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Chapter 5

Quantum Integrable
Hierarchies

The string theory embedding of topological string theory in terms of a Calabi-
Yau compactification to a Taub-NUT space, suggests a duality of the topological
string partition function and the I-brane partition function. We thus expect that
the topological string partition function on a non-compact Calabi-Yau threefold
XΣ, that is modeled on a holomorphic curve Σ, has an interpretation in terms of
physical chiral fermions on Σ. However, we discover that these fermions don’t
just transforms as sections of the square-root of the canonical bundle on Σ (just
like the topological B-branes in the B-model). Instead, the topological string
coupling constant translates into a non-trivial flux on Σ that quantizes the curve
into a non-commutative object. Fermions should in this context be mathemati-
cally interpreted as elements of a holomorphic D-module supported on Σ. The
goal of this chapter is to explain the topological string partition function as a
tau-function of a quantum or non-commutative integrable hierarchy.

In Section 5.1 we start with semi-classical integrable hierarchies, in particular
the Kadomtsev-Petviashvili (KP) hierarchy. We argue that the semi-classical con-
tribution F1 to the free energy computes the KP tau-function. In Section 5.2 we
study the effect of the topological string coupling constant λ on the I-brane. We
introduce D-modules and show in detail how the resulting I-brane configuration
should be understood mathematically as a quantum integrable hierarchy. In Sec-
tion 5.3 we use our framework to assign a fermionic state to a non-commutative
curve corresponding to Σ. In analogy with the semi-classical recipe the deter-
minant of such a state yields a tau-function. We conjecture that this quantum
tau-function is equal to the all-genus topological string partition function. The
advantage of this line of thought is that the total topological string partition
function on a local Calabi-Yau threefold acquires a very simple interpretation as
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a fermion determinant on an underlying non-commutative curve. In Chapter 6
we work out some insightful examples.

5.1 Semi-classical integrable hierarchies

An important class of conformal field theories is that of free chiral fermions on
a Riemann surface Σ. Already in the mid-eighties it was discovered that these
CFT’s are intimitely related to a certain integrable system, well-known as the
Kadomtsev-Petviashvili (KP) hierarchy. The CFT partition function appears as a
so-called tau-function of this integrable hierarchy. It computes the determinant
of the Cauchy-Riemann operator ∂̄ on Σ. Let us explain this in more detail.

5.1.1 KP integrable hierarchy

The KP integrable system originates from the non-linear partial differential equa-
tion

∂u

∂t
=
∂3u

∂x3
+ 6u

∂u

∂x
. (5.1)

This equation was written down around 1900 by Kortweg and de Vries as a
description of non-linear waves in shallow water. To see how this differential
equation is included in an integrable hierarchy, let us write down a pseudo-
differential operator

L = ∂ +
∞∑
i=0

ui(x)∂−i,

where ∂ = ∂/∂x. This operator L is known as a Lax operator. The negative
powers in its expansion are defined through the Leibnitz rule

∂if =
∞∑
k=0

(
i

k

)
(∂kf)∂i−k, for i ∈ Z

with
(
i
k

)
= i·. . .·(i−k+1)/k!. So ∂−1 should be interpreted as partial integration.

The Lax operator may depend on an infinite set of times x = t1, t2, . . . and
satisfies the KP flow equations

∂L

∂tn
= [Hn, L], for n ≥ 1 (5.2)

where the Hamiltonians Hn = (Ln)+ are powers of the Lax operator L. The
subscript in (Ln)+ denotes the restriction to the positive powers of the pseudo-
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differential operator Ln. The Hamiltonians obey the Zakharov-Shabat relations

∂

∂tn
Hm − ∂

∂tm
Hn = [Hn, Hm].

They make sure that the defining KP equations (5.2) line out a commuting flow.

We can just as well write down the KP integrable hierarchy (5.2) for a power
P = Lp of the Lax operator L. When P is actually a differential operator, the
resulting integrable hierarchy is of so-called KdV type. For

P = ∂2 + u(x), (5.3)

we easily recover the original KdV equation (5.1).

In the last decades many complementary perspectives on the KP integrable hi-
erachy have been developed (starting with [149, 150, 151]). In this section we
are mostly interested in its geometric interpretation in terms of (possible singu-
lar) Riemann surfaces. This relation, discovered by Krichever and illustrated in
Fig. 5.1, comes about as follows. Look at the algebra of differential operators
that commute with a given differential operator P . This turns out to be a com-
mutative algebra that we denote by AP . In the KdV example AP is a polynomial
ring generated by the degree two KdV operator P from equation (5.3) and a
degree three operator Q

AP = C[P,Q]/(Q2 = P 3 − g2P − g3),

in terms of the Weierstrass invariants g2 and g3. Note that this forms the al-
gebra of functions on an elliptic curve. Any (pointed) curve that is obtained
via a commuting ring of differential operators is called a Krichever curve. It is
parametrized by the eigenvalues of the commuting operators in AP , and there-
fore also referred to as a spectral curve of the KP system corresponding to P .

According to the above map many differential operators P will correspond to
the same spectral curve Σ: in fact, for most of them the algebra Ap will be
generated by P only, so that the Krichever curve is just a pointed projective
plane. However, when we fix a line bundle1 L on the spectral curve Σ, together
with a point p ∈ Σ and trivializations of Σ and L in the neighbourhood of p,
there ı́s a natural correspondence with a subset of solutions to the KP hierarchy.
This is called the Krichever correspondence.

So let us start with a spectral curve Σ together with a line bundle L, that comes
equipped with a connection A. Both from the physical and mathematical per-
spective it is natural to consider a chiral fermion field ψ(z) on Σ that couples to
the gauge field A. The free fermion partition function computes the determinant

1For singular curve we need to consider rank 1 torsion free sheafs.
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of the twisted Dirac operator ∂A coupled to the line bundle L.

It has been known for a long time that these chiral determinants are closely
related to integrable hierarchies of KP-type. If one picks a point p ∈ Σ on the
curve together with a local trivialization et of the line bundle around p, the ratio
with respect to a reference connection A0

τ(t) =
det ∂A
det ∂A0

equals a so-called tau-function of the KP integrable hierarchy. This determinant
has many interesting properties, e.g. the dependence of this determinant on the
connection A is captured by a Jacobi theta-function

Figure 5.1: The Krichever correspondence assigns a geometric configuration (Σ−p, z−1,L)
to a dense subset of points W in the Grassmannian Gr, where z−1 is a local coordinate
in the neighborhood p on the curve Σ. Such a geometric interpretation only exists when
the stabilizer A of W is non-trivial. Under the Krichever map it turns into the algebra of
holomorphic functions on Σ− p.

How is the above tau-function related to the KP hierarchy (5.2) that we started
with? This becomes clear when we study the system from a Hamiltonian per-
spective. In this formulation the partition function Z(S1) is an element of a
Hilbert space H assigned to a circle S1 surrounding p. This Hilbert space con-
sists of functionals on all possible boundary conditions of the fields at the circle
around p. In this example that Hilbert space is just the Fock space F that is
constructed out of the modes ψn and ψ∗n of the fermion field ψ(z). So we find a
state

|W〉 ∈ F .

In fact, we can describe the state |W〉 explicitly. It is the semi-infinite wedge
product of a basis that spans the spaceW of holomorphic sections

W = H0(Σ− p,L).
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These are all meromorphic sections of the line bundle L that are only allowed
to have poles at p. Notice thatW is a module for the algebra A = H0(Σ− p,O)
consisting of holomorphic functions on Σ− p.
Let us choose a coordinate z−1 in a neighbourhood around p. Since a holo-
morphic section of L on Σ − p can at most have a (finite order) pole at p, the
subspaceW is a subset of C((z−1)) = C[z]⊕C[[z−1]]. The set of all subspacesW
of C((z−1)) whose projection to C[z] has a finite index µ, with respect to the pro-
jection map C((z−1)) 7→ C[z], has the structure of a Grassmannian Gr(µ). The
Krichever map assigns a geometric set-up to an elementW of the Grassmannian
that has a a non-trivial (A 6= C) stabilizer2

A ·W ⊂ W

The infinite wedge products |W〉 form a line bundle over the Grassmannian.
Pulling this line bundle back to the family of configurations (Σ, P,L) recon-
structs the determinant line bundle corresponding to the ∂-operator on Σ.

The big-cell of the index zero Grassmannian is the subset that is comparable
to the vacuum C[z−1] (both the kernel and the cokernel of the projection map
have dimension zero). To compute the tau-function on the big cell, we first
associate a coherent state |t〉 to the local trivialisation around P , corresponding
to the chosen boundary conditions. Then, combining the above ingredients, the
tau-function can be written as

τ(t) = 〈t|W〉. (5.4)

It is even possible to reconstruct the differential operator P . Notice that any
subspaceW in the big cell contains a unique element of the form

η(z, t) = 1 +
∞∑
i=1

ai(t)z−i.

such that the Baker function

ψ(t, z) = η(z, t)g(z), g(z) = exp

(∑
n

tnz
n

)

is an element of W for all times t. Substituting z ↔ ∂ in the expression for η
defines a pseudo-differential operator K(∂, t), such that P = K∂pK−1 solves
the differential equation

Pψ(t, z) = zpψ(t, z).

2More carefully, the rank ofW over A determines the rank of the bundle L over Σ.
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We conclude that this differential operator P is fixed by the stateW and thus by
the geometrical configuration (Σ, P, L) together with trivializations.

Multiplying the subspaceW by the function g(z) defines an action on the Grass-
mannian, that leaves the differential operator P fixed. The flow parametrized
by tn is equivalent to the nth KP flow (5.2). Geometrically it leaves the spectral
curve Σ invariant and multiplies L by a flat line bundle, so that it corresponds
to a straight line motion on the Jacobian of Σ.

5.1.2 Topological strings at 1-loop

The formalism of the last section can be easily extended to more general geomet-
ric configurations, consisting of a genus g Riemann surface Σ with an arbitrary
number k of punctures. A free fermionic field ψ(z) coupled to a line bundle L
over Σ determines a state |W〉 in the kth fold tensor productH⊗k. This has been
exploited in the late eighties to understand the Polyakov string in the operator
formalism (see e.g. [152, 153, 154]). The KP formalism determines that the
state |W〉 is a Bogoliubov transformation

|W〉 = exp

 k∑
i,j=1

∑
r,s>0

aijrsψ
i
−rψ

j∗
−s

 |0〉 (5.5)

of the vacuum.

The most elegant feature of this formalism is that the Riemann surface can be
split up in elementary building stones. The total partition function can be re-
constructed by glueing these using a natural inner product on H. One of such
elementary pieces is the three-punctured sphere

|V 〉 ∈ H⊗3. (5.6)

Its coefficients may be determined by the CFT equality

〈φ1, φ2, φ3|V 〉 = 〈φ1(0)|φ2(1)|φ3(∞)〉,

that follows since the three punctures on the sphere may be fixed at 0, 1,∞.

Returning to the topological B-model on XΣ, the W∞-constraints seem to sug-
gest that also the dual topological string partition function ZDtop can be written as
a Bogoliubov state (5.5) [17, 128]. This implies that also the topological string
is governed by the KP hierarchy. However, it is known that ZDtop is generically
not of the Krichever form, i.e. it does not correspond to regular free fermions
on a Riemann surface. The goal of this chapter is to show how the B-model
partition function should be interpreted geometrically. We will be motivated by
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the fact that the fermion fields that play a role in the B-model do not obey the
usual transformation rules.

But before going into this, let us remark that in the limit λ → 0 the B-model
fermions do transform semi-classically. To see this we expand the fermion field
ψ(x)

ψ(x) = eφcl/λψqu(x)

in a classical piece plus quantum corrections. It is shown in [17, 128] that in
the limit of small quantum corrections the Fourier-like transformation (4.43)
reduces to the transformation property

ψqu(xj)dx
1/2
j = ψqu(xi)dx

1/2
i

for the quantum field ψqu. In other words, the semiclassical approximation of
the fermionic field ψ(x) transforms in the classic way as a spin 1/2 field on Σ.

Relatedly, let us turn to the Ray-Singer determinant (4.39) that describes the
(worldsheet) genus one part of the free energyF . When the Calabi-Yau threefold
is non-compact and modeled on a Riemann surface Σ, the Ray-Singer torsion
reduces to the bosonic determinant

F1 = −1
2

log det ∆Σ.

By the boson-fermion correspondence this determinant is equal to the logarithm
of the determinant of the ∂-operator on Σ. In other words, the KP tau function
computes the 1-loop semi-classical partition function exp(F1) on a non-compact
Calabi-Yau background XΣ. In particular, the topological vertex reduces to the
CFT vertex (5.6) in the limit that λ→ 0 [17].

We will see this explicitly in some examples in Chapter 7. In these examples
we compute exp(F1) for two threefolds XΣ in which Σ is a compact genus one
and a compact genus two Riemann surface. Other instances can be found in
correspondence between the B-model and matrix models [155].

5.2 D-modules and quantum curves

Let us now release the constraint λ = 0 and turn our attention to the full free
energy

F =
∑
g

λ2g−2Fg.

As we discussed in Chapter 4 the topological string coupling constant λ is embed-
ded in a type IIA Calabi-Yau compactification as the graviphoton field strength
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C1. Let us therefore chase the graviphoton field through the duality web to find
out its implications on the I-brane.

5.2.1 Chasing the string coupling constant

We start with the purely geometric M-theory compactification on TN × S1 × X̃.
Asymptotically this geometry has a T 2 fibration over R3. The ratio of the radii
of the two circles of this two-torus is given by

β

2πgs`s
=

R9

R11
,

whereas the complex modulus of this T 2 is

λ

2πi
=

θ

2π
− β

2πgsls
i.

(The last equality sign follows from equation (4.51).) Indeed, remember that
in general when we compactify an M-theory circle, the off-diagonal components
g11,i combine into the type IIA graviphoton field C1. In the M-theory back-
ground described above, the only off-diagonal components in the T 2-metric
are parametrized by the real part of the T 2 complex structure. The real part
of the complex modulus should therefore be proportional to the graviphoton
θ =

∮
S1 C1. The asymptotic torus T 2 is illustrated in Fig. 5.2.

When we exchange the roles of the 9th and 11th dimension, we will perform a
modular transformation or S-duality

λ→ 4π2/λ.

In the dual IIA compactification on TN × X̃ the asymptotic values for the radius
of the circle fibration and the graviphoton Wilson line are thus proportional to
−1/λ. In the somewhat singular limit β → 0 the complex modulus λ limits to iθ.
So after the flip we find that the new graviphoton field becomes proportional to
1/λ.

After the flip the Wilson loop only makes sense asymptotically, since S1
β is con-

tractible in TN . In fact, the graviphoton gauge field is given by

C1 =
1
λ
η,

where the one-form η is our friend (3.19). This field is not flat but has curvature

G2 = dC1 =
1
λ
ω. (5.7)
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Here ω is the unique harmonic 2-form that is invariant under the tri-holomorphic
circle action (3.18). Note that this is a natural choice, since in the case of TN1

this form reduces to the usual constant self-dual two-form in the center R4 (up
to hyper-Kähler rotations).

Figure 5.2: The above torus T 2 is present asymptotically in the M-theory geometry. In a
type IIA reduction over the Taub-NUT circle S1

TN, of size R9 = β, the real part of the T 2

complex modulus λ/2πi is proportional to the graviphoton field C1 integrated over S1.

Summarizing, the topological string partition function will be reproduced by a
type IIA compactification on TN × X̃ with graviphoton flux given by (5.7). Note
that in this case the graviphoton is inversely proportional to the topological string
coupling!

It is now straightforward to follow this flux further through the duality chain.
In the type IIB compactification on TN ×X the self-dual 5-form RR field G5 is
given by

G5 =
1
λ
ω ∧ Ω.

with Ω the holomorphic (3, 0) form on the Calabi-Yau X.

We will now T-dualize this configuration to the IIA background that includes a
NS5-brane. In that case there is 4-form RR-flux

G4 =
1
λ
ω ∧ dx ∧ dy. (5.8)

Here dx ∧ dy is the (2, 0) form on the complex surface B. This 4-form flux can
be directly lifted to M theory, where we have the geometry

TN × B × R3.

B-field

Now we have to discuss what the interpretation of this flux is, if we reduce to IIA
theory along the S1 inside TN to produce our system of intersecting branes. In
that case we will have an extra set of D6-branes with geometry B×R3. We want
to argue that the G4 flux becomes a constant NS B-field on their world-volumes.
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As a preparation, let us recall again how the world-volume fields of the D6-
branes are related to the TN geometry in the M-theory compactification. First
of all, the centers ~xa of the TN manifold are given by the vev’s of the three
scalar Higgs fields of the 6+1 dimensional gauge theory on the D6-brane. In a
similar fashion the U(1) gauge fields Aa on the D6-branes are obtained from the
3-form C3 field in M-theory. More precisely, if ωa are the k harmonic two-forms
on TNk introduced in section 2, we have a decomposition

C3 =
∑
a

ωa ∧Aa.

We recall that the forms ωa are localized around the centers ~xa of the TN geom-
etry. So in this fashion a bulk field gets replaced by a brane field. This relation
also holds for a single D6-brane, because ω is normalizable in TN1.

As a direct consequence of this, the reduction of the 4-form field strength G4 =
dC3 can be identified with the curvature of the gauge field

G4 =
∑
a

ωa ∧ Fa.

Combining this relation with the presence of the flux (5.8), we find that in the
I-brane configuration the D6-branes support a constant flux∑

a

Fa =
1
λ
dx ∧ dy.

There is simple and equivalent way to induce such a constant magnetic field
on all of the D6-branes: turn on a NS B-field in the IIA background3. We can
therefore conclude that in the presence of the background flux (5.8) translates
into a constant BNS field4 induced on the surface B

BNS =
1
λ
dx ∧ dy. (5.9)

In the next section we will discuss the full consequences of this.

3This can be most easily understood from the worldsheet point of view. The coupling of the
B-field to the fundamental string in equation (3.9) is not invariant under gauge transformations
B 7→ B + dΛ when the worldsheet has boundaries. This can be repaired by a simultaneous gauge
transformation A 7→ A − Λ/2πα′ of the U(1) worldvolume gauge field A on the brane which the
string is ending on. This implies that onlyB+2πα′F is a gauge-invariant combination on the brane.

4Note that the above B-field is holomorphic because we started out with a holomorphic gravipho-
ton field strength. This is unconventional: string theory forces the B-field to be real. More precisely,
the full topological content of the intersecting brane configuration is captured by a holomorphic and
an anti-holomorphic piece that couple to the real B-field B + B̄.



5.2. D-modules and quantum curves 123

Classical term F0

But at this point we first want to point out one immediate and more elementary
consequence of the B-field. The presence of the flux induces a U(1) gauge field
on the D6-brane

A =
1
λ
ydx. (5.10)

For the 4-6 strings we have to restrict A to Σ. Therefore the chiral fermions are
coupled to a non-zero U(1) gauge field. This background gauge field gives a
contribution to the effective action on Σ of the form

F =
1
2

∑
i

∮
ai
A

∮
bi

A.

Here (ai, bi) is a canonical basis of H1(Σ,Z). Plugging the expression for A we
obtain precisely the (genus zero) prepotential of topological string theory

F =
1
λ2
F0, (5.11)

where, as always,

Xi =
∮
ai
ydx, ∂iF0 =

∮
bi

ydx.

In fact, we can also include a non-trivial flux pi through the cycles ai. This will
give a second contribution to the free energy given by

pi
∮
bi

A =
1
λ
pi∂iF0. (5.12)

We recognize the contributions (5.11) and (5.12) as the genus zero contribu-
tions in the expansion for small λ of the general expression (4.54).

5.2.2 D-Modules

Let us now explain how D-modules naturally appear in the I-brane set-up. (See
also [156] for a much more involved setting.) First of all, by very general ar-
guments the algebra A of open string fields on the D6-brane is naturally non-
commutative. This is a consequence of the fact that the Riemann surface that
describes the interaction

A⊗A → A
only has a cyclic symmetry (see Fig. 5.3).

This non-commutativity is particularly clear if one includes a B-field as in (5.9).
One simple way to see this is, that in the presence of such a B-field a gauge field
A is induced that couples to the open strings. The gauge field satisfies dA = B
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and can be chosen as
A =

1
λ
ydx.

Therefore, on the 6-6 strings there is a boundary term∫
A =

∫
dt

1
λ
yẋ.

If we reduce this term to the zero-modes of the strings we get the usual term
of quantum mechanics, where λ plays the role of ~. (Indeed, notice that the
momentum coordinate is given by ∂L/∂ẋ = y.) Therefore the coordinates x and
y become non-commutative operators

[x̂, ŷ] = λ.

So, the zero-slope limit of the algebra A becomes the Heisenberg algebra, gen-
erated by the variables x̂, ŷ. This is also known as the non-commutative or
quantum plane. In the case where B = C2 we can identify this algebra with the
algebra of differential operators on C

A ∼= DC.

The algebra DC consists of all operators

D =
∑
i

ai(x)∂i, ∂ =
∂

∂x
.

Here we have identified ŷ = −λ∂.

Now suppose that we add some other brane to this system, in our case a D4-
brane localized on Σ. We pick x as our local coordinate, so that, once restricted
to the curve, the variable y is given by a function y = p(x). Now the space of

Figure 5.3: The 6-6 strings naturally form a non-commutative algebra A: glueing the inner
endpoints of two 6-6 yields another 6-6 string. On the other hand, 4-6 strings are a module
M for the algebra A: glueing the right endpoint 4-6 to the left one of a 6-6 string yields
another 4-6 string.
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4-6 open strings, that we will denote as M, is by definition a module for the
algebra A of 6-6 strings. This is a simple consequence of the fact that glueing a
6-6 string to a 4-6 string produces again a 4-6 string, as illustrated in Fig. 5.3.
Therefore there is an action

A×M→M.

(More completely, M is a A-B bimodule, where B is the algebra of 4-4 open
strings.)

Modules M for the algebra of differential operators are called D-modules. In
this case we are interested in D-modules that in the semi-classical limit reduce
to curves or equivalently Lagrangians. Such D-modules are called holonomic.

So we can draw the following conclusion: in the presence of a background flux,
the chiral fermions on the I-brane should no longer be regarded as local fields or
sections of the spin bundle K1/2. Instead they should be interpreted as sections
of a non-commutative D-module.

Notice that if Σ is a non-compact curve, having marked points at infinity, the
symplectic form dx ∧ dy becomes very large at the asymptotic legs. This can be
see by using the appropriate variables at infinity x′ = 1/x and y′ = 1/y. In these
variables the B-field becomes singular which means that the non-commutativity
goes to zero. This explains why it makes sense to speak about the usual free chi-
ral fermions at infinity, and to discuss their nontrivial transformation properties
from patch to patch as in [128]. Considering compact spectral curves seems to
be much more involved from this perspective.

D-modules and differential operators

The theory of D-modules was introduced and developed, among others, by I.
Bernstein, M. Kashiwara, T. Kawai and M. Sato, to study linear partial differen-
tial equations from an algebraic perspective [157, 158, 159, 160]. Currently this
is a very active field, with connections and applications to many other branches
of mathematics.

As already mentioned above, D-modules are defined as modules for the algebra
of differential operators D. In general, in a local Cn patch with complex coordi-
nates (z1, . . . , zn), the operators zi and ∂zi represent the nth Weyl algebra. The
operators P ∈ D are of the form

P =
∑

i1,...,in

ai1,...,in∂zi1 · · · ∂zin .

With a set of operators P1, . . . , Pm ∈ D one can associate a system of differential
equations

P1Ψ = . . . = PmΨ = 0, (5.13)
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where Ψ takes values in some function space V. An algebraic description of
solutions to such a system can be given in terms of a D-moduleM determined
by the ideal generated by P1, . . . , Pm ∈ D

M =
D

D · 〈P1, . . . , Pm〉 . (5.14)

The advantage of considering such a D-module is, firstly, that it captures the so-
lutions to the above system of differential equations independently of the form
in which this system is written. Secondly, it is also independent of the function
space V – be it the space of square-integrable functions, the space of distribu-
tions, the space of holomorphic functions, etc.

Suppose that one would want to extract solutions Ψ fromM that take value in
the function space V. Such a space V is itself a D-module. Namely, x̂ and ŷ are
realized as multiplication by x and the differential −λ∂x. One of the important
properties ofD-modules is that the space of solutions to the system of differential
equations (5.13) in V is given by algebra homomorphism

HomD(M,V). (5.15)

An important notion is a dimension of a D-module. The so-called Bernstein
inequality asserts that a non-zero D-moduleM over the nth Weyl algebra has a
dimension 2n ≥ dimM ≥ n. In particular, D considered itself as a D-module
has a dimension 2n. On the other hand, dim C[x1, . . . , xn] = n. For a non-zero
P ∈ D, dimD/DP = 2n− 1.

A special role in theory of D-modules is played by the so-called holonomic D-
modules, which by definition have a minimal dimension n. In particular they
are cyclic, which means they are determined by a single element Ψ ∈ M called
a generator.

In the context of the I-brane in C2 we are just interested in the 1st Weyl algebra
〈x, λ∂x〉 of dimension 2. In this case we immediately conclude that the module
D/DP has a dimension n = 1 for any non-zero P , and is thus holonomic and
hence cyclic. It can be realized as

M = {DΨ : D ∈ D}, (5.16)

where the generator Ψ is a solution to the differential equation PΨ = 0. Such
D-modules reduce to curves or equivalently complex Lagrangians in the semi-
classical limit, which is of course the main reason to study them in the context
of I-branes.
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Rank 1 example

Let us explain this structure in more detail with a simple example of aD-module.
We start with the commuting case, in which the algebra A is given by the ring
O of functions on the plane. If the spectral curve Σ is given by P = 0, then we
can writeM = OΣ as the quotient

M = O/IΣ,

where IΣ = O · P is the ideal of functions vanishing on Σ.

Now suppose that P is not a polynomial, but a differential operator

P ∈ D.

Then we can similarly define a D-module as an equivalence class of differential
operators

M =
D
D · P .

One way to think about such a module is in terms of a formal solution to the
equation

PΨ = 0.

Mathematically, such a solution Ψ ∈ V is captured by the D-module homomor-
phism (5.15)

M =
D
D · P → V,

Indeed, the map that sends the element

[1] ∈M 7→ Ψ(z) ∈ V

is well-defined because every element P ′ ∈ DP is mapped to zero (remember
that Ψ fulfills PΨ = 0), and it is a bijection; conversely, any map M to V is
determined by a holomorphic solution to the differential equation PΨ = 0. So
M can also be realized as the vector space of expressions of the form

M = {DΨ; D ∈ D}.

The D-moduleM and the corresponding differential operator P should be con-
sidered as the non-commutative generalization of the classical curve Σ. This is
the quantum spectral curve from the theory of quantization of integrable systems,
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as is known from the geometric Langlands perspective [156].

Within the context of string theory it is clear that there should be a unique D-
module that corresponds to the curve Σ. This prescription should fix possible
normal ordering ambiguities in P . It would be interesting to understand this
directly from the mathematical formalism.

D-modules and flat connections

More generally, D-modules are defined as differential sheaves on any variety
X. The sections of the sheaf DX over an open neighbourhood U are given by
linear differential operators on U . Therefore, both the structure sheaf OX (of
holomorphic functions) as well as the tangent sheaf TX (whose local sections
are vector fields) may be embedded in DX .

OX ↪→ DX ←↩ TX

In fact, DX is generated by these inclusions.

A sheafM on X is defined to be a left module for DX when v · s ∈ M, for any
v ∈ DX and s ∈M. Furthermore, it has to fulfill

v · (fs) = v(f)s+ f(v · s)
[v, w] · s = v · (w · s)− w · (v · s)

for any v ∈ DX , f ∈ OX and s ∈ M. Suppose that M is a left DX -module
whose sections are the local sections of some vector bundle V (this encomprises
all DX -modules that are finitely generated as OX -modules). Then the action of
DX defines a connection on V as

∇v(s) = v · s, (5.17)

whose curvature is zero. So a D-module structure on the sheaf of sections of a
vector bundle V defines a flat connection on this vector bundle. And conversely,
any module consisting of sections of a vector bundle V with flat connection ∇A,
has an interpretation as a D-module defined through the action of the flat con-
nection. Therefore, a D-module is in general just a system of linear differential
equations, changing from patch to patch on X. This is known as a local system.
In the main part of this paper X is just C or C∗.

Examples

1) Take a linear partial differential operator on C, for example

P = λz∂z − 1. (5.18)
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The differential equation Pψ = 0 is solved by ψ(z) = z1/λ, so according to
(5.16) the corresponding D-module can be represented as

M = 〈z, λ∂z〉 z1/λ.

There are many equivalent ways of writing this module. For example, intro-
ducing Ψ̃ = zΨ, the above differential equation is transformed into P̃ Ψ̃ = 0
with

P̃ = λz∂z − λ− 1,

This follows simply from the relation (λz∂z − λ − 1)x = x(λz∂z − 1). This new
operator, as well as the solution to the new equation Ψ̃ = z1+1/λ look different
than before. Nonetheless, they represent the same D-module

M = 〈z, λ∂z〉 z1+1/λ = 〈z, λ∂z〉 z1/λ.

This simple example indeed shows that the formlism of D-modules allows to
study solutions to partial differential equations independently of the way in
which the differential equation is written.

The flat connection corresponding to P is determined by the action of ∂z on the
elements of the D-module, as in (5.17). It is given by

∇A = ∂zdz − 1
λz
dz,

determining ψ(z) as a local flat section.

2) All the modules that we will study in this paper are over C or C∗. It is
important that they may be of any rank though. Let us therefore also give a rank
two example on the complex plane C. The second order differential equation

Pψ = (λ2∂2
z − z)ψ (5.19)

can be written equivalently as a rank two differential system

Pijψj = 0, with Pij =
(
λ∂z 0
0 λ∂z

)
−
(

0 1
z 0

)
.

Holomorphic solutions of this linear system are captured by the map

M =
D⊕2

D⊕2 Pij
→ O⊕2

C

that sends the two generators [(1, 0)t] and [(0, 1)t] to two independent (2-vector)
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solutions of Pψ = 0. The corresponding flat connection reads

∇A = ∂zdz − 1
λ

(
0 1
z 0

)
dz

and turns the two solutions into a locally flat frame.

5.2.3 Quantum curve

TheB-field quantizes the I-brane configuration into aD-module. Last subsection
we introduced these objects and saw that they represent solutions to a linear
system of differential equations. However, the I-brane setup doesn’t provide us
with just any D-module: this D-module must represent a quantization of the
curve Σ together with a meromorphic 1-form τ , obeying dτ = ω, on it. In this
article we focus on smooth curves that are given by an equation of the form

Σ : H(z, w) = wn + un−1(z)wn−1 + . . .+ u0(z) = 0, (5.20)

where z ∈ C (or C∗) and w ∈ C. These play a prominent role in integrable
systems as spectral curves. We will describe D-modules corresponding to these
curves.

Semi-classical geometry

The spectral curve Σ in (5.20) is a degree n cover over C (or C∗)

Σ ⊂ T ∗C
↓ π
C

with possible branch points (from now on we restrict to z ∈ C for simplicity in
notation). The curve Σ is imbedded in C2 and equipped with the (meromorphic)
1-form

τ =
1
λ
wdz|Σ.

Furthermore, fermions on Σ transform as holomorphic sections of a line bundle
L ⊗K1/2

Σ , provided by the D6-brane. The tuple (L, τ) on Σ pushes forward to a
couple

π∗ : (L, τ) 7→ (V = π∗L, φ = π∗τ) (5.21)

on C under the projection map π : Σ → C. So V is a rank n vector bundle on
C, whereas φ ∈ H0(C,KC ⊗ EndV ) is a meromorphic 1-form valued in gl(n).
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Such an object is called a Higgs field. It endows V with the structure of a Higgs
bundle. Setting the characteristic polynomial

det(τ − φ(z)) = 0

returns the equation for the spectral curve. The push-forward map π∗ sets up a
bijection between spectral data and (stable) Higgs pairs

(Σ,L) ↔ (V, φ). (5.22)

When the base C is a compact curve C instead, the moduli space of stable Higgs
pairs forms an algebraically completely integrable system, the Hitchin integrable
system. The Hitchin map

H0(C,EndV ⊗KC)→ ⊕ni=1H
0(C,Ki

C)

φ 7→ det(w − φ(z)),

provides this moduli space with the structure of a Lagrangian fibration, whose
fibers are generically Lagrangian tori. Any point in the image of the Hitchin
map can be identified with a spectral curve Σ, whereas the fiber of the Hitchin
map equals the moduli space of line bundles on Σ of a certain degree, which is
isomorphic to the Jacobian Jac(Σ). This verifies that the Hitchin fiber is given
by a torus. Multiplying L by a flat bundle on Σ defines a linear flow over the
Hitchin fiber, exactly as in our discussion of the Krichever correspondence in
Section 5.1.1.

Quantum geometry

TheD-modules generated by the B-field (5.9), as well as those considered in the
last subsection, depend on λ (where λ is a formal variable λ ∈ C[[λ]]). These are
known as Dλ-modules [161]. As a linear differential system such a Dλ-module
corresponds to a λ-connection ∇λ

∇λ = λ∂z −A(z). (5.23)

that is defined through the Leibnitz rule ∇λ(fs) = f∇λ(s) + λs ⊗ df for any
function f and section s. Since all the D-modules and connections we consider
are Dλ and λ-connections, we often omit the subscript λ.

Semi-classically, a λ-connection ∇λ reduces to a 1-form ∇0(z) with values in
gl(n)

∇λ 7→ ∇0, (λ→ 0). (5.24)

We just encountered this object as a Higgs field φ. Moreover, we explained with
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(5.21) that a Higgs (V, φ) and spectral data (Σ,L) provide equivalent informa-
tion. In particular, the spectral curve can be recovered by the determinant of the
Higgs field. This implies that λ-connections quantize spectral data.5

It tells us exactly which requirements a D-module quantizing the I-brane config-
uration has to satisfy. Fermions on a degree n spectral curve have to transform
under a rank n λ-connection ∇λ on C, whose semi-classical λ→ 0 limit is given
by the Higgs field

∇0 = π∗(τ).

A simple example of a λ-connection is given by

∇ = λ∂z −A(z),

with A(z) = π∗(τ). Its determinant is a degree n differential equation that
canonically quantizes the defining equation for Σ.

Examples

In the last subsection we gave two examples of Dλ-modules: one of rank 1 and
another one of rank 2. Let us examine them here in the light of deformation
quantization.

1) In the first example we found the λ-connection

∇λ = λ∂z − 1
z

(5.25)

on the z-plane. The semi-classical spectral data is given by the degree 1 spectral
cover

Σ : w =
1
z
,

with z, w ∈ C∗, together with the (meromorphic) 1-form

A =
1
z
dz.

Equivalently, the D-moduleM corresponding to ∇λ is generated by

M = 〈z, λ∂z〉z1/λ,

which is clearly invariant under the algebra A of functions on Σ at λ = 0. It is
therefore a quantization of Σ. This example enters string theory as the deformed

5These λ-connections are also known as λ-opers, and play an important role in the quantum
integrable system of Beilinson and Drinfeld [162, 163].
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conifold geometry describing the c = 1 string. It is described as a D-module in
[1]. We will come back to it in Section 5.3.3.

2) In the second example we considered a Dλ-module generated by a single
second order generator

P = λ2∂2
z − z. (5.26)

The corresponding rank 2 λ-connection

∇λ =
(
λ∂z 0
0 λ∂z

)
−
(

0 1
z 0

)
is a λ-deformation of the degree 2 spectral cover (illustrated in Fig. 5.4)

Σ : w2 = z,

with meromorphic 1-form τ = wdz|Σ. Note that this one-form pushes forward
to the connection 1-form, or Higgs field,

A =
(

0 1
z 0

)
dz

in the basis {dz, wdz} of ramification 1-forms on the z-plane. Indeed, local
sections of L push forward to local sections generated by 1 and w on the z-
plane. Now, wdz · 1 = wdz and wdz · w = w2dz = zdz on Σ.

We discuss the string theory interpretation of this D-module in Section 6.1.

Figure 5.4: A second order differential operator P in λ∂z defines a rank 2 λ-connection
∇λ. The determinant of ∇0 determines a degree 2 cover over C which is called the spectral
curve Σ.
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5.3 Fermionic states and quantum invariants

In the last section of this chapter we quantify the quantum integrable system that
we described in the last section. Just like the Krichever map embeds a geometric
set-up consisting of a line bundle over a curve into the KP Grassmannian, there
is a straightforward way in which a quantum curve or D-module M gives rise
to a solution of the KP-hierarchy. By definition M carries an action of both
x and ∂x. However we are free to ignore the second action, which leaves us
with the structure of an O-module, O being the algebra of functions in x. By
applying the infinite-wedge construction to the O-module W we obtain in the
usual way a state |W〉 in the fermion Fock space. Roughly speaking, W can be
considered as the space of local sections that can be continued as sections of a
(non-commutative) D-module, instead of sections of a line bundle over a curve.
We explain this in all details in Section 5.3.1. In Section 5.3.2 and Section 5.3.3
we continue to discuss how to assign quantum invariants to quantum curves.
Also this is inspired on the KP-hierarchy.

5.3.1 Fermionic state

In this section we introduce an infinite dimensional Grassmannian and its de-
scription in terms of the second quantized fermion field (we learned this mate-
rial e.g. from [151, 164, 165, 166, 167]). Later on we will extend this formal-
ism in a way which associates fermionic states to D-modules, thereby providing
a fermionic description of the I-brane system. This technology is required as
pre-knowledge to Chapter 6.

Grassmannian and second quantized fermions

The space H = C((z−1)) of all formal Laurent series in z−1 can be given an
interpretation of a Hilbert space. Basis vectors zn, for n ∈ Z, correspond to one
particle states of energy n associated to the Hamiltonian z∂z. This Hilbert space
has a decomposition

H = H+ ⊕H−,

such that the first factor H+ = C[z] is a subspace generated by z0, z1, z2, . . .,
while H− is generated by negative powers z−1, z−2, . . .. Consider now a sub-
spaceW of H with a basis {wk(z)}k∈N. We say it is comparable to H+, if in the
projection onto positive and negative modes

wk =
∑
j≥0

(w+)ijzj +
∑
j>0

(w−)ijz−j
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the matrix w+ is invertible. The Grassmannian Gr0 is the set of all subspaces
W ⊂ C((z−1)) which are comparable to H+.

In what follows we take much advantage of the correspondence between Gr0

and the charge zero sector of the second quantized fermion Fock space F0. In
this correspondence the subspace H+ is quantized as the Dirac vacuum

|0〉 = z0 ∧ z1 ∧ z2 ∧ . . . , (5.27)

with all positive energy states filled. The fermionic state associated to the sub-
space W with basis w0(z), w1(z), w2(z), . . . is represented by the semi-infinite
wedge6

|W〉 = w0 ∧ w1 ∧ w2 ∧ . . . (5.28)

which is an element of the fiber of a determinant line bundle over the element
W ∈ Gr (and therefore determined up a complex scalar c)

To make contact with the usual formulation of the second quantized fermion
Fock space, we can identify the differentiation and wedging operators with the
fermionic modes

ψn+ 1
2

=
∂

∂z−n
ψ∗n+ 1

2
= zn ∧ .

These half-integer modes are annihilation and creation operators which arise
from a decomposition of the fermion field ψ(z) and its conjugate ψ∗(z)

ψ(z) =
∑

r∈Z+ 1
2

ψrz
−r− 1

2 ψ∗(z) =
∑

r∈Z+ 1
2

ψ∗rz
−r− 1

2 , (5.29)

and they obey the anti-commutation relations {ψr, ψ∗−s} = δr,s.

For subspaces W ∈ Gr0 the determinant of the projection onto H+ is well de-
fined and can be expressed as

detw+ = 〈0|W〉.

More generally, one can consider the Fock space F which splits into subspaces
of charge p

F =
⊕
p∈Z
Fp.

Each subspace Fp is built by acting with creation and annihilation operators on

6Actually, we have to tensor with
√
z to make the state fermionic.
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a vacuum

|p〉 = zp ∧ zp+1 ∧ zp+2 ∧ . . . ,

with the property

ψr|p〉 = 0 for r > p,

ψ∗r |p〉 = 0 for r > −p.

The Fermi level of the vacuum |p〉 is shifted by p units with respect to the Dirac
vacuum |0〉. This fermion charge is measured by the U(1) current

J(z) =: ψ(z)ψ∗(z) :=
∑
n

αnz
−n−1,

whose components αn =
∑
k : ψrψ∗n−r satisfy the bosonic commutation rela-

tions

[αm, α−n] = mδm,n.

With each subspace W ⊂ C((z)) comparable to the one generated by (zk)k≥p
one can associate a state |W〉 ∈ F of charge p. This charge is equal to the index
of the projection operator pr+ :W → H+.

A state in the Fock space F has also a simple representation in terms of the
so-called Maya diagram (see Fig. 5.5). Black boxes in such a diagram represent
excitations, whereas white boxes are gaps in the energy spectrum of the fermion.
The charge of a state is given by the number of excitations minus the number
of gaps. Fermionic states or Maya diagrams of a fixed charge p can also be

Figure 5.5: Elements of the Fock space F are in a bijective correspondence with Maya
diagrams. The bottom line represent a Maya diagram corresponding to a fermionic state
with charge p. As illustrated it is characterized by a two-dimensional partitions R located at
position p. We therefore denote the state as |p,R〉 ∈ F .
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associated to two-dimensional partitions. In particular in p = 0 sector the state

|R〉 =
d∏
i=1

ψ∗−ai− 1
2
ψ−bi− 1

2
|0〉

corresponds to the partition R = (R1, . . . , Rl) such that

ai = Ri − i, bi = Rti − i.

In what follows a state corresponding to a partition R of charge p is denoted as
|p,R〉.

Flow on the Grassmannian

Multiplying a basis vector wk(z) ofW by a power series f(z) =
∑
n>0 fnz

n, that
vanishes at z = 0, defines an action on the Grassmannian:

f(z)|W〉 =
∑
k

w0 ∧ . . . ωk−1 ∧ f · wk ∧ wk+1 . . . .

When we write wk(z) in terms of the basis (zl)l∈Z this action is encoded by the
multiplication by an infinite matrix in gl∞, whose (i, j)th entry is given by fi−j .
On the fermionic state |W〉 a multiplication by zn translates into a commutator
with the bosonic mode αn, since αn increases the fermionic mode number by

[αn, ψr] = ψr+n.

Multiplication by a power series f(z) therefore translates to the operator

f =
∑
n

fn[αn, •] ∈ gl∞.

on the Fock space.

Exponentiating the action of gl∞ yields the group Gl∞. An element g(z) =
exp(f(z)) of this group acts on |W〉 by multiplying all its basis vectors

g(z)|W〉 = g · w0 ∧ . . . ∧ g · wk ∧ . . .

From the fermionic point of view this action is given by conjugating each basis
vector wk with the element

g = exp
(∑

fnαn

)
= exp

(∮
dz f(z)J(z)

)
∈ Gl∞.

We call Γ the group of exponentials g(z) : S1 → C∗. An important subgroup of
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Γ is the group Γ+ of functions g0 : S1 → C∗ that extend holomorphically over
the disk D0 = {z : |z| ≤ 1}:

Γ+ = {g0 : D0 → C∗ : g0(0) = 1}.

Another subgroup is the group Γ− of functions g∞ : S1 → C∗ that extend over
the disk D∞ = {z ∈ C ∪ {∞} : |z| ≤ 1}:

Γ− = {g∞ : D∞ → C∗ : g∞(∞) = 1}.

Any g ∈ Γ can be written as an exponential exp(f). When g ∈ Γ+ the function f
vanishes at z = 0, and when g ∈ Γ− it vanishes at z =∞.

Γ+ and Γ− have different properties when acting on Grassmannian. The action
of Γ− is free, since any W ∈ Gr has only a finite number of excitations. On
the contrary, Γ+ acts trivially on a vacuum state |p〉. Although the action of
the groups Γ+ and Γ− on a subspace W is commutative, as it is just given by
multiplication, as operators on the fermionic state |W〉 it matters which element
is applied first. This introduces normal ordering ambiguities.

An element

g(t, z) = exp

∑
k≥1

tkz
k

 = exp (f(t, z)) ∈ Γ+, (5.30)

defines a linear flow over the Grassmannian Gr. On the Fock space it acts as an
evolution operator

U(t) = exp
(∮

dz

2πi
f(t, z)J(z)

)
.

The determinant det(W)+ is not equivariant with respect to the action of Γ+.
The difference is measured by the so-called tau-function

τW(g) =
det (g−1w)+

g−1 det w+
=
〈0|U(t)|W〉
g−1〈0|W〉 , (5.31)

which yields a holomorphic function τ : Γ+ → C. This can be regarded as a
wave function of |W〉.

Blending

So far we considered the Hilbert space H ≡ H(1) of functions with values in C.
More generally, one can consider a Hilbert space H(n) of functions with values
in Cn. Let (εi)i=1,...,n denote a basis of Cn. For each n there is an isomorphism
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between H(n) and H given by the lexicographical identification of the basis

εiz
k 7→ znk+i−1.

This isomorphism is called blending.

In the fermionic language the Hilbert space H(n) lifts to the Fock space of n
fermions ψ(i), i = 1, . . . , n, each one with the expansion (5.29) and such that

{ψ(i)
r , ψ∗ (j)

s } = δi,jδr,−s.

Now blending translates to the following redefinitions of these n fermions into
a single fermion ψ

ψn(r+ρi) = ψ(i)
r , ψ∗n(r−ρi) = ψ∗ (i)

r ,

where
ρi =

2i− n− 1
2n

. (5.32)

Blending can also be expressed in terms of two-dimensional partitions intro-
duced above. Consider n partitions R(i) of charges pi, with

∑
i pi = p, corre-

sponding to states in n independent Hilbert spaces of fermions ψ(i). Associating
with each such partition a state of a chiral fermion |pi, R(i)〉, we have a decom-
position

|p,R〉 =
n⊗
i=1

|pi, R(i)〉,

and the blended partition R of charge p, corresponding to a state in the Hilbert
space of the blended fermion Ψ, is defined as

{n(pi +R(i),m −m) + i− 1 | m ∈ N} = {p+ RK −K | K ∈ N}. (5.33)

A simple example: rational curves

Let us illustrate how this formalism can be used to describe quantum curves.
Take a very simple example: the curve y = 0. Topologically Σ = C can be viewed
as a disc and in the fermion CFT it will correspond to a state in the Fock space
F . In this case the corresponding D-module just consists of the polynomials in
x

M = C[x]

and ŷ is realized as −λ∂x. The one-form ydx vanishes identically. The free
fermion theory based on this module consists of the usual vacuum state |0〉.
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But now we can make a small variation, by picking the curve

y = p(x),

with p(x) some function. In this case the (meromorphic) one-form is p(x)dx.
The corresponding D-module is still isomorphic to C[x] as a vector space, but
now the operator ŷ is represented as

ŷ = −λ∂x + p(x).

Of course, there is an obvious map between these two modules: we simply
multiply the functions ψ(x) ∈ C[x] as

ψ(x)→ e−S(x)/λψ(x), ∂S(x) = p(x)dx.

In the quantum field theory, where ψ(x) becomes an operator acting on the Fock
space F , this correspondence is represented by a linear map U such that

U(t) · ψ(x) · U(t)−1 = e−S(x)/λψ(x).

If S(x) =
∑
k tkx

k such a map is given by

U(t) = exp
∑
k

1
λ
tkαk

where
∑
k αkx

−k−1 = ∂φ(x) =: ψ†ψ(x) : is the usual mode expansion of the
U(1) current. Here we use that [αk, ψ(x)] = xkψ(x). The corresponding state in
the Sato Grassmannian is given by U(t)|0〉. Since αk|0〉 = 0 for k ≥ 0, this state
is only different from the vacuum if the function S(x) (or p(x)) has poles.

5.3.2 Second quantizing D-modules

Finally, we have all the ingredients to associate a fermionic state to a given D-
module on C. The D-moduleM encodes holomorphic solutions to a system of
differential equations. In particular it is an OC-module, and forms a subspace
of C((z−1)) that we will nameW. Second quantization turns this subspace into
a fermionic state |W〉. Since the I-brane configuration in fact provides a Dλ-
module (in contrast to a D-module) the resulting I-brane fermionic state |W〉 is
a λ-deformation as well.

In Section 5.2.3 we learned that a Dλ-module on C when λ → 0 reduces to a
spectral tuple (Σ, τ). We will argue here that the fermionic state |W〉, associated
to the D-moduleW, reduces to the semi-classical Krichever state corresponding
to this spectral data in the same limit. The tau-function (5.31) corresponding
to this Krichever state computes the determinant of the ∂-operator, which is just
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the genus one part F1 of the all-genus free energy. The Dλ-module gives a λ-
deformation of this solution that computes the full I-brane partition function
(4.53).

In this section we motivate and explain the second quantization of the Dλ-
module. But first we summarize the semi-classical correspondence.

Semi-classical state

Let us remind ourselves shortly how we associate a semi-classical fermionic state
to a pointed curve Σ − z∞, together with a line bundle L. As we explained in
Section 5.1 the traditional way [151] is to form the space of global holomorphic
sections of L on Σ− z∞

W = H0(Σ− z∞,L).

Recall thatW is a an A-module for

A = H0(Σ− z∞,OΣ).

Tensoring the line bundle L with a square root K1/2
Σ turns sections of L into

fermionic sections: W thus corresponds to a subspace that is being swept out in
time by a free fermion field ψ(z) living on Σ− z∞.

When we denote the semi-infinite set of generatorsW by wk(z), a second quan-
tization turns the subspaceW into the fermionic state

|W〉 = w0 ∧ w1 ∧ w2 ∧ . . . .

The map that assigns a subspace W to the couple (Σ,L) is the inverse of the
Krichever map. It yields a geometric solution in the Grassmannian Gr.

When π is an (n : 1) projection of Σ onto some other curve C, while L pushes
forward to a rank n vector bundle V = π∗L over C, it is equivalent to look
at the subspace of global sections of V on C − π(z∞). This yields a fermionic
state in the n-component Grassmannian Grn [168, 169]. As we described in the
previous subsection blending (or the lexiographical ordening) recovers the state
|W〉 that is part of Gr1.

The flow over the Grassmannian, generated by Γ+, obtains a geometric inter-
pretation as a linear flow over the Jacobian of Σ, and therefore relates such
geometric solutions to the Hitchin integrable system in Section 5.2.3 [170].

The tau-function associated to a fermionic state |W〉, that is found as a Krichever
solution, equals the determinant of the ∂-operator on Σ, and thus computes the
partition function of free fermions on Σ. This is exactly the contribution to
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the free energy that we expect from the I-brane set-up when λ → 0, so that
commutativity is restored.

For all spectral curves in C2 or C∗ × C that we consider later in this thesis, the
line bundle L is almost trivial, so that the choice of trivialization of L at z∞ is
the only non-trivial piece of data. Picking such a frame is equivalent to choosing
a flat connection on Σ−z∞. This corresponds to an element of Γ+. However, we
noticed in the previous subsection that this acts trivially on the fermionic state.
So the Krichever map just yields the Dirac vacuum.

Rank 1 quantum state

To find a non-trivial fermionic state |W〉, as an expansion in λ, we start with a
Dλ-module. Let us first explain the rank 1 case, with aDλ-module on C specified
by the (meromorphic) connection

∇A = ∂z − 1
λ
A(z)

that may be trivialized as

∇A = ∂z − gλ(z)−1(∂zgλ(z)).

When gλ(z) ∈ Γ+ this represents a pure gauge transformation on the disk (so
that ∇A corresponds to a regular flat connection on C).

For any gλ(z) a fermionic section ψ(z) of L ⊗K1/2 may be written as

ψ(z) = gλ(z)ξ(z),

where ξ(z) is a section of L⊗K1/2 with trivial connection ∂z. Flat sections Ψ(z)
are defined by the differential equation(

∂z − 1
λ
A(z)

)
Ψ(z) = 0.

They define a local trivialization of the bundle L with connection ∇A, and we
will use them to translate the geometric configuration into a quantum state.

A flat section for the trivial connection ∂z is given by Ξ(z) = 1. We associate the
tuple (C, ∂z) to the ground state

|0〉 = z0 ∧ z1 ∧ z2 ∧ . . . .

The gauge transformation gλ(z) maps the trivial solution Ξ(z) = 1 to Ψ(z) =
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gλ(z), which transforms the vacuum into the fermionic state

|W〉 = gλ|0〉,

where gλ acts as a Gl∞ transformation on the fermionic modes

|W〉 = gλ(z)z0 ∧ gλ(z)z1 ∧ gλ(z)z2 ∧ . . . .

as we explained in the last subsection.

In other words, we build the quantum state by acting with the D-module gener-
ator Ψ(z) = gλ(z) on the vacuum

W = Dλ ·Ψ(z).

The state |W〉 is just second quantization of the the Dλ-module W. Notice
that this state is non-trivial only when gλ(z) is not a pure gauge transforma-
tion (which would correspond to a Krichever solution). This implies that the flat
sections will diverge near z = 0, corresponding to a distorted geometry in this
region.

Rank n quantum state

A degree n spectral curve Σ is quantized as a λ-connection of rank n. This is
equivalent to a Dλ-moduleM that is generated by a single degree n differential
operator P . As an OC-module, though,M is generated by an n-tuple

(Ψ(z), ∂zΨ(z), . . . , ∂n−1
z Ψ(z)),

where Ψ(z) is a solution of the differential equation PΨ = 0. In other words,
this blends an n-vector of solutions to the linear differential system that the
λ-connection defines. We will name this OC-module

W = OC · (Ψ(z), ∂zΨ(z), . . . , ∂n−1
z Ψ(z)) ⊂ C((z−1)).

(of course it contains the same elements asM) This is the subspace we want to
second quantize into a fermionic state |W〉.
Now P has n independent solutions Ψi, that differ in their behaviour at infinity.
These solutions have an asymptotic expansion around z = ∞ that contains a
WKB-piece plus an asymptotic expansion in λ, and should thus be interpreted
as perturbative solutions that live on the spectral cover. We suggest that the
asymptotic expansion of any solution can be turned into a fermionic state that
captures the all-genus I-brane partition function. This partition function thus
depends on the choice of boundary conditions near z∞.
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Some of the WKB-factors will be exponentially suppressed near z∞, while others
exponentially grow. This depends on the specific region in this neighbourhood.
The lines that characterize the changing behaviour of the solutions Ψi are called
Stokes and anti-Stokes rays. Boundary conditions at infinity specify the solution
up to a Stokes matrix: a solution that decays in that region can be added at no
cost.

This implies that the perturbative fermionic state we assign to a D-module de-
pends on the choice of boundary conditions. On the other hand, the D-module
itself is independent of any of these choices and thus in some sense contains
non-perturbative information and goes beyond the all-genus I-brane partition
function. This agrees with the discussion in [171]. Nonentheless, the focus in
this paper is on the perturbative information a D-module provides.

5.3.3 Quantum invariants and λ-deformed CFT’s

Up to here we have explained how a spectral curve may be quantized into a Dλ-
module, and how this translates into a fermionic state |W〉. Most importantly,
this allows us to associate a quantum invariant to a spectral curve.

Spectral curves embedded in C2 are characterized by a single region near infin-
ity. The all-genus I-brane partition function is (like in the semiclassical Krichever
setting) given by the determinant of |W〉. When Σ is part of C∗ × C, it contains
two regions at infinity. In this situation the I-brane partition function is com-
puted as a correlation function, by contracting two fermionic states.

Likewise, we expect that it is important for any I-brane curve to consider all re-
gions where the curve approaches infinity. In such a patch the B-field becomes
singular so that the non-commutativity parameter λ tends to zero. Hence we
can associate a perturbative fermionic state |W〉 to this neighbourhood, once
a choice of local symplectic coordinates (z, w) is made. The result is a quan-
tized module that is invariant under the action of the Weyl algebra Dλ. Any
other choice of local coordinates amounts to a combination of the following two
transformations

z 7→ z + f(w) and w 7→ w, (5.34)

z 7→ w and w 7→ −z.

These generate automorphisms of the Weyl algebra, but they change the Dλ-
module associated to the asymptotic neighbourhood.

Moving from one patch at infinity to another changes the canonical coordinates
by such a complex symplectic transformation as well. Correspondingly the Dλ-
module, and thus the quantum fermion field, transforms in the metaplectic rep-
resentation [128]. Indeed, in the λ → 0 limit one recovers a semi-classical
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fermionic section of K1/2.

This suggests that the complete I-brane partition function may be found by
writing down the correct fermionic state for each point at infinity and then
glueing them by using a symplectic identification of coordinates. Although the
Dλ-modules associated to the regions near infinity depend on the choice of lo-
cal coordinates, this quantum invariant should be independent of the chosen
parametrizations. This is a claim that we cannot yet justify, except that from the
philosophy of string theory there should be a unique such quantum invariant. A
simple supporting example is found in the Chapter 6.

One of the motivations of Chapter 6 is to see in practise how quantum curves
lead to I-brane partition functions. We study several well-known examples of
spectral curves in string theory, and determine the Dλ-module that underlies
their partition function. The first set of examples treats matrix model spectral
curves embedded in C2 with just one region at infinity. In the second set we
study Seiberg-Witten geometries embedded in C∗ × C.




