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Chapter 8

Fluxes and Metastability

Over the last years much progress has been made in studying Calabi-Yau com-
pactifications where one turns on extra fluxes, so-called flux compactifications.
Turning on fluxes is a method to lift part of the large degeneracy in the four-
dimensional scalar moduli fields. By now there is strong evidence that there is
a huge number of supersymmetric vacua with negative cosmological constant
in which all scalar moduli are stabilized, the so-called landscape of string the-
ory. Typical constructions start with a warped Calabi-Yau compactification of
type IIB string theory to four dimensions. (In such a compactification the four-
dimensional scale is dependent on the coordinates of the internal space.) Some
of the scalar moduli are stabilized by the addition of fluxes through the compact
cycles of the internal manifold and others by various quantum effects.

Since supersymmetry is broken in the real world, it is necessary to extend the
previous constructions to non-supersymmetric (meta)stable vacua with small
positive cosmological constant to make contact with phenomenology. For this we
need to understand the mechanism of supersymmetry breaking in string theory.
So far several methods of supersymmetry breaking for string vacua have been
proposed, such as the introduction of anti-branes and the existence of metastable
points of the flux-induced potential. The main drawback of these constructions
is that, in most cases, they are not under complete quantitative control.

While the question of supersymmetry breaking should be ultimately understood
in an honest compactification, that is in a theory including gravity in four dimen-
sions, it is technically easier to study simpler systems where the gravitational
dynamics has been decoupled from the gauge theory degrees of freedom. This
typically happens in the limit where a local singularity develops in the Calabi-Yau
manifold. In such a situation all the interesting dynamics related to the degrees
of freedom of the singularity takes place at energy scales much lower than the
four dimensional Planck scale. Assuming that supersymmetry breaking is re-
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lated to these light degrees of freedom, it is then possible to zoom in towards
the singularity and forget about the rest of the Calabi-Yau.

Recently K. Intriligator, N. Seiberg and D. Shih discovered that even simple su-
persymmetric gauge theories can exhibit dynamical supersymmetry breaking in
metastable vacua [286]. From a phenomenological point of view this possibility
is quite attractive. A certain class of gauge theories where supersymmetry break-
ing in metastable vacua can be studied with good control is that of N = 2 gauge
theories perturbed by a small superpotential, initiated by H. Ooguri, Y. Ook-
ouchi and C.-S. Park in [287]. In such theories the exact Kähler metric on the
moduli space is known. This makes it possible to compute the scalar potential
that is produced by the perturbation of the theory by a small superpotential ex-
actly to first order in the perturbation. It was shown that generically there are
metastable supersymmetry breaking vacua generated by appropriate superpo-
tentials. We will refer to this as the OOP mechanism for supersymmetry breaking
in N = 2 theories.

String theory in a local Calabi-Yau singularity realizes geometric aspects of su-
persymmetric gauge theories, see Chapter 4. So also supersymmetry breaking
in these two systems should be related. The first goal in this chapter is to make
this connection more precise by proposing a geometric realization of the OOP
supersymmetry breaking mechanism in type II theory on a local Calabi-Yau sin-
gularity. Starting from a geometrically engineered type II compactification, in
Section 8.2 we introduce the appropriate superpotential as a non-conventional
3-form flux in the non-compact Calabi-Yau threefold. This flux does not pierce
the compact cycles of the local geometry, but instead has support at infinity.1

In Section 8.2.2 we exemplify this with the study of local Calabi-Yau geometries
modeled on a Riemann surface.

In Section 8.3 we turn to the second goal of this chapter: Finding a “natu-
ral” way to generate the supersymmetry breaking flux configurations described
above while starting from a more standard setup. In this process, we also clar-
ify the meaning of flux which has support at infinity and the various subtleties
related to it. The natural interpretation of the flux described in the previous
paragraph emerges once we embed the previous supersymmetry-breaking local
singularity into a bigger IIB compactification with standard flux of compact sup-
port. Section 8.3.2 supplements this general discussion by providing an explicit
demonstration of the factorization limit in the class of local geometries studied
in Section 8.2.2. Matrix model techniques can be used to compute the prepo-
tential in the factorization limit. 2 Finally, we finish in Section 8.4 with some
concluding remarks concerning the generalization of our story to other N = 2

1In [288] a related set-up is studied from a different perspective.
2This chapter is a shortened version of [4]. In particular, it doesn’t include the Appendices of [4]

where the prepotential for the Cachazo-Intriligator-Vafa/Dijkgraaf-Vafa geometry is studied using
the dual matrix model.
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contexts, such as M and F -theory compactifications.

Let us start by introducing superpotentials, scalar potentials, metastable vacua
and the OOP mechanism.

8.1 Ooguri-Ookouchi-Park formalism

N = 2 supersymmetry in four-dimensional gauge theories, as introduced in
Section 4.1, can be broken to N = 1 supersymmetry by adding a superpotential
W (φ) to the low energy effective action. The superpotential generates a scalar
potential V (φ) on the complex structure moduli spaceMq of the N = 2 gauge
theory. When the gauge theory is perturbed by just a small superpotential, the
scalar potential is computed by

V (φ) = Gij̄∂iW∂jW,

to lowest order in the perturbation. As an implication not all the vacua parametri-
zed by Mq are equivalent anymore. Furthermore, the value of φ will be stabi-
lized in a local minimum of the scalar potential. So adding a superpotential lifts
the degeneracy in the moduli of φ.

Notice that since the quantum metric Gij̄ is positive definite, the scalar poten-
tial V (φ) ≥ 0. Now, since the Hamiltonian of a supersymmetric theory is an
anti-commutator of the supersymmetry generators, H = {Q†, Q}, the potential
V should vanish for a four-dimensional vacuum that preserves supersymmetry.
This implies that other local minima of V correspond to non-supersymmetric
four-dimensional vacua. When the potential has more than one (local) mini-
mum, there is a probability of quantum tunneling. Such non-supersymmetric
vacua are therefore metastable.

For phenomenological reasons it is very interesting to study the above perturbed
N = 2 gauge theories. In particular, it is important to find out whether there are
choices for the superpotential W such that the scalar potential V admits non-
supersymmetric vacua. This was addressed in [289, 290, 287] and affirmed in
the latter two articles. H. Ooguri, Y. Ookouchi and C.-S. Park observed in [287]
that it is even possible to create a metastable vacuum at any generic point of
the complex structure moduli space of an N = 2 supersymmetric gauge theory
by turning on a suitable small superpotential deformation . Their proof just
depends on the sectional curvature of the quantum moduli space. To create a
metastable vacuum at p ∈ Mq the sectional curvature at p should be positive
semi-definite. This means that for any holomorphic vector field w ∈ TMq the
curvature R satisfies

〈w, R(v, v)w 〉 ≥ 0,
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for all v ∈ (TMq)p. The curvature of special Kähler manifolds, of which the
complex structure moduli space is an example, is indeed semi-positive [287].

If we want to realize a nonsupersymmetric minimum at some point p in the
moduli space, the OOP procedure tells us to first construct holomorphic nor-
mal coordinates around p. Choose any local coordinates Xi near p. Then the
holomorphic Kähler normal coordinates are defined as

Zi = X
′i + G̃ij̄

∞∑
n=2

1
n!
∂i3 . . . ∂in Γ̃ji1i2X

′i1X
′i2 . . . X

′in , (8.1)

where X
′i = Xi − Xi

0 and Xi
0 = Xi(p) [291, 292, 293]. Furthermore, Γ is a

Christoffel symbol and the tilde ˜ means evaluation at X = X0. We then choose
the superpotential

W = kiZ
i, (8.2)

with ki ∈ C, consisting of a linear combination of the zi. Stability can be demon-
strated by expanding V near p

V (Zi) = kik̄j̄G̃
ij̄ + kik̄j̄R̃

ij̄

kl̄
ZkZ̄ l̄ +O(Z3).

Since R is positive definite at generic points p ∈ Mq, the quadratic term in the
above expansion is generically positive. In that case the vacuum at Zi = 0 is
naturally metastable.

As a result, any potential that agrees with (8.2) near Xi
0 to cubic order will

engineer a nontrivial vacuum atXi
0. For non-genericX0, the curvature may have

a zero eigenvalue in which case higher order agreement with (8.2) is required.
More remarks about the OOP formalism can be found in [294].

8.2 Geometrically engineering the OOP formalism

In string compactifications one can generate scalar potentials by for example
turning on higher dimensional gauge fields across cycles of the internal mani-
fold, inserting D-branes and/or non-perturbative effects. Recent reviews include
[295, 296]. In this section we geometrically engineer the OOP formalism by
turning on fluxes in a type IIB local Calabi-Yau compactification. These fluxes
will however be non-conventionally supported at infinity.

8.2.1 Flux at infinity

Before introducing these fluxes that grow large at infinity, let us review some
general aspects of type IIB flux compactifications.
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In Section 4.3 we summarized how a type IIB Calabi-Yau compactification leads
to an N = 2 supergravity theory in 4d coupled to h2,1 vector multiplets and
h1,1 + 1 hypermultiplets. We discussed how the vector multiplets play an im-
portant role in the geometrical engineering of N = 2 supersymmetric gauge
theories. In this chapter we concentrate as well on the dynamics of the vector
multiplets.

Denote a symplectic basis of 3-cycles on the compact Calabi-Yau threefold X

by {Ai, Bj} with i, j = 0, 1, . . . , h2,1, and denote the periods of the nowhere
vanishing holomorphic (3, 0)-form Ω by Xi and Fj . Remember that the metric
on the complex structure moduli space is special Kähler and the Kähler potential
is given by

K = − log
(
i

∫
Ω ∧ Ω

)
, (8.3)

which is an exact result which does not receive any α′ or gs corrections.

The easiest way to lift the phenomenologically unrealistic moduli space of these
Calabi-Yau compactifications is to turn on fluxes through the compact cycles of
the Calabi-Yau. In type IIB theory we can turn on RR and NS-NS 3-form flux
F3 and H3 through the 3-cycles of the threefold. This generates a Gukov-Vafa-
Witten superpotential for the complex structure moduli [297, 298, 299] given
by

W =
∫
G3 ∧ Ω, (8.4)

where G3 = F3 − τH3 and τ = C0 + i/gs. The scalar potential is computed by
the standard N = 1 supergravity expression3

V = e
eK (GabDaWDbW − 3|W |2

)
,

where Gab is the metric on the moduli space derived from the Kähler poten-
tial K̃, and where we have introduced the Kähler covariant derivative DaW =
∂aW + (∂aK̃)W .

The F3 and H3 fluxes generate charge for the F5-form via a Chern-Simons cou-
pling in the 10d IIB supergravity action. The F5 flux has nowhere to end, so we
are lead to the tadpole cancellation condition for IIB compactifications

1
l4s

∫
F3 ∧H3 +QD3 = 0,

where QD3 receives positive contribution from probe D3 branes and negative
contribution from induced charge on D7 and orientifold planes.

3In this expression the indices a, b run over complex structure moduli, Kähler moduli and the
axion-dilaton. We denote by eK the total Kähler potential for all moduli and by K, as in (8.3), the
one for the complex structure moduli alone.
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Local limit and flux at infinity

In the limit in which we zoom in to some singularity locus of a compact Calabi-
Yau (see Section 4.3.1) the structure of special geometry described above re-
duces to rigid special geometry, which is relevant for the low energy dynamics
of N = 2 gauge theories. In this case the Kähler potential reduces to

K = i

∫
Ω ∧ Ω, (8.5)

and the Kähler covariant derivative Di reduces to the ordinary derivative ∂i.

As in the compact case, the addition of fluxes to the local Calabi-Yau introduces
a superpotential for the moduli. The dynamics of the Kähler moduli and the
dilaton decouple, and we can concentrate on the normalizable complex structure
moduli. The superpotential is still given by (8.4), but now the scalar potential is
computed by the rigid N = 2 expression

V = Gi∂iW∂jW =
∫
G3 ∧ ∗G3.

Since we are in a noncompact Calabi-Yau it is not necessary to impose the tad-
pole cancellation condition. Instead, the quantity∫

F3 ∧H3

represents the F5 flux going off to infinity and remains constant as we vary the
moduli. We will use this to simplify the potential in the next section.

In most treatments of fluxes in noncompact Calabi-Yau manifolds the assumption
is made that the flux is threading the compact cycles of the singularity and is
going to zero at infinity. As we explained in the introduction the goal of this
chapter is to study the dynamics in the case where the flux is actually coming
in from infinity and is not supported on the compact three-cycles. Of course, in
a local singularity inside a bigger compact Calabi-Yau, what is meant by infinity
is the rest of the Calabi-Yau and we should think of flux coming from infinity as
flux leaking towards the singularity from the other compact cycles.

More precisely, in a noncompact Calabi-Yau threefold we consider the vector
space H3(X) of harmonic 3-forms which do not necessarily have compact sup-
port, so they can grow at infinity. The harmonic 3-forms of compact support
form a linear subspace H3

cpct(X) ⊂ H3(X). There is a natural way to define the
complement subspace H3

∞(X) ⊂ H3(X) as the harmonic forms with vanishing
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integrals on the compact 3-cycles4. Then we have the decomposition

H3(X) = H3
∞(X)⊕H3

cpct(X). (8.6)

We will also refer to the forms in H3
cpct(X) as harmonic 3-forms with compact

support and to those in H3
∞(X) as 3-forms with support at infinity.

Now we want to consider the case where the 3-form field strength that we have
turned on has support at infinity

G3 ∈ H3
∞(X),

which means that G3 has zero flux through the compact cycles∫
Ai
G3 =

∫
Bi

G3 = 0.

The intuitive picture that one should keep in mind, is that this flux at infinity
represents usual flux piercing other 3-cycles which are very far away from the
singularity in the big Calabi-Yau. As we will see in more detail in the next section,
in this case and if one zooms into the local singularity it is a good approximation
to treat the flux from the distant 3-cycles as flux which “diverges” at infinity. In
other words both H3

∞(X) and H3
cpct(X) correspond to the usual H3

cpct(X̃) of the
bigger Calabi-Yau X̃ in which the singularity X develops.

Flux potential

What is maybe more surprising is that the 3-form flux G3 with support at infinity
generates a potential for the complex structure moduli of the singularityX, even
though it is not directly piercing the compact cycles of X, as can be seen from
(8.2.1). Our starting point for the computation of this potential is the energy
stored in the 3-form field

Ṽ =
∫
G3 ∧ ∗G3. (8.7)

Since G3 has noncompact support, this is a divergent integral meaning that the
energy of the flux is infinite. This was to be expected and is not really a problem,
since we are interested in the changes of this energy as we vary the sizes of the
3-cycles in the neighborhood of the singularity. We would like to throw away the

4We should clarify that we are not interested in the most general harmonic 3-form with noncom-
pact support, but only in a restricted subset characterized by 3-forms which grow in a “controlled”
way at infinity. This means that we want to consider forms which have at most a “pole” of finite order
at infinity, and not essential singularities. This statement has a nice interpretation in the example
where we have a local Calabi-Yau based on a Riemann surface that we will study later. Another
way to state this restriction is that we will consider harmonic 3-forms on a local Calabi-Yau which
do have a lift to the original Calabi-Yau that we started with before we took the local limit near its
singularity.
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divergent, moduli independent piece of this quantity and keep the finite, moduli
dependent one. A nice way to achieve this is to use the fact that the net F5 form
flux leaking off at infinity, being a topological quantity, has to be kept constant
as we vary the moduli. It is easy to show that we can write∫

G3 ∧G3 = (τ − τ)
∫
F3 ∧H3,

and the left hand side must be constant for the reason we explained. Since it is
a constant we can subtract it from the potential and define

V ≡
∫
G3 ∧ ∗G3 −

∫
G3 ∧G3.

It is easy to show that this is equal to

V =
∫
G−3 ∧ ∗G−3 , (8.8)

where G−3 is the imaginary anti-self dual part of the G3 flux

∗G−3 = −iG−3 .

The expression (8.8) is the finite and moduli dependent piece of the potential
(8.7).

Simplifying the potential

In this subsection we simplify the expression (8.8) for the potential. In general
we have the following relation between the Hodge decomposition and the ∗
operator on a threefold

∗H3,0 = −iH3,0, ∗H1,2 = −iH1,2,

∗H2,1 = iH2,1, ∗H0,3 = iH0,3.

Before we proceed we would like to analyze the relation between the decom-
position (8.6) and the Hodge decomposition. In general we have the following
decomposition5

H3(X) = H3,0
∞ ⊕H3,0

cpct ⊕H2,1
∞ ⊕H2,1

cpct ⊕ {c.c.}.

Harmonic forms in Hp,q
cpct have compact support, while those in Hp,q

∞ do not,
and are chosen to have vanishing A-periods on the compact cycles. (Notice
that a harmonic (p, q)-form cannot have vanishing periods on all compact cycles

5Again, we are only considering a certain subset of all harmonic 3-forms with noncompact sup-
port, as explained in footnote 4.
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unless it is identically zero.) Since we do not want to break supersymmetry
explicitly by the boundary conditions of the system, we want our configuration
to be supersymmetric at infinity, which means that the flux at infinity has to be
imaginary self dual so

G3 ∈ H2,1
∞ ⊕H2,1

cpct ⊕H1,2
cpct. (8.9)

where the subscript ∞ means that we have to consider the elements of the
cohomology with noncompact support. We pick a basis

Ξm ∈ H2,1
∞ , Ωi ∈ H2,1

cpct

with the following periods∫
Ai

Ξm = 0,
∫
Ai

Ωj = δij ,∫
Bi

Ξm = Kim,

∫
Bi

Ωj = τij ,

(8.10)

where τij is the period matrix of the Calabi-Yau, and Kim are holomorphic func-
tions of the normalizable-complex structure moduli.

The flux has an expansion of the form

G3 = TmΞm + hiΩi + li Ωi. (8.11)

The parameters Tm are fixed by the boundary conditions and have to be kept
constant as we vary the normalizable moduli. We have also assumed that∫

Ai
G3 =

∫
Bi

G3 = 0. (8.12)

which means

Tm
∫
Ai

Ξm + hj
∫
Ai

Ωj + lj
∫
Ai

Ωj = 0

Tm
∫
Bi

Ξm + hj
∫
Bi

Ωj + lj
∫
Bi

Ωj = 0.
(8.13)

The first equation of (8.13) implies that

lj = −hj .

and the second

hi = − 1
2i

(
1

Imτ

)ij
(KjmT

m) .

As we explained before, only the imaginary anti-self dual part of the flux G−3 =
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li Ωi contributes to the regularized potential and we have

V =
∫
G−3 ∧G−3

=
1
4

(KimTm)
(

1
Imτ

)ij
(KjnT

n) . (8.14)

In this final expression the period matrix τ ij and Kim are functions of the nor-
malizable complex structure moduli, while Tm’s have to be considered as con-
stants which play the role of external parameters. This potential is in general
very complicated and can have local nonsupersymmetric minima for appropriate
choices of the parameters Tm as we will explain later.

Although we do not discuss this here, from the viewpoint of flux compactification
it is a natural generalization to consider fluxes through the compact 3-cycles,
relaxing the condition (8.12). Such flux will make additional contribution to the
superpotential of the form N iFi−αiXi, αi =

∫
Bi

Ω, which cannot be controlled
by external parameters and makes realization of OOP-like vacua more difficult.

Recovering the OOP potential

The potential (8.14) looks familiar. It shares the same basic structure as the
scalar potential that arises when one adds a small superpotential to Seiberg-
Witten theory. This connection can be made even more transparent by noting
thatKim can in general be written as a total derivative with respect to the special
coordinates Xi.

Kim =
∂

∂Xi
κm(Xj), Xi =

∮
Ai

Ω.

One quick way to see this is to use the identity
∫
X

Ξm ∧ ∂iΩ = 0 to derive

Kim ∼
∫
∂X

Λm ∧ ∂iΩ

for a 2-form Λm satisfying dΛm = Ξm on the boundary (at infinity) of X. Be-
cause the divergent contributions to Λm at infinity can be chosen independent
of the dynamical moduli, we can pull the derivative outside of everything.

With this notation, (8.14) takes the standard form

V =
1
4

(
∂Weff(Xk)

∂Xi

)(
1

Imτ

)ij (
∂Weff(Xk)

∂Xj

)
, (8.15)

where
Weff(Xk) = Tmκm(Xk)
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is in fact proportional to the Gukov-Vafa-Witten superpotential induced by the
flux G3. These equations make manifest the relation between our flux-induced
potential (8.14) and that which arises in deformed Seiberg-Witten theory and al-
lows us to utilize the OOP technology of Section 8.1 to engineer supersymmetry-
breaking vacua.

Lifetime of supersymmetry-breaking vacua

Because we have managed to achieve supersymmetry-breaking vacua while freez-
ing all non-normalizable moduli, the energies V0 will in general be finite and in-
dependent of the cutoff scale Λ0 that we use to regulate the local geometry. This
means that our vacua are truly metastable, even within this local model, and can
decay to any of the supersymmetric vacua that exist in these models. Because the
number the supersymmetric vacua is potentially large and their properties quite
model-dependent, it is difficult to make general statements about the lifetime
of our OOP vacua. Nevertheless, we recall here one observation from [287],
namely that the decay rates will in general scale like

e−S with S ∼ (∆Z)4

V+
, (8.16)

where ∆Z is the distance in field space between the initial and final vacuum
state and V+ is the difference in their energies. By simultaneously scaling all Tm

by a common factor, Tm → ε Tm, we can retain our supersymmetry-breaking
vacua while decreasing V+ by the same factor, V+ → εV+. In this manner, we see
that, just as with OOP vacua in deformed Seiberg-Witten theory, these OOP flux
vacua can be made arbitrarily long-lived. Because we should really think of the
local Calabi-Yau as sitting inside some larger compact geometry, one important
caveat to this statement of longevity is that the noncompact fluxes Tm in reality
derive from a suitable set of compact fluxes in the full Calabi-Yau. This means
that there will be a series of quantization conditions that must be imposed that
may affect the degree to which they may be tuned.

8.2.2 Local Calabi-Yau examples

In the previous section, we saw that, starting from a compact Calabi-Yau and
taking a decoupling limit, one ends up with a local Calabi-Yau with noncompact
flux with support at infinity, which is nothing but the flux leaking from the rest
of the full Calabi-Yau that have been decoupled, towards “our” local Calabi-
Yau. Furthermore, this noncompact flux induces potential (8.14) for the complex
structure moduli in the local Calabi-Yau. Depending on the noncompact flux,
this potential can be very complicated and create nonsupersymmetric metastable
vacua in the local Calabi-Yau; the OOP mechanism [287] reviewed in Section 8.1
tells us exactly how this can be done.
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In this section we study specific examples of our formalism. Let us start with a
non-compact Calabi-Yau modeled on a Riemann surface, defined by

XΣ : uv −H(x, y) = 0, (8.17)

where x, y can both be variables in C or C∗. Recall that the holomorphic 3-form
of XΣ is given, e.g. for x, y ∈ C, by

Ω =
du ∧ dx ∧ dy
∂H/∂v

=
du

u
∧ dx ∧ dy.

Many important properties of the noncompact Calabi-Yau threefold XΣ have an
interpretation in terms of the underlying Riemann surface Σ. For example, the
compact 3-cycles {Ai, Bj} in XΣ are lifts of compact 1-cycles on Σ, which we
denote by {ai, bj} here. This one-to-one correspondence between 3- and 1-cycles
shows an equivalence between the complex structure moduli on XΣ and Σ.

A basis of (2,1)-forms with compact support on XΣ is given by derivatives of Ω
with respect to the normalizable complex structure moduli: {Ωi = ∂iΩ}. If XΣ

were compact, these derivatives ∂i would be Kähler covariant derivatives Di on
the moduli space. Being noncompact instead, the moduli space is described by
rigid special geometry and, as we saw before, the covariant derivatives simplify
into partial derivatives. Another reduction over the compact 3-cycles in the
Calabi-Yau shows that all these compactly supported (2, 1)-forms Ωi reduce to a
basis of holomorphic 1-forms ωi on Σ. Similarly, (1, 2)-forms ∂iΩ in XΣ reduce
to antiholomorphic 1-forms ωi on Σ. The ωi satisfy the relations

1
2πi

∫
ai
ωj = δij ,

1
2πi

∫
bi

ωj = τij , (8.18)

where τij is the period matrix of Σ.

The relation between the 3-cycles/3-forms on XΣ and the 1-cycles/1-forms on
Σ through the trivial uv-fibration being understood, we can rewrite the various
relations in Section 8.2 in terms of the Riemann surface Σ. First of all, the
holomorphic 3-form Ω of XΣ is easily seen to reduce to a meromorphic 1-form
η = y dx on the Riemann surface in this case [101, 128]. The special coordinates
parametrizing complex structure moduli are

Xi =
1

2πi

∫
ai
η, Fi =

1
2πi

∫
bi

η, (8.19)

and the Kähler potential (8.5) is given by

K = i

∫
Σ

η ∧ η. (8.20)



8.2. Geometrically engineering the OOP formalism 247

Recall that, in the special coordinates {Xi}, the moduli space metric takes a
particularly simple form:

ds2 =
(

∂2K

∂Xi∂Xj

)
dXidXj = (Imτ)ij dXidXj , (8.21)

as can be shown using ∂iη = ωi and the Riemann bilinear relation.

Let us now consider a very small deformation of the system breaking supersym-
metry toN = 1, thus generating a potential V for the moduli. As we saw before,
this can be accomplished by turning on 3-form flux G3 with support at infinity in
the local Calabi-Yau. This flux can be thought of as leaking from the other part
of the full compact Calabi-Yau, which has been frozen in the decoupling limit.
We assume that the decoupling limit is taken consistently with the elliptic fibra-
tion structure; namely, we assume that the noncompact flux is supported at the
asymptotic infinities of Σ, while being compact in the direction of the uv-fibers.

The basis of (2,1)-forms with noncompact support, {Ξm}, in the Calabi-Yau XΣ

descend to meromorphic 1-forms {ξm} on the Riemann surface Σ, satisfying the
relations ∫

ai
ξm = 0,

∫
bi

ξm = Kim, (8.22)

which are reductions of (8.10). Therefore, the 3-form flux G3 with noncompact
support on XΣ, as given in (8.11), descends to a harmonic 1-form flux

g = gH + gA,

gH = Tmξm + hiωi, gA = liωi,
(8.23)

which will have poles at the punctures (or asymptotic legs) of Σ. The 3-form
flux G3 in XΣ induces superpotential (8.4), which reduces to an integral on Σ:

W =
∫

Σ

g ∧ η,

while the associated scalar potential (8.8) reduces to an integral on Σ:

V =
∫

Σ

gA ∧ gA. (8.24)

If we require the condition (8.12) that the flux (8.23) is zero through compact
3-cycles of XSW, which translates into∫

ai
g =

∫
bi

g = 0, (8.25)
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then by reducing the argument we made for general Calabi-Yau’s in the previous
section to the Riemann surface Σ (or simply by borrowing the result (8.14)), we
can rewrite (8.24) in terms of periods on Σ:

V =
1
4

(KimTm)
(

1
Imτ

)ij
KjnT

n. (8.26)

Let us study this potential in more detail for Seiberg-Witten and Dijkgraaf-Vafa
geometries, and make remarks on the gauge theory interpretation of the physics
of these geometries.

Differentials on a hyperelliptic surface

When the underlying Riemann surface is hyperelliptic, say

Σ : y2 = f(x)

where f(x) is a polynomial of degree 2N , there are convenient representations
for {ξm} and {ωi}. Since we will need them later, let us briefly review them
here.

A basis of holomorphic differentials ωi can be constructed by

ωi =
Qi(x)
y

dx =
Qi(x)√
f(x)

dx, (8.27)

where Qi(x) is a polynomial of degree up to N − 2 chosen so that (8.18) holds.
Note that this ωi asymptots to O(x−2)dx when x→∞, ∞̃. This means that it is
regular at x =∞, ∞̃.

On a hyperelliptic surface it is convenient to take the meromorphic differentials
of the second kind, ξm, as

ξm =
Rm(x)
y

dx =
Rm(x)√
f(x)

dx, m ≥ 1. (8.28)

Here, Rm(x) = mxm+N−1 + . . . is a polynomial and the coefficients of xm+N−2,
. . ., xN−1 are chosen so that

ξm = ± [mxm−1 +O(x−2)
]
dx, x ∼ ∞, ∞̃ (8.29)

is satisfied. Note that this ξm has poles at two points, x =∞, ∞̃, instead of one.
The coefficients of xN−2, . . . , x0 are chosen so that (8.22) is satisfied.

The meromorphic differential of the third kind, ξ0, can be defined likewise using
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a polynomial R0(x) = xn−1 + . . . , where the coefficients are chosen so that

ξ0 =
R0(x)
y

dx = ±
[

1
x

+O(x−2)
]
dx, x ∼ ∞, ∞̃

holds and (8.22) is satisfied.

Let us derive a formula that will be useful. By expanding the right hand side of
the trivial identity 0 =

∫
Σ
ωi ∧ ξm by the Riemann bilinear identity, one finds

0 =
∑
j

(∫
aj
ωi

∫
bj

ξm −
∫
aj
ξm

∫
bj

ωi

)
+

∑
p=∞,f∞

∮
p

ωi d
−1ξm

= Kim +
∑

p=∞,f∞
∮
p

ωi d
−1ξm.

Because the behaviors of ωi and ξm at x = ∞ is the same as those at x = ∞̃ up
to a sign, we find that

Kim = −
∑

p=∞,f∞
∮
p

ωi d
−1ξm = −2

∮
∞
ωi d

−1ξm = −2
∮
∞
xmωi. (8.30)

Seiberg-Witten geometries

The SU(N) Seiberg-Witten geometry

XSW : uv −HSW(v, t) = 0, (8.31)

with v ∈ C and t ∈ C∗, is an illustrative example of a local Calabi-Yau threefold.
The underlying Riemann surface ΣSW is a hyperelliptic curve

ΣSW : HSW(v, t) = ΛN
(
t+

1
t

)
− PN (v) = 0 (8.32)

where PN (v) =
∏N
i=1(v−αi) is a polynomial of degree N with the coefficient of

vN−1 being zero. The coefficients of PN (v) are normalizable moduli, while Λ is
a fixed parameter.

The holomorphic 3-form on XSW is ΩSW = du
u ∧dv∧ dt

t and reduces to ηSW = v dtt
on the Riemann surface ΣSW. For a description of the bijection between 3-cycles
on the local Calabi-Yau and 1-cycles on the Seiberg-Witten curve, we refer to
Section 4.2.2.

The complex structure moduli space is conveniently parametrized by the special
coordinates (8.19), which are conventionally denoted by ai, i = 1, . . . , N − 1 in
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the Seiberg-Witten case

ai =
1

2πi

∫
A1
i

ηSW =
1

2πi

∫
A1
i

v
dt

t
. (8.33)

(To avoid confusion we denote the 1-cyles in the geometry with capital letters.)
As in (8.21), the moduli space metric takes the special form for these:

ds2 = (Imτij) daidaj . (8.34)

Using ai, the normalized basis of holomorphic 1-forms ωi can be obtained as
follows. Differentiating (8.33) with respect to aj ,

δij =
1

2πi
∂

∂aj

∫
Ai1

v
dt

t
.

Comparing with the first equation in (8.18), this means that

ωi =
∂

∂ai

(
v
dt

t
+ dσ

)
, (8.35)

where the total derivative term dσ is fixed by requiring that ωi = O(v−2)dv as
v →∞. Specifically, this leads to dσ = d(−v log t) and ωi is given by

ωi =
∂

∂ai
(− log v dt) = − ∂PN (v)/∂ai√

PN (v)2 − 4Λ2N
dv.

Although log t may appear problematic because it is not single-valued on the
Riemann surface, its ai derivative is single-valued and does not cause any prob-
lem.

As we discussed in Section 8.2.1, turning on noncompact flux breaks N = 2
supersymmetry to N = 1 by inducing a superpotential. As in (8.23), the 3-form
flux in XSW reduces to a harmonic 1-form

g =
∑
m≥1

Tmξm +
N−1∑
i=1

hiωi +
N−1∑
i=1

liωi. (8.36)

on ΣSW. Under the condition that the compact flux vanishes (8.25), this leads to
the scalar potential (8.26).

We can write the superpotential we are adding to the system in a form that will
be useful later. By manipulating the quantity KjnT

n appearing in (8.26),

KjnT
n = Tn

∮
B1
j

ξn = −2Tn
∮
∞
vnωj = 2Tn

∂

∂aj

(∮
∞
vn log t dx

)
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= − 2Tn

N + 1
∂

∂aj

(∮
∞
vn+1 dt

t

)
.

Here we used (8.22), (8.30) and (8.35). By examining (8.26), and (8.34) one
sees that the superpotential is given by

WSW =
∑
m

Tmum+1, (8.37)

where we defined

um ≡ 1
2πim

∮
∞
vm−1ηSW =

1
2πim

∮
∞
vm

dt

t
. (8.38)

So far everything was about geometry. Now let us turn to the gauge theory
interpretation of these. As we mentioned above, the local CY geometry (8.31)
without flux realizes N = 2 Seiberg-Witten theory, with the hyperelliptic curve
(8.32) identified with the N = 2 curve of gauge theory. The special coordi-
nates ai defined in (8.33) correspond to the U(1) adjoint scalars in the IR and
parametrize the Coulomb moduli space. The superpotential (8.37) also has a
simple gauge theory interpretation. To see it, we need the relation between the
vev of the adjoint scalar Φ and the curve ΣSW , given by [300, 301]:

〈Tr
dv

v − Φ
〉 =

dt

t
=

P ′N (v)√
PN (v)2 − 4Λ2N

dv.

In other words, um defined geometrically in (8.38) has an interpretation in
gauge theory as follows:

um =
1
m
〈Tr Φm 〉.

From this, one immediately sees that the superpotential (8.37) can be written
as

WSW =
∑
m≥1

Tm

m+ 1
Tr Φm+1 = Tr [W (Φ)], (8.39)

where we defined

W (x) =
∑
m

Tm

m+ 1
vm+1.

In (8.39) Φ is understood as the chiral superfield whose lowest component is
the adjoint scalar.

Therefore, the N = 2 gauge theory perturbed by the single-trace superpotential
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(8.39) corresponds to the geometry (8.31) with the flux g obeying the following
asymptotic boundary condition:

g ∼
∑
m

mTmvm−1 dv = W ′′(v)dv, (8.40)

where we used (8.29). The perturbed N = 2 theory is precisely the system
which was shown in [287, 290] to have nonsupersymmetric metastable vacua if
the superpotential is chosen appropriately. (It was shown in [287] to be possible
to create metastable vacua by a single-trace superpotential of the form (8.39) at
any point in the Coulomb moduli space for SU(2) and at least at the origin of
the moduli space for SU(N).) Therefore, it tautologically follows that the IIB
Seiberg-Witten geometry with flux at infinity also has metastable vacua, if we
tune the parameters Tm appropriately.

As we mentioned above, the IIB Seiberg-Witten geometry is dual to a IIA brane
configuration of NS5-branes and D4-branes which can be lifted to an M5-brane
configuration. In [302] it was shown that a superpotential perturbation cor-
responds in the M-theory setup to “curving” the N = 2 configuration of the
M5-brane at infinity in a way specified by the superpotential. The metastable
gauge theory configuration of [287, 290] was realized as a metastable M5-brane
configuration and its local stability was given a geometrical interpretation. The
above proof of (8.39) is exactly in parallel to the one given in [302] for the M-
theory system. In passing, it is also worth mentioning that the M-theory analysis
of [302] revealed that at strong coupling the nonsupersymmetric configuration
“backreacts” on the boundary condition and it is no longer consistent to impose
a holomorphic boundary condition specified by a holomorphic superpotential,
which is in accord with [303]. Therefore, also in the IIB flux setting, it is ex-
pected that if we go beyond the approximation that the flux does not backreact
on the background metric, nonsupersymmetric flux configurations will backre-
act and it will be impossible to impose a holomorphic boundary condition of the
type (8.36).

Although we do not discuss this here, from the viewpoint of flux compactifi-
cation, it is a natural generalization to consider fluxes through the compact 3-
cycles. Such flux will make additional contribution to the superpotential of the
form eia

i+miFi. On the gauge theory side, in the Seiberg-Witten theory, this can
be interpreted as perturbation one adds at the far IR, but its UV interpretation is
not clear [294].

Dijkgraaf-Vafa geometries

Another example of geometries of the type (8.17) is type IIB on

XDV : uv −HDV(x, y) = 0, x, y ∈ C, (8.41)
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where the underlying Riemann surface ΣDV is a hyperelliptic curve

ΣDV : HDV(x, y) ≡ y2 − [Pn(x)2 − fn−1(x)
]

= 0 (8.42)

and Pn(x) and fn−1(x) are polynomials of degree n and n − 1, respectively. If
we write

fn−1(x) =
n−1∑
i=1

bix
i,

then the coefficients of Pn(x) as well as bn−1 are non-normalizable and fixed,
while bi, i = 0, . . . , n− 2 are normalizable complex structure moduli. The holo-
morphic 3-form is ΩDV = du

u ∧ dx ∧ dy which reduces to

ηDV = x dy

on the Riemann surface ΣDV. The geometry (8.41) was studied by Cachazo,
Intriligator and Vafa (CIV) [304] (see also [305]) in the context of large N

transition [18, 306] and further generalized in [307, 308]. The Dijkgraaf-Vafa
(DV) conjecture [123, 124, 125] was also based on the same geometry. We will
refer to this geometry as the CIV-DV geometry (8.41) or as the Dijkgraaf-Vafa
geometry henceforth.

The structure of the underlying hyperelliptic Riemann surface ΣDV (8.42) is sim-
ilar to the Seiberg-Witten case (8.32); ΣDV is a genus n − 1 surface with two
punctures at infinity. If we represent ΣDV as a two-sheeted x-plane branched
over 2n points, those infinities correspond to x = ∞ on the two sheets. The
coefficients of Pn(x), which are nonnormalizable, determine the position of the
n cuts on the x-plane, while the coefficients of fn−1(x), which are normalizable,
are related to the sizes of the cuts.

The first homology H1(ΣDV) is spanned by n−1 pairs of compact a- and b-cycles
(ai, bj), i, j = 1, . . . , n − 1 with in addition a closed cycle a∞ around one of the
infinities which is dual to the noncompact b-cycle b∞ connecting two infinities.
Because x, y ∈ C, compact a- and b-cycles on ΣDV are all contractible in the
x, y-plane and hence all compact 1-cycles on ΣDV lifts to 3-cycles in XDV with S3

topology.

The special coordinates (8.19) in this case is conventionally denoted by Si, Πi:

Si =
1

2πi

∫
ai
ηDV, Πi =

1
2πi

∫
bi

ηDV, (8.43)

for which, as in (8.21), the moduli space metric takes the special form:

ds2 = (Imτij) dSidSj .
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We can write the basis of holomorphic 1-forms ωi using Si as:

ωi =
∂

∂Si
(−y dx) =

∂fn−1(x)/∂Si

2
√
Pn(x)2 − fn−1(x)

dx.

Adding flux at infinity works the same as in the Seiberg-Witten case. The Rie-
mann surface ΣDV is hyperelliptic and we take {ξm} and {ωi} to be the ones
given in (8.27) and (8.28). Just like (8.23) and (8.36), the 3-form flux in XDV

reduces to a harmonic 1-form on ΣDV

g =
∑
m≥1

Tmξm +
N−1∑
i=1

hiωi +
N−1∑
i=1

liωi.

Under the condition that the compact flux vanishes (8.25), the 1-form g leads
to the scalar potential (8.26) which, just as we derived (8.37), can be shown to
correspond to the following superpotential:

WDV =
∑
m

TmΣm+1, (8.44)

where we defined

Σm ≡ 1
2πim

∮
∞
xm−1ηDV =

1
2πim

∮
∞
xm dy. (8.45)

The 1-form ηDV depends on the complex structure moduli Si of the Riemann
surface (8.42). Therefore, by changing the parameters Tm, we can generate a
superpotential which is a quite general function of Si’s. The OOP mechanism
[287] states that, if one tunes superpotential appropriately, one can create a
metastable vacuum at any point of the N = 2 moduli space. Therefore, also for
this Dijkgraaf-Vafa geometry, we expect to be able to create metastable vacua by
appropriately tuning Tm, i.e., flux at infinity. Indeed, at the end of this section
we will demonstrate the existence of metastable vacua in a simple example.

We have been focusing on the case where there is flux at infinity but there
is no flux through compact cycles. However, let us digress a little while and
think about the case where there is flux through compact cycles but there is
no flux at infinity. In this case, the IIB system has a standard interpretation
[304, 305, 123, 124, 125] as describing the IR dynamics of N = 2 SU(N) the-
ory broken to N = 1 by a superpotential W = Tr[Wn(Φ)], W ′n(x) = Pn(x),
with the moduli Si identified with glueball fields. More precisely, if there are
N i units of flux through the cycle ai, where N =

∑
iN

i, then the system cor-
responds to the supersymmetric ground state of SU(N) gauge theory broken to[∏

i SU(N i)
] × U(1)n−1. It is important to note that this equivalence between

the Dijkgraaf-Vafa flux geometry and gauge theory is guaranteed to work only
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for holomorphic dynamics, or for the F -term. On the geometry side, one is con-
sidering the underlying geometry (8.41) determined by Pn(x) and small flux
perturbation on it. On the gauge theory side, this corresponds to the limit of
large superpotential, where one has no control of the D-term. Therefore, there
is no a priori reason to expect that the D-term of the Dijkgraaf-Vafa geometry,
which governs e.g. existence of nonsupersymmetric vacua, and that of gauge the-
ory are the same, even qualitatively. After all, two systems are different theories
and it is only the holomorphic dynamics that is shared by the two.

Despite such subtlety, it is interesting to ask what is the gauge theory inter-
pretation of adding flux at infinity, in addition to flux through compact cy-
cles. It is known that the curve (8.42) is related to the vev in gauge theory
as [123, 124, 125, 300, 309]:

− 1
32π2

〈Tr
W2

x− Φ
〉dx = y dx =

√
Pn(x)2 − fn−1(x) dx.

where W2 = WαWα and Wα is the gaugino field. Comparing this with (8.45),
one finds that the quantity Σm defined geometrically in (8.45) has the following
interpretation:

Σm =
1

32π2
〈TrW2Φm−1 〉.

Therefore the superpotential (8.44) can be written as

WDV =
1

32π2

∑
m

TmTr [W2Φm] =
1

32π2
Tr [W2M(Φ)], (8.46)

where we defined

M(x) =
∑
m

Tmxm.

So flux at infinity of the asymptotic form

g ∼
∑
m

mTmxm−1 dx = M ′(x)dx,

corresponds in gauge theory to adding a novel superpotential of the form (8.46).
Again, this correspondence must be taken with a grain of salt, since it holds only
for holomorphic physics.

Note also that flux through compact cycles will induce glueball superpotential
[304] of the form αiS

i + N iΠi(S) added to (8.44). Because this part does
not contain tunable parameters such as Tm that can be made very small, it is
difficult, if not possible, to use the OOP mechanism to produce metastable vacua
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in that case.

-0.005

0.000

0.005

Re@ΤD 0.995

1.000

1.005

1.010

Im@ΤD

1.91406

1.91408

1.91410

1.91412

V@ΤD

Figure 8.1: Plot of V (τ) in the neighborhood of our engineered OOP minimum at τ = i.

In the situation where there is no flux through compact cycles, we do not have an
interpretation of the system as such an SU(N) theory described above, simply
because N =

∑
iN

i = 0.

In Section 3.2 of [4] we work out a simple example, based on the SU(2) Dijkgraaf-
Vafa geometry

HDV (x, y) = y2 − (P2(x)2 − b0) = 0, with P2(x) = x2 − ∆2

4
,

with flux at infinity and no flux through compact cycles, where we demonstrate
that we can truly realize metastable vacua in type IIB using the OOP mecha-
nism outlined in the previous section by simply adjusting the parameters Tm.
Choosing τ = i for convenience, we find a metastable vacuum by turning on

T 2 =
885
8
, T 6 = −5832

5∆4
, T 10 =

2400
∆8

.

The corresponding local minimum of the potential is plotted in Fig. 8.1.

8.3 Embedding in a larger Calabi-Yau

In the previous sections we described how we can generate a supersymmetry
breaking potential for the complex structure moduli of a local Calabi-Yau singu-
larity by the introduction of 3-form flux which has support at infinity. Allowing
flux with noncompact support may lead to various conceptual difficulties, such
as the divergence of the total energy density. To clarify these difficulties we
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would like to sketch how such a system can be interpreted as an approxima-
tion of a larger Calabi-Yau threefold with flux of compact support in a certain
factorization limit.

As shown in figure 8.2, the physical idea is to start with a Calabi-Yau manifold
with a set of three-cycles which are isolated from the other three-cycles by a
large distance. We turn on 3-form flux on all cycles except for the isolated set.
While the flux that we have turned on is not piercing the isolated cycles, it does
leak into their region. (This means that the 3-form field strength is nonzero in
the region around the isolated set of 3-cycles, but once integrated over one of
these 3-cycles the integral is zero.) It produces a potential for their complex
structure moduli.

In the limit where the distance between the two sets of cycles of the Calabi-
Yau becomes very large, which we will refer to as the factorization limit, the
flux leaking towards the isolated set will start to look like the flux coming from
“infinity”. In this sense, we manage to embed the scenario considered in the
previous section as a small part of a larger Calabi-Yau with compactly supported
flux.

8.3.1 Factorization

In this section we would like to understand this embedding into a bigger Calabi-
Yau in more detail. Our goal is to see how the potential (8.14) arises starting
from the standard Gukov-Vafa-Witten superpotential for 3-form flux in the larger
Calabi-Yau. For simplicity we will work with a noncompact Calabi-Yau X,

X : uv −H(x, y) = 0,

which is based on a Riemann surface Σ given by H(x, y) = 0.

As we explained before the complex parameters entering the defining equation
of the Riemann surface correspond to complex structure moduli of the Calabi-
Yau. Some of them are non-normalizable and can be considered as external
parameters. We want to tune these parameters to approach the limit where the
surface Σ factorizes into two surfaces ΣL and ΣR connected by long tubes. This
factorization lifts to the entire Calabi-Yau X and divides it into two regions XL

and XR that are widely separated. We introduce 3-form flux G3 of compact
support on the 3-cycles of XR. The superpotential and scalar potential are given
by

W =
∫
G3 ∧ Ω and V = GIJ∂IW∂JW, (8.47)

where the indices I, J run over all complex structure moduli of the total three-
fold X. Using the properties of the Kähler metric GIJ in the factorization limit
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L

I

II

III

Figure 8.2: Factorization idea: In I we start with a generic Calabi-Yau with flux piercing
through some of its 3-cycles, while making the distance between the cycles with and without
flux very large in II. This is seen as flux from infinity in the left sector without compact flux
in III, and generates an OOP-like potential in that sector.

we show that the part of the potential (8.47) which depends on the complex
structure moduli of L is of the form (8.14). Furthermore, we find an under-
standing of the effective value of the parameters Tm.

Geometry of factorization

Let us study the degeneration of a Riemann surface Σ into two components ΣL
and ΣR, depicted in figure 8.3.6 In this factorization data of the full Riemann
surface is expressed in terms of the complex structure of the individual surfaces.
It is well known that in the limit where the length of the tubes L = 1/ε goes to
infinity the period matrix of the full surface becomes block diagonal

τ =
(
τLL 0

0 τRR

)
+O (ε) . (8.48)

6In general these components could be connected in a non-trivial way. We restrict our compu-
tations in this section to the case in which they are linked by just one long tube. These should be
easily extendible to more general cases.
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While the off-diagonal components τLR go to zero in the factorization limit, their
subleading behavior is quite important in our analysis since it expresses the weak
interaction between the two sectors. The period matrix τLR can be computed
systematically in an expansion in ε from data on each of the two surfaces as we
explain below.

L 1/L

Figure 8.3: Two conformally equivalent ways of viewing the factorization of a Riemann
surface into two parts. Physically though, we should distinguish both points of view, since
particle masses depend on the size of the cycles. Because in our situation no new massless
appears in the factorization limit, the left diagram represents our point of view best.

Technically, we describe the factorization of the Riemann surface with the plumb-
ing fixture method [310]. So consider two Riemann surfaces ΣL and ΣR of genus
gL and gR respectively. On the left surface ΣL we have gL holomorphic differ-
entials ωi, while on the right surface ΣR similarly gR holomorphic differentials
ωi′ . The complex structure of the left surface is determined by the periods of the
holomorphic differentials

1
2πi

∫
ai
ωj = δij ,

1
2πi

∫
bi

ωj = τLLij ,

where τLLij is the period matrix of ΣL, and we choose our definitions similarly
for the right surface.

The plumbing fixture method works after choosing a puncture P on ΣL and P ′

on ΣR. It connects the two surfaces by a long tube of length L which is glued
onto neighborhoods of the punctures P and P ′. More precisely, we pick a local
holomorphic coordinate z around the puncture P such that z(P ) = 0 and a
holomorphic coordinate z′ near P ′ with z′(P ′) = 0. Then we identify points in
these neighborhoods as

zz′ = ε.

Now we want to compute the period matrix of the full Riemann surface in terms
of complex structure data of the two surfaces. For this we need to understand
how the differentials ωi and ωi′ extend to well-defined holomorphic differentials
on the full surface Σ = ΣL ∪ ΣR/ ∼, where ∼ is the above identification. Let
us first consider how to lift the differential ωi. Around the puncture P it may be
expanded as

ωi =
∞∑
m=1

KP
imz

m−1dz,
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where the functions KP
im are defined in equation (8.22). Once we write this

in terms of z′ we observe that, as seen from the right surface, the differential
has a Laurent expansion. So ωi will be written as a linear combination of the
meromorphic differentials ξP

′

m of the right surface. A meromorphic differential
has the following expansion around the puncture

ξPm =

(
m

zm+1
+
∞∑
n=1

hPmnz
n−1

)
dz.

Here we have introduced the functions hPmn, which depend on the complex struc-
ture moduli of the surface and the position of P . So in general the differential
ωi will lift to a differential ω̃i on the full surface which can be written as

ω̃i =


ωi +

∞∑
m=1

ximξ
P
m on ΣL,

∞∑
m=1

yimξ
P ′

m on ΣR.

for some coefficients xim and yim. Matching the differential on the two sides we
find the following conditions

xim = −ε
m

m

∞∑
n=1

yinh
P ′

nm, yim = −ε
m

m

(
KP
im +

∞∑
n=1

xinh
P
nm

)
.

This allows us to compute the cross-period matrix as

τLRij′ =
∫
bj′

ωi =
∞∑
m=1

KP ′

j′myim = −
∞∑

m,n=1

εn

n
KP
imG

−1
mnK

P ′

j′n,

Gmn ≡ δmn −
∞∑
l=1

εn+l

nl
h′mlhln.

(8.49)

From this equation we can read off all order ε-corrections to the off-diagonal
piece of the period matrix when a surface Σ degenerates.

Also, this procedure gives a clear understanding of the term “flux at infinity”.
We see that the flux at infinity is generated by regular forms on the degenerated
surface, and therefore will at most have finite order poles at the punctures.

Notice that for a Calabi-Yau threefold that is based on a Riemann surface, the
factorization region is described by the deformed conifold geometry

uv + x2 + y2 = ε, or equivalently uv + zz′ = ε.

Usually, this is described as a 3-sphere shrinking to zero-size when ε→ 0. How-
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ever, as for the complex 1-dimensional plumbing fixture case we want the two
sectors to be far apart from each other. Therefore we consider the conformally
equivalent setup where the 3-sphere is scaled to be of finite size, while the trans-
verse directions are made very large. The finite size three-sphere reduces to the
cross-section of the tube on the left in figure 8.3, whereas the transverse direc-
tions reduce to the tube-length.

To describe the left and right neighborhoods of the degeneration, we can fix
x =

√
ε− y2 − uv on the left and x = −

√
ε− y2 − uv on the right. In the limit

that ε → 0 these neighborhoods will not just intersect in a point, but in the
divisor uv+y2 = 0. This is the region where regular forms on the total threefold
will develop poles when the degeneration starts.

Figure 8.4: Turning on flux on the right part of the factorized Calabi-Yau.

Dynamics

Now we consider turning on flux on the threefold. For simplicity we again take a
Calabi-Yau (8.3.1) that is based on a factorized Riemann surface. We turn on 3-
form flux G3 = F3−τH3 which is only piercing the set of A-cycles corresponding
to ΣR, as can be seen in figure 8.4, and write down the corresponding (super)
potential. For regularization issues later, we take two more punctures on the
right surface labeled by ±∞ and turn on some flux α through the noncompact
B∞ cycle running from +∞ to −∞.

A basis of A and B cycles is given by the compact 3-cycles on the left and the
right, together with the lift A∞ of the A-cycle enclosing +∞ and B∞. So the
flux is determined by∫

Ai
G3 = 0,

∫
Ai′

G3 = N i′ ,

∫
A∞

G3 = 0,∫
Bi

G3 = 0,
∫
B′i

G3 = 0,
∫
B∞

G3 = α.

Let us denote the complex structure moduli and their duals by XI and FI , which
are theAI resp.BI periods of the holomorphic 3-form Ω. Here we use the capital
indices I = {i, i′,∞} to run over both the left and the right sides. Then the GVW
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superpotential for the complex structure moduli is given by

W =
∫
G3 ∧ Ω = αX∞ +

∑
i′

N i′FRi′ ,

and the corresponding scalar potential by

V =
∑
I,J

GIJ∂IW∂JW.

Since X∞ corresponds to a log-normalizable period and the derivatives in the
above potential just correspond to normalizable modes, the α-factor decouples.
This shows that

V =
∑

i,j,k′,l′

(
Nk′τLRk′i

)( 1
Imτ

)ij
LL

(
N l′τLRl′j

)

+
∑

i,j′,k′,l′

Re

[(
Nk′τLRk′i

)( 1
Imτ

)ij′
LR

(
N l′τRRl′j′

)]
(8.50)

+
∑

i′,j′,k′,l′

(
Nk′τRRk′i′

)( 1
Imτ

)i′j′
RR

(
N l′τRRl′j′

)
.

Thus the total potential is the sum of three terms, which we denote in the obvi-
ous way by V = V1 + V2 + V3.

Next we consider what happens in the limit where the distance L between the
two sets of 3-cycles gets very large. As explained before the period matrices τLL

and τRR remain of order one in this limit and become almost independent of
the moduli XR and XL, respectively.

On the other hand, τLR goes to zero which would make the first term V1 in the
potential vanish in the limit that ε → 0, at least if we don’t scale the fluxes N i′

appropriately. Since V1 describes the interaction between the two sides of the
Calabi-Yau, we really want to scale the fluxes N i′ to go to infinity in such a way
that the term V1 remains finite.

Then it becomes clear that the term V3 of the potential dominates over the other
two contribution to V . This implies that in the limit ε → 0 the term V3 should
be minimized first, i.e., ∑

k′

Nk′τRRk′i′ = 0, ∀i′,

which is a set of nR equations for the nR moduli xj
′
. The solutions of this system

correspond to supersymmetric vacua for the 3-cycles on the right side. Once we
have fixed all Xj′ to their supersymmetric values X̂j′ , we can consider the effect
of the backreaction of the right side to the left. This is purely expressed through
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the potential V1, since the term V2 vanishes as well at the supersymmetric point.

So effectively the potential for the complex structure moduli Xi
L of the left sur-

face is

V1 =
∑

i,j,k′,l′

(
Nk′τLRk′i

)( 1
Imτ

)ij
LL

(
N l′τLRl′j

)
. (8.51)

This may be written as V1 =
∑
i,j ∂iWeff(1/Imτ)ijLL∂jWeff, where we define the

effective “superpotential” for the left complex structure moduli as

∂iWeff ≡
∑
k′

Nk′τLRk′i .

Comparing with expression (8.49) it is clear that the fluxes on the right should
be scaled in such a way that the coefficients

Tm = εm
∑
k′

Nk′K ′k′m (8.52)

remain constant. In that situation the effective superpotential is

∂iWeff =
∑
m

TmKim (8.53)

to leading order in ε, which is precisely of the form (8.14).

Genericity of Potential and Metastable Vacua

Let us summarize what we have demonstrated so far. We started with a large
Calabi-Yau that consists of two parts XL and XR separated by a large distance,
and turned on a large 3-form flux on one of the sides, sayXR. This flux generates
a large potential for the complex structure moduli of XR, which are therefore
set to their supersymmetric minima. The flux on XR is also weakly backreacting
to the other side XL, inducing a small superpotential for the complex structure
moduli of XL. We computed this superpotential in equations (8.3.1) and (8.53)
and found that it is of the form (8.14). The main point is that the side XL only
knows about XR via the parameters Tm given by (8.52).

In this section we discuss two questions. The first to which degree we can tune
the parameters Tm independently. And the second is whether these Tm’s can be
chosen to realize an OOP supersymmetry breaking superpotential.

As we can see from (8.52), the values of the parameters Tm depend on the fluxes
N l′ on the cycles of XR and also on the value of the (generalized) period matrix
K ′l′m. The last one depends on the choice of the supersymmetric vacuum X̂j′ on
the right side. For given large fluxesN l′ there is a huge number of supersymmet-
ric vacua, or solutions of (8.3.1), with different values of X̂j′ and consequently
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of K ′l′m. The density of such supersymmetric vacua over the complex structure
moduli space of XR has been studied before [311, 312, 313, 314, 315], and it
is believed that the vacua become dense in the moduli space in the limit where
the fluxes are very large.

The coefficients K ′l′m are holomorphic functions over the complex structure
moduli space of XR. So naively one would conclude that when the dimension
of this moduli space is large enough, meaning that the number of 3-cycles in XR

is large, we can always find supersymmetric points where the K ′l′m’s have the
desired values. However the functions K ′l′m are not “generic” and there may be
relations between them which affect the naive counting. We have not analyzed
this problem in detail but we think the following statement is true. Any number
of the Tm’s in the superpotential (8.53) can be tuned by considering a Calabi-
Yau whose right side XR has a sufficiently large number of 3-cycles, and there
will be some supersymmetric vacua with right values of K ′l′m to reproduce the
desired Tm’s to good accuracy.

This claim is made more intuitive by the following physical interpretation of
equation (8.52). Start by turning on fluxes N l′ on the cycles of XR, which is
based on the Riemann surface ΣR. When reduced on the Riemann surface the
flux looks like the electric field produced by a charge in two dimensions. The
set of fluxes N l′ resembles a charge distribution on the cycles of the Riemann
surface. To compute the field produced by these charges in the distant region
of the other set of cycles ΣL, one has to consider a multipole expansion. Since
the matrix K ′l′m computes the mth multipole expansion of a charge distributed
along the l′th cycle, the coefficients Tm are exactly the multipole moments of
the charge distribution. In this formulation our first question reads whether we
can arrange a charged distribution to have the desired multipole moments given
by the coefficients Tm. We expect that the answer is positive.

The second question is more subtle. To realize a metastable nonsupersymmetric
vacuum via the OOP mechanism, one has to tune the superpotential in a way
which is determined by properties of the Kähler metric at that point. As we saw
in Section 8.1 one has to tune the coefficients of the effective superpotential
only up to cubic order in an expansion around the candidate metastable point.
Since we have a very large number of parameters Tm at our disposal it seems
that generically we should be able to tune them to generate metastable vacua
at most points on the moduli space. However we do not have a proof of this
statement and it is possible that various relations between the period matrices
and the Kähler metric invalidate the naive counting7.

7This question is similar to whether one can realize the OOP mechanism with a single trace
superpotential for the adjoint scalar in an SU(N) gauge theory. In [287] it was demonstrated that
for SU(2) a metastable vacuum can be generated anywhere on the moduli space by a single trace
superpotential, and for SU(N) at the center of the moduli space. It was not fully analyzed whether
this is possible in generality.
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8.3.2 Example of factorization

In the previous section, we argued, based on the factorization of the Riemann
surface and the Calabi-Yau, that it is possible to embed the nonsupersymmetric
metastable vacua we found in Section 8.2.2 in a “larger” Calabi-Yau, the idea
being that the flux threading compact cycles on one side of the Calabi-Yau looks
like flux coming from infinity from the viewpoint of the other side of the Calabi-
Yau. In this section, we will discuss the Dijkgraaf-Vafa geometries

ΣDV : y2 = Pn(x)2 − fn−1(x), Pn(x) =
n∏
I=1

(x− αI), (8.54)

as an example where our proposal can in principle be implemented, and make
some steps towards actually confirming our proposal.

Factorization in practice

Remember that the αI ’s are non-normalizable parameters which represent the
positions of the cuts on the x-plane, while the coefficients in fn−1(x), or equiva-
lently variables SI defined in (8.43), are normalizable (or at least log-normalizable)
and hence are dynamical variables describing the size of those cuts. Therefore,
in this Dijkgraaf-Vafa case (8.54), αI are the parameters we want to adjust in
order to approach the factorization limit where ΣDV degenerates into two sub-
sectors.

So, what we should do is clear: we divide the n cuts into two parts as n =
nL + nR, the ones on the left indexed by i and on the right by i′, and send these
two groups apart from each other by a large factor L = 1/ε so that

αi − αi′ = O(L) (when L→∞).

In the L→∞ limit, the left and right sides will be very far apart and the factor-
ization we discussed in the previous section must be achieved. For example, the
period matrix of the total Riemann surface must diagonalize as in (8.48) up to
1/L correction.

There is one thing we should be careful about when taking the L → ∞ limit. If
we try to separate the two sets of cuts by naively taking the typical difference
between αi and αi′ to be of order L while keeping the size of the cuts fixed, then
a simple estimate of the scaling of SLi , S

R
i′ using (8.43) shows that the physical

size of the 3-cycles in the Calabi-Yau blows up. What we want instead is to end
up with two sets of 3-cycles of finite size, separated by a large distance, so that
we are left with nontrivial dynamics of SLi , S

R
i′ . To achieve this we must also

scale the size of the cuts, as we send L→∞. Let xL and xR be local coordinates
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in the left and right sectors, respectively, and set

x̃L = LrxL, x̃R = Lr
′
xR, (8.55)

where
r =

nR
nL + 1

, r′ =
nL

nR + 1
.

Then, from (8.43), it is not difficult to see that we can keep SLi , S
R
i′ finite if

we keep x̃L, x̃R finite while taking the L → ∞ limit. A similar rescaling of
local coordinates must be also necessary when taking a factorization limit in any
other examples than (8.54).

Computation of Period Matrix

In the Dijkgraaf-Vafa geometry (8.54), the period matrix is given by

τIJ =
∂2F0

∂SI∂SJ
, (8.56)

Here, F0 is the B-model prepotential, which by the Dijkgraaf-Vafa relation [123,
316] is related to matrix models. The precise way to scale various quantities to
take the factorization limit being understood, it is in principle possible to confirm
our proposal for the Dijkgraaf-Vafa geometry using (8.56). For doing that, it is
important to be able to compute the prepotential F0 for a large number of cuts
n. The results from Section 8.2.2 show that generating a metastable vacuum
requires quite a lot of coefficients Tm. Since we roughly need the same number
of cuts on the right as the number of tuned Σm’s on the left, the total Riemann
surface must have quite a large number of cuts. So, in this subsection we will
explain the way to compute F0 and thus τIJ for an arbitrary n.

For Dijkgraaf-Vafa geometries (8.54) the prepotential F0 may in fact be com-
puted for any number of cuts n in a number of ways. The most direct way is
evaluating the period integrals on the hyperelliptic curve. This has been done
up to cubic order in SI in [317]. Duality with a U(N) matrix model [123, 316]

Z = exp

[ ∞∑
g=0

g2g−2
s Fg(S)

]
=
∫
dN

2
Φ exp

[
1
gs

TrW (Φ)
]
,

where the matrix model action is given by

W ′(x) = Pn(x) =
n∏
I=1

(x− αI)

makes this computation quite a bit simpler. Let us quickly show this argument
[316].
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The field Φ is an N × N matrix. Say N I eigenvalues of Φ are placed at the
critical point x = αI and divide the matrix Φ into N I × NJ blocks ΦIJ , where∑n
I=1N

I = N . One can go to the gauge ΦIJ = 0 for I 6= J by introducing
fermionic ghosts in the matrix model action. This produces the following extra
term in the action, where ΦI ≡ ΦII :

Wghost =
∑
I 6=J

Tr(BJIΦICIJ + CJIΦIBIJ).

To write down Feynman diagrams, we expand ΦI around x = αI as ΦI = αI+φI .
A Taylor series of W (ΦI) = W (αI + φI) around αI yields the propagator and
p-vertices for φI . In particular, this shows that the propagator for φI is given by

〈φIφI〉 =
1

W ′′(αI)
=

1
∆I

,

where ∆I = W ′′(αI) =
∏n
J 6=I αIJ . Moreover, expanding the ghost action deter-

mines the ghost propagator to be

〈BJICIJ〉 =
1
αIJ

,

and gives the Yukawa interactions between φI , BJI and CIJ .

The contribution to the prepotential F0 of order three in the SI ’s is given by
planar diagrams with three holes, see Fig. 8.5. Writing down the expressions
gI,3 and gI,4 in terms of α’s and ∆’s shows that

F0,3 =
n∑
I=1

uIS
3
I +

n∑
I 6=J

uI;JS
2
ISJ +

n∑
I<J<K

uIJKSISJSK ,

where

uI =
2
3

(
−
∑
J 6=I

1
α2
IJ∆J

+
1

4∆I

∑
J<K
J,K 6=i

1
αIJαIK

)
,

uI;J = − 3
α2
IJ∆I

+
2

α2
IJ∆J

− 2
αIJ∆I

∑
K 6=I,J

1
αIK

and

uIJK = 4
(

1
αIJαIK∆I

+
1

αJIαJK∆J
+

1
αKIαKJ∆K

)
.

In appendix D of [4] we discuss the generalization of this result to higher order
in SI . In particular, we compute F0 up to S5 terms.
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Figure 8.5: The contribution to F0,3 given in terms of matrix diagrams. Gray double lines
represent φI fields, while black-and-gray double lines represent BC ghosts.

Scaling of Period Matrix

The method explained in Section 8.3.2 allows one in principle to compute the
period matrix to any order in SI for general Dijkgraaf-Vafa curves (8.54). Then
the factorization limit can be achieved simply by taking the L → ∞ limit of
the result and one can start looking for metastable vacua. In this subsection,
as a step towards it, let us pursue a more modest goal of seeing the factorized
behavior of the period matrix, (8.48).

The form of the scaling can be elegantly derived for any possible contributing
matrix model diagram to F0. First note that ∆i scales as L2r as L → ∞, and
∆i′ as L2r′ . All propagators with indices from either side of the surface have
an expansion in terms of αIJ ’s and ∆I ’s, and thus a scaling in L which is easy
to determine. The total scaling of a planar diagram with an arbitrary number
of these elements turns out to depend just on the number of ghost vertices that
connect the left side to the right side. It is given by

1
L(1+r)Nii′+(1+r′)Ni′i

, (8.57)

where Nii′ is the number of ghost vertices with external ghost lines indexed by
(i, i′) and the external φ-line by (i, i). Note that in deriving this we assumed the
scaling (8.55) and thus SiL, S

i′

R are of order one.

This shows that a diagram with only indices on the left (or on the right) will be
of order 1 in L. Since such diagrams contribute to the period matrix τij (or τi′j′),
so this shows that the period matrix is of order 1 in L, with corrections in 1/L
from diagrams that contain at least two loops indexed by i and j. On the other
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hand, the off-diagonal pieces of the period matrix τii′ and τi′i contain at least
one ghost cross-vertex with indices i and i′. These parts will therefore scale at
least as 1/L. In particular, for large L the properties of the full Riemann surface
Σ are determined by those of the two factors ΣL,ΣR, and the period matrix τIJ
indeed diagonalizes as in (8.48).

Having checked the diagonalization (8.48), the problem of actually finding an
example of a metastable vacuum then just amounts to solving equation (8.52)
together with (8.3.1) using the data from matrix model, for Tm giving a meta-
stable vacuum. Solving these equations is nontrivial, since the relation between
the flux parameters N i′ on the right and the coefficients in the superpotential
Tm we want on the left are non-linear, although we expect that the solutions do
exist by the multipole argument we gave in Section 8.3. We leave matrix model
computations up to requisite orders as well as finding the actual metastable
vacua by solving those equations for the future work.

8.4 Concluding remarks

Summarizing, we found that turning on flux with support at infinity in local
Calabi-Yau in type IIB induces superpotential for the moduli in the local Calabi-
Yau, thus breaking N = 2 of the Calabi-Yau compactification down to N = 2.
Then we demonstrated that one can create metastable vacua by tuning the flux
at infinity using the OOP mechanism, using a Dijkgraaf-Vafa (CIV-DV) geometry
as a primary example. The metastable vacua known to exist [287, 290] in per-
turbed Seiberg-Witten theory can also be understood in terms of metastable flux
configuration.

Flux diverging at infinity may appear problematic, but in reality a local Calabi-
Yau must be regarded as a local approximation of a larger compact Calabi-Yau
and the flux at infinity has a natural interpretation there; there is flux floating
around in the rest of the Calabi-Yau, which “leaks” into our local Calabi-Yau
and just appear to be coming in from infinity. This, furthermore, motivates a
more natural setting to realize metastable flux vacua: in a part, say on the right
side, of the full Calabi-Yau X, there are some 3-cycles threaded by flux (and
possibly O-planes to cancel net charge if X is compact) and on the left side
there are some 3-cycles without flux through them. If the distance between
the left and right sectors is large, the full Calabi-Yau X factorizes into an almost
decoupled system ofXL andXR, and the flux inXR appears to be flux at infinity
from the viewpoint of XL and induces superpotential in XL. By adjusting the
number of fluxes inXR, we can tune the superpotential and generate metastable
vacua in XL. This is a very well controlled setting to analyze flux vacua, which
may shed light on the structure of the nonsupersymmetric landscape of string
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vacua. We also made some steps toward actually embedding metastable vacua
in a larger Calabi-Yau as sketched above in the case of Dijkgraaf-Vafa geometry
by computing certain matrix model amplitudes. Actually finding explicit vacua
along that line is an interesting open problem.

Note that we needed just two main ingredients to achieve this result: Firstly,
the OOP mechanism requires that the complex structure moduli space is special
Kähler. Secondly, it is important that the generated Gukov-Vafa-Witten super-
potential is very much controllable by tuning the flux. This means that we can
generalize the above story to any setting which fulfills these two requirements.
Other possibilities therefore include M-theory and F-theory on Calabi-Yau four-
folds [318, 298]. Let us finish by saying a few words on these two setups.

Compactifying M-theory on a Calabi-Yau fourfold X4 with fluxes yields a three-
dimensional low energy theory with 4 supercharges. The complex structure
moduli of the Calabi-Yau are part of the chiral supermultiplets and are described
by variations of the holomorphic (4, 0)-form Ω. In the local limit where the
fourfold becomes noncompact, the Kähler potential on the moduli space is given
by

K =
∫
X4

Ω ∧ Ω, (8.58)

so that the metric on the moduli space is indeed special Kähler. Moreover, it
is well-known that the complex moduli may be stabilized by turning on 4-form
flux F4, which introduces the superpotential

W =
∫
X4

F4 ∧ Ω.

The condition for unbroken supersymmetry is W = dW = 0, so that F4 has to
be a (2, 2)-form. Stabilizing the Kähler moduli as well requires that the flux is
primitive under the Lefschetz decomposition (and in particular self-dual). Turn-
ing on primitive (2, 2) flux on some compact 4-cycles, we can now follow an
equivalent procedure as in IIB.

M-theory compactified onX4 is equivalent to compactifying F-theory onX4×S1,
at least if X4 is an elliptically fibered Calabi-Yau. This leads to a four-dimensio-
nal space-time with 4 supercharges. So again, the Kähler potential is given by
(8.58), and the flux F4 is a primitive (2, 2)-form. The relation with IIB consis-
tently reduces F4 to a harmonic (2, 1)-flux G3. The extra seven-branes that must
be inserted in IIB when reducing over a singular T 2 do not contribute to the
superpotential and thus don’t play an important role here.

In particular, consider as an example the local Calabi-Yau fourfold

u2 + v2 + w2 +H(x, y) = 0,
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where all variables are C (or C∗) valued, and F (x, y) defines a smooth curve in
the x, y-plane. Its holomorphic four-form is given by

Ω =
du ∧ dv
w

∧ dx ∧ dy.

The u, v, w–fiber defines a two-sphere over each point in the x, y-plane, which
shrinks to zero-size over the curve H(x, y) = 0. (Like in the Calabi-Yau threefold
case, the real part of H(x, y) changes sign when crossing the Riemann surface.
This flop changes the parametrization of the compact S2 in the T ∗S2-fiber from
a “real” S2 into an “imaginary” S2.) Four-cycles can be constructed as an S2

fibration over some disk D ending on the curve and have the topology of a four-
sphere (when x and y ∈ C). Notice that the intersection lattice is symmetric now
and not simply symplectic anymore, so that the bilinear identity takes a more
complicated form. However, like in the threefold case all relevant quantities
reduce to the Riemann surface, and the analysis is similar as before.




