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Chapter 2

Calabi-Yau Geometry

Although string theory lives on 10-dimensional backgrounds, it is possible to
make contact with the 4-dimensional world we perceive by shrinking 6 out of
the 10 dimensions to very small scales. Remarkably, this also yields many impor-
tant examples of interesting interactions between physics and mathematics. The
simplest way to compactify a 10-dimensional string background to 4 dimensions
is to start with a compactification of the form R4 × X, where X is a compact
6-dimensional Riemannian manifold and R4 represents Minkowski space-time.

Apart from the metric, string theory is based on several more quantum fields.
Amongst them are generalized Ramond-Ramond (RR) gauge fields, the ana-
logues of the famous Yang-Mills field in four dimensions. In a compactification
to four dimensions these fields can be integrated over any cycle of the internal
manifold X. This results in e.g. scalars and gauge fields, which are the building
blocks of the standard model. This is illustrated in Fig. 2.1. Four-dimensional
symmetries, like gauge symmetries, can thus be directly related to geometrical
symmetries of the internal space. This geometrization of physics is a main theme
in string theory, and we will see many examples in this thesis.

Although the topological properties of the compactification manifold X are re-
stricted by the model that we try to engineer in four dimensions, other moduli of
X, such as its size and shape, are a priori allowed to fluctuate. This leads to the
so-called landscape of string theory, that parametrizes all the possible vacua. A
way to truncate the possibilities into a discrete number of vacua is to introduce
extra fluxes of some higher dimensional gauge fields. We will come back to this
at the end of this thesis, in Chapter 8.

The best studied compactifications are those that preserve supersymmetry in
four dimensions. This yields severe constraints on the internal manifold. Not
only should it be provided with a complex structure, but also its metric should



16 Chapter 2. Calabi-Yau Geometry

Figure 2.1: Compactifying string theory over an internal space X geometrizes 4-
dimensional physics. Here we represented the 6-dimensional internal space as a 2-torus.
The Yang-Mills gauge field Aµ on R4 is obtained by integrating a 10-dimensional RR 4-form
over a 3-cycle C.

be of a special form. They are known as Calabi-Yau manifolds. Remarkably, this
class of manifolds is also very rich from a mathematical perspective.

This chapter is meant to acquaint the reader with Calabi-Yau manifolds. The aim
of Section 2.1 is to describe compact real 6-dimensional Calabi-Yau manifolds
in terms of real 3-dimensional geometry. Section 2.2 illustrates this with the
prime example of a compact Calabi-Yau manifold, the Fermat quintic. We find
that its 3-dimensional representation is characterized by a Riemann surface. In
Section 2.3 we explain how this places the simpler local or non-compact Calabi-
Yau compactifications into context. These are studied in the main body of this
thesis.

2.1 The Strominger-Yau-Zaslow conjecture

Calabi-Yau manifolds X are complex Riemannian manifolds with some addi-
tional structures. These structures can be characterized in a few equivalent
ways. One approach is to combine the metric g and the complex structure J
into a 2-form k = g ◦ J . For Calabi-Yau manifolds this 2-form needs to be closed
dk = 0. It is called the Kähler form and equips the Calabi-Yau with a Käher
structure.

Moreover, a Calabi-Yau manifold must have a trivializable canonical bundle
KX =

∧3
T ∗X, where T ∗X is the holomorphic cotangent space of X. The

canonical bundle is a line bundle over X. When it is trivializable the Calabi-Yau
manifold contains a non-vanishing holomorphic 3-form Ω. Together, the Kähler
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form k and the holomorphic 3-form Ω determine a Calabi-Yau manifold.

The only non-trivial cohomology of a Calabi-Yau X is contained in H1,1(X) and
H2,1(X). These cohomology classes parametrize its moduli. The elements in
H1,1(X) can change the Kähler structure of the Calabi-Yau infinitesimally, and
are therefore called Kähler moduli. In string theory we usually complexify these
moduli. On the other hand, H2,1(X) parametrizes the complex structure moduli
of the Calabi-Yau. It is related to the choice of the holomorphic 3-form Ω, since
contracting (2, 1)-forms with Ω determines an isomorphism with the cohomology
class H1

∂̄
(X), that is well-known to characterize infinitesimal complex structure

deformations.

Celebrated work of E. Calabi and S.-T. Yau shows that the Kähler metric g can
be tuned within its cohomology class to a unique Kähler metric that satisfies
Rmn = 0. Calabi-Yau manifolds can therefore also be characterized by a unique
Ricci-flat Kähler metric.

A tantalizing question is how to visualize a Calabi-Yau threefold. The above
definition in terms of a Kähler form k and a holomorphic 3-form Ω is rather
abstract. Is there a more concrete way to picture a Calabi-Yau manifold?

The SYZ conjecture

From the string theory perspective there are many relations between different
string theory set-ups. These are known as dualities, and relate the different in-
carnations of string theory (type I, type IIA/B, heterotic, M-theory and F-theory)
and different background parameters. One of the famous dualities in string the-
ory connects type IIB string theory compactified on some Calabi-Yau X with type
IIA string theory compactified on another Calabi-Yau X̃, where both Calabi-Yau
manifolds are related by swapping their Kähler and complex structure param-
eters. This duality is called mirror symmetry. It suggests that any Calabi-Yau
threefold X has a mirror X̃ such that

H1,1(X) ∼= H2,1(X̃) and H2,1(X) ∼= H1,1(X̃).

Although the mirror conjecture doesn’t hold exactly as it is stated above, many
mirror pairs have been found and much intuition has been obtained about the
underlying Calabi-Yau geometry.

One of the examples that illustrates this best is known as the Strominger-Yau-
Zaslow (SYZ) conjecture [5]. The starting point for this argument is mirror sym-
metry in type II string theory. Without explaining in detail what type II string
theory is, we just note that an important role in this theory is played by so-called
D-branes. These branes can be considered mathematically as submanifolds of
the Calabi-Yau manifold with certain U(1) bundles on them.
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The submanifolds are even (odd) dimensional in type IIA (type IIB) string the-
ory, and they are restricted by supersymmetry. Even-dimensional cycles need to
be holomorphic, whereas 3-dimensional cycles have to be of special Lagrangian
type. (Note that these are the only odd-dimensional cycles in case the first Betti
number b1 of the Calabi-Yau is zero.) A special Lagrangian 3-cycle C is defined
by the requirement that

k|C = 0 as well as Im Ω|C = 0.

Both the holomorphic and the special Lagrangian cycles minimize the volume in
their homology class, and are therefore stable against small deformations. This
turns them into supersymmetric cycles.

Mirror symmetry not only suggests that the backgrounds X and X̃ are related,
but that type IIA string theory compactified on X̃ is equivalent to type IIB string
theory on X. This implies in particular that moduli spaces of supersymmetric
D-branes should be isomorphic. In type IIB theory in the background R4 × X
the relevant D-branes are mathematically characterized by special Lagrangian
submanifolds in X with flat U(1)-bundles on them. In type IIA theory there
is one particularly simple type of D-branes: D0-branes that just wrap a point
in X̃. Their moduli space is simply the space X̃ itself. Since mirror symmetry
maps D0-branes into D3-branes that wrap special Lagrangian cycles in X, the
moduli space of these D3-branes, i.e. the moduli space of special Lagrangian
submanifolds with a flat U(1) bundle on it, should be isomorphic to X̃.

Figure 2.2: Schematic illustration of an SYZ fibration of X̃ (on the left) and of X (on the
right). Mirror symmetry (MS) acts by mapping each point in X̃ to a special Lagrangian
cycle of X. In the SYZ fibration of X̃ this point is part of a fiber F̃b over some b ∈ B. Mirror
symmetry sends it to the total fiber Fb, over b ∈ B, of the SYZ fibration of X.

Special Lagrangian deformations of a special Lagrangian submanifold C are
well-known to be characterized by the first cohomology group H1(C,R). On the
other hand, flat U(1)-connections moduli gauge equivalence are parametrized
by H1(C,R)/H1(C,Z). The first Betti number of C therefore has to match the
complex dimension of X̃, which is 3. So mirror symmetry implies that X̃ must
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admit a 3-dimensional fibration of 3-tori T 3 = (S1)3 over a 3-dimensional base
space that parametrizes the special Lagrangian submanifolds in X. Of course,
the same argument proves the converse. We thus conclude that both X and
X̃ are the total space of a special Lagrangian fibration of 3-tori over some real
three-dimensional base B.

Such a special Lagrangian fibration is called an SYZ fibration. It is illustrated
in Fig. 2.2. Notice that generically this fibration is not smooth over the whole
base B. We refer to the locus Γ ⊂ B where the fibers degenerate as the singular,
degenerate or discriminant locus of the SYZ fibration. Smooth fibers Fb and F̃b,
over some point b ∈ B, can be argued to be dual in the sense thatH1(Fb,R/Z) =
F̃b and vice versa, since flat U(1) connections on a torus are parametrized by the
dual torus.

Large complex structure

Mirror symmetry, as well as the SYZ conjecture, is not exactly true in the way
as stated above. More precisely, it should be considered as a symmetry only
around certain special points in the Kähler and complex structure moduli space.
In the complex structure moduli space these are the large complex structure
limit points, and in the Kähler moduli space the large Kähler structure limit
points. Mirror symmetry will exchange a Calabi-Yau threefold near a large com-
plex structure point with its mirror near a large Kähler structure limit point.
Moreover, only in these regions the SYZ conjecture may be expected to be valid.

Topological aspects of type II string theory compactifications can be fully de-
scribed in terms of either the Kähler structure deformations or the complex
structure deformations of the internal Calabi-Yau manifold. In the following
we will focus solely on describing the Kähler structure of an SYZ fibered Calabi-
Yau threefold. Starting with this motivation we can freely go to a large complex
structure point on the complex structure moduli space.

How should we think of such a large complex structure? Let us illustrate this
with a 2-torus T 2. This torus is characterized by one Kähler parameter t, which is
the volume of the torus, and one complex structure parameter τ . When perform-
ing a mirror symmetry, these two parameters are exchanged. When we send the
complex structure to infinity τ 7→ i∞, the torus degenerates into a nodal torus.
See Fig. 2.3. However, in this limit the volume also blows up. When we hold this
volume fixed, by rescaling the Ricci flat metric ds2 = t

τ2
dz ⊗ dz̄, the torus will

collapse to a line. This line should be viewed as the base of the SYZ fibration.

For a general Calabi-Yau threefold a similar picture is thought to be true. When
approaching a large complex structure point, the Calabi-Yau threefold should
have a description as a special Lagrangian fibration over a 3-sphere whose T 3-
fibers get very small. The metric on these fibers is expected to become flat.
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Figure 2.3: In picture (1) we see a regular torus with complex structure τ : below the torus
itself and above its fundamental domain (that is obtained by removing the A and B-cycle
from the torus). In the large complex structure limit τ is sent to i∞. In picture (2a) this
degeneration is illustrated topologically and in (2b) metrically: when we hold the volume
fixed, the torus collapses to a circle.

Moreover, the singular locus of the fibration is thought to be of codimension two
in the base in that limit, so that it defines a 1-dimensional graph on the base of
the SYZ fibration.

In recent years much progress has been made in the mathematical study of the
SYZ conjecture. Comprehensive reviews can be found in e.g. [6, 7, 8]. Especially
the topological approach of M. Gross and others, with recent connections to
tropical geometry, seems very promising. The main idea in this program is to
characterize the SYZ fibration by a natural affine structure on its base B.

This affine structure is found as follows. Once we pick a zero-section of the (in
particular) Lagrangian fibration, we can contract the inverse symplectic form
with a one-form on the base B to find a vector field along the fiber. An integral
affine structure can then be defined on B by an integral affine function f whose
derivative df defines a time-one flow along the fiber that equals the identity. The
affine structure may be visualized as a lattice on the base B.

Although this affine structure will be trivial in a smooth open region of the fi-
bration, it contains important information near the singular locus. Especially
the monodromy of the T 3-fibers is encoded in it. In the large complex structure
limit all non-trivial symplectic information of the SYZ fibration is thought to be
captured in the monodromy of the T 3-fibers around the discriminant locus of the
fibration [9, 7]. The SYZ conjecture thus leads to a beautiful picture of how a
Calabi-Yau threefold may be visualized as an affine real 3-dimensional space with
an additional integral monodromy structure around an affine 1-dimensional de-
generation locus (see also [10]).

One of the concrete results that have been accomplished is an SYZ description
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of elliptic K3-surfaces [11] and Calabi-Yau hypersurfaces in toric varieties (in a
series of papers by W.-D. Ruan starting with [12]). Let us illustrate this with
the prime example of a compact Calabi-Yau threefold, the Fermat quintic. This
is also the first Calabi-Yau for which a mirror pair was found [13]. On a first
reading it is not necessary to go through all of the formulas in this example;
looking at the pictures should be sufficient.

2.2 The Fermat quintic

The Fermat quintic is defined by an equation of degree 5 in projective space P4:

Xµ :
5∑
k=1

z5
k − 5µ

5∏
k=1

zk = 0,

where [z] = [z1 : . . . : z5] are projective coordinates on P4. Here µ denotes the
complex structure of the threefold.

Pulling back the Kähler form of P4 provides the Fermat quintic with a Kähler
structure. Moreover, the so-called adjunction formula shows thatXµ has a trivial
canonical bundle. So the Fermat quintic Xµ is a Calabi-Yau threefold. Note as
well that P4 admits an action of T 4 that is parametrized by five angles θk with∑
k θk = 0:

T 4 : [z1 : . . . : z5] 7→ [eiθ1z1 : . . . : eiθ5z5]

Such a variety is called toric. The quintic is thus embedded as a hypersurface in
a toric variety.

When we take µ→∞ we reach the large complex structure limit point

X∞ :
5∏
k=1

zk = 0.

This is just a union of five P3’s, that each inherit a T 3-action from the above toric
action on P4. From this observation it simply follows that X∞ can be seen as a
SYZ fibration. We can make this explicit by considering the fibration π : P4 → R4

given by

π([z]) =
5∑
k=1

|zk|2∑5
l=1 |zl|2

pk,

where the pk are five generic points in R4. The image of F is a 4-simplex ∆
spanned by the five points pk in R4 and X∞ is naturally fibered over the bound-



22 Chapter 2. Calabi-Yau Geometry

Figure 2.4: The base of the SYZ fibration of the Fermat quintic Xµ is the boundary ∂∆ of
a 4-simplex ∆. To be able to draw this base we have placed the vertex pi at infinity. The
tetrahedron ∆i is the projection of the subset {zi = 0} ⊂ P4. The boundary ∂∆ consists of
5 such tetrahedrons.

ary ∂∆ with generic fiber being T 3. The base of the SYZ fibration is thus topo-
logically a 3-sphere S3. Similar to the large complex structure limit of a 2-torus,
the Ricci-flat metric on X∞ is degenerate and the SYZ fibers are very small.

Let us introduce some notation to refer to different patches of P4 and ∆. Call
Di1,...,in the closed part of P4 where zi1 up to zin vanish, and denote its projec-
tion to R4 by ∆i1,...,in . The ten faces of the boundary ∂∆ are thus labeled by
∆ij , with 1 ≤ i, j ≤ 5.

In the following it is also useful to introduce a notation for the S1-cycles that are
fibered over the base ∆. So define the circles

γki = { zi = 0, |zk
zj
| = a1,

zl
zj

= a2,
zm
zj

= a3 },

where the indices {i, j, k, l,m} are a permutation of {1, . . . , 5} and the numbers
a1, a2, a3 are determined by choosing a base point [z] on the circle. Since a
different choice for the index j leaves the circle invariant, it is not included
as a label in the name. Which circle shrinks to zero-size over each cell of the
boundary ∂∆ is summarized in Fig. 2.5. Notice that the only non-vanishing
circle in the fibers over the triple intersection ∆ijk is the circle γli (which may
also be denoted as γlj , γ

l
k, −γmi , −γmj or −γmk ).

W.-D. Ruan works out how to generate a Lagrangian fibration for any Xµ where
µ is large [12]. His idea is to use a gradient flow that deforms the Lagrangian
fibration of X∞ into a Lagrangian fibration of Xµ. Let us consider the region Di
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Figure 2.5: The boundary of each tetrahedron is a union of four triangles. The T 3-fibration
of the Fermat quintic degenerates over these triangles. This figure illustrates which cycle in
the T 3-fiber vanishes over which triangle in ∂∆: γji degenerates over the triangle ∆ij , γkj
over ∆jk, etc.

and choose zj 6= 0 for some j 6= i. In this patch xk = zk/zj are local coordinates.
It turns out that the flow of the vector field

V = Re
(∑

k 6=i,j x
5
k + 1∏

k 6=i,j xk

∂

∂xi

)
produces a Lagrangian fibration of Xµ over ∂∆.

All the smooth points of X∞, i.e. those for which only one of the coordinates
zi vanishes, will be transformed into regular points of the Lagrangian fibration.
Only the points in the intersection of Xµ with the singular locus of X∞ won’t
move with the flow. These can be shown to form the complete singular locus of
the Lagrangian fibration of Xµ. Let us call this singular locus Σ and denote

Σij = Dij ∩ Σ = {[z] | zi = zj = 0, z5
k + z5

l + z5
m = 0 }.

The singular locus Σij is thus a projective curve which has genus 6. It intersects
Dijk at the five points. The image of Σij under the projection π is a deformed
triangle in ∆ij that intersects the boundary lines of ∆ij once. This is illustrated
in Fig. 2.6.

In the neighborhood of an inverse image of the intersection point 1
2 (pl + pm) in

Dij the coordinate zk gets very small. This implies that if we write zk = rke
iφk ,

it is the circle parametrized by φk that wraps the leg of the pair of pants in the
limit rk → 0. In the notation we introduced before this circle is γkj = γki .

The study of the cycles in the fibration reveals the structure of the singular locus.
It is built out of two kinds of 3-vertices. We call a 3-vertex whose center lies at
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Figure 2.6: The shaded area in this figure illustrates the discriminant locus of the La-
grangian fibration of the quintic Xµ, for large µ. In the total space it has the shape of a
genus 6 Riemann surface Σij over each 2-cell ∆ij . The five dots on the Riemann surface
project to a single dot on the base.

an edge Dijk a plus-vertex and a 3-vertex that lies in the interior of some 2-cell
Dij a minus-vertex. The plus-vertex is described by a different degenerating
cycle at each of the three legs. Together they sum up to zero. The minus-vertex
is characterized by a single vanishing cycle. The precise topological picture is
shown in Fig. 2.7.

So in the large complex structure limit µ → ∞ the quintic has an elegant struc-
ture in terms of ten transversely intersecting genus 6 Riemann surfaces or equiv-
alently in terms of 50 plus-vertices and 250 minus-vertices.

Two kinds of vertices

The structure of the singular locus of the Fermat quintic in the above example,
ten genus 6 Riemann surfaces that intersect each other transversely, is very el-
egant. It is remarkable that it may be described by just two types of 3-vertices.
This immediately raises the question whether this is accidental or a generic fea-
ture of SYZ fibrations of Calabi-Yau threefolds. In fact, M. Gross shows that
under reasonable assumptions there are just a few possibilities for the topolog-
ical structure in the neighborhood of the discriminant locus [9] (see also [7]).
Indeed only two types of trivalent vertices can occur. Both are characterized by
the monodromy that acts on three generators γi of the homology H1(F,Z) of
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Figure 2.7: This picture shows one plus-vertex surrounded by three minus-vertices. It illus-
trates the discriminant locus in the neighborhood of an inverse image of the center of ∆ijk,
marked by a dot in the center of the plus-vertex. At this point the three genus 6 surfaces Σij ,
Σjk and Σki meet transversely. Notice that e.g. γkj + γlj + γmj = 0 and γji + γkj + γik = 0.

the T 3-fiber F when we transport them around each single leg of the vertex. Let
us summarize this monodromy in three matrices Mα such that

γi 7→ γj(Mα)ji

when we encircle the αth leg of the vertex.

The first type of trivalent vertex is described by the three monodromy matrices

M+ :

 1 0 1
0 1 0
0 0 1

 ,

 1 0 0
0 1 1
0 0 1

 ,

 1 0 −1
0 1 −1
0 0 1

 .

This vertex is characterized by a a distinguished T 2 ⊂ T 3 that is generated by
γ1 and γ2 and stays invariant under the monodromy. Only the element γ3 picks
up a different cycle at each leg. This latter cycle must therefore be a vanishing
cycle at the corresponding leg.

The legs of this vertex can thus be labeled by the cycles γ1, γ2 and −γ1 − γ2

respectively, so that the vertex is conveniently represented as in Fig. 2.8. Note
that this is precisely the topological structure of the plus-vertex in the Lagrangian
fibration of the Fermat quintic.



26 Chapter 2. Calabi-Yau Geometry

Figure 2.8: The plus-vertex is illustrated as a 1-dimensional graph. Its legs are labeled by
the cycle in T 2 ⊂ T 3 that vanishes there. The cycle γ3 picks up the monodromy.

Figure 2.9: The minus-vertex is illustrated as a pair of pants. It is characterized by a single
vanishing cycle γ3. Furthermore, its legs are labeled by the cycle that wraps it.

The monodromy of the second type of vertex is summarized by the matrices

M− :

 1 0 0
0 1 0
−1 0 1

 ,

 1 0 0
0 1 0
0 −1 1

 ,

 1 0 0
0 1 0
1 1 1

 .

In contrast to the plus-vertex these monodromy matrices single out a unique
1-cycle γ3 that degenerates at all three legs of the vertex. Instead of labeling
the vertex by this vanishing cycle, it is now more convenient to label the legs
with the non-vanishing cycle that does not pick up any monodromy. Like in the
example of the Fermat quintic these cycles topologically form a pair of pants.
This is illustrated in Fig. 2.9.

Notice that both sets of monodromy matrices are related by simple duality
(M+)−t = M−. Since the mirror of an SYZ fibered Calabi-Yau may be obtained
by dualizing the T 3-fibration, the above vertices must be related by mirror sym-
metry as well. Obviously these vertices will become important when we describe
string compactifications on Calabi-Yau threefolds.
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2.3 Local Calabi-Yau threefolds

Topological string theory captures topological aspects of type II string theory
compactifications; Kähler aspects of type IIA compactifications and complex
structure aspects of type IIB compactification. Mirror symmetry relates them.
The topological string partition function Ztop can be written as a generating
function of either symplectic or complex structure invariants of the underlying
Calabi-Yau manifold. It contains for example a series in the number of genus zero
curves that are embedded in the Calabi-Yau threefold. Using mirror symmetry it
is possible to go well beyond the classical computations of these numbers. A fa-
mous result is the computation of the whole series of these genus zero invariants
for the Fermat quintic: 2875 different lines, 609250 conics, 317206375 cubics,
etc. [14].

It is much more difficult to find the complete topological string partition func-
tion, which also contains information about higher genus curves in the Calabi-
Yau threefold. The state of the art for the quintic is the computation of these
invariant up to g = 51 [15]. Although this is an impressive result, it is far
from computing the total partition function. In contrast, the all-genus partition
function has been found for a simpler type of Calabi-Yau manifolds, that are
non-compact. What kind of spaces are these? And why is it so much easier to
compute their partition function?

The simplest Calabi-Yau threefold is plain C3 with complex coordinates zi. It
admits a Kähler form

k =
3∑
i=1

dzi ∧ dz̄i,

and a non-vanishing holomorphic 3-form

Ω = dz1 ∧ dz2 ∧ dz3.

A special Lagrangian T 2 × R fibration of C3 over R3 has been known for a long
time [16]. It is defined by the map

(z1, z2, z3) 7→ ( Im z1z2z3, |z1|2 − |z2|2, |z1|2 − |z3|2 ).

Notice that its degeneration locus is a 3-vertex with legs (0, t, 0), (0, 0, t) and
(0,−t,−t), for t ∈ R≥0. Over all these legs some cycle in the T 2-fiber shrinks
to zero-size. We can name these cycles γ1, γ2 and −γ1 − γ2 since they add up
to zero. The degenerate fiber over each leg is a pinched cylinder times S1. It is
thus the noncompact cycle (∼= R) in the fiber that picks up monodromy when we
move around one of the toric legs. This 3-vertex clearly has the same topological
structure as the plus-vertex.
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Many more non-compact Calabi-Yau’s can be constructed by gluing C3-pieces
together. In fact, these constitute all non-compact toric Calabi-Yau threefolds.
Their degeneration locus can be drawn in R2 as a 1-dimensional trivalent graph.
The fact that their singular graph is simply planar, as opposed to actually 3-
dimensional (as for the Fermat quintic), makes the computation of the partition
function on such non-compact toric Calabi-Yau’s much simpler. String theorists
have managed to find the full topological partition function Ztop [17] (using
a duality with a 3-dimensional topological theory, called Chern-Simons theory
[18]). The recipe to compute the partition function involves cutting the graph in
basic 3-vertices. To generalize this for compact Calabi-Yau’s it seems one would
need to find a way to glue the partition function for a plus-vertex with that of a
minus-vertex.

Since the partition function is fully known, topological string theory on these
toric manifolds is the ideal playground to learn more about its underlying struc-
ture. This has revealed many interesting mathematical and physical connec-
tions, for example to several algebraic invariants such as Donaldson-Thomas
invariants [19, 20, 21] and Gopakumar-Vafa invariants [22, 23], to knot theory
[24, 25, 26, 27], and to a duality with crystal melting [28, 29, 30].

To illustrate the last duality, let us write down the plain C3 partition function:

Ztop(C3) =
∏
n>0

1
(1− qn)n

= 1 + q + 3q2 + 6q3 + . . . .

This q-expansion is well-known to be generating function of 3-dimensional par-
titions; it is called the MacMahon function [31]. The 3-dimensional partition
can be visualized as boxes that are stacked in the positive octant of R3. Three of
the sides of each box must either touch the walls or another box. This is pictured
in Fig. 2.10.

Figure 2.10: Interpretation of the first terms in the expansion of Ztop(C3) in terms of a
three-dimensional crystal in the positive octant of R3.

Since q = eλ, where λ is the coupling constant of topological string theory, the
boxes naturally have length λ. Whereas the regime with λ finite is described by
a discrete quantum structure, in the limit λ → 0 surprisingly a smooth Calabi-
Yau geometry emerges. In a duality with statistical mechanics this corresponds
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to the shape of a melting crystal. These observations have led to deep insights
in the quantum description of space and time [32, 33].

Remarkably, it has been shown that the emergent smooth geometry of the crystal
can be identified with the mirror of C3. How does this limit shape look like?
Using local mirror symmetry the equation for the mirror of C3 was found in
[34]. It is given by

uv − x− y + 1 = 0,

where u, v ∈ C and x, y ∈ C∗. Remember that the topological structure of the
mirror of a plus-vertex should be that of a minus-vertex. Viewing the mirror as
a (u, v)-fibration over a complex plane spanned by x and y confirms this:

The degeneration locus of the fibration equals the zero-locus x + y − 1 = 0.
Parametrizing this curve by x, it is easily seen that this is a 2-sphere with three
punctures at the points x = 0, 1 and∞. We can equivalently represent this curve
as a pair of pants, by cutting off a disc at each boundary |x̃| = 1, where x̃ is a
local coordinate that vanishes at the corresponding puncture. This realizes the
mirror of C3 topologically as the minus-vertex in Fig. 2.9.

Mirrors of general non-compact toric manifolds are of the same form

XΣ : uv −H(x, y) = 0,

where the equation H(x, y) = 0 now defines a generic Riemann surface Σ em-
bedded in (C∗)2. This surface is a thickening of the 1-dimensional degeneration
graph Γ of its mirror. Its non-vanishing holomorphic 3-form is proportional to

Ω =
du

u
∧ dx ∧ dy.

These geometries allow a Ricci-flat metric that is conical at infinity [35, 36, 37,
38]. We refer to the threefold XΣ as the local Calabi-Yau threefold modeled on Σ.
The curve Σ plays a central role in this thesis. We study several set-ups in string
theory whose common denominator is the relevance of the Riemann surface Σ.
In particular, we study the melting crystal picture from the mirror perspective.
One of our main results is a simple representation of topological string theory in
terms a quantum Riemann surface, that reduces to the smooth Riemann surface
Σ in the limit λ→ 0.




