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This paper studies a bilateral risk-sharing problem in which the two agents are rank-dependent utility 
maximizers, and the market restricts risk allocations to be comonotonic. We first characterize the optimal 
risk allocation in an implicit way through the calculus of variations. Then, based on the element-
wise maximizer of an unconstrained problem, we partition the support of loss into disjoint pieces and 
unveil the explicit structure of the optimal risk allocation over each piece. Our methodology reduces 
the dimension of the problem. We show the applicability of our results via two examples in which 
both agents use exponential utilities and use convex power or inverse-S-shaped probability weighting 
functions.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Risk sharing has been a fundamental research topic in economics, finance, and actuarial science. For instance, in insurance, risk sharing 
can be organized via peer-to-peer (P2P) networks (see, e.g., Abdikerimova and Feng, 2022) or via Over-The-Counter trades with a counter-
party that can better manage the risk exposure (see, e.g., Boonen et al., 2017). This paper studies bilateral risk sharing between agents that 
are endowed with rank-dependent utilities (RDEU). RDEU is introduced by Quiggin (1982, 1993) and Tversky and Kahneman (1992), and 
plays a central role in behavioral preferences as it allows for probability weighting and the overweighting of the probabilities of extreme 
(good and bad) events. Such overweighting gives rise to an inverse-S-shaped probability weighting function in the context of RDEU, and 
this also plays a central role in Cumulative Prospect Theory (Tversky and Kahneman, 1992).

Probability weighting is also a popular way to model ambiguity. RDEU allows us to disentangle aversion towards risk (outcomes) and 
aversion towards uncertainty (probabilities). Arguably the most popular alternative way to model ambiguity is a multiple-prior model, such 
as maxmin-expected utility (Gilboa and Schmeidler, 1989) or smooth ambiguity (Klibanoff et al., 2005). Risk sharing under various notions 
of ambiguity has been studied by, e.g., Chateauneuf et al. (2000), De Castro and Chateauneuf (2011), Strzalecki and Werner (2011), and 
Rigotti and Shannon (2012). RDEU with a convex probability weighting function is an alternative to a multiple-prior model, and allows for 
ambiguity aversion. Under RDEU preferences, risk sharing has been studied by Tsanakas and Christofides (2006), Xia and Zhou (2016), Jin 
et al. (2019) and Boonen and Ghossoub (2020). Here, Tsanakas and Christofides (2006) focus on convex probability weighting functions, 
Xia and Zhou (2016) assume that all agents use the same probability weighting function, and Jin et al. (2019) focus on a complete 
market in which an extra technical assumption is needed to guarantee the existence of equilibria. Moreover, Boonen and Ghossoub (2020)
study the case of no aggregate uncertainty, which means that the aggregate endowments are deterministic. In optimal reinsurance, RDEU 
preferences of a decision maker are studied by Bernard et al. (2015), Ghossoub (2019), Xu et al. (2019), and Liang et al. (2022).
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Our focus is on a comonotone market where there is aggregate uncertainty, which has been formally introduced by Boonen et al. 
(2021). In a comonotone market, the agents in the market can only share the market risk in a comonotonic way, and thus betting against 
the market risk is not possible. We motivate a comonotone market in two ways. Firstly, in insurance, one can usually only indemnify a 
non-decreasing function of the underlying loss. Non-decreasing, 1-Lipschitz functions of the insurable loss prevent moral hazard, as is also 
considered by Huberman et al. (1983), Carlier and Dana (2003) and Cheung and Lo (2017). This is also called the no-sabotage condition. 
For instance, short positions in insurable catastrophes are sometimes not marketed due to illiquidity, and this leads to risk allocations 
that are non-decreasing functions of the aggregate catastrophe loss. Secondly, if competitive equilibria in a complete market exist, then 
under mild conditions on the preferences such as law invariance, every equilibrium risk allocation must be comonotonic, although such 
competitive equilibrium may not exist (Boonen et al., 2021). In fact, the set of equilibria in the comonotone market contains all equilibria 
in the complete (unconstrained) market. This paper is closest to Boonen et al. (2021), who study risk sharing in comonotone markets 
with finitely many agents. If the agents are endowed with rank-dependent utilities, Boonen et al. (2021) show existence of a competitive 
equilibrium in a comonotone market. Moreover, they derive explicit solutions if the solutions of a complete (unconstrained) market happen 
to be feasible in the comonotone market. This paper extends this result, and provides the structure of Pareto-optima under much weaker 
assumptions. Pareto-optima are one-to-one related to comonotone market competitive equilibria, as shown by a formulation of the two 
fundamental theorems of welfare economics in Boonen et al. (2021) for RDEU preferences.

A special case of RDEU preferences is dual utility, which is the case when the utility function to evaluate risk is linear. Maximizing 
dual utility can be interpreted as the minimizing of a distortion risk measure (Wang et al., 1997). In complete or comonotone markets, 
Pareto-optimal risk sharing with dual utility preferences that are averse to mean-preserving spreads (or, equivalently, convex probability 
weighting functions) leads to layer-type risk allocations (i.e., the domain of aggregate loss is partitioned into non-overlapping layers where 
each layer is allocated to one of the agents), and this has been shown by Jouini et al. (2008), Ludkovski and Young (2009), Boonen (2015), 
and Boonen et al. (2021). Moreover, Liu (2020) shows that layer-type contracts are still optimal if the agents share risk in a comonotone 
market with dual utilities and heterogeneous beliefs. Another special case of RDEU preferences is expected utility, which is the case in 
which the probability weighting function is linear. With exponential utility functions in complete or comonotone markets, Pareto-optimal 
risk sharing leads to proportional allocations of the market risk (Borch, 1962; Gerber and Pafumi, 1998; Boonen et al., 2021). With RDEU 
preferences in the comonotone market, we show in this paper that risk-sharing contracts are generally non-linear and non-trivial functions 
of the underlying market risk.

This paper proposes a novel approach to derive optimal risk allocations. In a comonotone market, RDEU can be formulated as subjective 
expected utilities (SEU). Then, we solve an SEU-based problem without the comonotonicity condition. This unconstrained solution is then 
evaluated on finitely many subintervals, and modified such that it becomes feasible in the comonotone market. The modification is based 
on a quantile formulation approach of the problem. A main contribution of this paper is that we derive the parametric form of the optimal 
risk allocation, where its parameters are left for numerical optimization. In various finance and insurance decision-making problems, it 
is a common approach to adopt such a two-step method, i.e. finding the parametric form of solution and then numerically optimizing 
its parameters. For example, in the seminal work on optimal insurance design by Arrow (1973), the author shows that the excess-of-loss 
indemnity function is optimal in an expected-utility-based optimal insurance problem, but the retention level is an unknown parameter 
left for numerical optimization. Such a two-step approach is also adopted by, e.g., Sung et al. (2011), Cheung et al. (2015), Jiang et al. 
(2021), and the references therein.

This paper is set out as follows. Section 2 defines the model setting, and states the main problem. Section 3 derives the optimal 
solution to this main problem. Section 4 simplifies the optimal solution in two special cases with convex probability weighting functions. 
Section 5 provides some extensive examples with inverse-S-shaped probability weighting functions, and Section 6 concludes. All proofs 
are delegated to the appendix.

2. Problem setup

We consider a one-period economy and an atom-less probability space (�, F , P ). There are two agents in the market who are both 
RDEU maximizers, and we label the agents as 1 and 2. We assume that these two agents are endowed with the initial wealth w̃1 and 
w̃2 respectively. Suppose that these two agents are faced with non-negative random losses ζ1, ζ2 on the probability space (�, F , P ) such 
that ζ1 + ζ2 = X . Furthermore, we assume that X has support [0, M] with 0 < M < ∞, and X is absolutely continuous with respect to 
the Lebesgue measure on [0, M]. Thus, a positive probability density function of X on [0, M] exists. The cumulative distribution function 
(CDF) and probability density function (PDF) of X are denoted by F X (x) and f X (x) respectively.

A risk allocation is given by a vector (I(X), X − I(X)), where I(X) is random variable on (�, F , P ) that we will specify later. If these 
two agents agree on a risk allocation (I(X), X − I(X)), then the end-of-period wealth of these two agents is respectively given by

W̃1(I; X) = w̃1 − I(X) and W̃2(I; X) = w̃2 − (X − I(X)). (2.1)

The RDEU preferences of the two agents for the risk allocation are respectively given by

V R D EU
1 (W̃1(I; X)) =

∫
R

u(w)d[−T1(1 − F W̃1(I;X)
(w))] (2.2)

and

V R D EU
2 (W̃2(I; X)) =

∫
v(w)d[−T2(1 − F W̃2(I;X)(w))], (2.3)
R
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where u, v :R �→ R are two strictly increasing and concave functions that are twice differentiable and satisfy the Inada conditions.1 The 
two agents are endowed with the probability weighting functions T1 and T2 respectively, and we assume that T1 and T2 are strictly 
increasing, twice differentiable, and such that Ti(0) = 0 and Ti(1) = 1 for i ∈ {1, 2}.

Comonotonicity refers to the co-movements along the same direction of two or more random variables when the state of real world 
changes. Two random variables Z1, Z2 are said to be comonotonic if (Z1, Z2) has the same bivariate distribution as (h1(Z1 + Z2), h2(Z1 +
Z2)) for some non-decreasing functions h1 and h2 (Denneberg, 1994). In this paper, a key assumption is that we exogenously assume 
that the risk allocations of the two agents are comonotonic. This assumption is introduced by Boonen et al. (2021), and implies that the 
two agents can only hedge a positive exposure to the market risk. Technically, this means that we can indeed write a risk allocation as 
(I(X), X − I(X)), and the function I must be an element of the following class:

I := {Ic, c ∈R} , (2.4)

where

Ic := {I : I(0) = c, 0 ≤ I(x2) − I(x1) ≤ x2 − x1, ∀ 0 ≤ x1 ≤ x2 ≤ M} . (2.5)

In the above class, we interpret c as a side payment that is transferred from Agent 1 to Agent 2 when the realized market loss X is zero.
The two agents have conflicting interests over the choice of the function I . In order to reach an agreement, we impose that the risk 

allocation is Pareto-optimal. A risk allocation is Pareto-optimal if no other feasible risk allocation can make all agents better off and at 
least one agent strictly better off. A formal definition is given below.

Definition 2.1. A risk allocation (I(X), X − I(X)) for some I ∈ I is called Pareto-optimal if there does not exist another risk allocation (
Ĩ(X), X − Ĩ(X)

)
for some Ĩ ∈ I such that

V R D EU
1 (W̃1( Ĩ; X)) ≥ V R D EU

1 (W̃1(I; X)), V R D EU
2 (W̃2( Ĩ; X)) ≥ V R D EU

2 (W̃2(I; X)),

with at least one inequality being strict.

On the set of feasible contracts in I , the RDEU preferences are convex due to the concavity of utility functions. To seek Pareto-optimal 
risk allocations with convex preferences, the weighting method is popular (Gerber, 1979; Miettinen, 1999). That is, we can derive a 
Pareto-optimal risk allocation through solving the following problem for some k ≥ 0:

max
I∈I V R D EU

1 (W̃1(I; X)) + k · V R D EU
2 (W̃2(I; X)). (2.6)

The parameter k could be interpreted as the relative negotiation power of Agent 2 in this cooperative bargaining. If k → 0, then only the 
interests of Agent 1 are considered in the problem. Conversely, if k → ∞, only the interests of Agent 2 are considered.

Two agents agree to collaborate only if both of them do not prefer to keep the status quo. That is, they both want to benefit from the 
risk allocation, and this yields the following individual rationality constraints to (2.6):{

V R D EU
1 (W̃1(I; X)) ≥ V1,

V R D EU
2 (W̃2(I; X)) ≥ V2,

(2.7)

where V1 and V2 are the minimum acceptable utility levels of these two agents respectively. Throughout the paper, we assume that 
V1 and V2 are selected such that there exist I ∈ I that make the above individual rationality constraints in (2.7) hold with all strict 
inequalities. Since the objective function of (2.6) is concave on I (see, e.g., Boonen et al., 2021), and there exists a feasible solution to 
Problem (2.6) subject to (2.7) with strict inequalities (Slater’s condition), strong duality holds when applying the Lagrangian approach. 
Therefore, solving the problem in (2.6) subject to (2.7) is equivalent to solving its dual form for some λ1, λ2 ≥ 0:

max
I∈I V R D EU

1 (W̃1(I; X)) + k · V R D EU
2 (W̃2(I; X)) + λ1

(
V R D EU

1 (W̃1(I; X)) − V1

)
+ λ2

(
V R D EU

2 (W̃2(I; X)) − V2

)
,

which reduces to finding the solutions of

max
I∈I V R D EU

1 (W̃1(I; X)) + k + λ2

1 + λ1
· V R D EU

2 (W̃2(I; X)).

Thus, if solving (2.6) for some k ≥ 0 gives a solution which violates the individual rationality constraints (2.7), we need to adjust the 
parameter k and re-solve (2.6). Therefore, imposing the individual rationality constraints in (2.7) does not yield any technical challenges 
to our problem. Likewise, via the Lagrangian dual approach and the fact that strong duality holds, solutions of the following problem are 
solutions to (2.6) for some k ≥ 0:

max
I∈I V R D EU

1 (W̃1(I; X))

s.t. V R D EU
2 (W̃2(I; X)) ≥ V 2,

1 A function u is said to satisfy the Inada conditions if limx→−∞ u′(x) = ∞ and limx→∞ u′(x) = 0.
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where V 2 ∈R is called a reservation utility for Agent 2.
Problem (2.6) can be formulated as

max
c∈R

max
I∈Ic

V R D EU
1 (W̃1(I; X)) + k · V R D EU

2 (W̃2(I; X)). (2.8)

In words, solving (2.8) comprises two steps. In the first step (inner maximization problem), we fix the side payment c and derive the 
optimal risk allocation I . In the second step (outer maximization problem), we optimize the side payment c. The second step (the outer 
maximization problem of (2.8)) is a one-dimensional optimization problem. Mathematically, the procedure is similar to the literature 
on optimal reinsurance, in which it is common to first fix the premium, and then numerically find the optimal value of the premium 
(e.g., Bernard et al., 2015). The main focus of this paper is on the first step, which is infinite-dimensional. We fix c ∈ R, and then the 
end-of-period wealth of the two agents can be written as

W̃1(I; X) = w̃1 − I(X) = w̃1 − I(0) − (I(X) − I(0)) = w1 − Ĩ(X) := W1( Ĩ; X),

W̃2(I; X) = w̃2 − (X − I(X)) = w̃2 + I(0) − [X − (I(X) − I(0))] = w2 − X + Ĩ(X) := W2( Ĩ; X),

where w1 := w̃1 − c, w2 := w̃2 + c, Ĩ(X) := I(X) − I(0) = I(X) − c and Ĩ ∈ I0. So, the first step is given by the following problem.

Problem 1. For some k ≥ 0,

max
I∈I0

V R D EU
1 (W1(I; X)) + k · V R D EU

2 (W2(I; X)).

In the next section, we derive explicit solutions of Problem 1, and we refer to the function I ∈ I0 as a risk allocation.

3. The optimal risk allocation

This section first solves Problem 1 in an implicit way. Then, under some mild assumptions on the utility functions, we derive the 
explicit solution to Problem 1. Recall that the quantile of a random variable Z at confidence level t ∈ (0, 1) is given by

F −1
Z (t) = inf {z : F Z (z) ≥ t} .

The quantile function satisfies the following three properties (Dhaene et al., 2002; Denuit et al., 2006):

• Translation invariance: F −1
Z+b(t) = F −1

Z (t) + b for any constant b ∈R.

• Comonotonic additivity: F −1
Z+Y (t) = F −1

Z (t) + F −1
Y (t) for comonotonic random variables Z and Y .

• F −1
g(Z)(t) = g(F −1

Z (t)) for any non-decreasing function g .

Also, for I ∈ I0, it holds that F −1
−I(X)(t) = −F −1

I(X)(1 − t) = −I((F −1
X (1 − t)), except for an at most countable set of t (Xu et al., 2019). Based 

on these properties and the comonotonicity of I(X) and X − I(X) for I ∈ I0, we have

F −1
W1(I;X)

(t) = w1 + F −1
−I(X)(t) = w1 − F −1

I(X)(1 − t) = w1 − I(F −1
X (1 − t)), (3.1)

F −1
W2(I;X)

(t) = w2 + F −1
−X+I(X)(t) = w2 +

(
F −1

−X (t) − F −1
−I(X)(t)

)
= w2 − F −1

X (1 − t) + I(F −1
X (1 − t)), (3.2)

where the equalities hold for all t ∈ [0, 1] except for an at most countable set of t . These equations help simplifying the objective function 
of Problem 1 as follows:

V R D EU
1 (W1(I; X)) + kV R D EU

2 (W2(I; X))

=
∫
R

u(w)d[−T1(1 − F W1(I;X)(w))] + k

∫
R

v(w)d[−T2(1 − F W2(I;X)(w))]

=
1∫

0

u(F −1
W1(I;X)

(t))d[−T1(1 − t)] + k

1∫
0

v(F −1
W2(I;X)

(t))d[−T2(1 − t)]

=
1∫

0

u(w1 − I(F −1
X (1 − t)))T ′

1(1 − t)dt + k

1∫
0

v(w2 − F −1
X (1 − t) + I(F −1

X (1 − t)))T ′
2(1 − t)dt

=
1∫

0

u(w1 − I(F −1
X (t)))T ′

1(t)dt + k

1∫
0

v(w2 − F −1
X (t) + I(F −1

X (t)))T ′
2(t)dt

=
M∫ {

u(w1 − I(x))T ′
1(F X (x)) + kv(w2 − x + I(x))T ′

2(F X (x))
}

dF X (x). (3.3)
0
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The last equation shows us the effect of the probability weighting functions. Originally, it is the survival probability of the final wealth 
level that gets distorted, but after the simplification, it is the cumulative probability of the loss that gets distorted. To maximize the 
integral (3.3), we derive its element-wise and unconstrained maximizer first. This element-wise solution may not be feasible (an element 
of I), and is denoted by Î :

Î(x) := arg max
y∈R

G(y; x), (3.4)

with

G(y; x) := u(w1 − y)T ′
1(F X (x)) + kv(w2 − x + y)T ′

2(F X (x)). (3.5)

Note that the weights T ′
i (F X (x)), i ∈ {1, 2}, in (3.5) depend on the loss X and not on the indemnity Î(X). Therefore, one can interpret the 

objective in (3.4) as an SEU formulation in which T ′
i (F X (x)) dF X (x)

dx can be seen as the density function of the subjective beliefs.

Since the functions u and v are concave, it readily follows that G(·; x) in (3.5) is concave. This implies that Î could be derived by using 
the first-order condition G ′( Î(x); x) = 0, that is

u′(w1 − Î(x))T ′
1(F X (x)) = kv ′(w2 − x + Î(x))T ′

2(F X (x)). (3.6)

The Inada conditions ensure the existence of Î(x) on R that solves the above equation for each x ∈ [0, M] (e.g., Ghossoub, 2017). 
However, it is generally hard to explicitly derive Î from (3.6). Based on the implicit function theorem (see, e.g., Theorem 11.1 of Loomis 
and Sternberg, 1990), we can further evaluate the derivative of Î(x) by differentiating both sides of (3.6) with respect to x:

u′′(w1 − Î(x))(− Î ′(x))T ′
1(F X (x)) + u′(w1 − Î(x))T ′′

1 (F X (x)) f X (x)

= kv ′′(w2 − x + Î(x))( Î ′(x) − 1)T ′
2(F X (x)) + kv ′(w2 − x + Î(x))T ′′

2 (F X (x)) f X (x).

Using Eq. (3.6), the above equation could be further simplified to

u′′(w1 − Î(x))(− Î ′(x))T ′
1(F X (x)) + u′(w1 − Î(x))T ′′

1 (F X (x)) f X (x)

u′(w1 − Î(x))T ′
1(F X (x))

= kv ′′(w2 − x + Î(x))( Î ′(x) − 1)T ′
2(F X (x)) + kv ′(w2 − x + Î(x))T ′′

2 (F X (x)) f X (x)

kv ′(w2 − x + Î(x))T ′
2(F X (x))

,

which yields

Î ′(x) =
Av(W2( Î; x)) +

(
T ′′

2 (F X (x))
T ′

2(F X (x))
− T ′′

1 (F X (x))
T ′

1(F X (x))

)
f X (x)

Au(W1( Î; x)) + Av(W2( Î; x))
, (3.7)

where Au(w) = − u′′(w)
u′(w)

(resp. Av(w) = − v ′′(w)
v ′(w)

) is the absolute risk aversion of utility function u (resp. v) at wealth level w . Note that 
Î ′(x) depends on Î(x), and Î(x) could be numerically analyzed via an ordinary differential equation (ODE) if Eq. (3.6) does not permit a 
closed-form solution.

Now, if Î ′(x) ∈ [0, 1] for all x ∈ [0, M], then min
{

x,max
{

0, Î(x)
}}

is the solution to Problem 1 as it element-wisely maximizes the 
integrand function of (3.3) among the functions in I0. This for instance holds when the probability weighting functions are the same: 
T1 = T2. Then, Î ′(x) = Av(W2( Î; x))/(Au(W1( Î; x)) + Av(W2( Î; x))) ∈ (0, 1).

However, in general, Î ′(x) does not need to be [0, 1]-valued. Thus one needs to look into Problem 1 from another perspective. In the 
actuarial literature on optimal reinsurance contract theory, a very popular method to deal with the comonotonicity constraint in I0 is 
called the marginal indemnity function approach (Assa, 2015; Zhuang et al., 2016) (also called quantile formulation approach). We next 
use this method. Any I that belongs to I0 is 1-Lipschitz continuous and thus absolutely continuous. Therefore, it admits the following 
integral representation

I(x) =
x∫

0

h(t)dt,

where h(t) ∈ [0, 1] is called the marginal risk-sharing function, and I and h are mutually determined almost everywhere. Hence, seeking 
the optimal I within the set I0 is equivalent to seeking the optimal h within the set

J = {h : [0, M] �→ [0,1] and h is Lebesgue measurable} . (3.8)

Now let 1A(x) be the indicator function which is equal to 1 if x ∈ A and 0 otherwise. The following lemma characterizes the optimal 
risk allocation implicitly.

Lemma 3.1. Let

L(x; I∗) =
M∫ {

u′(W1(I∗; t))T ′
1(F X (t)) − kv ′(W2(I∗; t))T ′

2(F X (t))
}

dF X (t). (3.9)
x
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The risk allocation I∗(x) = ∫ x
0 h∗(t)dt is optimal to Problem 1 if and only if

h∗(x) = 1{x:L(x;I∗)<0}(x) + ϕ(x) ·1{x:L(x;I∗)=0}(x), (3.10)

for x ∈ [0, M] almost everywhere (a.e.), where ϕ(x) ∈ [0, 1] is such that h∗ ∈J .

The calculus of variations plays a vital role in deriving the above lemma. Similar versions of Lemma 3.1 can be found in, for example, 
Chi and Zhuang (2020), Chi and Wei (2020), and Boonen and Jiang (2022). Although Lemma 3.1 characterizes the optimal risk allocation 
under a very general setting, such characterization is implicit since I∗ also appears on the right side of (3.10). Therefore, a direct application 
of Lemma 3.1 is difficult since the optimal marginal risk allocation depends on the evaluation of a complex tail integral that depends on 
the risk allocation itself. In Chi and Zhuang (2020), various assumptions were imposed in order to gain more insights of the tail integral. 
In the remainder of this paper, we rely on a simple and realistic assumption to further study the explicit structure of the optimal risk 
allocation.

Assumption 1. The mappings w �→ Au(w) and w �→ Av(w) are non-increasing.

Assumption 1 implies that both agents are more tolerable to risk if they are wealthier. So, if an agent is willing to accept a given risk 
variable, then the agent still wants to accept this risk variable if the agent has a higher initial wealth. This assumption is satisfied by 
exponential (constant absolute risk aversion) utility functions.

We next introduce our solution method. We partition the support of loss, i.e. [0, M], into non-overlapping sub-intervals according to 
Î ′(x), where Î solves (3.6):

[0, M] =
m⋃

i=1

Si, ji , (3.11)

where

ji =

⎧⎪⎪⎨
⎪⎪⎩

1, if Î ′(x) ∈ (1,∞),

2, if Î ′(x) ∈ [0,1],
3, if Î ′(x) ∈ (−∞,0),

(3.12)

where m is the smallest integer that is required for such a partition, and Si, ji and Si+1, ji+1 are adjacent to each other for i = 1, 2, . . . , m −1. 
To simplify the discussion, we assume hereafter that m is finite. Define xi−1 = inf

{
x : x ∈ Si, ji

}
, and let x0 = 0 and xm = M , then the 

partition rule implies that xi = sup
{

x : x ∈ Si, ji

}
and ji �= ji+1 for i = 1, 2, . . . , m − 1. The points {xi}i=1,2,...,m−1 are referred to as the 

change points.
Before presenting the main result of this paper, we need the following definition and lemmas.

Definition 3.1. A continuous function L(x) is said to down-cross the x-axis at point x̂ (i.e., the crossing point) if there exists an ε > 0 such 
that

L(x) ≥ 0 for x ∈ (x̂ − ε, x̂], and L(x) < 0 for x ∈ (x̂, x̂ + ε).

Similarly, a continuous function L(x) is said to up-cross the x-axis at point x̂ if there exists an ε > 0 such that

L(x) ≤ 0 for x ∈ (x̂ − ε, x̂], and L(x) > 0 for x ∈ (x̂, x̂ + ε).

Lemma 3.2. Let Î be defined in (3.4).

(i). If L(x; I∗) down-crosses the x-axis at point x̂, then I∗(x̂) ≥ Î(x̂).
(ii). If L(x; I∗) up-crosses the x-axis at point x̂, then I∗(x̂) ≤ Î(x̂).

Lemma 3.3. Under Assumption 1, the following statements hold.

(i). If ji = 1 and L(x; I∗) up-crosses the x-axis at some point ̂x ∈ (xi−1, xi), where i ∈ {1, 2, . . . , m}, then L(x; I∗) > 0 and L′(x; I∗) > 0 for x ∈ (x̂, xi).
(ii). If ji = 2 and L(x; I∗) down-crosses the x-axis at some point x̂ ∈ (xi−1, xi), where i ∈ {1, 2, . . . , m}, then L(x; I∗) < 0 and L′(x; I∗) < 0 for 

x ∈ (x̂, xi).
(iii). If ji = 2 and L(x; I∗) up-crosses the x-axis at some point ̂x ∈ (xi−1, xi), where i ∈ {1, 2, . . . , m}, then L(x; I∗) > 0 and L′(x; I∗) > 0 for x ∈ (x̂, xi).
(iv). If ji = 3 and L(x; I∗) down-crosses the x-axis at some point x̂ ∈ (xi−1, xi), where i ∈ {1, 2, . . . , m}, then L(x; I∗) < 0 and L′(x; I∗) < 0 for 

x ∈ (x̂, xi).

For the ease of presentation, we define the following function

Ia,b(x) := (x − a)+ − (x − b)+,

where 0 ≤ a ≤ b ≤ M and (z)+ := max{0, z}. The next theorem states the main result of this paper.
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Theorem 3.1. Let Assumption 1 hold. For Problem 1, the optimal risk allocation is given by I∗(x) such that, for x ∈ Sm, jm ,

I∗(x) =

⎧⎪⎪⎨
⎪⎪⎩

I∗(xm−1) + (x − αm,1)+, if jm = 1,

min
{

max
{

Î(x), I∗(xm−1)
}

, I∗(xm−1) + x − xm−1

}
, if jm = 2,

I∗(xm−1) + Ixm−1,αm,3(x), if jm = 3,

where αm,1, αm,3 ∈ [xm−1, M]. For x ∈ Si, ji , with i = 1, 2, . . . , m − 1,

I∗(x) =

⎧⎪⎪⎨
⎪⎪⎩

I∗(xi−1) + Iαi,1,αi,1+I∗(xi)−I∗(xi−1)(x), if ji = 1,

min
{

max
{

Î(x), I∗(xi) + x − xi, I∗(xi−1)
}

, I∗(xi−1) + x − xi−1, I∗(xi)
}

, if ji = 2,

I∗(xi−1) + x − xi−1 − Iαi,3,αi,3+xi−xi−1−(I∗(xi)−I∗(xi−1))(x), if ji = 3,

where αi,1, αi,3 ∈ [xi−1, xi].

From Theorem 3.1 and its proof, we get that when x ∈ Si, ji for i ∈ {1, 2, . . . , m} then

I∗′
(x) =

⎧⎪⎨
⎪⎩

0 or 1, if ji = 1,

0 or 1 or Î ′(x), if ji = 2,

0 or 1, if ji = 3,

whenever the derivative exists. Moreover, Î ′(x) ∈ [0, 1] when x is in the interior of Si,2.
In contrast to Lemma 3.1, Theorem 3.1 states the explicit structure of the optimal risk allocation. It reduces the dimension of Problem 1

from infinity to at most 2m −1, i.e., one needs to optimize the parameters I∗(xi) for i = 1, 2, . . . , m −1 and αi,1 and αi,3 for i = 1, 2, . . . , m. 
Such optimization over the partitioned support has been applied in Chi and Tan (2021), who study an optimal insurance problem in the 
presence of additive background risk. Our Theorem 3.1 is totally built upon Lemma 3.1, which is different from Chi and Tan (2021) who 
apply a stochastic ordering approach to identify the parametric solution.

The optimal risk allocation in Theorem 3.1 that solves Problem 1 does not depend on the parameter k in an explicit way. Note however 
that the parameter k may affect the parameters of I∗ in Theorem 3.1 as well as the side payment c. In fact, the value of this side payment 
c affects the functions Au and Av , which in turn will impact the shape of Î . Therefore, solutions to the general problem in (2.8) may still 
depend on k.

Theorem 3.1 provides the parametric form of the optimal allocation. Its unknown parameters still need to be derived numerically, and 
the numerical optimization may still be very challenging if the number of unknown parameters is large. However, for many particular cases 
with convex, concave or inverse-S-shaped probability weighting functions, the number of unknown parameters is still small. Optimizing 
these parameters could be done by using the enumeration method or readily available optimization algorithms in the modern computing 
software. Numerical illustrations using Theorem 3.1 will be provided in the next two sections.

Remark 3.1. Suppose that X has support [M1, M2] for some finite M1 < M2. Then, we just need to fix I(M1) = c for some c ∈ R. The 
marginal risk allocation formulation, together with the optimization over the partitioned support, could still be applied as in this section 
for the loss X − M1. This loss has the support on the interval [0, M2 − M1]. Thus, the setting of this paper can easily be generalized to 
allow for any support given by a bounded interval.

Remark 3.2. The utility functions u and v are assumed to be defined on the whole real line (i.e., R) so that the two agents’ utilities 
are well defined when their final wealths become negative. However, our results also hold true for the cases where the utility functions 
are defined on the positive real line (such as for power or logarithmic utility functions). In those cases, negative wealth is treated as 
unacceptable by the agent, and the Inada constraint limx→−∞ u′(x) = ∞ needs to be replaced with limx→0 u′(x) = ∞. This leads to a 
constraint on the side payment c and the maximum shared loss I(M) in order to guarantee that the agent’s wealth is always positive even 
in the worst state of the world. Then, for a given side payment c = I(0), the optimization problem can still be handled using the same 
methodology as in this paper.

Remark 3.3. If the number of sub-intervals m were to be infinite, Theorem 3.1 still holds. However, the main contribution of this paper is 
to find the parametric form of the optimal risk allocation, which turns the original infinite-dimensional optimization problem to a finite-
dimensional one. If m is infinite, then as per Theorem 3.1 we still have infinitely many parameters to optimize, which does not really 
reduce the complexity of the problem. Hence, for practical considerations, we assumed that m is finite (and small).

4. Power probability weighting function

The interpretation for the RDEU preferences is two-fold. Firstly, it is used to model the overweighting of extreme events in the sense 
of Quiggin (1993). Secondly, such preference is also closely related to the modeling of the attitude towards ambiguity (Tsanakas and 
Christofides, 2006). Following this second interpretation, when the probability weighting function Ti is convex for i ∈ {1, 2}, V R D EU

i could 
also be understood as a preference relation in which the agent is ambiguous about the probability distribution of the underlying risk. 
Therefore, in this section we consider a special case in which both agents are endowed with convex probability weighting functions. 
Then, the ratio T ′′

i (·)
′ is also referred to as a measure of ambiguity aversion in Tsanakas and Christofides (2006). Similar to the Arrow-Pratt 
Ti (·)
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measure of absolute risk aversion of a utility function, the decision maker is seen as more ambiguity averse if its measure of ambiguity 
aversion is larger.

As a special case, we focus on a specific class of probability weighting functions: the power function given by

Ti(s) = sγi , s ∈ [0,1], i ∈ {1,2},
where γi > 0. In the context of RDEU, this probability weighting function is studied by Stott (2006), and characterized by Diecidue et 
al. (2009). In the context of distortion risk measures (i.e., RDEU with linear utility functions), this probability weighting function was 
introduced by Wang (1995) as the proportional hazards (PH) transform (see also Ludkovski and Young, 2009). The function Ti is strictly 
convex when γi > 1 and strictly concave when γi < 1. In this section, we assume that both agents use convex power functions, and that 
Agent 2 uses a more convex probability weighting function than Agent 1 in the sense that γ2 > γ1 > 1. Then, we readily derive that 
T ′′

2 (s)
T ′

2(s)
− T ′′

1 (s)
T ′

1(s)
= γ2−γ1

s > 0 for all s ∈ (0, 1]. Furthermore, we assume that both agents use exponential utilities:

u(x) = −exp(−ψ1x), v(x) = −exp(−ψ2x), (4.1)

with absolute risk aversion parameters ψ1, ψ2 > 0.
Based on the above setting and by fixing the side payment c ∈R, we first derive the element-wise solution by directly solving (3.6):

Î(x) = ψ2x

ψ1 + ψ2
+ (γ2 − γ1) log F X (x) + log(γ2/γ1) + log k + log(ψ2/ψ1) + ψ1(w1 − c) − ψ2(w2 + c)

ψ1 + ψ2
,

whose first-order derivative is given by

Î ′(x) = ψ2 + (γ2 − γ1)
f X (x)
F X (x)

ψ1 + ψ2
.

The following corollary states the optimal risk allocation under the setting of this section, which sheds more light on Theorem 3.1.

Corollary 4.1. If both agents are exponential utility maximizers and apply the power probability weighting function such that γ2 > γ1 > 1. Then, the 
following holds for Problem 1:

• if log F X (·) is concave on [0, M], then the optimal risk allocation I∗ is given by:

I∗(x) = min {K2, (x − K1)+}1[0,x̃](x) + min
{

max{K2, Î(x)}, K2 + x − x̃
}
1(x̃,M](x),

where 0 ≤ K1 ≤ x̃ − K2 , 0 ≤ K2 ≤ x̃, and

x̃ = inf S := {x ∈ [0, M] : f X (x)

F X (x)
≤ ψ1

γ2 − γ1
},

with the convention x̃ = 0 if S = ∅;
• if log F X (·) is convex on [0, M], then the optimal risk allocation I∗ is given by:

I∗(x) = min
{

max
{

Î(x), K1 + x − x̃,0
}

, x, K1

}
1[0,x̃](x) + (K1 + (x − K2)+)1(x̃,M](x),

where 0 ≤ K1 ≤ x̃ ≤ K2 ≤ M, and

x̃ = inf S :=
{

x ∈ [0, M] : f X (x)

F X (x)
≥ ψ1

γ2 − γ1

}
,

with the convention x̃ = 0 if S = ∅.

Corollary 4.1 is a direct consequence of Theorem 3.1. If log F X (·) is concave on [0, M], then it holds that m = 2, j1 = 1, and j2 = 2. 
Moreover, if log F X (·) is convex on [0, M], then it holds that m = 2, j1 = 2, and j2 = 1. The optimal allocation is illustrated in Fig. 1. It 
is worth pointing out that Î and the optimal values of K1 and K2 are affected by the side payment c, which is fixed in Corollary 4.1. 
Analytical forms of K1 and K2 are generally difficult to obtain due to the complexity of the risk allocation function and the RDEU 
preference.2 Generally, numerical methods are applied to approximate the optimal solution. For example, one can use readily available 
packages in MATLAB (e.g., “fmincon” or “patternsearch”). The globally optimal parameters K1 and K2 could be approximated via a grid 
search, and such numerical method is adopted in the following numerical examples of this paper. Since this paper does not aim to develop 
new numerical methodologies, we will not further discuss our numerical optimization method.

The relationship between the log-concavity (or log-convexity) of a PDF and the log-concavity (or log-convexity) of its CDF has been 
extensively studied in the literature. We refer the interested readers to Bagnoli and Bergstrom (2005) for a comprehensive review. In 
particular, the log-concavity of a CDF is inherited from its PDF. Prékopa (1973) and Bagnoli and Bergstrom (2005) show that if the 
density function f X is continuously differentiable and log-concave, then log F X (x) is concave. Moreover, if the density function f X is 
continuously differentiable, log-convex, and such that f X (0) = 0, then log F X (x) is convex. Table 1 of Bagnoli and Bergstrom (2005) shows 
some distributions with log-concave PDFs, from which we find that many commonly used distributions satisfy this property. Besides 
investigating the log-concavity/log-convexity of PDFs and their CDFs, Bagnoli and Bergstrom (2005) also review in detail the applications 
of the log-concave (or log-convex) PDFs in a variety of fields, such as reliability theory, labor economics and search theory.

2 For instance, in Arrow’s classical expected-utility-based model where the optimal indemnity function is of the excess-of-loss form, the explicit optimal retention point is 
generally hard to derive.
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Fig. 1. The optimal risk sharing allocations for the case where log F X (·) is concave or convex.

5. Numerical examples

5.1. An example with inverse-S-shaped probability weighting function

In this section, we solve Problem (2.6) in another concrete example to illustrate the application of our main result, i.e. Theorem 3.1. 
We adopt the following initial setting:

• The loss variable X follows an exponential distribution with parameter 1/400 that is truncated at 1000, i.e.,

F X (x) = 1 − exp(− x
400 )

1 − exp(− 1000
400 )

for x ∈ [0,1000],

and the initial endowments ζ1, ζ2 such that ζ1 + ζ2 = X are irrelevant.
• The probability weighting functions for both agents are as in Tversky and Kahneman (1992), i.e.,

Ti(s) = sγi

(sγi + (1 − s)γi )
1
γi

for s ∈ [0,1], i ∈ {1,2},

where γ1 = 0.5 and γ2 = 0.75. It is shown by Rieger and Wang (2006) that this probability weighting function is inverse-S-shaped for 
γi ∈ (0.279, 1).

• The two agents are both exponential utility maximizers as in (4.1), with ψ1 = 0.001 and ψ2 = 0.002. The certainty equivalents3 are 
respectively 1.85 and 1.48 times the expectation E[X].

• The initial wealth of the two agents is given by w̃1 = w̃2 = 1000.
• The relative negotiation power parameter of Agent 2 is set equal to k = 1.

The probability weighting functions, together with the ratio T ′′
i (·)

T ′
i (·) , are shown in Fig. 2. We can see that

• Compared with Agent 2, Agent 1 overweights more the probabilities for the extremely good and bad outcomes.

3 Certainty equivalents, denoted by cm,1 and cm,2, are calculated by solving ∫ M
0 u(w̃1 −x)T ′

1(F X (x))dF X (x) = u(w̃1 −cm,1) and ∫ M
0 v(w̃2 −x)T ′

2(F X (x))dF X (x) = v(w̃2 −cm,2)

respectively.
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Fig. 2. The probability weighting functions Ti and their corresponding measures of ambiguity aversion
T ′′

i (·)
T ′

i (·) , as defined by Tsanakas and Christofides (2006).

Fig. 3. The function Î ′(x) for x ∈ [0,1000].

• Compared with Agent 2, Agent 1 uses a more concave function to evaluate good outcomes and a more convex function to evaluate 
bad outcomes of the wealth. Convexity of the probability weighting function, in combination with concavity of the utility function, 
can be understood as aversion to mean-preserving spreads (Chew et al., 1987).

As mentioned in Section 2, solving Problem (2.6) comprises of two steps. We first fix the side payment I(0) = c and solve Problem 1
for given I(0) = c. Thereafter, we optimize the side payment c itself. Thus, we first fix I(0) = c. To apply Theorem 3.1, the support of the 
loss needs to be partitioned as per (3.11) and (3.12), which are based on the information of Î ′(x). Solving Eq. (3.6) yields

Î(x) = ψ2x

ψ1 + ψ2
+ log(T ′

2(F X (x))/T ′
1(F X (x))) + log k + logψ2 − logψ1 + ψ1(w̃1 − c) − ψ2(w̃2 + c)

ψ1 + ψ2
.

Fig. 3 exhibits Î ′(x) for x ∈ [0, 1000], from which we know that there are two change points, i.e. x1 ≈ 111 and x2 ≈ 668, and [0, 1000] =
[0, x1) ∪ [x1, x2] ∪ (x2, 1000] where

Î ′(x)

⎧⎪⎨
⎪⎩

∈ (1,∞), if x ∈ [0, x1),

∈ [0,1], if x ∈ [x1, x2].
∈ (−∞,0), if x ∈ (x2,1000].

Applying Theorem 3.1 yields I∗ ∈ I0, given by

I∗(x) =

⎧⎪⎨
⎪⎩

min{max{x − D1,0}, I∗(x1)}, x ∈ [0, x1),

min{max{ Î(x), I∗(x2) + x − x2, I∗(x1)}, I∗(x1) + x − x1, I∗(x2)}, x ∈ [x1, x2],
min{I∗(x ) + x − x , D }, x ∈ (x ,1000],
2 2 2 2

370



T.J. Boonen and W. Jiang Insurance: Mathematics and Economics 107 (2022) 361–378
Fig. 4. The optimal risk allocation I∗ , and its comparison with Î .

Fig. 5. The probability weighting function T1 with different parameter values γ1.

where the parameters D1, I∗(x1), I∗(x2) and D2 satisfy⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 ≤ D1 ≤ x1,

0 ≤ I∗(x1) ≤ x1 − D1,

I∗(x1) ≤ I∗(x2) ≤ x2 − x1 + I∗(x1),

I∗(x2) ≤ D2 ≤ 1000 − x2 + I∗(x2).

In addition to optimizing the above parameters, we also need to optimize the side payment c in the second step. In this example with 
k = 1, the optimal parameters are given by D∗

1 = 0, I∗(x1) = 110.26, I∗(x2) = 285.41, D∗
2 = 285.41, and the optimal side payment c∗ is 

equal to approximately −22.65. The optimal risk allocation I∗(X) + c∗ is shown in Fig. 4. For comparison, Î(X) is also displayed in the 
same figure.

5.2. Sensitivity analysis

In this section, we conduct a sensitivity analysis of the optimal risk allocation. Based on the initial setting in Section 5.1, we change 
the parameter value γ1 of the probability weighting function T1, and set it equal to 0.6 or 0.7 such that Agent 1 overweights less the 
extremely good and bad outcomes. Fig. 5 shows the probability weighting function T1 with different parameter values of γ1.

By applying the same procedure as in Section 5.1, we derive the optimal risk allocations for different values of γ1, as well as the 
optimal side payments (see Fig. 6). The optimal parameters for the considered three cases are summarized in Table 1.

Interestingly, Fig. 6 shows that when Agent 1 overweights less the extremely good and bad outcomes, it will reduce its allocated risk 
for the small losses while increase the allocated risk for the large losses. By doing so, the overall expected coverage for Agent 1 decreases; 
for γ1 equal to 0.5, 0.6, and 0.7, we find that E[I∗(X) + c∗] is equal to approximately 174.08, 145, and 116.55, respectively.
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Table 1
The optimal parameters for the three cases: γ1 = 0.5, 0.6 and 
0.7.

D∗
1 I∗(x1) I∗(x2) D∗

2 c∗

γ1 = 0.5 0 110.26 285.41 285.41 −22.65
γ1 = 0.6 0 106.50 410.25 410.25 −84.76
γ1 = 0.7 0 62.50 574.02 574.02 −117.14

Fig. 6. The optimal risk allocation for different parameter values of γ1.

6. Conclusion and future research

This paper studies bilateral risk sharing in a comonotone market when both agents are endowed with RDEU. This framework allows 
us to investigate not only the effect of utility function but also the effect of probability weighting on the risk allocation. Moreover, the 
market is restricted, and allows only for comonotonic risk allocations. The comonotonicity between the allocated risks plays a vital role 
in preventing moral hazard behaviors, and guarantees that both agents will gain or lose money simultaneously. It also brings non-trivial 
challenges to solving for optimal risk allocations. A general solution to an unconstrained model is characterized. To solve the constrained 
model that only allows for comonotonic risk allocations, we partition the support of risk into disjoint pieces based on the unconstrained 
solution to the model. We then derive the explicit parametric form of the optimal risk allocation on each piece. By assuming that both 
agents are exponential utility maximizers and use specific convex or inverse-S-shaped probability weighting functions, we present two 
concrete examples to show the applicability of our main result.

We conclude this paper with two suggestions for further research. Firstly, it would be interesting to let the preferences of agents be 
given by Cumulative Prospect Theory (CPT). CPT captures different attitudes of agents toward gains and losses relative to a reference point. 
Secondly, it would be a fundamental improvement to extend the bilateral risk-sharing setting of this paper to a multiple agent setting. 
These two extensions would inevitably give rise to new technical difficulties, which require different and new techniques to derive an 
optimal risk allocation.
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Appendix A

Proof of Lemma 3.1.
Let V(I) = V R D EU

1 (W1(I; X)) + kV R D EU
2 (W2(I; X)). Suppose that I∗ ∈ I0 is the solution to Problem 1. For any I ∈ I0, it holds that 

(1 − ε)I∗ + ε I ∈ I0 for any ε ∈ [0, 1], which is due to the convexity of the set I0.
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From (3.3) and the strict concavity of u and v , we get that

d2V((1 − ε)I∗ + ε I)

dε2

=
M∫

0

{
u′′(w1 − (1 − ε)I∗(x) − ε I(x))(I∗(x) − I(x))2T ′

1(F X (x))

+kv ′′(w2 − x + (1 − ε)I∗(x) + ε I(x))(I(x) − I∗(x))2T ′
2(F X (x))

}
dF X (x) < 0.

This implies that the sufficient and necessary condition for I∗ to be optimal for Problem 1 is

dV((1 − ε)I∗ + ε I)

dε

∣∣∣
ε=0

≤ 0,

which is equivalent to

M∫
0

{
u′(w1 − I∗(x))(I∗(x) − I(x))T ′

1(F X (x)) − kv ′(w2 − x + I∗(x))(I∗(x) − I(x))T ′
2(F X (x))

}
dF X (x) ≤ 0

and thus

M∫
0

{
u′(w1 − I∗(x))T ′

1(F X (x)) − kv ′(w2 − x + I∗(x))T ′
2(F X (x))

}
I∗(x)dF X (x)

≤
M∫

0

{
u′(w1 − I∗(x))T ′

1(F X (x)) − kv ′(w2 − x + I∗(x))T ′
2(F X (x))

}
I(x)dF X (x).

Thus, I∗ also solves the following problem

min
I∈I0

M∫
0

{
u′(W1(I∗; x))T ′

1(F X (x)) − kv ′(W2(I∗; x))T ′
2(F X (x))

}
I(x)dF X (x).

The objective function of the above problem could be re-written as∫ M
0

{
u′(W1(I∗; x))T ′

1(F X (x)) − kv ′(W2(I∗; x))T ′
2(F X (x))

}
I(x)dF X (x)

= ∫ M
0

{
u′(W1(I∗; x))T ′

1(F X (x)) − kv ′(W2(I∗; x))T ′
2(F X (x))

}{∫ x
0 h(t)dt

}
dF X (x)

= ∫ M
0

{∫ M
t {u′(W1(I∗; x))T ′

1(F X (x)) − kv ′(W2(I∗; x))T ′
2(F X (x))}dF X (x)

}
h(t)dt. (A.1)

Now let

L(x; I∗) =
M∫

x

{u′(W1(I∗; t))T ′
1(F X (t)) − kv ′(W2(I∗; t))T ′

2(F X (t))}dF X (t).

To minimize (A.1) one only needs to minimize its integrand function L(x; I∗) for each x ∈ [0, M] a.e., which leads to

h∗(x) =

⎧⎪⎨
⎪⎩

1, if L(x; I∗) < 0,

ϕ(x), if L(x; I∗) = 0,

0, if L(x; I∗) > 0,

for all x ∈ [0, M] a.e., where ϕ(x) ∈ [0, 1] is such that h∗ ∈J . This concludes the proof.

Proof of Lemma 3.2.
We prove this lemma through contradiction.
If L(x; I∗) down-crosses the x-axis at point x̂, then as per Definition 3.1, there exists an ε > 0 such that L(x̂− ε̃; I∗) ≥ 0 and L(x̂+ ε̃; I∗) <

0 for any ε̃ ∈ (0, ε). This leads to

L(x̂ − ε̃; I∗) − L(x̂ + ε̃; I∗) =
x̂+ε̃∫

x̂−ε̃

{
u′(W1(I∗; t))T ′

1(F X (t)) − kv ′(W2(I∗; t))T ′
2(F X (t))

}
dF X (t) > 0. (A.2)

If I∗(x̂) < Î(x̂), then according to the continuity of I∗ and Î , there exists an ε̂ ∈ (0, ε) such that I∗(x) < Î(x) for any x ∈ (x̂ − ε̂, ̂x + ε̂). 
This leads to
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x̂+ε̂∫
x̂−ε̂

{
u′(W1(I∗; t))T ′

1(F X (t)) − kv ′(W2(I∗; t))T ′
2(F X (t))

}
dF X (t)

≤
x̂+ε̂∫

x̂−ε̂

{
u′(W1( Î; t))T ′

1(F X (t)) − kv ′(W2( Î; t))T ′
2(F X (t))

}
dF X (t) = 0,

where the inequality is due to the concavity of u and v , and the equality is due to that Î solves Eq. (3.6). This contradicts with (A.2), and, 
therefore, I∗(x̂) ≥ Î(x̂).

The proof for the case where L(x; I∗) up-crosses the x-axis is similar and thus omitted. This concludes the proof.

Proof of Lemma 3.3.
If L(x; I∗) up-crosses the x-axis at some point x̂ ∈ (xi−1, xi), as per Definition 3.1, there exists an ε > 0 such that L(x; I∗) > 0 for 

x ∈ (x̂, ̂x + ε). Due to the continuity and differentiability of L(·; I∗), by using the mean value theorem we get that there exists a point 
x∗ ∈ (x̂, ̂x + ε) such that

L(x∗; I∗) > 0 and L′(x∗; I∗) > 0. (A.3)

Similarly, if L(x; I∗) down-crosses the x-axis at some point x̂ ∈ (xi−1, xi), then there exists a point x∗∗ ∈ (x̂, ̂x + ε) such that

L(x∗∗; I∗) < 0 and L′(x∗∗; I∗) < 0. (A.4)

Next, we prove the statements (i), (ii), and (iii).

Proof of (i).
If ji = 1 and L(x; I∗) up-crosses the x-axis at some point in (xi−1, xi), then there exists a point x∗ such that (A.3) holds. From Lemma 3.1

we get that (I∗)′(x∗) = 0. Since ji = 1, we have Î ′(x) > 1 for x ∈ (xi−1, xi), which, according to Eq. (3.7), is equivalent to(
T ′′

2 (F X (x))

T ′
2(F X (x))

− T ′′
1 (F X (x))

T ′
1(F X (x))

)
f X (x) > Au(W1( Î; x)) ≥ 0 (A.5)

for x ∈ (xi−1, xi). Note that L′(x; I∗) = T ′
2(F X (x)) · K̃ (x) · f X (x), where

K̃ (x) = kv ′(W2(I∗; x)) − u′(W1(I∗; x))
T ′

1(F X (x))

T ′
2(F X (x))

.

Then L′(x∗; I∗) > 0 implies that K̃ (x∗) > 0.
Furthermore, based on (I∗)′(x∗) = 0 and (A.5), we have

K̃ ′(x∗) = kv ′′(W2(I∗; x∗))((I∗)′(x∗) − 1) + u′′(W1(I∗; x∗))(I∗)′(x∗)
T ′

1(F X (x∗))
T ′

2(F X (x∗))

− u′(W1(I∗; x∗))
T ′′

1 (F X (x∗))T ′
2(F X (x∗)) − T ′

1(F X (x∗))T ′′
2 (F X (x∗))

(T ′
2(F X (x∗)))2

f X (x∗)

= − kv ′′(W2(I∗; x∗))

− u′(W1(I∗; x∗))
T ′

1(F X (x∗))
T ′

2(F X (x∗))

(
T ′′

1 (F X (x∗))
T ′

1(F X (x∗))
− T ′′

2 (F X (x∗))
T ′

2(F X (x∗))

)
f X (x∗) > 0.

Therefore, L(·; I∗) is strictly increasing and positive on a neighborhood of x∗ . Repeating this for all x ∈ [x∗, xi), we find that L(x; I∗) > 0.
Note that x∗ ∈ (x̂, ̂x + ε); by letting ε → 0 we get that L(x; I∗) > 0 and L′(x; I∗) > 0 for x ∈ (x̂, xi). This ends the proof.

Proof of (ii).
If ji = 2 and L(x; I∗) down-crosses the x-axis at some point in (xi−1, xi), then there exists a point x∗∗ such that (A.4) holds. From 

Lemma 3.1, it follows that (I∗)′(x∗∗) = 1. Note that L′(x; I∗) = T ′
1(F X (x)) · K (x) · f X (x), where

K (x) = kv ′(W2(I∗; x))
T ′

2(F X (x))

T ′
1(F X (x))

− u′(W1(I∗; x)).

From (A.4), we get that K (x∗∗) < 0, and thus

kv ′(W2(I∗; x∗∗))
T ′

2(F X (x∗∗))
T ′

1(F X (x∗∗))
− u′(W1(I∗; x∗∗)) < 0. (A.6)

Furthermore, given that ji = 2, we have Î ′(x∗∗) ∈ [0, 1], which, according to Eq. (3.7), implies that(
T ′′

2 (F X (x∗∗))
T ′ (F (x∗∗))

− T ′′
1 (F X (x∗∗))

T ′ (F (x∗∗))

)
f X (x∗∗) ≤ Au(W1( Î; x∗∗)). (A.7)
2 X 1 X
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Then,

K ′(x∗∗) = kv ′′(W2(I∗; x∗∗))((I∗)′(x∗∗) − 1)
T ′

2(F X (x∗∗))
T ′

1(F X (x∗∗))

+ kv ′(W2(I∗; x∗∗))
T ′′

2 (F X (x∗∗))T ′
1(F X (x∗∗)) − T ′

2(F X (x∗∗))T ′′
1 (F X (x∗∗))

(T ′
1(F X (x∗∗)))2

f X (x∗∗)

+ u′′(W1(I∗; x∗∗))(I∗)′(x∗∗)

= kv ′(W2(I∗; x∗∗))
T ′

2(F X (x∗∗))
T ′

1(F X (x∗∗))

(
T ′′

2 (F X (x∗∗))
T ′

2(F X (x∗∗))
− T ′′

1 (F X (x∗∗))
T ′

1(F X (x∗∗))

)
f X (x∗∗) + u′′(W1(I∗; x∗∗)).

We distinguish the following two situations:

• If T ′′
2 (F X (x∗∗))

T ′
2(F X (x∗∗))

− T ′′
1 (F X (x∗∗))

T ′
1(F X (x∗∗))

< 0, then K ′(x∗∗) < u′′(W1(I∗; x∗∗)) ≤ 0.

• If T ′′
2 (F X (x∗∗))

T ′
2(F X (x∗∗))

− T ′′
1 (F X (x∗∗))

T ′
1(F X (x∗∗))

≥ 0 then based on (A.6) and (A.7),

K ′(x∗∗) < u′(W1(I∗; x∗∗))
(

T ′′
2 (F X (x∗∗))

T ′
2(F X (x∗∗))

− T ′′
1 (F X (x∗∗))

T ′
1(F X (x∗∗))

)
f X (x∗∗) + u′′(W1(I∗; x∗∗))

≤ u′(W1(I∗; x∗∗))Au(W1( Î; x∗∗)) + u′′(W1(I∗; x∗∗))

= u′(W1(I∗; x∗∗))
(

Au(W1( Î; x∗∗)) − Au(W1(I∗; x∗∗))
)

.

Lemma 3.2 implies that if L(x; I∗) down-crosses the x-axis at point x̂, then Î(x̂) ≤ I∗(x̂). From Definition 3.1, it follows that L(x; I∗) < 0
for t ∈ (x̂, x∗∗), therefore as per Lemma 3.1 (I∗)′(x) = 1 ≥ Î ′(x) on this interval. This leads to I∗(x∗∗) ≥ Î(x∗∗). Under Assumption 1, we 
have Au(W1( Î; x∗∗)) ≤ Au(W1(I∗; x∗∗)). This yields K ′(x∗∗) < 0.

Therefore, we prove that K ′(x∗∗) < 0. This implies that L(x; I∗) remains strictly decreasing at x = x∗∗ , which implies that L(x; I∗) remains 
negative for x in a neighborhood of x∗∗ . Repeating this result for x ∈ [x∗∗, xi), we obtain that K (x) < 0. So, L(x; I∗) < 0 for x ∈ [x∗∗, xi)

since L(·; I∗) is strictly decreasing on this interval.
Note that x∗∗ ∈ (x̂, ̂x + ε), by letting ε → 0 we get that L(x; I∗) < 0 and L′(x; I∗) < 0 for x ∈ (x̂, xi). This ends the proof.

Proof of (iii).
The proof is similar to that of (ii) and thus omitted.

Proof of (iv).
If ji = 3 and L(x; I∗) down-crosses the x-axis at some point in (xi−1, xi), then there exists a point x∗∗ such that (A.4) holds. As per 

Lemma 3.1 we get that (I∗)′(x∗∗) = 1. Given that ji = 3, we have Î ′(x) < 0 for x ∈ (xi−1, xi), which, according to Eq. (3.7), is equivalent to(
T ′′

2 (F X (x))

T ′
2(F X (x))

− T ′′
1 (F X (x))

T ′
1(F X (x))

)
f X (x) < −Av(W2( Î; x)) ≤ 0 (A.8)

for x ∈ (xi−1, xi). Note that L′(x; I∗) = T ′
1(F X (x)) · K (x) · f X (x), where

K (x) = kv ′(W2(I∗; x))
T ′

2(F X (x))

T ′
1(F X (x))

− u′(W1(I∗; x)).

Again, L′(x∗∗; I∗) < 0 implies that K (x∗∗) < 0.
Furthermore, from (I∗)′(x∗∗) = 1 and (A.8), we get

K ′(x∗∗) = kv ′′(W2(I∗; x∗∗))((I∗)′(x∗∗) − 1)
T ′

2(F X (x∗∗))
T ′

1(F X (x∗∗))

+ kv ′(W2(I∗; x∗∗))
T ′′

2 (F X (x∗∗))T ′
1(F X (x∗∗)) − T ′

2(F X (x∗∗))T ′′
1 (F X (x∗∗))

(T1(F X (x∗∗)))2
f X (x∗∗)

+ u′′(W1(I∗; x∗∗))(I∗)′(x∗∗)

= kv ′(W2(I∗; x∗∗))
T ′

2(F X (x∗∗))
T ′

1(F X (x∗∗))

(
T ′′

2 (F X (x∗∗))
T ′

2(F X (x∗∗))
− T ′′

1 (F X (x∗∗))
T ′

1(F X (x∗∗))

)
f X (x∗∗)

+ u′′(W1(I∗; x∗∗)) < 0.

Therefore, L(x; I∗) < 0 for x ∈ [x∗∗, xi) since L(·; I∗) is strictly decreasing on this interval.
Note that x∗∗ ∈ (x̂, ̂x + ε), by letting ε → 0 we get that L(x; I∗) < 0 and L′(x; I∗) < 0 for x ∈ (x̂, xi). This concludes the proof.

Proof of Theorem 3.1.
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Depending on the sub-interval of x (i.e., Si, ji ), as well as the value of ji , Theorem 3.1 concludes six cases. We provide detailed proofs 
for all these cases in the following.

Case 1: I∗(x) = I∗(xm−1) + (x − αm,1)+ when x ∈ Sm, jm and jm = 1
Proving this case is equivalent to proving that, for x ∈ (xm−1, M),

h∗(x) = 1[t1,M)(x), (A.9)

where t1 ∈ [xm−1, M].
In this case jm = 1. As per Lemma 3.3, if L(x; I∗) up-crosses the x-axis at the point x̂ ∈ (xm−1, M), then L(x; I∗) > 0 and L′(x; I∗) > 0

for x ∈ (x̂, M). Take an arbitrary point x∗ ∈ (x̂, M), we have

L(x∗; I∗) =
M∫

x∗
−L′(t; I∗)dt < 0,

which contradicts with L(x∗; I∗) > 0. Therefore we get that L(x; I∗) cannot up-cross the x-axis on (xm−1, M).
Moreover, L(x; I∗) = 0 cannot hold on any sub-interval of Sm,1. Otherwise, L′(x; I∗) = 0 on that sub-interval, which yields I∗(x) = Î(x)

on that sub-interval. However, Î ′(x) > 1 for x ∈ Sm,1, which yields a contradiction.
Define

S1 = {
x ∈ (xm−1, M) : L(x; I∗) ≤ 0

}
and t1 = infS1,

with the convention that t1 = M if S1 = ∅. Then, L(x; I∗) > 0 on (xi−1, t1) and L(x; I∗) ≤ 0 on [t1, M). Applying Lemma 3.1 yields the 
optimal marginal risk allocation (A.9).

Case 2: I∗(x) = min
{

max
{

Î(x), I∗(xm−1)
}

, I∗(xm−1) + x − xm−1

}
when x ∈ Sm, jm and jm = 2

Proving this case is equivalent to proving that, for x ∈ (xm−1, M),

h∗(x) = 1(xm−1,t2)(x) + Î ′(x)1[t2,M)(x) or h∗(x) = Î ′(x)1[t2,M)(x), (A.10)

where t2 ∈ [xm−1, M].
In this case, it holds that jm = 2. As per Lemma 3.3, if L(x; I∗) up-crosses the x-axis at the point x̂ ∈ (xm−1, M), then L(x; I∗) > 0 and 

L′(x; I∗) > 0 for x ∈ (x̂, M). Take an arbitrary point x∗ ∈ (x̂, M). We have

L(x∗; I∗) =
M∫

x∗
−L′(t; I∗)dt < 0,

which contradicts with L(x∗; I∗) > 0.
If L(x; I∗) down-crosses the x-axis at the point x̂ ∈ (xm−1, M), then L(x; I∗) < 0 and L′(x; I∗) < 0 for x ∈ (x̂, M). Take an arbitrary point 

x∗∗ ∈ (x̂, M), we have

L(x∗∗; I∗) =
M∫

x∗∗
−L′(t; I∗)dt > 0,

which contradicts with L(x∗∗; I∗) < 0. Therefore, we conclude that: if jm = 2, then L(x; I∗) can neither up-cross nor down-cross the x-axis.
Define

S2 = {
x ∈ (xm−1, M) : L(x; I∗) = 0

}
and t2 = infS2,

with the convention that t2 = M if S2 = ∅. Then, L(x; I∗) ≶ 0 for x ∈ (xm−1, t2) and L(x; I∗) = 0 for x ∈ [t2, M). Since L(x; I∗) = 0 leads to 
(I∗)′(x) = Î ′(x), we get the optimal marginal risk allocation (A.10) by using Lemma 3.1.

Case 3: I∗(x) = I∗(xm−1) + Ixm−1,αm,3(x) when x ∈ Sm, jm and jm = 3
Proving this case is equivalent to proving that, for x ∈ (xm−1, M),

h∗(x) = 1(xm−1,t3)(x), (A.11)

where t3 ∈ [xm−1, M].
In this case jm is equal to 3. As per Lemma 3.3, if L(x; I∗) down-crosses the x-axis at the point x̂ ∈ (xm−1, M), then L(x; I∗) < 0 and 

L′(x; I∗) < 0 for x ∈ (x̂, M). Take an arbitrary point x∗∗ ∈ (x̂, M), we have

L(x∗∗; I∗) =
M∫

x∗∗
−L′(t; I∗)dt > 0,

which contradicts with L(x∗∗; I∗) < 0. Therefore we conclude that: if jm = 3, then L(x; I∗) cannot down-cross the x-axis.
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Similar to the proof of Case 1, L(x; I∗) = 0 cannot hold on any sub-interval of Sm,3. Define

S3 = {
x ∈ (xm−1, M) : L(x; I∗) ≥ 0

}
and t3 = infS3,

with the convention that t3 = M if S3 = ∅. Then, L(x; I∗) < 0 for x ∈ (xm−1, t3) and L(x; I∗) ≥ 0 for x ∈ [t3, M). Applying Lemma 3.1 yields 
the optimal marginal risk allocation (A.11).

Case 4: I∗(x) = I∗(xi−1) + Iαi,1,αi,1+I∗(xi)−I∗(xi−1)(x) when x ∈ Si, ji for some i ∈ {1, 2, . . . , m − 1} and ji = 1
Proving this case is equivalent to proving that, for x ∈ (xi−1, xi),

h∗(x) = 1[t4,t5)(x), (A.12)

where xi−1 ≤ t4 ≤ t5 ≤ xi .
In this case, ji is equal to 1. As per Lemma 3.3, if L(x; I∗) up-crosses the x-axis at the point x̂ ∈ (xi−1, xi), then L(x; I∗) > 0 and 

L′(x; I∗) > 0 for x ∈ (x̂, xi). Define

S4 = {
x ∈ (xi−1, xi) : L(x; I∗) ≤ 0

}
and t4 = infS4

and

S5 = {
x ∈ (t4, xi) : L(x; I∗) ≥ 0

}
and t5 = infS5.

Then, L(x; I∗) > 0 for x ∈ (xi−1, t4), L(x; I∗) ≤ 0 for x ∈ [t4, t5), and L(x; I∗) ≤ 0 for x ∈ [t5, xi). Applying Lemma 3.1 yields the optimal 
marginal risk allocation (A.12).

Case 5: I∗(x) = min
{

max
{

Î(x), I∗(xi) + x − xi, I∗(xi−1)
}

, I∗(xi−1) + x − xi−1, I∗(xi)
}

when x ∈ Si, ji for some i ∈ {1, 2, . . . , m − 1} and ji = 2

Proving this case is equivalent to proving that, for x ∈ (xi−1, xi), one of the following four cases holds for some t6, t7 such that xi−1 ≤
t6 ≤ t7 ≤ xi :

(1). h∗(x) = 1(xi−1,t6)∪(t7,xi)(x) + Î ′(x)1[t6,t7](x),

(2). h∗(x) = 1(xi−1,t6)(x) + Î ′(x)1[t6,t7](x),

(3). h∗(x) = Î ′(x)1[t6,t7](x) + 1(t7,xi)(x),
(4). h∗(x) = Î ′(x)1[t6,t7](x).

We first prove that there exists at most one sub-interval of Si,2 on which L(x; I∗) = 0. If there are two disjoint sub-intervals, e.g. [a, b]
and [c, d] where b < c, such that L(x; I∗) = 0 for x ∈ [a, b] ∪ [c, d], then L(x; I∗) must up-cross or down-cross the x-axis at the point b. 
Based on Lemma 3.3, if L(x; I∗) up-crosses the x-axis at b, then L(x; I∗) > 0 for x ∈ (b, xi), which contradicts with that L(x; I∗) = 0 on 
[c, d] ⊆ (b, xi). The case where L(x; I∗) down-crosses the x-axis could be analyzed in a similar way and is therefore omitted.

Denote by t6 and t7 the left and right endpoints of the sub-interval on which L(x; I∗) = 0. Then, depending on the sign of L(x; I∗) on 
(xi−1, t6) and (t7, xi), the optimal marginal risk allocation shown by (1)-(4) above could be readily derived using Lemma 3.1.

Case 6: I∗(x) = I∗(xi−1) + x − xi−1 − Iαi,3,αi,3+xi−xi−1−(I∗(xi)−I∗(xi−1))(x) when x ∈ Si, ji for some i ∈ {1, 2, . . . , m − 1} and ji = 3
Proving this case is equivalent to proving that, for x ∈ (xi−1, xi),

h∗(x) = 1(xi−1,t8)(x) + 1[t9,xi)(x), (A.13)

where xi−1 ≤ t8 ≤ t9 ≤ xi .
In this case ji = 3. As per Lemma 3.3, if L(x; I∗) down-crosses the x-axis at the point x̂ ∈ (xi−1, xi), then L(x; I∗) < 0 and L′(x; I∗) ≤ 0

for x ∈ (x̂, xi). Define

S8 = {
x ∈ (xi−1, xi) : L(x; I∗) ≥ 0

}
and t8 = infS8,

and

S9 = {
x ∈ (t8, xi) : L(x; I∗) ≤ 0

}
and t9 = infS9.

Then L(x; I∗) < 0 for x ∈ (xi−1, t8), L(x; I∗) ≥ 0 for x ∈ [t8, t9), and L(x; I∗) ≤ 0 for x ∈ [t9, xi). Applying Lemma 3.1 yields the optimal 
marginal risk allocation (A.13).

To conclude the proof, we show that I∗ is non-decreasing and satisfies the 1-Lipschitz continuity. For x ∈ Si, ji with i ∈ {1, 2, . . . , m}, we 
obtain

I∗′
(x) =

⎧⎪⎨
⎪⎩

0 or 1, if ji = 1,

0 or 1 or Î ′(x), if ji = 2,

0 or 1, if ji = 3,

whenever the derivative exists. Note that Î ′(x) ∈ [0, 1] when x is in the interior of Si,2. Therefore, it holds that I∗′(x) ∈ [0, 1] a.e. Moreover, 
I∗ is continuous, and I∗ is non-differentiable at only finitely many points. This implies that I∗ is non-decreasing and satisfies the 1-
Lipschitz continuity as required by (2.5).
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