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Chapter 7

Dyons and Wall-Crossing

In this chapter we study examples of local Calabi-Yau threefolds that are modeled
on a compact Riemann surface. We start in Section 7.1 with a family of Calabi-
Yau’s that are built on a 2-torus, and then consider threefolds based on a genus
2 curve. In both examples we will discover nice automorphic structures and
confirm the relation of the exponent of F1 to the fermionic determinant det ∂̄.

Notice that these compact curves have genera g > 0, and no asymptotic end-
points at infinity. To compute their I-brane partition function we thus have to
cut the curves in affine pieces. In the genus 1 example we employ the D-module
techniques to glue the end-points of a cylinder. In the genus 2 example we use
the topological vertex formalism to compute the contribution of a pair of pants.

In Section 7.2 and Section 7.3 we focus on the semi-classical contribution to
the partition function on the genus 2 Calabi-Yau. This is summarized in an
automorphic invariant that surprisingly turns out to count the number of non-
perturbative BPS dyons in N = 4 theories. We make this relation explicit in
Section 7.2. Since the generating function of these BPS invariants merely corre-
sponds to expF1 in topological string theory, it is relatively easy to study addi-
tional structures, that go beyond properties of the partition function in the large
radius regime.

Wall-crossing is one such topic. The charge of a BPS state varies over the mod-
uli space of the theory. When it aligns with the charge of another BPS state,
these BPS states can form a bound state. This gives a complication in the count-
ing of BPS states. There are so-called walls of marginal stability in the moduli
space, where the number of BPS states may jump. This is an important issue
in N = 2 theories, but it also plays a major role in the counting of the above
non-perturbative BPS states in 4-dimensional N = 4 string theory.

One may wonder what happens to the generating function of such invariants
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under a crossing of a wall of marginal stability, and whether this phenomenon
has an interpretation in terms of the underlying Riemann surface. In Section 7.3
we will answer these questions for quarter BPS dyons in N = 4 theories.

7.1 Compact curves of genus 1 and 2

Let us begin with finding Calabi-Yau threefolds that are modeled on compact
curves of genus 1 and 2. The goal of this section is to analyze their all-genus
partition functions in the framework of I-branes and D-modules.

7.1.1 Elliptic curve

A well-studied example is the geometry mirror to the total space of a rank two
bundle over a 2-torus

X̃ : O(−r)⊕O(r)→ T 2. (7.1)

The latter has a description in toric geometry as gluing the toric propagator to
itself with a framing factor r. This factor changes the intersection of [T 2] with
the 4-cycles that project onto T 2 into ±r [121]. Here we show how one can use
the free fermionic system living on the boundary of the non-commutative plane
to completely solve this model and recover the existing results for the all genus
topological string amplitudes for this background.

The local T 2 model (7.1) has a simple interpretation in the B-model obtained
after mirror symmetry. Note that we can write this geometry as a global quotient
of C∗ × C× C. If we pick toric coordinates (eu, ev, ew), the identification is

(u, v, w) ∼ (u+ t, v + ru,w − ru).

This transformation is an affine transformation consisting of a shift (t, 0, 0) and
a linear map

A =

 1 0 0
r 1 0
−r 0 1

 ∈ SL(3,Z).

The linear transformation A is the monodromy of the fiber, when we view this
non-compact CY as a T 3 fibration. Mirror symmetry will now replace the torus
fibers with their duals, and the monodromy A with the dual monodromy A−T .
So the B-model can be described as a quotient of the dual coordinates given by

(u, v, w) ∼ (u+ t− rv + rw, v, w).

In order to map this B-model to the NS5-brane and finally the I-brane, we have
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to perform one more T-duality on the combination v+w. That coordinate is not
touched by the action of the framing and it will be subsequently ignored. If we
relabel the coordinates as

x = u, y = v − w,

we see that this gives indeed a T 2 curve, embedded as the zero section y = 0 in
the geometry B defined as the quotient of C∗ × C by

(x, y) ∼ (x+ t− ry, y). (7.2)

The A-model topological string partition function is computed as [121, 231]

Ztop(t, λ) = e−t
3/6r2λ2

Q−1/24
∑
R

Q|R|qrκR/2,

where Q = e−t with t the Kähler parameter of the torus and q = e−λ, whereas
|R| is the number of boxes of the Young tableauR and κR = 2

∑
�∈R i(�)−j(�).

After the mirror transformation t becomes the modulus of the elliptic curve T 2.
The instanton part of Ztop can be rewritten in the form

Zqu(t, λ) = (7.3)

=
∮

dy

2πiy

∞∏
n=0

(
1 + y Qn+1/2qr(n+1/2)2/2

)(
1 + y−1Qn+1/2q−r(n+1/2)2/2

)
which is familiar from [232, 233] in the case r = 1. In this model the genus
zero answer does not have instanton contributions and so is given entirely by
the classical cubic form F0(t) = − 1

6r2 t
3, while at genus one the classical and

quantum contributions combine into

F1(t) = − log η(Q).

The g-loop contributions Fg, for g > 1 and r > 0, incorporate only quantum
effects. They are quasi-modular forms of weight 6g − 6 that can be expressed as
polynomials in the Eisenstein series E2(q), E4(q) and E6(q), where

Ek(q) = 1− 2k
Bk

∞∑
n=1

nk−1qn

1− qn

and Bn are the Bernoulli numbers.

In fact, it is well-known that this answer is reproduced by a chiral fermion field
with action [234]

S =
1
π

∫
T 2
d2x ψ†

(
∂̄ − rλ∂2

)
ψ. (7.4)
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We will re-derive this same answer from the fermionic perspective we have de-
veloped in this thesis below. For now note that this action can be bosonized into
[233, 235]

S =
1
π

∫
T 2
d2x

(
1
2
∂φ∂̄φ− rλ

6
(∂φ)3

)
, (7.5)

which is closely related to the Kodaira-Spencer field theory on the Calabi-Yau
manifold. This Kodaira-Spencer theory reduces to a free boson φ on a cylinder,
while the framing quantizes into an action of the zero mode of the W 3 operator
[128]

W 3
0 =

∮
dx

(∂φ)3

3
.

This implies that W 3
0 defines how to glue the torus quantum mechanically,

Ztop = Tr exp
(
−rλ

2
W 3

0

)
,

explaining (7.5). The action of W 3
0 is quadratic in the fermions and therefore

acts on the single fermion states.

The topological string partition function (7.3) is obtained as the fermion number
zero sector. Including a sum over the U(1) flux gives the full fermion partition
function that corresponds to the I-brane. This can be thought of as a generalized
Jacobi triple formula [236]. Adding the classical contributions we obtain

Z(v, t, λ) =

= e−t
3/6r2λ2

Q−1/24
∞∏
n=0

(1 + yQn+1/2qr(n+1/2)2/2)(1 + y−1Qn+1/2q−r(n+1/2)2/2)

=
∞∑

p=−∞
ype−t

3/6r2λ2
e−pt

2/2rλQp
2/2−1/24qrp

3/6−rp/24Zqu(t+ rpλ, λ)

=
∞∑

p=−∞
ypZtop(t+ rpλ, λ).

In the second line we have extracted a factor e−t
2/2rλ out of y. This is the result

of turning on flux in the I-brane set-up, and corresponds to the D4-brane tension
on the BPS side. Notice that the combination rp ∈ rZ. This is because rp is the
Poincaré dual of the four-cycle having intersection number ±r with [T 2] . Hence
this indeed reproduces formula (7.23) with an appropriate choice of cubic form.
For r = 0 this result reduces to the standard Jacobi triple formula

Zr=0 =
θ3(y,Q)
η(Q)

=
∑
n∈Z

Qn
2/2yn

η(Q)
. (7.6)
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We now come to deriving (7.4) from the perspective of this thesis. From the
considerations in the last chapters it is clear that we have a free fermion system
living on T 2 with the standard action. The only subtlety has to do with the fact
that T 2 is at the boundary of a non-commutative plane and as we will see this is
crucial in recovering (7.4). From (7.2) we see that x ∼ x+ t− ry. If we treated
y as commuting with x we could set it to y = 0 and we have a copy of the torus.
But here we know that y does not commute with x. So we have a free fermion
on a torus where the modulus is changed from

t→ t− ry.

The variation of t can be absorbed into the fermionic action by the usual Beltrami
differential µzz̄ = δt:

S =
1
π

∫
T 2
d2x ψ†

(
∂̄ + µ∂

)
ψ.

Here we need to substitute µ = δt = −ry. In the classical case where y is
commuting, this would give µ = 0 and we get the same system as the usual
fermions. However, since x and y do not commute, we should view y = λ∂x
leading to µ = −ry = −rλ∂x. Substituting this operator for µ in the above action
reproduces (7.4). We have thus re-derived the known result for the topological
string in this background from our framework.

7.1.2 Genus two curve

An interesting generalization of the elliptic curve example is given by a local
Calabi-Yau geometry containing a genus two curve. Its mirror model can be
constructed using the topological vertex technology of Section 4.3.3. Although
the vertex technology is able to deal with arbitrary toric curves, it is instructive
to see this explicit case in more detail.

Let us start in the A-model with the toric diagram of the resolved conifold
O(−1) ⊕ O(−1) → P1 (see Section 4.2.1) and identify the two pairs of par-
allel external legs, as shown in Fig. 7.1. In this section we refer to this geometry
as X̃. The B-model geometry corresponding to X̃ is a locally elliptic Calabi-Yau
X, described by an equation of the form uv = H(x, y), where H vanishes on a
compact genus two Riemann surface Σ.

This B-model geometry is well-studied in [140] as an example of an elliptic
threefold geometrically engineering a 6-dimensional gauge theory on R4 × T 2.
The prepotential of this gauge theory is computed as the A-model partition func-
tion of X̃. Since this is a topological vertex calculation, the all-genus partition
function is known. Moreover, instanton calculus in the 6-dimensional gauge the-
ory shows that it can be elegantly rewritten in terms of the equivariant elliptic
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genus of an instanton moduli space. The equivariant parameter q equals e−λ on
the A-model side.

Explicitly, the A-model on X̃ can be expressed in topological vertices as

Zqu(Q1, Q2, Q3) =
∑

R1,R2,R3

QR1
1 QR2

2 QR3
3 (−)lR1+lR2+lR3CR1R2R3CRt1Rt2Rt3 ,

where Qi = exp(−ti) represent the exponentiated Kähler classes of the legs with
attached U(N) representations Ri, and where CR1R2R3 is the topological vertex
(see Section 4.3.3). Notice that CR1R2R3 is symmetric under permutations of
the Ri, while in terms of the toric graph it is more natural to use the variables

Qσ := Q1Q3, Qρ := Q1Q2, Qν = Q1, (7.7)

that exhibit the Z2 symmetry between Qσ and Qρ. Using these definitions

Zqu(q, ρ, σ, ν) =
∑
R

QlRρ
∏

�∈R

(1−Qνqh(�))(1−Q−1
ν qh(�))

(1− qh(�))2

×
∞∏
k=1

(1−QkσQνqh(�))(1−QkσQνq−h(�))(1−QkσQ−1
ν qh(�))(1−QkσQ−1

ν q−h(�))
(1−Qkσqh(�))2(1−Qkσq−h(�))2(1−Qkσ)

.

And this may be rewritten as [237]

Zqu(q, ρ, σ, ν) =
∑
k≥0

Qkρχ((C2)[k];Qσ, Qν)(q, q−1) = (7.8)

∏
k,a≥0,
l>0,
2j≥0

j∏
b=−j,
c∈Z

(
(1−QlρQaσQc−1

ν q2b+k+1)(1−QlρQaσQc+1
ν q2b+k+1)

(1−QlρQaσQcνq2b+k+2)(1−QlρQaσQcνq2b+k)

)(k+1)C(la,j,c)

with b = −j,−j + 1, . . . , j − 1, j and q = e−λ, whereas the coefficients C(a, j, c)
are related to the equivariant elliptic genus of C2 in the following way

χ(C2, y, p, q) =
∏
n≥1

(1− ypnq)(1− y−1pnq−1)(1− ypnq−1)(1− y−1pnq)
(1− pnq)(1− pnq−1)(1− pnq−1)(1− pnq)

=
∑
a,2j≥0

∑
c∈Z

C(a, j, c)pa(q2j + q2(j−1) + . . .+ q−2j)yc.

Starting with the IIA background TN1 × X̃ and going backwards through the
duality chain, we find ourselves in the I-brane set-up on R3 × T 4 × R2 × S1.
The genus two curve Σ is holomorphically embedded in the abelian surface T 4

by the Abel-Jacobi map. The I-brane is the intersection of a D4-brane wrapping
R3×Σ and a D6-brane wrapping T 4×R2×S1. The aim of this section is to give
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Figure 7.1: The resolved conifold with identified legs (left) and its mirror (right). The
parameters t1, t2 and t3 parametrize the Kähler lengths of the toric diagram on the left.

an interpretation of the above A-model result on X̃ in the I-brane picture.

The case λ = 0

As a result of the duality chain, we expect that the 1-loop free energy F1,top of the
topological A-model equals the free energy F1,boson = − 1

2 log det ∆Σ of a chiral
boson on Σ. Another sum over the lattice of momenta should then result in the
chiral fermion determinant. Since not only the A-model partition function, but
also the partition function of chiral bosons on a genus two surface is known, we
can perform an explicit check of these conjectures.

Singling out the λ0-part of the A-model partition function (7.8), yields the sum

F1,qu(ρ, σ, ν) = c̃(kl,m)
∏
k,l,m

log
(

1− e2πi(kρ+lσ+mν)
)
,

where the coefficients c̃(kl,m) are related to the Fourier coefficients C(a, j, c) as

c̃(kl,m) = −
∑

j∈(Z/2)≥0

j∑
b=−j

[(
2b2 − 1

12
)(
C(kl, j,m+ 1) + (7.9)

+ C(kl, j,m− 1)
)− (4b2 +

5
6

)
C(kl, j,m)

]
.

Remarkably, the same relation can be found by rewriting the elliptic genus of a
K3 surface, which is the unique weak Jacobi form of index 1 and weight 0. This
elliptic genus has an expansion

χ(K3, τ, z) =
∑

h≥0,m∈Z
24 c(4h−m2)e2πi(hτ+mz),
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and can be represented as an integral over the equivariant elliptic genus of C2:

χ(K3, y, p)

= −y−1

∫
K3

x2
∏
n≥1

(1− ypn−1q−1)(1− ypn−1q)(1− y−1pnq−1)(1− y−1pnq)
(1− pn−1q−1)(1− pn−1q)(1− pnq−1)(1− pnq)

= −
∫
K3

x2

(
y + y−1 − q − q−1

A(x)A(−x)

)
χ(C2, y, p, q), (7.10)

with q = ex and A(x) :=
∑
k≥0

xk

(k+1)! . Writing out this equation in terms of
the K3 and C2 coefficients, reveals exactly equation (7.9) where c̃(kl,m) is ex-
changed with c(kl,m) = c(4kl −m2).

This identification implies that Z1,qu = exp(F1,qu) corresponds to the 24th root
of the generating function of the elliptic genera of symmetric products of K3’s:

(Z1,qu(ρ, σ, ν))24 =
∑
N

e2πiNσχρ,ν
(
(K3)N/SN

)
=

=
∏

k>0,l≥0,
m∈Z

(
1− e2πi(kρ+lσ+mν)

)−24c(4kl−m2)

. (7.11)

When the K3 surface is realized as an elliptic fibration, with 24 points on the
elliptic base where the fibration degenerates in the simplest possible way, we
can think about the K3 surface as consisting of 24 local TN1-spaces. The above
result then motivates us and relate Z1,qu to one such TN1-factor.

Furthermore, Z1,qu is closely related to the generating function

e−πi(ρ+σ+v)/12
∏

(k,l,m)>0

(
1− e2πi(kρ+lσ+mν)

)−c(4kl−m2)

, (7.12)

where (k, l,m) > 0 means k, l ≥ 0, m ∈ Z, but m < 0 when k = l = 0. The
first terms on the second line of equation (7.11) have a clear interpretation as
classical contributions to the genus 1 topological string amplitude (proportional
to the Kähler class t = ρ + σ + ν). We loosely refer to the above generating
function as the total genus 1 partition function Z1,top for the genus 2 Calabi-Yau.

The 24th power of this topological partition function

Z1,top(Ω)24 =
1

Φ10(Ω)
, with Ω =

(
ρ ν

ν σ

)
is well-known to both mathematicians and physicists. Mathematically, it is
characterized by its nice transformation properties under the symplectic group
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Sp(2,Z). The form Φ10(Ω) transforms as

Φ10 (g(Ω)) = (det(CΩ +D))10 Φ10 (Ω)

under Sp(2,Z)-transformations. It is thus Sp(2,Z)-automorphic of weight 10. In
fact, it is the unique form with this property [239, 240]. In relation to the topo-
logical string amplitude, we should of course interpret Ω as the period matrix of
the genus 2 surface.

The automorphic form 1/Φ10 is familiar in string theory as the partition function
of 24 chiral bosons [241, 242]. More precisely, it appears as the holomorphic
part of the (worldsheet) genus 2 bosonic string partition function, or equiva-
lently, as the left-moving partition function of the heterotic string wrapping a
genus 2 surface. Both partition functions describe 26 chiral bosons in the light-
cone gauge. Effectively, their partition function thus captures 24 chiral bosons.1

So after adding the classical contributions to F1,qu(X̃), we conclude that the
total 1-loop partition function Z1,top = exp(F1,top) of the B-model topological
string on X equals the partition function Zboson of a single boson:

Zboson(ρ, σ, ν) = eF1,top(ρ,σ,ν).

In order to find the contribution to the all-genus partition function for small λ,
we have to consider F0,top as well. In the B-model on X its second derivative has
a simple interpretation: it is just the period matrix Ωij of the genus two curve Σ.
In terms of the mirror map, these periods will have classical contributions linear
in ρ, σ and τ , and quantum corrections determined by Zqu(X̃). We will write
these down in the next paragraph. Right now, let us conclude with

Zfermion(ρ, σ, ν) =
∑

p1,p2∈Z
eπipiΩijpjeF1,top(ρ, σ, ν).

Automorphic properties

Knowing the full instanton partition function (7.8) makes it possible to examine
the λ-corrections to F1,top explicitly. In fact, let us start more generally with the
Gopakumar-Vafa partition function (4.47)

Zqu =
∏
d∈H2

∏
m∈Z

m∏
k=−m

∞∏
n=1

(1− qk+nQd)(−1)m+1nGVmd .

1There is a subtlety here. Performed computations of this partition function show that, unlike for
the partition function 1/η24 of a heterotic string wrapping a 2-torus, the ghost determinants and the
light-cone directions do not completely cancel out in the genus 2 configuration (see the remarks in
[243]). However, we expect that there exists a gauge choice in which there is a clean interpretation
in terms of 24 bosons. We thank E. Verlinde for a discussion on this point.
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In order to get the g-loop free energies we note that

log
∏
k≥1

(1− Y qk+l)k =

= − 1
λ2

Li3(Y ) +
1
2

(l2 − 1
6

) log(1− Y )− λ2

(
1

240
− l2

24
+
l4

24

)
Li−1(Y )− . . .

=: −
∑
g≥0

λ2g−2P2g(l)
∑
n≥1

n2g−3Y n,

where the degree 2g polynomials P2g(l) are defined through the last equality.
Hence

Fqu = −
∑
g≥0

λ2g−2
∑
d∈H2

∑
m∈Z

m∑
k=−m

(−1)m+1P2g(k) GVmd
∞∑
n=1

n2g−3
(
Qd
)n
.

Making this expansion for the genus two Calabi-Yau X reveals that the coeffi-
cients

cg =
∑
m∈Z

m∑
k=−m

(−1)m+1P2g(k) GVmd

are the Fourier coefficients of Jacobi forms Jg(q, y) =
∑
k,l cg(k, l)q

kyl of weight
2g − 2 and index 1. More precisely, we can write the Fg ’s as

Fg(λ;Qρ, Qσ, Qν) = −
∑
k,l,m

cg(kl,m)
∑
n≥1

n2g−3(QkρQ
l
σQ

m
ν )n

= −
∑
N>0

QNρ
∑
kn=N

n2g−3
∑
l≥0,m

cg(kl,m)Qlnσ Q
mn
ν

= −
∑
kn=N

N2g−3
k−1∑
b=0

k2−2g QNρ Jg

(
nσ + b

k
, nν

)
= −

∑
N>0

QNρ Tg,N (Jg),

where Tg,N are Hecke operators acting on Jacobi forms of weight 2g−2. This im-
plies that all Fg,top’s are lifts of Jacobi forms, and therefore almost automorphic
forms of O(3, 2,Z) = Sp(4,Z) [244].

Interpretation in the duality chain

First of all, notice that the partition function of X̃ can be build out of topological
vertices, and as such is known to have an interpretation in terms of chiral bosons
and fermions [17, 128, 131]. The duality chain elucidates these observations:
the chiral fermions can be identified with the intersecting brane fermions. More-
over, the B-field on the D6-brane makes it necessary to treat these fermions as
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non-commutative objects, which gives an explanation for the nontrivial trans-
formation properties in [128].

In terms of the gauge theory picture we can just refer to [140]. Here it is shown
that the six dimensional gauge theory on TN1 × T 2 can be engineered with
matrix model techniques, revealing Σ as the Seiberg-Witten curve, whose period
matrix equals the second derivative of F0,top.

Finally, the automorphic properties of Ftop seems to fit in best in the M5-brane
frame of the duality chain. Recall that S-duality relates IIB on TN1 × X to a
NS5-brane wrapping around TN1 × Σ in the background TN1 × T 4 × R2. This
lifts to a M5-brane in M-theory on TN1 × T 4 × R2 × S1. Since the M5-brane
partition function is expected to be an automorphic form of O(3, 2,Z) [245],
this perspective offers a physical reason for the automorpic properties.

Actually, we know exactly which Jacobi forms enter: J0 = φ−2,1 is the unique
Jacobi form of weight −2 and index 1, J1 = − 1

12φ0,1 = − 1
24χ(K3, q, y) as we en-

countered before, J2 = 1
240E4φ−2,1, J3 = − 1

6048E6φ−2,1 and J4 = 1
172800E

2
4φ−2,1

etc. Interestingly, these can all be defined as twisted elliptic genera of TN1 in
the sense that (compare with (7.10))

Jg(q, y) =

− y−1

∫
TN1

x4−2g
∏
n≥1

(1− ypn−1q−1)(1− ypn−1q)(1− y−1pnq−1)(1− y−1pnq)
(1− pn−1q−1)(1− pn−1q)(1− pnq−1)(1− pnq) ,

coinciding with the M5-brane point of view. This results longs for a two dimen-
sional conformal field theory interpretation.

7.2 Quarter BPS dyons

The next few sections center on the weight 10 Igusa cusp form

Φ10(ρ, σ, ν) = pqy
∏

(k,l,m)>0

(
1− pkqlym)24c(4kl−m2)

,

with p = exp(2πiρ), q = exp(2πiσ) and y = exp(2πiν), that we encountered in
equation (7.11) when analyzing the semi-classical contribution to the topologi-
cal partition function on the genus 2 Calabi-Yau. Let us explain why it plays an
important role in the counting of quarter BPS states in an N = 4 compactifica-
tion of string theory down to 4 dimensions.

One perspective to study 4-dimensional N = 4 string theory is in the framework
of type II theory as a K3 × T 2 compactification. Another duality frame is het-
erotic string theory compactified on a 6-torus. The heterotic compactification is
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described by an N = 4 supergravity multiplet coupled to 22 additional vector
multiplets. In this compactification a vector multiplet consists of a single vector
field and six real scalars, while the supergravity multiplet contains the metric,
the heterotic axion-dilaton field and six graviphotons. Altogether there are 28
U(1) gauge fields, and hence 28 electric and 28 magnetic conserved charges.
Both the magnetic charge vector P and the electric charge vector Q are elements
in the lattice Γ22,6. They may be combined into a charge matrix(

Q

P

)
∈ Γ22,6 ⊕ Γ22,6, (7.13)

on which heterotic S-duality acts as a SL(2,Z) transformation. From the type
IIB point of view the heterotic S-duality group is visible as a geometric T-duality
group that acts as the mapping class group on the T 2-factor.

Half BPS states inN = 4 string theory are relatively easy to describe. They either
carry a purely electric or magnetic charge, so that they can be counted in the
perturbative regime of heterotic string theory in terms of 24 bosonic oscillators
in the left-moving sector. This yields

d(Q) =
∮
dσ
e−πiQ

2σ

η24(σ)
(7.14)

states with electric charge Q, and an analogous formula for the number d(P )
of magnetic states with charge P (now using ρ as integration variable). These
formulas suggest that counting half BPS states in N = 4 string theory is in some
way related to 24 free bosons on a genus 1 surface (compare for example with
formula (7.6) and with the K3 and the R4 example in Chapter 3).

Quarter BPS states are more complicated to analyze. As observed in [238], it is
natural to introduce the genus 2 period matrix

Ω =
(
σ ν

ν ρ

)
as this decouples into two genus 1 period matrices when ν → 0. The com-
plex structure parameters of the resulting tori describe the half-BPS electric and
magnetic states. The degeneracy formula

d(Q,P ) = (−1)Q·P+1

∮
dΩ

e−πi(Q
2σ+2Q·Pν+P 2ρ)

Φ10(Ω)
(7.15)

indeed reduces to a product of the electric with the magnetic half-BPS formula
(7.14) when the limit ν → 0 is taken. Notice that the degeneracies d(Q,P )
should be invariant under the symmetries of the charge-lattice. Indeed, they
are functions d(1/2Q2, Q · P, 1/2P 2) in terms of the integer invariants 1/2Q2,
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1/2P 2 and Q·P on the even lattice Γ22,6⊕Γ22,6. The physical relation of quarter
BPS states to the genus 2 surface with period matrix Ω is not immediately clear
at all, though. As we explain in a little bit, this relation can be understood
through a number of string dualities.

Recent years have seen a lot of progress in the understanding of the BPS spec-
trum of 4-dimensional N = 4 string theory. For example, the above proposal
for the generating function of BPS states has been extended to so-called CHL
orbifolds [246]. In the heterotic string perspective such a CHL compactification
is obtained by orbifolding T 4×S1× S̃1 by a ZN symmetry, that is generated by a
product of an internal symmetry together with an order N translation along the
circle S̃1. The original Dijkgraaf-Verlinde-Verlinde partition function as well as
its CHL extension are now fairly well-understood. They have passed all consis-
tency checks performed so far, such as SL(2,Z) invariance (on which we come
back in Section 7.3) and agreement with black hole physics [247, 248, 249].2

Schematically, the genus two surface occurs in the dyon counting problem in
the following way, illustrated in Fig. 7.2 [250, 243]. Consider type IIB string
theory compactified on K3× T 2. Half BPS states (that are pointlike in the non-
compactified directions in R4) in this frame are represented as bound states
of D5/NS5-branes that wrap the K3-fold, with D3-branes that wrap some 2-
cycles in the K3 and with D1/F1-branes. The total bound states furthermore
wraps one cycle of the T 2, depending on whether the half BPS state is electric or
magnetic. A quarter BPS state carries both electric and magnetic charges. It can
be represented by a network of D5 and NS5-brane bound states that is embedded
in the 2-torus. An example of such a network is shown in Fig. 7.2. It consists
of two three-vertices that are known as three-string junctions. Compactifying
the time direction, in order to calculate a partition function, and lifting into M-
theory we obtain Euclidean M-theory compactified on K3 × T 4. The BPS dyon
is now represented as an M5 brane wrapping K3 times a genus two Riemann
surface Σ that is holomorphically embedded in T 4. Electric BPS states wrap one
A-cycle on Σ while magnetic BPS states wrap the other one. Since an M5-brane
that wraps a K3-surface is dual to a heterotic string, we furthermore recover the
partition function 1/Φ10 of 24 chiral bosons on a genus two surface (although
there are some unsolved subtleties [243, 260]).

This is very similar to the M5-brane description of topological string theory on
a non-compact Calabi-Yau threefold as alluded to in Section 7.1. In fact, when
we view the K3-surface as 24 copies of a TN1-space and the M5-brane wrap-
ping this K3-surface as 24 M5-branes each wrapping a copy of TN1, the set-up
reduces in type IIA to the intersecting brane background

IIA: R3 × (Σ ⊂ T 4
)× R2 (7.16)

2See also [70, 250, 251, 252, 253, 243, 254, 255, 256, 257, 258, 259, 260, 261, 262, 263].
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Figure 7.2: (1): BPS dyons in an N = 4 compactification of string theory on K3 × T 2

correspond to D4/NS5 brane wrappings over the internal K3-manifold times a circle in T 2.
Depending on which 1-cycle in the T 2 is wrapped the resulting 4-dimensional BPS particle
will carry electric or magnetic charge. (2): When both 1-cycles in the T 2 are wrapped it is
more efficient for the branes to recombine into a network wrapping the T 2.

with 24 D4-branes wrapping R3 ×Σ and a D6-brane wrapping T 4 ×R2, that in-
tersect on the genus 2 surface Σ. This relates the appearance of the automorphic
form Φ10 as the semi-classical amplitude F1 in topological string theory and as
a dyon index in 4-dimensional N = 4 string theory physically.

In this first section about quarter BPS dyons we explain the duality between the
N = 4 dyons, string webs and the genus two surface in detail. We pay extra
attention to the dependence on background moduli, as this will be important in
the description of wall-crossing in the next section. In Section 7.2.1 we review
and extend the results of A. Sen in [264] in detail and discuss how the 1/4-
BPS dyons are realized as a periodic network of effective strings in type IIB
frame at arbitrary moduli. In Section 7.2.2 we review and extend the results
of S. Banerjee et al. in [260] by going to Euclidean M-theory and analyze the
Riemann surface wrapped by the M5 brane that makes up the 1/4-BPS dyon.
In particular we analyze the complex structure of the surface and its relation
to the stability of the dyon states. On general grounds and from earlier results
we expect the Riemann surface to degenerate in a certain way when the moduli
cross a wall of marginal stability [254, 256]. We analyze wall-crossing in great
detail in Section 7.3.

7.2.1 The five-brane network

Following S. Banerjee, A. Sen and Y. Srivastava [260], in this subsection we
consider 1/4-BPS dyons made up from a type IIB T 2-compactified network of
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effective strings which are bound states of (p, q) strings and K3-wrapped five-
branes. Working in the limit of large K3 and thus heavy five-branes and using
the supersymmetry condition of the network [264], we will write down explicit
expressions for the shape and size of the network with a given range of values
of the IIB axion-dilaton field λ and the complex structure τ of the 2-torus. After
that we briefly discuss how the network is realized at generic values of moduli,
while leaving the details to Section 7.3.1.

First consider type IIB string theory compactified on the product of a K3 mani-
fold and a 2-torus which we shall call T 2

(IIB), and two effective strings wrapping
the two homological cycles of the torus. Each effective string is a bound state of
F1 and D1 string together with NS5 and D5 branes wrapped on K3.

To be more specific, let’s consider the following charges. Suppose we have the
Q effective string, which is a bound string of a (n1, n2) string together with a
K3-wrapped (q1, q2) five-brane, wrapping the A-cycle of the T 2

(IIB). Wrapping
the B-cycle is what we call the P effective string, which is a bound string of
a (m1,m2) string together with a K3-wrapped (p1, p2) five-brane. The three
T-duality invariants corresponding to this charge configuration are given by

Q2 = 2
2∑
i=1

niqi, P 2 = 2
2∑
i=1

mipi, Q · P =
2∑
i=1

(miqi + nipi) . (7.17)

In the limit of large K3, the tension of the Q- and P - string are given by

TQ = q1 − λ̄q2, TP = p1 − λ̄p2 (7.18)

rescaled by a factor of the volume of K3 in 10-dimensional Planck unit V (P)
K3 =

VK3λ2. Here VK3 denotes the the volume of K3 in string unit, and −λ̄ = −λ1 +
iλ2 is the axion-dilaton of the type IIB theory. In particular, the string coupling
is given by gs = λ−1

2 . Similarly, we will denote by −τ̄ = −τ1 + iτ2 and R2
Bτ2 the

complex structure and the area of the type IIB torus T 2
(IIB) respectively.

Using the above convention, the SL(2,Z)×SL(2,Z) symmetry of the theory acts
as

τ → aτ + b

cτ + d
,

(
Q

P

)
→
(
a b

c d

)(
Q

P

)
, γ =

(
a b

c d

)
∈ SL(2,Z) ,

and independently

λ→ a′λ+ b′

c′λ+ d′
,

(
Γ1

Γ2

)
→
(
a′ b′

c′ d′

)(
Γ1

Γ2

)
, γ′ =

(
a′ b′

c′ d′

)
∈ SL(2,Z) (7.19)

for all (Γ1,Γ2) strings or five-branes. The second symmetry is the type IIB S-
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duality, while the first symmetry is the modular transformation of the type IIB
torus T 2

(IIB), which is mapped to the S-duality of the heterotic string under string
duality.

It will turn out to be useful to organize the above complex structure of the
torus T 2

(IIB) and the type IIB axion-dilaton field in terms of the following 2 × 2
symmetric real matrices

Mτ =
1
τ2

(|τ |2 τ1
τ1 1

)
, Mλ =

1
λ2

(|λ|2 λ1

λ1 1

)
,

which transforms as Mτ → γMτγ
T and Mλ → γ′Mλγ

′T under the above
SL(2,Z) × SL(2,Z) transformation. Furthermore, we will use the following
standard metric on the space of 2× 2 symmetric real matrices X

‖X‖2 = detX , (7.20)

such that bothMτ ,Mλ have unit space-like length.

To make the analysis more explicit, let us assume a certain orientation of the
string network, given by q1p2 − p1q2 > 0. To ensure the irreducibility of the
string network made of the (q1, q2) and the (p1, p2) five-branes, we will further
require q1p2 − q2p1 = 1, namely that the corresponding 2× 2 matrix

Γ =
(
q1 q2

p1 p2

)
is an SL(2,Z) matrix [243]. The generalization to the charges with Γ ∈ GL(2,Z),
including the opposite orientation of the string network with q1p2 − p1q2 = −1,
is a straightforward modification of the following discussion and will not be
separately discussed here3 .

Simple kinematic consideration, or relatedly supersymmetry, requires that the
three lines meeting at a vertex satisfy the following constraints [264]. The angles
formed by the three legs meeting at a vertex in the periodic string network must
be the same as the angles formed by the three tension vectors (7.18) of the
corresponding charges in a complex plane. Two examples are shown in Fig. 7.3.

As we shall see shortly, how the supersymmetric network will be realized de-
pends on the background moduli of the theory. For the time being, let us focus
on the one specific case depicted in the first figure in Fig. 7.3. In this case
the statement about the angles simply means the following. If we view the com-
pactification torus as C/RB(Z− τ̄Z) and draw the network on the same complex

3 It simply involves exchanging τ and τ̄ in equations (7.22) - (7.23), (7.24), (7.31), (7.34),
(7.39), (7.42).



7.2. Quarter BPS dyons 205

plane, the three vectors `1,2,3 ∈ C in this periodic network are given by

`1 = t1(TQ + TP ), `2 = t2TP , `3 = t3TQ, (7.21)

where the tension vectors TQ,P are given in (7.18) and t1,2,3 ∈ R+ are the length
parameters given by the background moduli in a way we will now describe.

The fact that this network fits in the geometric torus T 2
(IIB) means the length

parameters satisfy(
t1 + t3 t1
t1 t1 + t2

)(
TQ
TP

)
=
(
t1 + t3 t1
t1 t1 + t2

)
Γ
(

1
−λ̄
)

= eiθRB

(
1
−τ̄
)

(7.22)
for some angle θ as shown in Fig. 7.3. The obvious fact that

(TQ + TP )¯̀
1 + TP ¯̀

2 + TQ ¯̀
3 ∈ R+

then gives
θ = Arg(TQ − τTP ). (7.23)

The mass of the string network, which is given by the sum of the product of the
length of the legs in the type IIB torus and their respective tension, is then given
by

MIIB = (TQ + TP )¯̀
1 + TQ ¯̀

2 + TP ¯̀
3 = RBVK3λ2 |TQ − τTP |. (7.24)

Furthermore, by first solving (7.22) for the simplest case with Γ = 12×2 and
considering other solutions related to it by a type IIB S-duality (7.19), we obtain
the expression for the lengths of the three different legs in the string network

(
t1 + t3 t1
t1 t1 + t2

)
=

√
R2
Bτ2
λ2

M−1
τ + (Γ−1)TMλΓ−1

‖M−1
τ + (Γ−1)TMλΓ−1‖ .

Like in equation (7.7) this shows that the lengths of the string network are
naturally expressed in terms of variables t1, t1 + t2 and t1 + t3. As will become
clear in equation (7.40), the above matrix corresponds as well to the period
matrix of the genus 2 surface. The string network is thus equivalent to the toric
graph in Section 7.1.2.

While the quantity on the right-hand side depends on our specific choice among
charges lying on the same T-duality orbit and furthermore its derivation is only
valid in the part of the moduli space with VK3 � 1, in what follows we shall see
how this quantity can naturally be written as an T-duality invariant expression
which is well-defined for general values of moduli.

From the 4-dimensional macroscopic analysis we know the BPS mass of a dyon
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Figure 7.3: An example of the effective string network, with (q1, q2) = (1, 0) and
(p1, p2) = (0, 1). Which one of the network is realized depends on the sign of the off-
diagonal component of the moduli vector Z.
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should be expressed in terms of the charges and the moduli in a specific way
[265, 266, 259]. Especially, in the heterotic frame it depends on the right-
moving charges only, which can be combined into the following T-duality in-
variant matrix

ΛQR,PR =
(
QR ·QR QR · PR
QR · PR PR · PR

)
and further combined with the heterotic axion-dilaton into the matrix

Z =
1
τ2

(
1 −τ1
−τ1 |τ |2

)
+

1
‖ΛQR,PR‖

(
PR · PR −QR · PR
−QR · PR QR ·QR

)
, (7.25)

which is again invariant under T-duality transformation.

In terms of these 2× 2 matrices, the mass in string frame is given by

M2
IIB = VK3R

2
B λ

2
2

(
|QR − τ̄PR|2 + 2τ2 ‖ΛQR,PR‖

)
= VK3R

2
B τ2λ

2
2 ‖ΛQR,PR‖ ‖Z‖2. (7.26)

Comparing with the mass formula for the string network (7.24), we can read
out the expression for QR, PR

‖ΛQR,PR‖ = VK3λ2 = V
(P)
K3 ,

ΛQR,PR
‖ΛQR,PR‖

= ΓM−1
λ ΓT ,

and thus

Z =M−1
τ + (Γ−1)TMλΓ−1.

From this we see that the moduli vector Z has the following two physical roles
in the type IIB supersymmetric string network. First its length gives the mass of
the network as in (7.26). Furthermore its direction dictates the relation between
the lengths of various legs of the network by

(
t1 + t3 t1
t1 t1 + t2

)
=

√
R2
Bτ2
λ2

Z

‖Z‖ . (7.27)

But there is clearly a problem with this formula. As the reader might have
noticed, the above formula is devoid of a geometric meaning when one or more
of the length parameters ti is negative. To take the simplest example, while the
diagonal terms of the matrix Z are manifestly positive (7.25), the off-diagonal
term can be of either sign. It means that when the entries of Z fail to be all
positive, for example, the network we have just described cannot exist.
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The solution to this problem is the following. As we have mentioned earlier,
there are more than just one possible way to realize a supersymmetric string
network with given 4D charges. For illustration let’s now consider the following
example. Writing Z =

(
z1 z
z z2

)
and assume z1, z2 > −z > 0 such that the network

we discussed above does not exist, we will now see that the network is realized
as a periodic honeycomb network with three legs given by

`1 = t1(TQ − TP ), `2 = −t2TP , `3 = t3TQ . (7.28)

Repeating the same analysis as before we obtain the same expression for the
angle θ which measures the “tilt” of the network (7.23) and the mass of the
network (7.24), but now the length parameters are given instead by

(
t1 + t3 −t1
−t1 t1 + t2

)
=

√
R2
Bτ2
λ2

Z

‖Z‖ . (7.29)

It is then easy to see that the above network (7.28), shown in the second figure
in Fig. 7.3, does exist for the range of moduli space z1, z2 > −z > 0.

In general, as will be discussed in detail in Section 7.3.1, for any arbitrary point
in the moduli space, exactly one network which is given by effective strings with
charges aQ+ bP and cQ+ dP wrapping the cycles dA− cB and −bA+ aB, will
be realized. Here we again use A and B to denote the A- and B-cycle of the
compactification torus T 2

(IIB). And the integers

γ =
(
a b

c d

)
∈ GL(2,Z)

are determined by the value of moduli, which is given by the values of λ, τ in
the five-brane system we consider. Recall that the requirement that the inverse
of an element in GL(2,Z) is again an element of the same group means that the
matrix γ must have determinant ±1.

In more details, the periodic network will consist of three legs given by

`1 = t1
(
(a+ c)TQ + (b+ d)TP

)
, `2 = t2 (cTQ + dTP ), `3 = t3 (aTQ + bTP )

with length parameters given by

(
t1 + t3 t1
t1 t1 + t2

)
=

√
R2
Bτ2
λ2

(γ−1)TZγ−1

‖Z‖ . (7.30)

As will be explained in more details in Section 7.3.1, for a given point in the
moduli space, the integral matrix γ has to satisfy the requirement that the above
equation has a solution with t1,2,3 ∈ R+.
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7.2.2 The Riemann surface

Following the idea of [250] and adopting the approach of [260], in this sub-
section we study the holomorphic embedding of a Riemann surface wrapped by
the M5 brane in Euclidean M-theory which makes up the 1/4-BPS dyons of the
theory. In particular, following [260] we write down the period matrix of such
a surface for generic values of the moduli of the theory, and discuss the rela-
tionship between the degeneration of the surface and the crossing of walls of
marginal stability where some dyon states might become unstable.

In order to compute the dyon partition function of the compactified type IIB
theory discussed in the previous Subsection, it is necessary to go to the Euclidean
spacetime with a Euclidean time circle. Now recall that type IIB compactified on
a circle is equivalent to M-theory compactified on a torus, which we will refer to
as the “M-theory torus” T 2

(M), by a T-duality transformation followed by a lift to
eleven dimensions. In particular, letting the eleventh-dimension circle to have
asymptotic radius RM , the complex moduli and the area of the M-theory torus
T 2

(M) are given by the type IIB axion-dilaton as −λ̄ and R2
Mλ2.

In other words, in order to discuss the dyon partition function we consider M-
theory compactified down to R3 on the internal manifold K3 × T 2

M × T 2
(IIB).

Since the configuration we will be considering is the M5 brane wrapping the
whole K3, we will now focus on the T 2

(M) × T 2
(IIB) factor whose moduli play the

most important role in the rest of the Chapter. Clearly, it can be thought of as
a space of the form C2/Λ, where the two complex planes can be taken to be
the complex planes associated with the tori T 2

(M) and T 2
(IIB) respectively. Writing

the coordinate of the two complex planes as z1 = x1 + iy1 and z2 = x2 + iy2,
the lattice Λ is generated by the following four vectors in R4 parametrized by
(x1, y1, x2, y2):

e1 = RM (1, 0, 0, 0)

e2 = RM (−Reλ̄,−Imλ̄, 0, 0)

e3 = RB (0, 0,Re eiθ, Im eiθ)

e4 = RB (0, 0,−Re eiθ τ̄ ,−Im eiθ τ̄). (7.31)

For convenience we have chosen the coordinates of R4 such that the Q-string
lies along the x2-axis. See Fig. 7.3.

A priori there is no reason to require the two tori T 2
(M) and T 2

(IIB) be orthogonal
to each other. A non-zero inner product in R4 between the vectors {e1, e2} and
{e3, e4}(7.31) corresponds to turning on time-like Wilson lines for the B- and
C- two-form fields along the A- and B-cycles of of compactification torus T 2

(IIB)

in the original type IIB theory. But since they are absent in the Lorentzian type
IIB theory we started with, in most of the following discussion we will assume
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that such a cross-term is absent.

After describing the M-theory set-up we now turn to the dyons in the theory.
The type IIB effective string network discussed in Equation (7.17) now becomes
a genus two Riemann surface Σ inside T 4 upon compactifying the temporal
direction and going to the M-theory frame, which has the effect of fattening the
network in Fig. 7.3. As usual, we would like to choose a canonical basis for the
homology cycles of the Riemann surface Σ such that the A- and B-cycles have
the following canonical intersections:

Aa ∩Bb = δab, Aa ∩Ab = Ba ∩Bb = 0, a, b = 1, 2. (7.32)

We now choose the basis cycles A1,2 and B1,2 as shown in Fig. 7.4. Beware that
they are not directly related to the A- and B-cycles of the tori T 2

(IIB) and T 2
(M).

From the charges of the network, which translate in the geometry into the ho-
mology classes of the two-cycle in T 4 wrapped by the M5 brane, we see that the
Riemann surface Σ defines a lattice inside R4, with generators related to those
of Λ in the following way

(∮
A1
dX∮

A2
dX

)
= Γ

(
e1

e2

)
,

(∮
B1
dX∮

B2
dX

)
=
(
e3

e4

)
. (7.33)

In the above formula, dX = (dx1, dy1, dx2, dy2) is the pullback on the Riemann
surface Σ of the one-forms on R4 in which Σ is embedded4. It is easy to see
that the this lattice is identical to the lattice Λ (7.31) generated by e1,···,4 which
defines the spacetime four-torus in R4, as long as we restrict to the M5 brane
charges with |detΓ| = g.c.d.(Q ∧ P ) = 1. We shall say more about the role of
this lattice for the Riemann surface Σ shortly, but for that we will first need to
discuss the complex structure of this surface.

The spacetime supersymmetry requires that the genus two Riemann surface to
be holomorphically embedded in the spacetime T 4. To find the period matrix of
the Riemann surface, we are interested in finding the complex structure of R4

which is compatible with the holomorphicity of Σ. By definition this complex
structure will then determine the complex structure of the Riemann surface.
Using the natural flat metric on R4, its volume form is given by

vol = dx1 ∧ dx2 ∧ dy1 ∧ dy2,

and the space of self-dual two-forms in R4 will then be spanned by the following

4For convenience and given that there’s little room for confusion, here and elsewhere in this
section we will not distinguish in our notation for a form in R4 and its pullback along the embedding
map (7.37) onto the Riemann surface.
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three two-forms

f1 = dx1 ∧ dy1 − dx2 ∧ dy2

f2 = dx1 ∧ dy2 + dx2 ∧ dy1

f3 = dx1 ∧ dx2 + dy1 ∧ dy2.

Recall that this 3-dimensional space corresponds to the S2 worth of complex
structures of the hyper-Kähler space R4 in the following way. For a given com-
plex structure two-form Υ, the space of self-dual two-forms are spanned by the
(2, 0), (1, 1) and (0, 2) form Υ = Υ1 + iΥ2, J and Ῡ = Υ1 − iΥ2, where J is the
Kähler form. From

Υ ∧ Ῡ = J ∧ J = vol

Υ ∧Υ = Υ ∧ J = 0,

we conclude that J,Υ1,Υ2 are mutually perpendicular in the pairing ·∧·
vol for

two-forms and Υ1 ∧Υ1 = Υ2 ∧Υ2 = 1
2J ∧ J .

If the Riemann surface Σ is holomorphically embedded in R4 with respect to the
complex structure Υ, the following condition is satisfied∫

Σ

Υ = 0.

To find the complex structure Υ compatible with the holomorphicity of Σ we
therefore have to find a vector J in the 3-dimensional space of self-dual two-
forms, such that the plane normal to it is the plane of all two-forms f satisfying∫
Σ
f = 0. This plane will then be the plane spanned by Υ1 and Υ2. From

(7.33) we can compute the value of f1,2,3 integrated over the surface Σ using
the Riemann bilinear relation. From the results∫

Σ

f1 = 0∫
Σ

f2 = −RBRM Im
(
e−iθ

(
(q1 − λ̄q2)− τ(p1 − λ̄p2)

))
= 0∫

Σ

f3 = RBRM Re
(
e−iθ

(
(q1 − λ̄q2)− τ(p1 − λ̄p2)

))
(7.34)

= RBRM |(q1 − λ̄q2)− τ(p1 − λ̄p2)|,

we see that the correct complex structure of R4 that gives the holomorphic em-
bedding of the surface Σ is as follows

Υ = f1 + if2 = w1 ∧ w2, w1 = dx1 + idx2 , w2 = dy1 + idy2

J = f3 . (7.35)
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In particular, the above one-forms w1, w2 form a basis of the holomorphic one-
forms on the Riemann surface when pulled back along the embedding map.
Notice that, although the above expression for the complex structure Υ seems to
be independent of the charges and moduli, this is not quite true since we have
hidden the dependence in our choice of coordinates x1,2, y1,2 of R4 (7.31). More
explicitly, one can view the complex structure as charge- and moduli-dependent
through our definition of the angle θ (7.23).

Now we are ready to discuss the embedding of Σ into the spacetime tori T 2
(M) ×

T 2
(IIB). Recall that the Jacobian variety of a genus g Riemann surface Σ(g) is

given by the complex torus J (Σ(g)) = Cg/Λ(Σ(g)), where Λ(Σ(g)) is the lattice
generated by the 2g vectors

(
∮
A1
w1,· · · ,

∮
A1
wg)

...
(
∮
Ag
w1,· · · ,

∮
Ag
wg)

(
∮
B1
w1,· · · ,

∮
B1
wg)

...
(
∮
Bg
w1,· · · ,

∮
Bg
wg)

(7.36)

and {w1,· · · , wg} is a basis of one-forms on the Riemann surface which are holo-
morphic with respect to its given complex structure. The following map, the
so-called Abel-Jacobi map, then gives a holomorphic embedding of the Riemann
surface Σ(g) into its Jacobian Λ(Σ(g)):

ϕ : Σ(g) → J (Σ(g)), ϕ(P ) =
(∫ P

P0
w1, · · · ,

∫ P
P0
wg

)
, (7.37)

where P0 is a given arbitrary point on Σ(g). Notice that the Jacobian is defined
in such a way that the above map is well-defined, namely that the images are
independent of the path of integration. In the case of our genus two surface Σ,
using the holomorphic one-forms w1, w2 given in (7.35), from (7.33) we see that
Λ = Λ(Σ), and therefore the Jacobian of the surface J (Σ) is naturally identified
with the spacetime T 4. The Abel-Jacobi map (7.37) therefore provides us with
an explicit holomorphic embedding of the M5 brane Riemann surface Σ into the
spacetime torus, as was suggested in [250].

After discussing the complex structure and the embedding of the surface, now
we are ready to compute its normalized period matrix Ω. Consider two holo-
morphic one-forms (ŵ1 ŵ2) = (w1 w2)V , where V is a real 2 × 2 matrix, such
that (∮

A1
ŵ1

∮
A1
ŵ2∮

A2
ŵ1

∮
A2
ŵ2

)
=
(

1 0
0 1

)
. (7.38)
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The (normalized) period matrix Ω = ReΩ + i ImΩ is then the symmetric 2 × 2
matrix given by

Ω =

(∮
B1
ŵ1

∮
B1
ŵ2∮

B2
ŵ1

∮
B2
ŵ2

)
=
(
ρ ν

ν σ

)
, ρ, σ, ν ∈ C .

Comparing (7.38) and the first part of (7.33) one can easily obtain the explicit
solution for the real matrix V . Integrating the resulting ŵ1,2 over the B-cycles
then gives ReΩ satisfies

ImΩ Γ
(

1
−λ̄
)

= eiθ
RB
RM

(
1
−τ̄
)
. (7.39)

Up to a multiplicative factor involving the M-theory radius, this is exactly the
same equation (7.22) that the matrix of the length parameters t1,2,3 of the type
IIB string network satisfies. We therefore conclude that the period matrix of
the genus two curve wrapped by the supersymmetric M5 brane configuration is
given by

ImΩ =

√
R2
Bτ2

R2
Mλ2

Z

‖Z‖ , ReΩ = 0. (7.40)

Note that the direction of the above vector in R2,1 is given by the moduli vector
Z (7.25), while the length is given by the ratio of the area of the two spacetime
tori. And the requirement ‖ImΩ‖ � 1 for rapid convergence of the partition
function is the physical requirement that we work in the low temperature limit
in the type IIB frame in which R2

Bτ2 � R2
Mλ2.

The fact that the period matrix is purely imaginary is really a consequence of the
fact that our two spacetime tori T 2

(M) and T 2
(IIB) are orthogonal to each other,

which in turn reflects the absence of temporal Wilson lines in the original type
IIB setup. If these Wilson lines are turned on, the real part of the period matrix
will instead be

Re Ω =
(
Ct1 Bt1
Ct2 Bt2

)
Γ−1 = (Γ−1)T

(
Ct1 Ct2
Bt1 Bt2

)
, (7.41)

where Bt1,Bt2,Ct1,Ct2 denote the background two-form B- and C-fields along
the A- and B-cycles of the torus T 2

(IIB) and the temporal circle in type IIB. The
extra condition on these Wilson lines ReΩ = (ReΩ)T could be thought of as a
part of the supersymmetry condition, since if the Wilson lines do not satisfy this
condition, the holomorphic embedding of the M5 brane world volume into the
spacetime four-torus is not possible with respect to the given complex structure
Υ (7.35). Put in another way, turning on the temporal Wilson lines for the
two-form fields will generically change the complex structure of the surface Σ,
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with exception when (7.41) is satisfied. But as mentioned before, we will not
consider this possibility further.

Finally we would like to comment on the fact that the surface area of the holo-
morphically embedded genus two surface Σ is simply given by

AΣ =
∫
Σ

J =
i

2

∫
Σ

(w1 ∧ w̄1 + w2 ∧ w̄2) = RMRB
∣∣TQ − τTP ∣∣ (7.42)

as already computed in (7.34). As expected, the surface area is related to the
mass of the BPS object in the following simple way

AΣ =
RM
VK3λ2

MIIB =
RM

V
(M)
K3

M (M)

where the quantities with the superscript (M) denote the quantities in the M-
theory unit.

This relation between the mass and the area of the corresponding Riemann sur-
face suggests a geometric way of understanding the walls of marginal stability,
defined as the subspace in the moduli space where the BPS masses of the com-
ponents of a potential bound state sum up to the BPS mass of the total charges.
When the Riemann surface degenerates in such a way that it falls apart into dif-
ferent component surfaces which are simultaneously holomorphic, the area of
the combined surface clearly equals to the sum of the area of each component
surface. Upon using the above relation between the area and the BPS mass, this
then directly translates into an expected correspondence between the wall of
marginal stability and wall of degeneration of the surface Σ.

Figure 7.4: The degeneration of the genus two surface described in equation (7.43).

One simplest example of the above-mentioned phenomenon is when the genus
two curve Σ degenerates in such a way that it splits from the middle and falls
apart into two tori as shown in Fig. 7.4. In this simple case, one can indeed
check explicitly that the criterion on the period matrix for such a degeneration
to happen is exactly the criterion that the mass, or the surface area, becomes the
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sum of the contribution of the two components

Ω =
(
ρ 0
0 σ

)
⇔ AΣ1 +AΣ2 = AΣ (7.43)

where AΣ1 = |q1 − λ̄q2|, AΣ2 = | − τ(p1 − λ̄p2)|. In other words, the above wall
of marginal stability is the co-dimension one subspace of the moduli space such
that the two tori defined by

∮
A1
dX,

∮
B1
dX and

∮
A2
dX,

∮
B2
dX respectively

(7.33), are simultaneously holomorphic with respect to the complex structure
Υ.

To have a geometric understanding of the physics of crossing the walls of marginal
stability, in the following subsection we will study the degeneration of the genus
two Riemann surfaces of this kind in detail. As we shall see, this geometric
consideration will lead to a construction of a group of crossing the walls of
marginal stability and therefore provides a geometric derivation of the group of
dyon wall-crossing observed in [259].

7.3 Wall-crossing in N = 4 theory

The Sp(2,Z) automorphic form Φ10 is part of an even richer algebraic structure
than we have described so far (see e.g. [267, 268] for a mathematical treat-
ment and [238, 259] for its importance in 4-dimensional N = 4 string theory).
Rewriting it in the form

Φ10(Ω) = e−2πi(ρ,Ω′)
∏
α∈R+

(
1− e−πi(α,Ω′)

)c(−||α||2/2)

, (7.44)

where Ω′ has coefficient −ν instead of ν, makes an underlying generalized Lie
algebra structure apparent, that we reveal while explaining the symbols used in
this formula. The lattice

R+ = {Z+α1 + Z+α2 + Z+α3}

is spanned by three elements, that may be represented as the 2× 2 matrices

α1 =
(

0 −1
−1 0

)
, α2 =

(
2 1
1 0

)
, α3 =

(
0 1
1 2

)
. (7.45)

These matrices can be interpreted as the three simple roots of a Lie algebra, with
Weyl vector

ρ =
1
2

3∑
i=1

αi.
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The bilinear form (., .) on this Lie algebra determines the equivalence of Φ10

with the right-hand side of (7.44). For any two symmetric real 2× 2 matrices X
and Y it is given by

(X,Y ) = − detY Tr (XY −1).

Notice the factor −2 difference with equation (7.20); this is needed to bring the
Cartan matrix in a standard form. Indeed, we now find the Cartan matrix

(αi, αj) =

 2 −2 −2
−2 2 −2
−2 −2 2

 . (7.46)

This matrix is not positive-definite, as it has one negative eigenvalue. Therefore,
the simple roots αi are part of a Kac-Moody algebra.

The Weyl group W of this algebra is generated by the reflections

si : X 7→ X − 2
(X,αi)
(αi, αi)

αi =: wi(X)

with respect to the simple roots αi, where wi(X) = wiXw
T
i and wi is a symmet-

ric real 2×2 matrix. Acting with the Weyl group on the simple roots αi generates
all the roots of the Kac-Moody algebra. Half of these roots are positive; by defi-
nition these are positive combinations of the simple roots and thus part of R+.
Remark that these positive roots have length 2, they are real or space-like, and
thus contribute to the product formula (7.44) with a power c(−1) = 2.

Note that no other space-like elements in R+ show up in the infinite product
(7.44). However, there are many more contributions by vectors in R+ that have
a non-positive length, for instance 2ρ whose length is −6. To describe the full
algebraic structure underlying the Φ10 we should therefore extend our notion
of a Kac-Moody algebra. An extended Kac-Moody algebra that incorporates
imaginary roots, which are either light-like or time-like, is called a Borcherds
Kac-Moody algebra.

Finally, the coefficients c(−||α||2/2) can be either positive or negative. This prop-
erty hints at the presence of both bosonic and fermionic roots, that contribute
respectively to the numerator and denominator of an index formula. The full
algebraic structure behind (7.44) is thus a Borcherds Kac-Moody superalgebra.
Indeed, the subset ∆+ ⊂ R+ that contributes to Φ10 may be interpreted as the
total set of roots of such an “automorphic form corrected” superalgebra. The in-
finite product (7.44) is then called a denominator formula for this algebra, where
the powers c(−||α||2/2) determine the multiplicities of the real and imaginary
roots.
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As a side-remark we notice that the half-BPS partition function η24(σ) can like-
wise be written in the algebraic form

η24(σ) = e−πi(β,Ω
′)
∏
R̃+

(
1− e−πi(β,Ω′)

)c(−||β||2/2)

where the degenerated lattice R̃+ is one-dimensional and generated by

β =
(

0 0
0 2

)
.

In [259] it was found that the Weyl group W has an elegant interpretation in
terms of the wall-crossing of quarter BPS dyons. Using the N = 4 central charge
matrix

Z =
1√
τ2

(PR − τQR)mΓm,

one finds that the central charges of two BPS dyons can align on all PGL(2,Z)-
images of the wall

τ1
τ2

+
(PR ·QR)
|PR ∧QR| = 0

in the moduli space parametrized by τ and the left-moving charges PL, QL. In
terms of the moduli vector Z in equation (7.25) and the roots αi these walls are
parametrized by (

Z

||Z|| , α
)

= 0,

where α can be any PGL(2,Z)-image of α1, i.e. any positive real root. These
walls are straight lines in the upper-half plane, and become arcs of circles on the
Poincaré disc. The simple roots αi form a triangle in the Poincaré disc, whose
vertices lie on the boundary of the Poincaré disc. All the other PGL(2,Z) images
can be obtained from this fundamental domain by a Weyl reflection. This yields
a tessellation of the Poincaré disc in triangles, whose vertices all end at infinity,
and realizes each fundamental domain as a hyperbolic Weyl chamber (see e.g.
the cover of [269]).

Due to the presence of walls of marginal stability, where BPS-states could (dis)ap-
pear, the graded degeneracies of the BPS states are generically only piecewise
constant functions of the values of moduli at spatial infinity. In particular they
typically jump when a wall of marginal stability is crossed.

In the N = 4 set-up wall-crossing has a geometrical interpretation of the under-
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lying genus two surface with period matrix Ω ∼ Z/||Z||. At any wall of marginal
stability this surface degenerates into a transverse intersection of two tori, so
that Φ10(Ω) develops a pole.5 This raises the question whether Φ10 really gives a
good description of the quarter BPS dyons in any chamber of the moduli space.
This has been analyzed in two (equivalent) ways [254, 255, 256].

First of all, the BPS degeneracies are dependent on a choice of contour

d(P,Q) = (−1)P ·Q+1

∮
C

dΩ
e−πi(ρP

2+σQ2+2νP ·Q)

Φ10(Ω)
.

An SL(2,Z) transformation of the moduli and charges in d(P,Q) encodes this
degeneracy in another Weyl chamber. Since all factors in the integrand are
invariant under such an SL(2,Z) transformation, exactly same answer would
be obtained when the transformed contour C ′ is equivalent to C. However, the
poles of Φ10 prevent this. They give an extra contribution to the degeneracy
corresponding to half-BPS states on the intersecting tori. Still, it is possible to
avoid this factor by changing the charges along.

Secondly, the expansion of the partition function in the degeneracies

1
Φ10(Ω)

=
∑

P 2,Q2,P ·Q

(−1)P ·Q+1d(P,Q)eπi(ρP
2+σQ2+2νP ·Q),

is dependent on the choice of expansion parameters. Instead of the above rep-
resentation one could for example have exchanged ν on the right-hand side for
−ν, corresponding to a crossing of the wall at ν = 0. This changes the degen-
eracies d(P,Q). Only when one transforms the charges P and Q accordingly
the resulting degeneracies remain the same. So if one expands the automor-
phic form using moduli-dependent expansion parameters that are appropriate
for a specific Weyl chamber, the partition function 1/Φ10 does encode the BPS
degeneracies at all points in the moduli space.

These unexpected properties of the BPS degeneracies certainly hint at deeper
structures of the theories yet to be fully uncovered. Specifically, while the prop-
erties pertaining to the intricate moduli dependence of the BPS index mentioned
above have been observed within the framework of N = 4, d = 4 supergravity,
a microscopic understanding of these properties is clearly desirable. In partic-
ular, we would like to understand why the different indices at different points
in the moduli space can be extracted from the same generating function. More
explicitly, from the fact that the group of wall-crossing is a subgroup of the
(Z2-parity-extended) S-duality group, when the moduli cross a wall of marginal

5Note that there are more walls of marginal stability than the ones we just described, since a
degeneration of the genus 2 surface is labeled by an element of Sp(2,Z) ⊃ SL(2,Z). Recently,
these Sp(2,Z)-poles have been given a supergravity interpretation as well [263].
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stability, the change of the BPS index can be summarized by a change of the
“effective charges” by a Weyl reflection [259]. We would like to understand why
the index should change in such a simple way.

Carrying the analysis of the previous section one step further, we study the
change of the surface when it goes through such a degeneration, and find that
it is equivalent to a particular change of the homological cycles of the surface.
Using the relation between the homology class in the spacetime T 4 of the Rie-
mann surface wrapped by the M5 brane and the conserved charges, we see how
the change of the BPS index when crossing the wall of marginal stability under
consideration amounts to a change of the “effective charges” by acting by a cer-
tain element of the hyperbolic reflection group W . Following such a strategy
and using essentially only the supersymmetry condition, we derive the specific
group structure underlying the wall-crossing of the theory, and the fact that the
BPS degeneracies at different moduli are given by the same partition function.
In particular, we see how the moduli space and its partitioning by the walls of
marginal stability can be identified with the dual graph of the type IIB (p, q) 5-
brane network compactified on the spacetime torus, with the symmetry group of
the network identified with the symmetry group of the fundamental domain of
the group of wall-crossing. We hope that this microscopic derivation of the Weyl
group will be a first step towards an understanding of the microscopic origin of
the Borcherds-Kac-Moody algebra in the dyon spectrum.

In Section 7.3.1 we focus on one specific degeneration of the surface and analyze
the change of the homology cycles under such degeneration by using a hyperel-
liptic model of the genus two surface. In this way we derive one of the elements
of the reflection group W . In Section 7.3.1 we study the symmetry of the hyper-
elliptic surface, or equivalently the symmetry of the periodic network of effective
strings in the type IIB frame. In this way we obtain the other generators of the
group W . Using these results, in Section 7.3.1 we discuss how the moduli space
and its partitioning by the walls of marginal stability, or equivalently the walls
of degenerations of the Riemann surface, can be understood simply as being the
dual graph of the periodic effective string network. We also discuss the implica-
tion of these results for the counting of BPS dyonic states, and in particular why
the index simply changes by an appropriate change of the “effective charges”
when the moduli cross a wall of marginal stability. In Section 7.3.2 we conclude
by a discussion, in particular we discuss what we cannot derive by such a simple
analysis and sketch an analogous treatment for the case of the CHL models.

7.3.1 Deriving the group of discrete attractor flow

In this subsection we first study a specific degeneration of the Riemann surface
and show how the effect of going through such a degeneration boils down to a
change of the homology cycles. This then in turn gets translated into a change
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of the “effective charges” of the system under the identification between the
homology classes of the cycles of the surface in the internal space and the con-
served charges of the system. Secondly we study the symmetry of the system and
thereby recover the full hyperbolic reflection group underlying the structure of
wall-crossing of the present theory. Thirdly, we discuss the implication of these
results to the problem of enumerating supersymmetric dyonic states, and show
how it leads to the prescription proposed in [259] of retrieving BPS indices at
different points in the moduli space from the same partition function (see also
[254, 256] for earlier discussions).

The First Degeneration

First we will study what happens to the Riemann surface when the moduli
change such that the surface goes through a degeneration mentioned at the end
of the previous Subsection. To remain in the open moduli space of the genus
two Riemann surface, we study the change of the Riemann surface Σ when its
period matrix Ω changes as(

ρ −ν
−ν σ

)
→
(
ρ ν

ν σ

)
(7.47)

following the path depicted in Fig. 7.5. Clearly, the two end points of the path
are on the different sides of the wall of marginal stability (7.43) considered
earlier.

!

Re !

Im !

!

!!0

!0

Figure 7.5: In Section 7.3.1 we study the change of the Riemann surface Σ when its period
matrix changes as (7.47) following the above path, where ε → 0+ and ρ and σ are held
fixed at values satisfying Imρ Imσ � (Imν0)2 .

To focus on what happens to the surface when the wall is crossed, we will further
zoom into the part of the path in Fig. 7.5 that is a half-circle with vanishing
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size:

Ω =
(

ρ εeiφ

εeiφ σ

)
, ε→ 0+, φ ∈

[
−π

2
,
π

2

]
. (7.48)

First recall that, every Riemann surface of genus two can be represented as a
hyperelliptic surface with six branch points b1,···,6

y2 = x(x− 1)(x− b1)(x− b2)(x− b3), (7.49)

where we have used the conformal invariance to fix b4, b5, b6 to be inf, 0, 1 re-
spectively. In other words, we represent the genus two Riemann surface Σ as
a two-sheet cover of CP1 with six branch points b1,···,6 and three branch cuts
between b2i−1 and b2i for all i = 1, 2, 3, as shown in Fig. 7.6.

To analyze the change of the surface, in particular the homology cycles of the
surface, after the imaginary part of ν changes sign, we would like to determine
the normalized basis ŵ1,2, satisfying (7.38), in terms of the local coordinate x of
CP1.

It is a familiar fact about hyperelliptic curves that the two one-forms

dx

y
,
x dx

y

form a basis of the holomorphic one-forms on the genus two surface Σ given
by (7.49), see for example [270]. To achieve our goal we need to compute the
integral of the above one-forms along the A1, A2 cycles. First we observe that,
with the choice of cycles as in Fig. 7.6, the integrals of a holomorphic one-form
w along the A-cycles are given by the so-called “half-period”

1
2

∮
A1

w =
∫ 1

0

w,
1
2

∮
A2

w =
∫ b2

b1

w (7.50)

on the upper sheet of the hyperelliptic surface.

To obtain an expression for these quantities in terms of the period matrix Ω and
in particular in terms of the angle φ (7.48), we recall that the locations of the
branch points b1,2,3 are uniquely determined by the genus two Riemann theta
functions up to theta function identities [270]. Explicitly, we have [271]

b1 =
θ2[ 0 0

0 0 ]θ2[ 0 1
0 0 ]

θ2[ 1 0
0 0 ]θ2[ 1 1

0 0 ]
(0,Ω)

b2 =
θ2[ 0 1

0 0 ]θ2[ 0 0
0 1 ]

θ2[ 1 1
0 0 ]θ2[ 1 0

0 1 ]
(0,Ω)
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b3 =
θ2[ 0 0

0 0 ]θ2[ 0 0
0 1 ]

θ2[ 1 0
0 0 ]θ2[ 1 0

0 1 ]
(0,Ω),

where θ[
ε1 ε2
ε′1 ε

′
2

](ζ,Ω) is the genus-two Riemann theta functions, defined as

θ[
ε1 ε2
ε′1 ε

′
2

](ζ,Ω) =
∑

n1,n2∈Z
e2πi

(
1
2 (n+ 1

2 ε)
T ·Ω ·(n+ 1

2 ε)+(n+ 1
2 ε)

T ·(ζ+ 1
2 ε
′)
)
,

where the “·” denotes matrix multiplication.

Figure 7.6: Hyperelliptic representation of the genus two surface Σ together with a choice of
its Ai and Bi-cycles. A degeneration corresponding to the one shown in Fig. 7.4 corresponds
to coalescing the branch points b1, b2 and b3. Note that when we set the background two-
form fieldsB and C along the time-like direction to zero, so that ReΩ = 0 (7.41), all branch
points are collinear.

While the details of these formulas are not so important for us, there are a few
important immediate consequences of these expressions that we can draw. First
of all, due to the fact that the genus two theta functions are a product of two
genus one theta functions at leading order in ν when ν → 0:

θ[
ε1 ε2
ε′1 ε

′
2

](0,
(
ρ ν
ν σ

)
) = θ[

ε1
ε′1

](0, ρ)θ[
ε2
ε′2

](0, σ)
(
1 +O(ν2)

)
,

the three branch points coalesce when ν → 0

b1, b2, b3 → b0 =
(θ[ 0

0 ](0, ρ)
θ[ 1

0 ](0, ρ)

)4

. (7.51)

Furthermore, from the definition of the genus two theta functions we see that

∂

∂ν
bi
∣∣
ν=0

= 0, i = 1, 2, 3.

Therefore, for the period matrix on the half-circle given by (7.48) and in Fig. 7.5,
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we have

bi = b0 + ε2e2iφki +O(ε4), ki =
1
2
∂2

∂ν2
bi
∣∣
ν=0
∈ C, i = 1, 2, 3 .

In particular, the branch points go through a 2π rotation under a change φ →
φ + π. In other words, the branch points return to themselves while the period
matrix undergoes a change ν → −ν.

Now we can use the above expression for the branch points near the degener-
ation point and (7.50) to compute the periods along the Ai-cycles of the holo-
morphic one-forms dx

y , and xdx
y , and obtain the following expression for the

normalized holomorphic one-forms satisfying (7.38)

ŵ1 =
−1

2(αb0 − β)
(x− b0)dx

y

(
1 +O(ε2)

)
(7.52)

ŵ2 = εeiφ
1

2γ(αb0 − β)
(αx− β)dx

y

(
1 +O(ε2)

)
, (7.53)

where α, β, γ are φ-independent, order one constants

α =
∫ 1

0

dx√
x(x− 1)(x− b0)3

β =
∫ 1

0

xdx√
x(x− 1)(x− b0)3

γ =
1√

b0(b0 − 1)(k2 − k1)

∫ 1

0

dx√
x(x− 1)(x− k3−k1

k2−k1
)
.

While the precise values of these constants are not important for us, the above
expression (7.52) immediately shows that, when Imν changes sign by a φ to
φ+ π rotation, the normalized holomorphic one-forms change like(

ŵ1

ŵ2

)
→
(
ŵ1

−ŵ2

)
as linear combinations of the holomorphic one-forms dx

y and xdx
y , despite of the

fact that the three coalescing branch points b1,2,3 simply return to the original
locations after a 2π rotation.

This suggests that, in a representation of the hyperelliptic surface in which the
holomorphic one-forms are held fixed, the homology cycles go through the fol-
lowing transformation(

A1

A2

)
→
(
A1

−A2

)
,

(
B1

B2

)
→
(
B1

−B2

)
. (7.54)
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Indeed, it is not difficult to check that the periods of any holomorphic one-form
w along A2 and B2 cycles

1
2

∮
A2

w =
∫ b2

b1

w,
1
2

∮
B2

w =
∫ b3

b2

w

change sign under φ→ φ+ π.

Another way to understand this change of homology basis is the following. From
the expression of the normalized holomorphic one-forms (7.52) we see that, to
the leading order in ε we have the two separated genus one surfaces described
by

y′2 = x(x− 1)(x− b0), y′′2 = (x− b1)(x− b2)(x− b3). (7.55)

Indeed, from the following relationship between the cross-ratio of the four branch
points b1,2,3,4 of a genus one surface and the torus complex moduli τ̃ [270]

(b3 − b1)(b4 − b2)
(b2 − b1)(b4 − b3)

=
(θ[ 0

0 ](0, θ̃)
θ[ 1

0 ](0, θ̃)

)4

one can check that the following two genus-one curves have complex moduli
equal to ρ and σ respectively. From the above expression (7.55) it is manifest
that, when bi’s go through a 2π rotation around their common converging point
b0, nothing happens to the first genus one surface while the second one goes
through a sheet exchange (or “hyperelliptic involution”) y′′ → −y′′ correspond-
ing to the monodromy (

A2

B2

)
→
(−A2

−B2

)
.

The latter can be explicitly seen by substituting

x = b0 + e2iφx̃, y′′ = e3iφỹ

in the second equation of (7.55).

In general, when we change the basis such that the Ai-cycles are changed to(
A1

A2

)
→
(
a b

c d

)(
A1

A2

)
, γ =

(
a b

c d

)
∈ GL(2,Z), (7.56)

the corresponding change of the Bi-cycles is then fixed by the canonical inter-
section (7.32) to be(

B1

B2

)
→ ±

(
d −c
−b a

)(
B1

B2

)
= (γT )−1

(
B1

B2

)
,
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where the ± signs are taken when ad− bc = ±1. Under this transformation, the
period matrix transforms as

Ω→ γ(Ω) ≡ (γ−1)TΩγ−1. (7.57)

Without changing the Riemann surface, such a change of basis has an interpreta-
tion as performing a physical S-duality in the heterotic frame, extended with the
Z2 spacetime parity exchange. To see this, first inspect the expression (7.33) for
the vectors defining the Jacobian of the surface. The effect of the above change
of basis on these vectors is equivalent to the following heterotic S-duality trans-
formation, or equivalently the modular transformation of the torus in the type
IIB frame(

Q

P

)
→
(
a b

c d

)(
Q

P

)
, τ → aτ + b

cτ + d
or

aτ̄ + b

cτ̄ + d
for ad− bc = ±1 (7.58)

with the corresponding change of RB such that the area of the type IIB torus
remains invariant. In particular, the fact that the moduli vector Z transforms as
Z → (γ−1)TZγ−1 under the above S-duality transformation is then consistent
with the transformation of the period matrix under a change of homology basis.

Now let’s go back to the evolution (7.48) of the Riemann surface through the
degeneration wall ν = 0, due to the corresponding change of the moduli vector
Z (7.40).

What we have seen can be summarized as follows: when the moduli change
across the wall of marginal stability following the path corresponding to an
angle-π rotation of the phase of ν (7.48), the holomorphic one-forms of the
surface Σ change in such a way that all their A2, B2 periods change signs while
their periods along the A1, B1 cycles remain the same. This is equivalent to
keeping the surface unchanged but change the basis for the homology cycles in
the way (7.56) given by the following element in GL(2,Z)

R =
(

1 0
0 −1

)
. (7.59)

In other words, the process of keeping the charge fixed while varying the moduli
across the wall of marginal stability following (7.48) is equivalent to keeping the
moduli vector Z unchanged but changing the charges(

Q

P

)
→ R

(
Q

P

)
. (7.60)

This observation has the following implication for the counting of the BPS states.
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Consider the partition function of the theory

Z(Ω) =
∑

P 2,Q2,P ·Q

(−1)P ·Q+1d(P,Q)eiπ(ρP 2+σQ2+2νP ·Q),

which is a path integral computed on the Riemann surface Σ. It clearly depends
on its period matrix Ω and therefore on the moduli vector Z through its relation
to the period matrix (7.40). When the moduli change in such a way that the
Riemann surface goes through a degeneration described in (7.43), from the
above reasoning we see that the partition function remains unchanged while
a transformation of “effective charges” given in (7.60) has to be performed.
This corresponds to the change of the highest weight of the Verma module as
described in [259].

It is also easy to understand the nature of this degeneration in the type IIB five-
brane network picture. From the relation between the period matrix of the genus
two curve in M-theory and the length parameters for the periodic string network
(7.30,7.40), we see that the degeneration of the Riemann surface characterized
by ν = 0 corresponds to the degeneration of the string network characterized by
t1 = 0. For example, starting from a region in the moduli space with Z =

(
z1 z
z z2

)
with z1, z2 > z > 0, what happens when t1 = 0 is a transition from the network
described by (7.21), or the first figure in Fig. 7.3, to the network described by
(7.28), or the second figure in Fig. 7.3. The above claim that the final surface
has the same period matrix under a change of homology basis corresponding
to (7.60), is then reflected by the fact that the two defining equations (7.21),
(7.28) transform into each other under the transformation of the charges (7.60).

The symmetry of the Weyl chamber

In the previous paragraph we have studied in detail a particular degeneration of
the Riemann surface and what it implies for the index counting the BPS states
under the crossing of the corresponding wall of marginal stability. In this para-
graph we will turn to studying the symmetry of the system and see how it will
help us to uncover the full structure of the group of wall-crossing of the theory.

First we note that, under our convention that the two A-cycles of the surface are
chosen to circle two of the three pairs of branch points {b2i−1, b2i}, the choice
shown in Fig. 7.6 is not quite unique. In other words, from all the possible
change of basis of the form (7.56), the exchange and permutation of the cycles
A1, A2,−A1 − A2 correspond to a symmetry of our hyperelliptic model (7.49)
in that we do not need to change the set of branch points {b1,· · · , b6} in order
for the new Ai-cycles to again circle the cuts joining the pairs {b′2i−1, b

′
2i} of the

new branch points. We therefore conclude that there is a symmetry group with
six elements acting on the hyperelliptic surface (Fig. 7.6), corresponding to six
ways of associating the three cuts joining {b2i−1, b2i}, i = 1, 2, 3, to the three
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homology cycles (A1, A2,−A1−A2). From the above discussion we see that this
group D3 ⊂ GL(2,Z) is the same as the symmetry group of a regular triangle,
generated by the order two element which acts on the period matrix as

Ω→ RS(Ω) (7.61)

and which corresponds to (A1, A2,−A1 − A2) → (A2, A1,−A1 − A2), together
with the order-three element which acts as

Ω→ ST (Ω) (7.62)

and corresponds to (A1, A2,−A1 − A2) → (A2,−A1 − A2, A1), where T and S
denotes the usual T- and S- transformation matrix

(
1 1
0 1

)
and

(
0 1
−1 0

)
, while R

was already given in (7.59). Also here we have used the shorthand notation
introduced in (7.57).

The existence of this symmetry is even more apparent in the type IIB picture
of five-brane network. For concreteness of the discussion we will now assume
that Z =

(
z1 z
z z2

)
satisfies z1, z2 > z > 0, so that the network shown in the

first figure in Fig. 7.3 is realized. But, suppose that we are given this periodic
network given by (7.21), there is actually more than one way to fit it into a
parallelogram tessellation of the plane. In other words, there is in fact more
than one torus compactification of the network possible. From the fact that
the vertices of the parallelogram lie at the center of the honeycomb lattice, we
conclude that there are three such parallelogram tessellations possible, as shown
in Fig. 7.7 as resembling the three sides of a 3-dimensional cube. These three
parallelograms then give six possible tori (for each parallelogram we have two
ways of choosing the A- and B-cycle), corresponding to 3! = 6 ways of placing
the charge labels (Q,P,−Q−P ) to the three legs of the network. This singles out
a six-element subgroup of the extended type IIB modular group (or the heterotic
S-duality group) GL(2,Z) (7.58). Not surprisingly, this is exactly the same D3

we discovered earlier as the symmetry group of the hyperelliptic representation
of the Riemann surface Σ. This correspondence is to be expected from the
identification between the change of basis of the homology cycles on Σ and the
heterotic S-duality discussed in the previous sub-subsection (7.56-7.58).

More explicitly, from (7.61,7.62) and the relation between the period matrix
and the length parameters of the network (7.27,7.40) we see that the length
parameters indeed transform as

RS : (t1, t2, t3)→ (t1, t3, t2), ST : (t1, t2, t3)→ (t2, t3, t1)

under the action of the order two and three generators of the symmetry group
D3.
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Figure 7.7: (i) Different possible ways of compactifying the periodic network on a torus.
(ii) The moduli space as the dual graph of the five-brane network.

As mentioned earlier, this symmetry group is the symmetry group of a equilateral
triangle. Geometrically, the relevant equilateral triangle here cannot be literally
the triangle in the dual graph of the five-brane network as shown in Fig. 7.7,
since in general there is no reason to expect them to be equilateral using the
flat metric on the plane. This inspires us to take a closer look into the matrix of
length parameters, which can be written in a way which makes theD3 symmetry
manifest

RM ImΩ =
(
t1 + t3 t1
t1 t1 + t2

)
=
t2 + t3

2
α1 +

t1 + t3
2

α2 +
t1 + t2

2
α3

where

α1 =
(

0 −1
−1 0

)
, α2 =

(
2 1
1 0

)
, α3 =

(
0 1
1 2

)
. (7.63)

Remember that this natural basis {α1,2,3} has the following matrix of inner prod-
ucts using the standard GL(2,Z)-invariant Lorentzian metric (7.20)

− 2 (αi, αj) =

 2 −2 −2
−2 2 −2
−2 −2 2

 (7.64)

and therefore forms a equilateral triangle in the hyperbolic space R2,1. The
groupD3 which permutes α1,2,3 can therefore be thought of the symmetry group
of this equilateral triangle. We note that the basis {α1,2,3} we used above is ex-
actly the basis (7.45) for the roots of the Borcherds-Kac-Moody algebra adopted
in [259], and in particular the matrix of inner products in (7.64) is simply the
real part of the Cartan matrix (7.46) of the algebra.

To summarize, we have found a six-element symmetry group D3 of the dyon
system at a given point in the moduli space which is evident in both the M-
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theory Riemann surface picture as well as the type IIB network picture. In the
following paragraph we will use this symmetry to find all the generators of the
hyperbolic reflection group W playing the role of the group of wall-crossing in
the N = 4 theory we discussed, and subsequently derive the full group structure
of the dyon BPS index.

Moduli space as the dual graph

In Section 7.3.1 we have studied in detail the change of the Riemann surface
across a degeneration point (7.48) where the surface falls into two separate tori
as depicted in Fig. 7.4. From the above discussion about the symmetry of the
system, we see that there are two more natural degenerations of the genus two
Riemann surface Σ we should consider. The corresponding transformation of
the period matrix is simply the transformation (7.47) of the first degeneration
we have studied in Section 7.3.1, now conjugated with elements of the symmetry
groupD3. From (7.61,7.62), we see that apart from the group generator w1 = R

(7.60), we should also consider the generators

w2 = (ST )−2R (ST )2 and w3 = (ST )−1R (ST ) .

Together they generate a non-compact reflection group, which we will denote
by W . Furthermore, it is not difficult to show [272, 259] that the extended
S-duality group PGL(2,Z)6 is a semi-direct product

PGL(2,Z) = W oD3

of the reflection group W and the symmetry group D3.

It is clear what these three degenerations correspond to in the type IIB and as
well as in the M-theory picture. In the former case they are the three ways in
which the five-brane network can disintegrate, namely letting one of the three
legs having vanishing length. In the latter case, on the other hand, they cor-
respond to coalescing the branch points b3,4,5, b5,6,1 or b1,2,3. Remember that
coalescing three out of the total of six branch points is equivalent to coalescing
the complementary set of three branch points.

More explicitly, these three generators w1,2,3 of the group W correspond to the
following change of the network

wi : ti → −ti, ti + tj invariant for j 6= i.

6Recall that PGL(2,Z) is obtained from GL(2,Z) by identifying the elements γ and −1 · γ ∈
GL(2,Z). In the heterotic frame this corresponds to identifying two systems with the same value of
axion-dilaton τ and charges which are related to each other by a charge conjugation

`
Q
P

´
→
`−Q
−P
´
.

In the type IIB frame this corresponds to a trivial change of basis for the homology cycles
`
A
B

´
→`−A

−B
´

of the compactification torus T 2
(IIB)

.
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Equivalently, they can also be represented as the following reflections in the
(2 + 1)-dimensional Minkowski space in which the period matrix ImΩ takes its
value

wi : Ω→ Ω− 2
(αi,Ω)
(αi, αi)

αi,

where the basis vectors αi’s are defined in (7.63). Recall that we have chosen
the M-theory background such that the period matrix Ω is purely imaginary and
therefore directly related to the length parameters of the five-brane network.

Applying the same analysis as in Section 7.3.1 to the other two degenerations
corresponding to w2 and w3, one can conclude that going through such a de-
generation wall has the following effect on the counting of BPS states. Upon
applying a suitable change of basis analogous to (7.54), after the degenera-
tion we regain the original partition function but now with a different effective
charges related to the original charges by(

Q

P

)
→ wi

(
Q

P

)
. (7.65)

From the above consideration, we arrive at a picture of the moduli space with
its partitioning by the walls of marginal stability given by the the dual graph
of the honeycomb lattice representing the five-brane network. This is shown in
Fig. 7.7. To understand this better, let’s start in one of the dual triangles, let’s say
the gray triangle which denotes the part of the moduli space with Z =

(
z1 z
z z2

)
,

z1, z2 > z > 0, such that the network (7.21) as shown in the first figure in
Fig. 7.3 is realized. We shall choose it to be our “fundamental domain” W, a
name that will be justified shortly.

A degeneration happens when one of the length parameters ti’s goes to zero. As
we discussed at the end of Section 7.2.2, this corresponds to crossing a physi-
cal wall of marginal stability. When this happens we move to the neighboring
triangle, divided from the fundamental triangleW by the side of the triangle in-
tersecting the leg of the network whose length parameter has just goes through a
zero. In this new triangle, the effective charges are related to the original one by
the corresponding group element (7.65). For instance, associated to the triangle
that shares one side with W which intersects the leg whose length parameter
is denoted by t1 are the effective charges (Q,−P ) and the region in the moduli
space with Z =

(
z1 z
z z2

)
, where z1, z2 > −z > 0.

Given the original charges, this procedure can then be iterated. We thus con-
clude that each triangle of the dual graph has the effective charges (Qv, Pv) as-
sociated to it, where v labels the vertices in the hexagonal lattice, or equivalently
the triangles (the faces) of the dual graph, which represent the corresponding
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regions in the moduli space. Furthermore, in this way each of the triangles can
be identified with the fundamental domain of the group W , generated by the
three elements w1,2,3 (7.65), which by construction plays the role of crossing
the walls of marginal stability of the theory.

Now that each triangle has a set of charges (Qv, Pv) associated to it, while the
period matrix of the genus two Riemann surface Σ and therefore the partition
function remains the same for each triangle, generically we conclude that there
is also a different BPS index D(Q,P )|v = D(Qv, Pv) associated with each tri-
angle. The difference between D(Qv, Pv) with different v has been calculated
in [254, 259] for the present theory and was shown to be consistent with the
macroscopic wall-crossing formula.

To sum up, we have derived the following one-to-one correspondence

vertex v of string network ↔ a triangle in dual graph (7.66)

↔ effective charges (Qv, Pv)↔ BPS index Dv = D(Qv, Pv)

↔ an element wv ∈W ↔ a region in the moduli space Z ∈ wv(W).

The property of the BPS dyon index of the present N = 4 theory that the in-
dices in different parts of the moduli space are given by the same partition func-
tion and have the form D(Q,P )|v = D(Qv, Pv) was observed in [254, 256]
based on the macroscopic prediction for the change of index upon crossing a
wall of marginal stability. And the fact that these different regions of the mod-
uli space with different BPS indices are in one-to-one correspondence with ele-
ments of a hyperbolic reflection group W is later observed in [259] based on a
4-dimensional macroscopic analysis. What we have seen is how these properties
can be understood as the consequence of the simple consideration of the super-
symmetry of the effective string network, or equivalently the holomorphicity of
the M5 brane world-volume, when the limit of decoupled 4D gravity is taken.

7.3.2 Discussion

In this section we worked in the decompactification limit (VK3�1) and showed
how the group structure underlying the moduli dependence of the dyon BPS
index of theN = 4 K3×T 2 compactification of type II theory can be understood
as simply a consequence of the supersymmetry of the dyonic states. From the
other point of view, this group structure is simply the consequence of the fact
that the BPS spectrum of the theory is given by the appropriate representation
of a Borcherds-Kac-Moody algebra. The Weyl group of the algebra, which is a
symmetry group of the root system of the algebra, then plays the role of the
group of wall-crossing for the physical degeneracy of the dyonic states [259].
Therefore, we hope that the microscopic derivation of the Weyl group presented
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in this section will be the first step towards an understanding of the microscopic
origin of the Borcherds-Kac-Moody algebra in the dyon spectrum.

For this purpose, it is important to be clear about what we do not derive from
the simple analysis of this section. First of all, while we assume that the parti-
tion function is a functional integral on the genus two Riemann surface Σ and
therefore depends only on the period matrix of the surface, justified by the fact
that an M5 brane wrapping the surface and the K3 manifold in the Euclidean
spacetime is equivalent to a fundamental heterotic string whose world volume
is the genus two surface [273], we have not derived the partition function itself
from our simple consideration. A discussion about the subtleties of computing
the partition function in a very similar context can be found in [260] and will
therefore not be repeated here. Relatedly, the presence of the Borcherds-Kac-
Moody algebra [238, 259] is far from evident from our simple analysis. It seems
likely that the physical interpretation of this complete algebra can be found in
terms of the chiral fermions on the genus 2 surface in type IIA, or equivalently, in
terms of fluctuations on the M5-brane wrapping the genus 2 surface in M-theory.

Furthermore, we have not commented on the role of the group W as the group
of a discretized version of attractor flows. As discussed in detail in [259], this
interpretation naturally arises due to the existence of a natural ordering among
the elements of the hyperbolic reflection group W , and the fact that for given
total charges, there is a unique endpoint of this ordering, corresponding to the
attractor point of these charges. From the point of view of the Borcherds-Kac-
Moody algebra, the Verma module relevant for the BPS index is the smallest one
when the moduli are at their attractor value. By working in the limit that the
type IIB five-branes are all much heavier than all the (p, q) strings, we have no
way of telling which of the triangles in the dual graph in Fig. 7.7 contains the
attractor point. This is of course consistent with the fact that our analysis in the
text is independent of the values of the T-duality invariants Q2, P 2, Q ·P (7.17),
due to the decompactification limit we are taking. But this can easily be cured
by going to the next leading order in O(V −1

K3 ). See also [260]. By minimizing
the surface area of the genus two surface (7.42) with the volume of the two tori
R2
Bτ2, R

2
Mλ2 held fixed, with now the next leading corrections included, one

indeed obtains the attractor equation

Mτ =
ΛQR,PR
‖ΛQR,PR‖

=
1√

Q2P 2 − (Q · P )2

(
Q ·Q Q · P
Q · P P · P

)
,

as expected. This extra piece of information will then single out a triangle in
the dual graph as the attractor region and completes the interpretation of the
hyperbolic reflection group derived in this section as the group underlying the
macroscopic attractor flow of the theory.

Moreover, we would like to comment on the cases of other N = 4 string theo-
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ries. Here we have focused on the N = 4 theory of K3 × T 2 compactified type
II theory, while from the analysis in [261] we expect very similar group struc-
tures to be present also in the Zn-orbifolded theories, the so-called CHL models
[274, 275, 276], for n < 4. For the Z2-orbifold theory, considering the double
cover of the genus two Riemann surface relevant for the computation of the
partition function [243, 277] and the corresponding string network, a similar
analysis can be employed to understand the group structure in that case. The
situation of other orbifolded theories is much less clear. In particular, in [261] it
was discovered that a similar group structure and an underlying Borcherds-Kac-
Moody algebra cease to exist when n > 4. In particular, macroscopic analysis
showed that the symmetry group of a fundamental region bounded by walls of
marginal stability has infinitely many elements when n > 4. From the analysis
of this section, this symmetry group is expected to be the symmetry group of
the dyonic string network/Riemann surface. One might thus suspect that the
corresponding dyon network does not exist in the Zn>4 theories. It would be
interesting to understand the group structure of the dyon degeneracies of other
orbifolded N = 4 theories.

Finally, we would like to see our analysis of 1/4 BPS states in N = 4 theories as
a starting point to study wall-crossing of 1/2 BPS states on local Calabi-Yau man-
ifolds in N = 2 theories. That these topics are closely related follows from the
duality of the dyon background with the intersecting brane background (7.16).
Do notice that this duality only maps the dyon generating function to the semi-
classical piece F1 of the topological string partition function, since the I-brane
background doesn’t include a graviphoton field strength. To describe N = 2
wall-crossing fully we should thus go beyond deformations of the Riemann sur-
face Σ. This naturally raises the question whether we can formulateN = 2 wall-
crossing in terms of the underlying quantum curve that we studied in Chapter 5
and Chapter 6. We leave this for future work.

Another relation between N = 2 and N = 4 string theories is that both the
Gopakumar-Vafa partition function (4.47) and the dyon partition function (7.11)
can be formulated as an infinite product expansion. The wall-crossing examples
that are worked out inN = 2 context, can actually be formulated most elegantly
in this representation: depending on the region in the moduli space additional
factor have to be added to the partition function.7. One might wonder whether
also in this setting wall-crossing can be described in terms of a single generating
function. 8

Let us point out one interesting observation in this respect. The quantum McKay
correspondence formulated by J. Bryan and A. Gholampour in [283, 284] re-
lates the positive roots of an ADE Lie algebra g to 1/2 BPS states of a Calabi-Yau

7Recent developments can be found in e.g. [225, 21, 278, 279, 280, 281, 226, 282].
8In fact, such a universal formula arises in the work of [226]. However, this doesn’t have an

immediate interpretation in terms of the N = 2 counting formulas.
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resolution of the quotient singularity C3/Γ̃, where Γ̃ is the corresponding fi-
nite subgroup of SO(3). (These Calabi-Yau singularities are closely related to
the hyper-Kähler surface singularities C2/Γ discussed in Chapter 3 through the
double cover of SU(2) over SO(3) [285].) More precisely, they prove that

Z ′GW (t.λ) =
∏
α∈R+

∞∏
k=1

(1− et·αqk)k/2.

Here, α is a positive real root that is mapped to a curve in Y by the complex 3-
dimensional McKay correspondence (roughly it is the push-forward of the map
C2/Γ → C3/Γ̃), where the sum doesn’t include positive roots that are mapped
to zero in homology. Up to the factor 1/2 in the overall power (which is due to
non-compactness), this product equals the part of the Gopakumar-Vafa partition
function (4.47) corresponding to the genus 0 curves in the resolution of the
singularity. In particular, each curve contributes a factor∏

α∈R+

(1− et·α)1/2

semi-classically. From this point of view the dyon counting formula (7.44) seems
to be a generalization of the (quantum) McKay correspondence, where the Car-
tan matrix (7.46) corresponds geometrically to the transverse intersection of
three genus 0 curves in two points. This is illustrated in Fig. 7.8. Indeed, the
corresponding toric diagram (or string web) exactly represents this configura-
tion of curves. It is interesting to find out whether this locus can indeed appear
as a resolved Calabi-Yau singularity. Of course, one might also wonder whether
such an algebra can be extracted from other toric Calabi-Yau’s that are modeled
on a number of compact spheres, and about the relation to wall-crossing.

Figure 7.8: The intersection matrix of a configuration of three 2-spheres, that have self-
intersection number -2 and that intersect each other 2-sphere transversely in two points,
equals the Cartan matrix (7.46).


