennies game with cooperation option (figure 1.9). The ibr model predicts
here that senders of type t3 will announce the share option m3 in the limit.
Senders of type t1 or t2, on the other hand, will always have firm beliefs about
their opponent’s strategy and therefore always send a ‘misleading message’
m1 or m2. Similarly, the receiver’s responses in the limit prediction always
answer m1 and m2 with both a1 and a2:

IBR = 〈S∗, R∗〉

=

〈
t1 7→ m1, m2
t2 7→ m1, m2
t3 7→ m3

 ,


m1 7→ a1, a2
m2 7→ a1, a2
m3 7→ a3


〉

However, for this game a sender strategy that sends m3 in state t1 or t2 can
also be a best response to R∗: ibr does not yield a curb solution.32

32. This result is interesting in comparison to another recent proposal by Jäger (2008b):
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Although being curb is not necessarily always a desirable property for a
selected solution, the example suggests that sometimes it might be appealing
to try closing the ibr model’s prediction under best responses. This could be a
way of making sense of an agent’s Aha-Erlebnis: after having reasoned herself
through a non-trivial cycle, the agent realizes that any strategy occurring in
IBR could be expected and plays a best response to some (biased or unbiased)
belief in sets S∗, respectively R∗. This way we could think of extending the
ibr sequence with a transfinite step to include level-ω players. I will leave
this issue on this speculative note, because it is unclear to me what the proper
logic of such reasoning should be, whether there is reasonable empirical ev-
idence that could inform such transfinite modelling, and, last but not least,
because this extension does not seem necessary for any linguistic application
entertained in this thesis.

Intermediate Summary. Since actually weak rationalizability is fairly weak,
especially for cheap-talk signaling games, it is not a particularly striking result
to find that ibr’s limit prediction is rationalizable. It is, however, certainly
non-trivial that ibr’s limit solution has the br property (lemma 2.4.3). This
result tells us that ibr’s solution is generally well-behaved, not only when
proposition 2.2.1 applies to guarantee that ibr selects a pbe.

Still, the ibr model is more restricted than weak rationalizability. This
is clear already by looking at, for instance, the some-all game, for which
weak rationalizability does not discard any strategy profile, while ibr selects
uniquely the intuitive scalar implicature play. This suggests that we could
thus think of ibr as a refinement of rationalizability which integrates the im-
pact of conventional meaning of cheap talk. This is indeed how I like to think
of ibr. Yet, strictly speaking, the ibr model is more refined than weak ratio-
nalizability for two reasons, only one of which directly relates to semantic
meaning.

Firstly, unlike rationalizability, ibr marks semantic meaning as a focal
strategy at the outset of iteration of best responses. It is obvious that rationa-
lizability cannot simply assume “semantic play” in its inductive base because
its inductive step is purely eliminative: with honest sender S0 and credulous
receiver R0 at the outset, rationalizability would never be able to account for

in this model, Jäger requires a solution to have both the br property —actually, a strong
br property, based on strong rationalizability— and being a minimal curb set that contains
honest, truthful signaling of the sender. This conjunctive solution concept obviously does not
guarantee existence of a solution in all games.
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dishonest signaling and incredulous disbelief. In order to implement focal
strategies, ibr has to be non-eliminative, with the consequence that the ibr se-
quence sometimes wanders infinitely through the strategy space. Still, at the
end of the day, this seems just like the proper way of making rationalizability
susceptible to conventional meaning as a focal strategy of unsophisticated
agents.

Yet, secondly, the vanilla ibr model also places much stronger constraints
on the belief formation of agents in each iteration step. Whereas weak ratio-
nalizability maintains all best responses to some belief δ ∈ ∆(Xk) about op-
ponent strategies from the set Xk, Jäger’s model has non-exclusive beliefs
δ ∈ ∆+(Xk) and the vanilla ibr model has unbiased beliefs δ = Xk. These
latter requirements of ibr are increasingly stronger and may lead to more
strategies being discarded in the process of iteration. Additionally, this has
noteworthy conceptual implications: ibr implicitly implements a further for-
ward induction rationale, as its belief formation process is actually a strength-
ened version of that featured in strong rationalizability, to which we turn next.

Strong & Cautious Rationalizability

Strong rationalizability has been spelled out for arbitrary (but finite) dy-
namic games of incomplete information by Battigalli and Siniscalchi (2002)
and worked out specifically for signaling games by Battigalli (2006). Different
from the weak variety, strong rationalizability requires agents of level k to be
firm in their belief that the opponent is of level (k− 1). The main idea is that
even if an agent of level k holds an arbitrary conjecture about his opponent’s
play, she should try to rationalize all behavior, even surprise behavior, in a
way compatible with her supposition that the opponent is of strategic level
(k − 1). This effectively implements a forward induction rationale, as Batti-
galli and Siniscalchi argue. I will show in the following that ibr —my version
and Jäger’s— implicitly contains a similar, but strictly stronger concept of
firm belief in opponent behavior and that thus both versions of ibr contain an
additional element of forward induction reasoning (additional to a possible
adoption of weak k-dominance or similar).

Strong Beliefs. To begin with, let us have a closer look at the strong version
of rationalizability that Battigalli (2006) spells out for signaling games. The
main conceptual difference between weak and strong rationalizability is that
the latter requires in particular the receiver to rationalize any possible surprise
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message in a way consistent with the assumed level of sophistication of the
sender.33 We will say that strong rationalizability requires the receiver at level
k to have strong belief in sender behavior of level (k − 1). Basically the idea
behind strong belief is this: take a set S′ ⊆ S of pure sender strategies; while
in weak rationalizability, the receiver would then adopt some posterior belief
consistent with a behavioral belief σ ∈ ∆(S′), strong belief in S′ requires that
if a message m gets used by some strategy s ∈ S′, then the receiver should not
adopt a posterior belief after m that considers it possible that m has been sent
in a state different from the ones that would send m according to S′. Towards
formalization, define

S′(m) =
{

t ∈ T | ∃s ∈ S′ : s(t) = m
}

as the set of states where message m could be sent in if the sender plays some
arbitrary strategy in S′. With this say that a given receiver belief 〈Pr, σ, µ〉
satisfies strong belief in S′ iff

S′(m) , ∅⇒ µ(·|m) ∈ ∆(S′(m)).

Strong rationalizability is then defined just as weak rationalizability, only that
condition (rat-r1) in the inductive step for Rk+1 is strengthened to (str-rat-
r1) in order to require strong belief in Sk:34

Rk+1 = {r ∈ Rk | ∃ πR = 〈Pr, σ, µ〉 ∈ ΠR :
(str-rat-r1) πR is a strong belief in Sk
(rat-r3) r ∈ BR(µ) }.

Running Example. Here is a simple example that shows what strong belief
does, in comparison to the belief formation in weak rationalizability. (I will
come back to this example repeatedly, because it also illustrates the differences
between other relevant ways of forming beliefs.) Take a signaling game with
just two states T = {t1, t2} that are equally probable, and two messages M =
{m1, m2}. Suppose that Srun, indexed for “running (example),” contains only

33. There are further differences between weak rationalizability and the solution presented
by Battigalli, but none of these really matter for the present purposes. Most prominently,
Battigalli also allows for diverging priors and arbitrary probabilistic beliefs about opponent
behavior as fixed and unrevisable assumptions at the outset of rationalization.

34. Condition (rat-r2) is superfluous given (str-rat-r1).
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these two pure sender strategies:

s1 =

{
t1 7→ m1
t2 7→ m1

}

s2 =

{
t1 7→ m1
t2 7→ m2

}
.

Under weak rationalizability’s conditions on the receiver’s belief formation,
it is possible to obtain a posterior µ for which µ(t1|m2) > 0. This is possible
because under weak rationalizability the receiver may adopt the behavioral
belief that the sender plays s1 for sure. Under this belief, m2 is a surprise mes-
sage and beliefs with µ(t1|m2) > 0 are consistent with this behavioral belief.
This may be dubious because the only strategy that sends m2 is s2, and in
this strategy m2 is not sent in t1. Accordingly, strong rationalizability restricts
µ(·|m2) to the set {t1} of states where the message might plausibly get sent
in Srun. This plausible restriction to strong beliefs protects the receiver, in a
manner of speaking, from surprising himself, i.e., from adopting a too specific
behavioral belief, so that surprise messages can be interpreted at random.

Still, the example also shows that strong belief is still rather lax in a dif-
ferent respect. For strong belief in the above set Srun does not rule out that
the receiver forms a posterior µ for which µ(t1|m1) < µ(t2|m1). Yet this is
also rather peculiar, because there is no behavioral belief σ ∈ ∆(Srun) under
which such posterior beliefs would be consistent. (Recall that we assumed a
flat prior in this example.) This shows that strong belief is detached from any
actual behavioral belief, except in restricting qualitatively that posteriors be
formed in accordance with the sets S′(m).

This suggests that we should slightly strengthen strong belief somehow to
respect reasonable behavioral beliefs. Happily, this is possible, but we need
the concept of a cautious belief. This notion will be strictly stronger than strong
belief. The concept of belief formation in ibr will turn out a special, strictly
stronger case of cautious belief.

Cautious Strong Beliefs. Cautious belief is defined in terms of lexico-
graphic beliefs. A lexicographic belief about events in set X is a (finite)
vector 〈δ1, δ2, . . . , δn〉 of probability distributions δi ∈ ∆(X).35 The idea is that,

35. Cautious lexicographic beliefs have been studied in game theory, such as to give an
epistemic characterization for iterated weak dominance (see Blume et al. 1991a,b). See Halpern
(2009) and references therein for a recent overview on lexicographic beliefs and some com-
parison to other related belief representations.
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roughly speaking, the probabilities assigned by δi are infinitely bigger than
the probabilities assigned by δi+1. We could think of this as a hierarchy of
beliefs.

The probability a lexicographic belief assigns to a single event x ∈ X is
then a vector 〈δi(x)〉i≤n. When computing the agent’s expected utilities of an
action a given x based on these beliefs we similarly compute a vector with
expected utilities 〈EUi(a, x)〉i≤n for each δi. These expected utility vectors are
then compared lexicographically:

〈EUi(a, x)〉i≤n <
〈
EUi(a′, x)

〉
i≤n iff EUj(a, x) < EUj(a′, x)

where j = min {i ≤ n | EUi(a, x) , EUi(a′, x)}. In a manner of speaking, lexi-
cographic beliefs thus allow an agent’s ‘second guesses’ to possibly influence
her decisions, whenever her ‘first guesses’ leave her undecided.

In a sense, lexicographic beliefs could be taken to encode also counterfac-
tual beliefs of agents. In particular, we can represent the situation where an
agent assigns probability zero to an event x ∈ X, by setting δ1(x) = 0. But
still, a lexicographic belief with this δ1 may still give substantial information
about what the agent would consider rational behavior if x actually occurred,
because there could be some j > 1 for which δj(x) , 0. In order to make sure
that a lexicographic belief deals with all unexpected contingencies in this way
we would like a belief to be cautious. Formally, say that a cautious (lexico-
graphic) belief 〈δ1, δ2, . . . , δn〉 in X has the property that for each x ∈ X there
is some j such that δj(x) , 0.

How would we apply lexicographic beliefs to signaling games? Take a set
S′ ⊆ S of sender strategies and let 〈σi〉i≤n be a cautious lexicographic belief in
S′. These behavioral lexicographic beliefs represent the receiver’s conjectures
—first, second, and so on— about sender behavior. For signaling games the
interesting question becomes how this hierarchy of behavioral beliefs should
be related to possible posterior beliefs of the receiver. For our modest pur-
poses here, we should keep things simple and say that if the receiver’s beliefs
contain behavioral lexicographic beliefs, then

〈
Pr, 〈σi〉i≤n , µ

〉
is consistent iff

µ(·|m) =
Pr(t)× σj(m|t)

∑t′∈T Pr(t′)× σj(m|t′)

where j is the smallest index for which m is not a surprise message under
belief σj.36

36. If we wanted to be fussy here, we should actually define receiver beliefs with partial
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If 〈σi〉i≤n is a cautious lexicographic belief in S′, then consistency defines
the receiver’s interpretation of all messages that he could expect to be sent
by some type following a strategy in S′. Consistency, as defined here, fur-
thermore confines the receiver’s interpretation of all these messages as “con-
sistently derived from” some conjecture σj about sender behavior in S′, no
matter how arbitrary and unrelated any of the conjectures in 〈σi〉i≤n might be.

Cautious Rationalizability. These considerations already make it plausi-
ble that cautious beliefs help obtain a formulation of rationalizability that is
slightly stronger than strong rationalizability as proposed by Battigalli (2006).
Indeed, it is easy to see that consistent cautious belief entails strong belief:

Proposition 2.4.4. For every consistent and cautious belief
〈
Pr, 〈σi〉i≤n , µ

〉
in

some set S′, there is a strong belief 〈Pr, σ, µ′〉 in S′ with µ = µ′.

Proof. To see this it suffices to note that if a message m is ever sent by some
type under some strategy in S′, then a consistent and cautious belief will have
a smallest behavioral belief σj for which m is not a surprise message. Then,
since µ(·|m) is derived from this σj, it is guaranteed that µ(·|m) has a support
in the set of states that might send m according to σj and therefore µ(·|m) has
a support in S′(m). �

Our discussion of the above example already showed that the converse does
not hold: not every strong belief has a corresponding consistent cautious be-
lief. Cautious belief is a strictly stronger requirement on belief formation than
strong belief.

We can then define cautious rationalizability by taking weak rationa-
lizability with the exception that:

Rk+1 = {r ∈ Rk | ∃ πR =
〈
Pr, 〈σi〉i≤n , µ

〉
∈ ΠR :

(c-rat-r1) 〈σi〉i≤n is a cautious belief in Sk
(rat-r2) πR is consistent
(rat-r3) r ∈ BR(µ) }.

lexicographic posteriors 〈µi〉i≤n such that µj(·|m) is consistent with Pr and σj whenever m is
not a surprise message under belief σj, and undefined otherwise. Expected utility would then
be defined as usual under lexicographic beliefs, so that whenever a message m surprises the
receiver under belief σ1, we would keep looking for some integer j where m is not a surprise
message for expected utility comparison.
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Clearly, cautious rationalizability is a further strengthening of the forward
induction rationale in strong rationalizability. Just as the latter, cautious ratio-
nalizability requires the beliefs of the receiver at level k that the sender is of
level (k − 1) to be firm. Still, cautious rationalizability further strengthens
this idea by requiring that firm beliefs that the sender is of level (k − 1) are
to be derived, by consistency, from some behavioral belief in level (k − 1)
compatible play.

IBR Strengthens Cautious Belief. The upshot of this discussion is that the
belief formation of ibr is to be regarded as a further refinement of cautious
belief. If 〈Pr, σ, µ〉 is a non-exclusive receiver belief in set S′, then 〈Pr, 〈σ〉 , µ〉
is a consistent cautious belief in S′. The converse, however, does not hold.
Consistent cautious beliefs in some set can contain posteriors that cannot be
reached by a consistent non-exclusive belief. Again, our running example
from above illustrates this: under the assumption that priors are flat, it is
not possible to have a consistent non-biased belief in the set Srun for which
µ(t1|m1) = µ(t2|m1), but it is possible to have this posterior under a consistent
cautious belief.

Since moreover unbiased beliefs are clearly a special case of non-exclusive
beliefs, we find the following strict hierarchy of belief formation requirements:

strong ⊃ cautious ⊃ non-exclusive ⊃ unbiased

The ibr models in terms of non-exclusive or unbiased beliefs come out as fur-
ther conservative refinements of cautious rationalizability where both sender
and receiver of level k obey the forward induction rationale of a firm belief in
level (k− 1) behavior.

We could then think of non-exclusive and unbiased beliefs as a forward
induction strategy in the sense that these requirements prevent counterfactual
beliefs wherever possible. From this point of view, it is also clear why this is
a forward induction rationale different from that of weak k-dominance. Firm
belief requires the receiver of level k to rationalize each message as if sent by a
level-(k− 1) sender as much as possible. If that is really not possible because
no level-(k − 1) sender would ever send a given message m, then and only
then could weak k-dominance kick in and require that m be rationalized as
sent by a level-(k + 1) sender. Taken together these two forward induction
procedures imply that the receiver has a firm belief that the sender is at least
of level (k− 1).
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Summary. To wrap up, the close comparison with rationalizability suggests
that we should look at ibr as a solution concept that selects rational behavior
consistent with common belief in (i) rationality, (ii) focal conventional mean-
ing, (iii) non-exclusive, or even unbiased beliefs, and optionally also (iv) truth
ceteris paribus, and (v) weak k-dominance. Whether this conjecture holds to
scrutiny under a formally spelled out epistemic characterization result is an
interesting open question for further research.

2.5 Semantic Meaning and Credibility

In order to round off the exposition of the ibr model, we should check whether
the model actually fulfills its intended purpose. The ibr model is intended
as an alternative solution concept for use in gtp that suitably integrates con-
ventional meaning into cheap talk games. The ibr model implements con-
ventional meaning as a focality restriction on reasoners’ belief formation. In
order to check whether this is an appropriate implementation of semantic
information, we should formulate a notion of message credibility that tells us
under which strategic circumstances —think: payoff constellations, available
messages and their semantic meaning— trust in conventional meaning is war-
ranted. Matching this against intuition when to trust the semantic meaning
of a message, we may thus test the proposed solution concept. This is what
the following section 2.5.1 does.

Subsequently, section 2.5.2 compares the present approach to the two most
influential approaches to refining game theoretic solutions by conventional
meaning, namely Joseph Farrell’s neologism-proofness as a refinement of equi-
librium (Farrell 1993), and Rabin’s credible message rationalizability as a refine-
ment of rationalizability (Rabin 1990). There is a major difference between
these latter approaches and the ibr model. While the former have tried to de-
fine credibility, as it were, from the outside in order to feed an abstract notion
of credibility into an existing solution concept as a refinement, the ibr model
feeds semantic information directly into a novel solution concept and has a
credibility notion fall out. I argue in this section that the game theorist’s ap-
proach is too inflexible, because it does not apply to especially those games
that we are interested in for pragmatic applications.37

37. Although this section will focus on the work of Farrell and Rabin, similar criticism
applies to improvements of Farrell’s approach (e.g. Myerson 1989; Matthews et al. 1991) as
well as Rabin’s (e.g. Zapater 1997).
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2.5.1 Message Credibility

Section 1.2.4 has introduced the intuitive notion of message credibility in a
cheap talk signaling game. Clearly, in a game of pure coordination, such as the
wine-choice scenario from section 1.2.2, there is no reason at all to suspect that
messages could be used untruthfully. But if we look at the matching pennies
game with cooperation option given in figure 1.9 on page 39, we feel that
only message mcoop is credible while mheads and mtails are not. Intuitively,
we expect something like the play given in figure 1.10a on page 40 (and not,
for instance, the play in figure 1.10b).

The ibr model solves this case straightforwardly and allows a very acces-
sible definition of message credibility on top of it. To see this, let’s briefly just
calculate the model’s predictions for the matching pennies game in figure 1.9.
As we have R0 = R1, it suffices to look at the R0-sequence. The naı̈ve receiver
R0 is just credulous and takes all messages to be literally true:

R0 =


mheads 7→ theads
mtails 7→ ttails
mcoop 7→ tcoop

 .

Based on such a credulous receiver strategy, S1 will send mcoop in tcoop, which
is true in this state. But in states theads and ttails the sender has an incentive
to send false messages. Since S1 believes that the receiver plays according to
R0, in order to maximize her expected utility in state theads, for instance, she
will send mtails, although this message is false in this state:

S1 =


theads 7→ mtails
ttails 7→ mheads
tcoop 7→ mcoop

 .

If the receiver believes that the sender plays S1, he will, in a manner of speak-
ing, undo the reversal of messages and best respond with:

R2 =


mheads 7→ ttails
mtails 7→ theads
mcoop 7→ tcoop

 .

The sender, in turn, will then best respond with an entirely truthful sending
strategy:

S3 =


theads 7→ mheads
ttails 7→ mtails
tcoop 7→ mcoop

 .
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The receiver’s best response to this is again the strategy R0 and so the se-
quence starts to loop. The ibr model then predicts that any of the above
strategies may be played under common belief in rationality. Crucially, this
means that, as we would intuitively expect, the message mcoop faithfully sig-
nals the unique state where it is true, but the messages mheads and mtails do
not. In accordance with intuition, we could say that message mcoop is credible,
because it is used truthfully by every sender type in the whole ibr sequence.
Messages mheads and mtails are not, because there are sender types, such as
S1, who use these messages untruthfully.

Defining Credibility. Extrapolating from this example, let us define that a
message m is credible iff there is no sender type in the whole ibr sequence
that uses m in a state where it is not true. Formally, m is credible iff there are
no k and t such that m ∈ Sk(t) and t < [[m]]. This notion then captures whether
there is ever any positive incentive for the sender to send a false message.

In a manner of speaking, message credibility tests whether the boundary
of conventional meaning might ever be crossed in a particular situation due to
the speaker’s interests. Yet, it needs to be pointed out for clarity that message
credibility does not capture whether the sender tries to, in intuitive terms,
mislead, trick or deceive the receiver. Take, for instance, the sender type S1

in the above matching pennies example. Sender S1 believes that the receiver
plays according to R0. Given the sender’s preferences and these beliefs, it is
feasible to say that S1 expects to be able to mislead the receiver:38 she sends
mheads in ttails, for instance, expecting to induce a false belief with a false
message. However, this kind of misleading behavior is not what is crucial for
our definition of message credibility. To see this we simply need to look at
sender type S3 in the same example who could also be said to try to mislead
R2. In the latter case, S3 believes that the receiver plays according to R2 and
so sends mheads, for instance, in theads expecting to induce a false belief with
a true message. For our definition of message credibility only the former
case counts; attempts to ‘mislead with the truth,’ so to speak, do not count
for message credibility which is solely concerned with assessing violations of
conventional meaning, but not with violations of receiver expectations.

Let me briefly enlarge on this for clarity by giving two further illustrating
examples — one in which a false and formally incredible message is intu-

38. Since S1 has these beliefs and preferences, we can maybe even say that she wants or
even intends to mislead the receiver in this case. However, strictly speaking, intentions are not
formally represented in the game, only preferences and beliefs are.
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a1 a23 m12 m3

t1 1,1 0,0
√

−
t2 0,0 1,1

√
−

t3 0,0 1,1 -
√

Figure 2.10: White lie

a∃¬∀ a∀ msome mall

t∃¬∀ 1, 1 0, 0

√
−

t∀ 1, 0 0, 1

√ √

Figure 2.11: Misleading impli-
cature

itively not misleading; and one in which a true and formally credible message
is intuitively misleading.

White Lies. Firstly, consider the game in figure 2.10. Here, the best response
of the sender S1 to a credulous receiver R0, who interprets messages literally,
is to send m3 in state t2 in order to induce action a23. Although this message
is false in this state, we may feel that this is not a genuine case of malicious
misleading, as it is for the receiver’s benefit, too.39 The message m3 is thus
incredible, because it is used untruthfully along the ibr sequence, but it is
not (maliciously) misleading to the receiver’s detriment. Speaking the (only
available) truth in t2 could simply induce the wrong action for this state.

Misleading Implicatures. Secondly, consider the game in figure 2.11 which
is very much like a scalar implicature case, but where preferences are no
longer perfectly aligned. This game models a dialogue situation like (19)
in which (it is common knowledge that) Riko would not want to concede
whether all of her friends are Buddhists: whether some or all of her friends
are Buddhists, Riko wants Saki to believe that only some of her friends are;
Saki, on the other hand, wants to know the truth.

(19) a. Saki: How many of your friends are Buddhists?

b. Riko: Some of them are.

In the ibr model we find a sender type, namely S2 who intuitively misleads
the receiver R1 by, what we could call, abusing the scalar implicature infer-
ence. To see this, notice that, despite the non-aligned preferences, R1 does not

39. We could think of this case —with some due abstraction— as a ‘white lie’ in order
to save face: a wife asks “Do these shoes make my . . . look big?” and a kind husband,
knowing that the question is really about whether the shoes are affordable (a1) or not (a23),
may answer “No, of course not.” To make sense of the abstract example along these lines we
need to imagine that the husband cannot say anything else than “yes” and “no”, and that the
wife does not really want to know the true and honest answer to her actual question.
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Pr(t) a1 a2 a3 m12 m23

t1
1/8 1,1 0,0 0,0

√
−

t2
3/4 0,0 1,1 0,0

√ √

t2
1/8 0,0 0,0 1,1 −

√

Figure 2.12: Some game without a name

consider the sender strategically sophisticated and thus plays:

R1 =

{
msome 7→ t∃¬∀
mall 7→ t∀

}
.

Based on this receiver strategy, S2 will send message msome in state t∀ in order
to induce a false belief in state t∃¬∀. This is to the receiver’s detriment, and
thus a case of intuitive deception, although semantically the message is true
and overall credible.40

The Role of TCP in Credibility. The last two examples made clear that
the above notion of message credibility is not about whether the sender mis-
leads or morally wrongs the receiver, but only about whether the sender ever
has an incentive to deviate from semantic meaning. If all situated reasoning
takes place within the conventional meaning of a message, the message is
credible in this formal sense; otherwise it is incredible. Whether the sender
deviates from semantic meaning or not in a situation where she is otherwise
indifferent, i.e., whether the tcp assumption is in place or not, will thus also
clearly affect whether a message is deemed credible or not. Here is a game
that shows this.

Take the example in figure 2.12. The non-flat priors in this game have the
receiver R0 respond to both available messages in the same way:

R0 =

{
m12 7→ a2
m23 7→ a2

}
.

But that means that S1 is actually indifferent between sending a true and an
untrue message in states t1 and t3, because she expects a utility of zero from

40. The example also shows how the model predicts scalar implicatures to vary with the
degree of preference alignment. It is well known that implicatures are upper-bounded, so to
speak, by the extent to which the speaker is cooperatively adopting the hearer’s interests (cf.
O’Hair 1969; Green 1995; Sperber and Wilson 1995; Carston 1998). The benefit of gtp is that
it can make various degrees of conflict explicit (see Franke et al. to appear).



112 Chapter 2. The Iterated Best Response Model

sending either message m12 or m23 in either state. Without tcp assumption, we
would therefore have to say that all messages are incredible in this scenario,
because there are sender types who would use false messages simply because
they are indifferent between truth and falsity as far as expected utilities are
concerned. This predicament seems a bit harsh. But under the tcp restriction,
the same definition of message credibility yields that all messages in the game
in figure 2.12 are credible, which may be a more intuitive verdict.

Truth of Surprise Messages. It is worthwhile mentioning that the tcp as-
sumption as such does not imply that the receiver will interpret surprise mes-
sages as true (Jäger 2008c, makes this assumption). With or without the for-
ward induction principle of weak k-dominance, the receiver can adhere to the
tcp expectation, and still believe that a surprise message was possibly sent in
a state where it was not true. In fact, no version of the ibr model, with or with-
out either tcp and forward induction, constrains the receiver’s counterfactual
beliefs in any way to acknowledge conventional meaning.

This may be surprising, because we may assume that the receiver’s coun-
terfactual beliefs should also at least be informed by conventional meaning.
Maybe we would even be inclined to say that weak k-dominance applies only
to the set of states where a given surprise message was true to begin with,
and that only when no state satisfies both the presumption of truth and the
requirements of forward induction would the receiver drop the presumption
of truth. This would correspond to general principles of belief revision in
the sense that the receiver holds on to the assumption that a message is true
and rationally used, for as long as this is possible, and would drop the truth
presumption only where this would contradict rationality.

These are all fair considerations in theory, but interestingly it turns out
that none of this is necessary to make the ibr model do its work, at least
not for any of the examples and problems considered in this thesis. This
does not mean that there may not be other cases for which the receiver’s
counterfactual beliefs should be constrained to respect conventional meaning.
It simply means that we may leave this question as an open issue for further
research if and where needed for reasonable applications.

Credible Surprises. Since message credibility is defined here in terms of
sender behavior this also means that surprise messages are not necessarily
deemed incredible, even though the receiver’s counterfactual beliefs are not
restricted by semantic meaning. In other words, a message that surprises
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some receiver type can come out credible or incredible, depending on whether
the sender ever actually sends that message in a state where it is not true. This
is as it should be, except perhaps for the fact that the current notion deems
all messages that are never sent along the ibr sequences credible. To this it
may be objected that my favored notion does not dissect far enough into any
possible and rational ‘counterfactual sending behavior’: it does not address
whether the sender would ever use an unused message untruthfully within the
limits of rationality. I am not aware of any conceptual problem or example
that would require such an extension, and leave this issue for further research
to those who find it problematic.

2.5.2 Credibility-Based Refinements

Let us finally compare ibr’s notion of credibility with the seminal game theo-
retic work on this issue, namely Farrell’s (1993) neologism-proofness and Rabin’s
(1990) credible message rationalizability.

Neologism-Proofness

The classic idea on message credibility is due to Farrell (1993).41 According to
Farrell, a message m is credible if, roughly, all the sender types in [[m]] want
the receiver to believe that m is true while no type outside of [[m]] wants it
believed (cf. Farrell and Rabin 1996, p. 106). Based on this notion of credi-
bility, Farrell (1993) defines a refinement of equilibrium for signaling games,
called neologism-proofness, that aims to rule out unintuitive equilibria when-
ever these conflict with the conventional meaning of a shared and highly
expressive language. Since Farrell’s notion of credibility is used to rule out
unintuitive equilibria, credibility is actually defined with respect to a given
reference equilibrium. Here is the idea in formal terms.

Take a cheap talk signaling game and let 〈σ, ρ, µ〉 be a perfect Bayesian
equilibrium of this game. Let us write U∗S(t) as the expected utility outcome
of the sender in state t under the equilibrium play. A message m is a credi-
ble neologism with respect to the pbe 〈σ, ρ, µ〉 iff (i) m is a surprise message
given σ, (ii) all and only the types t ∈ [[m]] benefit from a literal interpreta-

41. Small history note: Farrell’s paper had been in circulation for years before it got pub-
lished. Whence that, for instance, already Myerson (1989) and Rabin (1990) are fully spelled
out and published reactions to Farrell’s original ideas.
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tion of m, i.e.,
{

t ∈ T | EUS(m, t, R0) > U∗S(t)
}

= [[m]].42 A neologism-proof

equilibrium is a pbe for which there are no credible neologisms.

Critique of Neologism-Proofness. Several things are noteworthy about
this refinement notion. First of all, in order to make neologism-proofness bite,
we have to buy into a rich language assumption: Farrell assumes that for
every pbe of a given signaling game and for every subset X ⊆ T of states
there is a message m in the game with [[m]] = X such that m is a neologism,
i.e., not used in the pbe. This strong requirement on expressibility in the
set of messages of a signaling game renders neologism-proofness as it stands
inapplicable to cases of interest for linguistic pragmatics where strengthening
of the semantic meaning of a message arises from (partial) inexpressibility
(at equal cost). If we want to apply neologism-proofness to, for instance, the
some-all game so as to select the intuitive scalar implicature play, we need
to give up the rich language assumption and amend neologism-proofness
accordingly (see below).

Secondly, whether or not sufficient messages are available, neologism-
proofness will always only help rule out pooling equilibria, but not as such
rule out fully revealing communication with (partially) untrue but cheap sig-
nalling. The strategy profile number 16 in figure 1.5 section 1.2.2, for instance,
cannot be ruled out by neologism-proofness alone. This is so because basically
all sender types can already induce their most preferred receiver response. It
then does not really matter that they (partly) do so with a false message. Thus
conceived, neologism-proofness falls short of implementing semantic mean-
ing in the solution concept tout court.

Lastly, what is worse, not even necessarily all unintuitive pooling equilibria
are ruled out by neologism-proofness in the most satisfactory way (contra van
Rooij 2008). Take the persistent pooling pbe number 10 in figure 1.5. If the set
of messages in the signaling game is restricted to msome and mall, then this pbe

is neologism-proof because the only neologism mall is not credible since tall
does not strictly benefit from sending it and having it believed. We would need
a different, equally costly neologism msbna in order to rule out this pooling
equilibrium. But that actually means that we are playing a different game to
begin with and also that we get other pbes, such as the one using msbna to
express t∃¬∀ and msome to express t∀, that need to explained away.

42. Notice that I am (ab)using notation of the ibr model here: to represent the sender’s ex-
pectation under a literal interpretation, I use R0 as a sender belief, although strictly speaking,
of course, Farrell’s approach does not as such involve ibr-style reasoning or ibr types.
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a1 a2 a3 m1 m2

t1 4,3 3,0 1,2
√

−
t2 3,0 4,3 1,2 −

√

Figure 2.13: “Best message counts”

Farrell Credibility. But even though neologism-proofness does not suit
our needs as it stands, it is nonetheless worthwhile to excavate the underlying
idea of credibility for further comparison to the ibr model. The first thing that
strikes us, of course, is that neologism-proofness is tied to neologisms. The
main idea of Farrell-credibility is rather this:

(20) Given a pbe as reference, a message m is Farrell-credible iff all and
only types in [[m]] benefit from a literal interpretation of m, i.e., ∅ ,{

t ∈ T | EUS(m, t, R0) > U∗S(t)
}

= [[m]].

As we have seen above already, this notion heavily relies on the rich language
assumption that every possible subset of states is expressible with a neolo-
gism. Yet, once we allow for limited expressiveness and pragmatic strength-
ening, it should also be possible for a message to be pragmatically enriched
and still be credible. Take, for instance, the scalar inference from msome to
interpretation t∃¬∀. Does ruling out t∀ from the interpretation of msome mean
that this message is not credible? I would not think so. Hence, if we give up
the rich language assumption, thus allowing for pragmatic enrichment to be
consistent with credibility, we should maybe adapt Farrell’s notion slightly:

(21) Given a pbe as reference, a message m is Farrell-credible iff some
and only types in [[m]] benefit from a literal interpretation of m, i.e.,
∅ ,

{
t ∈ T | EUS(m, t, R0) > U∗S(t)

}
⊆ [[m]].

This permits, e.g., msome to be credible under scalar enrichment.
Still, there are other problems with Farrell’s notion of credibility and, by

extension, the equilibrium refinement that it induces. Matthews et al. (1991)
criticize Farrell-credibility as being too strong. Their argument centrally builds
on the example in figure 2.13. Compared to the babbling equilibrium, in
which R performs a3, messages m1 and m2 are intuitively credible: both St1 , as
well as St2 have good reasons to send m1 and m2 respectively. Communication
seems possible and utterly plausible. However, neither message is Farrell-
credible, because for i, j ∈ {1, 2} and i , j not only senders of type tj, but also
of type ti prefer the receiver to play a best response to a literal interpretation
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of mj, which would trigger action aj, over the no-communication outcome a3.
The problem with Farrell’s notion is obviously that just doing better than

equilibrium is not enough reason to send a message, when sending another
message is even better for the sender: when evaluating the credibility of a
message m, we have to take into account alternative forms that t < [[m]] might
want to send (under the assumption that all of the forms not occurring in
equilibrium are interpreted literally). This is also the line that Matthews et al.
(1991) take when they seek to define which sets of signaling strategies as a
whole can be deemed credible, by maintaining the gist of Farrell-credibility
and lifting equilibrium to sets of strategy profiles. However, a different way
of solving the problem with Farrell’s notion suggests itself from an ibr per-
spective. What seems to be at stake is that the receiver wonders: “which types
of senders would send this message given that I believe it literally?” This sug-
gests that, at least at this stage of sophistication, whether a message is credible
or not depends on whether it is rational for the sender of type S1 —who, after
all, believes in literal uptake of messages— to send messages untruthfully.

Stalnaker-Credibility. Indeed, such a version of credibility could be read
off the proposal of Stalnaker (2006). Stalnaker gives a very general notion of
prima facie rationality which he informally states as follows:

“A message m for S of type t is prima facie rational if and only if the
expected value, for S, of sending m, and having it believed, is at least as
great as the expected value of sending any alternative message.”

(Stalnaker 2006, p. 97)

Based on this notion of prima facie rationality, Stalnaker offers a straightfor-
ward definition of credibility, namely:

“A message is credible iff it is [prima facie] rational for some types, and
only for types for which it is true.” (Stalnaker 2006, p. 93)

Stalnaker then suggest, still rather informally, that (something like) this notion
of credibility should be integrated as a constraint on receiver beliefs —believe
a message iff it is credible— into an epistemic model of the game together with
some appropriate assumption of (common) belief in rationality. The class of
game models that satisfies rationality and credibility constraints would then
ultimately define how signals are used and interpreted.

Unfortunately, due to the preliminary if not speculative nature of Stal-
naker’s proposal, it is not entirely clear what the phrase “having it believed”
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a1 a2 a3 a4 m12 m23 m13

t1 4,5 5,4 0,0 1,4
√

−
√

t2 0,0 4,5 5,4 1,4
√ √

−
t3 5,4 0,0 4,5 1,4 −

√ √

Figure 2.14: “Further iteration”

in the definition of prima facie rationality means. It is plain to see, however,
that if it is to mean “having it believed literally”, then translating the notion
into the present ibr terminology, prima facie rationality comes down to sim-
ple Bayesian rationality for the sender given a belief in receiver behavior R0.
Under this reading, a notion of Stalnaker-credibility is the following:43

(22) A message m is Stalnaker-credible if and only if

∅ ⊂
{

t ∈ T | ∀m′ ∈ M : EUS(m, t, R0) ≥ EUS(m′, t, R0)
}
⊆ [[m]] .

Indeed, Stalnaker credibility seems fairly intuitive and matches our intu-
itions in many cases. It is plain to see also that it is, loosely speaking, a part
of my preferred notion of credibility. Still, Stalnaker credibility, as spelled
out here, is in a sense self-refuting, as the following example in figure 2.14

from Myerson (1989) and Matthews et al. (1991) shows. In this game, all the
available messages m12, m23 and m13 are Stalnaker-credible, because if R in-
terprets literally S will use message m12 in state t1, message m23 in state t2,
and m13 in state t3. No message is used untruthfully by any type. However, if
R realizes that exactly St1 uses message m12, he would rather not play a2, but
a1. But if the sender realizes that message m12 triggers the receiver to play a1,
suddenly sender type t3 wants to send m12 untruthfully. This example shows
that Stalnaker-credibility is a reliable start, but stops too short. If messages
are deemed credible and therefore believed, this may create an incentive to
mislead. This is why the notion of credibility that I gave is based on the full
ibr sequence, not just at the starting junction between R0 and S1.

Credible Message Rationalizability

Rabin (1990) responds to Farrell’s credibility-based equilibrium refinement,
noting critically among other things that neologism-proofness does not guar-

43. I should remark that I am not aiming for a precise Stalnaker exegesis here and that the
label “Stalnaker-credibility” is not meant to discredit Stalnaker’s work, but rather to credit it,
although I argue that the notion bearing this name has shortcomings.
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antee existence of a solution. Instead, Rabin therefore offers a non-equilibirum,
rationalizability-based account of credible cheap talk that does guarantee ex-
istence.44 Rabin’s account, call it credible message rationalizability or cmr for
short, is superficially very similar to the ibr model and it therefore pays to
scrutinize Rabin’s proposal and to compare cmr to ibr.

At the heart of cmr is a notion of message credibility as a self-signaling
message that will be believed and exclusively used by all types for which it
is true. In vague terms, we could say that ‘play maximally consistent with
credibility’ is then fed into standard rationalizability as an initial restriction of
the strategy space. The outcome of iterated strict dominance, thus restricted,
is then the prediction of cmr. (Notice the close resemblance to Stalnaker
(2006).) To understand Rabin’s proposal, let us first look at cmr’s notion of
credibility and then at how it is used to restrict rationalizability.45

Rabin-Credibility. The definition of credibility that underlies cmr looks
suspiciously like an amended version of the R0-S1-R2 part of the ibr model.
In first approximation, we may say that Rabin takes a message m to be credible
if (i) all types in [[m]] obtain their best payoff when R interprets the statement
literally, and (ii) R’s optimal response to m does not change when he takes
into account that certain types outside of [[m]] might also make the statement
if literally interpreted.

Working towards a precise, formal definition of Rabin-credibility, let A∗

be the set of all zero-order rationalizable actions, i.e. actions that are optimal for
some given belief of the receiver:46

A∗ =

{
a∗ ∈ A | ∃δ ∈ ∆(T) : a∗ ∈ arg max

a∈A
∑
t∈T

δ(t)×UR(t, a)

}
.

The actions in A∗ provide an upper bound on what the sender can hope to
be able to induce as a response in a rational receiver. We could thus speak of
inducible actions.

44. Myerson (1989), for instance, takes issue with the fact that neologism-proofness may
rule out all equilibria in some games, and consequently shows how to overcome this non-
existence problem using Aumann’s (1974) notion of correlated equilibrium.

45. The exposition here is a slightly simplified distillation of Rabin’s account and takes into
account the corrected version of cmr given by Rabin (1992).

46. For cheap talk games the zero-order rationalizable actions are the same for each mes-
sage, obviously. We can also leave out specification of the message in the utilities of sender
and receiver.
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According to Rabin, a type t < [[m]] might want to mislead with message
m unless (i) literal uptake would always trigger exactly her worst inducible
outcomes, or (ii) there is a message which is better than m under a literal
interpretation. Formally, Rabin defines Y∗(m) as the set of all types that may
want to mislead with message m as:47

Y∗(m) = {t < [[m]] | R0(m) , arg min
a∈A∗

US(a, t) or

¬∃m′ ∀a ∈ R0(m) ∀a′ ∈ R0(m′) : US(t, a) < US(t, a′)}.

When interpreting a message m, the receiver may realize that Y∗(m) is not
empty, i.e., that some types might want to mislead with message m. He should
then perhaps not take message m literally and make room for the possibility
that types in Y∗(m) have sent this message. The set of posterior beliefs that R
might want to adopt if he takes possible misleadingness of m (as defined by
Y∗(m)) into account is the set Π(m) of probability distributions (not scaled to
1 for convenience) such that π ∈ Π(m) whenever:

π(t) =


Pr(t) if t ∈ [[m]]

p ∈ [0; Pr(t)] if t ∈ Y∗(m)

0 otherwise.

With all this we can define Rabin-credibility as follows: a message m is Rabin-
credible iff

(i) for all t ∈ [[m]], R0(m) = arg maxa∈A∗ US(t, a) and

(ii) for all π ∈ Π(m), R0(m) = arg maxa∈A∗ ∑t∈T π(t)×UR(t, a).

In words, a message m is Rabin-credible if (i) m induces, when taken literally,
exactly the set of all sender-best actions (from the set of inducible actions)
of all types in t ∈ [[m]] and (ii) the set of best actions, according to a literal
interpretation of m, is exactly the same as the set of best actions under any
belief that places some positive probability also on those types that are not in
[[m]], but might conceivably want to mislead with this message.

Credible Message Rationalizability. Based on this notion of credibility
we would like to define sender and receiver play that is, in a manner of speak-
ing, maximally consistent with credibility. Towards this end, let us suppose

47. I am again using R0 as notation for a rational response to a literal interpretation.
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for simplicity that there is exactly one message m for every non-empty subset
of states T′ ⊆ T such that [[m]] = T′.48 We would then like to look at a set M′

of credible messages whose semantic meaning yields a partition of a subset
T′ ⊆ T of sender types, i.e., we look at sets M′ of credible messages for which
the set {

X ⊆ T | ∃m ∈ M′ : X = [[m]]
}

is a partition.49 If M′ is such a set we can define the initial restriction of
rationalizability as follows:

S0 = {s ∈ S | ∀t ∈ T ∀m ∈ M′ : (t ∈ [[m]]→ s(t) = m ∧
t < [[m]] ∪Y∗(m)→ s(t) , m)}

R0 = {r ∈ R | ∀m ∈ M′ : r(m) ∈ R0(m) and

∀m ∈ M : r(m) ∈ A∗}

The further inductive steps follow standard rationalizability.

CMR vs. IBR. The first thing that might strike us about cmr is that it is fairly
complicated. This speaks for ibr: if predictions were otherwise the same, we
should prefer the perspicuity of ibr over cmr. Yet, predictions are not the
same; in fact, cmr is fairly weak, so much so that it is inapplicable to gtp

because it basically collapses if we give up the rich language assumption.
Here are two examples which illustrate these problematic aspects of cmr.

With respect to the example in figure 2.15, Rabin already acknowledged
that “cmr is disturbingly weak in some contexts where communication seems
natural” (Rabin 1990, p. 158). cmr predicts that there will be no credible com-
munication in this game, although intuitively we feel that t3 would like to re-
veal himself while only t1 and t2 would surely pool together.50 Unfortunately,
cmr cannot predict this half-communication outcome, because there is no

48. Rabin makes such a rich language assumption, much in the spirit of Farrell (1993), but
he also allows several messages m , m′ with [[m]] = [[m′]]. To assume that there is a single
unique message for each subset of states is just to simplify the exposition, but does not change
anything of substance.

49. Rabin is particularly interested in sets of credible messages that induce a maximal
subset and a maximally coarse-grained partition in this sense, because this gives a measure
of the maximal amount of trustworthy, revealing communication that is possible in a given
game. Rabin shows that such a set always exists.

50. I restrict attention here to the three messages given in figure 2.15. It does not change
anything to keep the rich language assumption in place.
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a1 a2 a3 a4 m1 m2 m3

t1 7,6 6,7 0,0 -1,5
√

- -
t2 6,7 7,6 0,0 -1,5 -

√
-

t3 0,0 0,0 6,6 -1,5 - -
√

Figure 2.15: Illustration Rabin-credibility

Rabin-credible message. Not even m3 is Rabin-credible, because Y∗(m3) =
{t1, t2}, in turn because

R0(m1) = {a1} , {a4} = arg min
a∈A

US(t1, a)

and similarly for m2. (The intuition in the background is that m3 is Rabin-
incredible, because it might be sent in t1 or t2 by a sender who wants to
prevent her worst possible outcome.) But without any Rabin-credible message
at all, cmr is equivalent to weak rationalizability. Effectively, cmr predicts that
any strategy profile is a viable solution for this case.

On the other hand, ibr predicts that m3 is credible and that partly reveal-
ing communication will ensue in this situation. Here is the R0-sequence for
illustration (the S0-sequence brings no surprises either):

R0 =


m1 7→ a2
m2 7→ a1
m3 7→ a3


S1 =


t1 7→ m2
t2 7→ m1
t3 7→ m3


R2 =


m1 7→ a1
m2 7→ a2
m3 7→ a3


S3 =


t1 7→ m1
t2 7→ m2
t3 7→ m3


R4 = R0.

This example suggests that the requirements for Rabin-credibility are rather
high, thus the resulting refinement of rationalizability sometimes too weak
for reasonable predictions.
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This problem also surfaces when we drop the rich language assump-
tion and try to apply cmr to the simple some-all game for scalar implica-
ture. Again, all available messages turn out Rabin-incredible and cmr conse-
quently collapses into weak rationalizability, predicting a total anything-goes
for sender and receiver behavior. To see that this is so, let us first check that
msome is incredible. It is, because it fails the first condition of Rabin-credibility:
intuitively, literal uptake does not induce exactly the set of sender best out-
comes in all states where it is true. (It is thus obvious how cmr is designed
towards a rich language assumption and how Rabin-credibility excludes prag-
matic enrichment.) But also mall is Rabin-incredible, because it fails the sec-
ond condition of the definition: in particular Y∗(mall) does contain t∃¬∀ be-
cause it is not true that msome induces only strictly worse sender-outcomes
under a literal uptake (intuitively this means that mall might be used also
by type t∃¬∀ under a literal interpretation). Consequently, both messages are
Rabin-incredible and hence cmr not only fails to select the scalar implicature
play uniquely, but actually fails to restrict the strategy space entirely.

Summary. The upshot of the above comparison of ibr, Farrell-, Stalnaker-
credibility and cmr seems to be this: ibr implements basic ideas underlying
all of these approaches in a formally efficient and intuitively accessible man-
ner, while even improving on predictions about credibility and pragmatic
inferences at the same time. The ibr model also compares well with rationali-
zability, to which it adds focality of semantic meaning and the assumption of
unbiased belief formation, which is both a simplification of the formalism as
well as an implementation of a forward induction rationale. Having thereby
located and delineated the model conceptually, it remains to be shown that it
also fares well in linguistic applications.


