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Chapter 4

Topological Strings, Free
Fermions and Gauge Theory

In Chapter 3 we found a stringy explanation for the appearance of CFT charac-
ters in N = 4 supersymmetric gauge theories. We discovered that these charac-
ters emerge from a free fermion system living on a torus T 2.

Also in N = 2 supersymmetric gauge theories important exact quantities have
turned out to be expressible in terms of an effective Riemann surface or complex
curve Σ. In this chapter we find that the I-brane configuration can be general-
ized to this N = 2 setting by replacing the torus T 2 with the more general
2-dimensional topology Σ. Moreover, we find an extension of the duality chain
to the complete web of dualities in Fig. 1.6. Interestingly, this makes it possible
to compare local Calabi-Yau compactifications with intersecting brane configu-
rations. This sheds new light on the presence of free fermions in those theories.

The theme of this chapter is the web of dualities in Fig. 1.6. The three keywords
“topological strings”, “free fermions” and “gauge theory” refer to the three cor-
nerstones of the duality web. In all of these frames a holomorphic curve Σ plays
a central role. The duality web relates the curves in all three settings, thereby
giving a more fundamental understanding of the appearance of curves in N = 2
theories. The goal of this chapter is to introduce the three corners of the web and
their relations. This yields a fruitful dual perspective on N = 2 supersymmetric
gauge theory as well as topological string theory.

An instructive example of an N = 2 supersymmetric gauge theory is the cele-
brated Seiberg-Witten theory. In Section 4.1 we summarize how the low energy
behaviour of SU(N) supersymmetric Yang-Mills is encoded in a Riemann sur-
face ΣSW of genus N − 1, which is widely known as the Seiberg-Witten curve.
In Section 4.1.4 we show that it is dual to an I-brane configuration of D4 and
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D6 branes that intersect at the Seiberg-Witten curve ΣSW . This set-up is easily
generalized to more general N = 2 gauge theories.

In Section 4.2 we study non-compact Calabi-Yau threefolds that are modeled on
a Riemann surface. Such 6-dimensional backgrounds geometrically engineer a
supersymmetric gauge theory in the four transverse dimensions. In Section 4.2.3
we relate the I-brane configuration to such Calabi-Yau compactifications in a
second chain of dualities.

This far we haven’t discussed topological invariants in these duality frames. This
is subject of Section 4.3. We review the most relevant aspects of Calabi-Yau com-
pactifications and the way topological string theory enters. In Section 4.4 we
introduce the several types of topological invariants that the topological string
captures, and we show how they enter the web of dualities. Moreover, we dis-
cuss the relation of these invariants to the free fermions on the I-brane. As an
application we write down a partition function that counts bound states of D0-
D2-D4 branes on a D6 brane and argue that this computes the I-brane partition
function.

Let us emphasize that novel results in this chapter may be found in Section 4.1.4,
Section 4.2.3, Section 4.4.3 and Section 4.4.2.

4.1 Curves in N = 2 gauge theories

N = 2 supersymmetric gauge theories (unlike their N = 4 relatives) are sen-
sitive to quantum corrections and thus not conformally invariant. In particular,
the SU(N) theory is asymptotically free: its complex gauge coupling constant
τ depends on the energy scale µ such that gYM (µ) decreases at high energies.
This dependence can be argued to be of the form [57]

τeff(µ) = τclas +
i

π
log

µ2

Λ2
+
∞∑
k=1

ck

(
Λ
µ

)4k

(4.1)

for some to be determined constants ck, where Λ is the scale at which the gauge
coupling becomes strong. The second term on the right-hand side is the only
perturbative contribution, which follows from a one-loop computation, and the
third term captures all possible instanton contributions.

Surprisingly, N. Seiberg and E. Witten discovered that an elegant geometrical
story is hidden behind the coefficients ck [93]. They realized that many proper-
ties of N = 2 supersymmetric gauge theories have a geometrical interpretation
in terms of an auxiliary Riemann surface, which is now called the Seiberg-Witten
curve. One of the successes of string theory is the physical embedding of the
Seiberg-Witten curve in a 10- or 11-dimensional geometry. This has deepened
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the insight in supersymmetric gauge theories considerably.

In this first section of this chapter we explain how the Seiberg-Witten curve
comes about, and which information it holds about the underlying gauge theory.
Moreover, we explain its embedding in string theory as the rightmost diagram in
the web of dualities in Fig. 1.6. All these preliminaries are needed to get to the
main result of this section: the duality of N = 2 supersymmetric gauge theories
with intersecting brane configurations of D4 and D6-branes wrapping the gauge
theory curve Σ.

4.1.1 Low energy effective description

Let us start with the basics. Since N = 2 super Yang-Mills on R4 is a reduction
of N = 1 super Yang-Mills in six dimensions, it follows immediately that its
field content consists of a gauge field Aµ, a complex scalar field φ and two Weyl
spinors λ±. The last three fields transform in the adjoint representation of the
gauge group. The bosonic part of the action follows likewise from this reduction

L = − 1
e2

Tr
(
F ∧ ∗F + 2Dφ ∧ ∗Dφ† + [φ, φ†]2

)
, (4.2)

where we could have added the topological term iθ
8π2 Tr(F ∧F ). Supersymmetric

vacua are therefore found as solutions of

V (φ) = Tr[φ, φ†]2 = 0,

i.e. φ and φ† have to commute. Notice that this gives a continuum set of so-
lutions, since φ has an expansion in the Cartan generators {hi} of the gauge
group

φ =
∑

aihi ai ∈ C.

The gauge group is thus generically broken to a number of U(1)-factors. Divid-
ing out the residual Weyl symmetry, for SU(N) we find a moduli space Mc of
classical vacua that is parametrized by the symmetric polynomials

uk = Trφk

in the parameters ai.

Classically, there are singularities in this moduli space where W -particles be-
come massless and the gauge symmetry is partially restored. To understand
the theory fully, it is important to find out what happens to these singularities
quantum-mechanically. This information is contained in the quantum metric on
the moduli space, which is part of the low energy effective action.
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Quantum moduli space

Let us explain this in some detail. The abelian low energy effective action is very
much restricted by supersymmetry

L = Im
∫
d4θ TrF0(Ψi), (4.3)

where F0 is any holomorphic function in the N = 2 abelian vector superfields
Ψi. The holomorphic function F0 is known as the prepotential, whereas the
supermultiplets Ψi form a representation of the N = 2 supersymmetry algebra
and contain the U(1) fields Aiµ, φi and λi± as physical degrees of freedom.

In N = 1 language Ψ is decomposed into two N = 1 chiral multiplets Φ,
containing the scalar field φ and λ−, and Wα, which can be expanded in terms
of λ+ and the field strength Fµν . This results in the well-known low energy
Lagrangian

L =
∫
d2θd2θ̄ K(Φk,Φk) +

∫
d2θ τij(Φk)Wi

αWαj , (4.4)

with

K(Φk,Φk) = Im
[
∂F0(Φk)
∂Φi

Φi

]
and τij(Φi) =

∂2F0(Φk)
∂Φi∂Φj

Important is that the first term (the so-called D-term) in this Lagrangian de-
termines a Kähler metric gij̄ on the quantum vacuum moduli space Mq. In-
deed, when written in terms of components, we find a sigma model action
L = gij̄∂φ

i∂φj + . . . for the scalar fields φi with Kähler metric

gij̄(φ
k, φk) =

∂2K(φk, φk)
∂φi∂φj

= Im
(
∂2F0(φk)
∂φi∂φj

)
. (4.5)

Furthermore, the second term in the N = 2 Lagrangian (the F-term) yields the
familiar Yang-Mills action for the field strengths F iµν with gauge coupling con-
stants τij . It captures the holomorphic dependence of the theory.

For the SU(2) theory, when φ = aσ3, the quantum prepotential F0 has an ex-
pansion

F0 =
1
2
τ0a

2 +
i

2π
a2 log

a2

Λ2
+
∞∑
k=1

F0,k

(
Λ
a

)4k

a2, (4.6)

whose second derivative determines the effective gauge coupling τeff(a) in equa-
tion (4.1). But this expression cannot be valid all over the moduli space: the
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resulting metric is harmonic, and thus cannot have a minimum, while it should
be positive definite. So τeff must have singularities and a cannot be a global
coordinate on the quantum moduli spaceMq. Instead, one needs another local
description in the strong coupling regions on the moduli space.

Let us introduce the magnetically dual coordinate

aD =
∂F0

∂a
.

The idea of Seiberg and Witten is that the tuple (aD, a) should be considered
as a holomorphic section of a Sl(2,Z) = Sp(1,Z)-bundle over the moduli space
Mq. Indeed, the metric onM may be rewritten as

ds2 = Imτeff da⊗ dā = Im daD ⊗ da, with τeff =
(
∂aD
∂a

)
(4.7)

Since this tuple experiences a monodromy around the singularities ofMq(
aD
a

)
→M

(
aD
a

)
,

just finding these monodromies defines a Riemann-Hilbert problem whose solu-
tion determines the quantum metric. And this turns out to be feasible. Except
for the monodromy M∞ around u = ∞, Seiberg and Witten find two other
quantum singularities at u = ±Λ2 with monodromy matrices M±Λ. They are
shown in Fig. 4.1.

Figure 4.1: The quantum moduli space Mq for the SU(2) Seiberg-Witten theory is a 2-
sphere with three singularities at u = ∞ and u = ±Λ2. The low energy effective theory is
described by an Sp(1,Z) = Sl(2,Z)-bundle over Mq with monodromies M∞,±Λ2 around
the singularities.
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4.1.2 Seiberg-Witten curve

Mathematically, this solution has another interesting characterization. Notice
that the metric in equation (4.7) equals that of an elliptic curve at each point
a ∈ Mq. Moreover, the monodromies M∞,±Λ2 altogether generate a subgroup
Γ0(2) ⊂ Sl(2,Z), which is exactly the moduli space for an elliptic curve ΣSW .
The singularity structure suggests that the moduli space is parametrized by the
family

ΣSW (u) : y2 = (x2 − u)2 − Λ4 (4.8)

of Seiberg-Witten curves. This family of elliptic curves, illustrated in Fig. 4.2, has
four branch points in the x-plane, which can be connected by two cuts running
from ±√u− Λ2 to ±√u+ Λ2.

Figure 4.2: On the left we see a hyperelliptic representation of the SU(2) Seiberg-Witten
curve defined in equation (4.8), together with a choice of A and B-cycle. On the right it is
compactified by adding two points at infinity.

At the points u ∈ {∞,±Λ2} some of these branch points come together so that
the elliptic curve degenerates. Precisely which 1-cycle degenerates at a quantum
singularity, labeled by the monodromy matrix M , can be found by solving the
equation (

p q
)
M = 0.

The 1-cycle pB + qA vanishes at the corresponding singularity ofMq.

Remember that the period matrix τ of an elliptic curve is defined by

τ =

∫
B
ω∫

A
ω
,

where ω is a holomorphic 1-form on ΣSW , and satisfies Imτ > 0. This suggests



4.1. Curves in N = 2 gauge theories 75

the identifications

∂uaD =
∫
B

ω, ∂ua =
∫
A

ω

and leads to the introduction of a meromorphic Seiberg-Witten form ηSW that
obeys

∂uηSW = ω.

The metric on the quantum moduli space Mq can thus be given a geometric
meaning in terms of an auxiliary Riemann surface ΣSW together with a mero-
morphic 1-form ηSW .

Monodromies and BPS particles

Physically, a quantum singularity hints that certain BPS particles becomes mass-
less. In N = 2 supersymmetric Yang-Mills BPS particles are characterized by
their electro-magnetic charge γ = (p, q). BPS particles with both types of charge
are called BPS dyons. Their central charge Z is of the form

Z = qa+ paD = q

∫
A

ηSW + p

∫
B

ηSW , (4.9)

where on the righthand-side we have written the parameters a and aD in terms
of the geometric variables ηSW and the 1-cycles on the Seiberg-Witten curve.
This formula implies that BPS dyons have a geometric interpretation as wrap-
ping a combination of A and B-cycles of the Seiberg-Witten curve. This is shown
in Fig. 4.2: magnetic particles wrap the B-cycle of the curve, whereas electric
particles wrap the A-cycle.

The monodromies M∞,±Λ2 can therefore indeed be explained in terms of BPS
particles that become massless. Magnetic monopoles of charge (1, 0) become
very light in the neighbourhood of u = Λ2, since they are associated with the
vanishing of the B-cycle. On the other hand, compared to the electric gauge
bosons W± of charge ±(0, 1), they become very heavy in the weak-coupling
region of the moduli space. This has led to an understanding of confinement in
N = 2 supersymmetric gauge theories [93].

Determining the full spectrum of the SU(2) Seiberg-Witten theory is more subtle.
For example, because of the monodromy around the three singular points, the
BPS charges are not determined uniquely. A careful analysis [94] reveals that
there is a contour onMq going through the singular points u = ±Λ2, where BPS
dyons may decay into other BPS dyons. This contour separates the strong and
the weak coupling region and leads to a consistent BPS spectrum.
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U(N) Seiberg-Witten curve

The discussion in Section 4.1.1 on the classical moduli space Mc can easily be
extended to other gauge groups. For gauge group U(N) the singularity structure
onMc is encoded in the characteristic polynomial

PN (x, φ) = det[x1− φ],

that defines coordinates uk = Trφk on the moduli space. When two or more ai’s
assume the same value, the gauge group is classically partially restored.

On the quantum level the low energy theory is captured by a section

(ai, aD,i) ∈ Γ(Mq,H)

of an Sp(N,Z)-bundle H over Mq. This section is related to the genus N − 1
hyperelliptic curve

ΣSW : y2 = PN (x, uk)2 − Λ2N ,

where uk now stands for the quantum vacuum expectation value (vev) uk =
〈Trφk〉 of the scalar field φ. The extra constraint u1 = 0 defines the Seiberg-
Witten curve for gauge group SU(N). The curve ΣSW can be represented by
a two-sheeted x-plane with N cuts. Whenever two branch points coincide a
quantum singularity arises where some BPS dyon becomes massless.

Figure 4.3: Configuration of N D4-branes stretched between two NS5-branes that realizes
the SU(N) Seiberg-Witten gauge theory on the D4 worldvolume. This picture is only valid
in the small gs limit where the effect of the ending of the D4-branes on the NS5 branes may
be neglected.
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By applying a coordinate transformation y = PN (x;uk) + ΛN t we find

ΣSW : ΛN (t+ t−1) + 2PN (v;uk) = 0. (4.10)

The Seiberg-Witten differential now takes a particularly simple form

ηSW = v(t, uk)
dt

t
. (4.11)

Exactly this representation of the Seiberg-Witten curve and differential plays
a crucial role in the following. It relates N = 2 gauge theories to integrable
systems and makes it possible to embed them in string theory as configurations
of D4 and NS5 branes. Note that the section (ai, aD,i) is recovered by the period
integrals

ai =
∫
Ai

ηSW , aD,i =
∫
Bi

ηSW .

4.1.3 Brane webs

In string theory N = 2 supersymmetric gauge theories can be studied on a con-
figuration of D4, NS5, and D6 branes [95]. Pure U(N) (and SU(N)) Seiberg-
Witten theory are embedded in type IIA theory on R10 as a combination of two
NS5-branes with N D4-branes stretched between them, see Fig. 4.3. The NS5-
branes are located at some fixed classical value of x6 and are parametrized by
x0, . . . , x5, while the D4-branes are parametrized by x0, . . . , x3 and stretch be-
tween the two NS5-branes in the x6-direction. Furthermore, we define a com-
plex coordinate v = x4 + ix5. Since the coordinate x6 has to fulfill the Laplace
equation∇2x6 = 0 on the NS5-worldvolume, the NS5-branes are actually curved
logarithmically at infinity

x6 ∼ ±N log |v|, v →∞. (4.12)

The D4-branes cause dimples on the NS5-worldvolume.

The N abelian gauge fields on the N D4-branes realize a low energy description
of N = 2 super Yang-Mills in the Minkowski directions x0, . . . , x3. The vev’s
for the complex scalar φ correspond to the positions of the D4-branes on the
NS5-brane, and the effective gauge coupling is given by

1
g2

eff(v)
=
L(v)
λ

,

where L(v) is the x6-distance between both NS5-branes at position v. Hence v
plays the role of mass scale in four dimensions. The corresponding logarithmic
behaviour of the gauge coupling constant agrees with its one-loop correction
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(see equation (4.1)).

Since the gauge coupling constant is naturally complexified, it is natural to in-
troduce a new complex coordinate s = x6 + ix10 and lift the configuration to
M-theory, where x10 parametrizes the M-theory circle S1. In M-theory the N
D4-branes and the two NS5-branes lift to a single M5-brane. Supersymmetry
forces this M5-brane to wrap a holomorphic cycle in the complex 2-dimensional
surface spanned by v and t = e−s. Moreover, the classical IIA geometry forces
this Riemann surface to have genus g = N − 1.

By decomposing the self-dual 3-form field strength T on the M5-brane

T = F ∧ Λ + ∗F ∧ ∗Λ,

into a 2-form F on R4 and a 1-form Λ on the Seiberg-Witten curve, we recover
the abelian gauge field strengths F i in the 4-dimensional theory. The five-brane
kinetic energy

∫
T ∧∗T reduces to the 4-dimensional effective gauge Lagrangian

L = τijF
i
+ ∧ F j+, (4.13)

where τij is the period matrix of the M-theory curve [95]. So choosing the
Seiberg-Witten curve

ΣSW : ΛN (t+ t−1) + 2PN (v;uk) = 0.

as M-theory curve, consistent with the boundary conditions (4.12), indeed engi-
neers the U(N) (or SU(N)) gauge theory dynamics in 4 dimensions (depending
on whether u1 = 0).

4.1.4 I-brane configuration

This brings us to the most important paragraph in this section. We can gen-
eralize the I-brane configuration in Figure 3.3.2 to gauge theories with N = 2
supersymmetry. Like for theN = 4 gauge theories in Chapter 3, we studyN = 2
theories on more general Taub-NUT backgrounds TNk. Remember that TN1 is
related to R4 in the limit that the Taub-NUT circle becomes very large.

The first duality chain

The M5-brane configuration in Section 4.1.3 is in many ways the most elegant
starting point to study supersymmetric gauge theories. For a pure N = 2 susy
Yang-Mills theory it wraps the Seiberg-Witten curve ΣSW we met in equation
(4.10). We call B the 2-dimensional complex surface in which this curve is
embedded. So let us start with the M-theory compactification

(M) TN × B × R̃3,
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corresponding to the top box in Fig. 1.6 (with S1 decompactified). Here we
have denoted the three non-compact directions as R̃3 to distinguish them from
the R3 in the base of TN . We further pick B to be a flat complex surface that is
topologically a T 4 or some decompactification of it. That is, in the most general
case B will be a product

B = E × E′

of two elliptic curves. But more often we will consider the degenerations B =
C∗ × C∗ and B = C × C, or any mixed combination. (In the relation with inte-
grable hierarchies the cases C, C∗, and E correspond to rational, trigonometric,
and elliptic solutions respectively.) We will denote the affine coordinates on B
as (x, y) ∈ B. The complex surface B has a (2,0) holomorphic form

ω = dx ∧ dy.

We will now pick a holomorphic curve Σ inside B given by an equation

Σ : H(x, y) = 0,

and wrap a single M5-brane over TN × Σ. Because Σ is holomorphically em-
bedded this is a configuration with N = 2 supersymmetry in four dimensions.

There are two obvious reductions to type IIA string theory depending on whether
we take the S1 inside B, or an S1 in the Taub-NUT fibration. In the first case we
will compactify B along a S1 down to a three dimensional base B3. The curve Σ,
and therefore also the M5-brane, will partially wrap this S1. Consequently, we
arrive at a configuration of NS5-branes and D4-branes that are spanned between
them [95]. In the classical situation discussed by Witten we take B = C × C∗

and end up with a IIA string theory on

(IIA) TN × R6

with a set of parallel NS 5-branes with D4-branes ending on them, exactly as we
discussed in Section 4.1.3.

In the dual interpretation we switch to the other duality frame, by compactifying
to Type IIA theory along the S1 fiber in the Taub-NUT geometry. This is the
familiar 9-11 exchange. In this fashion we end up with a IIA compactification
on

(IIA) R3 × B × R̃3.

with N D4-branes wrapping R3 × Σ. However, because the circle fibration of
the TN space has singular points, we have to include D6-branes as well. In
fact, there will be k D6-branes that wrap B × R̃3 and are localized at the points
~x1, . . . , ~xk in the R̃3. This situation is represented in the box on the left-hand
side in Fig. 1.6 and illustrated in Fig. 4.4. Summarizing, we get a system of
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Figure 4.4: A more general configuration of D4 and D6-branes where the intersection locus
is an affine holomorphic curve Σ.

N D4-branes and k D6-branes intersecting along the holomorphic curve Σ. As
before we refer to this intersection locus as the I-brane.

Comparing partition functions

In this generalized geometry we should consider the free fermion system on a
higher genus Riemann surface with action

I =
∫

Σ

ψ†∂ψ.

Let us compare the I-brane with the gauge theory computation. In the gauge
theory we are computing two contributions. Firstly, there is a gauge coupling
matrix τij of the U(1)g fields F i∫

TN

i

4π
τijF

i
+ ∧ F j+ + vi ∧ F i+

for a genus g curve Σ. Compared to equation (4.13) we added magnetic cou-
plings vi, like in equation (3.14). On the TN geometry the gauge field strengths
F i have fluxes in the lattice

[F i/2π] = pi ∈ H2(TN,Z).

Since the cohomology lattice H2(TN,Z) ∼= Zk, these fluxes are labeled by inte-
gers pia with i = 1, . . . , g and a = 1, . . . , k.
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Secondly, there is a gravitational coupling Fi that appears in the term (we dis-
cuss this term in detail in Section 4.3 and Chapter 5)∫

TN

F1(τ) TrR+ ∧R+.

Since the regularized Euler number of TNk equals k, combining these two terms
yields the partition function

Zgauge =
∑
pia∈Z

eπip
i
aτijp

j,a+2πivai p
i
aekF1 . (4.14)

In the I-brane model the partition function Zgauge is nothing but the determinant
of the chiral Dirac operator acting on k free fermions living on the “spectral
curve” Σg, coupled to the flat U(k) connection v on corresponding rank k vector
bundle E → Σ. So we are led in a very direct way to

Zgauge = det ∂E . (4.15)

The results (4.14) and (4.15) are just the usual bosonization formula, where the
fermion determinant is equivalent to a sum over the lattice of momenta together
with a boson determinant. Here we use the identification

F1 = −1
2

log det ∆Σ.

To complete this map we need to show why the pi are identified with fermion
currents on the Riemann surface through the corresponding cycle, but this is
relatively clear. Consider a cycle Ai on the Riemann surface and a disc ending
on this cycle (which can always be done as Σ is contractible in the full CY). Then
the statement that F i is turned on corresponds to the fact that the integral of
the corresponding flux over this disc is not zero. Since the fermions are charged
under the U(k) gauge group, this means that they pick up a phase as they go
along this cycle on the Riemann surface (the Aharanov-Bohm effect). Thus the
holonomy of the fermions correlates with the pi. Later (in Section 4.4.2), we
provide an alternative view of the fluxes pi: they also correspond to D4-branes,
wrapping 4-cycles of the Calabi-Yau and bound to the D6-brane.

4.2 Geometric engineering

In Section 3.2 we considered N = 4 supersymmetric Yang-Mills in the back-
ground of an ALE space C2/Γ, and discovered an interesting relationship with
two dimensional conformal field theory. We explained this by embedding the
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gauge theory in type IIA theory on a D4-brane wrapping the ALE space. In the
ten dimensions of string theory, however, much more is possible.

Remember that ALE spaces C2/Γ are characterized by their vanishing two-cycles
(see Section 3.2.3), whose intersection matrix realizes the Dynkin diagram for
the corresponding ADE Lie group. Resolving the singularity gives a finite volume
ε to the vanishing cycles. Let us call the dual two-forms ωi. The RR gauge field
C3 reduces to a set of r abelian gauge fields Ai

C3 =
r∑
i=1

Aiωi. (4.16)

When ε→ 0 the gauge symmetry is enhanced to the corresponding ADE gauge,
similarly (and in fact dual) to when D-branes approach each other [96]. This
realizes the geometric McKay correspondence in string theory.

Wrapping a D2-brane over any of these two-cycles yields a BPS particle in the
six transverse directions to the ALE space, whose mass is proportional to the
volume ε of the two-cycle it is wrapping. Since these 6-dimensional BPS particles
transform as vectors and are charged under the Cartan of the ADE-group, they
are the W -bosons corresponding to the breaking of the ADE gauge group to its
Cartan subalgebra.

A simple example is given by the ALE-fibration

(z − a)(z + a) + u2 + v2 = 0.

Its only two-cycle is spanned in between z = −a and z = a. Two-branes can
wrap this two-cycle with two possible orientations, generating a W+ and W−-
boson with masses proportional to a. So this engineers a broken SU(2) gauge
group for a generic value for a that is enhanced to SU(2) when a = 0. Note
that this matches with the classical Seiberg-Witten moduli space Mc (see Sec-
tion 4.1.1). Indeed, the ALE fibration only breaks half of the supersymmetries,
which amounts to N = 4 supersymmetry in four dimensions. As we pointed out
before, in N = 4 theories classical results are exact.

We can turn this example into a string theoretic setting that studies 4-dimen-
sional N = 2 Yang-Mills by fibering the ALE space over a genus zero curve. The
genus zero curve breaks the supersymmetry from N = 4 to N = 2, without
introducing extra particles. This idea of looking for a string theory set-up that
engineers a particular supersymmetric gauge theory in string theory is called
geometric engineering [97, 98, 99, 100].

In Section 4.2.2 we will see how the results of Seiberg and Witten can be ele-
gantly embedded in string theory in the language of string compactifications.
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4.2.1 Non-compact Calabi-Yau threefolds

Let us return to the local Calabi-Yau threefolds that we introduced in Chapter 2,
and give some explicit examples that we will meet later-on in this thesis. We
start with one of the simplest Calabi-Yau threefolds that is modeled on an affine
curve Σ: the deformed conifold.

Deformed conifold

The deformed conifold Xµ is defined by the equation

Xµ : xy − uv = µ, (x, y, u, v) ∈ C4.

More precisely, the parameter µ ∈ C parametrizes a family of Calabi-Yau three-
folds Xµ that becomes singular at µ = 0. This singularity is called the conifold
singularity. The non-vanishing holomorphic three-form Ω equals

Ω =
du

u
∧ dx ∧ dy. (4.17)

The threefold Xµ just contains one compact cycle: a 3-cycle with topology S3

that shrinks to zero-size when µ → 0. This is particularly easy to see after a
change of variables

Xµ : z2 + w2 + ũ2 + ṽ2 = µ, (z, w, ũ, ṽ) ∈ C4.

So µ parametrizes a family of T ∗S3’s.

When we view Xµ as a (u, v)-fibration over the complex plane spanned by z and
w, its degeneration locus is

Σµ : z2 + w2 = µ

in the (z, w)-plane. The S3-cycle in Xµ may then be viewed as an S1-fibration
over a disk D in the (z, w)-plane, that is bounded by the curve Σµ. Since the
(u, v)-fibration degenerates at the locus z2 + w2 = µ the resulting 3-cycle has
topology S3. This is illustrated in Fig. 4.5.

Since the S3-cycle is special Lagrangian it is a supersymmetric cycle. In type IIB
we can wrap a D3-brane around it and find a vector BPS particle in the transverse
four dimensions, whose mass is proportional to the complex structure modulus
X. With Cauchy’s theorem we can reduce this formula to the 1-cycle ∂D of Σµ∫

S3
Ω =

∫
D

dz ∧ dw =
∫
∂D

η, (4.18)
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Figure 4.5: The deformed conifold is a non-compact Calabi-Yau threefold that is modeled
on the curve Σµ defined by z2 +w2 = µ. Its only compact 3-cycle is S1-fibered over the disk
D: Over each line segment in D with endpoints on ∂D the S1 fibration forms a 2-sphere.
Moving the line segment over the disk D shows that the compact 3-cycle is homeomorphic to
S3.

where η = wdz is a meromorphic 1-form on the (z, w) plane. The 4-dimensional
BPS particle couples to a U(1) gauge field

Aµ =
∫
S3
C4,

that is obtained as a reduction of the RR 4-form over the S3-cycle.

This bijective correspondence between 3-cycles in a local Calabi-Yau threefold
XΣ modeled on a curve Σ and 1-cycles on Σ holds in general. The 3-cycles may
be constructed by filling in a disk D whose boundary ∂D is a 1-cycle on Σ. If
one of the variables in the complex surface B is C∗-valued, the disk D will be
punctured. In such a situation differences of 1-cycles have to be considered. We
will see an example of this shortly.

Resolved conifold and toric Calabi-Yau’s

Instead of deforming the conifold singularity we can also resolve the singularity.
This is described by C4 parametrized by (x, y, u, v) together with the identifica-
tion

(x, y, z, w) ∼ (k−1x, k−1y, kz, kw), k ∈ C∗.

The first two complex coordinates parametrize a sphere CP1 and the last two
coordinates two line-bundle over it. Altogether this gives the total space of the
line bundles O(−1) ⊕ O(−1) → CP1. The resolved conifold is an example of a
local toric Calabi-Yau, just like C3 in Chapter 2.

Like any local toric Calabi-Yau, the resolved conifold can be obtained by glueing
a few copies of C3 such that its singular locus is a linear trivalent graph in R2.
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Figure 4.6: The resolved conifold is a non-compact toric Calabi-Yau threefold. The T 2 × R-
fibration degenerates over a trivalent graph consisting of two 3-vertices. The S1-fibration
over the inner leg of this graph forms a 2-sphere.

The toric diagram of the resolved conifold is shown in Fig 4.6. It consists of two
copies of C3 with coordinates (x, z, w) and (y, z, w) respectively. Since both 1-
cycles in T 2 shrink at the vertices, the middle toric leg represents the CP1-cycle.

4.2.2 Geometrically engineering Seiberg-Witten theory

Supersymmetric gauge theories with any gauge group and matter content may
be engineered by a local Calabi-Yau compactification. Pure N = 2 Seiberg-
Witten theory with an ADE gauge group is embedded string theory as a local
K3-fibration over CP1. Zooming in on the ALE-singularities of the K3 reveals an
ADE gauge group in four dimensions, which is broken by the Higgs mechanism
when some of the two-cycles gain a non-zero mass.

Let us consider SU(2) Seiberg-Witten theory in some detail. This may be engi-
neered in type IIA by any local Hirzebruch surface, which is the total space of
the canonical bundle over a Hirzebruch surface. For example, take the simplest
Hirzebruch surface CP1

b × CP1
f , where CP1

b denotes the base sphere, and CP1
f is

the only two-cycle in the resolved A1-singularity. This non-compact Calabi-Yau
manifold is toric, and its toric diagram is shown in Fig. 4.7. The W± bosons
correspond to D2-branes that are wrapped around the CP1

f with opposite orien-
tations.

To go to the field theory limit we should take the string scale to infinity, while
keeping the masses of the W -bosons fixed. This corresponds to letting the size
tb of CP1

b to infinity, while taking the size tf of CP1
f proportional to the mass a

of the W -bosons, as in

exp (−tb) = exp
(−1/g2

YM

)
=
(
βΛ
2

)4

, exp (−tf ) = exp (−βa) (4.19)
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Figure 4.7: SU(2) Seiberg-Witten theory can be engineered as a local Calabi-Yau compact-
ification, based on a local Hirzebruch surface. The 4-dimensional field theory results are
recovered when taking the limit tb →∞, as in equation (4.19).

when β → 0. Without this decoupling limit we end up with a 5-dimensional
theory on S1 × R4, where the size of the S1 is given by β.

The Seiberg-Witten prepotential F0 is reproduced by stringy instanton correc-
tions to the toric Calabi-Yau geometry. In this geometry the instantons may wrap
the base n times and the fiber m times. This gives a contribution to the so-called
type IIA prepotential (4.34), as we explain in much more detail in Section 4.3. In
the 4-dimensional field theory limit only the fiber worldsheet instantons remain.
They recombine into the Seiberg-Witten prepotential (4.6).

The mirror map translates this type IIA configuration into a type IIB configura-
tion where we can see the Seiberg-Witten curve explicitly in the limit β → 0. We
find a non-compact Calabi-Yau XSW based on the Seiberg-Witten curve (4.10)

HSW (t, v) = Λ(t+ t−1)− 2(v2 − a2) = 0. (4.20)

Recall that t ∈ C∗ while v ∈ C. The holomorphic three-form thus reduces to the
Seiberg-Witten form

ηSW = v
dt

t
. (4.21)

A-cycles on ΣSW are not contractible on the (t, v)-plane. Instead, compact A-
cycles in the noncompact Calabi-Yau threefold will reduce to a difference of A-
cycles on ΣSW . Indeed, notice that a point on the 1-cycle Ai and one on another
1-cycle −Aj , with opposite orientation, are connected by a CP1 in the Calabi-
Yau. The resulting 3-cycle therefore has the topology of S2 × S1. For the B-
cycles this subtlety does not arise, and compact B-cycles in the Calabi-Yau have
S3 topology and reduce to compact 1-cycles connecting the two hyperelliptic
planes. See Figure 4.8.
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Figure 4.8: The relation between 3-cycles in the Calabi-Yau XSW and 1-cycles on the Rie-
mann surface ΣSW for the Seiberg-Witten geometry. For the A-cycle, by fibering S1 over the
line segment whose endpoints are at a point on Ai and a point on −Aj , one obtains S2.
By moving the endpoints over Ai and −Aj , one obtains S2 × S1. For the B-cycle, similarly
moving the S2 ending on Bi, one obtains S3.

Self-dual strings

Wrapping D3-branes around a 3-cyle Γ = qA + pB of XSW , introduces a BPS
dyon in four dimensions whose mass is the absolute value of

Z ∼ q
∫
A

Ω + p

∫
B

Ω.

This reproduces the mass-formula (4.9). On the Seiberg-Witten curve ΣSW the
D3-branes reduce to strings, whose tension is proportional to to the size of the
2-cycle above it. These strings are not fundamental strings, but instead non-
critical. They live in six dimensions and couple to the B-field that is part of a
6-dimensional tensor multiplet. Since the field strength of B is self-dual, they
are called selfdual strings [101].

The crucial difference between N = 2 and N = 4 gauge theories is that the
metric on the SU(2) Seiberg-Witten curve is not just the usual flat metric, as
it is on the N = 4 torus. The Seiberg-Witten metric can be derived from the
metric on the D3-branes. Since these branes wrap supersymmetric 3-cycles they
are calibrated by Re Ω. The pull-back of Ω to their worldvolume is proportional
to the volume element on the brane [102]. On the space part of the self-dual
string, parametrized by x, we thus find

∂

∂x

(
ηtSW (t)

∂ log t
∂x

)
= 0,

where ηSW = ηtSW dt/t. This is the geodesic equation for a metric

gtt̄ = ηtSW η
t
SW . (4.22)
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Since ηSW is meromorphic, this metric has poles. Its geodesics are therefore
curved, so that not all BPS particles are stable. Studying these BPS trajectories
gives a powerful method to determine quantum BPS dyon spectra. In particular
this leads to the correct SU(2) Seiberg-Witten spectrum [101].

Notice that when we scale the Seiberg-Witten form ηSW as

ηSW → ηSW
λ

(4.23)

and take the limit λ → 0, the Seiberg-Witten metric reduces to the usual N =
4 flat metric. This is a preview on Section 4.3, where we study gravitational
corrections to the prepotential F0 that scale the prepotential to F0/λ

2. In the
limit λ→ 0 we recover N = 4 results out of the N = 2 data.

4.2.3 Completing the web of dualities

Now that we have seen the intimate connection between non-compact Calabi-
Yau compactifications and N = 2 supersymmetric gauge theories, it is time to
link them to our first chain of dualities in Section 4.1.4. We accomplish this by
going through another chain of dualities, represented by the vertical sequence
of boxes in Fig. 1.6.

The second duality chain

Let us consider a slightly more general compactification of M-theory, namely

(M) TN × B × R2 × S1,

corresponding to the top box in Fig. 1.6. The extra S1 does not really influence
the earlier results, since the D6-branes remain non-compact and therefore the
gauge theory that they support stays non-dynamical. Hence the I-brane con-
figuration remains the same. In the other compactification with an ensemble
of NS5-branes and D4-branes we can now perform a T-duality on S1 to give
a web of (p, q) 5-branes in Type IIB, which is another familiar and convenient
realization of the N = 2 system.

However, in this situation there is an obvious third possible compactification to
type IIA, by just reducing on the extra S1 that we have introduced. This will give
IIA on

(IIA) TN × B × R2

with N NS5-branes wrapping TN ×Σ. We haven’t gained much in this step, but
now we can T-dualize the NS5-brane away to remain with a purely geometric
situation [73, 101]. In general a T-duality transverse to a set of N NS5-branes
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produces a local AN−1 singularity of the form

uv = zN . (4.24)

In the case of a single 5-braneN = 1 this gives anA0 “singularity”. We recall that
world-sheet instanton effects are important to understand this very non-trivial
duality [73, 103, 104].

Applying this T-duality in the present set-up gives us a type IIB compactification
of the form

(IIB) TN ×X,
where X is a non-compact Calabi-Yau geometry of the form

X : uv +H(x, y) = 0,

modeled on the affine Riemann surface Σ that is defined by H(x, y) = 0. This is
just an application of (4.24) in the case N = 1, where z is the local coordinate
transverse to the curve Σ.

Let us emphasize that the resulting web 1.6 can be used to study any non-
compact Calabi-Yau threefold X that is modeled on a Riemann surface Σ. In
particular, the Calabi-Yau doesn’t need to have a toric mirror. Examples of such
Calabi-Yau’s are the Dijkgraaf-Vafa geometries that we will encounter in Chap-
ter 6 as well as Chapter 8.

Moreover, notice that we restricted ourselves to N = 1, corresponding to a
single M5-brane in the upper node of the duality web 1.6. There is no problem
in generalizing this to arbitrary number N of M5-branes though, we just find
non-compact Calabi-Yau threefolds whose fiber over the affine curve Σ is given
by a more complicated local singularity.

4.3 Topological invariants of Calabi-Yau threefolds

So far we paid attention to some geometrical aspects of the Calabi-Yau back-
ground itself in a Calabi-Yau compactification. For associating topological in-
variants to Calabi-Yau threefolds, we need to go one step deeper and study the
moduli spaces of the fields in a Calabi-Yau compactification. That is the theme
of this section.

A string compactification is a generalization of the old idea of Kaluza and Klein
[105, 106] to unify electromagnetics and gravity in four dimensions by introduc-
ing an extra dimension. A reduction of the 5-dimensional metric over a circle S1

yields the 4-dimensional metric gµν and gauge field Aµ =
∫
S1 gµ5.
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In this thesis we will mostly consider compactifications of type II to four dimen-
sions, with a Calabi-Yau threefold X as compactification manifold. The low en-
ergy effective theory in four dimensions is determined by reducing the massless
fields of type II theory. These are given by a metric gMN , the B-field BMN and
the dilaton φ, together with the R-R gauge potentials and their superpartners.

String compactifications are characterized by the amount of supersymmetry that
is preserved. This is proportional to the number of covariantly constant spinors
on the compactification manifold, or equivalently, to the amount of reduced
holonomy. For example, complex Calabi-Yau threefolds with SU(3) holonomy
preserve a quarter of the 10-dimensional supersymmetry. This results in a 4-
dimensional theory with N = 2 supersymmetry. Supersymmetry dictates that
the resulting massless fields can be combined into 4-dimensional N = 2 mul-
tiplets. E.g. the 4-dimensional metric gµν combines with the graviphoton and
two gravitinos in a gravity multiplet, and yields for example the 4-dimensional
Einstein gravity Lagrangian ∫

d4x
√−gR.

But there are more multiplets that play a role in the resulting 4-dimensional
low energy effective theory. The scalar components of these multiplets all have
an interpretation in terms of the internal Calabi-Yau metric gmn. As this internal
metric may vary over x ∈ R4, though preserving the Calabi-Yau conditionRmn =
0, their moduli appear in the 4-dimension theory as fields φ(x). A reduction of
the 10-dimensional Einstein gravity Lagrangian shows that they are part of a
4-dimensional sigma model action∫

d4x Gαβ(φ)dφα ∧ ∗dφβ , (4.25)

where Gαβ(φ) is the metric on the moduli space of the Calabi-Yau. Now we
already learned in Chapter 2 that this metric splits into two pieces, the first
describing h2,1 complex structure moduli Xi and the second h1,1 complexified
Kähler moduli tj , which combine the Kähler metric g and the B-field.

In the language ofN = 2 supersymmetry the type IIB low energy effective theory
is captured by a N = 2 supergravity theory in 4d coupled to h2,1 vector multi-
plets, whose scalar components parametrize the complex structure deformations
of X, and to h1,1 + 1 hypermultiplets, whose scalar components describe defor-
mations of the complexified Kähler moduli of X plus the axion-dilaton C+ ie−φ.
In the context of IIA compactifications these identifications are reversed: there
are h1,1 vector multiplets and h2,1 + 1 hypermultiplets.

As we will see in detail in a moment the metric on the scalar moduli spaces is
captured by classical geometry, up to such quantum corrections in gs in full string
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theory and in α′ at world-sheet level. The fact that these two sets of multiplets
are decoupled in the 4-dimensional theory is important in constraining these
corrections. For example, the metric on the IIB moduli spaceMV doesn’t receive
any string loop corrections nor instanton corrections, since the dilaton as well
as the Kähler moduli (which control the size of the Calabi-Yau) are part of the
hypermultiplets. On the other hand, the metric on the IIA moduli spaceMV is
sensitive to α′ corrections.

4.3.1 Special geometry

Supersymmetry imposes strong constraints on the geometry of the moduli spaces
of the scalar fields. It forces the metricGij̄ on anyN = 2 vector multiplet moduli
spaceMV to be of the special Kähler form [107, 108]

Gij̄ = ∂i∂j̄K, (4.26)

with Kähler potential K. This Kähler potential can be expressed in terms of a
prepotential F0, similar to our discussion in Section 4.1.1. Let us first show how
the prepotential F0 is related to the Calabi-Yau geometry in both type IIA and IIB
compactifications, and in Section 4.3.1 we explain the relation to the quantum
moduli space of N = 2 supersymetric gauge theories.

Type IIB vector moduli space

In a type IIB Calabi-Yau compactification the Kähler potential onMV is given by

K = − log i
(∫

X

Ω ∧ Ω
)
. (4.27)

Here Ω is the nonvanishing holomorphic three-form of X, locally determined up
to multiplication by a nonvanishing holomorphic function. The transformation
Ω→ ef(z)Ω changes the Kähler potential into

K(z, z̄)→ K(z, z̄)− f(z)− f(z),

so that the Kähler metric (4.26) indeed remains invariant. Notice that (4.27)
corresponds precisely to the Weil-Petersson metric on the moduli space of com-
plex structures of the Calabi-Yau manifold X.

The fact that the Kähler potential K is captured by a single function F0 is known
as special geometry. To see this let us start by choosing a basis of three-cycles
{Ai, Bj} of X, with i, j = 0, 1, . . . , h2,1, such that

Ai ∩Bj = δij , Ai ∩Aj = Bi ∩Bj = 0.
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As such a basis is preserved under the symplectic group Sp(b3,Z)1, it is called a
symplectic basis of X.

The complex structure periods of X with respect to this basis are defined as

Xi =
∫
Ai

Ω, F0,i =
∫
Bi

Ω. (4.28)

The tuple (Xi,F0,i) forms a local section of an Sp(b3,Z)-bundle over the moduli
spaceMV , whereas the quotients

Zi =
Xi

X0
, i = 1, . . . , h2,1

yield a set of local coordinates onMV .

Since the variation of a (3, 0)-form just contains a (3, 0) piece and a (2, 1) piece,∫
X

Ω∧∂iΩ = 0. This implies that the functions Fi(X) are in fact first derivatives

F0,i(X) = ∂iF0(X), F0(Xi) =
1
2
XiF0,i(X)

of a homogeneous function F0 of degree 2 in the complex moduli X = {Xi}.
This is the prepotential. Geometrically, this means that the image of the period
map, which sends

Ω 7→ (Xi,F0,i),

is a Lagrangian submanifold of H3(X,C).

The Riemann bilinear identity
∫
X
α ∧ β =

∑
i

(∫
Ai
α
∫
Bi
β − ∫

Ai
β
∫
Bi
α
)

im-
mediately shows that the Kähler potential is fully determined by the prepoten-
tial F0:

K(X,X) = − log i
(
XiF0,i −XiF0,i

)
. (4.29)

Decoupling gravity

In general, to make contact with the 4-dimensional world around us, we would
like to consider compactifications with a relatively small Calabi-Yau. The Planck
scale in four dimensions is then proportional to the size of the threefold (and
inversely related to its curvature).

1Recall that Sp(N,Z) is the group consisting of 2N × 2N integer-valued matrices

g =

„
a b
c d

«
such that gtJg = J with J =

„
0 −I
I 0

«
,

where a, b, c and d are N ×N matrices.



4.3. Topological invariants of Calabi-Yau threefolds 93

However, when we are purely interested in the gauge dynamics of the reduced
theory, we want to decouple gravity in 4d. This is commonly done by zooming
in on the part of the complex moduli space where the Calabi-Yau develops a sin-
gularity. In such a region of the moduli space a particular set of cycles becomes
very small. (Think of the singularities on the quantum SU(2) Seiberg-Witten
moduli spaceMq where 1-cycles degenerate.)

In four dimensions this results in a new lower energy scale, governing the dy-
namics of the fields that correspond to the singularity. Zooming in close to
the singularity, we can forget about the rest of the Calabi-Yau so that we are
effectively studying non-compact Calabi-Yau compactifications. Depending on
the type of the compactification, wrapping branes around vanishing 2, 3 and 4-
cycles yield massless BPS vector and hyperparticles, that can engineer any gauge
symmetry and matter content that one is interested in.

In this non-compact limit the local special geometry of N = 2 supergravity
reduces to rigid special geometry, relevant for the low energy dynamics ofN = 2
gauge theories (more details e.g. [93, 109, 110]). In particular, the Kähler
potential reduces to

K = i

∫
X

Ω ∧ Ω. (4.30)

so that the metric is given by

gij̄ = Im
(

∂2F0

∂Xi∂Xj

)
. (4.31)

This is indeed in agreement with the Seiberg-Witten expression (4.5).

Normalizable and non-normalizable modes

An important point is the distinction between normalizable and non-normalizable
complex structure moduli in the case of noncompact Calabi-Yau manifolds. To be
more precise let us consider the local Calabi-Yau modeled on a Riemann surface
Σ. The coefficients of the polynomial H(x, y) characterize the complex structure
of X, so that they are the complex structure moduli of X. However not all of
them are dynamical. Some of them control the complex structure of 3-cycles
which are localized in the “interior” of the singularity and are dynamical, while
others describe how the singularity is embedded in the bigger Calabi-Yau and
become frozen when we take the decoupling limit.

To determine if a specific complex structure modulus X is dynamical or not, one
has to compute the corresponding Kähler metric

gXX = ∂X∂XK = i∂X∂X

∫
Ω ∧ Ω. (4.32)
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If this expression is finite, then the modulus X is dynamical, otherwise it is
decoupled and should be treated as a parameter of the theory. We will refer to
the first set of moduli as normalizable and to the second as non-normalizable.

Type IIA vector moduli space

Similar to how the complex structure moduli enter in the IIB vector moduli
space, the Kähler moduli parametrize the IIA vector moduli space. It is conve-
nient to enlarge the moduli space to all complex even-dimensional forms on the
Calalabi-Yau threefold X̃. The Kähler periods of X̃ are then found with respect
to the element

Ω = exp(t) ∈ H2∗(X̃,C), (4.33)

where t = B+ iJ denote the complexified Kähler form on the Calabi-Yau. When
integrated over a basis of two-cycles Ci this yields the Käher parameters ti =∫
Ci
t, for i = 1, . . . , h1,1. More precisely, these are the normalized complex

Kähler parameters ti = Xi/X0.

The Kähler potential is given by

K = − log i
(∫

Ω ∧ Ω̃
)
,

where ˜ above Ω reminds us that we should include a minus sign for compo-
nents in H1,1 and H3,3 (to define a Hermitean inner product). The Kähler
potential can then be written in terms of a holomorphic function F0,clas as in
equation (4.29). It equals the triple intersection number

F0,clas(t) =
1
6

∫
eX t ∧ t ∧ t.

in the normalized coordinates t. As we already suggested in our notation, in
a type IIA compactification this only determines the full prepotential F0 up to
non-perturbative corrections in α′.

Both type II vector multiplet moduli spaces are related by mirror symmetry,
which exchanges a type IIB compactification on a Calabi-Yau threefold X, with
Hodge numbers h1,1 and h2,1, with a type IIA compactification on its mirror X̃,
whose Hodge numbers are flipped. There is a precise mirror map between the
complex structure moduli Zi onX and the Kähler moduli ti on its mirror X̃, that
determines the full IIA prepotential in the large radius limit to be of the form

F0(t) =
1
6

∫
eX t ∧ t ∧ t− i

χ

2(2π)3
ζ(3) +

∑
d∈H2(X̃)

GW0(d) e−
1
α′

P
i dit

i

(4.34)
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where GW0(d) are the so-called genus zero Gromov-Witten invariants. They
count the number of worldsheet instantons in the Kähler class d =

∑
i diC

i.
Gromov-Witten invariants are one type of topological invariants on a Calabi-Yau
threefold. They give a mathematical definition of what is called the A-model in
topological string theory. This is the topic of Section 4.3.2.

4.3.2 Topological string theory

Topological strings were introduced by Witten in [111] as a twisted version of a
supersymmetric 2-dimensional sigma model

Zσ(X; t) =
∫
DxDgC exp

(
−t
∫
C

gmndx
m ∧ ∗dxn + . . .

)
,

that integrates all maps x of a worldsheet C into the target manifold X with
metric gmn.2 The maps are weighted by the volume of x(C). The extra integral
over all metrics gC on C couples the sigma model to gravity. When X is a
Calabi-Yau threefold the sigma model is conformally invariant and N = (2, 2)
supersymmetry on the worldsheet is preserved.

Similarly as in Section 3.1.1, the sigma model is twisted by choosing an embed-
ding of the worldsheet Lorentz group U(1) into the R-symmetry group U(1)R
of the supersymmetry algebra. Essentially this gives two possibilities, which are
called the A-model and the B-model. Precisely as in Section 3.1.1 both models
are characterized by their BRST operators, which make sure the amplitudes are
independent of the metric gmn of X. In fact, one finds that the A-model only
depends on the h1,1 Kähler moduli of X, while the B-model is just based on the
h2,1 complex structure moduli of X. Mirror symmetry equates the B-model on
the Calabi-Yau X and the A-model on its mirror X̃.

There are many excellent reviews on topological string theory and mirror sym-
metry, see for instance [112, 113, 114, 115, 116].

4.3.3 Gravitational corrections

How do topological string amplitudes pop up in the physical string? In Sec-
tion 4.1 we wrote down the most general Lagrangian (4.3) one can build out
of any number of N = 2 vector multiplets Xi (which contain the scalars Xi

as lowest components). A Calabi-Yau compactification furthermore produces an
N = 2 gravity multiplet, whose components may be recombined in the so-called

2Be careful not to confuse the worldsheet C in the sigma-model with the target space curve Σ in
the local Calabi-Yau XΣ.
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Weyl multipletWµν . This multiplet is expanded as

Wµν = F+
µν −R+

µνλρθσ
λρθ + . . . ,

where F+ is the self-dual part of graviphoton field strength and R+ the self-dual
Riemann tensor. In the 4-dimensional low energy effective action Wµν appears
together with the Zi’s in F-terms of the form∫

d4x

∫
d4θ Fg(Xi)(W2)g,

which clearly generalize the Lagrangian (4.3) that only captures the prepotential
F0. Expanding the above Lagrangian in components yields the terms∫

d4x Fg(Xi)R2
+ F

2g−2
+ . (4.35)

In other words, the Fg ’s are coefficients in a gravitational correction to the am-
plitude for the scattering of 2g − 2 graviphotons. In [117, 118] it was shown
that these coefficients may be computed in topological string theory. The vector
multiplets in a IIB compactification parametrize complex structure moduli, so
that the above F-terms compute B-model free energies Fg, whereas in a type IIA
compactification the F-terms generate A-model invariants.

These gravitational couplings are crucial in the study of supersymmetric black
holes [22, 23, 119, 120, 121, 122]. But even when we decouple gravity by zoom-
ing in on the singularity of a Calabi-Yau (the topic of the next paragraph), they
appear as meaningful holomorphic corrections to the effective 4-dimensional
gauge theory [123, 124, 125].

A-model and Gromov-Witten invariants

The A-model enumerates degree d holomorphic maps x : Cg → X̃ from a genus
g worldsheet Cg into the Calabi-Yau X̃. These are captured by the Gromov-Witten
invariants

GWg(d) =
∫
Mg(X̃,d)]vir

1 ∈ Q,

that “count” the number of points in their compactified moduli spaceMg(X̃, d)
(which is rigorously defined in [126, 127]). In a large radius limit the partition
function of the A-model has a genus expansion

ZGW (t;λ) = exp (F(t;λ)) ; F(t;λ) =
∑
g≥0

λ2g−2Fg(t), (4.36)



4.3. Topological invariants of Calabi-Yau threefolds 97

where we introduced the topological string coupling constant λ that keeps track
of the worldsheet genus g, and where we absorbed the coupling constant t in the
complexified Kähler class t. The Fg ’s can be expressed in terms of the Gromov-
Witten invariants

Fg(t) =
∑
d

GWg(d)ed·t +
{

1
6

∫
X
t ∧ t ∧ t (g = 0)

1
24

∫
X̃
c2(X̃) ∧ t (g = 1)

, (4.37)

with the notation d · t =
∫
d
x∗(t). In particular, the genus zero contribution F0

equals the prepotential (4.34).

A-model on toric Calabi-Yau threefolds

In [17] the A-model on a non-compact toric Calabi-Yau threefold is solved by tak-
ing advantage of the large N open-closed string duality between Chern-Simons
theory on S3 and the A-model on the resolved conifold [18]. It was discov-
ered that the all-genus free energy can be computed by splitting the toric tar-
get manifold in C3-patches, as discussed in Section 4.2.1. On each C3-patch
the worldsheet instantons localize onto the trivalent vertex in the base of the
T 2 × R-fibration, where at least one of the cycles of the T 2-fibration degener-
ates. In fact, the topological string amplitude on such a patch is an open string
amplitude.

The boundary conditions are specified by so-called A-branes that sit at the end
points of the trivalent graphs. Supersymmetry conditions determine these A-
branes to wrap special Lagrangian cycles in the Calabi-Yau threefold. In non-
compact toric Calabi-Yau’s such cycles end on the degeneration locus and wrap
the T 2-fiber together with a half-line in the base transverse to the trivalent graph.
Since one of the T 2-cycles degenerates at the graph the topology of the A-brane
is S1 × C. It can only move up and down a toric edge. Open strings may wrap
the S1 of each A-brane an arbitrary number of times.

In total there can be three stacks of A-branes at the toric legs of the trivalent
vertex, which the open string wraps. With the Frobenius relation this winding
information can be rewritten in terms of representations of the Lie group U(∞).
The open topological string amplitude on each C3-patch yields the topological
vertex expression

CR1R2R3 =
∑
Q1,Q3

N
R1R

t
3

Q1Qt3
qκR2/2+κR3/2

WRt2Q1
WR2Qt3

WR20
, (4.38)

where the Ri are U(∞) representations, the numbers N are integers that count
the number of ways that the representations Q1 and Qt3 go into R1 and Rt3, and
the W ’s are link invariants for the U(∞) Hopf link. For more details we refer to
reference [17].
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The full closed topological string amplitude is found by multiplying the topo-
logical vertices. When two C3-patches are glued along a toric edge, one has
to sum over the attached representation R with weight exp (−tl(R)), where t
is the Kähler parameter of the toric edge and l(R) the number of boxes in the
Young diagram corresponding to R. We will see examples of such computations
in Chapter 6 and Chapter 7.

B-model and Kodaira-Spencer theory

The free energy of the B-model has a similar genus expansion as in (4.36) in a
large complex structure limit, that is related to the A-model expansion by the
mirror map. But in contrast to the A-model, the B-model is best understood
from a target space point of view, where it is described as a Kodaira-Spencer
path integral over complex structure deformations of X [117]

Z =
∫
Dφ exp

(∫
∂φ ∧ ∂φ+ λA3

)
.

Here, the complex structure field A = X + ∂φ ∈ H2,1 is expanded around a
background complex structure specified by Z ∈ H2,1(X), so that φ ∈ H1,1(X)
describes cohomologically trivial complex structure fluctuations. The interaction
term schematically denoted by A3 is more carefully equal to Ω · (A′ ∧ A′) ∧ A,
where A′ ∈ H0,1(TX) is uniquely determined Ω ·A′ = A.

This partition function quantizes complex structures as its equation of motion is
the Kodaira-Spencer equation

∂A′ +
1
2

[A′, A′] = 0,

which is condition for a complex structure ∂ +A′ · ∂ to be integral. At tree level
the free energy is captured by special geometry in terms of the periods

Xi =
∫
Ai

Ω,
∂F0

∂Xi
=
∫
Bi

Ω

as described in Section 4.3.1. At one loop level the free energy computes the
logarithm of the analytic (Ray-Singer) torsion of X [117]

F1 =
3∑

p,q=0

1
2
pq(−)p+q log det′∆p,q, (4.39)

where the prime ′ refers to subtracting the zero modes. Higher Fg ’s don’t have
such a neat interpretation; they just give quantum corrections to special geome-
try.
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B-model on local Calabi-Yau modeled on a curve

Kodaira-Spencer theory on a local Calabi-Yau XΣ reduces to a 2-dimensional
quantum field theory on the curve Σ that quantizes the complex structure defor-
mations of Σ [17, 128]. These complex structure variations are controlled by a
bosonic chiral field φ such that

η = ∂φ(x), (4.40)

Let us assume for a moment that the complex structure of Σ can only be changed
at its k asymptotic infinities (so Σ is a genus zero curve), and that these regions
are described by a local coordinate xi such that xi → ∞ at the boundary. Near
each boundary ∂Σi the chiral boson φ admits a mode expansion

∂φ(x) =
∑
n∈Z

αnx
−n−1
i , [αn.αm] = nλ2δn+m,0

(When xi is a periodic coordinate, the series should be expanded in enxi .)

Denote the Hilbert space of this free boson by H. The B-model free energy
sweeps out a state

|W〉 ∈ H⊗k. (4.41)

At each boundary ∂Σi we can introduce a coherent state

|ti〉 = exp

(∑
n>0

tinα−n

)
|0〉,

where the tin’s represent the complex structure deformations at the correspond-
ing asymptotic infinity. Roughly, tin corresponds to complex structure variations
yi ∼ xn−1

i at the ith boundary when n > 0. It follows that the B-model partition
function can be written as the correlator

expF(t1, . . . , tk) = 〈t1| ⊗ . . .⊗ 〈tk|W〉. (4.42)

In [128] it is discovered that there is a large symmetry group that acts on this
theory, whose broken symmetries generate an infinite sequence of Ward identi-
ties that are strong enough to determine the free energy F as a function of the
deformation parameters tin. In three complex dimensions these symmetries are
the global diffeomorphisms that preserve Ω. In two complex dimensions they re-
duce to diffeomorphisms that preserve the complex symplectic form dy ∧ dx on
B. Obviously, these symmetries are broken by Σ. This gives φ an interpretation
as Goldstone boson.
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Geometrically, the Lie algebra of infinitesimal tranformations is generated by
Hamiltonian vector fields

δxi =
∂f(yi, xi)

∂yi
, δyi = −∂f(yi, xi)

∂xi
,

with the Hamiltonian f(y, x) being any polynomial in y and x. This is known
as the W1+∞-algebra. On the quantum level any change of local coordinates
δxi = ε(xi) is implemented by the operator∮

ε(xi)T (xi)dxi

acting on the Hilbert space, where T (x) = (∂φ)2/2 is the energy momentum ten-
sor of the free boson CFT. Similarly, when f(yi, xi) = yni x

m
i at the ith asymptotic

infinity, we find a quantum generator

Wn+1
m (xi) ∼

∮
∂Σi

xmi
(∂φ)n+1

n+ 1
.

These generators are the modes of theW-current Wn+1(x) ∼ (∂φ)n+1/(n + 1),
that includes the Virasoro current for n = 1.

To write down the Ward identities, corresponding to the brokenW1+∞-symme-
try, we first need to see how the complex structure deformations in the various
asymptotic regions are related. It turns out that this is highly non-trivial, and
can be best understood in terms of the topological B-branes in the geometry XΣ.

Topological B-branes wrap holomorphic cycles of the Calabi-Yau geometry. In the
local geometry Xσ complex 1-dimensional branes are parametrized by Σ. These
branes wrap the non-compact fiber uv = 0 over the curve Σ. More precisely,
such a fiber is degenerated into two parts v = 0 and u = 0, which are wrapped
by a brane and an anti-brane resp. Inserting such a brane at position p on
an asymptotic infinity deforms the meromorphic 1-form η by a small amount∮
p
η = λ, where the contour encircles the point p on Σ. Since we identified η

with ∂φ in (4.40), we find the equality

〈· · ·
∮
p

∂φ(xi) ψ(p) · · · 〉 = λ 〈· · ·ψ(p) · · · 〉.

Now the OPE : ψ∗(xi)ψ(p) : ∼ 1/(xi − p), when xi → p, shows that the B-brane
corresponds to the fermion ψ by the familiar bosonization rules

: ψ(xi)ψ∗(xi) : = ∂φ(xi)/λ, ψ(xi) = exp (φ(xi)/λ) .

Similarly, an anti-brane corresponds to its conjugate ψ∗ = exp (−φ/λ).
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This has some very interesting consequences. It is argued in [128] that the
brane partition function Ψ(xi) = 〈ψ(xi)〉, for a B-brane inserted at a point xi
on the ith asymptotic patch, transforms to another asymptotic region as a wave
function (similar to the closed partition function in [129], see also [130, 131]).
As a result the fermion fields in both patches are related in a Fourier-like way

ψ(xj) =
∫
dxi e

S(xi,xj)/λψ(xi), (4.43)

where S is a gauge transformation that relates the symplectic coordinates (y, x)
in both patches

yidxi − yjdxj = dS(xi, xj).

Notice that when the local coordinates are related by a symplectic transforma-
tion Sp(1,Z) ∼= SL(2,Z), the exponent S(xi, xj) is a homogeneous quadratic
function in xi and xj , so that the wave-function transforms in the metaplectic
representation.

Putting everything together we find the Ward identities [128]∮
∂Σi

ψ∗(xi)xmi y
n
i ψ(xi)|W〉 =

−
∑
j 6=i

∮
Cj

ψ(xj)∗xi(xj , yj)myi(xj , yj)nψ(xj)|W〉.

By bosonizing the fermionic fields and contracting the above state with a co-
herent state 〈t|, this yields a set of differential equations that can be solved
recursively in the worldsheet genus g.

Let us recapitulate: Topological B-branes that end on Σ behave as free fermions
on Σ. However, their transformation properties from patch to patch are rather
unusual. In this thesis we examine these free fermions from the I-brane perspec-
tive. In Section 4.4.2 we relate the B-model fermions to the ones on the I-brane,
whereas Chapter 5 is devoted to explaining their characteristics from the I-brane
point of view.

4.4 BPS states and free fermions

It is time to take another look at the web of dualities in Fig. 1.6. The lowest 4
boxes in the vertical sequence of the web are all related to Calabi-Yau compact-
ification down to a 4-dimensional Taub-NUT manifold. The middle ones corre-
spond to topological string theory, in the sense that the holomorphic F-terms on
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the Taub-NUT compute topological string amplitudes. The lowest ones are also
familiar as string theory realizations of other types of topological invariants on
Calabi-Yau threefolds, called Gopakumar-Vafa (GV) invariants and Donaldson-
Thomas (DT) invariants. We are particularly interested in the DT perspective, as
this leads to a natural I-brane partition function, see Section 4.4.3.

4.4.1 BPS states in the 9-11 flip

Let us start by going through the 9-11 flip in the vertical sequence once again.
This time we pay attention to the topological invariants that are associated to
these duality frames [71].

Donaldson-Thomas theory and D0-D2-D6 bound states

Instead of studying holomorphic embeddings φ of a worldsheet Σg into the
Calabi-Yau threefold X̃, one can also think of its image φ∗([Σg]) ⊂ H2(X̃) as
the zero-locus of a finite set of holomorphic functions on X̃. Mathematically this
is rigorously defined in terms of rank 1 ideal sheaves E . On a Calabi-Yau X̃ ideal
sheaves E with ch2 = d and c3 = n can be counted as the Donaldson-Thomas
invariants

DTn,d =
∫

[En(X̃,d)]vir
1 ∈ Z,

since their moduli space [En(X̃, d)]vir has virtual dimension zero [132, 133].
Their generating function is

ZDT(t, eλ) =
∑
d,n

DTd,ne−d·tenλ (4.44)

The degree zero Gromov-Witten and Donaldson-Thomas partition functions are
conjectured to be related as ZDT

0 (t, eλ) =
(
ZGW

0 (t, λ)
)2

, whereas their reduced
parts Z ′ = Z/Z0 are conjectured mathematically to be equal

Z ′DT(t, eλ) = Z ′GW(t, λ).

This has been verified in some important cases, such as toric Calabi-Yau three-
folds [134, 135, 136].

Physically, these invariants can be thought of as capturing D0-D2 bound states on
a single D6 brane. In the maximally supersymmetric U(1) worldvolume theory
on the D6-brane these bound states correspond to non-trivial topological sectors
of the rank 1 gauge bundle E: the D2 charge d equals ch2(E), while the D0
charge n equals ch3(E). So DTd,n should correspond to the number of bound
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states of a D6 brane with D2-branes that are wrapped around a cycle d ∈ H2(X̃)
and n added D0-branes.

When we wrap the D6-brane around a Calabi-Yau threefold X̃ the worldvolume
gauge theory is naturally twisted. On X̃ × S1 its partition function is given by
the Witten index

Tr[(−1)F e−βH ]

where β is the radius of S1. Since the theory is topological we can take the limit
β → 0 to find a 6-dimensional maximally supersymmetric U(1) gauge theory.
The D0-D2 bound states are captured by the topological terms

S = λ

∫
X̃

c3(E) +
∫
X̃

t ∧ ch2(E), (4.45)

where t denotes the Kähler class of X̃. Since the only relevant contributions in
this topological gauge theory are given by the above topological terms, we find
the Donaldson-Thomas partition function (4.44). The mathematical relationship
between GW and DT invariants corresponds physically to a gauge-gravity corre-
spondence between the 6-dimensional U(1) gauge theory and topological string
theory [32].

In string theory this configuration is embedded in the type IIA background

IIA : X̃ × R3 × S1
β

with a single D6-brane wrapped on X̃ × S1
β bound to D2 and D0-branes.

Notice that in our duality web the Taub-NUT space TN may have an arbitrary
number k of nuts. In the remainder of this thesis we restrict to k = 1 just because
that makes it easier to write down generating functions for BPS states. It is in
fact a striking question how to use the I-brane web of dualities to write down a
partition function that holds for any k.3

The 9-11 flip and Gopakumar-Vafa invariants

As the D6-brane dissolves into a non-trivial Taub-NUT geometry, this configura-
tion lifts to M-theory as

M : X̃ × TN × S1
β , (4.46)

accompanied by M2-branes and KK momenta along the Taub-NUT circle S1
TN .

Note that instead of reducing over S1
TN to go down to IIA, it is also possible to

3The obstacle in writing down higher-rank Donaldson-Thomas invariants is the definition of a
nice moduli space. Lately, this has been studied in [137]. It would be interesting to find out how
this generalized Donaldson-Thomas theory is related to our web of dualities.
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shrink the thermal circle S1
β . This yields the background X̃ × TN with funda-

mental strings wrapping 2-cycles of the Calabi-Yau X. Since the 5-dimensional
angular momentum around S1

β couples to the graviphoton field, the Witten in-
dex will in this configuration compute the A-model partition function ZGW(t, λ)
[71].

Moreover, in [71] it is argued that this S1
TN -S1

β flip (9-11 flip) encodes yet an-
other interpretation of the topological string partition function in terms of the
Gopakumar-Vafa invariants. These integer invariants

GVmd ∈ Z

count the number of M2-branes wrapped over a 2-cycle d in the Calabi-Yau X̃

in a compactification of M-theory on X̃ to five dimensions [22, 23, 119].4 The
integer m stands for the left spin content of the corresponding 5-dimensional
BPS particle. More accurately, its spin (mL,mR) = (2j3

L, 2j
3
R) takes value in

the 5-dimensional rotation group SO(4) = SU(2)L × SU(2)R, but to find a
proper complex structure invariant one should sum over the right spin content.
Compactifying the fifth dimension gives the BPS particles an extra angular mo-
mentum.

Let us go back to the M-theory set-up (4.46). In the strong coupling limit in
which the radius R of the Taub-NUT circle S1

TN is large, we effectively zoom in
on the center of the Taub-NUT. Near this center the geometry cannot be distin-
guished from R4, so that the M2-branes form a free gas of spinning BPS particles
in R4. Their spin receives a internal contribution m from the U(1) ⊂ SU(2)L
isometry of the Taub-NUT plus an orbital contribution n that originates from
the KK-momenta along the S1

TN . This motivates the Gopakumar-Vafa partition
function

ZGV(t, λ) =
∏
d∈H2

∏
m∈Z

m∏
k=−m

∞∏
n=1

(1− eλ(k+n)et·d)(−1)m+1nGVmd , (4.47)

as a second quantized product over the spinning BPS states [71, 140, 22]. The
equivalence of the GV partition function ZGV(t, λ) to the GW partition function
ZGW(t, λ) conjectures the integrality of the Gopakumar-Vafa invariants GVmd .

So although the Gromov-Witten invariants are not integer, and thus cannot be
made sense of as counting BPS states in string theory, their generating function
does allow a reformulation in terms of the integer-valued Donaldson-Thomas
invariants and Gopakumar-Vafa invariants, which do have a BPS-interpretation
in string theory and are connected by this 9-11 flip.

4Mathematically it is not so easy to define Gopakumar-Vafa invariants rigorously. Recent attempts
can be found in [138, 139].
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Degree zero example

Let us give a simple example of these dualities (more can be found in e.g. [114,
141]). In Gromov-Witten theory the constant map contributions are captured by
the generating function

GWg(0) =
(−1)gχ(X̃)

2

∫
Mg

c3g−1 =
(−1)gχ(X̃)

2
|B2g||B2g−2|

2g(2g − 2)(2g − 2)!

where c3g−1 is (g − 1)th Chern class of the Hodge bundle over Mg (the moduli
space of Riemann surfaces of genus g) and Bn are the Bernouilli numbers. The
corresponding partition function ZGW,0 can be rewritten as a Gopakumar-Vafa
sum

ZGV,0 =
∏
n≥0

(
1− eλn)−nχ(X̃)

=
∏
n≥0

(
1− eλn)nGV0,0

.

This generating function is a power of the MacMahon function

M(q) =
∏
n≥1

(1− qn)−n,

which counts 3-dimensional partitions, and as such appears in the localization of
the 6-dimensional gauge theory and the computation of the Donaldson-Thomas
invariants [32, 28, 142].

4.4.2 Fermions and BPS states

Let us compare the different types of objects that play a role in the remainder of
the duality web. In the I-brane frame these are the free fermions themselves and
the fluxes through the a-cycles of the Riemann surface that they couple to. In the
B-model these are BPS states that are obtained by wrapping D3-branes around
A-cycles and the fluxes through these 3-cycles. These B-model invariants can be
translated to analogous charges in the Gopakumar-Vafa M-theory setting or the
Donaldson-Thomas frame in type IIA. Let us look at this closer.

Relating the I-brane fermions to BPS states

Perhaps it is clarifying to compare the chiral fermions, that appear so naturally
in the intersecting brane system, to the usual BPS states. This is most naturally
done in the M-theory picture, where we consider an M5-brane with topology
TNk × Σ.

First of all, the chiral fermions are given by the open fundamental strings that
stretch between D4-branes and D6-branes. On the Riemann surface Σ they wrap
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an A-cycle, which is their time trajectory, times an interval I. At one end of
the interval the open string ends on a D4-brane, whereas on the other end it
ends on a D6-brane. These fundamental strings are lifted to open M2-branes in
M-theory. Since the Taub-NUT circle shrinks at the D6-endpoint, the topology
of the membranes is S1 × D2, where S1 is the time trajectory and D2 is a 2-
dimensional disc whose boundary ∂D2 lies on the M5-brane. This boundary
encircles the S1

TN of the Taub-NUT geometry. Another way to see this is that the
BPS mass of these open M2-brane states is given by

Z =
∫
D2
ωTN =

∮
∂D2

ηTN ,

where ηTN is the one-form (3.19) on TN . This mass goes to zero exactly when
the M2-brane approaches one of the NUTs of the Taub-NUT geometry. There the
chiral fermions appear.

So, if we compute a fermion one-loop diagram, this is represented in M-theory
in terms of open M2-brane world-volumes with geometry D2×S1 and boundary
T 2 = S1 × S1 on the M5-brane. Note that the S1 on the TN factor is filled in by
a disc. This is illustrated in Fig. 4.9.

Figure 4.9: Two kinds of open M2-brane instantons that contribute to a M5-brane with
geometry TNk × Σ: (1) the free fermions, massless at the NUTs of TNk; (2) the usual BPS
states that become massless when the Riemann surface Σ pinches.

On the other hand we have the traditional BPS states in Calabi-Yau compactifica-
tions, that we discussed in Section 4.2. In the IIB compactification on TNk ×X
these will be given by D3-branes that wrap special Lagrangian 3-cycles in X. Let
us consider the D3-branes that wrap the A-cycles of the local Calabi-Yau, and
thus fill in a disc D that ends on the Riemann surface Σ. After the dualities that
map this configuration to an M5-brane in M-theory, these states become open
M2-branes with the topology of a disc as well. But now the boundary S1 of these
discs will lie on the surface Σ. The time trajectory will be along the space-time
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TNk. More invariantly, we have again M2-branes with world-volumes D2 × S1

and boundary S1 × S1, but now the S1 on the Riemann surface Σ is filled in.
This makes sense, since the mass of the BPS states, given by

Z =
∮
ydx,

goes to zero exactly when the surface Σ is pinched or forms a long neck. These
states are the M-theory interpretation of the well-known massless monopoles of
Seiberg and Witten [95, 143, 144].

In a full quantum theory of the M5-brane, both kinds of open M2-branes should
contribute to the partition function. In fact, the boundaries of these M2-branes
are the celebrated self-dual strings (see Section 4.2.2) that should describe the
M5-brane world-volume theory [145, 101]. Clearly the corresponding massless
states are contributing in different regimes. In that sense the relation between
the free fermions and the usual BPS states can be considered as a strong-weak
coupling duality.

Fermion charges on the I-brane

It might be good as well to follow the fermion numbers p1, . . . , pg (through
the handles of the Riemann surface) and the dual U(1) holonomies v1, . . . , vg
(that couple to these fluxes) through this chain of dualities. We pick k = 1 for
simplicity. First we remark that we have to choose a basis of a-cycles on Σ to
define these quantities.

In the IIB compactification on TN×X the quantum numbers pi appear as fluxes
of the RR field G5 through a basis of 3-cycles of the Calabi-Yau X.5 In reduction
of G5 to the 4-dimensional low-energy theory on TN this gives the U(1) gauge
fields F i of the vector multiplets that appear in the gauge coupling∫

TN

τijF
i
+ ∧ F j+,

analogous to the reduction in equation (4.13).

After mapping this configuration to IIA theory on R3 × S1 × X̃ with a D6-brane
wrapping S1 × X̃, the flux p is carried by the U(1) gauge field strength F on
the world-volume of the D6-brane, [F i/2π] = pi ∈ H2(X̃,Z). This can be in-
terpreted as a bound state of a single D6-brane with p D4-branes. In a similar
fashion the Wilson lines vi are mapped to potentials for the D4-branes. So in
this duality frame we can simply shift the fermion number by adding D4-branes.

5Indeed, the fermion flux originates from a 2-form field strength on the D6-brane. This lifts in
M-theory to a 4-form flux G4 and arises as a G5-flux in type IIB. We will explain these last steps in
more detail in Section 5.2.1.
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B-model branes compared to I-brane fermions

Another natural question to ask is whether these fermions in the topological B-
model, see Section 4.3.2, are the same as the physical fermions we encountered
on the I-brane. An important property of the fermions in the context of topolog-
ical vertex is that the insertions of the operators ψ(xi), that create fermions
(which is of course not the same as the quanta of the corresponding field),
change the geometry of the curve. The fermions will produce extra poles in
the meromorphic differential ydx which encodes the embedding of the curve as
H(x, y) = 0. We have the identification y = ∂φ(x), and by bosonization the
operator product with a fermion insertion gives a single pole at each fermion
insertion

∂φ(x) · ψ(xi) ∼ 1
x− xiψ(xi).

In the superstring such a correlator

〈ψ(x1) · · ·ψ(xn)〉

of fermion creation operators corresponds to the insertion of D5-branes in type
IIB compactification. These 5-branes all have topology R4 × C, where in the
Calabi-Yau uv+H(x, y) they are located at specific points xi of the curveH(x, y) =
0 along the line v = 0 (so they are parametrized by the remaining coordinate
u). Having this extra pole for y means that the Riemann surface has extra tubes
attached to it at x = xi.

If we T-dualize this geometry to replace the Calabi-Yau X by an NS5-brane wrap-
ping R4×Σ, the D5-branes, which are all transverse to Σ, will become D4-branes.
So we get an NS5-brane with a bunch of D4-branes attached, that all end on the
NS5-brane. This configuration can be lifted to M-theory to give a single irre-
ducible M5-brane, now with “spikes” at the positions x1, . . . , xn. So we indeed
see that the two kinds of fermions (or at least their sources) are directly related
and have the same effect on the geometry of the Riemann surface.

4.4.3 I-brane partition function

In Type II compactifications on Calabi-Yau geometries four-dimensional F-terms
can be computed using topological string theory techniques. We now want to
see how these kind of computations can be mapped to the I-brane model.

Starting point will be the end of the chain of dualities in Figure 1.6: the IIA
compactification on R3 × S1 × X̃ with X̃ a (non-compact) Calabi-Yau geometry,
where we wrap a D6-brane along S1 × X̃. This is the set-up of Donaldson-
Thomas theory. With the right background values of the moduli turned on, the
topological string partition function can be reproduced as an index that counts
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BPS states degeneracies of D-branes in this configuration.

More precisely, the topological string theory partition function in the A-model
naturally splits in a classical and a quantum (or instanton) contribution

Ztop(t, λ) = exp
(
− t3

6λ2
− 1

24
t ∧ c2

)
Zqu(t, λ). (4.48)

Here t ∈ H2(X̃) is the complexified Kähler class, λ the topological string cou-
pling constant, and c2 = c2(X̃). The classical contributions should be read as
integrals over the Calabi-Yau X̃. The quantum contribution is decomposed as

Zqu(t, λ) = exp

∑
g≥0

λ2g−2Fg(t)
 ,

with the genus g free energy expressed in terms of the Gromov-Witten invariants
of degree d as

Fg(t) =
∑
d

GWg(d)ed·t. (4.49)

We can now use the fact that Zqu has a dual interpretation as the Donaldson-
Thomas partition function counting D0-D2-D6 bound states (here we ignore a
subtlety with the degree zero maps)

Zqu(t, λ) =
∑
n,d

DT(n, d) e−nλed·t. (4.50)

In this sum n ∈ H0(X̃,Z) ∼= Z and d ∈ H2(X̃,Z) are the numbers of D0-
branes and D2-branes. As before d · t stands for

∫
d
t. The integers DT(n, d) are

the Donaldson-Thomas invariants of the ideal sheaves with these characteristic
classes. From the BPS counting perspective it is also natural to add the expo-
nential cubic prefactor in (4.48), since this is nothing but the tension of a single
D6-brane (including the geometrically induced D2-brane charge). Remember
that this tension is measured by integrating Ω = exp t over the submanifold.

In type IIA string theory set-up the complex parameters λ and t can be expressed
in terms of geometric moduli of the S1 and the Calabi-Yau X̃, and the Wilson
loops of the flat RR fields C1 and C3. In particular, we can write

λ =
β

`sgs
+ iθ, (4.51)

with
β = 2πR9 =

∮
S1
ds
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the length of the Euclidean time circle S1, and θ the Wilson loop

θ =
∮
S1
C1.

That is, λ can be written as the holonomy of the complexified one-form ds/gs +
iC1 (in string units). An important remark is that, as expressed in equation
(4.50), for BPS states θ and β only appear in the holomorphic combination
(4.51). In the same way the parameter t is given by the integral of the com-
plex 3-form

t =
∮
S1

k ∧ ds
gs

+ iC3.

It is rather trivial to also include the coupling to D4-branes in this BPS sum. As
explained before, such a bound state of p D4-branes to a D6-brane is given by a
flux of the U(1) gauge field on the D6-brane. We can think of this as a non-trivial
first Chern class of the line bundle over the D6-brane that wraps X̃, so that the
D4-brane has charge p = Tr[F/2π]. Tensoring with the extra line bundle will
not change the BPS degeneracy, since the moduli space of such twisted sheaves
is isomorphic to that of the untwisted one. The only part that changes are the
induced D0 and D2 charges, that shift as

d → d− 1
2
p2 − 1

24
c2 (4.52)

n → n+ d ∧ p+
1
6
p3 +

1
24
p ∧ c2.

Here we also wrote the charges d ∈ H4(X̃) and n ∈ H6(X̃) as de Rham forms
by using Poincaré duality. The induced charges follow from applying equation
(3.11). For example, the D2-brane charge d gets a contribution from the cou-
plings 1/2 Tr [F/2π]2 and c2/24 on the D6-brane worldvolume.

So, if we also include a sum over the number of D4-branes, weighted by a po-
tential v ∈ H4(X̃), we get a generalized partition function

Z(v, t, λ) =

=
∑

p∈H2( eX,Z)

ep(v−t
2/2λ)e−(p2/2+c2/24)te−(p3/6+pc2/24)λe−t

3/6λ2
Zqu(t+ pλ, λ)

=
∑

p∈H2( eX,Z)

epvZtop(t+ pλ, λ). (4.53)

Apart from adding the D6-brane tension −t3/6λ2, we have also added the ten-
sion − ∫

p
t2/2λ of the D4-branes. Remember that the D4-branes translate into

fermion fluxes on the I-brane. From this fermionic (I-brane) point of view it
is natural to sum of these fermion numbers. The structure (4.53) is therefore
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the object that we want to identify with the I-brane partition function and that
should be computable in terms of free fermions. It should be remarked that the
partition function (4.53) was also found in [146], where a dual object was stud-
ied: a NS5-brane wrapping X̃. Also in [147], a partition function of this type
was considered and directly related to fermionic expressions. Moreover, recently
it was even conjectured to capture non-perturbative aspects of the topological
string [148]. We will comment more on this in Section 6.4.

Let us finish this chapter by noting that the above expression for Z(v, t, λ) has
an interesting limit for λ → 0, where only genus zero and one contribute. In
that case we have

Ztop(t+ pλ) ∼ exp
[

1
λ2
F0(t) +

1
λ
pi∂iF0 +

1
2
pipjτij + F1(t) +O(λ)

]
. (4.54)

If we now subtract the singular terms (which have a straightforward interpreta-
tion as we shall see in a moment), we are left with the familiar λ = 0 answer

Z(v, t) =
∑
p

e
1
2p·τ ·p+p·veF1 .




