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Chapter 1

Introduction

1.1 Positioning of this Thesis

Psychological measurement aims at measuring an unobservable psychological construct

(e.g., an attribute, skill, or ability) by means of observable variables such as items in a test

or questionnaire (e.g., Sijtsma & Van der Ark, 2020, pp. 5–6). This type of measurement

is omnipresent in many areas of the social and behavioral sciences, including education,

clinical psychology, personality assessment, and (health-related) quality of life research.

Common practice is to use the test score (e.g., the sum or mean score across the items

in a test) to measure respondents’ levels on the psychological construct. For example,

one may claim that higher test scores on a questionnaire for extraversion represent higher

levels of extraversion in respondents, or that students with a dyslexia test score exceeding

a preset cut-off point have such severe reading difficulties they should receive learning

support.

Item response theory (IRT) models are psychometric measurement models used to

relate item scores to the psychological construct, in which the construct is represented by

a (possibly multidimensional) latent variable (e.g., Bartholomew et al., 2011; Embretson

& Reise, 2000; Sijtsma & Van der Ark, 2020; Van der Linden, 2016). Different IRT

models imply different properties for the scale on which the construct is measured, such

as whether the respondents can be ordered on the latent variable using the test score, or

whether values on the latent variable can be estimated using the item scores. Hence, a

fitting model informs psychometricians, substantive researchers, and other practitioners

on the characteristics and properties of the test and its items. Because IRT models and

its features are only valid if they fit test data well (Sijtsma & Van der Ark, 2020, p. 3),

validating a test or questionnaire using psychometric measurement models is a vital step

before using it for measurement (see, also, Borsboom et al., 2004).

IRT models vary in their degree of restrictiveness with regards to the structure of the

latent variable and its relation to the items. Nonparametric IRT models put relatively

few restrictions on the data, and therefore fit relatively well to test data, making them

attractive measurement models. The scaling of items under nonparametric IRT models,
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and methods for investigating the fit, are collectively known as Mokken scale analysis

(MSA; Mokken, 1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017). The

research of this thesis focuses on generalizing nonparametric IRT models and MSA to

multilevel test data. In the remainder of this chapter, I first briefly discuss IRT and MSA.

Next, I briefly discuss a nonparametric approach to multilevel IRT. Finally, I provide an

outline of this thesis

1.2 Item Response Theory

Item response theory (IRT; Embretson & Reise, 2000; Sijtsma & Molenaar, 2002; Van der

Linden, 2016) constitutes a family of psychometric measurement models that vary mainly

with respect to how item scores are related to latent variables. This relation is formalized

in an item-response function, which provides the expected item score given the value on

latent variable(s). IRT models vary with respect to the restrictiveness in their model

assumptions. However, most IRT models are defined by at least these three assumptions:

Unidimensionality of the latent variable, local independence of the item scores given the

value on latent variable, and monotonicity of the item-response function (i.e., the item-

response function is nondecreasing across the latent variable).

A model consisting of only these three main IRT assumptions was introduced by

Mokken (1971) as the monotone homogeneity model (MHM; Sijtsma & Molenaar, 2002;

a.k.a. monotone unidimensional representation, Junker, 1993; Junker & Ellis, 1997; unidi-

mensional monotone latent variable model, Holland & Rosenbaum, 1986; nonparametric

graded response model, Hemker et al., 1996, 1997). The MHM is a nonparametric IRT

model, because it makes no further distributional assumptions on the latent variable or

the item-response function. Figure 1.1 shows three nonparametric item-response functions

that comply with the MHM. A nonparametric special case of the MHM is the double

monotonicity model (DMM; Mokken, 1971; Sijtsma &Molenaar, 2002), which additionally

assumes an invariant item ordering (i.e., the item-response functions do not intersect;

Ligtvoet et al., 2011; Sijtsma & Junker, 1996; Sijtsma & Hemker, 1998)1. Other nonpara-

metric IRT models are the nonparametric partial credit model and the nonparametric

sequential model (Hemker et al., 1997, 2001, respectively).

Nonparametric IRT (Mokken, 1971; Sijtsma & Molenaar, 2002) models strive to obtain

useful measurement properties using as few restrictions as possible (Holland & Rosen-

baum, 1986; Junker & Ellis, 1997; Rosenbaum, 1984). The MHM and the DMM imply

ordering properties with respect to respondents and, for the DMM, items (e.g., Grayson,

1988; Hemker et al., 1997; Ligtvoet et al., 2011; Sijtsma & Junker, 1996; Sijtsma & Hemker,

1998; Van der Ark & Bergsma, 2010). These properties are useful for, for example, using

1For polytomous items, the DMM was originally defined using nonintersecting item-step response
functions (i.e., all item-score categories are ordered), rather than nonintersecting item-response functions
(Molenaar, 1997). As investigating properties of items can be considered more relevant than investigating
properties of item-steps, the new definition of the DMM can be considered more useful (Sijtsma & Van der
Ark, 2017, 2020, p. 158).

2
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Figure 1.1: Three nonparametric item-response functions (solid lines) and three paramet-
ric item-response functions (dashed lines)

the test scores to order respondents from high to low on some ability, selecting the 30%

most capable respondents for a special training program, constructing percentile scores,

or presenting items on an intelligence test in ascending difficulty. In addition, the MHM

and DMM pose various restrictions on the data that can be used to evaluate model

fit, including manifest monotonicity (Junker, 1993; Sijtsma & Hemker, 2000), conditional

association (Holland & Rosenbaum, 1986; Straat et al., 2016), modified scalability bounds

(Ellis, 2014), and, for the DMM, manifest invariant item ordering (Ligtvoet et al., 2010).

Parametric IRT models place distributional assumptions on the latent variable and/or

the item-response function. All popular unidimensional parametric IRT models, such as

the Rasch Model (Rasch, 1960), the two- and three-parameter logistic models (Birnbaum,

1968), the graded response model (Samejima, 1969), the rating scale model (Andrich,

1978), the partial credit model (Masters, 1982), and the sequential model (Tutz, 1990)

are special cases of the MHM (Van der Ark, 2001). Because parametric IRT models are

special cases of the MHM, they imply the same properties, and in addition enable other

properties. For example, the Rasch model implies that respondent and item parameters

can be estimated on the latent variable, independent of the items or respondents involved,

respectively (Van der Linden, 2016, p. 33). This is useful for, for example, computerized

adaptive testing (Luijten et al., 2021; N. Smits et al., 2018; Van der Linden & Glas, 2010).

However, parametric model assumptions are more restrictive compared to nonparametric

IRT models, and as a result, items are less likely to satisfy parametric model assumptions.

Figure 1.1 (dashed lines) shows three item-response functions that comply with the Rasch

model. Because the Rasch model is a special case of the MHM, the item-response functions

of the Rasch model also satisfy the assumptions of the item-response-functions of the

MHM.

Nonparametric IRT is favored over parametric IRT in various cases (see, e.g., Mokken,

3
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1971, pp. 115–116; Sijtsma & Van der Ark, 2020, pp. 107–109). First, for measurement

applications in which the test score is used to order respondents, a fitting nonparametric

IRT model is sufficient whereas the more restrictive parametric IRT models need not fit

the data. Second, there may be limited information about newly constructed items and

their relation to the latent variable. Nonparametric IRT models pose no restrictions on

this relation beyond monotonicity, providing an opportunity to investigate item charac-

teristics using methods in MSA. If desired, this may serve as a preliminary analysis to

parametric IRT modeling, because if a nonparametric IRT model does not fit, neither

does a parametric special case. Third, for psychological constructs for which creating a

large number of items is difficult, retaining as many items as possible is desired. Using

a nonparametric IRT modelling approach maintains items in a test that contribute to

accurate measurement, even if they do not comply with the mathematical restrictions

required by parametric IRT models, resulting in larger scales that have the stochastic

ordering property.

1.3 Mokken Scale Analysis

Mokken scale analysis (MSA) consists of several procedures for constructing and evalu-

ating tests and questionnaires (or scales) based on nonparametric IRT models (see, e.g.,

Mokken, 1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017). Generally, a

scale is evaluated or constructed based on scalability coefficients, which are instrumental

for determining the degree to which a set of items form a single scale (Mokken, 1971, p.

174). Scalability coefficients exist for item pairs (Hij), for items (Hi), and for the entire

test (H). A Mokken scale is defined as a scale for which the following two criteria hold:

• Hij > 0 for all item pairs

• Hi ≥ c for all items, with c some positive constant

Using these two criteria, a fixed item-set may be evaluated, or scales may be constructed

via an automated item selection procedure (AISP) by subsequently adding items to a scale

as long as the criteria of a Mokken scale are satisfied.

Scalability coefficients are based on the number of Guttman errors in the data. A

Guttman error is defined as passing a more difficult (or less popular) item after failing an

easier (or more popular) item (Guttman, 1950). For example, in general we may expect

that the item “I don’t mind working on mathematical problems” is more popular than the

item “I enjoy working on mathematical problems”. In this case, not endorsing the first

item but endorsing the second item would constitute a Guttman error within respondents.

If there are zero Guttman errors in the data, the scalability coefficient of this item pair

has a value of 1. If there are as many Guttman errors as would be expected under

independence of the items, this scalability coefficient has a value of 0. Guttman errors

may also be counted within a particular response pattern to detect aberrant response

patterns or outliers (Conijn et al., 2020; Meijer, 1994).

4
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After establishing the scalability of the items, model fit methods may be applied for

further inspection of the items. For example, conditional association may provide infor-

mation on violations of the local independence assumption (Holland & Rosenbaum, 1986;

Straat et al., 2016), manifest monotonicity on violations on the monotonicity assumption

(Junker, 1993), and manifest invariant item ordering on violations of the invariant item

ordering assumption (Ligtvoet et al., 2010). Results from these analyses, along with

theoretical and content considerations, guide conclusions pertaining which items to include

in the final scale (Crişan et al., 2020).

1.4 Multilevel Item Response Theory

Multilevel test data, consisting of item scores of respondents nested in clusters, are

common in the social and behavioural sciences; for example item scores of students

nested in classes, inhabitants nested in neighborhoods, employees nested in companies,

or patients nested in hospitals. Item scores may pertain either to level 1 (respondent

level) or level 2 (group level). When students who are nested in classes respond to the

item “I enjoy explaining mathematics to others”, the resulting item scores pertain to the

students at respondent level. When students who are nested in classes respond to the

item “The teacher seems to enjoy explaining mathematics to the class”, the resulting item

scores pertain to the teachers at the group level. If the respondent is of primary interest,

the type of data may also be referred to as clustered data. If the grouping variable is of

primary interest, the respondents may be considered the raters of the group, and this type

of data may also be also referred to as multi-rater data. Statistically, there is no difference

between the two types of test data: Item scores are dependent on the respondent level

and the group level. Hence, we refer to this type of data in general as multilevel test

data. The level of interest is relevant, however, to decide which assumptions are required

to make justifiable conclusions on the test scores and, consequently, which analyses are

informative. Therefore, we explicitly make the distinction between the data types.

There are two main reasons why currently MSA is not suitable for multilevel test

data. First, methods in MSA assume that item scores are obtained using simple random

sampling; that is, the respondents in the sample must not be clustered. In multilevel

data this assumption is violated. Ignoring a nested structure is a well-known cause

of underestimated standard errors (e.g., Maas & Hox, 2005; Hox, 2010). As a result,

confidence intervals will be too narrow, making the estimates appear more precise than

they actually are. In addition, the type I error rates of significance tests will be inflated,

meaning that hypotheses are too often rejected. This may lead to the inclusion of items

that do not contribute to (or possibly negatively affect) accurate measurement to the scale,

or the strength of the scale may be overestimated. Second, most methods in MSA provide

results on the respondent level only, not on the group level. Interpreting respondent-level

results as if they are group-level results may falsely suggest satisfactory reliability and

scalability coefficients for a set of items (Crişan et al., 2016). Hence, for scaling groups,

5
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the current available MSA methods are of limited value.

The research in thesis aims at developing nonparametric IRT and MSA for multilevel

test data. In particular, this thesis builds on the work of Snijders (2001a), who proposed

a two-level nonparametric IRT model for scaling groups scored by multiple respondents

(see also Crişan et al., 2016; Reise et al., 2006). The model assumes unidimensionality,

local independence, and monotonicity at the level of the respondent, and furthermore that

the respondents are independent given the group. In addition, Snijders defined two-level

scalability coefficients that provide information on scalability of items on the respondent

level (within-rater scalability coefficients) and the group level (between-rater scalability

coefficients). Within-rater scalability coefficients are similar to Mokken’s scalability coeffi-

cients, based on Guttman errors within respondents. Between-rater scalability coefficients

are based on Guttman errors between respondents within the same group. For example,

if item 1 is more popular than item 2, a Guttman error between respondents happens

if one respondent in the group does not endorse item 1, whereas another respondent

endorses item 2. We use Snijders’ model as a starting point for generalizing nonparametric

IRT models and MSA methods to the more general framework of multilevel test data;

that is, we develop models and methods for situations where the main focus is on the

respondent level and for situations where the main focus is on the group level. Note

that several parametric IRT models for multilevel test data have been proposed, such as

the hierarchical rater model (Patz et al., 2002), the multiple raters model (Verhelst &

Verstralen, 2001), and the rater bundle model (Wilson & Hoskens, 2001). In addition,

Bayesian item response modeling can estimate a wide range of parametric IRT models in

multilevel test data (Fox, 2010, Chapter 6).

1.5 Thesis Outline

The research presented in this thesis step-by-step develops MSA for multilevel test data,

and in the process solves some computational and methodological issues that exist in

traditional MSA. Chapter 2 introduces Guttman errors and solutions to two computa-

tional issues pertaining estimating Guttman errors. In Chapter 3, standard errors were

derived using a marginal modeling framework and the delta method for all two-level

scalability coefficients. As a result, the precision of estimated scalability coefficients

can be determined, leading to more information with respect to the scalability of the

items and the total test. Chapters 4 to 6 focus on evaluating and optimizing point and

interval estimates of two-level scalability coefficients. Chapter 4 presents a Monte Carlo

simulation study in which bias of estimated two-level scalability coefficients, the bias

of their estimated standard errors (with two estimation methods), and the coverage of

the confidence intervals were investigated, under various testing conditions. Chapter

5 provides a transformation for the scalability coefficients and their standard errors,

particularly useful for very strong scales. Scalability coefficients take values on the

interval (-∞, 1]. The sampling distribution of scalability coefficients is skewed near

6
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the boundary, so Wald-based confidence intervals and significance tests may be biased.

The transformation can be used to construct range-preserving confidence intervals and

significance tests. In Chapter 6, I derived point estimates, standard errors, and test

statistics for scalability coefficients in clustered data. In addition, I conducted a Monte

Carlo simulation study that compared traditional estimation methods to these derived

estimation methods, and compared Wald-based methods to range-preserving methods

from Chapter 5 for scalability coefficients in clustered data. In Chapter 7, I used the

results from Chapter 5 and 6 to incorporate significance tests for both criteria of a Mokken

scale in the AISP algorithm, to take sample fluctuations into account. The result was

a test-guided AISP, which was integrated into a two-step, test-guided MSA for scale

construction, to guide the analysis for nonclustered and clustered data. In Chapter 8,

I introduced four two-level nonparametric IRT models, their assumptions, the implied

stochastic ordering properties, and the implied observable data properties that are useful

for model fit investigation. In addition, I also derived the relations between models and

properties. Finally, Chapter 9 is a general discussion of the results from the previous

chapters, with guidelines for practical use, and suggestions for future research.

7





Chapter 2

Weighted Guttman Errors – Handling

Ties and Two-Level Data

Abstract

We provide an introduction to weighted Guttman errors and discuss two problems in

computing weighted Guttman errors that are currently not handled correctly by all

software: Handling ties—that is, computing weighted Guttman errors if two items have

the same estimated popularity—and computing weighted Guttman errors if the data have

a two-level structure. Handling ties can be incorporated easily in existing software. For

computing weighted Guttman errors for two-level data, we provide an R function.

Chapter 2 is published as: Koopman, L., Zijlstra, B. J. H., & Van der Ark, L. A. (2017).

Weighted Guttman errors: Handling ties and two-level data. In L. A. van der Ark, M.

Wiberg, S. A. Culpepper, J. A. Douglas, & W.-C. Wang (Eds.), Quantitative psychology:

The 81st annual meeting of the Psychometric Society, Asheville, North Carolina, 2016

(pp. 183–190). Springer. doi: 10.1007/978-3-319-56294-0 17

http://doi.org/10.1007/978-3-319-56294-0_17
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2.1 Introduction

For a pair of dichotomous items in descending order of popularity, a Guttman error

(Guttman, 1950) occurs if a respondent answers negatively to the first (more popular or

easier) item and positively to the second (less popular or more difficult) item. Hence, if

item 1 is more popular than item 2, the item-score vector (0, 1) constitutes a Guttman

error, whereas (0, 0), (1, 0), and (1, 1) are admissible item-score vectors. Guttman errors

are violations of the deterministic Guttman (1950) scale. Guttman errors are used for

detecting outliers (e.g., Zijlstra et al., 2007) and aberrant response patterns (e.g. Meijer,

1994; Karabatsos, 2003) and for computing Mokken’s (1971) scalability coefficients in

Mokken scale analysis (Sijtsma & Molenaar, 2002; also see Sijtsma & Van der Ark,

2017; Snijders, 2001a). For a pair of polytomous items, multiple item-score vectors

can constitute a Guttman error, making both the calculation and the interpretation of

Guttman errors more complicated. Molenaar (1991) proposed to weight the Guttman

errors to acknowledge that the degree in which item-score vectors are aberrant may differ.

For example, consider two polytomous items, each having ordered answer categories 0, 1,

2, 3, 4. Suppose item 1 is more popular than item 2, then item-score vector (0, 4) is more

aberrant than item-score vector (0, 1).

In recent work on deriving standard errors for two-level scalability coefficients (Koop-

man, Zijlstra, & Van der Ark, 2020), we encountered two problems in estimating the

weights of Guttman errors: Estimated weights depend on the value of a random seed if

two or more estimated item popularities are equal, and estimated weights may be biased

for two-level data. In this chapter, we first introduce weighted Guttman errors, then we

discuss the two problems and offer a solution for each problem, and finally we discuss

some additional features of (two-level) weight computations.

2.2 Weighted Guttman Errors

2.2.1 Theory

Let a test consist of I items with m + 1 ordered response categories indexed by x (x =

0, 1, . . . ,m). Let Xi denote the item score of item i. Each item score consists of m item

steps (Molenaar, 1983), binary variables denoted Zix (i = 1, . . . , I;x = 1, . . . ,m). Zix = 1

if Xi ≥ x (the item step was passed) and Zix = 0 if Xi < x (the item step was failed).

It follows that Xi,x−1 ≥ Zix and Xi =
∑

x Zix. For example, if Xi = 1 and m = 3, then

Zi1 = 1, Zi2 = 0,, and Zi3 = 0. Let the popularity of item step Zix be the probability

of having a score of at least x on item i: P (Zix) ≡ P (Xi ≥ x). Note that by definition,

P (Xi ≥ 0) = 1. Let znix denote the realization of Zix for person n, then, in a sample of

10
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N respondents, P (Xi ≥ x) is estimated by

P̂ (Xi ≥ x) =
1

N

N∑
n=1

znix. (2.1)

Item pair (i, j) has 2m item steps: Zi1, . . . , Zim, Zj1, . . . , Zjm. For the purpose of

determining weighted Guttman errors, the 2m item steps are put in descending order of

their popularity. For example, Table 2.1 shows I = 2 items with m + 1 = 3 ordered

response categories, for which P (Zi1) > P (Zj1) > P (Zi2) > P (Zj2). Hence, the order of

the item steps is

Zi1, Zj1, Zi2, Zj2 (2.2)

Table 2.1: Probabilities of item scores Xi and Xj, with m + 1 = 3 ordered answer
categories.

Xj

Xi 0 1 2 P (Xi = x) P (Xi ≥ x)

0 0.08 0.16 0.00 0.24 1.00

1 0.04 0.04 0.24 0.32 0.76

2 0.36 0.08 0.00 0.44 0.44

P (Xj = x) 0.48 0.28 0.24

P (Xj ≥ x) 1.00 0.52 0.24

For notational convenience the subscript jx in the item steps may be replaced by the

subscripts (1), (2), . . ., (2m) indicating the order of the item steps in an item pair. In

this notation, Equation 2.2 equals Z(1), Z(2), Z(3), Z(4). For each item pair, item-score

pattern (x, y) corresponds to a specific realization of the ordered item steps. For example,

for Equation 2.2, item-score pattern (0, 2) corresponds to Zi1 = 0, Zj1 = 1, Zi2 = 0,

Zj2 = 1. In a Guttman scale, the ordered item steps are strictly nonincreasing: Once a

more popular item step is failed, a less popular item step cannot be passed. For example,

in a Guttman scale, admissible values for Equation 2.2 are 0, 0, 0, 0; 1, 0, 0, 0; 1, 1, 0, 0;

1, 1, 1, 0; and 1, 1, 1, 1, which correspond to item-score patterns (0, 0), (1, 0), (1, 1), (2, 1),

and (2, 2), respectively. A Guttman error occurs if a less popular item step is passed

while a more popular item step is failed. For Equation 2.2, realizations 0, 1, 0, 0; 0, 1, 0, 1;

1, 1, 0, 1; and 1, 0, 1, 0—which correspond to item-score patterns (0, 1), (0, 2), (1, 2), and

(2, 0), respectively—are Guttman errors.

The weight of a Guttman error, denoted wxy
ij , indicates the degree of deviation from

the perfect Guttman scale (Molenaar, 1991). Let zxy(h) denote the realization of the hth

(1 ≤ h ≤ 2m) item step corresponding to the item-score pattern (x, y). The weight is

computed as

wxy
ij =

2m∑
h=2

{
zxyh ×

[
h−1∑
g=1

(
1− zxyg

)]}
(2.3)

11
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(see, e.g., Kuijpers et al., 2013). Note that Equation 2.3 counts the number of times a

more difficult item step was passed, while an easier item step was failed. For admissible

item-score patterns, the corresponding weights are zero, whereas for Guttman errors, the

weights are positive. For example, assuming the order of the item steps in Equation 2.2

is correct, for item-score pattern (0, 2), z02(1) = 0, z02(2) = 1, z02(3) = 0, and z02(4) = 1. Hence,

following Equation 2.3, wxy
ij = 1 × [1] + 0 × [1 + 0] + 1× [1 + 0 + 1] = 3. Also note that

for dichotomous items, the only item-score pattern that constitutes a Guttman error (i.e.,

either (0, 1) or (1, 0)) receives a weight 1 by definition. Hence, for dichotomous items

weighting the Guttman errors has no effect.

In samples, weights wxy
ij are estimated from the order of the item steps in the sample

with Equation 2.1 and denoted ŵxy
ij . Typically, wxy

ij and ŵxy
ij are the same, but if the

sample is small or if the popularities of two item steps are close, wxy
ij and ŵxy

ij may differ

(for more information on this topic, we refer to Kuijpers et al., 2016).

2.2.2 Applications

Weighted Guttman errors are used to compute scalability coefficients in Mokken scale

analysis. Mokken (1971) discussed scalability coefficients for dichotomous items, Mole-

naar (1983, 1991, 1997) generalized the scalability coefficients to polytomous items, and

Snijders (2001a; see also Crişan et al., 2016) generalized the scalability coefficients to

two-level data. The scalability coefficients are implemented in several software packages,

including the stand-alone package MSP (Molenaar & Sijtsma, 2000) and the R package

mokken (Van der Ark, 2007, 2012). Mokken’s (1971) item-pair scalability coefficient Hij

can be written as a function of the Guttman weights and the univariate and bivariate

item probabilities:

Hij = 1−
∑

x

∑
y w

xy
ij P (Xi = x,Xj = y)∑

x

∑
y w

xy
ij P (Xi = x)P (Xj = y)

. (2.4)

Note that if unweighted Guttman errors were used, weights wxy
ij only take on the

values 0 and 1. By using weighted Guttman errors, Hij equals the ratio of the inter-item

correlation and the maximum inter-item correlation given the marginal distributions of

the two items (Molenaar, 1991).

In a sample of size N , the item-pair scalability coefficient is estimated by replacing

the weights in Equation 2.4 by the estimated weights and replacing the probabilities by

sample proportions, that is,

Ĥij = 1−
∑

x

∑
y ŵ

xy
ij P̂ (Xi = x,Xj = y)∑

x

∑
y ŵ

xy
ij P̂ (Xi = x)P̂ (Xj = y)

= 1− Fij

Eij

. (2.5)

Fij = N
∑

x

∑
y ŵ

xy
ij P̂ (Xi = x,Xj = y) expresses the weighted sum of observed

Guttman errors, and Eij = N
∑

x

∑
y ŵ

xy
ij P̂ (Xi = x)P̂ (Xj = y) the weighted sum of

12
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expected Guttman errors under marginal independence of the two items.

Weighted Guttman errors are also used as an index to detect outliers and as a person-fit

statistic. In these applications, the total of estimated Guttman weights within a response

pattern is used. Let xni denote the observed score of person n on item i, and let ynj
denote the observed score of person n on item j. Using the notation of Zijlstra et al.

(2007), index G+ for respondent n equals

Gn+ =
∑∑

i<j

ŵ
xniynj

ij . (2.6)

The function check.errors() in the R package mokken provides weighted Guttman

errors for each observation.

2.3 Computational Problems

2.3.1 Problem 1: Ties

Estimating Guttman weights can be problematic if two estimated item steps have the

same popularity. If the estimated item steps pertain to the same item, P̂ (Xi ≥ x) =

P̂ (Xi ≥ x+1), it means that no one in the sample had score x on item i. The ordering of

the estimated item steps is not affected because item steps have a fixed order within an

item, and estimating Guttman errors is not problematic. However, if the equally popular

estimated item steps pertain to two different items, P̂ (Xi ≥ x) = P̂ (Xj ≥ y), the item-

step ordering cannot be determined. As an example, Table 2.2 shows the frequencies

of the response patterns for N = 15 respondents, for two polytomous items with three

response categories. For these data, P̂ (Xi ≥ 1) = P̂ (Xj ≥ 1) = 0.6, so the order of the

item steps is either Zi1, Zj1, Zi2, Zj2 or Zj1, Zi1, Zi2, Zj2.

Table 2.2: Cross-classification of item scores Xi and Xj, with m + 1 = 3 ordered answer
categories, for N = 15 respondents.

Xj

Xi 0 1 2 Total P̂ (Xi ≥ x)

0 2 4 0 6 1.00

1 1 1 0 2 0.60

2 3 2 2 7 0.47

Total 6 7 2 15

P̂ (Xj ≥ x) 1.00 0.60 0.13

Currently, the software program mokken (Van der Ark, 2012) adds a small random

value to the estimated popularities to avoid equal item steps. There are two downsides

to this approach. First, one item step is randomly assigned to be more popular than the
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other item step without theoretical justification. Second, analyzing the same data twice

may result in different weights and, thus, different scalability coefficients.

Molenaar (1991) suggested computing the weights for all combinations of equivalent

item-step orderings. For each item-score vector in Table 2.2, Table 2.3 shows the observed

frequencies (N × P̂ (Xi = x,Xj = y)), the expected frequencies (N × P̂ (Xi = x)P̂ (Xj =

y)), the resulting weights given item-step ordering Zi1, Zj1, Zi2, Zj2 (ŵxy
ij 1), the resulting

weights given item-step ordering Zj1, Zi1, Zi2, Zj2 (ŵxy
ij 2), and the average of the two

weights (wxy
ij ). For both item-step orderings, the weighted sum of Guttman errors results

in Fij = 7 and Eij = 8.27 (yielding Ĥij ≈ 0.15). Therefore, for scalability coefficients, the

item-step order does not affect the outcome (Molenaar, 1991). However, for individual-

level statistics, such as the person-fit index G+ (Equation 2.6), the item-step order

matters. For example, a person with item-score vector (0, 2) has value G+ = 3 for

the first item-step ordering and G+ = 2 for the second item-step ordering. Because both

item-step orderings are equally likely in the population, the average weight (Table 2.3,

last row) is considered more appropriate as apposed to randomly favouring one ordering

over the other, and results in a value of G+ = 2.5.

Table 2.3: Observed and expected frequencies, Guttman weights under two possible item-
step orderings, and their mean, for each response pattern in Table 2.2.

Item-score vector

(00) (01) (02) (10) (11) (12) (20) (21) (22)

N × P̂ (Xi = x,Xj = y) 2 4 0 1 1 0 3 2 2

N × P̂ (Xi = x)P̂ (Xj = y) 2.40 2.80 0.80 0.80 0.93 0.27 2.80 3.27 0.93

ŵxy
ij 1 0 1 3 0 0 1 1 0 0

ŵxy
ij 2 0 0 2 1 0 1 2 0 0

wxy
ij 0 0.5 2.5 0.5 0 1 1.5 0 0

2.3.2 Problem 2: Estimating the Item Ordering for Two-Level

Test Data

In Mokken scale analysis for two-level data, Xsri denotes the response of subject s (s =

1, . . . , S) to item i (i = 1, . . . , I) scored by rater r (r = 1, . . . , Rs). As with one-level

data, item step Zix = 1 if Xi ≥ x, and Zix = 0 otherwise. The problem is that the

order of the item steps, and hence the value of the Guttman weights, depends on the

estimated method for P (Xi ≥ x). P (Xi ≥ x) can be estimated in two ways (Snijders,

2001a), possibly yielding different estimates. Let Zsrix, with realization zsrix, be a binary

variable that takes of the value one if Xsri ≥ x, and zero otherwise. First, P (Xi ≥ x) can
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be estimated by averaging the relative frequencies for all subjects, that is,

P̂ (Xi ≥ x) =
1

S

S∑
s=1

1

Rs

Rs∑
r=1

zsrix, (2.7)

and, second, P (Xi ≥ 1) can be estimated by averaging the absolute frequencies for all

subjects, that is,

P̂ (Xi ≥ x) =
1∑S

s=1Rs

S∑
s=1

Rs∑
r=1

zsrix. (2.8)

The example in Table 2.4 (last two rows) shows that the estimation methods do

not only result in different estimates but also in different ordering of item steps. When

averaging the relative frequencies of all subjects in Equation 2.7, the ordering of the

item steps is Zi1, Zj1, Zi2, Zj2, and when averaging the absolute frequencies of all subjects

in Equation 2.8, the ordering of the item steps is Zi1, Zi2, Zj1, Zj2. Snijders (2001a)

argued that averaging the relative frequencies in Equation 2.7 is the preferred method, as

averaging the absolute frequencies is biased under certain conditions.

Table 2.4: Observed and expected frequencies, Guttman weights under two possible item-
step orderings, and their mean, for each response pattern in Table 2.2.

Item-score vector Item-score vector

s x ≥ 0 x ≥ 1 x ≥ 2 x ≥ 0 x ≥ 1 x ≥ 2 Rs

1 10 4 2 10 3 3 10

2 3 2 2 3 3 2 3

3 10 4 2 10 3 3 10

Equation 2.7 1.00 0.49 0.36 1.00 0.43 0.26

Equation 2.8 1.00 0.53 0.42 1.00 0.39 0.35

2.4 Discussion

Two problems with the weighted Guttman errors have been addressed and described in

this chapter. The solution to the problem of ties can be incorporated in the software easily.

The software program MSP prints a warning when ties are present. As far as we know, the

DOS program TWOMOK (Snijders, 2001b) is the only software for two-level scalability

coefficients. Because it pertains to dichotomous items only, weighted Guttman errors are

not an issue. A new R function to compute weighted Guttman errors for dichotomous and

polytomous two-level item scores is called MLweight(). The main goal of MLweight()

is to allow the computation of two-level scalability coefficients for two-level data in the

function MLcoefH(). Both functions have been implemented in the R package mokken.
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Chapter 3

Standard Errors of Scalability

Coefficients in Two-Level Mokken

Scale Analysis

Abstract

For the construction of tests and questionnaires that require multiple raters—e.g., a

child behavior checklist completed by both parents—a novel ordinal scaling technique is

currently being further developed, called two-level Mokken scale analysis. The technique

uses within-rater coefficients and between-rater coefficients to assess the scalability of the

test. These coefficients are generalizations of Mokken’s scalability coefficients. In this

chapter, we derived standard errors for the two-level coefficients and for their ratios. The

coefficients, the estimates, the estimated standard errors, and the software implementation

are discussed and illustrated using a real-data example, and a small-scale simulation study

demonstrates the accuracy of the estimates.

Chapter 3 is published as: Koopman, L., Zijlstra, B. J. H., & Van der Ark, L. A. (2020).

Standard errors of two-level scalability coefficients. British Journal of Mathematical and

Statistical Psychology, 73(2), 213–236. doi: 10.1111/bmsp.12174
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Chapter 3

3.1 Introduction

Mokken scale analysis is a popular nonparametric scaling technique (Mokken, 1971, also,

see Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017). It is used for test construc-

tion in many areas of the social and behavioral sciences and related fields. Recent examples

include clinical psychology (e.g., Freedland et al., 2017; Chou et al., 2017), education (e.g.,

Joe et al., 2017; Y. Chen et al., 2016), tourism (e.g., Coromina & Camprub́ı, 2016), health

practice (e.g., Swiger et al., 2017), and medicine (e.g., Banas et al., 2017; Ahmadi et al.,

2016). Mokken scale analysis consists of several procedures to check the assumptions

of the underlying nonparametric item response theory model and an automated item

selection procedure to select items from a pool of items. Arguably, the best known aspect

of Mokken scale analysis are the scalability coefficients, also known as H coefficients,

which are instrumental for defining the degree to which a set of items form a single scale

(Mokken, 1971, p. 174). Scalability coefficients are available for item pairs, items, and the

entire set of items. In this chapter, we refer to Mokken’s orginal scalability coefficients

as single-level scalability coefficients. We are currently developing Mokken scale analysis

for two-level data based on the ideas of Snijders (2001a, also, see Crişan et al., 2016;

Reise et al., 2006), who generalized Mokken’s scalability coefficients to two-level data.

This study discusses the next step in the development of two-level Mokken scale analysis:

deriving standard errors of the two-level scalability coefficients, which are needed for a

sound interpretation. Future steps in the development of two-level Mokken scale analysis

include the development of an automated item selection procedure and methods to test

assumptions of underlying item response theory models.

Mokken scale analysis for two-level data can be applied when subjects are assessed by

several raters, for example when measuring the classroom environment using the pupils’

ratings on several items of the WIHIC questionnaire (Fraser et al., 1996). Typically,

all pupils in a class respond to the questionnaire, and the average test score across

pupils is the measured value of the classroom environment. Other examples include

child behavior rated by parents, caregivers, or teachers (e.g., Achenbach et al., 2008),

teaching behavior rated by students (Maulana et al., 2015), evaluation of university

courses rated by participants (e.g., Rampichini et al., 2004), learning environments rated

by interns (Boor et al., 2007), ecological settings such as a neighborhood rated by the

inhabitants (Raudenbush & Sampson, 1999), and leadership rated by the employees in

a work group (Dyer et al., 2005). In these examples, the raters at level 1 (i.e., pupils,

students, participants, etc.) are nested within the subjects at level 2 (i.e., classroom,

teachers, courses, etc.), but in contrast to most multilevel examples, the interest lies in

scaling the subject scores at level 2. Crişan et al. (2016) found that ignoring the two-level

structure results in inflated reliability and scalability coefficients. The main problem is

that multilevel measurement instruments intend to measure the trait level of the subjects,

whereas common item analyses provide information on the raters.

Mokken (1971, pp. 164-169) derived asymptotic standard errors for the single-level
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total-scale scalability coefficient for dichotomous items, which could be applied to small

numbers of items only, and Van Onna (2004) used several computer intensive methods

to compute the sampling distribution of the single-level total-scale scalability coefficient

for polytomous items. More recently, under the assumption that the response patterns

follow a multinomial distribution, Kuijpers et al. (2013) derived standard errors for all

coefficients by means of a marginal modeling framework and the delta method. This

method has a smaller computational burden and is therefore applicable to larger data sets,

for both dichotomous and polytomous items. Kuijpers et al. (2016) showed that bias of the

standard errors was negligible, and that the coverage of the 95% confidence intervals was

satisfactory. The structure of two-level data is more complex than the structure of single-

level data, so the method of Kuijpers et al. (2013) cannot be applied straightforwardly

to two-level data. Three types of problems arise. The number of coefficients is three

times larger for two-level data, the distributional assumptions of single-level data do not

hold for two-level data, and probabilities should be estimated differently for two-level

data. Applying the standard errors derived by Kuijpers et al. (2013) at two-level data

is referred to as the naive approach. In the present study, these problems were tackled,

resulting in corrected standard errors for all two-level scalability coefficients.

The remainder of this chapter is organized as follows. Section 3.2 demonstrates

an application of two-level scalability coefficients. Section 3.3 briefly discusses latent

variable models for two-level measurement. Section 3.4 discusses the two-level scalability

coefficients proposed by Snijders (2001a) in more detail. Section 3.5 describes the mathe-

matical derivation of standard errors and the implementation of the two-level scalability

coefficients and their standard errors in software, followed by a discussion in Section 3.6.

Throughout the upcoming sections we refer to Appendix A, where a small worked-out data

example can be found to enhance understanding of the presented concepts and formulas.

3.2 Applying Two-Level Scalability Coefficients

For two-level Mokken scale analysis, Snijders (2001a) introduced nine different scalability

coefficients. He distinguished three classes (our terminology) of scalability coefficients:

within-rater and between-rater coefficients, and the ratios of the between-rater and within-

rater coefficient. As for single-level coefficients, each class has three types: coefficients

for each item pair, coefficients for each item, and a coefficient for the entire scale. All

coefficients are denoted by the letter H. The class is indicated by the superscript of

H: W for within-rater coefficients, B for between-rater coefficients, and BW for ratios

of coefficients (i.e., HBW = HB/HW ). The type is indicated by the subscript of H: ij

for item pairs, i for items, and no subscript for the entire set. Indices i and j are item

indices, so for specific items, subscripts i and j may be replaced by the corresponding

item numbers.

Within-rater scalability coefficients denote the consistency of item scores within raters.

Their interpretation is very similar to the interpretation of Mokken’s original (single-
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level) coefficients, where there is just one rater. Between-rater scalability coefficients

denote the consistency of item scores between raters of the same subject. The ratios of

the between-rater and within-rater scalability coefficients denote the rater effect: Lower

ratios indicate the need for a larger number of raters per subject. Item-pair scalability

coefficients consider the item-scores of two items, and an I-item test contains
(
I
2

)
item-pair

coefficients Hij for each class. Item scalability coefficients consider the scores of a single

item with respect to the scores on all other items, and an I-item test contains I item

coefficients Hi for each class. The coefficients for the entire set consider all item scores,

and an I-item test contains one scale-coefficient H for each class. Computational details

are provided later on.

The within-rater and between-rater scalability coefficients have a maximum value of

1, indicating a perfect correlation between all items. If all variation in item scores is due

to random fluctuation, these coefficients have a value of 0. For all classes of two-level

scalability coefficients, min(Hij) ≤ min(Hi) ≤ (H) ≤ max(Hi) ≤ max(Hij) (Sijtsma &

Molenaar, 2002, p. 58). Furthermore, it is expected that HW
ij ≥ HB

ij , H
W
i ≥ HB

i , and

HW ≥ HB (Snijders, 2001a).

For ease of illustration for two-level scalability coefficients, we discuss the coefficients

and their standard errors that were estimated on a small real-data set. The sample

consisted of 14 upper-level primary-school teachers (the subjects) in the Netherlands.

Each teacher was rated by a number of pupils (the raters). The number of pupils per

class ranged between 5 and 39 (Mean = 18.50, SD = 10.22), and the total number of

pupils was 259. Note that a sample of 14 subjects is not sufficient for test construction

but we believe it suffices for this illustration. The pupils rated the teachers using a

questionnaire measuring the teacher’s autonomy support of pupils. Autonomy support

consists of various behaviors such as providing choice, encouraging persistence at difficult

activities, and acknowledging feelings (see e.g., Reeve et al., 2004). The data set contains

the scores of all 259 pupils on 7 items of the questionnaire (Table 3.1). Each item has five

ordered answer categories.

Table 3.1:
Subset of Seven Items Measuring Teachers’ Autonomy Supportive Behavior

Item Content
1 The teacher lets me choose what I am going to do
2 The teacher decides which task I will start with (inversely coded)
3 I get to choose which task I will start with
4 The teacher listens to me when I disagree with something
5 The teacher helps me when I ask for it
6 The teacher accepts me for who I am
7 The teacher helps me when I do not understand a task

Except for the item-pair ratios HBW
ij , Table 3.2 shows the estimated two-level scalabil-

ity coefficients, the naive standard errors, which ignore the nested structure of the data (in

brackets), and the corrected standard errors as proposed in this chapter (in parentheses).
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All point estimates of the scalability coefficients exceed zero, suggesting a positive relation

between the items both within and between raters of the same subject. However, this

does not take into account the precision of the estimates. When requiring that the lower

bound of the 95%Wald-based confidence interval of the scalability coefficient (H−1.96SE)

exceeds zero, 65 of the 87 scalability coefficients exceed zero using the naive estimate, and

only 19 exceed zero when using the corrected estimate. Specifically, the between-rater

and ratio coefficients are not larger than zero with the corrected approach, thus in the

population it is plausible that the items are unrelated on the subject level. Because zero

is included in the interval, we cannot conclude that the teachers are consistently ordered

based on the ratings of the pupils. This small example shows that the corrected standard

errors are necessary to investigate the precision of the coefficient point estimates. This

chapter explains how these standard errors can be derived.

3.3 Two-Level Measurement

In two-level test data, S subjects, indexed by s, are rated by a unique set of Rs raters

each, indexed by r or q. We use two indices to distinguish between two raters in a pair.

Note that each rater scores only one subject. The raters respond to I items, indexed

by i or j. Each item has m + 1 ordered response categories, scored 0,1,. . . ,m, indexed

by x or y. Let Xsri denote the item score for subject s by rater r on item i, that is,

Xsri = x (x = 0, . . . ,m). Subjects are generally scaled by their average score across

raters:

Xs.. =
1

IRs

Rs∑
r=1

I∑
i=1

Xsri (3.1)

Several authors have proposed item response theory models for two-level test data.

Snijders (2001a) proposed a nonparametric item response theory model that generalizes

the Mokken (1971) model for monotone homogeneity to two-level data. Parametric item

response theory models for two-level test data with an interest in scaling at level 2 include

the ecometric model (Raudenbush & Sampson, 1999), the rater bundle model (Wilson &

Hoskens, 2001), and the hierarchical rater model (Patz et al., 2002). For estimating

scalability coefficients and deriving their standard errors it is not important which model

triggers the item responses. The only assumption we make for estimating the scalability

coefficients and deriving their standard errors is that the ordered item scores follow a

multinomial distribution with varying multinomial parameters for each subject, which is

true under all item response theory models.
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Table 3.2:
Estimated Two-Level Scalability Coefficients With Naive Standard Errors in Brackets and
Corrected Standard Errors in Parentheses.

Item-pairs Items

1 2 3 4 5 6 7 ĤW
i ĤB

i ĤBW
i

1 .128∗ .139∗ .163∗ .130∗ .148∗ .106∗ .317∗∗ .137∗ .432∗

[.049] [.053] [.056] [.055] [.068] [.049] [.055] [.044] [.108]
(.154) (.184) (.166) (.169) (.174) (.155) (.135) (.160) (.356)

2 .281∗ .146∗ .114 .123 .090 .088 .216∗ .113∗ .526∗

[.086] [.070] [.072] [.063] [.095] [.074] [.065] [.057] [.189]
(.152) (.136) (.156) (.144) (.169) (.154) (.164) (.142) (.317)

3 .316∗∗ .457∗∗ .165∗ .112 .184∗ .097 .288∗∗ .141∗ .491∗

[.072] [.072] [.061] [.063] [.082] [.074] [.058] [.050] [.128]
(.149) (.178) (.162) (.177) (.178) (.172) (.142) (.157) (.328)

4 .267∗ .120 .193∗ .165∗ .190∗ .132∗ .308∗∗ .154∗ .500∗

[.082] [.097] [.088] [.066] [.083] [.075] [.060] [.055] [.133]
(.166) (.170) (.167) (.142) (.163) (.147) (.126) (.147) (.356)

5 .280∗ .114 .337∗∗ .429∗∗ .168∗ .107 .357∗∗ .136∗ .381∗

[.080] [.097] [.087] [.081] [.074] [.073] [.057] [.051] [.121]
(.173) (.189) (.134) (.140) (.161) (.151) (.122) (.148) (.308)

6 .346∗∗ .214∗ .231∗ .453∗∗ .487∗∗ .128∗ .362∗∗ .150∗ .416∗

[.082] [.104] [.105] [.083] [.092] [.057] [.055] [.064] [.145]
(.165) (.240) (.227) (.140) (.143) (.140) (.152) (.152) (.272)

7 .435∗∗ .183∗ .192∗ .374∗∗ .461∗∗ .388∗∗ .337∗∗ .111 .330∗

[.080] [.084] [.085] [.076] [.079] [.073] [.052] [.059] [.159]
(.171) (.222) (.157) (.108) (.120) (.179) (.127) (.144) (.338)

Total ĤW = .311∗∗ [.048] (.130) ĤB = .135∗ [.048] (.146) ĤBW = .433∗ [.112] (.304)

Note. Results for the items in Table 3.1. The upper triangle contains HB
ij , the lower triangle

HW
ij . * = lower bound of the naive 95% Wald-based confidence interval exceeds zero.

** = lower bound of both the naive and corrected 95% Wald-based confidence intervals exceed
zero

3.4 Scalability Coefficients

3.4.1 Within- and Between-Rater Probabilities

Let π
xy(W )
ij be the within-rater bivariate probability P (Xsri = x,Xsrj = y); that is, the

probability that rater r scores x on item i and y on item j. In addition, let π
xy(B)
ij be the

between-rater bivariate probability P (Xsri = x,Xsqj = y); that is, the probability that

for subject s, one rater (r) scores x on item i and another rater (q) scores y on item j.

Furthermore, let πx
i be the univariate probability P (Xsri = x); that is, the probability

that for subject s, rater r scores x on item i. Finally, let π
xy(E)
ij = πx

i π
y
j denote the

expected bivariate probability under marginal independence of the items, that for subject
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s, rater r scores x on item i and y on item j.

For I items and K item-pairs, there are B = K(m + 1)2 bivariate within-rater

probabilities π
xy(W )
ij , B bivariate between-rater probabilities π

xy(B)
ij , B bivariate expected

probabilities π
xy(E)
ij , and U = I(m + 1) univariate probabilities πx

i . The population

probabilities π are estimated by the sample proportions, p. For two-level data, this

amounts to averaging the relative frequencies (Snijders, 2001a; Koopman et al., 2017). Let

1(Xsri = x) be an indicator function that takes value 1 if Xsri = x and value 0 otherwise.

The within-rater bivariate proportion of item-score pattern (Xsri = x,Xsrj = y) is

computed as

p
xy(W )
ij =

1

S

S∑
s=1

1

Rs

Rs∑
r=1

1(Xsri = x,Xsrj = y). (3.2)

The between-rater bivariate proportion of item-score pattern (Xsri = x,Xsqj = y) is

computed as

p
xy(B)
ij =

1

S

S∑
s=1

1

Rs(Rs − 1)

Rs∑∑
q ̸=r

1(Xsri = x,Xsqj = y). (3.3)

The univariate proportion of item-score (Xsri = x) is computed as

pxi =
1

S

S∑
s=1

1

Rs

Rs∑
r=1

1(Xsri = x). (3.4)

Finally, the expected bivariate proportion under marginal independence of the items is

estimated as

p
xy(E)
ij = pxi p

y
j . (3.5)

Appendix A.1 illustrates the computation of the bivariate and univariate proportions.

3.4.2 Weighted Guttman Errors

Let Xi denote the item-score of item i. Each item-score Xi has m item steps, denoted

Zix for item i and item-step x (i = 1, . . . , I;x = 1, . . . ,m), taking value 1 if the step has

been passed (Zix = 1 if Xi ≥ x) and 0 if the step has been failed (Zix = 0 if Xi < x). Let

the popularity of an item-step be the probability of scoring value x or higher on item i,

that is, P (Xi ≥ x).

Each item-pair has 2m item steps, Zi1, . . . , Zim, Zj1, . . . , Zjm, that need to be sorted

in descending order of popularity. In a perfect Guttman scale no further item-steps are

passed once an item-step is failed. Therefore, a Guttman error is described as failing a

more popular item-step before passing a less popular item-step. As an example, the order

of the item-steps for two items with 3 response categories may be

Z11, Z21, Z12, Z22. (3.6)
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Note that item-steps Z10 and Z20 are omitted, because P (Xi ≥ 0) equals 1 by definition.

Replacing subscript ix in Equation 3.6 with (g) = (1), (2), . . . , (2m) results in item-steps

Z(1), Z(2), Z(3), Z(4). Each item-step of Equation 3.6 is evaluated for a particular item-score

pattern (x, y) as value zxyg and collected in vector zxy = [zxy1 zxy2 . . . zxy2m]. For item-score

pattern (0, 2), z02 = [0 1 0 1]. For this pattern, the second and fourth item-step are

passed (z022 = z024 = 1), whereas the first and third are failed (z021 = z023 = 0), resulting

in a Guttman error. The weight of this error indicates the deviation from the perfect

Guttman scale, by counting how many item steps are failed before passing a less popular

item step (Molenaar, 1991). For pattern (0, 2) the weight is 3, because z021 is failed before

z022 is passed, and z021 and z023 are failed before z024 is passed. Note that for admissible

item-score patterns the weight results in value 0, and for dichotomous items the maximum

weight is 1. In general, Guttman weights wxy
ij for score x on item i and score y on item j

can be computed as

wxy
ij =

2m∑
h=2

{
zxyh ×

[
h−1∑
g=1

(1− zxyg )

]}
, (3.7)

(see e.g., Kuijpers et al., 2013; Koopman et al., 2017). Weights are estimated in a sample

as ŵxy
ij by ordering the item-steps according to their estimated item popularity P̂ (Xi ≥

x) =
∑m

x pxi (see also Appendix A.2).

3.4.3 Two-Level Scalability Coefficients

Scalability coefficients H compare the weighted sum of observed Guttman errors to the

weighted sum of expected Guttman errors under marginal independence of the items

(Sijtsma & Molenaar, 2002; Snijders, 2001a; Crişan et al., 2016). Item-pair scalability

coefficients reflect the ratio of observed to expected weighted Guttman errors of an item-

pair. The within- and between-rater scalability coefficients for item-pairs are defined as

HW
ij = 1−

FW
ij

FE
ij

= 1−
∑

x

∑
y w

xy
ij π

xy(W )
ij∑

x

∑
y w

xy
ij π

xy(E)
ij

(3.8)

and

HB
ij = 1−

FB
ij

FE
ij

= 1−
∑

x

∑
y w

xy
ij π

xy(B)
ij∑

x

∑
y w

xy
ij π

xy(E)
ij

, (3.9)

respectively. The denominator is equal for the within- and between-rater coefficient

because they are based on the same marginal frequencies. Item scalability coefficients

sum the weighted Guttman errors across all item-pairs pertaining item i. The within-

and between-rater scalability coefficients for items are defined as

HW
i = 1−

∑
j ̸=i F

W
ij∑

j ̸=i F
E
ij

= 1−
∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(W )
ij∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(E)
ij

(3.10)
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and

HB
i = 1−

∑
j ̸=i F

B
ij∑

j ̸=i F
E
ij

= 1−
∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(B)
ij∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(E)
ij

, (3.11)

respectively. Total scale scalability coefficients sum the weighted Guttman errors across

all item-pairs. The within- and between-rater scalability coefficient for the total scale are

defined as

HW = 1−
∑∑

j ̸=i F
W
ij∑∑

j ̸=i F
E
ij

= 1−
∑∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(W )
ij∑∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(E)
ij

(3.12)

and

HB = 1−
∑∑

j ̸=i F
B
ij∑∑

j ̸=i F
E
ij

= 1−
∑∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(B)
ij∑∑

j ̸=i

∑
x

∑
y w

xy
ij π

xy(E)
ij

, (3.13)

respectively. The estimated scalability coefficients Ĥ are computed by replacing π with

p and w with ŵ in Equations 3.8 through 3.13. Appendix A.3 shows an example of

estimating scalability coefficients using the proportions and estimated weights from the

sample.

3.5 Estimating Standard Errors

We used the following strategy to derive standard errors. First, the scalability coefficients

were written as vector functions of the data using a recursive exp-log notation (e.g.,

Kuijpers et al., 2013; Van der Ark et al., 2008), a technique often used in marginal

modeling of categorical data (e.g., Bergsma et al., 2009, pp. 87-92). Second, the matrix of

first-order partial derivatives of the vector function was derived. Finally, the delta method

was applied (e.g., Agresti, 2012, pp. 577-581).

3.5.1 The Generalized Exp-Log Notation and the Delta

Method

The Generalized Exp-Log Notation

The recursive exp-log notation may be used for functions of the data for which the matrices

of partial derivatives are not readily obtained. It is a general method to rewrite these

functions such that derivation of partial derivatives is easy to implement in software.

Let A1, . . . , Ac be design matrices whose values depend on the function that is written

in the recursive exp-log notation. Let n be a vector of order L = (m + 1)I containing

the frequencies of all possible item-score patterns, each pattern taking the form nxx...x
12...I .

The patterns are ordered lexicographically with the last digit changing fastest, such that

n = [n00...0
12...I n00...1

12...I . . . nmm...m
12...I ]

T
. Let vector ns be vector n for subject s, containing the fre-

quencies of the item-score patterns for subject s. For an example of vector n, see Appendix

A.4. Let g(n) denote a vector function of the data. Finally, let exp(x) denote the element-
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wise exponential of x, and log(x) the element-wise natural logarithm of x. The recursive

exp-log notation writes g(n) as a series of nested functions g0,g1,g2, . . . ,gc = g(n); that

is,

g(n) = exp( Ac log( Ac−1 . . . exp( A2 log( A1 n︸︷︷︸
g0

)

︸ ︷︷ ︸
g1

)

︸ ︷︷ ︸
g2

...

)

︸ ︷︷ ︸
gc−1

)

︸ ︷︷ ︸
gc

. (3.14)

Hence,

gi =

{
n if i = 0
log(Ai gi−1) if i is odd
exp(Ai gi−1) if i is even

. (3.15)

Deriving the Matrix of First-Order Partial Derivatives

Let the Jacobian of g(n), which is the matrix of first-order partial derivatives with respect

to n, be G ≡ G(n) = ∂g(n)/∂nT , with nT indicating the transpose of vector n. For each

gi the Jacobian is Gi. Rewriting the scalability coefficients in recursive exp-log notation

enables the relatively straightforward computation of the Jacobian, because the chain rule

can be applied recurrently. The chain rule is used to differentiate a function of a function,

such as y = g(h(x)) (e.g., Stewart, 2008, p. 197, p. 904). First, substitute h(x) with u to

obtain y = g(u). Then the derivative of y is

dy

dx
=

dy

du
× du

dx
. (3.16)

Let Diag(x) be a diagonal matrix with x on the diagonal, and Diag(x)−1 the inverse of

matrix Diag(x). Applying the chain rule to function gi (i = 0, . . . , c) results in

Gi =

{
I if i = 0
Diag(Ai gi−1)

−1 Ai Gi−1 if i is an odd number
Diag

(
exp(Ai gi−1)

)
Ai Gi−1 if i is an even number

. (3.17)

Applying the Delta Method

The delta method approximates the variance of the transformation of a variable by using a

one-step Taylor approximation (e.g., Agresti, 2012, pp. 577-594). Let Vn be the variance-

covariance matrix of vector n. According to the delta method, the variance-covariance

matrix of the transformation of vector n, Vg(n), is approximated by

Vg(n) ≈ G Vn GT . (3.18)
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The standard errors, collected in SEg(n), are retrieved by taking the square root of the

diagonal of Vg(n). The variance-covariance matrix and the standard errors are estimated

in the sample as V̂g(n) and ŜEg(n), respectively.

A Simple Example

A simple example of the recursive exp-log notation is provided to enhance understanding

of the method, before moving on to rewriting the scalability coefficients. In this example

we derive the standard errors of the sample proportions, pa and pb, for dichotomous items

Xa and Xb, respectively. Let nxy
ij denote the frequency of respondents scoring x on item

i and y on item j. The item-score frequencies of items Xa and Xb are lexicographically

stored in vector n = [n00
ab n01

ab n10
ab n11

ab]
T . For item Xi, a simple calculation results in the

sample proportion pi = n1+
ij /N = (n10

ij +n11
ij )/N , with N the total number of observations.

The proportions can be computed using the recursive exp-log notation. Let

A1 =

(
0 0 1 1
0 1 0 1
1 1 1 1

)
, A2 =

(
1 0 −1
0 1 −1

)
, (3.19)

and [pa pb]
T = g(n) = exp

(
A2 log (A1n)

)
the transformation of n. First, g0 = n. Then,

following Equation 3.15,

g1 = log(A1g0) = log

( 0 0 1 1
0 1 0 1
1 1 1 1

) n00
ab

n01
ab

n10
ab

n11
ab


 = log

(
n1+
ab

n+1
ab
N

)
. (3.20)

and

g(n) = g2 = exp(A2g1) = exp

((
1 0 −1
0 1 −1

)
log

(
n1+
ab

n+1
ab
N

))
=
(

pa
pb

)
. (3.21)

Following Equation 3.17, G0 = I,

G1 = Diag(A1g0)
−1A1G0

= Diag(A1g0)
−1A1 I

= Diag(A1g0)
−1A1

=

 1/n1+
ab 0 0

0 1/n+1
ab 0

0 0 1/N

( 0 0 1 1
0 1 0 1
1 1 1 1

)

=

 0 0 1/n1+
ab 1/n1+

ab

0 1/n+1
ab 0 1/n+1

ab
1/N 1/N 1/N 1/N

 ,

(3.22)
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and

G = G2 = Diag(exp(A2g1))A2G1

= Diag (exp (A2 g1))A2 Diag (A1 g0)
−1A1

= Diag (g2)A2 Diag (A1 n)−1A1

=

(
pa 0
0 pb

)(
1 0 −1
0 1 −1

) 0 0 1/n1+
ab 1/n1+

ab

0 1/n+1
ab 0 1/n+1

ab
1/N 1/N 1/N 1/N


= N−1

(
−pa −pa 1− pa 1− pa
−pb 1− pb −pb 1− pb

)
.

(3.23)

Vector n is assumed to follow a multinomial distribution with parameters N and p =

n/N = [p00ab p
01
ab p

10
ab p

11
ab]

T , resulting in the estimated variance-covariance matrix

Vn = N
[
Diag(p)− ppT

]
= N


p00ab(1− p00ab) −p00abp

01
ab −p00abp

10
ab −p00abp

11
ab

−p01abp
00
ab p01ab(1− p01ab) −p01abp

10
ab −p01abp

11
ab

−p10abp
00
ab −p10abp

01
ab p10ab(1− p10ab) −p10abp

11
ab

−p11abp
00
ab −p11abp

01
ab −p11abp

10
ab p11ab(1− p11ab)

 .
(3.24)

Using Equation 3.18 to estimate the variance-covariance matrix of g(n), it may be verified

that
V̂g(n) = G Vn GT

= N−1

(
pa(1− pa) −papb
−pbpa pb(1− pb)

)
. (3.25)

The variance of the sampling distribution of pa and pb are the diagonal elements of

V̂g(n) (Equation 3.25) and equal the well-known asymptotic variance estimator of the

multinomial sampling distribution pa(1− pa)/N and pb(1− pb)/N , respectively, with the

standard errors being its square root.

3.5.2 Standard Errors of Two-Level Scalability Coefficients

The two main challenges of applying the exp-log notation and the delta method are the

construction of design matrices A1 to Ac for all 9 two-level scalability coefficients, and the

specification of an appropriate distribution for vector n with the derivation of its variance-

covariance matrix. This section demonstrates the construction of the design matrices for

the item-pair, item, and total scale coefficients, respectively, for all classes of coefficients,

followed by a section on deriving the variance-covariance matrix of vector n.

Let HB
ij = [HB

12 HB
13 . . . H

B
(I−1,I)]

T ,HW
ij = [HW

12 HW
13 . . . H

W
(I−1,I)]

T , and HBW
ij =

[HBW
12 HBW

13 . . . HBW
(I−1,I)]

T be vectors of size K, containing the between-rater item-pair

coefficients, the within-rater item-pair coefficients, and the ratios of item-pair coefficients,

respectively. Let Hij = g(n) = [HBT

ij HWT

ij HBWT

ij ]T be a vector of size 3K containing all

item-pair coefficients. Similarly, let Hi = g†(n) = [HBT

i HWT

i HBWT

i ]T be a vector of size

3I containing all item coefficients, and let H = g‡(n) = [HB HW HBW ]T be a vector of
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size 3 containing the three total-scale coefficients.

Item-Pair Scalability Coefficients in Exp-Log Notation

The recursive exp-log notation to compute the two-level item-pair scalability coefficients

is

Hij = g(n) = exp(A6 log(A5 exp(A4 log(A3 exp(A2 log(A1n)))))). (3.26)

The (2B + U)× L matrix A1 contains submatrices BB, BW , and U,

A1 =

 BB

BW

U

 . (3.27)

Matrices BB and BW link the observed item-score frequencies to the bivariate between-

and within-rater proportions, respectively and matrixU to the univariate proportions. Let

pB
s = ns/(SRs(Rs−1)) be a vector containing item-score proportions for the between-rater

proportions per subject and let p =
∑S

s=1 ns/(SRs) be a vector containing the sample

proportions of the item-score patterns in vector n. Let subscript (l) (l = 1, 2, . . . L)

represent the l-th element of a vector. Also, let 1(Xi(l) = x) denote an indicator function

of score x on item i on the l-th item-score pattern of vector n. Finally, ny
sj denotes the

frequency of raters scoring y on item j for subject s.

For the b-th bivariate proportion (x, y) and the l-th item-score pattern, entry (b, l) of

the B × L submatrix BB takes value 1(Xi(l) = x)[
∑S

s=1(n
y
sj − 1(Xj(l) = y))pBs(l)]/n(l). In

the B × L submatrix BW entry (b, l) takes value 1(Xi(l) = x,Xj(l) = y)p(l)/n(l) for the

b-th bivariate proportion and the l-th item-score pattern. Element (u, l) of the U × L

submatrix U takes value 1(Xi(l) = x)p(l)/n(l) for the u-th univariate proportion and the

l-th item-score pattern. For a small-scale example of matrix A1 see Appendix A.5, Table

5.

Multiplying matrix A1 with vector n results in a vector containing the bivariate

between-rater proportions (pB
ij = [p

00(B)
12 p

01(B)
12 . . . p

mm(B)
(I−1),I ]

T , Equation 3.3), within-rater

proportions (pW
ij = [p

00(W )
12 p

01(W )
12 . . . p

mm(W )
(I−1),I ]

T , Equation 3.2), and univariate proportions

(pi = [p01 p11 . . . pmI ]
T , Equation 3.4). Hence, function g1 equals

g1 = log (A1 n) = log

 pB
ij

pW
ij

pi

 . (3.28)

Design matrices A2 to A5 are adjusted versions of matrices A2 to A5 in Kuijpers et al.

(2013, pp. 61 - 63). Let 1(v) and 0(v) denote a unit vector and zero vector, respectively, of

length v, let I(v) denote the v×v identity matrix, and let 0 reflect a zero-matrix or vector,

which order depends on the order of its neighbouring matrices. Let P be a B×U indicator

matrix where entry (b, u) takes value 1 if the u-th univariate proportion contributes to

the b-th expected bivariate proportion p
xy(E)
ij (Equation 3.5), and 0 otherwise. The 3B ×
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(2B + U) matrix A2 equals

A2 =

(
I(2B) 0
0 P

)
. (3.29)

Let (pE
ij = [p

00(E)
12 p

01(E)
12 . . . p

mm(E)
(I−1),I ]

T ) be the vector containing the expected bivariate

proportions under marginal independence of the items. Using the result in Equation 3.28

for g1, function g2 equals

g2 = exp ( A2 g1 ) =

 pB
ij

pW
ij

pE
ij

 . (3.30)

Let ⊕ indicate the direct sum. Vector wij = [w00
ij w01

ij . . . wmm
ij ]T contains the (m+1)2

weights for item-pair (i, j) (Equation 3.7). The K×B block-diagonal matrix W contains

the weights for all K pairs of items; that is,

W =
I⊕

i<j

wT
ij =


wT

12 0 0 . . . 0
0 wT

13 0 . . . 0
0 0 wT

14 . . . 0
...

...
...

...
0 0 0 . . . wT

I−1,I

 . (3.31)

Let vector c be a copy of the first row of W, necessary to construct scalar 1 in Equa-

tions 3.8 and 3.9, and 0(B) be a zero-vector of length B. Let ⊗ denote the Kronecker

product. Then, the (3K + 1)× 3B matrix A3 is given by

A3 =

(
cT 0T

(2B)

I(3) ⊗W

)
. (3.32)

Let Fij = [F12 F13 . . . FI−1,I ]
T be the vector containing the weighted sum of Guttman

errors, using superscript B, W and E for the observed between-rater, observed within-

rater, and expected under marginal independence variant, respectively (Equations 3.8 and

3.9). Using the result in Equation 3.30 for g2, g3 equals

g3 = log (A3 g2) = log


wT

12p
B
12

W pB
ij

W pW
ij

W pE
ij

 = log


FB
12

FB
ij

FW
ij

FE
ij

 . (3.33)

The (2K + 1)× (3K + 1) matrix A4 is given by

A4 =

(
1 −1 0T

(2K−1) 0T
(K)

0(2K) I(2K) −1(2) ⊗ I(K)

)
. (3.34)
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Using Equation 3.33 for g3,g4 results in

g4 = exp ( A4 g3 ) =

 1
FB

ij/F
E
ij

FW
ij /F

E
ij

 . (3.35)

The 2K × (2K + 1) matrix A5 is given by

A5 =
(
1(2K) −I(2K)

)
, (3.36)

and g5 given by

g5 = log (A5 g4) = log

(
1− FB

ij/F
E
ij

1− FW
ij /F

E
ij

)
= log

(
HB

ij

HW
ij

)
. (3.37)

Finally, the 3K × 4K matrix A6 is given by

A6 =
(
I(3K) (0 0 −1)T ⊗ I(K)

)
, (3.38)

which gives

g(n) = exp
(
A6 g5

)
=

HB
ij

HW
ij

HBW
ij

 , (3.39)

the vector containing all item-pair scalability coefficients.

Item Scalability Coefficients in Exp-Log Notation

The recursive exp-log notation for the two-level item scalability coefficients is

Hi = g†(n) = exp(A†
6 log(A

†
5 exp(A

†
4 log(A

†
3 exp(A2 log(A1n)))))). (3.40)

Design matrices A1 and A2 are used again in the computation of the item scalability

coefficients. Design matrices A†
3, A

†
4, A

†
5, and A†

6 differ slightly from A3, A4, A5, and

A6. The difference between item coefficients compared to the item-pair coefficients is

that the weighted Guttman errors need to be summed over the item-pairs for each item

i (Equation 3.10 and 3.11). Therefore, the steps up to computation of the weighted

Guttman errors are identical.

Row i of the I×K(m+1)2 matrix W† pertains to item i. Each item-pair has (m+1)2

columns, which contains vector wT
ij if j ̸= i in row i, and a zero-vector for the columns

belonging to the remaining item-pairs. Hence, matrix W† is

W† =


wT

12 wT
13 . . . wT

1I 0 . . . 0 0 . . . 0
wT

12 0 . . . 0 wT
23 . . . wT

2I 0 . . . 0
...

...
...

...
...

...
...

0 . . . . . . wT
1I 0 . . . wT

2I 0 . . . wT
I−1,I

 . (3.41)
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Let vector c† be a copy of the first row of matrix W†. Replacing c with c† and W with

W† in matrix A3 (Equation 3.31) results in matrix A†
3. Using the result in Equation 3.30

for g2,g
†
3 equals

g†
3 = log

(
A†

3 g2

)
= log


∑

j ̸=1 F
B
1j∑

j ̸=i F
B
ij∑

j ̸=iF
W
ij∑

j ̸=i F
E
ij

 . (3.42)

Matrices A†
4, A†

5, and A†
6 are obtained by changing K to I in the order of the

submatrices and subvectors of A4 (Equation 3.35), A5 (Equation 3.37), and A6 (Equation

3.39), respectively; that is,

A†
4 =

(
1 −1 0T

(2I−1) 0T
(I)

0(2I) I(2I) −1(2) ⊗ I(I)

)
, (3.43)

A†
5 =

(
1(2I) −I(2I)

)
, (3.44)

and

A†
6 =

(
I(3I) (0 0 −1)T ⊗ I(I)

)
. (3.45)

Using the result in Equation 3.42 for g†
3,g

†(n) equals

g†(n) = exp(A†
6 log(A

†
5 exp(A

†
4g

†
3))) =

HB
i

HW
i

HBW
i

 . (3.46)

Total Scale Scalability Coefficients in Exp-Log Notation

The recursive exp-log notation for the two-level total scale scalability coefficients is

H = g‡(n) = exp(A‡
6 log(A

‡
5 exp(A

‡
4 log(A

‡
3 exp(A2 log(A1n)))))). (3.47)

Similar to the changes for the item scalability coefficients (Section 3.5.2), the differ-

ences in the function to compute the total-scale coefficients only affect matrices A3 to

A5. Submatrix W is reduced to a vector of order B containing all Guttman weights,

w‡ = [w12 w12 . . . wI−1,I ]
T . Replacing both c and W with w‡ in matrix A3 (Equation

3.31) results in matrix A‡
3. Subsequently, g

‡
3 equals

g‡
3 = log

(
A‡

3 g2

)
= log


∑∑

j ̸=i F
B
ij∑∑

j ̸=i F
B
ij∑∑

j ̸=i F
W
ij∑∑

j ̸=i F
E
ij

 . (3.48)

Matrices A‡
4, A‡

5, and A‡
6 are obtained by changing K to 1 in the order of the

submatrices and subvectors of A4 (Equation 3.35), A5 (Equation 3.37), and A6 (Equation
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3.39), respectively; that is,

A‡
4 =

(
1 −1 0 0

0(2) I(2) −1(2)

)
, (3.49)

A‡
5 =

(
1(2) −I(2)

)
, (3.50)

and

A‡
6 =

(
I(3) (0 0 −1)T

)
. (3.51)

Finally, g‡(n) equals

g‡(n) = exp(A‡
6 log(A

‡
5 exp(A

‡
4g

‡
3))) =

HB

HW

HBW

 . (3.52)

Deriving the Variance-Covariance Matrix of n

In single-level data, vector n is assumed to follow a multinomial distribution with prob-

ability vector π. If multiple ratings of the same subject are present, the variance in the

data will be larger than expected under a multinomial distribution, because two sources

of variation are present: the random fluctuation of the multinomial parameters across

subjects and the variation of the raters within a subject (Vágó et al., 2011; Agresti, 2012,

p. 7). If in two-level data a multinomial distribution is assumed for n, this overdisperion

is ignored, which results in too small standard errors (the naive standard errors in Table

3.2).

Suppose that for each subject R1 = R2 = . . . = RS = R, and probability vector πs

exists for subject s, with expectation E(πs) = π. Then, for a given single subject, the

conditional distribution of the vector with item-score patterns is multinomial with expec-

tation E(n|π) = Rπ and variance-covariance matrix V (n|π) = R(Diag(π)− ππT ). The

variance of the marginal distribution of n for a randomly selected subject is E(V (n|π))+
V (E(n|π)) (Rice, 2006, p. 151, Theorem B). Because the subjects are assumed to be

independent, the variance-covariance matrix of n for S subjects is defined as

Vn =
∑S

s=1

[
E(V (n|π)) + V (E(n|π))

]
=

∑S
s=1

[
E[R(Diag(π)− ππT )] + V (Rπ)

]
= SR[Diag(E(π))− E(ππT )] + SR2[E(ππT )− E(π)E(π)T ]

= SR[Diag(E(π))− E(π)E(π)T ] + SR(R− 1)[E(ππT )− E(π)E(π)T ]

(3.53)

(see, e.g., Vágó et al., 2011; Rice, 2006, p. 140 Corollary B). If the number of raters

Rs varies per subject, value R in Equation 3.53 can be replaced by the harmonic mean

Rs = S/
∑Rs

s=1R
−1
s . For single-level scalability coefficients, there is only one replication

per subject (R = 1), and the right-hand side of Equation 3.53 reduces to S[Diag(E(π))

− E(π)E(π)T ], the well-known covariance matrix of the multinomial distribution with
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parameters S and E(π).

Estimating the Standard Errors

Applying the rules from Equation 3.17 to functions g(n),g†(n), and g‡(n) results in

the Jacobian matrices G, G†, and G‡, respectively. Because of its complexity and size,

the Jacobian is not printed. The variance-covariance matrices of the coefficients are

approximated by means of the delta method (Equation 3.18) as

V(Hij) ≈ G Vn GT

V(Hi) ≈ G† Vn G†T

V(H) ≈ G‡ Vn G‡T .

(3.54)

The standard errors are retrieved by taking the square root of the diagonal of the variance-

covariance matrices in Equation 3.54.

3.5.3 Asymptotic Distribution of Two-Level Scalability

Coefficients

The distribution of the single-level coefficients for dichotomous items is asymptotically

normal (Mokken, 1971, pp. 166-167, Theorem 3.3.1). The proof is based on the fact

that the asymptotic distribution of linear functions of the vector with item-score pattern

frequencies n, in which the frequencies are considered as random variables, is normal (Rao,

1973, p. 383 (ii)). This proof is also valid for two-level case, because vector n is constructed

from S independent subjects, each with finite expectation and variance. Therefore the

multivariate central limit theorem applies (Rao, 1973, p. 128 (iv)), although it is necessary

that the variance-covariance matrix is adjusted to account for overdispersion, which has

been done in Section 3.5.2. If Ĥ(S) is the vector of estimated two-level scalability coeffi-

cients for a random sample of S independent subjects, with expectation H and estimated

variance-covariance matrix V(Ĥ(S)), then for S → ∞, (Ĥ(S) −H) → N [0,V(Ĥ(S))].

3.5.4 Performance for Simulated Data

In a small-scale simulation study, we investigated the sampling distribution of the two-

level scalability coefficients and the coverage of the Wald-based confidence intervals. A

normally distributed sampling distribution and a 95% coverage rate indicate that the

standard errors are unbiased and accurate. The population was based on the real-data

example and consisted of 100,000 subjects, each scored on seven 5-category items by 18

raters. The scores were generated by the hierarchical rater model (Patz et al., 2002).

Model parameters were chosen such that the total-scale coefficients were similar to the

values in the small real-data example. An overview of the data simulation method is

provided in Appendix B. Because the asymptotic results are based on the number of

subjects S → ∞, it is expected that the results deteriorate as S decreases. We investigated
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two levels of S that are relatively small: S = 14 (as in the real-data example) and S = 50.

Both levels represent a relatively poor condition for obtaining unbiased and accurate

standard error estimates. For both levels of S, 1,000 data sets were sampled from the

population; for each sample, the two-level scalability coefficients and their standard errors

were estimated. Due to limited space, the remaining variables were fixed.

Figure 3.1 shows the results. The sampling distribution of all coefficients was close to

normal. For S = 14 subjects, on average HW was slightly overestimated in the samples,

HB was correctly estimated, and HBW was underestimated. For all three coefficients

the standard errors were slightly smaller than the standard deviation of the sampling

distribution. In addition, the coverage was slightly too low, with .95 falling outside the

95% confidence interval. For S = 50 subjects, the estimated coefficients and standard

errors were close to the true values, and the 95% confidence intervals of the estimated

coverages included .95. This simulation example demonstrates that even for limited

sample sizes, the sampling distribution of the two-level scalability coefficients is close

to normal and Wald-based intervals quickly give satisfactory coverage rates.

3.5.5 Computational Strategy

Computing the design matrices and the matrices of partial derivatives can be quite

demanding, as more items are being used and more subjects are being scaled. For example,

with 10 five-category items matrix A1 is of order 2, 301 × 9, 765, 625. Two adjustments

can be applied to reduce the computational burden substantially; using only nonzero

frequencies in vector n and directly computing g3 and G3 from the data.

The length of vector n and the number of columns in the design matrix A1 and

Jacobian matrices Gi is L, the number of all possible item-score patterns. Value L

increases exponentially with the number of items. However, only observed patterns

contribute to the computation of the scalability coefficients and the standard errors, and

unobserved patterns may be removed from the vectors and matrices (see Kuijpers et al.,

2013, p. 55 for proof). As a result, the number of observed item-score patterns L∗ is at

most the lesser of (m+ 1)I and the number of subject-rater combinations
∑S

s=1Rs.

Tedious but straightforward algebra shows that the result of g3 and its matrix of partial

derivatives G3 can be computed directly from the data. This is convenient, because the

order of matrix A1 to A3 and of the rows of G1 and G2 is a multiple of the number of

bivariate response patterns B, which grows rapidly when more items or answer categories

are used (B = 1, 125 for 10 five-category items). The order of the remaining matrices does

not exceed a multiple of the number of item-pairs K (K = 45 for 10 items), although the

number of columns of the matrices Gi will always equal L∗. See Appendix C for direct

computation of g3 and G3 from the data.
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Figure 3.1: Plot of the sampling distribution of the two-level scalability coefficients for
S = 14 (upper panel) and S = 50 (lower panel) subjects, based on 1,000 simulated data
sets. The dashed black line is the kernel density of the sampling distribution and the
solid gray line is the density of the normal distribution with population value H as mean
and the standard deviation (SE) of the sampling distribution. Value Ĥ is the average

estimated coefficient and ŜE the average estimated standard error across the simulated
data sets. Coverage (Cov.) is the proportion of times the population H falls inside the
95% Wald-based confidence interval of the sample estimate.

3.5.6 Implementation in R

The estimation of the two-level scalability coefficients and their standard errors are

available as function MLcoefH() in R (R Core Team, 2020) in the package mokken (Van der

Ark, 2007, 2012). The argument of MLcoefH() is a data matrix with one subject column

and a column per item. The function returns a list with three matrices, one for the item-

pair, one for the item, and one for the total scale coefficients. These matrices contain the

within, between, and ratio coefficients with their standard errors. The autonomy-support

data example from this chapter can be obtained in R by the following command lines.
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> # Load mokken package

> library(mokken)

> # Read data

> data(autonomySupport)

> # Scalability coefficients and standard errors

> MLcoefH(autonomySupport)

3.6 Discussion

We derived standard errors for two-level scalability coefficients (Snijders, 2001a; Crişan

et al., 2016). As a result, the precision of estimated scalability coefficients can be

determined, leading to more information with respect to the scalability of the items in the

data. Estimation of both the two-level scalability coefficients and their standard errors

is implemented as R-function MLcoefH() in the mokken-package. The computational

shortcut has reduced the computation time considerably, but estimating standard errors

can still be time consuming if the number of items and subjects is large.

The main reason to compute standard errors is confidence interval construction. We

chose to use the Wald-based confidence interval, as the distribution of the two-level

scalability coefficients is asymptotically normal. The simulation example demonstrated

that even for a small number of subjects, the standard error estimates and coverage

levels were close to the desired values. In addition, the sampling distribution of the

two-level scalability coefficients was close to normal. Future research should focus on

the bias and coverage of the two-level coefficients in a wider range of conditions, such

as unequal group sizes and other values of the scalability coefficients. There may be

situations where alternative intervals are preferred, such as bootstrap or profile likelihood

confidence intervals.

With the derivation of the standard errors, the development of two-level Mokken scale

analysis can continue. We intend to develop methods to determine how well the model fits

the data. Also, generalization of the scalability coefficients and standard errors is required

for situations where raters score multiple subjects. In addition, we plan to generalize the

automated item selection procedure to accommodate two-level test data as well.
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Bias of Two-Level Scalability Coeffi-

cients and their Standard Errors

Abstract

Two-level Mokken scale analysis is a generalization of Mokken scale analysis for multi-

rater data. We investigated the bias of estimated scalability coefficients for two-level

Mokken scale analysis, the bias of their estimated standard errors, and the coverage of

the confidence intervals, under various testing conditions. We found that the estimated

scalability coefficients were unbiased in all tested conditions. For estimating standard

errors, the delta method and the cluster bootstrap were compared. The cluster bootstrap

structurally underestimated the standard errors of the scalability coefficients, with low

coverage values. Except for unequal numbers of raters across subjects and small sets of

items, the delta method standard error estimates had negligible bias and good coverage.

Post-hoc simulations showed that the cluster bootstrap does not correctly reproduce

the sampling distribution of the scalability coefficients, and an adapted procedure was

suggested. In addition, the delta method standard errors can be slightly improved if

the harmonic mean is used for unequal numbers of raters per subject rather than the

arithmetic mean.

Chapter 4 is published as: Koopman, L., Zijlstra, B. J. H., De Rooij, M., & Van der Ark,

L. A. (2020). Bias of two-level scalability coefficients and their standard errors. Applied

Psychological Measurement, 44(3), 213–236. doi: 10.1177/0146621619843821

http://doi.org/10.1177/0146621619843821
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4.1 Introduction

In multi-rater assessments, multiple raters evaluate or score the attribute of subjects on a

standardized questionnaire. For example, several assessors may assess teachers’ teaching

skills using a set of rubrics (e.g., Maulana et al., 2015; Van der Grift, 2007), both parents

may rate their child’s behavior using a health-related quality of life questionnaire (e.g.,

Ravens-Sieberer et al., 2014), and policy holders may evaluate the quality of health-care

plans using several survey items (e.g., Reise et al., 2006). In multi-rater assessments,

raters (assessors, parents, policy holders) are nested within subjects (teachers, children,

health-care plans). From this two-level data, measuring the attribute (teaching skills,

behavior, quality) of the subjects at level 2 is of most interest. Because raters are the

respondents, they may have a large effect on the responses to the items, which can interfere

with measuring the subjects’ attribute.

For dichotomous items, proposed two-level scalability coefficients to investigate the

scalability of the items used in multi-rater assessments. These coefficients are general-

izations of Mokken’s (1971) single-level scalability coefficients (or H coefficients), which

are useful as measures to assess whether “the items have enough in common for the

data to be explained by one underlying latent trait . . . in such a way that ordering the

subject by the total score is meaningful” (Sijtsma & Molenaar, 2002, p. 60). Mokken

introduced scalability coefficients for each item-pair (Hij), each item (Hi), and the total

set of items (H). For multi-rater data, Snijders proposed extending the Hij, Hi, and

H coefficients to within-rater scalability coefficients (denoted by the superscript W ),

between-rater scalability coefficients (denoted by the superscript B), and the ratio of

the between to within coefficients (denoted by the superscript BW ).

The scalability coefficients are related to measurement models, in which subject and

rater effects are jointly modeled (Snijders, 2001a). A more detailed description of the

measurement models and the two-level coefficients is provided below. Crişan et al. (2016)

generalized the two-level scalability coefficients for dichotomous items to polytomous

items, and Koopman, Zijlstra, & Van der Ark (2020) derived standard errors for the

estimated two-level scalability coefficients using the delta method (e.g., Agresti, 2012,

pp. 577-581; Sen & Singer, 1993, pp. 131-152). Alternatively, a cluster bootstrap may

be used to estimate standard errors. The cluster bootstrap (Sherman & Le Cessie,

1997; see also Cheng et al., 2013; Deen & De Rooij, 2020; Field & Welsh, 2007; Harden,

2011) has not been applied to two-level scalability coefficients but it has been applied in

similar data structures; for example, children within county (Sherman & Le Cessie, 1997),

siblings or genetic profiles within families (Watt et al., 2000; Bull et al., 2001), repeated

measurements of homeless people their housing status (De Rooij & Worku, 2012), or of

children microbial carriage (Lewnard et al., 2015).

For the two-level scalability coefficients, the problem at hand is that neither the bias of

the point estimates nor the bias and accuracy of the standard errors have been thoroughly

investigated. For the single-level scalability coefficients, the point estimates were mostly
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unbiased (Kuijpers et al., 2016) and for both the analytically derived standard errors using

the delta method (Kuijpers et al., 2016) and the bootstrap standard errors (Van Onna,

2004), the levels of bias and accuracy were satisfactory. However, these results cannot be

generalized to two-level scalability coefficients because single-level coefficients do not take

into account between-rater scalability, nor the dependency in the data due to the nesting

of raters within subjects. The goal of this chapter is to investigate the bias of the point

estimates and the standard errors of the two-level scalability coefficients. The remainder

of this chapter first discusses two-level nonparametric item response theory (IRT) models,

two-level scalability coefficients, and the two standard error estimation methods. Then,

the chapter discusses the simulation study to investigate bias and coverage, and its results.

4.1.1 Nonparametric IRT Models for Two-Level Data

In multi-rater data, an attribute of subject s (s = 1, . . . , S) is scored by Rs raters using

I items. Raters are indexed by r or p (r, p = 1, . . . , Rs; r ̸= p) and items are indexed by

i or j (i, j = 1, . . . , I; i ̸= j). Each item has m + 1 ordered response categories, indexed

by x or y (x, y = 0, 1, . . . ,m). Let Xsri denote the score of subject s by rater r on item i.

Typically, the mean item score across raters, Xs·· = (IRs)
−1
∑Rs

r=1

∑I
i=1Xsri is used as a

measurement for the attribute of subject s.

In 2001a, Snijders proposed a two-level nonparametric IRT model for two-level data,

based on the monotone homogeneity model (Mokken, 1971; Sijtsma & Molenaar, 2002).

Let θs be the value of subject s on a unidimensional latent trait θ that represents the

attribute being measured, and δsr a deviation that consists of the effect of rater r and

the interaction effect of rater r and subject s. Hence, θs + δsr is the value of subject

s on the latent trait according to rater r. It is assumed that on average, the rater

deviation for subject s equals zero (E(δsr) = 0). In Snijders’ model, the responses to

the different items and subjects are assumed stochastically independent given the latent

values θs and δsr. The probability that subject s obtains at least score x on item i when

assessed by rater r, P (Xsri ≥ x|θs, δsr), is monotone nondecreasing in θs + δsr. Because

E(δsr) = 0, the monotonicity assumption implies a non-decreasing item-step response

function P (Xsri ≥ x|θs), which is the expectation of P (Xsri ≥ x|θs, δsr) with respect to

the distribution of δsr.

An alternative generalization of the monotone homogeneity model for two-level data

is the nonparametric hierarchical rater model. The hierarchical rater model (Patz et al.,

2002; Mariano & Junker, 2007; DeCarlo et al., 2011) is a two-stage model for multi-rater

assessments in which a single performance is rated. Similar to Snijders’ model, latent

values θs and δsr are the subject’s latent trait level and the rater’s deviation, respectively.

The hierarchical rater model assumes an unobserved ideal rating of the performance of

subject s on each item i, denoted by ξsi. The ideal ratings may vary across performances

and is solely based on the subject’s latent trait value. The ideal ratings to the different

items are assumed stochastically independent given θs and the item-step response function
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P (ξsi ≥ x|θs) is non-decreasing in θs. The observed item scoreXsri is the rater’s evaluation

of ideal rating ξsi (i.e., of the performance). For raters with negative δsr, the probability

increases that Xsri is smaller than ξsi, and for raters with positive δsr, the probability

increases that Xsri is larger than ξsi. Observed ratings Xsri are stochastically independent

given ξsi and δsr and the item-step response function P (Xsri ≥ x|ξsi, δsr) is non-decreasing
in ξsi + δsr.

4.1.2 Scalability Coefficients for Two-Level Data

Scalability coefficients evaluate the ordering of observed item responses. They are a

function of the weighted item probabilities. These weights are explained briefly here (for

more details, see Kuijpers et al., 2013; Koopman et al., 2017), and illustrated in Appendix

D using a small data example. Let P (Xsri = x,Xsrj = y) denote the bivariate probability

that rater r of subject s scores x on item i and y on item j. Let P (Xsri = x,Xspj = y)

(p ̸= r) denote the bivariate probability that rater r of subject s scores x on item i and

another rater (p) of the same subject scores y on item j. Let P (Xi = x) be the probability

that a certain rater scores x on item i for a certain subject.

Let 1(·) denote an indicator function, which takes value 1 if its argument is true

and value 0 otherwise. Each item-score Xi has m item steps Zix = 1(Xi ≥ x) (i =

1, 2, . . . , I;x = 1, 2, . . . ,m). An item step is passed if Zix = 1, and an item step is

failed if Zix = 0. P (Xi ≥ x) is the popularity of item step Zix. Item steps of each

item-pair are sorted in descending order of popularity. A Guttman error is defined as

passing a less popular item step after a more popular item step has been failed. For

instance, if for item-pair Xi, Xj the order of item steps is Zi1, Zj1, Zj2, Zi2, Zi3, Zj3 (i.e.,

P (Xi ≥ 1) ≥ P (Xj ≥ 1) ≥ P (Xj ≥ 2) ≥ P (Xi ≥ 2) ≥ P (Xi ≥ 3) ≥ P (Xj ≥ 3)),

then item-score pattern (Xi = 0, Xj = 1) is a Guttman error, because this item-score

pattern requires that the second ordered item step Zj1 = 1 must be passed, whereas the

first, easier step Zi1 = 0, is failed. Patterns that are not a Guttman error are referred

to as consistent patterns. If a Guttman error is observed within the same rater (i.e.,

(Xsri = 0, Xsrj = 1)), this is referred to as a within-rater error. If a Guttman error

is observed across two different raters of the same subject (i.e., (Xsri = 0, Xspj = 1)),

this is referred to as a between-rater error. A Guttman error is considered more severe

if more ordered steps have been failed before a less popular item step has been passed

(e.g., Xi = 0, Xj = 3 is worse than Xi = 0, Xj = 1). The severity of the Guttman

error for item-score pattern (x, y) = (Xi = x,Xj = y) is indicated by weight wxy
ij , which

denotes the number of failed item steps preceding passed item steps (Molenaar, 1991).

Let zxyh ∈ {0, 1} denote the evaluation of the h-th (1 ≤ h ≤ 2m) ordered item step with

respect to item-score pattern (x, y), then weight wxy
ij is computed as

wxy
ij =

2m∑
h=2

{
zxyh ×

[
h−1∑
g=1

(1− zxyg )

]}
. (4.1)
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For consistent item-score patterns value wxy
ij equals zero.

Let FW
ij =

∑
x

∑
y w

xy
ij P (Xsri = x,Xsrj = y) be the sum of weighted within-rater

Guttman errors in item pair (i, j) and let Eij =
∑

x

∑
y w

xy
ij P (Xi = x)P (Xj = y) be

the sum of all expected weighted Guttman errors in item pair (i, j) under marginal

independence. The within-rater scalability coefficient HW
ij for item-pair (i, j) is then

defined as

HW
ij = 1−

FW
ij

Eij

. (4.2)

Let FB
ij =

∑
x

∑
y w

xy
ij P (Xsri = x,Xspj = y), (p ̸= r) be the sum of all weighted between-

rater Guttman errors in item pair (i, j). Replacing FW
ij with FB

ij in Equation 4.2 results

in the between-rater scalability coefficient

HB
ij = 1−

FB
ij

Eij

. (4.3)

Dividing the two coefficients results in ratio coefficient HBW
ij = HB

ij /H
W
ij . Note that

if FW
ij = FB

ij , then HB
ij = HW

ij , and HBW
ij = 1. As for single-level scalability coeffi-

cients, the two-level scalability coefficients for items (HW
i , HB

i ) are defined as Hi = 1 −∑
j ̸=i Fij/

∑
j ̸=i Eij and the two-level scalability coefficients for the total scale (HW , HB)

are defined asH = 1−
∑

i

∑
j>i Fij/

∑
i

∑
j>iEij (e.g., Snijders, 2001a; Crişan et al., 2016).

In samples, the scalability coefficients are estimated by using the sample proportions; for

computational details see Snijders (2001a; also see, Crişan et al., 2016; Koopman et al.,

2017).

Within-rater coefficient HW reflects the consistency of item-score patterns within

raters, and its interpretation is similar to the single-level scalability coefficients of Mokken

(1971). Between-rater coefficient HB reflects the consistency of item-score patterns be-

tween raters of the same subject. The maximum value of within- and between-rater

scalability coefficients equals 1, reflecting a perfect relation between the items, within and

between raters of the same subject. Under the discussed IRT models, if the distribution of

θs + δsr is equally or more dispersed than the distribution of θs, 0 ≤ HB ≤ HW (Snijders,

2001a). As the population of subject-rater combinations becomes more homogeneous

(i.e., the variance of θs + δsr becomes smaller), coefficient HW decreases. Likewise, as

the population of subjects becomes more homogeneous (i.e., the variance of θs becomes

smaller), coefficient HB decreases. Ratio coefficient HBW provides useful information on

the between- to within-rater variability: The larger the variance of δsr (i.e., the rater effect)

is compared to the variance of θs (i.e., the subject effect), the smaller the consistency of

item-score patterns between raters of the same subject is relative to the consistency of

item-score patterns within raters, and the smaller HB is compared to HW . As a result,

HBW decreases as the rater effect increases. For example, if HBW is close to 1, the

test score is hardly affected by the individual raters and only few raters per subject are

necessary to scale the subjects, whereas if HBW is close to 0, the raters almost entirely

determine the item responses and scaling subjects is not sensible.
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For a satisfactory scale, Snijders (2001a) suggested heuristic criteria HW
ij ≥ .1, HW

i

and HW ≥ .2, HB
ij ≥ 0, and HB

i and HB ≥ .1. In addition, he proposed that ratio

value HBW ≥ .3 is reasonable and HBW ≥ .6 is excellent, with similar interpretations for

HBW
ij and HBW

i . In single-level data, an often-used lower-bound is .3 (Mokken, 1971, p.

185). Due to the availability of multiple parallel measurements per subject (i.e., multiple

raters), the heuristics for two-level scalability coefficients are lower. The value of total-

scale coefficients can be increased by removing items with low item scalability from the

item set. In Mokken scale analysis for single-level data there exist an item selection

procedure based on single-level scalability coefficients, but this is not yet available for

multi-rater data. In addition to Snijders’ criteria we suggest that the confidence intervals

of the H coefficients should be used in evaluating the quality of a scale. Kuijpers et al.

(2013) advised comparing the confidence interval to the heuristic criteria: For example,

a scale can only be accepted as strong when the lower bound of the 95% confidence

interval is at least .5. A less conservative approach is to require the lower bound for all

H coefficients to exceed zero. Items that fail to meet these criteria may be adjusted or

removed from the item set.

4.1.3 Standard Error of Two-Level Scalability Coefficients

Analytical Standard Errors

The delta method approximates the variance of the transformation of a variable by using a

first-order Taylor approximation (e.g., Agresti, 2012, pp. 577-581; Sen & Singer, 1993, pp.

131-152). Recently, Koopman, Zijlstra, & Van der Ark (2020) applied the delta method

to derive standard errors for two-level scalability coefficients. Let n be a vector of order

(m+1)I containing the frequencies of all possible item-score patterns, each pattern taking

the form nx1x2...xI
1 2 ... I . The patterns are ordered lexicographically with the last digit changing

fastest, such that n = [n00...0
12...I n00...1

12...I . . . nmm...m
12...I ]

T
. Vector n is assumed to be sampled

from a multinomial distribution with varying multinomial parameters per subject (Vágó

et al., 2011). Vector ps contains the probabilities of obtaining the item-score patterns in

vector n for subject s, with expectation E(p) for a randomly selected subject. Suppose

that for each subject R1 = R2 = . . . = RS = R. In addition, let E(x) denote the

expectation of vector x, and Diag(x) a diagonal matrix with x on the diagonal. Then the

variance-covariance matrix of n equals

Vn = SR[Diag(E(p))− E(p)E(p)T ] + SR(R− 1)[E(ppT )− E(p)E(p)T ] (4.4)

(Koopman, Zijlstra, & Van der Ark, 2020; Vágó et al., 2011).

Let g(n) be the transformation of vector n to a vector containing the scalability

coefficients g(n) =
[
HB HW HBW

]T
. Let G ≡ G(n) be the matrix of first partial

derivatives of g(n). According to the delta method, the variance of g(n), V(g(n)), is
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approximated by

Vg(n) ≈ G Vn GT (4.5)

The covariance matrix of the scalability coefficients can be estimated as V̂g(n) by using the

sample estimates for G and Vn. For two-level scalability coefficients, Koopman, Zijlstra,

& Van der Ark (2020) derived matrix G in Equation 4.5. Because the derivations are

rather cumbersome and lengthy, they are omitted here. The interested reader is referred

to Koopman, Zijlstra, & Van der Ark (2020). The estimated delta-method standard errors

SEd(H) are obtained by taking the diagonal of (V̂g(n))
1/2.

Bootstrap Standard Errors

The nonparametric bootstrap is a commonly used and easy to implement method to

estimate standard errors (see, e.g., Efron & Tibshirani, 1993; Van Onna, 2004). This

method resamples the observed data with replacement to gain insight in the variability

of the estimated coefficient. The bootstrap requires that all resampled observations are

independent and identically distributed. Because in the two-level data structure the

observations within subjects are expected to correlate, a standard bootstrap will not work.

The cluster bootstrap accommodates for this dependency by resampling the subjects,

thereby retaining all raters of that subject (see, e.g., Sherman & Le Cessie, 1997; Cheng

et al., 2013; Deen & De Rooij, 2020; Field & Welsh, 2007; Harden, 2011).

A bootstrap procedure is balanced if each observation occurs an equal number of times

across the B bootstrap samples. Balancing the bootstrap can reduce the variance of the

estimation, resulting in a more efficient estimator (Efron & Tibshirani, 1993, pp. 348-349;

Chernick, 2008, p. 131). The following algorithm is used to estimate a standard error

with a balanced cluster bootstrap.

1. For a bootstrap of size B, replicate the S subjects from data X B times and

randomly distribute these replications in a B × S matrix S.

2. Create B cluster-bootstrap data sets X∗
1, . . . ,X

∗
B. To obtain X∗

b , take the bth row

of the S-matrix; X∗
b consists of the observed ratings of all raters from the bootstrap

subjects.

3. Compute the scalability coefficients HW
b , HB

b , and HBW
b for each bootstrap data set

X∗
b .

4. Estimate the bootstrap standard errors SEb(H) by computing the standard devia-

tion of the Hb coefficient across the bootstrap samples.

Resampling at subject-level ensures that the bootstrap samples reflect a similar data

structure as the original data set. The cluster bootstrap allows observations within

subjects to correlate, but observations between subjects should be independent. The

correlation structure may differ per subject, and need not be known.
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4.2 Method

Simulated data were used to investigate the bias of the two-level scalability coefficient

estimates, bias of the standard error estimates, and coverage of the Wald-based confidence

intervals. To keep the simulation study manageable (and readable), a completely crossed

design was avoided. Instead, bias and coverage were first investigated in a small study

that included the most important independent variable, the rater effect σδ, and the two

standard error estimation methods (the main design). Because the rater effect determines

the scalability of subjects for a given test, it is considered the most important independent

variable. Second, in a series of small studies with specialized designs the effects of

other independent variables were investigated using the most promising standard error

estimation method. Finally, remarkable results were further investigated in post-hoc

simulations.

4.2.1 Data Simulation Strategy

Computation of the scalability coefficients and their standard errors by means of the delta

method only assumes that the item scores follow a multinomial distribution with varying

multinomial parameters across subjects (Koopman, Zijlstra, & Van der Ark, 2020). The

cluster bootstrap assumes that data between subjects are independent. Both assumptions

hold under the discussed two-level IRT models, given that each subject has a unique set

of raters. We used a parametric hierarchical rater model to generate data, parameterized

as follows:
θs ∼ i.i.d. N(0, σ2

θ), s = 1, .., S

ξsi ∼ Graded response model, i = 1, ..., J, for each s

δsr ∼ i.i.d. N(0, σ2
δ ), r = 1, ..., Rs, for each s

Xsri ∼ Signal detection model, for each s, r, i

(4.6)

Latent trait values θs were sampled from a normal distribution with mean 0 and

variance σ2
θ . Ideal ratings ξsi were obtained using a graded response model (Samejima,

1969). This model was used because it is the parametric version of the monotone

homogeneity model that underlies Mokken scale analysis (Hemker et al., 1996). For latent

trait value θs, item discrimination parameter αi, and item-step location parameter βix,

the probability of ideal rating ξsi ≥ x (x = 1, 2, . . . ,m) according to the graded response

model is

P (ξsi ≥ x|θs) =
exp [αi(θs − βix)]

1 + exp [αi(θs − βix)]
. (4.7)

Note that P (ξsi ≥ 0|θs) = 1 and P (ξsi ≥ m+1|θs) = 0 by definition. Ideal ratings ξsi were

sampled from a multinomial distribution using the probabilities P (ξsi = x|θs) = P (ξsi ≥
x|θs)− P (ξsi ≥ x+ 1|θs) for each subject s and item i.

Rater deviations δsr were sampled from a normal distribution with mean 0 and variance

σ2
δ . For deviation δsr and ideal rating ξsi, the probability of observed score Xsri = x,
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P (Xsri = x|ξsi, δsr), was obtained from a discrete signal detection model. In this model,

the probabilities are proportional to a normal distribution in x with mean ξsi + δsr and

rating variance τ 2r ; that is,

P (Xsri = x|ξsi, δsr) ∝ exp

{
− [x− (ξsi + δsr)]

2

2τ 2r

}
(4.8)

(also, see Patz et al., 2002). The computed probabilities P (Xsri = x|ξsi, δsr) for the m+1

answer categories were normalized to sum to 1. Finally, observations Xsri were sampled

from a multinomial distribution with parameter P (Xsri = x|ξsi, δsr).

4.2.2 Main design

Independent Variables

Rater effect σδ had four levels, each reflecting a different degree of rater effect: σδ = 0.25

(very small), σδ = 0.50 (small), σδ = 0.75 (medium), and σδ = 1 (large). Because the

rater effect determines the scalability of subjects for a given test, it is considered the

most important independent variable. As noted earlier, both the subject effect σθ and the

rater effect σδ affect the magnitude of the scalability coefficients. By setting σθ + σδ = 2,

the magnitude of HW was similar across the four levels of rater effect, which facilitated

comparison. HB and HBW decreased as σδ increased.

Standard-error estimation method had two levels: the delta method and the

bootstrap method. These methods were applied to each level of rater effect.

Other variables in the main design were fixed: The number of subjects was S = 100,

and each subject was rated rated by the an independent group of raters of size Rs = 5.

The number of items was I = 10, and each item had m + 1 = 5 answer categories. Item

discrimination was equal for each item at αi = 1 (Equation 4.7), the item-step location

parameter βix (Equation 4.7) had equidistant values between values -3 and 3, and rating

variance τ 2r = 0.52 (Equation 4.8).

Dependent Variables

The scalability coefficients H and standard errors of the estimates SE were computed

for the three classes of the two-level total-scale scalability coefficients (HW , HB, and

HBW ). Item-pair and item scalability coefficients were not computed because the total-

scale coefficient can be written as a normalized weighted sum of the Hij or Hi coefficients

(Mokken, 1971, pp. 150-152). Therefore, it is expected that potential bias of Hij or Hi is

reflected in H. In the specialized design we investigated conditions with 2 items; in that

case, Hij = Hi = H.

Bias of the estimated H coefficient. Bias reflects the average difference between

the sample estimate and population value of H. Let Hq be the estimated scalability

coefficient of the qth replication. The bias was determined across Q replications as
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Bias(H) = Q−1
∑Q

q=1(Hq − H). The population values (Table 4.1) were determined

based on a finite sample of 1,000,000 subjects and 5 raters per subject. Table 4.1 shows

that HB and HBW decreases as rater effect σδ increases. As the rater effect in Table 4.1

increases the difference between HB and HW becomes larger. Therefore, the correlation

between the sample estimates of HB and HW will be larger for small rater effects than

for large rater effects. On average, a relative Bias(H) of 10% reflects a value of 0.044.

Therefore, absolute bias values below 0.044 is considered satisfactory.

Table 4.1:

Population Values of the Two-Level Scalability Coefficients HW , HB, and HBW and the
Standard Deviation (SD) of the Sampling Distribution for the Four Conditions of σδ in
the Main Design.

σδ 0.25 0.50 0.75 1.00

H SD H SD H SD H SD

HW .437 .037 .418 .034 .435 .029 .479 .025

HB .415 .038 .316 .038 .214 .036 .126 .032

HBW .948 .010 .756 .036 .483 .057 .262 .058

Bias of the estimated standard errors. Let SEq be the standard error of the qth

replication, and SD the population standard error, then Bias(SE) = Q−1
∑Q

q=1[SEq −
SD]. The population SD-values (Table 4.1) were determined by the standard deviation

of Hq across the Q replications and is assumed to be representative of the true standard

deviation of the sampling distribution of H, under the conditions of the main design. On

average, a relative Bias(SE) of 10% reflects a value of 0.004. Therefore, absolute bias

values below 0.004 is considered satisfactory.

Coverage. Coverage of the 95% confidence intervals (CI) was computed as the

proportion of times, in Q replications, the population value H was included in the Wald-

based confidence interval CIq = Hq ± 1.96SEq. This interval is selected because the

distribution of the two-level scalability coefficients is asymptotically normal (Koopman,

Zijlstra, & Van der Ark, 2020). There were Q = 1000 replications per condition, and

B = 1000 balanced bootstrap samples per replication.

Analyses

The simulation study was programmed in R (R Core Team, 2020) and partly performed

on a high performance computing cluster. The scalability coefficients and delta method

standard errors were computed using the R-package mokken (Van der Ark, 2007, 2012;

also, see Koopman, Zijlstra, & Van der Ark, 2020). The main design had eight conditions

(two standard error estimation methods × four rater effect levels). Summary descriptives
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were computed and visualized for relevant outcome variables for all scalability coefficients.

An Agresti-Coull confidence interval (Agresti & Coull, 1998) was constructed around the

estimated coverage using R-package binom (Dorai-Raj, 2014) to test whether it deviated

from the desired value .95.

4.2.3 Specialized Designs

Each specialized design varied one of the independent variables that had been fixed in the

main design. The levels of rater effect σδ remained unchanged (σδ = 0.25, 0.50, 0.75, and

1.00), to allow for the detection of potential interaction effects.

Independent Variables

The following variables defined the specialized designs.

Number of subjects S was 50, 100 (as in main design) 250, or 500.

Number of raters per subject, Rs, had six conditions. Let U{a, b} denote a

discrete uniform distribution with minimum a and maximum b. In the six conditions

Rs (s = 1, . . . , S) were sampled from U{2, 2}, U{5, 5} (as in main design), U{30, 30},
U{4, 6}, U{3, 7}, and U{5, 30}, respectively. Hence, in the first three conditions, each

subject had the same number of raters, and in the last three conditions the number of

raters differed across subjects.

Rating variance τ 2r had four conditions. In three conditions, τr was fixed at 0.25,

0.50 (as in main design), and 0.75, respectively. In the fourth condition τr was sampled

for each rater from an exponential distribution with mean λ−1 = 0.5.

Number of items I was 2, 3, 4, 6, 10 (as in main design), or 20.

Number of answer categories m + 1 had four levels: 2 (dichotomous items),

3, 5 (as in main design), and 7. The parameters of the signal detection model were

adjusted according to the number of answer categories, to ensure that the magnitude of

the scalability coefficients remained similar to those in the main design (Table 4.2).

Item discrimination parameter αi had four levels. In three conditions αi was kept

constant for each item at 0.5, 1.0 (as in main design), or 1.5. In the last condition, the

item discrimination varied across items at equidistant values between 0.5 and 1.5.

Distance between item-step location parameters βix had four levels. In the first

three conditions, value βix ranged between -4.5 and 4.5, between -3 and 3 (as in main

design), or between -1.5 and 1.5. In the last condition the item-step locations were equal

for the same item-steps across items, and ranged between -3 and 3 within items (i.e.,

βi1 = −3, βi2 = −1.5, βi3 = 1.5, βi4 = 3 for all i).

Dependent Variables and Analyses

The dependent variables and statistical analyses were the same for the specialized designs

and the main design. The specialized design’s item discrimination, item-step location,
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Table 4.2:

Rater Effect (σδ) and Rating Variance (τ 2r ) Values for the Number of Answer Categories
(m+ 1) Specialized Design. Note that m+ 1 = 5 is the Level from the Main Design.

Rater effect σδ

m+ 1 τr 0.25 0.50 0.75 1.00

2 .3 0.18 0.27 0.35 0.45

3 .4 0.20 0.33 0.48 0.65

5 .5 0.25 0.50 0.75 1.00

6 .5 0.30 0.70 1.00 1.20

and rating variance had an effect on the magnitude of (some of) the population H values,

see Table 4.3. Population SDs were similar as in the main design, but increased for fewer

items and smaller sets of subjects or raters.

Table 4.3:

Population Values for HW , HB, and HBW for the Specialized Designs’ Item Discrimina-
tion αi, Item-Step Location βix and Rating Variance τ 2r , for Rater Effect σδ = .5.

αi βix τr

0.5 1 1.5 V 1.5 3 4.5 E 0.25 0.50 0.75 V

HW .185 .418 .569 .381 .377 .418 .439 .400 .464 .418 .357 .384

HB .125 .316 .439 .284 .327 .316 .270 .252 .343 .316 .269 .270

HBW .675 .756 .772 .747 .866 .756 .616 .630 .738 .756 .752 .704

Note. V = Varied, E = Equal.

4.2.4 Post-Hoc Simulations

Some exploratory simulations were performed to investigate aberrant results from the

main and specialized designs.

4.3 Results

4.3.1 Main Design

Bias of all two-level scalability coefficients was close to zero across the different levels of

rater effect σδ (Table 4.4, left panel).
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Table 4.4:

Bias of Estimated Coefficients (H) and of the Estimated Standard Errors (SE).

Bias(H) Bias(SE) delta Bias(SE) bootstrap

σδ HW HB HBW HW HB HBW HW HB HBW

0.25 -.000 -.001 -.002 .002 .002 .006 -.007 -.007 -.002

0.50 -.001 -.002 -.007 .002 .001 .004 -.008 -.009 -.010

0.75 .001 -.002 -.009 .003 .002 .004 -.007 -.009 -.016

1.00 .001 -.003 -.008 .003 .003 .006 -.007 -.009 -.016

Note. Bias that exceeds the boundary of .044 and .004 for H and SE, respectively, is printed in
boldface.

Bias of the delta method standard error estimates was generally close to zero, but the

bootstrap standard error estimates were negatively biased (Table 4.4, last two panels). As

a result, coverage of the 95% confidence intervals was too low for the cluster bootstrap,

with values ranging between .82 and .88 across the different conditions and coefficients

(Figure 4.1). The delta method coverage is excellent for the between-rater coefficient, but

is conservative for the within-rater coefficient HW if rater effect σδ is large (Figure 4.1).

In addition, coverage of the ratio coefficient HBW tends to be too high, especially if the

rater effect is nearly absent. The high coverage may be explained by the small σδ value.

For σδ = .25, HB ≈ HW , hence there is hardly any variation of HBW across different

samples, indicated by a true standard error of .01 (Table 4.1). The bias of the estimated

standard error was .006 (Table 4.4, first row, 6th column), which is identical to the bias in

the σδ = 1 condition (Table 4.4, last row, 6th column), for which the true standard error

is .058 (Table 4.1). Relative to their true standard error, the bias of .006 was 60% for

σδ = .025, and only 10% for σδ = 1. Therefore, coverage was much larger in the σδ = .025

condition compared to the σδ = 1 condition, even though the bias was equal.

4.3.2 Specialized Design

For all conditions in the specialized designs, the bias of the point estimates of the two-level

scalability coefficients was satisfactory with values between -.004 and .014. Because of

the poor performance in the main design, the bias and coverage of the cluster-bootstrap

standard errors were not computed in the specialized designs, so all results for the standard

errors pertain to the delta method. Number of subjects, S, number of answer categories,

m+ 1, item discrimination, αi, item-step location, βix, and rating variance, τ 2r , had little

or no effect on the on bias of the estimated standard errors and the coverage of the Wald-

based confidence interval. As in the main design, for HW and HB, bias was satisfactory

and coverages were accurate; whereas for HBW , the bias was occasionally unsatisfactory

(Bias(SE) ≥ .008) and coverages conservative. Number of raters, Rs and number of items,

I had an effect (Table 4.5). No interaction effect was found between rater effect (σδ) and
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Figure 4.1: Plot of the coverage of the 95% confidence interval of the two-level scalability
coefficients, for different levels of rater effect σδ and the two standard error estimation
methods. Error bars represent the 95% Agresti-Coull confidence interval.

the specialized design variables. Therefore, results are discussed only for σδ = 0.5.

Table 4.5:

Bias of the Delta Method Standard Errors (SE) for the Two-Level Scalability Coefficients
HW , HB, and HBW for Specialized Designs of Numbers of Raters (Rs) and Number of
Items (I).

Rs HW HB HBW I HW HB HBW

2 .002 .002 .009 2 .002 -.009 -.003

5 .002 .001 .004 3 .001 -.004 .000

30 .000 .000 .001 4 .002 -.001 .003

4-6 .004 .005 .008 6 .001 .001 .006

3-7 .013 .015 .017 10 .002 .001 .004

5-30 .032 .037 .035 20 .002 .002 .003

Note. Bias that exceeds the boundary of .004 is printed in boldface.

For unequal numbers of raters, the standard errors of the two-level scalability coef-

ficients were too conservative (Table 4.5, left panel) and the coverage of the confidence

intervals too high (Figure 4.2, left plot, right-hand side of the plot). The overestimation

was stronger if the variation of Rs was larger. As in the main design with 5 raters, the

standard errors were also too conservative for HBW in the condition with 2 raters (Figure

4.2, left plot).

For 2 and 3 items, the standard errors were underestimated for the between-rater

coefficient HB (Table 4.5, right panel). As a result, coverage was too low (Figure 4.2,

right plot).
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Figure 4.2: Coverage plots for the two-level scalability for different number of raters and
items, respectively. Error bars represent the 95% Agresti-Coull confidence interval.

4.3.3 Post-Hoc Simulations

It was unexpected that the cluster bootstrap in the main design performed poorly in

estimating the standard errors of the two-level scalability coefficients, resulting in poor

coverage values. Apparently, the cluster bootstrap does not correctly approximate the

sampling distribution of H in the population. An explanation may be that the cluster

bootstrap ignores the assumption that the raters should be a random sample of the

population of raters. Therefore, an alternative, two-stage bootstrap is proposed (for a

similar bootstrap procedure, see Ng et al., 2013). At stage 1, the clusters are resampled

as in the cluster bootstrap and at stage 2, the raters of the selected subjects are resam-

pled. Compared to the cluster bootstrap, the two-stage bootstrap resulted in substantial

improvements in the standard error estimates and the coverages, (Table 4.6, rows 1 and

2). In an effort to further improve the coverage rates of the two-stage bootstrap, the

percentile and bias-corrected accelerated interval were also computed (see, e.g., Efron &

Tibshirani, 1993, pp. 170-187 for a detailed description). These two methods use the

empirical distribution of Hb to construct an interval, rather than assuming a normal

distribution. The coverages of the percentile and bias-corrected accelerated intervals were

equal to or lower than the coverages of the Wald-based intervals. Because the bias and

coverages of the two-stage bootstrap are still inferior to those of the delta method (Table

4.4, third row), the delta method remains the preferred method.

There were two odd results in the specialized designs: the relatively poor results of

the standard error estimates for unequal group sizes and for a set of two items. The

standard error estimates of the two-level scalability coefficients rapidly increased if the

variation in number of raters across subject became larger. For unequal number of raters

across subjects, R in Equation 4.4 was estimated by the (arithmetic) sample mean R̂ =

S−1
∑S

s=1Rs. As a solution, we estimated R by the harmonic mean, which is lower than
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Table 4.6:

Post-Hoc Results of the Bias(SE) and Coverage for the Two-Stage and Cluster Bootstrap
and the Delta Method, the Arithmetic and Harmonic Mean of Rs, and item-pairs Hij with
Two, Four, and Ten Items, for HW , HB, and HBW , and Main Design Condition With
σδ = .5.

Bias(SE) Coverage

HW HB HBW HW HB HBW

Method

Two-stage bootstrap -.003 -.004 -.007 .930 .930 .880

Cluster bootstrap -.008 -.009 -.010 .865 .861 .853

Delta method .002 .001 .004 .955 .950 .970

Rs Mean

4-6
A .004 .005 .008 .970 .972 .983

H .003 .003 .007 .965 .965 .979

3-7
A .013 .015 .017 .991 .993 .990

H .009 .011 .013 .984 .984 .989

5-30
A .032 .037 .021 .999 .999 1.00

H .018 .021 .021 .992 .994 .999

Number of Items

2 .002 -.009 -.003 .944 .910 .941

4 .002 -.001 .011 .945 .938 .983

10 .002 .003 .019 .950 .953 .989

Note. Bias that exceeds the boundary of .004 and coverages where .95 is outside the Agresti-Coull
interval are printed in boldface. The Two-Stage Bootstrap results are based on 100 replications. The
Hij results are averaged across all item-pairs. A = arithmetic mean and H = harmonic mean of Rs.

the arithmetic mean if group sizes differ, and is computed as R̂ = S/
∑S

s=1R
−1
s . Using

the harmonic mean improved the bias of the standard error and the coverage compared

to the use of the arithmetic mean (Table 4.6, rows 4-9). However, the estimates were still

too conservative, and equal group sizes are preferred.

The standard error of between-rater coefficient HB was underestimated for sets of

two items. Although in general testing with a small set of items is discouraged (see,

e.g., Emons et al., 2007), this condition was of interest because for only two items, the

total-scale coefficient HB is equal to item-pair coefficient HB
ij . To investigate whether

bias in the standard error of item-pair coefficient HB
ij persisted for larger sets of items,

the coefficients and their standard errors were computed in a new condition with four

items and in the main design with ten items (both for σδ = .5). As is shown in Table

4.6, bottom three rows, bias of HB
ij standard errors vanished as the number of items

increased. However, Table 4.6 also shows that the standard error estimates estimates and

coverages of item-pair ratio coefficient HBW
ij were increasingly conservative, more than

the total-scale coefficient HBW .
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4.4 Discussion

Point estimates of the two-level scalability coefficients were unbiased in all conditions, with

bias values approximately zero. Standard errors were mostly unbiased if the delta method

was used but not for the traditional cluster bootstrap. A two-stage cluster bootstrap was

proposed that mitigated the bias, yet the delta method remains the preferred method.

The delta method resulted in unbiased standard error estimates for both the within-

and between-rater scalability coefficientsHW andHB, respectively. For large rater effects,

the coverage of the within-rater coefficient HW was slightly conservative. However, if the

rater effect is large, standard errors are of less interest, because the test will be determined

of poor quality based on the (unbiased) coefficients alone. Standard error estimates and

coverages for ratio coefficient HBW were conservative, especially if HBW was close to its

upper bound 1. In this latter situation, standard errors are also of less interest, because

if the coefficient estimate is so high, so is its interval estimate.

For all coefficients, the delta method overestimated the standard error if the number

of raters was unequal across subjects, especially if the variation was larger. Post-hoc

simulations showed some improvements if the harmonic mean of the group size was used

rather than the arithmetic mean, but equal group sizes are recommended. In addition,

for small sets of items the standard errors between-rater coefficient HB were too liberal.

Post-hoc simulations showed that the standard errors of the total scale and the item-

pair between-rater coefficients are unbiased, provided that a scale consists of at least four

items.

The results of this study demonstrate that in general the estimated scalability coef-

ficients and delta method standard errors are accurate and can therefore be confidently

used in practice. If the scalability of a multi-rater test is deemed satisfactory, a related

(but different) topic concerns the reliability. For a given test, Snijders (2001a, p. 13)

presented coefficient alpha to determine how many raters are necessary for reliable scaling

of the subjects. Note that the magnitude of the scalability coefficients is not affected by

the number of raters. Alternatively, generalizability theory provides a more extensive

selection of methods to investigate reliability (generalizability) of multi-rater tests (see,

e.g., Shavelson & Webb, 1991).

The application of two-level scalability coefficients and their standard errors is not

limited to multi-rater data. They may also be applied in research with multiple (random)

circumstances or time points in which the same questionnaire is completed. Also, the items

may be replaced by a fixed set of situations in which a particular skill is scored using a

single item. The standard errors derived in this chapter are also useful for single-level

Mokken scale analysis for data from clustered samples (e.g., children nested in classes)

because the single-level standard error will typically underestimate the true standard error

(see, e.g., Koopman, Zijlstra, & Van der Ark, 2020, for an example). Future research may

focus on how the point and interval estimates can be useful to select a subset of items

from a larger set of items.
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Range-Preserving Confidence

Intervals and Significance Tests for

Scalability Coefficients in Mokken

Scale Analysis

Abstract

Mokken’s scalability coefficients take values on the interval (−∞, 1]. The sampling distri-

bution of scalability coefficients is skewed near the boundary, so Wald-based confidence

intervals and significance tests may be biased. We introduce a transformation of the

scalability coefficients and their standard errors, which can be used to construct range-

preserving confidence intervals and significance tests. We demonstrated that for scalability

coefficients away from the boundary, the properties of this range-preserving method are

similar to the properties of the Wald-based method, but the range-preserving method

outperforms the Wald-based method if the coefficient is close to unity. The range-

preserving method can be applied to all types of scalability coefficients, in nonclustered

and clustered data. Its implementation in software is discussed.
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5.1 Introduction

Mokken scale analysis is a popular scaling method used in questionnaires and is based on

nonparametric item response theory models (see, e.g., Mokken, 1971; Sijtsma & Molenaar,

2002; Sijtsma & Van der Ark, 2017, for an elaborate introduction). The most popular

aspect of Mokken scale analysis is scalability coefficients, which can be used to construct

questionnaires from a larger set of items or to evaluate questionnaires that have a fixed set

of items (Sijtsma & Van der Ark, 2017). Let I denote the total number of items, indexed

by i or j (i, j = 1, 2, . . . , I). There are three types of scalability coefficients: item-pair

scalability coefficient Hij is a normed correlation between items i and j, item scalability

coefficient Hi is a normed item–rest correlation that can be considered a discrimination

index, and total-scale coefficient H is the weighted sum of the His across all items, for

which higher values indicate a more accurate ordering of respondents (e.g., Sijtsma &

Molenaar, 2016, p. 309). The standard errors of the three types of scalability coefficients

were derived using the delta method as SEHij
, SEHi

and SEH , respectively (Kuijpers et

al., 2013). Snijders (2001a) generalized the coefficients to two-level scalability coefficients

for multi-rater data, in which multiple raters score the subjects of interest. Two-level

scalability coefficients consist of within-rater and between-rater coefficients, which provide

information on the scalability on the respondent- and the group-level, respectively (see

also, Koopman, Zijlstra, & Van der Ark, 2020). Within-rater coefficients have a similar

interpretation to Mokken’s coefficients.

A Mokken scale is defined as a set of items for which

Hij > 0 for all item-pairs (i, j),

Hi ≥ c > 0 for all items i,
(5.1)

where c is some positive lower bound for which c = .3 is often used (Mokken, 1971, p. 184).

All scalability coefficients can take values from −∞ to 1. If the items are statistically

independent, the scalability coefficients equal 0; if the items are perfectly correlated, the

scalability coefficients equal 1. The strength of a scale can be classified as follows:

.3 ≤ H < .4 weak scale,

.4 ≤ H < .5 medium scale,

.5 ≤ H strong scale.

(5.2)

For more information on suggested thresholds for two-level scalability coefficients, see

Snijders (2001a). The actual minimum of scalability coefficients depends on the marginal

frequencies (Sijtsma & Molenaar, 2002, p. 59). Away from the boundary, the sampling

distribution of scalability coefficients is approximately normal (Koopman, Zijlstra, &

Van der Ark, 2020; Mokken, 1971, pp. 166–167), but if a coefficient is close to the boundary

or the SE is large, the sampling distribution is skewed to the left.

The point estimates of a scalability coefficient and its SE in sample data can be
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combined by a normal approximation Wald-based confidence interval or significance test

(Koopman, Zijlstra, & Van der Ark, 2020; Kuijpers et al., 2013). Two-sided confidence

intervals are useful to determine the strength of total-scale coefficient H with confidence

(Eq. 5.2), whereas one-sided significance tests are useful to test the two criteria of a

Mokken scale (Eq. 5.1; Koopman et al., 2022). If the sampling distribution of the

scalability coefficients is skewed, Wald-based confidence intervals and significance tests

may be biased. This can result in deteriorated coverage of the confidence interval,

inclusion of values larger than 1 in the confidence interval, and inflated Type I error

rates of the significance tests. In this chapter, we propose a range-preserving confidence

interval and significance test using a logarithmic transformation that can be applied to

all scalability coefficients, both in nonclustered data (i.e., obtained by a simple random

sampling design) and clustered data (i.e., obtained by a cluster sampling design). We

compare the performance of the Wald-based and range-preserving methods in terms of

coverage and Type I error rate using simulated data. Applications of the range-preserving

methods in software are demonstrated.

5.2 Sampling Distribution of Scalability Coefficients

The sampling distribution of both Mokken’s and Snijders’ scalability coefficients are

asymptotically normal (Mokken, 1971, pp. 166-167; Koopman, Zijlstra, & Van der Ark,

2020, respectively). Therefore, it is common practice to use normal-theory approaches to

confidence interval estimation and significance testing. Let Ĥ denote the point estimate

of H with standard error SEĤ . Figure 5.1 shows six histograms of the empirical sampling

distribution of Ĥ for a range of population values for H, created with 10,000 simulated

datasets using 100 respondents and 10 dichotomous items. ForH away from the boundary

of 1, the distribution is approximately normal (as is expected according to asymptotic

theory), but as H comes closer to the boundary, the distribution becomes increasingly

skewed. For skewed sampling distributions, normal-theory approaches may be biased, in

which case, range-preserving approaches are desirable because they only take values on

the possible range of the coefficient and tend to be more accurate and reliable (Efron &

Tibshirani, 1993, Section 13.7).

Confidence interval and significance tests can be applied to the scalability coefficients

by using point estimates of the item-pair coefficients Ĥij, item coefficients Ĥi, and total-

scale coefficient Ĥ, along with SEĤij
, SEĤi

, and SEĤ , respectively. Two-sided confidence

intervals of H are appropriate to estimate whether a scale is weak, medium, or strong

(Eq. 5.2). One-sided significance tests (or one-sided confidence intervals) are appropriate

to evaluate the two criteria of a Mokken scale (Eq. 5.1; Koopman et al., 2022). For the

first criterion, the null hypothesis is Hij = 0 and the alternative hypothesis is Hij > 0

for each item pair (i, j). For the second criterion, the null hypothesis is Hi = c and the

alternative hypothesis is Hi > c for each item i.
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Figure 5.1: Six empirical distributions of total-scale coefficient H, with Wald-based
(dashed line) and range-preserving (solid line) approximations of the sampling distribution

based on the average Ĥ and SE2
Ĥ
across the datasets. The distribution is based on 10,000

simulated datasets with 10 dichotomous items and 100 respondents.

5.2.1 Wald-Based Methods

Wald-based methods assume a normal sampling distribution. A two-sided confidence in-

terval contains two confidence limits. Let zα/2 denote the z score pertaining to significance

level α/2. Then, the two-sided (1 − α) × 100% Wald-based confidence interval (denoted

CI) is computed as

CI = Ĥ ± zα/2 × SEĤ . (5.3)

Consider a two-sided 95% CI, zα/2 ≈ 1.96. Note that the upper confidence limit may

exceed the boundary of 1, which is the maximum value of H. One-sided CIs also exist

and can be constructed by replacing zα/2 in Eq. 5.3 with zα and by selecting the confidence

limit of interest, which is the lower limit for Hij and Hi. For a one-sided 95% CI zα ≈
1.645.

The Wald-based significance test is a z test to standardize the difference between Ĥ

and the value of H under the null-hypothesis to a z score. For example, using the null
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hypothesis H = c, z is computed as

z =
Ĥ − c

SEĤ

. (5.4)

The corresponding one-sided p value can be found in the standard normal z table.

A problem with the Wald-based method is that the sampling distribution is skewed

for very high values of H or SE, in which case the results cannot be trusted.

5.2.2 Range-Preserving Methods

A confidence interval is range-preserving if its values are in the possible range of the

parameter of interest. We propose a strategy to compute a range-preserving interval and

to apply a similar strategy to compute a z score, which we collectively refer to as range-

preserving methods. Range-preserving methods also apply asymptotic normal theory, but

rather than using the original estimate Ĥ, which is bounded by 1, confidence interval and

z scores are computed using a transformation of Ĥ and its SE.

Let g(Ĥ) denote the transformation of Ĥ, and let log(x) denote the natural logarithm

of x,

g(Ĥ) = − log(1− Ĥ). (5.5)

The range for the transformed scalability coefficient is the real space (−∞,∞). Let

g−1(Ĥ) denote inverse of g(Ĥ), and let exp(x) denote the exponential of x

g−1(g(Ĥ)) = 1− exp(−g(Ĥ)) = Ĥ. (5.6)

Let g′(Ĥ) denote the first derivative of g(Ĥ) with respect to Ĥ. By the chain rule (Stewart,

2008, p. 197),

g′(Ĥ) =
d

dĤ
g(Ĥ) =

1

1− Ĥ
. (5.7)

Using the delta method (Agresti, 2012, pp. 577–594), the SE of g(Ĥ), SEg(Ĥ), is then

approximated as

SEg(Ĥ) ≈
√
[g′(Ĥ)]2SE2

Ĥ

= SEĤ/(1− Ĥ).
(5.8)

To obtain the range-preserving confidence interval (denoted CI∗), we first construct a

Wald-based confidence interval using the result of Eqs. 5.5 and 5.8,

CIg(Ĥ) = g(Ĥ)± zα/2 × SEg(Ĥ)

= − log(1− Ĥ)− zα/2 × SEĤ/(1− Ĥ).
(5.9)

Then, this interval is transformed back to the original scale of H, which reflects the
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range-preserving confidence interval:

CI∗ = 1− exp(−CIg(Ĥ))

= 1− exp(log(1− Ĥ)± zα/2 × SEĤ/(1− Ĥ)).
(5.10)

The range-preserving z score (denoted z∗) is computed by transforming both Ĥ and c,

z∗ =
g(Ĥ)− g(c)

SEg(Ĥ)

. (5.11)

If Ĥ = 1, then the SE is estimated as SEĤ = 0, resulting in g(Ĥ) = ∞ and an undefined

SEg(Ĥ), z, and z∗. In that case, we define CI∗ as [1, 1] and evaluate z and z∗ as significant.

Similarly, confidence intervals and z scores can be computed for item pairs as CIij
and zij and for items as CIi and zi, with superscript ∗ for range-preserving results, by

replacing Ĥ and SEĤ in Eqs. 5.3, 5.4, 5.10, and 5.11 with Ĥij and SEĤij
or with Ĥi and

SEĤi
respectively.

Multivariate Case. The range-preserving transformation is easily generalized

to the multivariate case, which is useful to, for example, construct a variance–

covariance matrix for a set of transformed item-pair or item coefficients. Let

H = [H(1), H(2), . . . , H(k), . . . , H(K)]
T denote a transposed vector containing K scalability

coefficients H(k), (k = 1, 2, . . . , K). The transformation of H is

g(H) = [g(H(1)), g(H(2)), . . . , g(H(k)), . . . , g(H(K))]
T . (5.12)

Let G = ∂g(H)
∂HT be the Jacobian of g(H), that is, the matrix of first-order partial

derivatives with respect to H. Let
⊕

indicate the direct sum. For g(H),

G =
K⊕
1

g(H). (5.13)

G is a diagonal matrix with the first derivative of g(H(k)) (Eq. 5.7) on the kth diagonal

element and zero on the off-diagonal elements. Let VH denote the variance–covariance

of H, V(k) the variance of H(k), and V(k,l) the covariance between H(k) and H(l). Ap-

plying the multivariate delta method, the variance–covariance matrix of g(H), Vg(H), is

approximated by

Vg(H) ≈ GVHG (5.14)

Vg(H) is a diagonal matrix for which the kth diagonal element equals Vk/(1 − Hk)
2 and

the off-diagonal element (k, l) equals V (k, l)/[(1 − H(k))(1 − H(l))]. In data samples, H

and VH in Eqs. 5.12 to 5.14 are replaced by their estimates Ĥ and VĤ, respectively, to

get estimates g(Ĥ) and Vg(Ĥ).
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5.2.3 Approximating the Sampling Distribution

In Figure 5.1, the Wald-based and range-preserving approximations of the distribution

are plotted over the distributions. This visualization shows that for H not close to the

boundary of 1, the approximated distributions are similar (upper panels), but close to

the boundary the range-preserving approximation (solid line) approaches the distribution

more accurately than the Wald-based approximation (dashed line), especially in the left

tail (lower panels). Note that the left tail is of interest because the one-sided significant

tests evaluate whether Hij or Hi is significantly larger than some hypothesized value.

Hence, the left tail is compared to the hypothesized value.

5.3 Simulation Study

We performed a small-scale simulation study to investigate the coverage of the two-sided

confidence interval and Type I error rate of the one-sided significance test for the Wald-

based and range-preserving methods.

5.3.1 Method

We simulated data for 10 dichotomous items using a two-parameter logistic model (Birn-

baum, 1968, p. 458). The difficulty parameter was fixed to equidistant values between −1

and 1 across the items.

Independent Variables

Item discrimination: The magnitude of the total-scale scalability coefficient was

manipulated by increasing ai in the two-parameter logistic model. The higher the dis-

crimination, the better the item can distinguish between respondents, which results in

higher scalability of the item, and thus the total scale. There were six levels in which ai
varied across items at equidistant values between 0 and 1: between 0.8 and 2, between 1

and 4, between 2 and 8, between 10 and 25, or between 25 and 75, resulting in H = .07

(unscalable), .33 (weak), .52 (strong), .74 (very strong), .94 (extremely strong), and .98

(near unity), respectively.

Sample size: The sample size N was 100, 500, or 1,000. Although 100 respondents

is not considered sufficient for a Mokken scale analysis (Straat et al., 2014), the difference

between the methods is expected to be more distinct.

Method: The Wald-based and range-preserving methods were used to compute the

dependent variables.

Dependent Variables

We evaluated the following dependent variables, for which the population value H was

determined by using the mean of Ĥ across all replications within a condition, assuming

63



Chapter 5

it was unbiased.

Coverage: The coverage of the two-sided 95% confidence interval was determined to

be the proportion of times H was included in the 95% CI or CI∗. Its value should be close

to .95.

Type I error rate: The Type I error rate of the one-sided significance test was

determined as the proportion of times the p value of z or z∗ was below significance level

.05. Its value should be close to the significance level. Statistics z and z∗ were computed

by replacing c by H in Eqs. 5.4 and 5.11.

Analysis

Method was a within-subject variable, and all other independent variables were between-

subject variables. There were 4×3 = 12 conditions and for each condition 10,000 datasets

were simulated. Data were simulated in software package R (R Core Team, 2020) using

the function simdata() from package mirt (Chalmers, 2012)1.

5.3.2 Results

Figure 5.2 shows the coverage rates of CI and CI∗ and the Type I error rates of z and z∗ for

all conditions. CI∗ outperformed CI in all conditions—more substantially for conditions

where H approached its upper boundary of 1. Overall, the coverage rates were poorer in

the conditions with 100 respondents compared to the conditions with more respondents,

especially for the highest two H conditions. In general, for the two highest H conditions,

the average undercoverage of CI was divided in 9.2% on the left side and 1.2% on the right

side, indicating that the CI had mainly undercoverage in the left tail of the distribution,

whereas the right tail was overcovered. The undercoverage of CI∗ was divided more

symmetrically, with 5.3% on the left tail and 3.6% on the right tail. When looking only

at the 500 and 1,000 respondents conditions, the undercoverage of CI was 5.5% in the left

tail and 1.2% in the right tail, compared to 2.8% in both tails for CI∗. This indicates that

the tails of the sampling distribution are better approximated using the range-preserving

method compared to the Wald-based method.

The Type I error rate of z∗ was close to that of z in most conditions, but for conditions

in which H ≥ .74, z∗ outperformed z. For 100 respondents, the Type I error rate of both

z and z∗ was below the nominal value for the lowest H condition, but improved with

increased sample size.

Note that for the condition with 100 respondents and H = .98, in approximately 10%

of the replications Ĥ was (very close to) 1 (i.e., Ĥ > .999) and SEĤ was estimated (very

close to) 0 (i.e., the mean of SEĤ = .0002, compared to a mean of .0086 for Ĥ < .999).

Regardless of the method, this estimation issue made it problematic to construct accurate

intervals or to perform accurate tests, resulting in deteriorated coverage and Type I error

rates for both methods.

1Syntax files are available to download from the Open Science Framework: https://osf.io/5m827/
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Figure 5.2: Coverage rates of the two-sided confidence interval (top panels) and Type I
error rates of the one-sided significance test (bottom panels) for the Wald-based (dashed
line) and range-preserving (solid line) method. The row panels represent the sample size
N. Each panel displays the population values H on the horizontal axis.

5.4 Implementation in Software

The range-preserving methods are implemented in R (R Core Team, 2020) in the package

mokken (Van der Ark, 2007, 2012). Here we give an overview of how to get CI∗ and z∗

for Mokken’s scalability coefficients in nonclustered and clustered data and for Snijders’

two-level scalability coefficients in multi-rater data, using scores of 639 students nested in

30 schools on 7 items measuring their well-being with teachers. The first column in the

dataset contains a grouping variable, which we will ignore for nonclustered computations

but which we use for clustered data. Throughout we will use the significance level α = .05

and a null hypothesis for coefficients c = .3. Wald-based results can be obtained by

replacing "RP" by "WB" in the R code. Let R> denote the R prompt. The R script

and output are available to download from the Open Science Framework: https://osf.io/

5m827/.
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R> # Preliminary code:

R> # Load package, get data

R> # Set significance level and value c

R> library(mokken)

R> data(SWMD)

R> X <- SWMD[, -1] # item scores SWMD

R> groups <- SWMD[, 1] # grouping variable

R> alpha <- .05 # Significance level

R> c <- .3 # Null hypothesis value

R> ## Mokken’s scalability coefficients in nonclustered data:

R> # Point estimates, standard errors,

R> # and two-sided range-preserving confidence intervals

R> coefH(X, ci = 1 - alpha, type.ci = "RP")

R> # Range-preserving z-scores using null hypothesis c

R> coefZ(X, lowerbound = c, type.z = "RP")

R> ## Mokken’s scalability coefficients in clustered data:

R> # Point estimates, standard errors,

R> # and two-sided range-preserving confidence intervals

R> coefH(X, ci = 1 - alpha, type.ci = "RP", level.two.var = groups)

R> # Range-preserving z-scores using null hypothesis c

R> coefZ(X, lowerbound = c, type.z = "RP", level.two.var = groups)

R> ## Snijders’ two-level scalability coefficients:

R> # Point estimates, standard errors,

R> # and two-sided range-preserving confidence intervals

R> MLcoefH(SWMD, ci = 1 - alpha, type.ci = "RP")

R> # Range-preserving z-scores using null hypothesis c

R> MLcoefZ(SWMD, lowerbound = c, type.z = "RP")

5.5 Discussion

We proposed a method to compute range-preserving confidence intervals and significance

tests, which we implemented in the R package mokken. Simulation results showed that

for H not close to 1, Wald-based and range-preserving methods are very similar and

both are useful. However, for very strong scales (H > .7), the range-preserving methods

return more accurate results and are preferred over the Wald-based method, especially

for the left tail of the sampling distribution (which is used in the one-sided significance

tests). The results were poorer for only 100 respondents, confirming that larger samples

are desirable (Straat et al., 2014). Note that we only investigated range-preserving

methods for scalability coefficients in nonclustered data. Whether the results are similar

in clustered data and for two-level scalability coefficients is a topic for further research.

In our method, we used (−∞, 1] as the range for H. However, the actual minimum of
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scalability coefficients depends on the marginal frequencies (Sijtsma & Molenaar, 2002,

p. 59). This minimum has the undesirable property that it must be estimated and

thus varies across finite samples. We explored an alternative and more complex logistic

transformation that takes the estimated minimum into account. The results were very

similar to the results obtained using the logarithmic transformation presented in this

chapter, so we did not investigate this method any further.

A limitation of the logarithmic transformation is that the value 1 can not be included

in the interval (although values very close to 1 can), as this value corresponds to ∞ on

the transformed scale. However, 1 is a possible value for scalability coefficients, both

in the population and in data samples. Alternative transformations that can include 1

may approximate the sampling distribution more closely. However, this will not solve

the deteriorated coverage and Type I error rates for very high H entirely because there

remain samples where the SE can not be estimated because Ĥ = 1.
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Estimation Methods and Confidence

Intervals of Mokken’s Scalability

Coefficients, for Nonclustered and

Clustered data

Abstract

Mokken’s scalability coefficients are useful to determine the degree to which a set of

items form a single scale, and exist for item pairs, items, and the total scale. The

available one-level method for estimating scalability coefficients and their standard errors

are inappropriate for clustered item scores (i.e., item scores of nested respondents). In

this Chapter we present a two-level method for estimating scalability coefficients and their

standard errors for clustered data. A small-scale simulation study showed that point

estimates of the scalability coefficients were accurately estimated in all conditions, and

the two-level method for estimating standard errors outperformed the one-level method,

especially for larger ICC levels and larger groups. For confidence interval construction

we recommended Wald-based methods over range-preserving methods for scales for which

the scalability coefficients are (likely) well below the upper boundary of 1.

Chapter 6 is published as Supplementary file 1 of: Koopman, L., Zijlstra, B. J. H., & Van

der Ark, L. A. (2022). A two-step, test-guided Mokken scale analysis, for nonclustered and

clustered data. Quality of Life Research, 31(1), 25–36. Springer. doi: 10.1007/s11136-

021-02840-2
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6.1 Estimating Item-Score Probabilities

Let a test consist of I dichotomous items, indexed i or j (i, j = 1, 2, . . . , I; i ̸= j),

which is administered to S groups, indexed s (s = 1, 2, . . . , S), with Rs respondents

in group s, indexed r (r = 1, 2, . . . , Rs). For nonclustered data, S = 1 and Rs is the

total number of respondents. Let Xsri denote the score of group s by respondent r on

item i, with realization xsri (xsri = 0 or 1). Let P (Xsri = 1) denote the univariate item-

score probability of endorsing item i for a randomly selected respondent, and P (Xsri =

0, Xsrj = 1) denote the bivariate item-score probability of endorsing item j, but not

item i. For dichotomous items P (Xsri = 0) = 1 − P (Xsri = 1). There are 2I item-

score patterns xx1x2...xI
1 2 ... I = (Xsr1 = x1, Xsr2 = x2, . . . , XsrI = xI). Let probability

P (X = xx1x2...xI
1 2 ... I ) = P (Xsr1 = x1, Xsr2 = x2, . . . , XsrI = xI) denote the probability

for scoring item-score pattern xx1x2...xI
1 2 ... I . The item-score pattern probabilities are collected

in vector p.

In nonclustered data item-score proportions are computed as

P̂ (Xsri = 1) =
1∑S

s=1 Rs

S∑
s=1

Rs∑
r=1

xsri, (6.1)

P̂ (Xsri = 0, Xsrj = 1) =
1∑S

s=1Rs

S∑
s=1

Rs∑
r=1

(1− xsri)xsrj, (6.2)

and

P̂ (X = xx1x2...xI
1 2 ... I ) =

1∑S
s=1Rs

S∑
s=1

Rs∑
r=1

(xsr1)
x1(xsr2)

x2 . . . (xsrI)
xI , (6.3)

which amounts to averaging the frequencies across all respondents. Note that value S and

subscript s both equal 1 in nonclustered data.

For clustered data, Snijders (2001a) argued that using the proportions in Equations

6.1 to 6.3 may be biased estimators for the probabilities if the group size Rs is related to

the latent trait value of the group. To avoid biased estimates, he suggested to compute

proportions as

P̂ (Xsri = 1) =
1

S

S∑
s=1

1

Rs

Rs∑
r=1

xsri, (6.4)

P̂ (Xsri = 0, Xsrj = 1) =
1

S

S∑
s=1

1

Rs

Rs∑
r=1

(1− xsri)xsrj, (6.5)

and

P̂ (X = xx1x2...xI
1 2 ... I ) =

1

S

S∑
s=1

1

Rs

Rs∑
r=1

xx1
sr1x

x2
sr2 . . . x

xI
srI (6.6)

(see also Section 3.2 in Koopman et al., 2017). These computations amount to first

averaging the frequencies per group into group proportions, and then averaging these
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group proportions across groups. Note that if group sizes are equal, there is no difference

between averaging frequencies across all respondents (Eq. 6.1 to 6.3) and averaging group

proportions (Eq. 6.4 to 6.6).

6.2 Computing Scalability Coefficients and

Standard Errors

On population level, Mokken’s scalability coefficients and Snijders’ within-rater scalability

coefficients are identical, hence we refer to them as Hij for item-pair coefficients, Hi for

item coefficients, and H for the total-scale coefficient. Let an (dichotomous) item set be

ordered in descending popularity (or ascending difficulty) such that

P (Xsr1 = 1) ≥ P (Xsr2 = 1) ≥ . . . ≥ P (XsrI = 1). (6.7)

Hence, item 1 is most popular (least difficult) and item I least popular (most difficult).

For a item set with i < j, item-pair scalability coefficient Hij is defined as

Hij = 1− P (Xsri = 0, Xsrj = 1)

P (Xsri = 0)P (Xsrj = 1)
, (6.8)

the item scalability coefficient Hi as

Hi =

∑
j ̸=i P (Xsri = 0, Xsrj = 1)∑

j ̸=i P (Xsri = 0)P (Xsrj = 1)
, (6.9)

and the total-scale coefficient H as

H =

∑
i

∑
j>i P (Xsri = 0, Xsrj = 1)∑

i

∑
j>i P (Xsri = 0)P (Xsrj = 1)

(6.10)

(for polytomous generalizations, see, e.g., Molenaar, 1991; Koopman, Zijlstra, & Van der

Ark, 2020). Mokken’s scalability coefficients are estimated in data samples by replacing

the probabilities P (Xsri = 1), P (Xsri = 0), and P (Xsri = 0, Xsrj = 1) by sample

proportions in Equation 6.1 and 6.2, respectively, whereas Snijders’ within-rater scalability

coefficients are estimated by replacing the probabilities by the sample proportions in

Equation 6.4 and 6.5, respectively. Because there exist no difference between Mokken’s

coefficients and Snijders’ within-rater coefficients, the estimation methods of within-rater

coefficients may be viable to estimate Mokken’s coefficients in clustered data.

For nonclustered data, standard errors of scalability coefficients were derived by as-

suming that the item-score pattern frequencies follow a multinomial distribution with

parameters p and Rs, estimated using Equation 6.3 (Kuijpers et al., 2013). Bias of the

point estimates and standard errors in nonclustered data was negligible (Kuijpers et al.,

2016). For multi-rater data, standard errors were derived by assuming that the item-
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score pattern frequencies follow a multinomial distribution per group with parameters p

and Rs, accounting for overdispersion in the data (Koopman, Zijlstra, & Van der Ark,

2020). Item-score probabilities in p are estimated using Equation 6.6. Koopman, Zijlstra,

De Rooij, & Van der Ark (2020) showed that bias of the standard errors was generally

negligible, except when group sizes differed. This may be explained because averaged

group proportions from Equation 6.6 were used to estimate the standard errors, in which

small groups weigh as heavily as large groups, even though they are usually less accurate.

This can introduce relatively much noise, leading to overestimation of the standard error.

For clustered data, we therefore propose replacing Equations 6.4 and 6.5 with Equations

6.1 and 6.2 to estimate scalability coefficients in Equations 6.8 to 6.10, and replacing

Equation 6.5 with Equation 6.2 to compute p for the multinomial distribution for the

standard errors in clustered data. Hence, we assume that there is no relation between the

latent trait value of the group and the group size. We will refer to the estimation method

for nonclustered data as the one-level method and to our adapted estimation method for

clustered data as the two-level method. The point estimates for the one- and two-level

methods are identical, but their standard errors differ.

6.3 Simulation Study

To determine whether two-level estimates for the scalability coefficients and standard

errors outperform the one-level methods in clustered data, we need to investigate their

performance. Because the one- and two-level point estimates are identical, we omit the

level and refer to them as the point estimate. The performance of the point estimate,

the one- and two-level standard error, and the one- and two-level Wald-based and range-

preserving confidence intervals were investigated in a Monte Carlo simulation study (see,

e.g., Morris et al., 2019). This numerical computer study involves repeatedly creating

data by random sampling. Because the true population model and parameter value is

known in such a study, the behavior of the estimated statistic of interest can be evaluated

under specific conditions, such as in small samples. Syntax files are available to download

from the Open Science Framework (OSF): http://osf.io/y7xud.

6.3.1 Method

Data were generated using a graded response model (Samejima, 1969), an item response

model for polytomous data that is a special case of Mokken’s NIRT model (Van der Ark,

2001). Each respondent has a latent trait value θsr = θs + δsr, which combines a group

component with a respondent-specific (individual) component. Each simulated data set

consisted of S groups, with Rs respondents in group s, and item scores of seven 5-category

items.

Design Factors. The data-generation mechanism varied in terms of number of groups

(S), group size (Rs), and the degree of within-group dependency as denoted by the ICC.
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Number of Groups . The levels for the number of groups S were 10, 30, 50, and

100 groups, where it is expected that S = 10 is too small to result in accurate estimates

(e.g., Snijders & Bosker, 2012, p. 48).

Group Size . Group size Rs had eight levels. Six levels had equal group size (i.e.,

2, 5, 10, 20, 50, and 100 respondents per group) and two levels had unequal group size

sampled from a discrete uniform distribution defined over the interval [10, 30]. For the

levels with unequal group sizes, the group size was either independent of the group trait

value θs or the group sizes were matched to the θs values, so that a larger group size

implied a higher θs value (discussed in detail below).

Within-Group Dependency . The ICC had five levels: very small (.06), small

(.13), medium (.25), large (.47), and very large (.69). The ICC was manipulated via

the variance of the respondent-specific component δsr, denoted σ2
δ . The values were

σ2
δ = .93, .85, .70, .45, and .20 for the five ICC levels, respectively, and was computed

for each level by using a large sample (S = 100, 000, Rs = 10). The variance of the

group component θs was set to σ2
θ = 1 − σ2

δ , so the variance of the combined trait θsr,

σ2
θsr

= σ2
θ + σ2

δ = 1− σ2
δ + σ2

δ = 1 for each level, resulting in an identical population value

for all conditions. For larger σ2
δ values, the individual effect in the latent trait θsr is larger

(and the group effect smaller), making item scores within the same group less similar,

and as a result, test scores within a group are less similar and the ICC of the test score

is lower.

All levels were fully crossed, which resulted in 8×8×5 = 160 conditions. Per condition,

Q = 1000 datasets were generated, indexed by q (q = 1, 2, . . . , Q). The population value

of H was .515 for all conditions, determined using a large sample (S = 1, 000, 000). The

empirical standard error SEH was computed for each condition as the standard deviation

of Ĥ across the Q replications, and varied between .005 and .127.

Performance Measures. For the simulated dataset in each replication, we computed

the point estimate of the total-scale scalability coefficient Ĥq, its standard error SEq, the

95%Wald-based confidence interval CIq, and the 95% range-preserving confidence interval

CI∗q , using the one- and two-level methods. Population value H is computed using a

large sample (S = 1, 000, 000) and its standard error SEH as the standard deviation of

Ĥ across the replications within a condition. Performance measures were bias of Ĥ =

Q−1
∑Q

q=1(Ĥq−H), bias of SEĤ = Q−1
∑Q

q=1(SEq−SEH), and coverage of the confidence

interval (proportion of times H is included in CIq or CI∗q ). Also, we compared the

symmetry of the undercoverage of the confidence interval for both type of intervals; that

is, whether the undercoverage was equally distributed on both sides of the interval. A

satisfactory coverage (i.e., .95) with symmetric undercoverage in both tails (i.e., .025)

means that one-sided significance tests and confidence intervals can also be confidently

used.

Hypotheses. Unless the group size was related to the group trait value, we expected

the point estimate to be unbiased. We expected the one-level standard error estimates

to demonstrate larger negative bias for conditions with a larger ICC or larger group size.
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Also, we expected the two-level standard errors to be biased for the dependent unequal

group size conditions, but unbiased in other conditions. We expected the coverage to

display similar trends as the bias of the standard error estimates, thus undercoverage for

the one-level intervals for larger ICC conditions and over- or undercoverage for the two-

level intervals for dependent unequal group sizes. The Wald-based and range-preserving

confidence intervals were expected to display similar coverage values, as H < .7 (i.e.,

the value at which range-preserving methods are beneficial according to Koopman et al.,

2021).

6.3.2 Results

For all conditions, bias of the point estimate of the scalability coefficient was negligible

(approximately -1%, M = −.005, SD = .008, range = −.041; .020). Table 6.1 shows the

results for the two unequal group size conditions and the most similar equal group size

conditions (i.e., with 20 respondents). For the dependent, unequal group size condition,

the point estimate was slightly underestimated, with approximately -2% bias. .

Table 6.1:

Bias of the Point Estimate, Bias of the Standard Error, and Coverage of the 95%
Confidence Interval for Conditions Equal Group Size of 20 Respondents, Independent
Unequal Group Sizes, and Dependent Unequal Group Sizes for the One- and Two-Level
Method.

Condition Bias Ĥ Bias SEĤ Coverage CI

One-level One-level Two-level One-level Two-level

Equal, 20 respondents −.004 −.011 .004 .785 .964

Unequal, independent −.005 −.013 .000 .753 .948

Unequal, dependent −.011 −.011 .000 .759 .935

Note. Results were averaged across the ICC conditions and number of groups.

The average bias of the one-level SEĤ across all conditions was -.011 (approximately

-31%, SD = .014, range = −.073; .001). The average bias of the two-level SEĤ was .003

(approximately 10%, SD = .005, range = −.017; .017). There was an interaction effect

of ICC and number of groups on the bias of SEĤ for both methods, see Figure 6.1, left

panel. The one-level SEĤ was generally underestimated, which was more severe for fewer

groups and larger ICC conditions. For (very) small ICC conditions, the one-level bias

was negligible. In general, the bias of two-level SEĤ was negligible for medium to (very)

large ICC, but the two-level SEĤ was conservative for (very) small ICC conditions. For

10 groups, the bias of SEĤ varied substantially for various ICC conditions. For both

methods, group size had a main effect on the bias of SEĤ (see Figure 6.1, right panel).

For one-level SEĤ , negative bias increased with group size. The bias of two-level SEĤ
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was negligible for larger group sizes, but was conservative for small groups.
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Figure 6.1: Left: Effect of ICC size by the number of groups on the bias of SEĤ , for each
method. Right: Effect of (equal) group size on the bias of SEĤ . The grey lines reflect a
bias of 0, (-).005, and (-).01.

Across all conditions, for the one-level Wald-based confidence interval the average

coverage equalled .782 (range = .234; .963); the undercoverage was .088 in the left tail and

.131 in the right tail, respectively. For the two-level Wald-based confidence interval, the

average coverage was .954 (range = .793; .995); the undercoverage was .012 and .031 in the

left and right tail, respectively. The coverage of the range-preserving confidence interval

was similar to the Wald-based confidence interval, although slightly less symmetrically

distributed (i.e., .080 and .140 for the one-level interval and .007 and .038 for the two-level

interval). Therefore, we discuss the effects of the design factors only for the Wald-based

interval. There was an interaction effect of ICC and group size on the coverage of the one-

level confidence interval (Figure 6.2, top left panel). The coverage was close to .95 for small

groups and (very) small ICC conditions, but deteriorated substantially as group sizes and

ICC (both) became larger. There was an interaction effect of ICC and number of groups

on the two-level coverage (Figure 6.2, bottom right panel). The coverage improved as the

ICC became larger, but deteriorated for conditions with only 10 groups. In addition, there

was a main effect of group size on the two-level coverage (Figure 6.2, top right panel).

The coverage improved for larger group sizes.

6.4 Discussion

This simulation study showed that for clustered data, the point estimates for Mokken’s

scalability coefficients are accurately estimated, and usually two-level standard errors and
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Figure 6.2: Top left plot: Effect of ICC size by the group size on the coverage of the one-
level Wald-based confidence interval. Top right plot: Effect of group size on the two-level
coverage. Bottom right plot: Effect of ICC size by the number of groups on the coverage
of the two-level Wald-based confidence interval. The grey lines reflect a coverage of .92,
.935, .95, .965, and .98.

confidence intervals outperformed their one-level counterparts, especially for larger levels

of within-group dependency and for larger groups. For the conditions with 10 large groups,

the two-level standard error estimate was negatively biased and resulted in undercoverage

of the confidence interval, for medium or larger ICCs. In such a situation, there is only

little independent information present in the data, which is a possible reason for the

inaccuracy of the standard error estimates (e.g., Snijders & Bosker, 2012, p. 24). Larger

group sizes are recommended for better coverage rates of the two-level confidence interval.

The confidence interval was somewhat asymmetric for nested data, possibly caused

by skewness of the sampling distribution. As the symmetry was slightly better for the

Wald-based confidence interval, we suggest using this type of interval if H is (likely) well
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below the upper boundary of 1. The undercoverage of the left side of the distribution was

lower than the desired value of .025. This means that the one-sided significance tests that

are relevant in Mokken scale analysis are likely to be somewhat conservative, with type I

error rates below the nominal significance level.

Our adaption of Snijders’s (2001a) estimation method by using averaged frequencies

rather than averaged proportions to estimate the scalability coefficients and their standard

errors led to accurate estimates, even when group size was related to the trait value of the

group. Therefore, we recommend to use our two-level estimation method for clustered

data. The two-level standard error was somewhat overestimated if the ICC is close to

zero, especially for small groups. This may be explained by the underlying assumption

of a multinomial distribution for each group, which cannot be accurately estimated in

such situations. Alternative assumptions (e.g., a dirichlet multinomial distribution) are

computationally more complex, but may give better results.
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A Two-Step, Test-Guided Mokken

Scale Analysis, for Nonclustered and

Clustered data

Abstract

Mokken scale analysis (MSA) is an attractive scaling procedure for ordinal data. Two

of MSA’s prime features are the scalability coefficients and the automated item selection

procedure (AISP). The AISP partitions a (large) set of items into scales based on the

observed item scores; the resulting scales can be used as measurement instruments. There

exist two issues in MSA: First, point estimates, standard errors, and test statistics for

scalability coefficients are inappropriate for clustered item scores, which are omnipresent in

quality-of-life research data. Second, the AISP insufficiently takes sampling fluctuation

of Mokken’s scalability coefficients into account. We solved both issues by providing

point estimates and standard errors for the scalability coefficients for clustered data and

by implementing a Wald-based significance test in the AISP algorithm, resulting in a

test-guided AISP (T-AISP), that is available for both nonclustered and clustered test

scores. We integrated the T-AISP into a two-step, test-guided MSA for scale construction.

The procedure was demonstrated on clustered item scores obtained from administering a

questionnaire on quality of life in schools.

Chapter 7 is published as: Koopman, L., Zijlstra, B. J. H., & Van der Ark, L. A. (2022). A

two-step, test-guided Mokken scale analysis, for nonclustered and clustered data. Quality

of Life Research, 31(1), 25–36. Springer. doi: 10.1007/s11136-021-02840-2

http://doi.org/10.1007/s11136-021-02840-2
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7.1 Introduction

Nonparametric item response theory (NIRT) models (Mokken, 1971; Sijtsma & Molenaar,

2002) are flexible measurement models that put relatively few restrictions on the data

compared to parametric item response theory (PIRT) models, such as the Rasch model

(Rasch, 1960), the graded response model (Samejima, 1969) and the partial credit model

(Masters, 1982). Therefore, NIRT models will fit the data relatively well. NIRT models

have the attractive property that if the model fits the data, the sum score can be used to

order respondents on the latent trait measured by the test (see Van der Ark & Bergsma,

2010, for details). Using the sum score for measurement is very common in quality of life

research, but providing justification for using the sum score for measurement, for example

by showing that a NIRT model fits the data, is less common.

NIRT models have two major applications. First, NIRT models can be used as stand-

alone measurement models. As NIRT models have relatively good fit compared to PIRT

models, NIRT models are preferred for constructing tests and questionnaires that require

ordering respondents, such as using the test scores to order respondents from high to

low on the ability to cope independently, to select the 30% most capable respondents

for a special training program, or to construct ordinal test norms such as percentile

scores. Second, NIRT models can be used preliminary to PIRT models. Below, we

discuss methods to identify items that do not fit the NIRT model, and that should be

removed from the test or questionnaire. As all popular PIRT models are special cases of

NIRT models (Van der Ark, 2001), the items selected for removal under the NIRT model

will not fit under the PIRT model either. Removing these badly fitting items prior to

PIRT analysis will simplify the PIRT analysis.

Mokken scale analysis (MSA; Mokken, 1971; see also, e.g., Sijtsma & Molenaar,

2002; Sijtsma & Van der Ark, 2017; Van Schuur, 2003; and Wind, 2017 for elaborate

introductions to MSA and its methods) is a scaling method that consists of various

tools to investigate the fit of NIRT models. The most popular tools of MSA are the

scalability coefficients (or H-coefficients; Mokken, 1971, pp. 152-185), a diagnostic tool

to evaluate whether the items form a scale, and the automated item selection procedure

(AISP; Mokken, 1971, pp. 190-194; Van Abswoude, van der Ark, & Sijtsma, 2004, see

also). The AISP selects items from a larger set of items into scales. Items that are not

selected into a scale either violate the assumptions of the NIRT model, or have poor

discriminatory power. In addition to the scalability coefficients and the AISP, MSA

contains a set of methods to investigate whether the specific assumptions of the NIRT

model holds. With regard to data collection, MSA assumes that the item scores are

obtained using simple random sampling; that is, the respondents in the sample must not

be clustered in groups, such as classes, hospitals, or geographical regions.

MSA is especially suitable for constructing quality of life (related) measures, as the

NIRT properties are often sufficient for the intended use of the scales (Sijtsma et al.,

2008). Recent examples of quality of life questionnaires that have been analyzed using
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MSA include the Heart disease-specific health-related Quality of Life (HeartQoL; Huber

et al., 2020), the Participation and Activity Inventory for Children and Youth (PAI-CY;

Elsman et al., 2020), and the Rotterdam Diabetic Foot Study Test Battery (RDF Rinkel et

al., 2019). In these studies, the data were collected using a simple random sample, yielding

nonclustered test scores. A simple random sample is not always preferable in quality of life

research, due to constraints in funding, time, or the sampling frame or due to a substantial

preference for including multiple levels. In such cases, quality of life questionnaires are

administered to respondents who are nested in groups, yielding clustered test scores (i.e.,

obtained by a cluster or multi-stage sampling design). Some authors who used such a

sampling design include Elley et al. (2005), who investigated health-related quality of

life related variables in 233 older patients from 42 general practitioners; S.-K. Chen et

al. (2013), who investigated the quality of life of 1392 high-school and middle-school

students nested in school classes; and Fisher & Li (2004), who investigated the effects of a

neighborhood walking program on quality of life among 182 older adults from 56 different

neighborhoods in Portland, Oregon. In these examples, the interest is in measuring the

trait of the patients, students, and older adults (level 1), whereas the grouping variables

at level 2 (general practitioners, school classes, and neighborhoods) were considered to be

a nuisance.

In this chapter, we discuss two issues in MSA: First, point estimates, standard errors,

and test statistics for scalability coefficients are unavailable for clustered data. Hence,

currently scalability coefficients should not be used to evaluate clustered test scores. As

the AISP also uses the point estimates and test statistics for scalability coefficients, the

AISP should not be applied to clustered test scores either. Second, the AISP insufficiently

takes into account sampling fluctuations, explained in detail hereunder. As a result,

the AISP may be too liberal. We solved both issues by providing point estimates and

standard errors for the scalability coefficients for clustered data and by incorporating a

z-tests in a test-guided AISP (T-AISP) that tests all relevant hypotheses, and that is

available for both nonclustered and clustered test scores. We integrated the T-AISP into

a comprehensive two-step, test-guided MSA, to guide the analysis for nonclustered and

clustered data.

The remainder of this chapter is organized as follows: First, we discuss the scalability

coefficients and the AISP, and elaborate on issues when using the scalability coefficients for

clustered data and issues when using the AISP for both nonclustered and clustered data.

Second, we propose solutions and introduce a T-AISP that tackles the issue pertaining to

significance testing and the estimation methods for clustered data. Third, we incorporate

the proposed methods in a two-step, test-guided MSA that can be applied to nonclustered

and clustered data. Finally, using the two-step procedure, we analyzed data from the

two-dimensional Dutch quality of life at school questionnaire Schaal Welbevinden met

Docenten en Klasgenoten [Scale Well-Being with Teachers and Classmates] (SWMDK;

Peetsma et al., 2001).
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7.2 Scalability Coefficients

There are three types of scalability coefficients that can be used as a diagnostic tool for

NIRT model fit, and discriminatory power. Item-pair scalability coefficient Hij (for the

pair of items i and j) is a normed correlation between the two items (e.g., Van Abswoude,

van der Ark, & Sijtsma, 2004). Item-scalability coefficient Hi is a normed item-rest

correlation (i.e., the correlation between item i and the total score on the remaining

items) and can be regarded as a discrimination index (e.g., Van Abswoude, van der Ark,

& Sijtsma, 2004; Zijlmans et al., 2018). Total-scale coefficient H is the weighted sum

of the His across all items, for which higher values indicate a more accurate ordering of

respondents (Mokken, 1971, p. 152; Sijtsma & Molenaar, 2002, pp. 57-68). For a set of

items min(Hij) ≤ min(Hi) ≤ H ≤ max(Hi) ≤ max(Hij) (Sijtsma & Molenaar, 2002, p.

58).

Mokken (1971, pp. 184-185) called a set of items a scale (further referred to as a

Mokken scale) if two criteria are met:

Hij > 0 for all item pairs; (7.1)

Hi ≥ c for all items, (7.2)

with c being some positive lowerbound, for which c = .3 is often used. The first criterion

follows from the assumptions of Mokken’s NIRT models, which result in positive inter-item

correlations. The second criterion is a practical requirement that ensures only sufficiently

discriminating items are selected into the scale (see also Sijtsma & Molenaar, 2002, p.

68). Mokken (1971, p. 185) provided benchmarks to determine the strength of a scale:

H ≥ 0.5 reflects a strong scale, H ≥ 0.4 a medium scale, and H ≥ 0.3 a weak scale.

The stronger the scale, the more accurately persons can be ordered on the latent trait by

means of their total score (Sijtsma & Molenaar, 2002, p. 68).

7.2.1 Estimating Scalability Coefficients

So far, properties of scalability coefficients in the population were discussed. In research,

we have finite samples, and scalability coefficients must be estimated from the sample

data, where Ĥij, Ĥi, and Ĥ denote the estimate of population value Hij, Hi, and H,

respectively, and SEĤij
, SEĤi

, and SEĤ denote the standard error of the estimate.

For nonclustered data, Mokken (1971 p. 166; Sijtsma & Molenaar, 2002, p. 49) derived

estimates of scalability coefficients, and Kuijpers et al. (2013) derived estimates for the

standard errors. These estimation methods are referred to as one-level methods. For

computational details, see Chapter 6, Section 1 and 2. One-level methods assume the

data are obtained from a simple random sample.

In clustered data, respondents are nested within groups, violating the assumption of an

independent simple random sample that underlies the one-level methods. A typical aspect

of clustered data is positive within-group dependency, in which test scores of respondents
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within the same group (or cluster) are more similar than test scores of respondents in

different groups. A commonly used statistic to express within-group dependency is the

intraclass correlation (ICC), which is the expected correlation between two test scores in

the same group (Stapleton et al., 2016). ICCs between 0 to 0.5 are common for measures

of quality of life and related concepts (e.g., Atkinson et al., 1997; Elley et al., 2005; Fan et

al., 2011; Gulliford et al., 1999; Mok, 2002). In general, accounting for dependency in the

data is advised if the ICC > 0, as it can severely affect outcomes of statistical analyses

(Geldhof et al., 2014; Maas & Hox, 2005; Stapleton et al., 2016). For example, ignoring

positive within-group dependency is a well-known cause of underestimated standard errors

(e.g., Maas & Hox, 2005; Hox, 2010, p. 294; although in rare cases overestimation may

also happen, e.g., Moerbeek et al., 2003). As a result, confidence intervals will be too

narrow, making the estimates appear more precise than they actually are, and the type I

error rates of significance tests will be inflated, and should not be used.

For clustered data, estimates of scalability coefficients and standard errors are not yet

available. However, Snijders (2001a) derived estimates for scalability coefficients for so-

calledmulti-rater data, and Koopman, Zijlstra, & Van der Ark (2020) derived estimates for

their standard errors. Multi-rater data are also multilevel data, where level 2 (the group

level) is of primary interest, and level 1 (the respondent level) is a nuisance. Snijders

proposed scalability coefficients for both levels: Within-rater scalability coefficients HW
ij ,

HW
i , and HW for level 1, and between-rater scalability coefficients HB

ij , H
B
i , and HB for

level 2. The estimates of the within-rater scalability coefficients and their standard errors

may provide a viable alternative for Mokken’s scalability coefficients in clustered data.

7.2.2 Hypothesis Tests and Confidence Intervals for Scalability

Coefficients

Mokken (1971, pp. 160-162) proposed a test of marginal independence to evaluate null

hypotheses Hij = 0, Hi = 0 or H = 0. Let Sij denote the estimated covariance of item

pair (i, j) and Si the estimated standard deviation of item i, in a sample of size N . Then,

Mokken’s test statistic for item-pair coefficient Hij is defined as

∆ij =
Sij

SiSj

√
N − 1. (7.3)

Mokken’s test statistic is also available for item coefficients,

∆i =

∑
(j ̸=i) Sij

Si

∑
(j ̸=i) Sj

√
N − 1, (7.4)

and the total scale coefficient,

∆ =

∑
i

∑
(j>i) Sij∑

i

∑
(j>i) SiSj

√
N − 1 (7.5)
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(see also Van der Ark et al., 2008, Section 3.5). Asymptotically, the test statistics follow

a standard normal distribution Mokken (1971, pp. 162). A one-sided significance test can

evaluate the null hypothesis Hij ≤ 0 with alternative hypothesis Hij > 0. Let zcrit denote

the critical value (i.e., the point on the normal distribution for a given significance level

α; e.g. zcrit ≈ 1.645 for α = .05), that is compared to the test statistic to determine

whether to reject the null hypothesis. The null hypothesis is rejected if the test statistic

exceeds zcrit; for example, if ∆ij > zcrit. This test assumes a simple random sample, and

is therefore only suited for nonclustered data.

Recently, Koopman et al. (2021) defined a Wald-based significance test and a range-

preserving significance test that both use the point estimates and standard errors of

scalability coefficients to evaluate null hypotheses Hij = c, Hi = c, or H = c, with c being

some constant. The Wald-based test statistic for Hij is defined as

zij =
Ĥij − c

SEĤij

. (7.6)

Let g(Ĥ) denote a (logarithmic) transformation of Ĥ, with standard error SEg(Ĥ), and

g(c) the transformation of hypothesized value c (for computational details see Koopman

et al., 2021). The range-preserving test statistic for Hij is defined as

z∗ij =
g(Ĥij)− g(c)

SEg(Ĥij)

. (7.7)

The Wald-based and range-preserving test statistics are also available for item coefficients

(denoted zi and z∗i , by replacing Ĥij with Ĥi in Equations 7.6 and 7.7, respectively) and

the total scale coefficient (denoted z and z∗, by replacing Ĥij with Ĥ in Equations 7.6

and 7.7, respectively; see also Koopman et al., 2021). For nonclustered data, the range-

preserving test has better type I error rates compared to the Wald-based test for very

strong scales (e.g., H > .7; Koopman et al., 2021).

As a result of the availability of both Wald-based and range-preserving test statistics,

confidence intervals around the scalability coefficients can also be either Wald-based or

range-preserving. Wald-based confidence intervals have the form

CI = Ĥ ± 1.96× SEĤ (7.8)

for a two-sided 95% confidence interval for the total-scale coefficient (Mokken, 1971, p.

168; Koopman, Zijlstra, & Van der Ark, 2020). However, the maximum value of scalability

coefficients is 1, and if H is close to 1 or its standard error is large, Wald-based confidence

intervals can include values larger than 1 and are biased due to a skewed sampling

distribution. Hence, Koopman et al. (2021) proposed range-preserving confidence interval.
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Let g−1
[
g(Ĥ)

]
= Ĥ denote the inverse of g(Ĥ), then

CI∗ = g−1
[
g(Ĥ)± 1.96× SEg(Ĥ)

]
(7.9)

is the two-sided 95% confidence interval of the total-scale coefficient. This interval ensures

all values to be within the possible range of the coefficient, and has better coverage rates

than the Wald-based interval in nonclustered data for high values of H.

7.3 Automated Item Selection Procedure

The objective of the AISP is to select as many items as possible into a scale, as long

as these items meet the Mokken-scale criteria (Equations 7.1 and 7.2). Table 7.1, upper

panel, provides an overview of how the Mokken scale criteria currently are evaluated in the

AISP. Criterion 1 is accepted if ∆ij > zcrit (Equation 7.3), using null hypothesis Hij ≤ 0

and alternative hypothesis Hij > 0. Criterion 2 is accepted if ∆i > zcrit (Equation 7.4),

using null hypothesis Hi ≤ 0 and alternative hypothesis Hi > 0, and Ĥi ≥ c. Hence,

for Criterion 2 the hypothesis Hi ≥ c is not tested, but evaluated on the point estimate,

which may render the procedure too liberal.

Table 7.1:

Mokken Scale Criteria Evaluation by the AISP (upper panel) and the T-AISP (lower
panel).

Criterion AISP

Null hypothesis Hypothesis matches criterion Accepts criterion if

1: Hij > 0 Hij ≤ 0 ✓ ∆ij > zcrit

2: Hi ≥ c Hi ≤ 0 – ∆i > zcrit and Ĥi ≥ c

Criterion T-AISP

Null hypothesis Hypothesis matches criterion Accepts criterion if

1: Hij > 0 Hij ≤ 0 ✓ zij > zcrit

2: Hi > c Hi ≤ c ✓ zi > zcrit

The AISP starts with a (typically large) set of items that have been administered to

a sample of respondents, so for each item in the set, item scores are available. The AISP

uses the following algorithm.

1. Select the first two items in the scale. These two items have the highest value of Ĥij

and both Mokken-scale criteria must have been accepted. If for no item-pair both

Mokken-scale criteria are accepted, no items are selected and the AISP stops.
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2. Select the next items into the scale. The next item selected in the the scale is

the item for which both Mokken-scale criteria are accepted and that produces the

highest Ĥ-value when computed on all selected items. Step 2 is repeated until there

are either no more items left, or until no more items can be added for which both

Mokken-scale criteria are accepted.

3. Start the next scale. The AISP returns to Step 1 to form a next scale using only

the unselected items. If there are no more items left or if there are no more pairs of

items for which the Mokken-scale criteria are accepted, the AISP stops.

Note that the value zcrit is adjusted in each subsequent step using a Bonferroni

correction for the number of tests performed in the previous steps and the current step of

the algorithm (Sijtsma & Molenaar, 2002, p. 72). Alternative algorithms for automated

item selection in MSA have been suggested (e.g., Van Abswoude, Vermunt, et al., 2004;

Brusco et al., 2015; Straat et al., 2013), but are not discussed.

The AISP can be applied using different values of lowerbound c. By increasing c the

criterion for item scalability becomes more stringent. Stringent criteria lead to shorter

scales with higher discrimination power in the sample under investigation. When applying

the AISP to investigate whether a set of items form one or more Mokken scales, Hemker

et al. (1995; see also Sijtsma & Van der Ark, 2017) advised to use increasing values for

c (e.g., c = 0, .05, .10, . . . , .55). Typically, for a unidimensional scale satisfying the NIRT

model, for small values of c, all or most items are in a single large scale, as c increases

most items are in a single smaller scale and the remaining items are unscalable, and as

c increases further, there are only one or a few small scales and several unscalable items

remain. For a multidimensional scale satisfying the NIRT model, typically for small c all

or most items are in one large scale, as c increases most or all items are divided over two

or more scales, and as c increases further there are two or more smaller scales and several

unscalable items. Note that the number of Mokken scales does not necessarily reflect the

dimensionality of the item set, this depends on the correlation between the dimensions

and the level of item discrimination (I. A. M. Smits et al., 2012).

Because Hi > c is not tested and only point estimates are used for the evaluation

of Criterion 2, the sampling fluctuation is not taken into account and the item selection

is too liberal. Ignoring sample fluctuation can result in the inclusion of items that do

not contribute to (or possibly negatively affect) accurate measurement of the scale in the

population. Hence, we require an alternative significance test in the AISP that meets the

following requirements: It can test null hypotheses for values of c other than zero and is

available for both nonclustered and clustered data.
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7.4 Solving the two MSA Issues

7.4.1 Point Estimates, Standard Errors, and Statistical Tests

of Scalability Coefficients for Clustered Data.

As noted earlier, no point estimates or standard errors are available for scalability co-

efficients for clustered data, but for multi-rater data, point estimates (Snijders, 2001a)

and standard errors (Koopman, Zijlstra, & Van der Ark, 2020) have been derived. For

clustered data, we derived point estimates and standard errors in Chapter 6 by slightly

modifying the point estimates and standard errors for multi-rater data, which we coin

the two-level methods. It turned out that the point estimates of the two-level method are

equivalent to the point estimates of the one-level method, whereas the standard errors

account for the additional variation that is typical for clustered data. For computational

details and explanation of the modification, we refer to Chapter 6, Sections 1 and 2. The

estimates based on the two-level method can be plugged into Equations 7.6 to 7.9 to get

the test statistics and confidence intervals of scalability coefficients for clustered data.

In a small-scale simulation study (Chapter 6, Section 3) we compared one-level

methods to two-level methods and Wald-based methods to range-preserving methods

for Mokken’s scalability coefficients in clustered data. Point estimates of the scalability

coefficients were accurately estimated in all conditions. In general, estimating standard

errors and confidence intervals using the two-level method produced less bias and better

coverage rates than using the one-level method. This was especially true for larger

ICC levels and for larger groups. For small ICC values (i.e., ICC ≤ .12), especially

for small group sizes (i.e., below 10), the standard errors estimated using the two-level

method were slightly conservative, but the absolute difference was small compared to

the one-level method. Hence, we recommend to use the two-level method for estimating

standard errors in clustered data. The coverages of the Wald-based and range-preserving

confidence intervals were approximately similar, but the Wald-based method was slightly

more symmetric. As in practice, scalability coefficients are seldom very close to 1, and all

relevant hypotheses regarding scalability coefficients are in the range 0 to .55, we believe

the additional value of range preserving confidence intervals in practice is limited. Hence,

we recommend Wald-based confidence intervals and significance tests.

7.4.2 Test-Guided Automated Item Selection Procedure

As noted earlier, both Criterion 1 and Criterion 2 (Equations 7.1 and 7.2) should be

tested in the AISP, to gain confidence that the formed scales satisfy both Mokken-scale

criteria. In addition, the testing procedure should be available for both nonclustered and

clustered data. We propose a test-guided AISP (T-AISP) that uses the same algorithm

of the AISP, but that evaluates the criteria of a Mokken scale using different significance

tests. Specifically, in the T-AISP, Mokken’s ∆ij and ∆i are replaced by the Wald-based
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test statistics zij (Equation 7.6), with null hypothesis Hij ≤ 0 and alternative hypothesis

Hij > 0, and zi (cf. Equation 7.6), with null hypothesis Hi ≤ c and alternative hypothesis

Hi > c, respectively. Table 7.1, lower panel, provides an overview of how the Mokken

scale criteria are evaluated in the T-AISP. Criterion 1 is accepted if zij > zcrit. Criterion

2 is accepted if zi > zcrit. Consequently, the evaluation of Criterion 2 in the AISP that

uses the point estimate, Ĥi > c (Table 7.1, third column in upper panel), is redundant

and can be removed from the algorithm. Although the original AISP is also partially

test-guided (Criterion 1 is tested), we refer to the adjusted evaluation as the test-guided

procedure, because only in the T-AISP algorithm both criteria of a Mokken scale are

tested. We distinguish between a T-AISP using one-level methods and a T-AISP using

two-level methods. The T-AISP using one-level methods computes the standard errors in

zij and zi using the one-level methods, which gives an appropriate test for nonclustered

data. The T-AISP using two-level methods computes these standard errors using the

two-level methods, which gives an appropriate test for clustered data. Using the Wald-

based significance tests in the T-AISP results in a slightly different second Mokken-scale

criterion compared to the original definition: A scale for which Hi > c for all items, rather

than Hi ≥ c. Note that replacing ∆ij and ∆i in Table 7.1, upper panel, by zij and zi,

respectively, while retaining the same hypotheses, makes the AISP available for clustered

data when two-level methods are used, but retains the issue that Criterion 2 is not tested.

The major difference of the T-AISP compared to the AISP is that Criterion 2 of a

Mokken scale (Equation 7.2) is statistically tested, rather than evaluated using a point

estimate. As a result, T-AISP is more conservative compared to the AISP, because

uncertainty of Ĥi is taken into account. As the point estimates become more accurate

(e.g., for larger samples), the uncertainty becomes smaller, and the formed scales by the

T-AISP approaches those of the AISP more closely. If there is a substantial amount

uncertainty, the T-AISP will generally result in more and smaller scales and is likely to

show more unscalable items compared to the AISP for the same lowerbound c. Note that

the resulting scale patterns in the T-AISP can be different from patterns that emerge by

using more stringent criteria for lowerbound c in the AISP, because uncertainty can differ

across items, samples, and sample sizes, whereas a given c is fixed regardless of the items

and sample.

7.5 A Two-Step, Test-Guided MSA, for

Nonclustered and Clustered Data

The two-step, test-guided MSA is a procedure to create scales from a set of items, evaluate

the strength of these scales, and perform follow-up analyses such as fit diagnostics of the

NIRT models and possibly PIRT models. Figure 7.1 shows a flow chart of the procedure,

which is elaborated on below.

The procedure commences with determining whether the data are clustered, based
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Figure 7.1: Flow chart of the two-step test-guided procedure for scale construction.

on the sampling design. Hence, if data were collected using a simple random sampling

design, the data are nonclustered, whereas if a (two-stage) cluster sampling design was

used, the data are clustered. For clustered data, we discourage investigating the ICC of a

test score at this stage. The rationale is that test scores in this stage are based on a set of

items for which the quality is unsure, as the goal of MSA is forming good quality scales,

and poor items should not affect decisions based on the ICC. For example, unscalable

items may mask within-group dependency that is possibly present when using the final

scale. If one was to perform the T-AISP using one-level methods, the one-level standard

errors of large-ICC items are likely to be substantially too small, and there is an increased

risk of incorrectly admitting these items to the final scale.

In Step 1 the T-AISP is applied to form one or more Mokken scales. The signifi-

cance tests in the algorithm are performed using one-level methods for nonclustered data

and two-level methods for clustered data. The T-AISP is performed using increasing

lowerbounds from 0 to .55 in steps of .05 to investigate how scales are formed and how

stable they are, although the number and range of lowerbounds may be adjusted based

on practical or theoretical considerations. Final scales are selected based on stability,

discrimination, and possibly theoretical considerations.

For clustered data, the within-group dependency of the formed scales is evaluated.

The within-group dependency of each scale is investigated by estimating the ICC of the

total score per scale and performing an F-test to test the null hypothesis that the ICC

is zero (for computational details, see Snijders & Bosker, 2012, pp. 19-23). This is the

F-test also used in analysis of variance and assumes that the test scores within a group

are normally distributed. If the F-test is not significant, it is plausible that the ICC is

zero, and accounting for the nesting is not necessary in the subsequent statistical analyses.

However, if the ICC is significantly larger than zero, the subsequent analyses should be

estimated using multilevel data analysis methods.

Step 2 is determining the strength of the final scales and performing follow-up analyses,

using one-level methods for nonclustered data and for clustered data without within-

group dependency, and two-level methods for clustered data with significant within-

89



Chapter 7

group dependency. The strength of the scale is evaluated using a 95% Wald-based

confidence interval around total scale coefficient estimate Ĥ (Equation 7.8) to get plausible

values of the population coefficient H. The fit of Mokken models is investigated using

several available methods, such as conditional association and manifest monotonicity (e.g.,

Sijtsma & Van der Ark, 2017). Items that show (severe) misfit may be adjusted or removed

(Crişan et al., 2020). Subsequently, reliability analysis may be performed or more strict

measurement models (e.g., PIRT models) may be fitted.

7.6 Real-Data Example

The SWMDK is a two-dimensional scale designed to measure a student’s perception of

their well-being at school with teachers and classmates. The items are scored on a five-

point Likert scale, ranging from 1 (not true at all) to 5 (completely true), and contain

elements of relationships, interactions, and feelings towards the teachers and classmates.

The SWMDK consists of seven items pertaining teachers (SWMD, items 1 to 7) and six

items pertaining classmates (SWMK, items 8 to 13; Zijsling et al., 2017), although shorter

versions have been used (e.g. Van der Veen & Peetsma, 2009; Thoonen et al., 2011). To

our knowledge, no scalability analysis has been performed on this scale, and therefore

it is unsure whether the items may be used in one scale, whether subscales should be

formed, and which items should be included in the scale(s). For the SWMD, Cronbach’s

αs varied between .63 and .84 and for the SWMK between .68 and .83 (Thoonen et al.,

2011; Van der Veen & Peetsma, 2009; Zijsling et al., 2017). Table 7.2 shows the 13 items

of the SWMDK.

7.6.1 Method

The data were collected in 814 classes at 94 secondary schools in the Netherlands, as part

of a large-scale cohort study COOL5−18 (see Zijsling et al., 2017, for sampling and consent

procedures). The data used in this analysis consisted of a subset of 30 classes (each from

a different school) to better reflect everyday practice in quality of life research in which

smaller samples are more common. The average class size was 21.30 (SD = 6.49), in a

total sample of 639 students. Table 7.2 shows the means and standard deviations of the

items and the total scale of the SWMDK.

The data were collected in classes by means of a cluster sampling design, resulting

in clustered data. Hence, we performed the two-step, test-guided MSA instructions for

clustered data to investigate the scalability of the SWMDK. We desired a stable set or

sets of items that was sufficiently discriminative, preferring Mokken scales with Hi ≥ .3

for all items. All analyses were conducted in R (R Core Team, 2020) using the R package

mokken (Van der Ark, 2007, 2012), which also contains the data. The R syntax to obtain

the results in this section are available to download from the Open Science Framework:

http://osf.io/y7xud. The R syntax in Figure 7.2 is a shortened version.
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Table 7.2:

Item Content, Mean, and Standard Deviation for Each Item and for the Total Scale of
the SWMDK.

Item 1M SD

1 The teachers usually know how I feel 2.84 0.89

2 I can talk about problems with the teachers 3.18 0.92

3 If I feel unhappy, I can talk to the teachers about it 3.03 0.98

4 I feel at ease with the teachers 3.52 0.77

5 The teachers understand me 3.23 0.81

6 I have good contact with the teachers 3.34 0.83

7 I would prefer to have other teachers* 3.22 0.85

8 I have a lot of contact with my classmates 4.06 0.76

9 I would prefer to be in another class* 3.89 1.08

10 We have a nice class 3.89 0.96

11 I get along well with my classmates 4.01 0.73

12 I sometimes feel alone in the class* 4.12 0.92

13 I enjoy hanging out with my classmates 4.00 0.74

Total scale 3.57 0.53

Note. SWMDK = Schaal Welbevinden Met Docenten en Klasgenoten. The items were translated from
Dutch. For the original items, see pp. 79–83 in Zijsling et al. (2017). M = mean, SD = standard
deviation. Items 1 to 7 pertain teachers, items 8 to 13 pertain classmates.
* Reversely scored item that has been recoded.

7.6.2 Results

In Step 1 of the two-step, test-guided MSA, for lowerbounds c = .00 and .05, all items

were included in one scale (Table 7.3, columns 1 and 2), implying that the first Mokken-

scale criterion (Hij > 0) was accepted. For c = .15 to .45, two scales were formed,

one predominantly containing SWMD items and one predominantly containing SWMK

items. Items 7 and 12 were not included for c ≥ .25 and item 8 was not included for

c = .45 (Table 7.3, columns 3 to 10). For c ≥ .50, the items fell apart into three small

subscales and several unscalable items (Table 7.3, columns 11 and 12). This reflects the

typical pattern expected for a two-dimensional scale. The results supported the division

into two separate scales: The first well-being with teachers and the second well-being with

classmates. Item 7 and 12 were removed from the final scales as they contributed too little

to accurate measurement of the final scales (c < .25), hence they did not meet the second

Mokken-scale criterion (which we defined as Hi > .3 for all items). Apparently item 7

and 12 contain elements that either are reflective of another construct, or misunderstood

by the students. We continued with the procedure using the six-item SWMD and the
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R> ### Two-step, test-guided MSA

R> # Load mokken package

R> library(mokken)

R> # Obtain data: Column 1: Grouping variable. Remaining columns: Item scores.

R> data(SWMDK)

R> ### Step 1

R> # Set lowerbound at increasing values from 0 to .55 in steps of .05

R> lbs <- seq(0, .55, .05)

R> # Apply T-AISP using two-level methods

R> aisp(SWMDK[, -1], lowerbound = lbs, test.Hi = T, type.z = "WB",

R> level.two.var = SWMDK[, 1])

R> # Investigate ICC

R> ICC(SWMDK[, 1:7]) # SWMD

R> ICC(SWMDK[, c(1, 9:12, 14)]) # SWMK

R> ### Step 2

R> # Investigate scale strength

R> coefH(SWMDK[, 2:7], level.two.var = SWMDK[, 1], ci = .95) # SWMD

R> coefH(SWMDK[, c(9:12, 14)], level.two.var = SWMDK[, 1], ci = .95) # SWMK

Figure 7.2: R syntax to obtain the main results of the two-step, test-guided MSA in the
real-data example. R> denotes the R prompt and # precedes a comment.

five-item SWMK.

The average test score for the final, six-item SWMD was 3.20 (SD = 0.68) and of

the final, five-item SWMK 3.97 (SD = 0.68). Table 7.4 shows the ICC per item and for

the final scales. The ICC fluctuated across the items, indicating that some items have

a larger group effect than others. The estimated ICC of the SWMD was .169, and was

significantly larger than zero (F (29, 609) = 5.31, p < .001). The estimated ICC of the

SWMK was .183, and was also significantly larger than zero (F (29, 609) = 5.75, p < .001).

Hence, we continue the analyses using two-level methods.

In Step 2, the SWMD and the SWMK were evaluated as strong scales, as both (two-

level) 95% confidence intervals exceeded the threshold of .5 for a strong scale (see Table 7.4,

bottom row). For completeness sake, the point estimates, standard errors, and confidence

intervals of the item coefficients for both scales are shown in Table 7.4. Given that

Mokken’s NIRT model holds, the scales could be used to order respondents using the sum

scores on the scales, with all related (ordinal) measurement properties.

Comparison to the AISP

We now illustrate what would have happened if the traditional AISP would have been

used that does not take into account sampling fluctuation and the nested data structure.

Results showed that for c ≤ .2 all items were included in one scale. For c = .25 item

12 was dropped from the one scale. For c ≥ .3 two scales were formed, one containing
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Table 7.3:

Scales Formed by the T-AISP for Increasing Values of Lowerbound c.

c

Item .00 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50 .55

1 1 1 1 1 1 1 1 1 1 1 1 0

2 1 1 1 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 2

5 1 1 1 1 1 1 1 1 1 1 1 2

6 1 1 1 1 1 1 1 1 1 1 0 0

7 1 1 1 1 1 0 0 0 0 0 0 0

8 1 1 1 2 2 2 2 2 2 0 3 0

9 1 1 1 2 2 2 2 2 2 2 2 3

10 1 1 1 2 2 2 2 2 2 2 2 3

11 1 1 1 2 2 2 2 2 2 2 3 0

12 1 1 0 2 2 0 0 0 0 0 0 0

13 1 1 1 2 2 2 2 2 2 2 2 0

Note. The number in each cell represents the scale to which the item was assigned. Unscalable items
are denoted 0.

SWMD items (not including item 7 for c ≥ .4) and the other containing SWMK items

(not including item 12 for c ≥ .4 and also item 8 for c = .55).

Comparing the results of the AISP to the results of the T-AISP demonstrates that, for

this data example, similar scale patterns emerged across different values of the lowerbound.

However, the AISP retained more items in less scales for larger lowerbounds. In addition,

for c = .3 (the lowerbound that is often used as default) the AISP divided all items

into two subscales, whereas the T-AISP considered item 7 and 12 unscalable. These

differences are a consequence of the AISP not taking uncertainty of Hi into account, and

this uncertainty is quite substantial in this small data example.

7.7 Discussion

This chapter introduced two major advancements in MSA: First, point estimates and stan-

dard errors for scalability coefficients were derived for clustered data (where respondents

are nested in groups). Until now, estimating scalability coefficients and their standard

errors were unavailable for clustered data. However, point estimates and standard errors

for within-rater scalability coefficients, which are similar in interpretation as the original
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Table 7.4:

Scalability coefficients, Standard Errors and Wald-Based Confidence Intervals Estimated
Using the Two-Level Method, and ICCs for Each Item and the Total Scale of the SWMD
and the SWMK.

SWMD SWMK

Item Ĥ SE 95% CI ICC Item Ĥ SE 95% CI ICC

1 .609 .033 [.545; .674] .120 8 .547 .036 [.477; .617] .077

2 .641 .026 [.589; .693] .111 9 .551 .036 [.480; .621] .103

3 .619 .029 [.562; .676] .103 10 .644 .025 [.595; .693] .196

4 .634 .033 [.568; .699] .142 11 .594 .031 [.532; .655] .111

5 .650 .028 [.594; .705] .082 12 - - - -

6 .566 .031 [.506; .626] .129 13 .627 .028 [.572; .682] .097

7 - - - -

Total .620 .026 [.570; .670] .169 Total .592 .025 [.543; .642] .183

Note. Ĥ = estimated scalability coefficient, SE = standard error, CI = confidence interval, ICC =
intraclass correlation.

scalability coefficients, were available for multi-rater data (Koopman, Zijlstra, & Van der

Ark, 2020), data that also have a two-level structure. We proposed a slight adaptation

of the estimates that resulted in two-level methods, for which the point estimates are

identical to the traditional (one-level) point estimates for scalability coefficients, but for

which the standard errors are accurate and have little bias in clustered data. To keep the

chapter readable, details of the estimation, accuracy, and bias of the point estimates and

standard errors have been diverted to Chapter 6.

Second, a test-guided automated item selection procedure (T-AISP) was introduced.

The traditional AISP tested only Criterion 1 of a Mokken scale (Hij > 0), and evaluated

Criterion 2 (Hi > c) by testing whether Hi > 0 and checking whether the point estimate

Ĥi ≥ c. By implementing a Wald-based test statistic in the T-AISP, we enabled the direct

testing of both criteria of a Mokken scale. In addition, by using the newly developed

standard errors based on the two-level method, the T-AISP could also be adapted to

clustered data. As illustrated by a real-data example, the T-AISP is more conservative

than the AISP. So when using the T-AISP, a researcher may expect that less items will end

up in the scale. In addition, especially for large sets of items the computation time of the

T-AISP may be considerably longer than the AISP. In future research, simulation studies

using population covariance structures may show whether the T-AISP is indeed a better

item-selection procedure than the AISP. A possible alternative for the Wald-based test

statistic in the T-AISP would be the marginal modeling approach of Van der Ark et al.
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(2008) for flexible and distribution-free testing of scalability coefficients. However, their

test could only be applied to a limited number of dichotomous items. The comparison of

their test to our test was beyond the scope of this chapter, but could be a topic of future

research.

We integrated the two advancements into a two-step, test-guided MSA for scale

construction, which is available for nonclustered and clustered data. The first step is

performing a T-AISP and select final scale(s) with items that meet specified scalability

criteria, using one-level methods for nonclustered and two-level methods for clustered

data. For clustered data, the ICC is estimated on the final scale(s) and an F-test is

performed to test whether the ICC is significantly larger than zero. In the second step,

the strength of the scale(s) is determined using 95% Wald-based confidence intervals and

further analyses are performed, using one-level methods for nonclustered data and for

clustered data without within-group dependency, and two-level methods for clustered

data with within-group dependency.

We applied the two-step, test-guided MSA to the 13-item scale SWMDK, intended

to measure students’ well-being at school with teachers and classmates. As data were

collected using a cluster sampling design, two-level MSA methods were necessary. The

T-AISP resulted in two reduced subscales (the 6-item SWMD and 5-item SWMK), both

with significant within-group dependency. In the second step both scales were evaluated

as strong scales. Note that the conclusions on the scalability were based on a subset

of respondents from a larger dataset; when the procedure was applied to the original

dataset two subscales were formed as well, but for each scale all items remained, resulting

in a seven-item SWMD (evaluated as a medium to strong scale) and a six-item SWMK

(evaluated as a strong scale), both with significant within-group dependency.

The next step in making MSA available for clustered data is generalizing the methods

to investigate NIRT model fit, as these are critical for the implied measurement properties

of Mokken’s NIRT models. In addition, our proposed procedure can only handle two-level

data. The procedure would benefit from a generalization to more complex sampling de-

signs such as a three-level nested sample, for example if students are nested in classrooms

that are nested in schools, or a cross-nested sample, where respondents are nested in more

than one group.

95





Chapter 8

Assumptions and Properties of Two-

Level Nonparametric Item Response

Theory Models

Abstract

Nonparametric item response theory (IRT) models consist of assumptions that restrict

the joint item-score distribution, imply stochastic ordering properties that allow ordering

of respondents and items, and imply observable data properties that are useful for investi-

gating model fit. In this chapter, we introduce four two-level nonparametric IRT models.

Two models pertain to respondents nested in groups: The MHM-1, useful for ordering

respondents, and the DMM-1, useful for ordering respondents and items. Two models

pertain to groups rated by multiple respondents: The MHM-2, useful for ordering groups,

and the DMM-2, useful for ordering groups and items. We define the model assumptions,

we derive implied stochastic ordering properties, and we derive observable data properties

that are useful for model fit investigation. Relations between models and properties are

also presented.

Chapter 8 is submitted for publication as: Koopman, L., Zijlstra, B. J. H., & Van der Ark,

L. A. (submitted for publication). Assumptions and properties of two-level nonparametric

item response theory models.



Chapter 8

8.1 Introduction

Latent variable models are useful when the interest is at measuring a latent (unobserved)

variable θ using a set of I items, denoted i (i = 1, 2, . . . , I) (e.g., Bartholomew et al.,

2011; Sijtsma & Van der Ark, 2020). Let Xi denote the score on item i, with realization

xi (xi = 0, . . . ,m). The item scores can be collected in a vector X = (X1, X2, . . . , XI).

For item i with m+ 1 ordered item-score categories, let E(Xi|θ) =
∑m

x=1 P (Xi ≥ x|θ) be
the expected score on item i given θ, also referred to as the item response function (IRF;

Chang & Mazzeo, 1994). Most latent variable models are defined by at least these three

assumptions:

1. Unidimensionality (UN): Latent variable θ is unidimensional

2. Local independence (LI): Item scores Xi are independent given θ

3. Monotonicity (MO): E(Xi|θ) is nondecreasing in θ, for all i1

These assumptions are necessary to restrict the distribution of X (Junker & Ellis, 1997).

The combination of UN, LI, and MO is also referred to as the monotone homogeneity

model (MHM, Mokken, 1971; Sijtsma & Molenaar, 2002; a.k.a. monotone unidimensional

representation, Junker, 1993; Junker & Ellis, 1997; unidimensional monotone latent vari-

able model, Holland & Rosenbaum, 1986; nonparametric graded response model, Hemker

et al., 1996, 1997). The MHM is a nonparametric item response theory (IRT) model,

because it makes no further distributional assumptions on θ and the relation between θ

and the item scores.

For dichotomous items, the MHM implies monotone likelihood ratio (MLR; Grayson,

1988; Huynh, 1994; Ünlü, 2008), which implies the property of stochastic ordering of the

latent variable by the sum score across the items (SOL; Hemker et al., 1997). Hence, the

sum score can be used to (stochastically) order respondents on the latent variable. For

many IRT models for polytomous items, MLR and SOL do not hold (Hemker et al., 1996,

1997); however, the MHM implies weak SOL (Van der Ark & Bergsma, 2010), which can

be used for pairwise ordering of respondents or groups on the latent variable. Based on

these results, the MHM implies an ordinal scale for person measurement.

All popular unidimensional IRT models, such as the Rasch Model (Rasch, 1960),

the two- and three-parameter logistic models (Birnbaum, 1968), the graded response

model (Samejima, 1969), the rating scale model (Andrich, 1978), the partial credit model

(Masters, 1982), and the sequential model (Tutz, 1990) are special cases of the MHM

(Van der Ark, 2001). Hence, if the goal of the test is to order respondents, the MHM

is preferred over popular parametric IRT models because, by definition, the MHM fits

better to the data than these parametric IRT models. If the goal of the test is estimating

the respondents’ scores on θ, a parametric IRT model is required. However, as these

parametric IRT models are a special case of the MHM, investigating the fit of the MHM

1Monotonicity may also be defined in terms of nondecreasingness of P (Xi ≥ x|θ) for i = 1, . . . , I and
x = 1, . . . ,m (e.g., Junker & Ellis, 1997, ; also, see Discussion). For dichotomous items both definitions
are identical.
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is still useful because if the MHM does not fit, neither do the parametric IRT models.

A fourth assumption in nonparametric IRT is

4. Invariant item ordering (IIO): E(X1|θ) ≤ E(X2|θ) ≤ . . . ≤ E(XI |θ) for all θ
(Ligtvoet et al., 2011; Sijtsma & Junker, 1996; Sijtsma & Hemker, 1998). IIO allows the

stochastic ordering of the items using the mean item scores. Following Sijtsma & Van der

Ark (2017, 2020, pp. 156–158; also see the Discussion), we call the model that assumes

UN, LI, MO, and IIO the double monotonicity model (DMM). The DMM implies a scale

for both person and item measurement. For applications of IIO we refer to Sijtsma et al.

(2011).

The MHM and DMM pose various restrictions on the data that can be used to eval-

uate model fit, including manifest monotonicity (MM; Junker, 1993; Sijtsma & Hemker,

2000), conditional association (CA; Holland & Rosenbaum, 1986; Straat et al., 2016),

and modified scalability bounds (Ellis, 2014). In addition, the DMM implies manifest

invariant item ordering (MIIO; Ligtvoet et al., 2010).

Two-level data consists of nested respondents. If the respondents of interest are nested

in groups or if the interest lies at ordering groups that are scored by multiple respondents,

the MHM and DMM do not suffice as they do not allow for distinguishing respondents

and groups nor give formal definitions on the group level. In this chapter we generalize the

MHM and DMM to two-level data on both the respondent-level and the group-level, and

derive several properties implied by the models. We build on the work of Snijders (2001a),

who proposed a two-level nonparametric IRT model for scaling subjects (e.g., persons or

groups) scored by multiple respondents (i.e., multi-rater measurement) using dichotomous

items. In the remainder of this chapter, we first generalize nonparametric IRT model

assumptions to accommodate both dichotomous and polytomous items, which we then

use to define four nonparametric IRT models for two-level data. Second, we establish

which ordinal scales and data restrictions are implied by various models. Implications

and recommendations for practice and further research are discussed.

8.2 Two-Level Nonparametric IRT

Suppose a measurement instrument consists of I dichotomous items, indexed by i or j

(i, j = 1, 2, . . . , I; j ̸= i). Suppose there are S groups, indexed by s (s = 1, 2, . . . , S), each

consisting of Rs respondents, indexed by r (r = 1, 2, . . . , Rs). The groups are assumed

to be a random sample from a population of groups, and the respondents within a group

are assumed to be a random sample from a population of respondents. Without loss of

generality, we assume the number of respondents per group is the same; that is, R1 =

R2 = · · · = RS = R. Let Xsri denote the score on item i of respondent r in group s,

with realization xsri (xsri = 0, . . . ,m). For dichotomous items, m = 1 and xsri takes on

value 1 if item i is endorsed or answered correctly by respondent r in group s, and 0

otherwise. Let Xsr+ =
∑I

i=1Xsri denote the respondent-level sum score. The vector of

item scores for respondent r in group s is denoted Xsr = (Xsr1, . . . , XsrI), with realization
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xsr = (xsr1, . . . , xsrI). LetXsi = R−1
∑R

r=1 Xsri denote the group-level score on item i (i.e.,

the mean score over respondents’ scores on item i within group s), with realization xsi. Xsi

can take on Rm+1 values with a minimum of 0 and a maximum ofm. LetXs+ =
∑I

i=1 Xsi

denote the group-level sum score. The vector of group-level item scores for group s is

denoted Xs = R−1
∑R

r=1Xsr = (Xs1, . . . , XsI), with realization xs = (xs1, . . . , xsI).

Let θ, γ, and δ be three latent variables. Following Snijders (2001a), θ is a group-

respondent combination variable consisting of common group component γ and individual

component δ; hence, θ = γ + δ. Respondent values of δ are assumed independently and

identically distributed (i.i.d.) with E(δsr) = 0. Hence, variables γ and δ are independent

and

γ = Eδ(θ), (8.1)

where expectation Eδ refers to the distribution of δ. The variances of θ, γ, and δ

are denoted var(θ), var(γ), and var(δ), respectively. Because γ and δ are assumed

independent, var(θ) = var(γ) + var(δ).

Let

E(Xsri|θ) =
m∑

x=1

P (Xsri ≥ x|θ) (8.2)

denote the expected score on item i for respondent r within group s. Let

E(Xsri|γ) = Eδ[E(Xsri|θ)] (8.3)

denote the expected score on item i for respondents in group s. Finally, let

E(Xsri) = EγEδ[E(Xsri|θ)] (8.4)

denote the expected score on item i for a respondents across groups.

The relation between the latent variables and item i are described by item-response

functions (IRFs). In two-level test data we distinguish between a respondent-level IRF

(IRF-1) and a group-level IRF (IRF-2). IRF-1 is defined as

Ei(θ) = E(Xsri|θ) (8.5)

as a function of θ, where E(Xsri|θ) equals the conditional expectation of the respondent-

level item score (Equation 8.2). IRF-2 is defined as

Ei(γ) = E(Xsri|γ)

= Eδ[E(Xsri|θ)] (Eq. 8.3)

= Eδ[Ei(θ)] (Eq. 8.5),

(8.6)

as a function of γ, where E(Xsri|γ) equals the conditional expectation of the item score for

a random respondent in group s (Equation 8.3). Note that because δ values are assumed
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i.i.d., E(Xsi|γ) = R−1
∑R

r=1Ei(γ) = Ei(γ). Hence, the expected group-level item score

for group s is the value of the IRF-2 for γ. Figure 8.1 shows an hypothetical IRF-1 and

IRF-2. Because IRF-2 is the expectation of IRF-1 with respect to δ (Equation 8.6), IRF-2

is flatter than function IRF-1.
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Figure 8.1: An IRF-1 (Ei(θ); solid curve) and an IRF-2 (Ei(γ); dashed curve), depicted
on the same θ scale. The horizontal axis shows one hypothetical group value γs, plus the
θsr values of 10 randomly drawn respondents r from group s. Note that δsr is represented
by the length of the line segment between γs and the θ values on the horizontal axis.

8.2.1 Assumptions

Assumptions of nonparametric IRT for two-level data can be defined at level 1 (the

respondent level) and at level 2 (the group level).

Definition 1. Unidimensionality (UN).

(UN-1) Unidimensionality at level 1 holds if θ is a unidimensional variable.

(UN-2) Unidimensionality at level 2 holds if γ is a unidimensional variable.

UN-1 and UN-2 mean that the item scores on the test or questionnaire are modeled using

one latent variable.

Definition 2. Local independence (LI).

(LI-1) Local independence at level 1 holds if

P (Xsr = xsr|θ) =
∏I

i=1 P (Xsri = xsri|θ) (8.7)

(LI-2) Local independence at level 2 holds if

P (Xs = xs|γ) =
∏I

i=1 P (Xsi = xsi|γ) (8.8)
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LI-1 means that respondent-level item scores (Xsri) are independent given θ, whereas LI-2

means that group-level item scores (Xsi) are independent given γ.

Definition 3. Monotonicity (MO).

(MO-1) Monotonicity at level 1 holds if Ei(θ) is nondecreasing in θ, for all i.

(MO-2) Monotonicity at level 2 holds if Ei(γ) is nondecreasing in γ, for all i.

MO-1 means that, for each item, IRF-1 (Equation 8.5) is nondecreasing in θ, and MO-2

means that, for each item, IRF-2 (Equation 8.6) is nondecreasing in γ. Note that in

Figure 8.1, IRF-1 satisfies MO-1 and IRF-2 satisfies MO-2.

Definition 4. Invariant item ordering (IIO). For a set of I items with m + 1 ordered

item-score categories, for which the items are ordered such that E(Xsri) ≤ E(Xsrj) for all

i < j, then

(IIO-1) Invariant item ordering at level 1 holds if Ei(θ) ≤ Ej(θ) for all θ.

(IIO-2) Invariant item ordering at level 2 holds if Ei(γ) ≤ Ej(γ) for all γ.

IIO-1 means that the IRF-1s across all items do not intersect. IIO-2 means that the IRF-

2s across all items do not intersect. Note that the definition of IIO-1 and IIO-2 allows for

ties, such that for some values of the latent variable items may be equally difficult.

8.2.2 Relation Level 1 and Level 2 Assumptions

Theorem 1 gives the relations between the assumptions at level 1 and the assumptions at

level 2.

Theorem 1. UN-1, LI-1, MO-1, and IIO-1 imply UN-2, LI-2, MO-2, and IIO-2, respec-

tively.

Proof. First, we consider the extreme case of no rater variance: If var(δ) = 0, then δ = 0,

and θ = γ. As a result, Ei(θ) = Ei(γ), and UN-1 = UN-2 (Definiton 1), LI-1 = LI-2

(Definition 2), MO-1 = MO-2 (Definition 3), and IIO-1 = IIO-2 (Definition 4). Second,

for var(δ) > 0, see Lemmas E1 to E4 in Appendix E, for a proof of each element in this

theorem. .

Theorem 1 shows that the level-1 assumptions imply the level-2 assumptions, but

not the other way around. Hence, the level-2 assumptions do not imply the level-1

assumptions. For example, if respondent-level item scores depend both on γ and on δ and

var(δ)> 0, in general θ ̸= γ, P (Xsri = x|θ) ̸= P (Xsri = x|γ), and Ei(θ) ̸= Ei(γ), hence

UN-1, LI-1, MO-1, and IIO-1 are not equal to UN-2, LI-2, MO-2, and IIO-2, respectively.

(see Definition 1 to 4). Note that if Xsri is replaced by Xi in UN-1, LI-1, MO-1, and

IIO-1, these assumptions are identical to the assumptions of UN, LI, MO, and IIO in

traditional nonparametric IRT (i.e., for non-nested data).
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8.2.3 Models

Two-level nonparametric IRT assumptions can be used to define several nonparametric

IRT models. Analogous to the single-level nonparametric IRT models, we distinguish

between the MHM and the DMM, but in addition we also distinguish between the level

on which they can be defined. Snijders (2001a) defined a two-level nonparametric IRT

model for scaling groups with dichotomous item scores using assumptions UN-1, LI-1,

MO-1, and IIO-1. We present four models for which allow for both dichotomous and

polytomous items. For all models we assume that δ values are i.i.d. (i.e., respondents are

independent and identically distributed given γ).

The first respondent-level model is the MHM-1, defined by UN-1, LI-1, and MO-1

(Table 8.1, first row). The MHM-1 consists of level-1 assumptions, which imply UN-2,

LI-2, and MO-2 (Theorem 1). The second respondent-level model is the DMM-1, defined

by UN-1, LI-1, MO-1, and IIO-1, implying UN-2, LI-2, MO-2, and IIO-2 (Table 8.1,

second row). The first group-level model is the MHM-2, defined by UN-2, LI-2, and MO-

2 (Table 8.1, third row). The second group-level model is the DMM-1, defined by UN-1,

LI-1, MO-1, and IIO-1 (Table 8.1, fourth row).

Table 8.1:

Assumptions of the Two-Level Nonparametric IRT Models.

Model Respondent-level assumptions Group-level assumptions

UN-1 LI-1 MO-1 IIO-1 UN-2 LI-2 MO-2 IIO-2

MHM-1 A A A I I I

DMM-1 A A A A I I I I

MHM-2 A A A

DMM-2 A A A A

Note. A = assumed, I = implied.

Figure 8.2 shows the hierarchical structure of the four models, where an arrow indicates

an implication. The MHM-2 is the most general model, of which the other three are special

cases. The DMM-1 is the most restrictive model, implying the other three models. In

the next sections we derive some ordering and observable properties that are implied by

these models.

8.3 Ordering Properties of Two-Level

Nonparametric IRT Models

We investigated four possible ordering properties: MLR, SOM, SOL, and weak SOL.
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Figure 8.2: Hierarchical Structure of the Two-Level Nonparametric IRT Models.

Definition 5. Monotone likelihood ratio (MLR; Ferguson, 1967, p. 208).

(MLR-1) Monotone likelihood ratio at level 1 holds if, for a < b, the probability ratio

P (Xsr+ = b|θ)
P (Xsr+ = a|θ)

is nondecreasing in θ. (8.9)

(MLR-2) Monotone likelihood ratio at level 2 holds if, for a < b, the probability ratio

P (Xs+ = b|γ)
P (Xs+ = a|γ)

is nondecreasing in γ. (8.10)

Definition 6. Stochastic ordering of the manifest score by the latent variable (SOM;

Hemker et al., 1997).

(SOM-1) Stochastic ordering of the manifest score by the latent variable at level 1

holds if, for any value x and θa < θb

P (Xsr+ ≥ x|θa) ≤ P (Xsr+ ≥ x|θb). (8.11)

(SOM-2) Stochastic ordering of the manifest score by the latent variable at level 2

holds if, for any value x and γa < γb

P (Xs+ ≥ x|γa) ≤ P (Xs+ ≥ x|γb). (8.12)

Definition 7. Stochastic ordering of the latent variable by the manifest score (SOL;

Hemker et al., 1997).

(SOL-1) Stochastic ordering of the latent variable by the manifest score at level 1

holds if, for any value t and a < b,

P (θ > t|Xsr+ = a) ≤ P (θ > t|Xsr+ = b). (8.13)

(SOL-2) Stochastic ordering of the latent variable by the manifest score at level 2

holds if, for any value t and a < b,

P (γ > t|Xs+ = a) ≤ P (γ > t|Xs+ = b). (8.14)
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Definition 8. Weak SOL (WSOL; Van der Ark & Bergsma, 2010).

(WSOL-1) Weak SOL at level 1 holds if, for any t and a < b

P (θ > t|Xsr+ < a) ≤ P (θ > t|Xsr+ ≥ b). (8.15)

(WSOL-2) Weak SOL at level 2 holds if, for any t and a < b

P (γ > t|Xs+ < a) ≤ P (γ > t|Xs+ ≥ b). (8.16)

In general, property MLR implies SOM, SOL, and WSOL, and SOL implies WSOL

(Hemker et al., 1997; Lehmann, 1986, p. 85; Van der Ark & Bergsma, 2010). Hence,

property MLR-1 implies SOM-1, SOL-1, and WSOL-1, whereas property MLR-2 implies

SOM-2, SOL-2, and WSOL-2. The MLR, SOM, SOL, and WSOL results are valid for

any monotone nondecreasing item summary within respondents (e.g., all-correct score,

rest-scores, subscores; Rosenbaum, 1984).

For two-level test data, it is unknown whether MLR, SOM, SOL, or WSOL are implied

by the two-level nonparametric IRT models. We will give results for the strongest property

and least restrictive model possible, because they imply less strong properties hold for

more restrictive models.

Theorem 2. .

(a) For dichotomous item scores, the MHM-1 implies MLR-1.

(b) For dichotomous item scores, the MHM-2 implies MLR-2.

Proof. .

(a) The assumptions in MHM-1 are identical to the assumptions used by Grayson (1988,

Theorem 2) and Huynh (1994) to establish MLR of the sum score in θ, hence their

proof can be applied.

(b) In two-level test data, each item has R scores within a group. Let Xsi =

(Xs1i, . . . , XsRi) denote the vector of respondent-scores on item i in group s, with

realization xsi = (xs1i, . . . , xsRi). The MHM-2 assumes that respondent-values δ

are i.i.d., and therefore, the R respondent-level scores on item i within group s are

independent given γ. Let
∑

{xsi|xsi
′1=xsi} denote the sum over all possible patterns ofR

scores on item i that sum to xsi. Let Pi(γ) = P (Xsri = 1|γ) and let Qi(γ) = 1−Pi(γ).

Then, for dichotomous items, the probability of obtaining group-level item score xsi

is

P (Xsi = xsi|γ) =
∑

{xsi|xsi
′1=xsi} Pi(γ)

xsriQi(γ)
(1−xsri). (8.17)
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By LI-2, for group s, values xsi (i = 1, . . . , I) are independent given γ. Hence, by

Equation 8.8, the probability of obtaining group-level sum score Xs+ = a is

P (Xs+ = a|γ) =
∑

{xs|xs
′1=a}

I∏
i=1

∑
{xsi|xsi

′1=xsi}

Pi(γ)
xsriQi(γ)

(1−xsri). (8.18)

For the D = RI respondent-level item scores Xsri within group s, we

replace index ri by index d (d = 1, 2, . . . , D) and collect them in vector Xsd =

(Xs1, Xs2, . . . , XsD) with realization xsd = (xs1, xs2, . . . , xsD). Let Pd = P (Xd = 1|γ)
(i.e., the probability of passing the item that index d pertains to) and let Qd = 1−Pd.

Note that, because the item is dichotomous, P (Xd = 1|γ) = Ed(γ), the IRF-2 for

the item that is reflected by index d. Let
∑

{xsd|xsd
′1=a} denote the sum over the D

item-score patterns that sum to a. Then, Equation 8.18 can be rewritten as

P (Xs+ = a|γ) =
∑

{xsd|xsd
′1=a}

∏D
d=1 Pd(γ)

xdQd(γ)
(1−xd)

=
∑

{xsd|xsd
′1=a}

∏D
d=1Qd(γ)[

Pd(γ)
Qd(γ)

]xd .
(8.19)

Because
∏D

d=1Qd(γ) is constant across each item-score pattern x, Equation 8.19 is

identical to

P (Xs+ = a|γ) =
∏D

d=1Qd(γ)
∑

{x|x′1=a}
∏D

d=1

[ Pd(γ)
Qd(γ)

]xd . (8.20)

The form of the right-hand side in Equation 8.20 is equal to the form used by Grayson

(1988, Theorem 2) and Huynh (1994). Hence, their methods can be applied to

establish MLR of the sum score in γ.

.

MLR is symmetric in its argument, so the statement Xsr+ has MLR in θ means that

θ also has MLR in Xsr+. Theorem 2 implies that, for dichotomous items, under the

MHM-1 Xsr+ is stochastically ordered by θ (SOM-1) and θ is stochastically ordered by

Xsr+ (SOL-1), and under the MHM-2, Xs+ is stochastically ordered by γ (SOM-2) and γ

is stochastically ordered by Xs+ (SOL-2). Because DMM-1 is a special case of MHM-1, it

also implies MLR-1. Because MHM-1, DMM-1, and DMM-2 are special cases of MHM-2,

they all imply MLR-2, SOM-2, and SOL-2.

For the single-level MHM and DMM with polytomous items, MLR and SOL do not

hold, whereas SOM (Hemker et al., 1996, 1997) and WSOL (Van der Ark & Bergsma,

2010) hold. Theorem 3 shows that SOM also holds for two level models, and Theorem 4

shows that WSOL also holds for two-level models.

Theorem 3. .

(a) The MHM-1 implies SOM-1.

(b) The MHM-2 implies SOM-2.
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Proof. .

(a) SOM-1 follows from the general result presented in Lemma E5 in Appendix E. First,

note that the respondent-level sum score Xsr+ is a nondecreasing function of Xsr

(e.g., Rosenbaum, 1984). Hence, by Lemma E5, Xsr+ is nondecreasing in θ, which is

the definition of SOM-1.

(b) SOM-2 follows from the general result presented in Lemma E6. First, note that the

group-level sum score Xs+ is a nondecreasing function of Xs. Hence, by Lemma E6,

Xs+ is nondecreasing in γ, which is the definition of SOM-2.

.

Theorem 4. .

(a) The MHM-1 implies WSOL-1.

(b) The MHM-2 implies WSOL-2.

Proof. .

(a) MHM-1 implies SOM-1 of Xsr+ by θ (Theorem 3(a)). Van der Ark & Bergsma (2010,

Theorem) showed that SOM implies WSOL, hence WSOL of θ by Xsr+ is implied.

(b) Similar to the proof in (a), the MHM-2 implies SOM-2 of Xs+ by γ, hence, WSOL

of γ by Xs+ is implied.

.

Theorem 3 implies that under the MHM-1 Xsr+ is stochastically ordered by θ (SOM-1)

and under the MHM-2, Xs+ is stochastically ordered by γ (SOM-2). Because DMM-1 is

a special case of MHM-1, it also implies SOM-1. Because MHM-1, DMM-1, and DMM-

2 are special cases of MHM-2, these models imply SOM-2. Let 1(Xsr+ ≥ k) denote

the dichotomized respondent-level sum score that takes on value 1 if Xsr+geqk, and 0

otherwise, and let 1(Xs+ ≥ k) denote the dichotomized group-level sum score that takes

on value 1 if Xs+geqk, and 0 otherwise. Then, Theorem 4 implies that under the MHM-

1, θ is stochastically ordered by 1(Xsr+ ≥ k) (WSOL-1), and under the MHM-2, γ is

stochastically ordered by 1(Xs+ ≥ k) (WSOL-2). Because DMM-1 is a special case of

MHM-1, this model also implies WSOL-1. Because MHM-1, DMM-1, and DMM-2 are

special cases of MHM-2, these models imply WSOL-2.

8.4 Observable Properties of Two-Level

Nonparametric IRT Models

We investigated three observable properties: MM, CA, and MIIO. Let Xsr(i) =
∑I

j ̸=i Xsrj

denote the respondent-level rest score for item i (i.e., the sum score on all items except

item i) and let Xs(i) =
∑I

j ̸=iXsj denote the group-level rest score for item i.
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Definition 9. Manifest monotonicity (MM; Junker, 1993; Sijtsma & Hemker, 2000).

(MM-1) Manifest monotonicity at level 1 holds if the respondent-level item-rest

regression E(Xsri|Xsr(i)) is nondecreasing in Xsr(i).

(MM-2) Manifest monotonicity at level 2 holds if the group-level item-rest regression

E(Xsi|Xs(i)) is nondecreasing in Xs(i).

Partition Xsr or Xs into two mutually exclusive (but not necessarily exhaustive) sets

Ysr and Zsr, or Ys and Zs, respectively. For example, Ysr may contain Xsr1 and Xsr2

and Zsr the remaining item scores. Let g1(·) and g2(·) be two bounded, nondecreasing

functions, let h(·) be any function, and let cov[g1(·), g2(·)|h(·)] denote the conditional

covariance.

Definition 10. Conditional association (CA; Holland & Rosenbaum, 1986).

(CA-1) Conditional association at level 1 holds if

cov[g1(Ysr), g2(Ysr)|h(Zsr)] ≥ 0. (8.21)

(CA-2) Conditional association at level 2 holds if

cov[g1(Ys), g2(Ys)|h(Zs)] ≥ 0. (8.22)

Let Xsr(ij) = Xsr+ − Xsri − Xsrj denote the respondent-level rest score for the item

(i, j) combination and X(s(ij)) = Xs+ − Xsi − Xsj denote the group-level rest score for

the item (i, j) combination (i.e., the sum on all items but i and j), with realization y

(y = 0, . . . , (I − 1)m).

Definition 11. Manifest invariant item ordering (MIIO; Ligtvoet et al., 2010).

(MIIO-1) Manifest invariant item ordering at level 1 holds if, for E(Xsri) < E(Xsrj),

E(Xsri|Xsr(ij) = y) ≤ E(Xsrj|Xsr(ij) = y) for all y and all i < j.

(MIIO-2) Manifest invariant item ordering at level 2 holds if, for E(Xsri) < E(Xsrj),

E(Xsi|Xs(ij) = y) ≤ E(Xsj|Xs(ij) = y) for all y and all i < j.

Theorem 5. .

(a) For dichotomous items, the MHM-1 implies MM-1.

(b) For dichotomous items, the MHM-2 implies MM-2.
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Proof. .

(a) The proof is analogous to the proof in Proposition 4.1a Junker (1993). By the law of

total expectation (e.g., Rice, 2006, p 149) and LI-1

E(Xsri|Xsr(i)) = E[E(Xsri|Xsr(i), θ)|Xsr(i)]

= E[Ei(θ)|Xsr(i)].
(8.23)

For dichotomous items, under the MHM-1, by Theorem 2(a), θ is nondecreasing in

Xsr(i) (SOL). Because θ is stochastically ordered in Xsr(i), so is any nondecreasing

function of θ, such as Ei(θ) (Equation 8.5; Shaked & Shanthikumar, 2007, Theorem

1.A.3.(a)), which completes the proof.

(b) This proof is parallel to the proof in (a), which holds when substituting θ by γ, Xsr(i)

by Xs(i), LI-1 by LI-2, and MHM-1 by MHM-2.

.

For polytomous items, SOL-1 and SOL-2 are not implied by the MHM-1 and MHM-2,

respectively, and therefore Theorem 5 does not necessarily hold for polytomous items.

However, MM-1 and MM-2 may still provide heuristic evidence for or against the MHM-1

and/or the MHM-2 (Sijtsma & Van der Ark, 2020, p. 151). Alternatively, if polytomous

items are dichotomized, Theorem 5 holds (Junker & Sijtsma, 2000). Note that, if in Def-

inition 9 rest score Xsr(i) would be replaced by the sum score Xsr+, there is a dependence

between the item score and sum score (because Xsri is part of Xsr+), and the second

equality in Equation 8.23 is no longer valid. As a result, manifest monotonicity is only

implied in special cases if if E(Xsri|Xsr+) is used rather than E(Xsri|Xsr(i)) (Junker, 1993).

MM-1 and MM-2 can be used to investigate model fit by visually inspecting E(Xsri|Xsr(i))

and E(Xsi|Xs(i)) as a function of Xsr(i) and Xs(i), respectively.

Theorem 6. .

(a) The MHM-1 implies CA-1.

(b) The MHM-2 implies CA-2.

Proof. .

(a) The proof is similar to the proof of Theorem 1 by (Rosenbaum, 1984; see also

Holland & Rosenbaum, 1986, Theorem 6). If CA-1 holds, the conditional covariance

cov[g1(Ysr), g2(Ysr)|h(Zsr)] ≥ 0 (Definition 10). Using standard algebra, it can be

shown that this statement is equivalent to

E[g1(Ysr)g2(Ysr)|h(Zsr)] ≥ E[g1(Ysr)|h(Zsr)]E[g2(Ysr)|h(Zsr)] (8.24)

(e.g., Rice, 2006, p. 138). Hence, we prove that under the MHM-1 Equation 8.24

holds. By the law of total expectation,

109



Chapter 8

(a)
E[g1(Ysr)g2(Ysr)|h(Zsr)] = E{E[g1(Ysr)g2(Ysr)|h(Z), θ]|h(Zsr)} (8.25)

(Rice, 2006, p. 138). By LI-1, Ysr and Zsr are independent given θ. Hence,

E[g1(Ysr)g2(Ysr)|h(Zsr)] = E{E[g1(Ysr)g2(Ysr)|θ]|h(Zsr)}. (8.26)

Because, by LI-1, the values in Ysr are independent given θ, they are associated

(Esary et al., 1967, Theorem 2.1). Therefore,

E[g1(Ysr)g2(Ysr)|h(Zsr)] ≥ E{E[g1(Ysr)|θ]E[g2(Ysr)|θ]|h(Zsr)}. (8.27)

By Lemma E5, E(g1(Ysr|θ) and E(g2(Ysr|θ) are nondecreasing in θ, hence, they are

associated (Esary et al., 1967, P4). In addition, by UN-1, θ is a scalar and therefore

associated (Esary et al., 1967, P3). Hence, it follows that

E[g1(Ysr)g2(Ysr)|h(Zsr)] ≥ E{E[g1(Ysr)|θ]|h(Zsr)}E{E[g2(Ysr)|θ]|h(Zsr)}. (8.28)

By the law of total expectation, the statement in Equation 8.28 is equivalent to

E[g1(Ysr)g2(Ysr)|h(Zsr)] ≥ E[g1(Ysr)|h(Zsr)]E[g2(Ysr)|h(Zsr)], (8.29)

which completes the proof.

(b) The proof is parallel to the proof in (a). Replacing Ysr by Ys, Zsr by Zs, θ by γ,

LI-1 by LI-2, and Lemma E5 by Lemma E6 gives the proof for (b).

.

The definition of CA-1 and CA-2 provides numerous possibilities for investigating

model fit, as there are often many ways to divide X into Y and Z. For single-level

nonparametric IRT models, Straat et al. (2016) suggested three partitionings. For inves-

tigating CA-1, these suggestions generalize to using g1(Ysr) = Xsri, g2(Ysr) = Xsrj, and

h(Zsr) = Xsr(ij). Two alternatives for h(Zsr) are either ignoring h(Zsr) (i.e., Zsr = ∅) or
using a third variable k in Zsr = Xsrk and Zsr = Xsrk with k being a third item. For CA-2

this will be g1(Ys) = Xsi, g2(Ys) = Xsj, and h(Zs) = Xs(ij), Zs = ∅, or h(Zs) = Xsk,

respectively. Note that using Zrs = ∅ results in cov(Xsri, Xsrj) ≥ 0. Hence, CA-1 implies

that the inter item covariances are nonnegative and, on the group-level, CA-2 implies

cov(Xsi, Xsj) ≥ 0.

Theorem 7. .

(a) The DMM-1 implies MIIO-1.

(b) The DMM-2 implies MIIO-2.
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Proof. .

(a) This proof is similar to the proof of the Corollary by Ligtvoet et al. (2011). By IIO-1

Ei(θ) ≤ Ej(θ). By Equation 8.2, Ei(θ) ≤ Ej(θ) (IIO-1) equals

∑m
x=1 P (Xsri ≥ x|θ) ≤

∑m
x=1 P (Xsrj ≥ x|θ)

⇔
∑m

x=1 P (Xsri ≥ x|θ)P (Xsr(ij) = y|θ) ≤
∑m

x=1 P (Xsrj ≥ x|θ)P (Xsr(ij) = y|θ).
(8.30)

By LI-1, Xsri and Xsr(ij) are independent given θ, and their joint probability equals

the product of their marginal conditional probabilities (e.g., Rice, 2006, p. 84). Hence,

Equation 8.30 equals∑m
x=1 P (Xsri ≥ x,Xsr(ij) = y|θ) ≤

∑m
x=1 P (Xsrj ≥ x,Xsr(ij) = y|θ). (8.31)

Let F (θ) denote the cumulative distribution function of θ. Integrating both sides of

Equation 8.31 over θ yields∫ ∑m
x=0 P (Xsri ≥ x,Xsr(ij) = y|θ)dF (θ) ≤

∫ ∑m
x=0 P (Xsri ≥ x,Xsr(ij) = y|θ)dF (θ)

⇔
∑m

x=1 P (Xsri ≥ x,Xsr(ij) = y) ≤
∑m

x=1 P (Xsrj ≥ x,Xsr(ij) = y)

⇔
∑m

x=1 P (Xsri ≥ x|Xsr(ij) = y) ≤
∑m

x=1 P (Xsrj ≥ x|Xsr(ij) = y)

⇔ E(Xsri|Xsr(ij)) ≤ E(Xsrj|Xsr(ij)),

(8.32)

for all y and all i < j, completing the proof.

(b) The proof is parallel to the proof in (a). Replacing θ by γ, IIO-1 by IIO-2, LI-1 by

LI-2, Xsri by Xsi, Xsr(ij) by Xs(ij), and taking the sum over the Rm + 1 possible

values that Xsi can take, proofs that the MHM-2 implies MIIO-2.

.

MIIO-1 can be used in several ways to investigate the fit of the DMM-1: For example,

by visually inspecting E(Xsri|Xsr(ij)) and E(Xsrj|Xsr(ij)) simultaneously as a function

of Xsr(ij), or investigating whether the sign changes when computing E(Xsri|Xsr(ij)) −
E(Xsrj|Xsr(ij)) across all values of Xsr(ij), for each item pair i, j (Ligtvoet et al., 2010).

For group-level item scores the same procedure may be applied using Xsi, Xsj, and Xs(ij).

8.5 Relations Between Models and Properties

In the previous section we defined four models, eight ordering properties, and six observ-

able properties. In addition, we provided proofs for which model implied which property,

for the least restrictive model and strongest property possible. Because more restrictive

models are special cases of models with fewer restrictions, they are defined with at least

the same assumptions that imply the property (see Figure 8.2). Hence, more restrictive
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models imply the same properties as the more general models.

Table 8.2 provides an overview of the most important implications for each model.

The MHM-1 (Table 8.2, first row) implies (W)SOL-1 and (W)SOL-2. Hence, the MHM-

1 implies an ordinal respondent-level scale, on which respondents may be stochastically

ordered on θ using Xsr+, and an ordinal group-level scale, on which groups may be

stochastically ordered on γ using Xs+. Methods for investigating the model fit of the

MHM-1 are MM-1, CA-1, MM-2, and CA-2. In addition to the implications by the

MHM-1, the DMM-1 (Table 8.2, second row) also implies an ordinal item scale on which

items may be stochastically ordered on their latent difficulty using the mean scores on

the items. Methods MIIO-1 and MIIO-2 can be used for investigating model fit of the

DMM-1 in addition the methods of the MHM-1.

Table 8.2:

Implied Properties of the Two-Level Nonparametric IRT Models.

Property Model

MHM-1 DMM-1 MHM-2 DMM-2

MLR-1 D D

SOL-1 D D

SOM-1 X X

WSOL-1 X X

MM-1 D D

CA-1 X X

MIIO-1 X

MLR-2 D D D D

SOL-2 D D D D

SOM-2 X X X X

WSOL-2 X X X X

MM-2 D D D D

CA-2 X X X X

MIIO-2 X X

Note. X = property is implied for dichotomous and polytomous items, D = property is
implied for dichotomous or dichotomized items only.

The MHM-2 (Table 8.2, third row) implies (W)SOL-2. Hence, the MHM-2 implies

an ordinal group-level scale on which groups may be stochastically ordered on γ using

Xs+. Methods for investigating the model fit of the MHM-2 are MM-2 and CA-2. In

addition to the implications by the MHM-2, the DMM-2 (Table 8.2, fourth row) also

implies an ordinal item scale on which items may be stochastically ordered on their latent
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difficulty using the mean scores on the items. Methods MIIO-1 and MIIO-2 can be used

for investigating model fit of the DMM-2 in addition the methods of the MHM-2.

The two-level nonparametric IRT models are defined on either or both the respondent

level and the group level. Depending on the interest of the researcher, one or both

levels are relevant for scaling. If the goal is to scale the respondents, it is sufficient to

mainly focus on checking the respondent-level assumptions of the MHM-1 or DMM-1. If

the goal is to only scale the groups, as is the case in multi-rater data, the group-level

assumptions are of key interest. For example, if a group-level IRF is flat, an item does

not discriminate between low and high values of γ. Such an item does not contribute

to accurate measurement. However, the respondent-level assumptions may still prove

informative for investigating, for example, whether the respondents may also be ordered

using their sum score or how the results relate to each other across levels. Therefore,

investigating the MHM-1 or DMM-1 by using methods on both level 1 and level 2 are

suggested. If this analysis is either not possible (e.g., only group-level data are available)

or there exist violations on level 1, then one should investigate whether the MHM-2 or

the DMM-2 are appropriate models.

8.6 Discussion

Two-level nonparametric IRT models are useful for ordinal measurement of nested respon-

dents, of groups, and/or of items, using a test or questionnaire that consists of items with

ordered response categories. Building on previous work by Snijders (2001a), we introduced

four models for two-level test data: The MHM-1 for ordering nested respondents, the

DMM-1 for ordering nested respondents and items, the MHM-2 for ordering groups using

item scores of multiple respondents, and the DMM-2 for ordering groups and items. Their

hierarchical relation shows that DMM-1 implies all other models and that MHM-2 is the

most general model (see Figure 8.2). Note that the DMM was originally defined using

nonintersecting item-step response functions P (Xi ≥ x|θ) rather than nonintersecting

item-response functions (Molenaar, 1997). As investigating properties of items can be

considered more relevant than investigating properties of item-steps, the new definition

of the DMM can be considered more useful. In addition, the property of IIO is defined

in terms of conditional expected item scores, and fits better to the new definition of the

DMM than to the original definition. If there is reason to require an invariant item-

step order, an alternative DMM-like model may be proposed including this assumption.

However, one should realize that an invariant item-step order not necessarily implies an

invariant item order (Sijtsma & Hemker, 1998).

For each model, we derived ordering properties that justify pairwise or complete

stochastic ordering of respondents the latent variable using the observed respondent-

level test score, of groups on the latent variable using the observed group-level test score,

and/or of items using the observed mean item score. In addition, we derived observable

data properties implied by the models, which can be used to investigate the model fit
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for a given data set. Specifically, we generalized the properties manifest monotonicity,

conditional association, and manifest invariant item ordering for the respondent level

and the group level. Theorem 5(b) showed the perhaps surprising result that, for a test

consisting of dichotomous items, even though group-level item scores are not dichotomous

(because they combine the item scores across respondents), still the strong results for

dichotomous nonparametric IRT models hold.

The properties derived in this chapter pertain to the population level. Existing meth-

ods for one-level data divide respondents in item- or rest-score groups to test violations

of the observable properties (e.g., Ligtvoet et al., 2010; Molenaar & Sijtsma, 2000; Straat

et al., 2016). Currently, it is unclear if or how within-group dependency in two-level

data affects the statistical results after dividing respondents in rest-score groups. Future

research should investigate whether existing computational methods and statistical tests

may be useful for data analysis. Furthermore, we have limited ourselves to properties

pertaining respondent-level scores given respondent-level latent variables and group-level

scores given group-level latent variables. For other applications it may be useful to

also derive results pertaining respondent-level scores given group-level latent variables,

which may be similar to properties derived from an item-bundles model as presented by

Rosenbaum (1988), where the bundles could be seen as respondents that cause dependency

between items (see, also, Wilson & Hoskens, 2001).

In this chapter we expanded on work by Snijders (2001a), because of its strong link to

the one-level MHM and DMM. However, several generalizations of the MHM and DMM

are possible. Within the framework of this chapter, one may also consider a model that

orders respondents only within a group. For this model, the IRFs are assumed to be

increasing only in δ. Properties and applications of this model are yet unknown. Outside

the framework proposed in this chapter, in Chapter 4 the nonparametric hierarchical

rater model was proposed, a nonparametric version of the (parametric) hierarchical rater

model (Patz et al., 2002). Possibly other two-level parametric IRT models may be

redefined as a nonparametric model, such as the multiple raters model (Verhelst &

Verstralen, 2001) or the rater bundle model (Wilson & Hoskens, 2001). Alternatively,

the nonparametric partial credit model or nonparametric sequential model (Hemker et

al., 1997, 2001, respectively) may be generalized to a two-level framework. In addition,

multidimensional generalizations may be useful for developing scales that explicitly have

a separate respondent and group component. How these alternative models hierarchically

relate to the models presented in this chapter, and what properties they imply, is a topic

for further investigation.

The developments presented in this chapter are part of a larger project to make all

elements of Mokken scale analysis available for two-level test data (Koopman, Zijlstra, &

Van der Ark, 2020; Koopman et al., 2022). Next steps in development should be aimed at

developing group-level item selection procedures and at allowing more complex research

designs, such as a cross nested design in which respondents score multiple groups.
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Discussion

9.1 Introduction

This thesis focused on generalizing nonparametric item response theory (IRT) and Mokken

scale analysis (MSA) to multilevel test data (i.e., data consisting of item scores of respon-

dents nested in clusters). Nonparametric IRT models are especially useful for ordinal

measurement, as part of theory development of psychological constructs, or for psycho-

logical constructs for which creating a large number of items is difficult (Mokken, 1971,

pp. 115–116; Sijtsma & Van der Ark, 2020, pp. 107–109). MSA provides a selection of

methods for constructing scales and evaluating model fit based on on nonparametric IRT

(e.g., Mokken, 1971; Sijtsma & Van der Ark, 2017). There were two main reasons why

MSA was not suitable for multilevel test data. First, methods in MSA assume that item

scores are obtained from respondents using simple random sampling, which is violated in

multilevel test data. Ignoring the multilevel structure may lead to the inclusion of items

to the test that do not contribute to (or possibly negatively affect) accurate measurement,

or the quality of the test may be overestimated. Second, methods in MSA provide results

on the respondent level only, not on the group level. Hence, for multilevel test data,

currently available MSA methods are only of limited value.

This thesis contributed to making MSA suitable to multilevel test data and improved

some existing methods in MSA for one-level data in the following ways. First, by

discussing solutions to two computational problems pertaining Guttman errors, relevant

for estimating Mokken’s and two-level scalability coefficients (Chapter 2). Second, by

deriving and optimizing point and interval estimates of two-level scalability coefficients

in multi-rater data (Chapters 3 and 4) and of Mokken’s (1971) scalability coefficients in

clustered data (Chapters 5 and 6). Third, by introducing a test-guided automated item

selection procedure (T-AISP) that is available for both nonclustered and clustered test

scores (Chapter 7). Finally, by proposing four two-level nonparametric IRT models (two

respondent-level models and two group-level models), with their implied measurement and

data properties (Chapter 8). These developments contribute to knowledge on how tests

and questionnaires can be investigated in the presence of multilevel test data, hopefully
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leading to improved measurement of psychological constructs of nested respondents, or of

subjects (groups or persons) that are scored by multiple raters.

9.2 Main Findings

Summarizing results across chapters led to the following general conclusions. Point

estimates of the two-level scalability coefficients were unbiased in all conditions. In

general, the two-level method for estimating standard errors (Chapters 3 and 6) resulted

in unbiased standard error estimates for all types of scalability coefficients in two-level

data, and can therefore be confidently used in practice, preferably for scales of at least

four items. Note that, initially, these standard errors were biased for samples with an

unequal number of respondents per group (Chapter 4), but this problem was solved in

Chapter 6. However, sufficient independent information needs to be present in the data

set to get accurate estimates (see also, Snijders & Bosker, 2012, p. 24). For example, for

samples consisting of only a few large groups with substantial within-group dependency,

the two-level standard error estimates were negatively biased and resulted in undercov-

erage of the confidence intervals (Chapter 4). Standard errors were derived by assuming

that the item-score pattern frequencies follow a multinomial distribution for each group.

Alternative distributions (e.g., a Dirichlet-multinomial distribution) are computationally

more complex, but may give better results in situations where standard errors were less

accurate.

Because the distribution of the two-level scalability coefficients is asymptotically nor-

mal, initially Wald-based confidence intervals were used for confidence interval construc-

tion (Chapter 3). However, the Wald-based interval may be biased near the boundary of

1, hence, an alternative, range-preserving confidence interval was introduced in Chapter

5. Results from a simulation study showed that, in one-level (i.e., nonclustered) data, for

Mokken’s scalability coefficients not close to 1, Wald-based and range-preserving methods

were very similar and both useful. For very strong scales (H > .7), the range-preserving

methods were more accurate and preferred over the Wald-based method, especially for

the left tail of the sampling distribution (used in one-sided significance tests). In Chapter

6, however, for clustered data, the confidence interval of Mokken’s scalability coefficient

was somewhat asymmetric, possibly caused by skewness of the sampling distribution. As

the symmetry was slightly better for the Wald-based confidence interval, we suggested

using a Wald-based interval if the scalability coefficient is (likely) well below the upper

boundary of 1. As in practice, scalability coefficients are seldom very close to 1, and

usually hypotheses regarding scalability coefficients are in the range 0 to .55, the Wald-

based confidence intervals and significance tests were recommended for general use.

Chapter 7 pointed out that the automated item selection procedure (AISP) in MSA

insufficiently takes sampling fluctuation of Mokken’s scalability coefficients into account.

Hence, a Wald-based significance test was implemented in the AISP algorithm, which

resulted in a test-guided AISP (T-AISP), that is available for both nonclustered and
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clustered test scores. By definition, the T-AISP is more conservative than the AISP. So

when using the T-AISP, a researcher may expect that less items will end up in the scale.

However, the final scale significantly complies with the criteria of a Mokken scale. The

T-AISP was integrated into a two-step, test-guided MSA for scale construction, to guide

the analysis for nonclustered and clustered data.

Chapter 8 introduced four two-level nonparametric IRT models, two respondent-level

models and two group-level models. These models are generalizations of two existing

nonparametric IRT models: the monotone homogeneity model (MHM) and the double

monotonicity model (DMM). The MHM-1 and the DMM-1 assume unidimensionality,

local independence, monotonicity, and, for DMM only, an invariant item ordering on the

respondent-level item scores. The MHM-2 and the DMM-2 assume unidimensionality,

local independence, monotonicity, and, for DMM only, an invariant item ordering on the

group-level item scores. Their hierarchical relation shows that DMM-1 implies all other

models and that MHM-2 is the most general model. Originally, the DMM defined was in

terms of nonintersecting item-step response functions (i.e., all item-score categories are or-

dered), rather than in terms of nonintersecting item-response functions (Molenaar, 1997).

As investigating properties of items can be considered more relevant than investigating

properties of item-steps, the new definition of the DMM can be considered more useful.

If there is reason to require an invariant item-step order, an alternative DMM-like model

may be proposed including this assumption. However, one should realize that an invariant

item-step order not necessarily implies an invariant item order (Sijtsma & Hemker, 1998).

For each two-level model, ordering properties were derived that justify stochastic

ordering of respondents on the latent variable using the observed respondent-level test

score, the ordering of groups on the latent variable using the observed group-level test

score, and/or the ordering of items using the observed mean item score. In addition,

we derived observable data properties implied by the models, which can be used to

investigate the model fit for a given data set. Specifically, we generalized the properties

manifest monotonicity, conditional association, and manifest invariant item ordering for

the respondent level and the group level.

Two-level nonparametric IRT models were defined on either or both the respondent

level and the group level. Depending on the interest of the researcher, one or both levels

are relevant for scaling. If the goal is scaling respondents, Mokken’s scalability coefficients

and the respondent-level assumptions of the MHM-1 or DMM-1 are of key interest. If the

goal is scaling groups, as is the case in multi-rater data, the two-level scalability coefficients

and group-level assumptions of MHM-1, DMM-1, MHM-2 or DMM-2 are of key interest.

For example, if a group-level IRF is flat, an item does not discriminate between low and

high values of γ. Such an item does not contribute to accurate measurement of the group.

However, the respondent-level assumptions may still prove informative for investigating,

for example, whether the respondents may also be ordered using their sum score or how

the results compare across levels. Therefore, investigating the MHM-1 or DMM-1 by using

methods on both the respondent level and the group level was suggested. If the analysis
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on both levels is compared, it should be realized that item and test scores may have a

different interpretation in terms of the psychological construct (Stapleton et al., 2016). If

an analysis on both levels is not possible (e.g., only group-level data are available), one

should investigate whether the MHM-2 or the DMM-2 is an appropriate model.

The computational developments throughout this thesis were implemented in R (R

Core Team, 2020) in the package mokken (Van der Ark, 2007, 2012). The function

MLweight() gives the estimated Guttman errors in two-level data, based on the insights

from Chapter 2. Function MLcoefH() gives estimates for the two-level scalability coeffi-

cient, their standard errors, and, optionally, Wald-based or range-preserving confidence

intervals. The existing function coefH(), used for estimating Mokken’s scalability coeffi-

cients and their standard errors, was updated to also allow clustered data and, optionally,

give Wald-based or range-preserving confidence intervals. Function coefZ() was updated

to give the Wald-based or the range-preserving test statistics for Mokken’s scalability

coefficients, available for both nonclustered or clustered data, and function MLcoefZ()

was introduced to give these test statistics for two-level scalability coefficients. Function

aisp() was adjusted to also allow clustered data, and to include the T-AISP algorithm.

Finally, function ICC() computes and tests the intraclass correlation for two-level data.

9.3 Future Research Directions

The research in this thesis expanded on the model by Snijders (2001a), because of its

strong link to Mokken’s MHM and DMM and, therefore, to MSA. However, several

generalizations of the MHM and DMM are possible. Within the framework proposed

in Chapter 8, one may also consider a model that orders respondents only within a

group. For this model, the IRFs are assumed to be increasing only in δ. Properties

and applications of this model are yet unknown. Outside the framework proposed in

Chapter 8, in Chapter 4, the nonparametric hierarchical rater model was proposed, a

nonparametric version of the (parametric) hierarchical rater model (Patz et al., 2002).

Possibly other two-level parametric IRT models may be redefined as a nonparametric

model, such as the multiple raters model (Verhelst & Verstralen, 2001) or the rater bundle

model (Wilson & Hoskens, 2001). Alternatively, the existing nonparametric partial credit

model or nonparametric sequential model (Hemker et al., 1997, 2001, respectively) may

be generalized to a two-level framework. In addition, multidimensional generalizations

may be useful for developing scales that explicitly have a separate respondent and group

component. How these alternative models hierarchically relate to the models presented

in Chapter 8, and what properties they imply, is a topic for further investigation.

The proposed methods enabled investigating a group-level scale using a fixed set of

items. However, group-level test construction would benefit from the development of

a group-level T-AISP. There are three classes of two-level scalability coefficients (i.e.,

within-rater, between-rater, and ratio coefficients), and future research may focus on how

these coefficients can be optimally implemented in an algorithm for selecting a subset of
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items from a larger set of items. Furthermore, the model fit methods derived in Chapter

8 pertain to the population level. Existing methods for one-level data divide respondents

in item- or rest-score groups to test violations of the observable properties (e.g., Ligtvoet

et al., 2010; Molenaar & Sijtsma, 2000; Straat et al., 2016). Currently, it is unclear if or

how within-group dependency in two-level data affect statistical analysis after dividing

respondents in rest-score groups. Future research should investigate whether the existing

computational methods and statistical tests may still give accurate results or develop

methods for two-level test data.

The proposed methods assume that respondents are stochastically independent given

their group-membership, or, statistically, that the individual respondent components are

independent and identically distributed. This assumption may be considered realistic

if the data are obtained by a clustered or multi-stage sampling design. However, it is

possible to imagine scenarios in which this assumption may be less realistic; for example,

if respondents have fixed roles (e.g., for each child in the sample, its parent, its teacher,

and its therapist each score the items on a test). Whether or how the developed models

and methods are useful in such situations is a topic for further investigations. In line

with this suggestion, the procedures would benefit from generalizations to more complex

sampling designs, such as a three-level nested sample, for example if students are nested

in classrooms, nested in schools, or a cross-nested sample, where raters score multiple

groups. In the latter case it may also be possible to investigate bias and consistency of

individual raters.

Note that the application of two-level scalability coefficients and their standard errors

is not limited to multi-rater data. They may also be applied in research with multiple

(random) circumstances or time points in which the same questionnaire is completed.

Also, the items may be replaced by a fixed set of situations in which a particular skill is

scored using a single item. In addition, if the scalability of a multi-rater test is deemed

satisfactory, a related (but different) topic concerns the reliability. For a given test,

Snijders (2001a, p. 13) presented coefficient alpha to determine how many raters are

necessary for reliable scaling of the subjects. Note that the magnitude of the scalability

coefficients is not affected by the number of raters. Alternatively, generalizability theory

provides a more extensive selection of methods to investigate reliability (generalizability)

of multi-rater tests (see, e.g., Shavelson & Webb, 1991).

121





Appendices

Appendix A Small Data Example

This document contains a small constructed dataset (Table A1) to demonstrate the

computations of the bivariate and univariate frequencies, the weighted Guttman errors,

and the scalability coefficients, after which the application of the recursive exp-log notation

is illustrated.

Table A1:
Transposed Data Matrix for S = 3 Subjects, with Rs = 4, 5, and 6 Raters, Respectively,
Who Respond to I = 2 Items with m + 1 = 3 Response Categories

Subject 1 2 3

Rater 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Item
Xa 0 0 1 0 1 1 1 2 1 0 1 2 0 0 0

Xb 0 0 1 0 2 2 2 1 2 1 2 2 1 1 0

A.1 Computing Proportions

Table A2 provides the bivariate within-rater proportions (Equation 3.2) for items Xa and

Xb (Table A1). Value 3 in the cell belonging to subject 1 and item-score pattern (0, 0)

is obtained by counting the number of raters who scored value 0 on both Xa and Xb

(rater 1, 2, and 4). The within-rater bivariate proportion is then computed as p
00(W )
ab =

[3/4 + 0/5 + 1/6] /3 = .306 (Table A2, fourth row).

Table A3 shows the bivariate between-rater proportions (Equations 3.3). The number

6 in the cell belonging to subject 1 and item-score pattern (0, 0) is obtained by counting

the pairs of raters for which one rater scores 0 on Xa and the other rater scores 0 on

Xb. These rater-pairs are (1, 2), (1, 4), (2, 1), (2, 4), (4, 1), and (4, 2). The between-rater

bivariate proportion is then computed by p
00(B)
ab = [6/12 + 0/20 + 3/30] /3 = .200 (Table

A3, fourth row).

Table A4 shows the univariate proportions (Equations 3.4). Value 3 in the cell

belonging to subject 1 and item-score 0 on Xa is obtained by counting the number of

raters scoring 0 on Xa (rater 1, 2, and 4). The univariate proportions are computed by
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Table A2:
Bivariate Within-Rater Proportions, Expected Proportions, and Weights of Guttman
Errors of Items Xa and Xb in Table A1

s Item-score pattern (Xa = x,Xb = y) Rs

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

1 3 1 4

2 4 1 5

3 1 3 1 1 6

pxyab (W ) .306 .167 .000 .000 .083 .322 .000 .067 .056

pxyab (E) .144 .150 .178 .124 .128 .153 .037 .039 .046

ŵxy
ab 0 0 1 1 0 0 3 1 0

Note. Frequencies of unobserved item-score patterns are left blank.

Table A3:
Between-Rater Bivariate Proportions of Items Xa and Xb in Table A1

s Item-score pattern (Xa = x,Xb = y) Rs(Rs − 1)

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

1 6 3 3 12

2 4 12 4 20

3 3 9 8 1 3 1 1 3 1 30

pxyab (B) .200 .183 .089 .094 .100 .211 .011 .033 .078

Note. Frequencies of unobserved item-score patterns are left blank.

summing the relative frequencies across subjects, p0a = [3/4 + 0/5 + 4/6] /3 = .472 (Table

A4, row 4). The expected bivariate proportions under marginal independence of the items

are computed by multiplying the univariate proportions (Equation 3.5). For item-score

pattern (0, 0) this results in p
00(E)
ab = .472× .306 = .144 (Table A2, fifth row).

A.2 Estimating weighted Guttman errors

The item-step ordering (Section 3.4.2) is determined by the estimated item-step popular-

ities (final row in Table A4), resulting in the following estimated item-step ordering:

Zb1, Za1, Zb2, Za2 = Z(1), Z(2), Z(3)Z(4). (A1)

For each bivariate item-score pattern the weights are estimated by applying Equation 3.7.

For item-score pattern (2, 0) the second and fourth item-step was passed, whereas the
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Table A4:
Univariate Proportions and Estimated Popularities of Items Xa and Xb in Table A1

s Xa Xb Rs

x = 0 x = 1 x = 2 y = 0 y = 1 y = 2

1 3 1 3 1 4

2 4 1 1 4 5

3 4 1 1 1 3 2 6

pxi .472 .406 .122 .306 .317 .378

P̂ (Xsri ≥ x) 1.000 .528 .122 1.000 .694 .378

Note. Frequencies of unobserved item-score patterns are left blank.

first and third item-step was failed, thus vector z20ab = [0 1 0 1]. The estimated weight is

ŵ20
ab = 1× [(1− 0)] + 0× [(1− 0) + (1− 1)] + 1× [(1− 0) + (1− 1) + (1− 0)] = 3. (A2)

Table A2 (last row) shows the estimated weights for all item-score patterns. Because

the weights are based on the marginal frequencies, they are identical for within- and

between-rater coefficients.

A.3 Estimating two-level Scalability Coefficients

Scalability coefficients HW
ab and HB

ab are estimated by taking the ratio of the weighted

sum of observed Guttman errors (FW
ij and FB

ij , respectively) and the weighted sum of

expected Guttman errors under marginal independence of the items (FE
ij ) (Equation 3.8

and 3.9, respectively). Values Fij are computed using the bivariate proportions and

weights in Table A2 and A3: F̂W
ab =

∑∑
ŵxy

ab p
xy(W )
ab = 0× .306 + 0× .167 + 1× .000 +

1× .000 + 0× .083 + 0× .322 + 3× .000 + 1× .067 + 0× .056 = 0.067, and similarly

F̂B
ab =

∑∑
ŵxy

ab p
xy(B)
ab = 0.250 and F̂E

ab =
∑∑

ŵxy
ab p

xy(E)
ab = 0.453. Inserting these values

in Equation 3.8 and 3.9 results in the estimated coefficients

ĤW
ab = 1− 0.067/0.453 = 0.853, (A3)

and

ĤB
ab = 1− 0.250/0.453 = 0.448. (A4)

The ratio coefficient yields ĤBW
ab = 0.448/0.853 = 0.526. Because we only have two items,

Hij = Hi = H for all coefficients.
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A.4 Vector n with frequencies of item-score patterns

Vector n contains the frequencies of all item-score patterns in lexicographical order (Equa-

tion A5). For Table A1, this results in

n =



n00
ab

n01
ab

n02
ab

n10
ab

n11
ab

n12
ab

n20
ab

n21
ab

n22
ab


=



4

3

0

0

1

5

0

1

1


. (A5)

Vector n can be decomposed in three vectors, one for each subject,

n1 =



n100
sab

n101
sab

n102
sab

n110
sab

n111
sab

n112
sab

n120
sab

n121
sab

n122
sab


=



3

0

0

0

1

0

0

0

0


,n2 =



n200
sab

n201
sab

n202
sab

n210
sab

n211
sab

n212
sab

n220
sab

n221
sab

n222
sab


=



0

0

0

0

0

4

0

1

0


, and n3 =



n300
sab

n301
sab

n302
sab

n310
sab

n311
sab

n312
sab

n320
sab

n321
sab

n322
sab


=



1

3

0

0

0

1

0

0

1


. (A6)

Because we only have two items, the values in n1,n2, and n3 are equal to the bivariate

frequencies per subject in Table A2.

A.5 Design matrix A1

Design matrix A1 (Equation 3.27) is constructed according to the L item-score patterns

of vector n, and is presented in Table A5. An example of the other design matrices are

available upon request from the corresponding author.

Rows 1 to 9 in matrixA1 (Table A5) reflect submatrixBB, and pertain to the between-

rater bivariate proportions P (Xsri = x,Xspj = y). To compute the cell values in BB we

need, for each subject, a vector containing the between-rater proportions of the item-score

patterns pB
s = ns/(SRs(Rs − 1)). Note that Equation A6 provides vectors ns. Hence,

pB
1 =



.083

.000

.000

.000

.028

.000

.000

.000

.000


,pB

2 =



.000

.000

.000

.000

.000

.067

.000

.017

.000


, and pB

3 =



.011

.033

.000

.000

.000

.011

.000

.000

.011


. (A7)
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Table A5:

Values of Matrix A1 for Items Xa and Xb in Table A1.

A1 Item-score pattern l of vector n
1 2 3 4 5 6 7 8 9

(x, y)
(0,0) .042 .011 .011 .011 .011 .011 .011 .011
(0,1) .029 .022
(0,2) .006 .022
(1,0) .083 .002

BB (1,1) .020
(1,2) .042
(2,0) .011
(2,1) .033
(2,2) .067 .011
(x, y)
(0,0) .076
(0,1) .056
(0,2)
(1,0)
(1,1) .083

BW (1,2) .064
(2,0)
(2,1) .067
(2,2) .056
(x)
(0) .076 .056
(1) .083 .064

U (2) .067 .056
(0) .076
(1) .056 .083 .067
(2) .064 .056

Note. Zero values are left blank.

The first cell of BB links the first item-score pattern (n00
ab) to the first between-rater

bivariate proportion P (Xsra = 0, Xspb = 0). The value of this cell is computed by

1(Xa(1) = 0)[
∑

s(n
0
sb−1(Xb(1) = 0))pBs(1)]/n(1) = 1[(3−1)0.083+(0−1)0+(1−1)0.028] / 4

= .042. The second cell of the first row links the second item-score pattern (n01
ab) to the first

between-rater bivariate proportion, and is computed as 1(Xa(2) = 0)[
∑

s(n
0
sb − 1(Xb(2) =

0))pBs(2)]/n(2) = 1[(0− 0)0 + (0− 0)0 + (1− 0)0.033] / 3 = .011.

Rows 10 to 18 in matrix A1 (Table A5) belong to submatrix BW , and pertain to the

within-rater bivariate proportions P (Xsri = x,Xsrj = y). For submatrix BW we need the
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vector of proportions of the item-score patterns,

p =

S∑
s=1

ns/(SRs) =



.306

.167

.000

.000

.083

.322

.000

.067

.056


. (A8)

The first cell of BW links the first item-score pattern to the within-rater bivariate pro-

portion P (Xsra = 0, Xsrb = 0). The value of this cell is computed by 1(Xa(1) = 0, Xb(1) =

0)p(1)/n(1) = 1× 0.306 / 4 = .076.

Rows 19 to 24 in matrix A1 (Table A5) represent submatrix U and pertain to the

univariate proportions P (Xsri = x). The first cell of U links the first item-score pattern to

the univariate proportion P (Xsra = 0) and is computed by 1(Xa(1) = 0)p(1)/n(1) = 1×.306

/ 4 = .076.

Multiplying A1 with vector n (Equation 3.28) results in a vector with all bivariate

and univariate proportions, which are shown in Tabel A2 to A4. For the first row of A1

this results in 0.042 × 4 + .011 × 3 + 0 × 0 + 0 × 0 + 0 × 1 + 0 × 5 + 0 × 0 + 0 × 1

+ 0 × 1 = .200, which is the value of p
00(B)
ab , presented in the first cell of the last row in

Table A3.

A.6 Standard errors

For completeness sake we provide the computed standard errors (Section 3.5.2) of the

estimated scalability coefficient. For ĤW
ij = 0.853, ŜE = 0.175, for ĤB

ij = 0.448, ŜE =

0.314, and for ĤBW
ij = 0.526, ŜE = 0.421.
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Appendix B Data simulation method

This document contains a description of the method to generate data that are used for

simulation study in Section 3.5.4. Data were simulated for S subjects, each rated by

R = 18 raters, on I = 7 items with m+ 1 = 5 answer categories.

B.1 Hierarchical rater model

We used a parametric hierarchical rater model (see Patz et al., 2002, for details) to

generate data, combining a graded response model for the unobserved subject scores on

level 2 (Samejima, 1969) with a signal detection model for the observed item scores on level

1. Model parameters were selected to result in similar values of the scalability coefficients

as in the real-data example in Section 3.2. The model is parameterized as follows:

Level 2
θs ∼ i.i.d. N(0, σ2

θ), s = 1, .., S

ξsi ∼ Graded response model, i = 1, ..., 7, for each s

Level 1
δsr ∼ i.i.d. N(0, σ2

δ ), r = 1, ..., 18, for each s

Xsri ∼ Signal detection model, for each s, r, i

(B9)

Level 2: Graded response model. Attribute value θs for subject s is sampled from a

normal distribution with mean 0 and standard deviation 1.25. Ideal rating ξsi for subject

s and item i was obtained using a graded response model (Samejima, 1969), which is

the parametric version of Mokken’s model for monotone homogeneity (Hemker et al.,

1996). We fixed item discrimination α to 0.75 and subsequent item steps to have an

equidistant item difficulty βix between -3 and 3. According to the graded response model,

the probability that ξsi ≥ x (x = 1, . . . , 4) given θs is

P (ξsi ≥ x|θs) =
exp [α(θs − βix)]

1 + exp [α(θs − βix)]
. (B10)

Note that P (ξsi ≥ 0|θs) = 1 by definition. Probabilities P (ξsi = x|θs) = P (ξsi ≥ x|θs) −
P (ξsi ≥ x+1|θs) for x = 0, . . . , 4 were used to sample the ideal ratings from a multinomial

distribution.

Level 1: Signal detection model. Rater severity δsr was sampled from a normal

distribution with mean 0 and standard deviation 0.75. The probability of observed score

Xsri = x given severity δsr and ideal rating ξsi, P (Xsri = x|ξsi, δsr) (x = 0, . . . , 4),

was obtained from a discrete signal detection model. The probabilities are normally

distributed in x with mean ξsi + δsr and standard deviation τ = 0.5,

P (Xsri = x|ξsi, δsr) ∝ exp

{
− [x− (ξsi + δsr)]

2

2τ 2

}
. (B11)

Probabilities P (Xsri = x|ξsi, δsr) for x = 0, . . . , 4 were normalized to sum to 1, and used

to sample the observed scores from a multinomial distribution.
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Appendix C Computing g3 and G3 directly from

the data

To reduce the computational burden when estimating standard errors of the scalability

coefficients it is possible to compute g3 (Equation 3.33) and its Jacobian G3 directly

from the data. Vector g3 contains the natural logarithm of the observed and expected

weighted sum of Guttman errors (Fij) with a copy of the first element (FB
12), and can be

easily computed using Equations 3.8 and 3.9,

g3 = log


FB
12

FB
ij

FW
ij

FE
ij

 . (C12)

The Jacobian then is a (3K + 1)× L∗ matrix

G3 =
∂g3

∂nT
=


cT

∂FB
ij

∂nT

∂FW
ij

∂nT

∂FE
ij

∂nT

 , (C13)

where c is a vector that equals the first row of
∂FB

ij

∂nT . Writing the numerator of the last

term of Equation 3.9 in matrix notation, it follows that

FB
ij = W exp(I(B) log(B

Bn)); (C14)

writing the numerator of the last term of Equation 3.8 in matrix notation, it follows that

FW
ij = W exp(I(B) log(B

Wn)); (C15)

and writing the denominator of the last term of Equation 3.8 in matrix notation, it follows

that

FE
ij = W exp(P log(U n)). (C16)

The result in Equations C14, C15, and C16 can be used to compute g3. Applying Equation

3.17 to FB
ij (Equation C14), FW

ij (Equation C15), and FE
ij (Equation C16) provides three

K × L∗ matrices, for which the rows pertain to item-pairs 1, . . . , K and the columns to

item-score pattern 1, . . . , L∗. For FB
ij, the partial derivative then equals

∂FB
ij

∂nT
= Diag(FB

ij)
−1W BB, (C17)

where the resulting element (k, l) equals the dot product of the k-th row of W and the

l-th column of BB, divided by the k-th element of FB
ij. For FW

ij , the partial derivative

130



Appendices

equals
∂FW

ij

∂nT
= Diag(FW

ij )
−1W BW , (C18)

where the resulting element (k, l) equals the dot product of the k-th row of W and the

l-th column of BW , divided by the k-th element of FW
ij . For FE

ij, the partial derivative

equals
∂FE

ij

∂nT
= Diag(FE

ij)
−1W Diag(exp(P log(pi)))P Diag(pi)

−1 U, (C19)

where the resulting element (k, l) equals
∑

x

∑
y w

xy
ij (u

x
i(l)p

y
j + uy

j(l)p
x
i )/F

E
ij . The result in

Equations C17, C18, and C19 can be used to compute G3 (Equation C13). Jacobians

G†
3 and G‡

3 may be obtained using G3. Let DT be an I ×K matrix for which the rows

pertain to items 1, . . . , I, and the columns pertain to item-pairs 1, . . . , K. Element (i, k)

of D† equals 1 if item i is in item-pair k, and 0 otherwise. It follows that,

G†
3 =

∂g†
3

∂nT
=


c†

D† ∂F
B
ij

∂nT

D† ∂F
W
ij

∂nT

D† ∂F
E
ij

∂nT

 , (C20)

and

G‡
3 =

∂g‡
3

∂nT
=


c‡

1T
(K)

∂FB
ij

∂nT

1T
(K)

∂FW
ij

∂nT

1T
(K)

∂FE
ij

∂nT

 , (C21)

where c† is a copy of the first row of D† ∂F
B
ij

∂nT , and c‡ equals 1T
K

∂FB
ij

∂nT .
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Appendix D Illustrative example

Table D6 shows two small constructed data examples, each with two subjects and five

raters per subject on two three-category items. The same item scores are present in both

data sets, but rater 4 of subject 1 and rater 5 of subject 2 are exchanged in the second

data set.

Table D6:

Two Small Constructed Multi-Rater Data Examples, One with a Large Rater Effect and
One with a Small Rater Effect. Both Data Sets Have Two Subjects (s), Each Rated by a
Unique Set of Five Raters (r) on Two Three-Category Items (Xi and Xj).

Data set 1: Data set 2:

Large rater effect Small rater effect

s = 1 s = 2 s = 1 s = 2

r 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Xi 2 2 2 1 1 0 0 1 1 2 2 2 2 2 1 0 0 1 1 1

Xj 1 2 2 0 1 0 1 0 1 1 1 2 2 1 1 0 1 0 1 0

X1·· = 1.4 X2·· = 0.7 X2·· = 1.6 X2·· = 0.5

HW = .762 HB = .167 HBW = .219 HW = .762 HB = .702 HBW = .922

CI (0.343, 1.181) (−0.231, 0.565) (−0.288, 0.726) (0.349, 1.175) (0.435, 0.970) (0.441, 1.402)

Note. CI is the 95% Wald-based confidence interval.

For both data sets in Table D6, the item-step ordering is Zi1, Zj1, Zi2, Zj2. Therefore,

consistent item-score patterns are (0, 0), (1, 0), (1, 1), (2, 1), and (2, 2), whereas patterns

(0, 1), (0, 2), (1, 2), and (2, 0) are Guttman errors. Within raters, Guttman error (0, 1)

occurs once in each data set (rater 2 of subject 2). In the first data set, there are five

between-rater Guttman errors (0, 1) (for subject 2, rater 1 scored 0 on Xi, whereas rater

2, 4, and 5 scored 1 on Xj, and rater 2 scored 0 on Xi, whereas rater 4 and 5 scored 1

on Xj), four between-rater Guttman errors (1, 2), and five between-rater Guttman errors

(2, 0), summing up to 14 between-rater Guttman errors. In the second data set there are

only three (0, 1) and two (1, 2) between-rater Guttman errors, summing up to five.

Because there are relatively many between-rater Guttman errors in the first data-set,

there is little consistency between raters of the same subject and HB is low compared

to HW , as is reflected in ratio HBW = .219. Although scalability coefficients HW and

HB exceed the criteria presented by Snijders (2001a), the ratio coefficient is below .3 and

the 95% confidence interval of HB and HBW includes zero. This indicates that the item

responses are mainly determined by the raters and it is doubtful whether it makes sense

to scale subjects on θ using the test score on this set of items. In the second data set

there is almost as much consistency between raters as there is within raters, reflected by

a ratio coefficient of HBW = .922. All coefficients are above the criteria of Snijders and
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the confidence intervals exceed zero. This indicates that the item responses are mainly

determined by the subject, and subjects can be scaled on θ using these items.

The data example demonstrates that high values for two-level coefficients do not

require perfect agreement among raters of the same subject. For HBW to be high it

is of importance that the probability of a between-rater Guttman error pattern is close

to the probability of a within-rater Guttman error pattern.
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Appendix E Lemmas to Chapter 8

Lemma E1. UN-1 implies UN-2.

Proof. If θ is unidimensional, its expectation E(θ) is also unidimensional. Variable θ is

unidimensional by UN-1. As group-level variable γ = Eδ(θ) (Equation 8.1), variable γ is

also unidimensional.

Lemma E2. LI-1 implies LI-2.

Proof. The conditional probability of item-score pattern Xs = xs given γ is

P (Xs = xs|γ) = P (
∑R

r=1Xsr = xs|γ) (E22)

By the law of total expectation, Equation E22 equals

= Eδ[P (
∑R

r=1Xsr = xs|γ, δ)] (E23)

By LI-1, individual item scores are independent given θ. Hence, Equation E23 equals

= Eδ[
∏I

i=1 P (
∑R

r=1 Xsri = xsi|γ, δ)] (E24)

For independent variables: The expectation of their product is the product of their

expectations (e.g., Rice, 2006, p. 124, Corollary A). Hence, Equation E24 equals

=
∏I

i=1 Eδ[P (
∑R

r=1 Xsri = xsi|γ, δ)]
=

∏I
i=1 P (

∑R
r=1 Xsri = xsi|γ)

=
∏I

i=1 P (Xsi = xsi|γ)
(E25)

The last term in Equation E25 equals the definition of LI-2.

Lemma E3. MO-1 implies MO-2.

Proof. Let P (δ) denote the probability density function of the distribution of δ. The

group-level item-response function is,

Ei(γ) = Eδ[Ei(θ)] (Equation 8.6)

=
∫
Ei(θ)P (δ|γ)dδ

(E26)

As δ and γ are independent, P (δ|γ) = P (δ), and the last term of Equation E26 reduces

to ∫
Ei(θ)P (δ)dδ (E27)

By MO-1, Ei(θ) is nondecreasing in θ. Hence, Equation E26 is nondecreasing in γ, which

equals the definition of MO-2.

134



Appendices

Lemma E4. IIO-1 implies IIO-2.

Proof. By IIO-1
Ei(θ) ≤ Ej(θ)

⇔
∫
Ei(θ)P (δ|γ)dδ ≤

∫
Ej(θ)P (δ|γ)dδ

⇔ Eδ[Ei(θ)] ≤ Eδ[Ej(θ)]

⇔ Ei(γ) ≤ Ej(γ)

(E28)

by 8.6. The final result in Equation E28 equals the definition of IIO-2.

Lemma E5. MHM-1 implies that E(g(Xsr)|θ) is nondecreasing in θ for any bounded,

nondecreasing function g(·).

Proof. By LI-1, scores Xsri within Xsr are independent given θ. By MO-1, Xsri is

stochastically ordered in θ; that is, for θa < θb, Ei(θa) ≤ Ei(θb) for all i. For a set

of independent variables the stochastic ordering is preserved under convolutions, for

any bounded, nondecreasing function g(·) (Shaked & Shanthikumar e.g., 2007, Theorem

1.A.3(b); see also Ahmed et al. 1981, Lemma 3.3; Holland & Rosenbaum 1986, Lemma

2). Hence

E[g(Xsr)|θa] ≤ E[g(Xsr)|θb]. (E29)

Lemma E6. MHM-2 implies E(g(Xs)|γ) is nondecreasing for any bounded, nondecreas-

ing function g(·) and all γ.

Proof. The proof mimics the proof of Lemma E5. By LI-2, scores Xsi within Xs are

independent given γ. By MO-2, Xsi is stochastically ordered in γ; that is, for γa < γb,

Ei(γa) ≤ Ei(γb) for all i. For a set of independent variables the stochastic ordering is

preserved under convolutions for any bounded, nondecreasing function g(·). Hence

E[g(Xs)|γa] ≤ E[g(Xs)|γb]. (E30)
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Achenbach, T. M., Becker, A., Döpfner, M., Heiervang, E., Roessner, V., Steinhausen,

H. C., & Rothenberger, A. (2008). Multicultural assessment of child and adolescent

psychopathology with ASEBA and SDQ instruments: Research findings, applications,

and future directions. Journal of Child Psychology and Psychiatry , 49 (3), 251–275.

http://doi.org/10.1111/j.1469-7610.2007.01867.x

Agresti, A. (2012). Categorical data analysis (3rd ed.). Wiley.

Agresti, A., & Coull, B. A. (1998). Approximate is better than “exact” for interval

estimation of binomial proportions. The American Statistician, 52 (2), 119–126. http://

doi.org/10.1080/00031305.1998.10480550

Ahmadi, K., Reidpath, D. D., Allotey, P., & Hassali, M. A. A. (2016). A latent

trait approach to measuring HIV/AIDS related stigma in healthcare professionals:

Application of Mokken scaling technique. BMC Medical Education, 16 (1), 155–164.

http://doi.org/10.1186/s12909-016-0676-3

Ahmed, A.-H. N., Leon, R., & Proschan, F. (1981). Generalized association, with

applications in multivariate statistics. The Annals of Statistics , 9 (1), 168–176. http://

doi.org/10.1214/aos/1176345343

Andrich, D. (1978). A rating formulation for ordered response categories. Psychometrika,

43 (4), 561–573. http://doi.org/10.1007/BF02293814

Atkinson, M., Zibin, S., & Chuang, H. (1997). Characterizing quality of life among pa-

tients with chronic mental illness: A critical examination of the self-report methodology.

American Journal of Psychiatry , 154 (1), 99–105. http://doi.org/10.1176/ajp.154.1.99

Banas, K., Lyimo, R. A., Hospers, H. J., Van der Ven, A., & De Bruin, M. (2017).

Predicting adherence to combination antiretroviral therapy for HIV in Tanzania: A

test of an extended theory of planned behaviour model. Psychology & Health, 32 (10),

1249–1265. http://doi.org/10.1080/08870446.2017.1283037

Bartholomew, D. J., Knott, M., & Moustaki, I. (2011). Latent variable models and factor

analysis: A unified approach (3rd ed.). Wiley.

http://doi.org/10.1111/j.1469-7610.2007.01867.x
http://doi.org/10.1080/00031305.1998.10480550
http://doi.org/10.1080/00031305.1998.10480550
http://doi.org/10.1186/s12909-016-0676-3
http://doi.org/10.1214/aos/1176345343
http://doi.org/10.1214/aos/1176345343
http://doi.org/10.1007/BF02293814
http://doi.org/10.1176/ajp.154.1.99
http://doi.org/10.1080/08870446.2017.1283037


References

Bergsma, W. P., Croon, M. A., & Hagenaars, J. A. (2009). Marginal models for dependent,

clustered, and longitudinal categorical data. Springer.

Birnbaum, A. (1968). Some latent trait models and their use in inferring an examinee’s

ability. In F. M. Lord & M. R. Novick. Statistical theories of mental test scores (pp.

395–479). Addison-Wesley.

Boor, K., Scheele, F., Van der Vleuten, C. P. M., Scherpbier, A. J. J. A., Teunissen,

P. W., & Sijtsma, K. (2007). Psychometric properties of an instrument to measure

the clinical learning environment. Medical Education, 41 (1), 92–99. http://doi.org/

10.1111/j.1365-2929.2006.02651.x

Borsboom, D., Mellenbergh, G. J., & Van Heerden, J. (2004). The concept of

validity. Psychological review , 111 (4), 1061–1071. http://doi.org/10.1037/0033-295X

.111.4.1061
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Summary

Nonparametric Item Response Theory for Multilevel Test Data

Psychological measurement aims at measuring a psychological construct (e.g., an at-

tribute, skill, or ability) by means of observable variables such as items on a test or

questionnaire (e.g., Sijtsma & Van der Ark, 2020, pp. 5–6). To relate the item scores to

the psychological construct, item response theory (IRT) models are used. A subset of

these models are nonparametric IRT models, which fit test data relatively well compared

to other IRT models (Mokken, 1971; Sijtsma & Molenaar, 2002). A fitting nonparametric

IRT model implies that the sum score across items may be used to order respondents and,

for some models, that the mean item score may be used to order items. IRT models and

their features are only valid if they fit test data well (Sijtsma & Van der Ark, 2020, p. 3):

Validating a test or questionnaire using IRT models is therefore a vital step before using it

for measurement (see, also, Borsboom et al., 2004). Various methods exist to evaluate the

fit of nonparametric IRT models, also known as Mokken scale analysis (MSA; Mokken,

1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017).

The research in this thesis focuses on generalizing nonparametric IRT and MSA to

multilevel test data. In multilevel test data respondents are nested in groups, such as

students in classrooms or employees in companies. The focus may be on the respondents

themselves (i.e., students or employees), or on a group aspect scored by respondents

(e.g., experienced teacher support in the classroom or work climate at the company). A

multilevel data structure can severely affect statistical analyses (e.g., Maas & Hox, 2005;

Hox, 2010), possibly leading to the inclusion of items to the test that do not contribute

to (or possibly negatively affect) accurate measurement, or the quality of the test may

be overestimated. In addition, most methods in MSA provide results on the respondent

level only, not on the group level. Hence, for multilevel test data, currently available MSA

methods are only of limited value.

For multilevel test data, there exists a two-level nonparametric IRT model for scaling

groups scored by multiple respondents, with two-level scalability coefficients for determin-

ing the degree to which a set of items form a single scale at the respondent level and the

group level (Snijders, 2001a; similar to Mokken’s scalability coefficients, see also, Mokken,

1971, p. 174). Scalability coefficients exist for item pairs, items, and the total test.

Chapter 2 provides an introduction to weighted Guttman errors, necessary for computing

scalability coefficients, and discusses solutions to two problems in computing weighted
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Guttman errors that are currently not handled correctly by all software: Computing

weighted Guttman errors if two items have the same estimated popularity, and computing

weighted Guttman errors when the data have a two-level structure.

In Chapter 3 the standard errors for all two-level coefficients are derived. As a

result, the precision of estimated scalability coefficients can be determined, leading to

more information with respect to the scalability of the item-pairs, items, and the total

test. Chapter 4 presents a simulation study in which the bias of the estimated two-level

scalability coefficients, the bias of their estimated standard errors (with two estimation

methods), and the coverage of the confidence intervals was investigated, under various

testing conditions. Results showed negligible bias of the point estimates and standard

errors and good coverage of the confidence intervals. Hence, the standard errors can be

confidently used in practice. Chapter 5 provides a transformation for the all types of

scalability coefficients and their standard errors, useful for very strong scales.

Chapter 6 derives point estimates, standard errors, and test statistics for Mokken’s

scalability coefficients in clustered data; that is, multilevel data with the focus on re-

spondents rather than on groups. In addition, a simulation study compares traditional

estimation methods to these derived estimation methods, and Wald-based methods to

range-preserving methods from Chapter 5 for scalability coefficients in clustered data.

Chapter 7 uses the results from Chapter 5 and 6 to incorporate significance tests in

an automated item selection algorithm, to take sample fluctuations into account. The

result was integrated into a two-step, test-guided MSA for scale construction, to guide

the analysis for nonclustered and clustered data.

Chapter 8 introduces four two-level nonparametric IRT models, their assumptions,

the implied stochastic ordering properties, and the implied observable data properties

that are useful for model fit investigation. Relations between models and properties

are presented. Finally, Chapter 9 presents a general discussion of the results from

the previous chapters, guidelines for practical use, and suggestions for future research.

The developments throughout this thesis were illustrated using real-data examples and

implemented in R (R Core Team, 2020) in the package mokken (Van der Ark, 2007, 2012).
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Non-parametrische Item-responstheorie voor Multilevel Toetsdata

Psychologisch meten richt zich op het meten van een psychologisch construct (zoals een

eigenschap, vaardigheid of vermogen) door middel van observeerbare variabelen zoals de

items (vragen) van een toets of vragenlijst (bijv., Sijtsma & Van der Ark, 2020, pp.

5–6). Om de itemscores te relateren aan het psychologische construct, worden item-

responstheorie (IRT) modellen gebruikt. Een deelgroep van deze modellen zijn non-

parametrische IRT modellen, die relatief goed passen op toetsdata in vergelijking met

andere IRT modellen (Mokken, 1971; Sijtsma & Molenaar, 2002). Een passend non-

parametrisch IRT model impliceert dat de somscore over alle items kan worden gebruikt

om respondenten te rangschikken en, voor sommige modellen, dat de gemiddelde itemscore

over respondenten kan worden gebruikt om de items te rangschikken. IRT modellen en

hun eigenschappen zijn alleen valide als ze goed passen bij de toetsdata (Sijtsma & Van der

Ark, 2020, p. 3): Het valideren van een toets of vragenlijst met behulp van IRT modellen is

daarom een essentiële stap voordat deze voor meting wordt gebruikt (zie ook, Borsboom et

al., 2004). Er bestaan verschillende methoden om de passendheid van non-parametrische

IRT modellen te evalueren, ook wel bekend als Mokkenschaalanalyse (MSA; Mokken,

1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017).

Het onderzoek in dit proefschrift richt zich op het generaliseren van non-parametrische

IRT en MSA naar multilevel toetsdata. Multilevel toetsdata zijn data waarbij de respon-

denten genest zijn in groepen, zoals studenten in klassen of werknemers in bedrijven.

De nadruk kan liggen op de respondenten zelf (de studenten of werknemers), of op een

groepsaspect gescoord door de respondenten (zoals de steun die studenten ervaren van de

docent of het werkklimaat in het bedrijf). Een multilevel datastructuur kan statistische

analyses ernstig bëınvloeden (zie, bijv., Maas & Hox, 2005; Hox, 2010), waardoor mogelijk

items in een toets worden opgenomen die niet bijdragen tot (of mogelijk een negatieve

invloed hebben op) nauwkeurig meten, of de kwaliteit van de toets kan worden overschat.

Bovendien leveren de meeste methoden in MSA alleen resultaten op respondentniveau,

niet op groepsniveau. Voor multilevel toetsdata zijn de huidige MSA-methoden dus slechts

van beperkte waarde.

Voor multilevel toetsdata bestaat er een twee-level non-parametrisch IRT model voor

het schalen van groepen op basis van itemscores van meerdere respondenten, met twee-

level schaalbaarheidscoëfficiënten voor het bepalen van de mate waarin de items één schaal
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vormen, op respondentniveau en op groepsniveau (Snijders, 2001a; vergelijkbaar met

Mokken’s schaalbaarheidscoëfficiënten, zie ook, Mokken, 1971, p.174). Schaalbaarheid-

scoëfficiënten bestaan voor item-paren, items, en de totale toets. Hoofdstuk 2 introduceert

gewogen Guttmanfouten, nodig voor het bereken van de schaalbaarheidscoëfficiënten,

en bespreekt oplossingen voor twee problemen bij het berekenen van Guttmanfouten

die momenteel niet door alle software correct worden behandeld: Het berekenen van

gewogen Guttmanfouten wanneer twee items dezelfde geschatte populariteit hebben en

het berekenen van gewogen Guttmanfouten wanneer de data een multilevel structuur

hebben.

In hoofdstuk 3 worden standaardfouten voor alle tweelevel schaalbaarheidscoëfficiënten

afgeleid. Als gevolg hiervan kan de precisie van geschatte schaalbaarheidscoëfficiënten

worden bepaald, wat leidt tot meer informatie met betrekking tot de schaalbaarheid van

de item-paren, items, en de totale toets. Hoofdstuk 4 presenteert een simulatiestudie

waarin de bias van de geschatte tweelevel schaalbaarheidscoëfficiënten, de bias van hun

geschatte standaardfouten (met twee schattingsmethoden) en de dekking van de be-

trouwbaarheidsintervallen werd onderzocht, onder verschillende condities. De resultaten

toonden een verwaarloosbare bias van de puntschattingen en standaardfouten en een

goede dekking van de betrouwbaarheidsintervallen. De standaardfouten kunnen dus goed

in de praktijk worden gebruikt. Hoofdstuk 5 geeft een transformatie voor alle soorten

schaalbaarheidscoëfficiënten en hun standaardfouten, vooral bruikbaar voor zeer sterke

schalen.

Hoofdstuk 6 leidt puntschattingen, standaardfouten en toetsstatistieken af voor

Mokken’s schaalbaarheidscoëfficiënten in geclusterde toetsdata, dat is, multilevel

toetsdata met de nadruk op respondenten in plaats van op groepen. Daarnaast wordt

een simulatiestudie gepresenteerd die traditionele schattingsmethoden vergelijkt met

deze afgeleide schattingsmethoden. Hoofdstuk 7 gebruikt de resultaten uit hoofdstuk

5 en hoofdstuk 6 om significantietoetsen te integreren in een geautomatiseerd item-

selectiealgoritme, waardoor er rekening gehouden wordt met steekproeffluctuatie. Het

resultaat werd gëıntegreerd in een twee-staps, toets-geleide MSA voor schaalconstructie,

als leidraad voor het analyseren van zowel niet-geclusterde en geclusterde toetsdata.

Hoofdstuk 8 introduceert vier twee-level non-parametrische IRT modellen, hun aan-

names en gëımpliceerde eigenschappen die nuttig zijn om de passendheid van de modellen

te evalueren. Relaties tussen modellen en eigenschappen worden gepresenteerd. Tenslotte

bevat Hoofdstuk 9 een algemene discussie van de resultaten uit de voorgaande hoofd-

stukken, richtlijnen voor praktisch gebruik en suggesties voor toekomstig onderzoek. De

ontwikkelingen in dit proefschrift zijn gëıllustreerd aan de hand van datavoorbeelden en

gëımplementeerd in R (R Core Team, 2020) in het pakket mokken (Van der Ark, 2007,

2012).
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