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Appendix A Small Data Example

This document contains a small constructed dataset (Table A1) to demonstrate the

computations of the bivariate and univariate frequencies, the weighted Guttman errors,

and the scalability coefficients, after which the application of the recursive exp-log notation

is illustrated.

Table A1:
Transposed Data Matrix for S = 3 Subjects, with Rs = 4, 5, and 6 Raters, Respectively,
Who Respond to I = 2 Items with m + 1 = 3 Response Categories

Subject 1 2 3

Rater 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Item
Xa 0 0 1 0 1 1 1 2 1 0 1 2 0 0 0

Xb 0 0 1 0 2 2 2 1 2 1 2 2 1 1 0

A.1 Computing Proportions

Table A2 provides the bivariate within-rater proportions (Equation 3.2) for items Xa and

Xb (Table A1). Value 3 in the cell belonging to subject 1 and item-score pattern (0, 0)

is obtained by counting the number of raters who scored value 0 on both Xa and Xb

(rater 1, 2, and 4). The within-rater bivariate proportion is then computed as p
00(W )
ab =

[3/4 + 0/5 + 1/6] /3 = .306 (Table A2, fourth row).

Table A3 shows the bivariate between-rater proportions (Equations 3.3). The number

6 in the cell belonging to subject 1 and item-score pattern (0, 0) is obtained by counting

the pairs of raters for which one rater scores 0 on Xa and the other rater scores 0 on

Xb. These rater-pairs are (1, 2), (1, 4), (2, 1), (2, 4), (4, 1), and (4, 2). The between-rater

bivariate proportion is then computed by p
00(B)
ab = [6/12 + 0/20 + 3/30] /3 = .200 (Table

A3, fourth row).

Table A4 shows the univariate proportions (Equations 3.4). Value 3 in the cell

belonging to subject 1 and item-score 0 on Xa is obtained by counting the number of

raters scoring 0 on Xa (rater 1, 2, and 4). The univariate proportions are computed by
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Table A2:
Bivariate Within-Rater Proportions, Expected Proportions, and Weights of Guttman
Errors of Items Xa and Xb in Table A1

s Item-score pattern (Xa = x,Xb = y) Rs

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

1 3 1 4

2 4 1 5

3 1 3 1 1 6

pxyab (W ) .306 .167 .000 .000 .083 .322 .000 .067 .056

pxyab (E) .144 .150 .178 .124 .128 .153 .037 .039 .046

ŵxy
ab 0 0 1 1 0 0 3 1 0

Note. Frequencies of unobserved item-score patterns are left blank.

Table A3:
Between-Rater Bivariate Proportions of Items Xa and Xb in Table A1

s Item-score pattern (Xa = x,Xb = y) Rs(Rs − 1)

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

1 6 3 3 12

2 4 12 4 20

3 3 9 8 1 3 1 1 3 1 30

pxyab (B) .200 .183 .089 .094 .100 .211 .011 .033 .078

Note. Frequencies of unobserved item-score patterns are left blank.

summing the relative frequencies across subjects, p0a = [3/4 + 0/5 + 4/6] /3 = .472 (Table

A4, row 4). The expected bivariate proportions under marginal independence of the items

are computed by multiplying the univariate proportions (Equation 3.5). For item-score

pattern (0, 0) this results in p
00(E)
ab = .472× .306 = .144 (Table A2, fifth row).

A.2 Estimating weighted Guttman errors

The item-step ordering (Section 3.4.2) is determined by the estimated item-step popular-

ities (final row in Table A4), resulting in the following estimated item-step ordering:

Zb1, Za1, Zb2, Za2 = Z(1), Z(2), Z(3)Z(4). (A1)

For each bivariate item-score pattern the weights are estimated by applying Equation 3.7.

For item-score pattern (2, 0) the second and fourth item-step was passed, whereas the
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Table A4:
Univariate Proportions and Estimated Popularities of Items Xa and Xb in Table A1

s Xa Xb Rs

x = 0 x = 1 x = 2 y = 0 y = 1 y = 2

1 3 1 3 1 4

2 4 1 1 4 5

3 4 1 1 1 3 2 6

pxi .472 .406 .122 .306 .317 .378

P̂ (Xsri ≥ x) 1.000 .528 .122 1.000 .694 .378

Note. Frequencies of unobserved item-score patterns are left blank.

first and third item-step was failed, thus vector z20ab = [0 1 0 1]. The estimated weight is

ŵ20
ab = 1× [(1− 0)] + 0× [(1− 0) + (1− 1)] + 1× [(1− 0) + (1− 1) + (1− 0)] = 3. (A2)

Table A2 (last row) shows the estimated weights for all item-score patterns. Because

the weights are based on the marginal frequencies, they are identical for within- and

between-rater coefficients.

A.3 Estimating two-level Scalability Coefficients

Scalability coefficients HW
ab and HB

ab are estimated by taking the ratio of the weighted

sum of observed Guttman errors (FW
ij and FB

ij , respectively) and the weighted sum of

expected Guttman errors under marginal independence of the items (FE
ij ) (Equation 3.8

and 3.9, respectively). Values Fij are computed using the bivariate proportions and

weights in Table A2 and A3: F̂W
ab =

∑∑
ŵxy

ab p
xy(W )
ab = 0× .306 + 0× .167 + 1× .000 +

1× .000 + 0× .083 + 0× .322 + 3× .000 + 1× .067 + 0× .056 = 0.067, and similarly

F̂B
ab =

∑∑
ŵxy

ab p
xy(B)
ab = 0.250 and F̂E

ab =
∑∑

ŵxy
ab p

xy(E)
ab = 0.453. Inserting these values

in Equation 3.8 and 3.9 results in the estimated coefficients

ĤW
ab = 1− 0.067/0.453 = 0.853, (A3)

and

ĤB
ab = 1− 0.250/0.453 = 0.448. (A4)

The ratio coefficient yields ĤBW
ab = 0.448/0.853 = 0.526. Because we only have two items,

Hij = Hi = H for all coefficients.
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A.4 Vector n with frequencies of item-score patterns

Vector n contains the frequencies of all item-score patterns in lexicographical order (Equa-

tion A5). For Table A1, this results in

n =



n00
ab

n01
ab

n02
ab

n10
ab

n11
ab

n12
ab

n20
ab

n21
ab

n22
ab


=



4

3

0

0

1

5

0

1

1


. (A5)

Vector n can be decomposed in three vectors, one for each subject,

n1 =



n100
sab

n101
sab

n102
sab

n110
sab

n111
sab

n112
sab

n120
sab

n121
sab

n122
sab


=



3

0

0

0

1

0

0

0

0


,n2 =



n200
sab

n201
sab

n202
sab

n210
sab

n211
sab

n212
sab

n220
sab

n221
sab

n222
sab


=



0

0

0

0

0

4

0

1

0


, and n3 =



n300
sab

n301
sab

n302
sab

n310
sab

n311
sab

n312
sab

n320
sab

n321
sab

n322
sab


=



1

3

0

0

0

1

0

0

1


. (A6)

Because we only have two items, the values in n1,n2, and n3 are equal to the bivariate

frequencies per subject in Table A2.

A.5 Design matrix A1

Design matrix A1 (Equation 3.27) is constructed according to the L item-score patterns

of vector n, and is presented in Table A5. An example of the other design matrices are

available upon request from the corresponding author.

Rows 1 to 9 in matrixA1 (Table A5) reflect submatrixBB, and pertain to the between-

rater bivariate proportions P (Xsri = x,Xspj = y). To compute the cell values in BB we

need, for each subject, a vector containing the between-rater proportions of the item-score

patterns pB
s = ns/(SRs(Rs − 1)). Note that Equation A6 provides vectors ns. Hence,

pB
1 =



.083

.000

.000

.000

.028

.000

.000

.000

.000


,pB

2 =



.000

.000

.000

.000

.000

.067

.000

.017

.000


, and pB

3 =



.011

.033

.000

.000

.000

.011

.000

.000

.011


. (A7)
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Table A5:

Values of Matrix A1 for Items Xa and Xb in Table A1.

A1 Item-score pattern l of vector n
1 2 3 4 5 6 7 8 9

(x, y)
(0,0) .042 .011 .011 .011 .011 .011 .011 .011
(0,1) .029 .022
(0,2) .006 .022
(1,0) .083 .002

BB (1,1) .020
(1,2) .042
(2,0) .011
(2,1) .033
(2,2) .067 .011
(x, y)
(0,0) .076
(0,1) .056
(0,2)
(1,0)
(1,1) .083

BW (1,2) .064
(2,0)
(2,1) .067
(2,2) .056
(x)
(0) .076 .056
(1) .083 .064

U (2) .067 .056
(0) .076
(1) .056 .083 .067
(2) .064 .056

Note. Zero values are left blank.

The first cell of BB links the first item-score pattern (n00
ab) to the first between-rater

bivariate proportion P (Xsra = 0, Xspb = 0). The value of this cell is computed by

1(Xa(1) = 0)[
∑

s(n
0
sb−1(Xb(1) = 0))pBs(1)]/n(1) = 1[(3−1)0.083+(0−1)0+(1−1)0.028] / 4

= .042. The second cell of the first row links the second item-score pattern (n01
ab) to the first

between-rater bivariate proportion, and is computed as 1(Xa(2) = 0)[
∑

s(n
0
sb − 1(Xb(2) =

0))pBs(2)]/n(2) = 1[(0− 0)0 + (0− 0)0 + (1− 0)0.033] / 3 = .011.

Rows 10 to 18 in matrix A1 (Table A5) belong to submatrix BW , and pertain to the

within-rater bivariate proportions P (Xsri = x,Xsrj = y). For submatrix BW we need the
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vector of proportions of the item-score patterns,

p =

S∑
s=1

ns/(SRs) =



.306

.167

.000

.000

.083

.322

.000

.067

.056


. (A8)

The first cell of BW links the first item-score pattern to the within-rater bivariate pro-

portion P (Xsra = 0, Xsrb = 0). The value of this cell is computed by 1(Xa(1) = 0, Xb(1) =

0)p(1)/n(1) = 1× 0.306 / 4 = .076.

Rows 19 to 24 in matrix A1 (Table A5) represent submatrix U and pertain to the

univariate proportions P (Xsri = x). The first cell of U links the first item-score pattern to

the univariate proportion P (Xsra = 0) and is computed by 1(Xa(1) = 0)p(1)/n(1) = 1×.306

/ 4 = .076.

Multiplying A1 with vector n (Equation 3.28) results in a vector with all bivariate

and univariate proportions, which are shown in Tabel A2 to A4. For the first row of A1

this results in 0.042 × 4 + .011 × 3 + 0 × 0 + 0 × 0 + 0 × 1 + 0 × 5 + 0 × 0 + 0 × 1

+ 0 × 1 = .200, which is the value of p
00(B)
ab , presented in the first cell of the last row in

Table A3.

A.6 Standard errors

For completeness sake we provide the computed standard errors (Section 3.5.2) of the

estimated scalability coefficient. For ĤW
ij = 0.853, ŜE = 0.175, for ĤB

ij = 0.448, ŜE =

0.314, and for ĤBW
ij = 0.526, ŜE = 0.421.
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Appendix B Data simulation method

This document contains a description of the method to generate data that are used for

simulation study in Section 3.5.4. Data were simulated for S subjects, each rated by

R = 18 raters, on I = 7 items with m+ 1 = 5 answer categories.

B.1 Hierarchical rater model

We used a parametric hierarchical rater model (see Patz et al., 2002, for details) to

generate data, combining a graded response model for the unobserved subject scores on

level 2 (Samejima, 1969) with a signal detection model for the observed item scores on level

1. Model parameters were selected to result in similar values of the scalability coefficients

as in the real-data example in Section 3.2. The model is parameterized as follows:

Level 2
θs ∼ i.i.d. N(0, σ2

θ), s = 1, .., S

ξsi ∼ Graded response model, i = 1, ..., 7, for each s

Level 1
δsr ∼ i.i.d. N(0, σ2

δ ), r = 1, ..., 18, for each s

Xsri ∼ Signal detection model, for each s, r, i

(B9)

Level 2: Graded response model. Attribute value θs for subject s is sampled from a

normal distribution with mean 0 and standard deviation 1.25. Ideal rating ξsi for subject

s and item i was obtained using a graded response model (Samejima, 1969), which is

the parametric version of Mokken’s model for monotone homogeneity (Hemker et al.,

1996). We fixed item discrimination α to 0.75 and subsequent item steps to have an

equidistant item difficulty βix between -3 and 3. According to the graded response model,

the probability that ξsi ≥ x (x = 1, . . . , 4) given θs is

P (ξsi ≥ x|θs) =
exp [α(θs − βix)]

1 + exp [α(θs − βix)]
. (B10)

Note that P (ξsi ≥ 0|θs) = 1 by definition. Probabilities P (ξsi = x|θs) = P (ξsi ≥ x|θs) −
P (ξsi ≥ x+1|θs) for x = 0, . . . , 4 were used to sample the ideal ratings from a multinomial

distribution.

Level 1: Signal detection model. Rater severity δsr was sampled from a normal

distribution with mean 0 and standard deviation 0.75. The probability of observed score

Xsri = x given severity δsr and ideal rating ξsi, P (Xsri = x|ξsi, δsr) (x = 0, . . . , 4),

was obtained from a discrete signal detection model. The probabilities are normally

distributed in x with mean ξsi + δsr and standard deviation τ = 0.5,

P (Xsri = x|ξsi, δsr) ∝ exp

{
− [x− (ξsi + δsr)]

2

2τ 2

}
. (B11)

Probabilities P (Xsri = x|ξsi, δsr) for x = 0, . . . , 4 were normalized to sum to 1, and used

to sample the observed scores from a multinomial distribution.
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Appendix C Computing g3 and G3 directly from

the data

To reduce the computational burden when estimating standard errors of the scalability

coefficients it is possible to compute g3 (Equation 3.33) and its Jacobian G3 directly

from the data. Vector g3 contains the natural logarithm of the observed and expected

weighted sum of Guttman errors (Fij) with a copy of the first element (FB
12), and can be

easily computed using Equations 3.8 and 3.9,

g3 = log


FB
12

FB
ij

FW
ij

FE
ij

 . (C12)

The Jacobian then is a (3K + 1)× L∗ matrix

G3 =
∂g3

∂nT
=


cT

∂FB
ij

∂nT

∂FW
ij

∂nT

∂FE
ij

∂nT

 , (C13)

where c is a vector that equals the first row of
∂FB

ij

∂nT . Writing the numerator of the last

term of Equation 3.9 in matrix notation, it follows that

FB
ij = W exp(I(B) log(B

Bn)); (C14)

writing the numerator of the last term of Equation 3.8 in matrix notation, it follows that

FW
ij = W exp(I(B) log(B

Wn)); (C15)

and writing the denominator of the last term of Equation 3.8 in matrix notation, it follows

that

FE
ij = W exp(P log(U n)). (C16)

The result in Equations C14, C15, and C16 can be used to compute g3. Applying Equation

3.17 to FB
ij (Equation C14), FW

ij (Equation C15), and FE
ij (Equation C16) provides three

K × L∗ matrices, for which the rows pertain to item-pairs 1, . . . , K and the columns to

item-score pattern 1, . . . , L∗. For FB
ij, the partial derivative then equals

∂FB
ij

∂nT
= Diag(FB

ij)
−1W BB, (C17)

where the resulting element (k, l) equals the dot product of the k-th row of W and the

l-th column of BB, divided by the k-th element of FB
ij. For FW

ij , the partial derivative
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equals
∂FW

ij

∂nT
= Diag(FW

ij )
−1W BW , (C18)

where the resulting element (k, l) equals the dot product of the k-th row of W and the

l-th column of BW , divided by the k-th element of FW
ij . For FE

ij, the partial derivative

equals
∂FE

ij

∂nT
= Diag(FE

ij)
−1W Diag(exp(P log(pi)))P Diag(pi)

−1 U, (C19)

where the resulting element (k, l) equals
∑

x

∑
y w

xy
ij (u

x
i(l)p

y
j + uy

j(l)p
x
i )/F

E
ij . The result in

Equations C17, C18, and C19 can be used to compute G3 (Equation C13). Jacobians

G†
3 and G‡

3 may be obtained using G3. Let DT be an I ×K matrix for which the rows

pertain to items 1, . . . , I, and the columns pertain to item-pairs 1, . . . , K. Element (i, k)

of D† equals 1 if item i is in item-pair k, and 0 otherwise. It follows that,

G†
3 =

∂g†
3

∂nT
=


c†

D† ∂F
B
ij

∂nT

D† ∂F
W
ij

∂nT

D† ∂F
E
ij

∂nT

 , (C20)

and

G‡
3 =

∂g‡
3

∂nT
=


c‡

1T
(K)

∂FB
ij

∂nT

1T
(K)

∂FW
ij

∂nT

1T
(K)

∂FE
ij

∂nT

 , (C21)

where c† is a copy of the first row of D† ∂F
B
ij

∂nT , and c‡ equals 1T
K

∂FB
ij

∂nT .
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Appendix D Illustrative example

Table D6 shows two small constructed data examples, each with two subjects and five

raters per subject on two three-category items. The same item scores are present in both

data sets, but rater 4 of subject 1 and rater 5 of subject 2 are exchanged in the second

data set.

Table D6:

Two Small Constructed Multi-Rater Data Examples, One with a Large Rater Effect and
One with a Small Rater Effect. Both Data Sets Have Two Subjects (s), Each Rated by a
Unique Set of Five Raters (r) on Two Three-Category Items (Xi and Xj).

Data set 1: Data set 2:

Large rater effect Small rater effect

s = 1 s = 2 s = 1 s = 2

r 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Xi 2 2 2 1 1 0 0 1 1 2 2 2 2 2 1 0 0 1 1 1

Xj 1 2 2 0 1 0 1 0 1 1 1 2 2 1 1 0 1 0 1 0

X1·· = 1.4 X2·· = 0.7 X2·· = 1.6 X2·· = 0.5

HW = .762 HB = .167 HBW = .219 HW = .762 HB = .702 HBW = .922

CI (0.343, 1.181) (−0.231, 0.565) (−0.288, 0.726) (0.349, 1.175) (0.435, 0.970) (0.441, 1.402)

Note. CI is the 95% Wald-based confidence interval.

For both data sets in Table D6, the item-step ordering is Zi1, Zj1, Zi2, Zj2. Therefore,

consistent item-score patterns are (0, 0), (1, 0), (1, 1), (2, 1), and (2, 2), whereas patterns

(0, 1), (0, 2), (1, 2), and (2, 0) are Guttman errors. Within raters, Guttman error (0, 1)

occurs once in each data set (rater 2 of subject 2). In the first data set, there are five

between-rater Guttman errors (0, 1) (for subject 2, rater 1 scored 0 on Xi, whereas rater

2, 4, and 5 scored 1 on Xj, and rater 2 scored 0 on Xi, whereas rater 4 and 5 scored 1

on Xj), four between-rater Guttman errors (1, 2), and five between-rater Guttman errors

(2, 0), summing up to 14 between-rater Guttman errors. In the second data set there are

only three (0, 1) and two (1, 2) between-rater Guttman errors, summing up to five.

Because there are relatively many between-rater Guttman errors in the first data-set,

there is little consistency between raters of the same subject and HB is low compared

to HW , as is reflected in ratio HBW = .219. Although scalability coefficients HW and

HB exceed the criteria presented by Snijders (2001a), the ratio coefficient is below .3 and

the 95% confidence interval of HB and HBW includes zero. This indicates that the item

responses are mainly determined by the raters and it is doubtful whether it makes sense

to scale subjects on θ using the test score on this set of items. In the second data set

there is almost as much consistency between raters as there is within raters, reflected by

a ratio coefficient of HBW = .922. All coefficients are above the criteria of Snijders and
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the confidence intervals exceed zero. This indicates that the item responses are mainly

determined by the subject, and subjects can be scaled on θ using these items.

The data example demonstrates that high values for two-level coefficients do not

require perfect agreement among raters of the same subject. For HBW to be high it

is of importance that the probability of a between-rater Guttman error pattern is close

to the probability of a within-rater Guttman error pattern.
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Appendix E Lemmas to Chapter 8

Lemma E1. UN-1 implies UN-2.

Proof. If θ is unidimensional, its expectation E(θ) is also unidimensional. Variable θ is

unidimensional by UN-1. As group-level variable γ = Eδ(θ) (Equation 8.1), variable γ is

also unidimensional.

Lemma E2. LI-1 implies LI-2.

Proof. The conditional probability of item-score pattern Xs = xs given γ is

P (Xs = xs|γ) = P (
∑R

r=1Xsr = xs|γ) (E22)

By the law of total expectation, Equation E22 equals

= Eδ[P (
∑R

r=1Xsr = xs|γ, δ)] (E23)

By LI-1, individual item scores are independent given θ. Hence, Equation E23 equals

= Eδ[
∏I

i=1 P (
∑R

r=1 Xsri = xsi|γ, δ)] (E24)

For independent variables: The expectation of their product is the product of their

expectations (e.g., Rice, 2006, p. 124, Corollary A). Hence, Equation E24 equals

=
∏I

i=1 Eδ[P (
∑R

r=1 Xsri = xsi|γ, δ)]
=

∏I
i=1 P (

∑R
r=1 Xsri = xsi|γ)

=
∏I

i=1 P (Xsi = xsi|γ)
(E25)

The last term in Equation E25 equals the definition of LI-2.

Lemma E3. MO-1 implies MO-2.

Proof. Let P (δ) denote the probability density function of the distribution of δ. The

group-level item-response function is,

Ei(γ) = Eδ[Ei(θ)] (Equation 8.6)

=
∫
Ei(θ)P (δ|γ)dδ

(E26)

As δ and γ are independent, P (δ|γ) = P (δ), and the last term of Equation E26 reduces

to ∫
Ei(θ)P (δ)dδ (E27)

By MO-1, Ei(θ) is nondecreasing in θ. Hence, Equation E26 is nondecreasing in γ, which

equals the definition of MO-2.
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Lemma E4. IIO-1 implies IIO-2.

Proof. By IIO-1
Ei(θ) ≤ Ej(θ)

⇔
∫
Ei(θ)P (δ|γ)dδ ≤

∫
Ej(θ)P (δ|γ)dδ

⇔ Eδ[Ei(θ)] ≤ Eδ[Ej(θ)]

⇔ Ei(γ) ≤ Ej(γ)

(E28)

by 8.6. The final result in Equation E28 equals the definition of IIO-2.

Lemma E5. MHM-1 implies that E(g(Xsr)|θ) is nondecreasing in θ for any bounded,

nondecreasing function g(·).

Proof. By LI-1, scores Xsri within Xsr are independent given θ. By MO-1, Xsri is

stochastically ordered in θ; that is, for θa < θb, Ei(θa) ≤ Ei(θb) for all i. For a set

of independent variables the stochastic ordering is preserved under convolutions, for

any bounded, nondecreasing function g(·) (Shaked & Shanthikumar e.g., 2007, Theorem

1.A.3(b); see also Ahmed et al. 1981, Lemma 3.3; Holland & Rosenbaum 1986, Lemma

2). Hence

E[g(Xsr)|θa] ≤ E[g(Xsr)|θb]. (E29)

Lemma E6. MHM-2 implies E(g(Xs)|γ) is nondecreasing for any bounded, nondecreas-

ing function g(·) and all γ.

Proof. The proof mimics the proof of Lemma E5. By LI-2, scores Xsi within Xs are

independent given γ. By MO-2, Xsi is stochastically ordered in γ; that is, for γa < γb,

Ei(γa) ≤ Ei(γb) for all i. For a set of independent variables the stochastic ordering is

preserved under convolutions for any bounded, nondecreasing function g(·). Hence

E[g(Xs)|γa] ≤ E[g(Xs)|γb]. (E30)

135





References

Achenbach, T. M., Becker, A., Döpfner, M., Heiervang, E., Roessner, V., Steinhausen,

H. C., & Rothenberger, A. (2008). Multicultural assessment of child and adolescent

psychopathology with ASEBA and SDQ instruments: Research findings, applications,

and future directions. Journal of Child Psychology and Psychiatry , 49 (3), 251–275.

http://doi.org/10.1111/j.1469-7610.2007.01867.x

Agresti, A. (2012). Categorical data analysis (3rd ed.). Wiley.

Agresti, A., & Coull, B. A. (1998). Approximate is better than “exact” for interval

estimation of binomial proportions. The American Statistician, 52 (2), 119–126. http://

doi.org/10.1080/00031305.1998.10480550

Ahmadi, K., Reidpath, D. D., Allotey, P., & Hassali, M. A. A. (2016). A latent

trait approach to measuring HIV/AIDS related stigma in healthcare professionals:

Application of Mokken scaling technique. BMC Medical Education, 16 (1), 155–164.

http://doi.org/10.1186/s12909-016-0676-3

Ahmed, A.-H. N., Leon, R., & Proschan, F. (1981). Generalized association, with

applications in multivariate statistics. The Annals of Statistics , 9 (1), 168–176. http://

doi.org/10.1214/aos/1176345343

Andrich, D. (1978). A rating formulation for ordered response categories. Psychometrika,

43 (4), 561–573. http://doi.org/10.1007/BF02293814

Atkinson, M., Zibin, S., & Chuang, H. (1997). Characterizing quality of life among pa-

tients with chronic mental illness: A critical examination of the self-report methodology.

American Journal of Psychiatry , 154 (1), 99–105. http://doi.org/10.1176/ajp.154.1.99

Banas, K., Lyimo, R. A., Hospers, H. J., Van der Ven, A., & De Bruin, M. (2017).

Predicting adherence to combination antiretroviral therapy for HIV in Tanzania: A

test of an extended theory of planned behaviour model. Psychology & Health, 32 (10),

1249–1265. http://doi.org/10.1080/08870446.2017.1283037

Bartholomew, D. J., Knott, M., & Moustaki, I. (2011). Latent variable models and factor

analysis: A unified approach (3rd ed.). Wiley.

http://doi.org/10.1111/j.1469-7610.2007.01867.x
http://doi.org/10.1080/00031305.1998.10480550
http://doi.org/10.1080/00031305.1998.10480550
http://doi.org/10.1186/s12909-016-0676-3
http://doi.org/10.1214/aos/1176345343
http://doi.org/10.1214/aos/1176345343
http://doi.org/10.1007/BF02293814
http://doi.org/10.1176/ajp.154.1.99
http://doi.org/10.1080/08870446.2017.1283037


References

Bergsma, W. P., Croon, M. A., & Hagenaars, J. A. (2009). Marginal models for dependent,

clustered, and longitudinal categorical data. Springer.

Birnbaum, A. (1968). Some latent trait models and their use in inferring an examinee’s

ability. In F. M. Lord & M. R. Novick. Statistical theories of mental test scores (pp.

395–479). Addison-Wesley.

Boor, K., Scheele, F., Van der Vleuten, C. P. M., Scherpbier, A. J. J. A., Teunissen,

P. W., & Sijtsma, K. (2007). Psychometric properties of an instrument to measure

the clinical learning environment. Medical Education, 41 (1), 92–99. http://doi.org/

10.1111/j.1365-2929.2006.02651.x

Borsboom, D., Mellenbergh, G. J., & Van Heerden, J. (2004). The concept of

validity. Psychological review , 111 (4), 1061–1071. http://doi.org/10.1037/0033-295X

.111.4.1061
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Summary

Nonparametric Item Response Theory for Multilevel Test Data

Psychological measurement aims at measuring a psychological construct (e.g., an at-

tribute, skill, or ability) by means of observable variables such as items on a test or

questionnaire (e.g., Sijtsma & Van der Ark, 2020, pp. 5–6). To relate the item scores to

the psychological construct, item response theory (IRT) models are used. A subset of

these models are nonparametric IRT models, which fit test data relatively well compared

to other IRT models (Mokken, 1971; Sijtsma & Molenaar, 2002). A fitting nonparametric

IRT model implies that the sum score across items may be used to order respondents and,

for some models, that the mean item score may be used to order items. IRT models and

their features are only valid if they fit test data well (Sijtsma & Van der Ark, 2020, p. 3):

Validating a test or questionnaire using IRT models is therefore a vital step before using it

for measurement (see, also, Borsboom et al., 2004). Various methods exist to evaluate the

fit of nonparametric IRT models, also known as Mokken scale analysis (MSA; Mokken,

1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017).

The research in this thesis focuses on generalizing nonparametric IRT and MSA to

multilevel test data. In multilevel test data respondents are nested in groups, such as

students in classrooms or employees in companies. The focus may be on the respondents

themselves (i.e., students or employees), or on a group aspect scored by respondents

(e.g., experienced teacher support in the classroom or work climate at the company). A

multilevel data structure can severely affect statistical analyses (e.g., Maas & Hox, 2005;

Hox, 2010), possibly leading to the inclusion of items to the test that do not contribute

to (or possibly negatively affect) accurate measurement, or the quality of the test may

be overestimated. In addition, most methods in MSA provide results on the respondent

level only, not on the group level. Hence, for multilevel test data, currently available MSA

methods are only of limited value.

For multilevel test data, there exists a two-level nonparametric IRT model for scaling

groups scored by multiple respondents, with two-level scalability coefficients for determin-

ing the degree to which a set of items form a single scale at the respondent level and the

group level (Snijders, 2001a; similar to Mokken’s scalability coefficients, see also, Mokken,

1971, p. 174). Scalability coefficients exist for item pairs, items, and the total test.

Chapter 2 provides an introduction to weighted Guttman errors, necessary for computing

scalability coefficients, and discusses solutions to two problems in computing weighted
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Guttman errors that are currently not handled correctly by all software: Computing

weighted Guttman errors if two items have the same estimated popularity, and computing

weighted Guttman errors when the data have a two-level structure.

In Chapter 3 the standard errors for all two-level coefficients are derived. As a

result, the precision of estimated scalability coefficients can be determined, leading to

more information with respect to the scalability of the item-pairs, items, and the total

test. Chapter 4 presents a simulation study in which the bias of the estimated two-level

scalability coefficients, the bias of their estimated standard errors (with two estimation

methods), and the coverage of the confidence intervals was investigated, under various

testing conditions. Results showed negligible bias of the point estimates and standard

errors and good coverage of the confidence intervals. Hence, the standard errors can be

confidently used in practice. Chapter 5 provides a transformation for the all types of

scalability coefficients and their standard errors, useful for very strong scales.

Chapter 6 derives point estimates, standard errors, and test statistics for Mokken’s

scalability coefficients in clustered data; that is, multilevel data with the focus on re-

spondents rather than on groups. In addition, a simulation study compares traditional

estimation methods to these derived estimation methods, and Wald-based methods to

range-preserving methods from Chapter 5 for scalability coefficients in clustered data.

Chapter 7 uses the results from Chapter 5 and 6 to incorporate significance tests in

an automated item selection algorithm, to take sample fluctuations into account. The

result was integrated into a two-step, test-guided MSA for scale construction, to guide

the analysis for nonclustered and clustered data.

Chapter 8 introduces four two-level nonparametric IRT models, their assumptions,

the implied stochastic ordering properties, and the implied observable data properties

that are useful for model fit investigation. Relations between models and properties

are presented. Finally, Chapter 9 presents a general discussion of the results from

the previous chapters, guidelines for practical use, and suggestions for future research.

The developments throughout this thesis were illustrated using real-data examples and

implemented in R (R Core Team, 2020) in the package mokken (Van der Ark, 2007, 2012).
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Non-parametrische Item-responstheorie voor Multilevel Toetsdata

Psychologisch meten richt zich op het meten van een psychologisch construct (zoals een

eigenschap, vaardigheid of vermogen) door middel van observeerbare variabelen zoals de

items (vragen) van een toets of vragenlijst (bijv., Sijtsma & Van der Ark, 2020, pp.

5–6). Om de itemscores te relateren aan het psychologische construct, worden item-

responstheorie (IRT) modellen gebruikt. Een deelgroep van deze modellen zijn non-

parametrische IRT modellen, die relatief goed passen op toetsdata in vergelijking met

andere IRT modellen (Mokken, 1971; Sijtsma & Molenaar, 2002). Een passend non-

parametrisch IRT model impliceert dat de somscore over alle items kan worden gebruikt

om respondenten te rangschikken en, voor sommige modellen, dat de gemiddelde itemscore

over respondenten kan worden gebruikt om de items te rangschikken. IRT modellen en

hun eigenschappen zijn alleen valide als ze goed passen bij de toetsdata (Sijtsma & Van der

Ark, 2020, p. 3): Het valideren van een toets of vragenlijst met behulp van IRT modellen is

daarom een essentiële stap voordat deze voor meting wordt gebruikt (zie ook, Borsboom et

al., 2004). Er bestaan verschillende methoden om de passendheid van non-parametrische

IRT modellen te evalueren, ook wel bekend als Mokkenschaalanalyse (MSA; Mokken,

1971; Sijtsma & Molenaar, 2002; Sijtsma & Van der Ark, 2017).

Het onderzoek in dit proefschrift richt zich op het generaliseren van non-parametrische

IRT en MSA naar multilevel toetsdata. Multilevel toetsdata zijn data waarbij de respon-

denten genest zijn in groepen, zoals studenten in klassen of werknemers in bedrijven.

De nadruk kan liggen op de respondenten zelf (de studenten of werknemers), of op een

groepsaspect gescoord door de respondenten (zoals de steun die studenten ervaren van de

docent of het werkklimaat in het bedrijf). Een multilevel datastructuur kan statistische

analyses ernstig bëınvloeden (zie, bijv., Maas & Hox, 2005; Hox, 2010), waardoor mogelijk

items in een toets worden opgenomen die niet bijdragen tot (of mogelijk een negatieve

invloed hebben op) nauwkeurig meten, of de kwaliteit van de toets kan worden overschat.

Bovendien leveren de meeste methoden in MSA alleen resultaten op respondentniveau,

niet op groepsniveau. Voor multilevel toetsdata zijn de huidige MSA-methoden dus slechts

van beperkte waarde.

Voor multilevel toetsdata bestaat er een twee-level non-parametrisch IRT model voor

het schalen van groepen op basis van itemscores van meerdere respondenten, met twee-

level schaalbaarheidscoëfficiënten voor het bepalen van de mate waarin de items één schaal
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vormen, op respondentniveau en op groepsniveau (Snijders, 2001a; vergelijkbaar met

Mokken’s schaalbaarheidscoëfficiënten, zie ook, Mokken, 1971, p.174). Schaalbaarheid-

scoëfficiënten bestaan voor item-paren, items, en de totale toets. Hoofdstuk 2 introduceert

gewogen Guttmanfouten, nodig voor het bereken van de schaalbaarheidscoëfficiënten,

en bespreekt oplossingen voor twee problemen bij het berekenen van Guttmanfouten

die momenteel niet door alle software correct worden behandeld: Het berekenen van

gewogen Guttmanfouten wanneer twee items dezelfde geschatte populariteit hebben en

het berekenen van gewogen Guttmanfouten wanneer de data een multilevel structuur

hebben.

In hoofdstuk 3 worden standaardfouten voor alle tweelevel schaalbaarheidscoëfficiënten

afgeleid. Als gevolg hiervan kan de precisie van geschatte schaalbaarheidscoëfficiënten

worden bepaald, wat leidt tot meer informatie met betrekking tot de schaalbaarheid van

de item-paren, items, en de totale toets. Hoofdstuk 4 presenteert een simulatiestudie

waarin de bias van de geschatte tweelevel schaalbaarheidscoëfficiënten, de bias van hun

geschatte standaardfouten (met twee schattingsmethoden) en de dekking van de be-

trouwbaarheidsintervallen werd onderzocht, onder verschillende condities. De resultaten

toonden een verwaarloosbare bias van de puntschattingen en standaardfouten en een

goede dekking van de betrouwbaarheidsintervallen. De standaardfouten kunnen dus goed

in de praktijk worden gebruikt. Hoofdstuk 5 geeft een transformatie voor alle soorten

schaalbaarheidscoëfficiënten en hun standaardfouten, vooral bruikbaar voor zeer sterke

schalen.

Hoofdstuk 6 leidt puntschattingen, standaardfouten en toetsstatistieken af voor

Mokken’s schaalbaarheidscoëfficiënten in geclusterde toetsdata, dat is, multilevel

toetsdata met de nadruk op respondenten in plaats van op groepen. Daarnaast wordt

een simulatiestudie gepresenteerd die traditionele schattingsmethoden vergelijkt met

deze afgeleide schattingsmethoden. Hoofdstuk 7 gebruikt de resultaten uit hoofdstuk

5 en hoofdstuk 6 om significantietoetsen te integreren in een geautomatiseerd item-

selectiealgoritme, waardoor er rekening gehouden wordt met steekproeffluctuatie. Het

resultaat werd gëıntegreerd in een twee-staps, toets-geleide MSA voor schaalconstructie,

als leidraad voor het analyseren van zowel niet-geclusterde en geclusterde toetsdata.

Hoofdstuk 8 introduceert vier twee-level non-parametrische IRT modellen, hun aan-

names en gëımpliceerde eigenschappen die nuttig zijn om de passendheid van de modellen

te evalueren. Relaties tussen modellen en eigenschappen worden gepresenteerd. Tenslotte

bevat Hoofdstuk 9 een algemene discussie van de resultaten uit de voorgaande hoofd-

stukken, richtlijnen voor praktisch gebruik en suggesties voor toekomstig onderzoek. De

ontwikkelingen in dit proefschrift zijn gëıllustreerd aan de hand van datavoorbeelden en

gëımplementeerd in R (R Core Team, 2020) in het pakket mokken (Van der Ark, 2007,

2012).
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