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Chapter 2

Languages

2.1 Introduction

In this chapter we present the basic notation and terminology which is used
throughout this dissertation, as well as an overview of previous work on preference
representation.

2.2 Notation

In Section 2.2.1, we define some fundamental notions from propositional logic
and give names to certain classes of propositional formulas. In Section 2.2.2 we
introduce utility functions, goalbases, and goalbase languages. Goalbase languages
are the utility representation framework which we study in Chapters 3–7.

2.2.1 Propositional Logic

Though we expect that the reader is already familiar with propositional logic, we
define it here for the sake of completeness.

Definition 2.2.1 (Propositional Formulas). The set PS is a fixed, finite set
of propositional variables. We write PSn to indicate that |PS| = n. Given a
particular PS:

• Each p ∈ PS is a formula.

• If ϕ is a formula, then ¬ϕ is a formula.

• If ϕ and ψ are formulas, then ϕ ∧ ψ and ϕ ∨ ψ are formulas.

• > and ⊥ are formulas.

9



10 Chapter 2. Languages

Let LPS be the language of propositional logic over PS. That is, LPS is the
set of all formulas generated by the atoms in PS. The technical results found
here apply to formulas that contain only the connectives ¬, ∧, and ∨. We omit
→ (implication) as a Boolean connective because is it succinctly definable in
terms of ¬ and ∨. Equivalence and XOR we do not consider here; they are not
obviously useful for our purposes, though their inclusion might result in more
succinct languages.

Definition 2.2.2 (Propositional Models). A model is a set M ⊆ PS. The
satisfaction relation |= for models and formulas is defined as follows:

M |= >.
M 6|= ⊥.
M |= p iff p ∈M.

M |= ¬ϕ iff M 6|= ϕ.

M |= ϕ ∧ ψ iff M |= ϕ and M |= ψ.

M |= ϕ ∨ ψ iff M |= ϕ or M |= ψ.

We give names to some types of propositional formulas:

Definition 2.2.3 (Types of Formulas).

• An atom is a member of PS.

• A literal is an atom or its negation.

• A clause is a disjunction of literals.

• A cube is a conjunction of literals.

• A positive X is a satisfiable formula of type X that is free of negations.

• A strictly positive X is a non-tautologous positive X.

• A k -X is an X with at most k occurrences of atoms.

• A complete cube is a cube having every atom as a subformula exactly once.

• A Horn clause is a clause with at most one positive literal.

When discussing positive clauses, positive cubes, and positive formulas, we fre-
quently abbreviate these to pclauses, pcubes, and pforms, respectively. Addi-
tionally, we call strictly positive cubes and strictly positive formulas spcubes and
spforms, respectively. (The term spclauses is redundant because every positive
clause is falsifiable.) Atoms are 1-spclauses, 1-spcubes, and 1-spformulas (and also
1-pclauses, 1-pcubes, and 1-pformulas), while literals are 1-clauses, 1-cubes, and
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1-formulas. Clauses, cubes, and formulas are ω-clauses, ω-cubes, and ω-formulas,
respectively, which is to say that the formulas may be of any finite length.1 Com-
plete cubes are also known as state formulas, since any complete cube is true
in precisely one state. Note that by convention

∧
∅ = > and

∨
∅ = ⊥, from

which follows that > is the unique 0-pcube and ⊥ the unique 0-clause. The
notation X +> indicates the set of formulas X ∪ {>} (e.g., pclauses +> is the
set containing all pclauses along with >).

Definition 2.2.4 (State Formulas). If X ⊆ PS, then define X̄ = PS \X, and
¬X = {¬p | p ∈ X}. Then

∧
(M ∪¬M̄) is the state formula corresponding to the

model M .

For example, if PS = {a, b, c, d}, then the state formula for the model ∅ is
¬a∧¬b∧¬c∧¬d and for {a, b} is a∧ b∧¬c∧¬d. Notice that M ′ |=

∧
(M ∪¬M̄)

iff M = M ′.

2.2.2 Utility Functions, Goalbases, and Languages

We are interested in utility functions over combinatorial domains that are the
Cartesian product of several binary domains. A generic representation of this kind
of domain is the set of all possible models for propositional formulas over a fixed
language with a finite number of propositional variables (the dimensionality of
the combinatorial domain).

Definition 2.2.5 (Utility Functions). A utility function is a mapping u : 2PS → R.

Because the utility functions we consider have sets as their domain, and
propositional models are sets, utility functions can be thought of as mapping
models to their values.

Definition 2.2.6 (Weighted Goals and Goalbases). A weighted goal is a pair
(ϕ,w), where ϕ is a formula in the language LPS and w ∈ R. A goalbase is a
finite multiset G = {(ϕi, wi)}i of weighted goals.

Goals are typically required to be satisfiable formulas. We will see in Chapter 3
that for the languages studied here this restriction does not affect expressive
power, though the presence of unsatisfiable formulas can affect the computational
complexity of some decision problems, as discussed in Chapter 5. When a particular
goalbase is under consideration, we write wϕ to mean the weight of formula ϕ in
that goalbase. For(G) is the set of formulas in G. Var(ϕ) is the set of propositional
variables in the formula ϕ and Var(G) =

⋃
ϕ∈For(G) Var(ϕ).

1Strictly speaking, we should write, e.g., <ω-cubes instead of ω-cubes, but we abuse notation
for the sake of brevity and because all formulas are assumed to have finite length.
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Definition 2.2.7 (Generated Utility Functions). A goalbase G and an aggregation
function F : NR → R generate a utility function uG,F mapping each model M ⊆
PS to uG,F (M) = F (w | (ϕ,w) ∈ G and M |= ϕ).

Aggregation functions map multisets of reals to reals.2 Because multisets are
unordered structures, any aggregation function will necessarily be associative
and commutative over weights.3 In this dissertation, we restrict ourselves to
two aggregation functions, Σ and max, the summation and maximum functions,
respectively. When F = Σ, the utility function generated from a goalbase G is

uG,Σ(M) =
∑

(ϕ,w)∈G
M |=ϕ

w,

which is to say that the value of a model is the sum of weights of formulas
made true in that model. For example, if PS = {p, q, r}, then the goalbase
G1 = {(p ∨ q ∨ r, 2), (p ∧ q, 1), (p ∧ r, 1), (q ∧ r, 1), (p ∧ q ∧ r,−2)} generates the
utility function u : X 7→ min(3, 2·|X|). When F = max, the utility function
generated from a goalbase G is

uG,max(M) = max
(ϕ,w)∈G
M |=ϕ

w.

In other words, the value of a model is the same as the largest weight had by any
formula which is true in that model.

These two aggregation functions may produce dramatically different utility
functions from the same goalbase. E.g., if G = {(a, 1) | a ∈ PS}, then uG,max is
the simple unit-demand utility function (u(X) = 1 if X 6= ∅, 0 otherwise) while
uG,Σ is the simple additive utility function (u(X) = |X|). In case max is used, we
assume max(∅) = −∞; it is often useful to include, say, (>, 0) in any goalbase
intended for use with max so as to obtain utility functions defined for all states.

2The definition of aggregation function given here differs subtly from that given by Chevaleyre
et al. [2006], Uckelman and Endriss [2007], Uckelman and Endriss [2008a], Uckelman and Endriss
[2008b], Uckelman and Witzel [2008], and Uckelman et al. [2009], in that all of these write
the aggregation function as F : 2R → R when in practice the reader is meant to understand
the aggregation function as operating on multisets. (Lafage and Lang [2000] do the same with
their definition of disuP as does Lang [2004] with the definition of F1, F2, and F3 for Rwg.) In
particular, these authors often write sums of weights as

∑
{w | stuff }, when what is intended

is
∑

stuff w. We have striven to avoid this ambiguity in the present work; in the event that we
have failed, please in all cases read sums of weights as sums of multisets (rather than sets) of
weights. That is,

∑
{1, 1} = 2 6= 1.

3If the domain were arbitrary-length tuples of reals instead of multisets of reals (R∗ instead of
NR), then there could be aggregators which are sensitive to the order in which formula weights
are aggregated. Since goalbases are unordered structures, there is no compelling reason to be
concerned with the order in which weights are aggregated, so we limit the domains of aggregators
to multisets.



2.2. Notation 13

Definition 2.2.8 (Goalbase Equivalence). Two goalbases G and G′ are equivalent
with respect to an aggregation function F (written G ≡F G′) iff they define the
same utility function. That is, G ≡F G′ iff uG,F = uG′,F .

Goalbases provide a framework for defining different languages for representing
utility functions. Any restriction we might impose on goals (e.g., we may only
want to allow clauses as formulas) or weights (e.g., we may not want to allow
negative weights) and any choice we make regarding the aggregator F give rise to
a different language. An interesting question, then, is whether there are natural
goalbase languages (defined in terms of natural restrictions) such that the utility
functions they generate enjoy simple structural properties. (This is indeed the
case, as seen in Chapter 3.)

Definition 2.2.9 (Languages and Classes of Utility Functions). Let Φ ⊆ LPS
be a set of formulas, W ⊆ R a set of weights, and F an aggregation function.
Then L(Φ,W, F ) is the set of all goalbases formed by formulas in Φ with weights
from W to be aggregated by F , and U(Φ,W, F ) is the class of utility functions
generated by goalbases belonging to L(Φ,W, F ). More generally, we write U(L)
to mean the class of utility functions generated by goalbases in the language L.

In order to keep the reader from being overwhelmed by indices, we may
sometimes omit F and write uG, ≡, L(Φ,W ), and U(Φ,W ) in preference to uG,F ,
≡F , L(Φ,W, F ), and U(Φ,W, F ) when context makes clear which aggregation
function F is.

Regarding weights, we study the restriction to the positive reals (R+) as well
as the general case (R). For complexity questions we will restrict our attention to
the rationals (Q). We restrict formulas by their structure, according to the types
of formula defined in Definition 2.2.3. For example, the language L(cubes,R+,Σ)
consists of all goalbases which contain only positively-weighted cubes, and are
aggregated using summation. Many more examples of languages will be seen in
Chapter 3, where we investigate language expressivity.

We may occasionally wish to combine goalbases. For this purpose, we define a
notion of goalbase summation.

Definition 2.2.10 (Goalbase Summation). If G,G′ are goalbases, then

G⊕G′ =

{(
ϕ,

∑
(ϕ,a)∈G

a+
∑

(ϕ,b)∈G′
b
) ∣∣∣∣∣ ϕ ∈ For(G ∪G′)

}

is their sum.

Note that ⊕ does not combine formulas which are semantically equivalent but
syntactically distinct. E.g., {(p, 1)}⊕{(p∧p, 1)} 6= {(p, 2)}. Combining equivalent
weighted formulas would involve first checking for equivalence, which we wish to
avoid because equivalence checking is coNP-complete in the general case.
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We define a notion of uniform substitution for formulas and goalbases, which
we occasionally need when transforming them:

Definition 2.2.11 (Uniform Substitution). If ϕ, ψ1, . . . , ψk, χ1, . . . , χk are for-
mulas, then ϕ[ψ1/χ1, . . . , ψk/χk] is the result of (simultaneously) substituting
ψi for every occurrence of χi as a subformula in ϕ. If G is a goalbase, then
G[ψ1/χ1, . . . , ψk/χk] is the result of applying the substitution to each (ϕ,w) ∈ G.

Finally, a note on non-binary domains: Due to the applications we have in
mind for goalbase languages, resource allocation, auctions, voting—all binary
in the sense that an agent has an item or does not, or a candidate is a winner
or not—we have restricted our variables to have binary domains. Moreover,
restriction to binary domains is a natural one when working with propositional
logic. Nonetheless, it is possible to simulate in our framework variables which take
on a larger (but still finite) set of values, by coding single many-valued variables
into multiple binary-valued ones. For example, a three-valued variable X could
be decomposed into atoms x0, x1, where xi represents the ith bit of X’s value
(assuming that its three values are enumerated 0, 1, 2). In this case, we have
one “extra” state, the one where x0 ∧ x1 is true, corresponding to no value in
X’s domain, due to the fact that the size of X’s domain is not a power of two.
This overhang can be adjusted for in several ways, e.g., by giving x0 ∧ x1 a large
negative weight so that all “invalid” models are dominated by the “valid” ones.
(The alternative proof of Theorem 5.5.6 on p. 107 shows an example of this trick,
though in a different context.) The number of new binary variables required to
“binarize” any variable X is dlog |domX|e; so long as the size of the domain of X
does not vary with |PS|, our succinctness and complexity results in Chapters 4
and 5 will be unaffected by the use of variables with larger domains. Similarly, our
expressivity results in Chapter 3 carry over to many-valued variables, though we
must caution that the naturalness of representations may be lost in translation.

2.3 Related Languages

There are a wide variety of languages for expressing preferences. In this section,
we survey a selection of them. Some, such as CP-nets, are fundamentally ordinal
languages. Others, such as penalty logic, weighted description logics, bidding
languages, and generalized additive functions, are cardinal. Still others, such as
valued constraint satisfaction problems, as well as some of the languages discussed
by Lafage and Lang [2000], build ordinal preferences upon cardinal components.

2.3.1 CP-Nets

CP-nets are a formalism devised by Boutilier, Brafman, Geib, and Poole [1997] and
refined by Boutilier, Brafman, Hoos, and Poole [1999a] for specifying conditional
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ceteris paribus preferences in a compact fashion.4 A ceteris paribus preference
for a over b means that all else being equal, a is preferred to b. For example, it
might be the case that, in the absence of other differences, I prefer the amplifier
which has 11 as its maximum volume to one which goes only to 10. A conditional
preference for a over b depends on some given state c. Conditional preferences
are common in situations where multiple issues must be resolved, the canonical
example being a diner who prefers white wine if the main course is fish, but
red wine if the main course is beef. Putting these two together, a conditional
ceteris paribus preference is one where the ordering over the domain of one option
depends on how some subset of the other options are resolved.

A CP-net is a directed graph where each vertex Xi is a variable, there is an
edge from Xi to Xj if the value of Xj depends on the value of Xi, and associated
with each variable Xi is a conditional preference table specifying which total
preorder over the domain of Xi is applicable given assignments to the variables
on which Xi depends.

To illustrate this, we repeat an example given by Boutilier, Brafman, Domshlak,
Hoos, and Poole [2004, Example 3]. Suppose that I am dressing for a fancy occasion
and can choose black or white pants, a black or red shirt, and a black or white
jacket. I unconditionally prefer the black jacket to the white, and the black
pants to the white, but my preference for what shirt I wear depends on the
combination of jacket and pants I will wear. Figure 2.1(a) shows one possible
CP-net representing my conditional preferences over the colors of my jacket, pants,
and shirt; Figure 2.1(b) shows the preference order over alternatives induced by
that CP-net. Notice that the induced order is not total—for example, the black
jacket with white pants and white shirt is incomparable to the white jacket with
white pants and red shirt—and in general there may be many total orders which
are compatible with the induced preorder.

In the previous example, the dependency graph is acyclic, but this is not an
essential feature of CP-nets. For example, I may wish to wear socks given that I
am wearing shoes instead of sandals, but also vice versa. However, once we permit
cycles, we are no longer guaranteed to have a corresponding preference order.

Under some conditions, we can use CP-nets to efficiently answer ordering and
dominance queries—whether a total ordering exists in which outcome o is strictly
better than o′, and whether in every total ordering o is strictly better than o′,
respectively [Boutilier et al., 2004, Section 4]. Individual CP-nets are intended for
the representation of individual preferences; however, there has also been a great
deal of work on aggregating the CP-nets of multiple agents in order to find group
preferences [Xia, Lang, and Ying, 2007b,a; Xia, Conitzer, and Lang, 2008; Lang
and Xia, 2009; Xia and Lang, 2009; Rossi, Venable, and Walsh, 2004; Pilotto,
Rossi, Venable, and Walsh, 2009; Apt, Rossi, and Venable, 2008].

4CP here stands for either ceteris paribus or conditional preference. Due to an unfortunate
naming collision, colored Petri nets, which are used for modeling transition systems, are also
sometimes referred to as CP-nets.
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For a thorough discussion of the properties of CP-nets, see the survey by
Boutilier et al. [2004]. CP-nets have also been extended and modified in various
ways: TCP-nets permit the expression of the relative importance of variables
[Brafman and Domshlak, 2002]; CI-nets generalize one aspect of TCP-nets by
permitting statements about the importance of sets of variables [Bouveret, Endriss,
and Lang, 2009]; UCP-nets add utilities by combining GA-decompositions of utility
functions (see Section 2.3.8) with CP-nets [Boutilier, Bacchus, and Brafman, 2001].

2.3.2 Penalty Logic

Knowledge bases are sets of propositional formulas intended to represent collec-
tions of “known” information, possibly derived from multiple sources of varying
reliability. As with any set of propositional formulas, a knowledge base may be
inconsistent. (This could occur, for example, if some formulas were generated by
a malfunctioning sensor and others were generated by properly functioning ones.)
We may wish to make inferences from an inconsistent knowledge base nonetheless,
but in order to do so we need some method for dealing with inconsistency to
prevent us from deriving nonsense. Pinkas [1991] devised penalty logic to address
this problem. Penalty logic augments the formulas in a knowledge base with
weights, which indicate the cost of falsifying the associated formula.

Following Dupin de Saint-Cyr, Lang, and Schiex [1994], a penalty knowledge
base is a finite multiset of weighted propositional formulas (ϕ,w) where w ∈
R+ ∪ {+∞}. The cost of a model M given a penalty knowledge base PK is the
sum of the penalties of the formulas in PK which M violates,

kPK (M) =
∑

(ϕ,w)∈PK
M |=¬ϕ

w,

and a preferred interpretation is a minimum-cost model.
For example, suppose I am knocked unconscious in a cycling accident and

when I awake I see what appear to be majestic snow-capped mountains. I have
as a knowledge base PK = {(h, 10), (m, 1), (h→ ¬m,+∞)}, where h stands for
“I am in Holland” and m stands for “I see mountains”. Having left my office in
Amsterdam by bike, I have a strong belief that I am still in Holland, and I have
an inviolable belief that there are no mountains there. I believe I see mountains,
but realize that my vision might be unreliable due to the accident. According to
the penalties in my knowledge base, the model with minimal cost is {h}, which
says that I am in Holland, but I am not really seeing mountains.

In addition to minimal-cost models, we might be interested in minimal-cost
subtheories—that is, minimal-cost consistent subsets of PK —or even minimal-
cost subtheories consistent with some given formula ϕ. The cost function kPK

induces a total order ≤PK on the subsets of PK . Using this, we can define a
nonmonotonic inference relation |∼cPK , where ϕ |∼cPK ψ iff for every S ⊆ PK
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J

Jb > Jw

P

Pb > Pw

S

Jb ∧ Pb Sr > Sw

Jw ∧ Pb Sw > Sr

Jb ∧ Pw Sw > Sr

Jw ∧ Pw Sr > Sw

(a) A CP-net.

Jw ∧ Pw ∧ Sw

Jw ∧ Pw ∧ Sr

Jw ∧ Pb ∧ Sr Jb ∧ Pw ∧ Sr

Jw ∧ Pb ∧ SwJb ∧ Pw ∧ Sw

Jb ∧ Pb ∧ Sw

Jb ∧ Pb ∧ Sr

(b) The induced preference order.

Figure 2.1: What to wear?
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which is ≤PK -maximal among the ϕ-consistent subtheories of PK , S ∪ {ϕ} |= ψ.
Returning to the example, it is easy to see that the minimal-cost h-consistent
subtheory is {(h, 10), (h → ¬m,+∞)}. (However, in the general case, deciding
whether ϕ |∼cPK ψ is ∆p

2-complete [Cayrol, Lagasquie-Schiex, and Schiex, 1998].)
There is a simple translation between penalty knowledge bases and sum-

aggregated goalbases: A penalty knowledge base PK = {(ϕ1, w1), . . . , (ϕk, wk)}
may be translated into a goalbase G = {(¬ϕ1,−w1), . . . , (¬ϕk,−wk)}; having
done that, it will be the case that kPK (M) = −uG,Σ(M) for all models M .

2.3.3 Weighted and Distance-Based Logics for
Cardinal Disutility

Lafage and Lang [2000] introduce a framework for cardinal preferences using
what they call weighted logics. A preference profile 〈P,K〉 is a preference base
P (in our terms, a goalbase) and a consistent set of formulas K called integrity
constraints. Worlds (models) are considered possible if they satisfy all of the
integrity constraints (w |= K); the set of possible worlds is denoted by Mod(K).
An individual’s preference ordering over possible worlds is induced by a disutility
function disuP : Mod(K) → [0,+∞] such that disuP (w) = ∗{αi | w |= ¬ϕi},
where ∗ : [0,+∞] × [0,+∞] → [0,+∞] is any operation which is commutative,
nondecreasing, associative, and for which 0 is an additive identity (for all a, a∗0 =
a). The collective disutility function disuP for a collection of individual preference
bases (P1, . . . , Pn) is disuP (w) = �ni=1 disuPi

(w), where � : [0,+∞]n → [0,+∞] is
any operation which is nondecreasing in each argument and commutative. Each
pair of operators 〈∗, �〉 defines a weighted logic. Penalty logic is a special case of
this framework, which results from setting ∗ = +.

Lafage and Lang [2000] also define an alternative measure of disutility based
on distances. A distance d : Ω× Ω→ N (also known as a metric) is a mapping
which is nonnegative (d(w,w′) ≥ 0), identifies indiscernibles (d(w,w′) = 0 iff
w = w′), is symmetric (d(w,w′) = d(w′, w)), and satisfies the triangle inequality
(d(w,w′′) ≤ d(w,w′) +d(w′, w′′)). Here the w are considered to be possible worlds.
Further, d is extended to cover the distance between a world and a propositional
formula, as well as between two formulas:

d(w,ϕ) = min
w∈Mod(ϕ)

d(w,w′) d(ϕ, ψ) = min
w|=ϕ
w′|=ψ

d(w,w′)

Finally, the distance between a possible world w and a set of (unweighted) goals
G is the distance from w to each ϕ ∈ G, aggregated by ∗,

d(w,G) = ∗
ϕ∈G

d(w,ϕ)

which we identify with disuG(w). Collective disutility is aggregated as it was with
weighted goals. Lafage and Lang suggest using the Hamming distance between
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worlds for the metric d. (We consider the consequences of this with regard to
committee elections in Section 7.3.2.)

2.3.4 Propositional Languages for Ordinal Preferences

Coste-Marquis, Lang, Liberatore, and Marquis [2004] consider the use of several
different propositional preference representation languages for generating prefer-
ence orderings, aiming to find ones which are more succinct than explicitly listing
M ≥M ′ for each such pair of alternatives. These languages do not originate with
Coste-Marquis et al.—for their sources, see [Coste-Marquis et al., 2004]—but are
presented there in a uniform fashion for the purpose of comparing their expressivity
and succinctness. We enumerate and describe these languages here. All languages
mentioned here are distinct; we do not provide examples of their use here, due to
their number.

Rpenalties The preference relation Rpenalties is the one induced by a penalty
goalbase, as described in Section 2.3.2.

RH The preference relation RH is based on the (weighted) Hamming distance
between models. The Hamming distance between two models M and M ′ is the
number of variables which would need to have their values negated to convert M
into M ′, and the distance between a model M and a formula ϕ is the minimum
distance between M and any M ′ such that M ′ |= ϕ:

dH(M,ϕ) = min
M ′|=ϕ

dH(M,M ′).

From there, we can extend the notion of distance to compare models with goalbases,
so that

dH(M,G) =
∑

(ϕ,w)∈G

w · dH(M,ϕ),

which induces an ordering �H
G where M �H

G M
′ iff dH(M,G) ≥ dH(M ′, G). (Notice

that the preference ordering runs in the direction opposite to that of the distance
ordering.)

Coste-Marquis et al. define three preference orderings which treat the weights
of goals as priorities, rather than as values where the satisfaction of one goal may
compensate for the violation of another. (That is, goals are not fungible: no
amount of satisfied goals with priority 2 will compensate for a single violated goal
with priority 1.)

Rbestout
prio The best-out ordering Rbestout

prio is defined by

rG(M) = min
(ϕ,w)∈G
M 6|=ϕ

w
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and so M �bo
G M ′ iff rG(M) ≥ rG(M ′).

Rdiscrimin
prio The discrimin ordering Rdiscrimin

prio is defined by

discr+
G(M,M ′) = {ϕ | (ϕ,w) ∈ G,M |= ϕ,M ′ 6|= ϕ}

discrG(M,M ′) = discr+
G(M,M ′) ∪ discr+

G(M ′,M)

so that M �discrimin
G M ′ iff

min{w | (ϕ,w) ∈ G,ϕ ∈ discr+
G(M,M ′)}

< min{w | (ϕ,w) ∈ G,ϕ ∈ discr+
G(M ′,M)}

and M �discrimin
G M ′ iff M �discrimin

G M ′ or discrG(M,M ′) = ∅.

Rleximin
prio The leximin ordering Rleximin

prio is defined by

dk(M) = |{(ϕ,w) ∈ G |M |= ϕ and w = k}|

so that M �leximin
G M ′ iff there exists a k such that dk(M) > dk(M

′) and for all
j < k, dj(M) = dj(M

′); and M �leximin
G M ′ iff M �leximin

G M ′ or dk(M) = dk(M
′)

for some k.

Coste-Marquis et al. also define two preference orderings based on conditional
logics. Here, each goal ϕ has a context χ. A conditional goal χ : ϕ is satisfied by
an ordering > iff the set of >-maximal models where χ holds are a subset of those
models where ϕ holds; a set of conditional goals is satisfied by > when all of its
members are.

RS
cond The “standard” conditional preference relation RS

cond is defined as
M �cond,S

G M ′ iff every ordering > which satisfies G has M >M ′.

RZ
cond The Z-ranking preference relation RZ

cond is much more fine-grained than
RS

cond, but also much more complex due to its procedural definition. In addition to
a set of conditional goals G, we also have a set of hard constraints K. A conditional
goal ϕ : ψ is tolerated by a set of conditional goals {ϕ1 : ψ1, . . . , ϕk : ψk} and set
of hard constraints K iff ϕ ∧ ψ ∧

∧k
i=1(ϕi → ψi) ∧

∧
K is satisfiable. Then, we

build a partition R1, . . . , Rj of G as in Figure 2.2.
Use the Ri to define a rank function where rank(ϕ : ψ) = i when ϕ : ψ ∈ Ri.

Let G′ = {(ϕ → ψ,maxrank − rank(ϕ : ψ) + 1) | ϕ : ψ ∈ G}. Then, define
M �cond,Z

G M ′ iff M �bo
G′ M

′.

Finally, Coste-Marquis et al. introduce a preference ordering for ceteris paribus
preferences:
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k := 0
R := G
repeat
k := k + 1
Rk := ∅
for all ϕ : ψ ∈ R do

if ϕ : ψ is tolerated by R \ {ϕ : ψ} then
Rk := Rk ∪ {ϕ : ψ}
R := R \ {ϕ : ψ}

end if
end for

until R = ∅
maxrank := k

Figure 2.2: Algorithm for partitioning G for use in determining RZ
cond.

Rcp If ϕ, ψ, χ are formulas and V ⊇ Var(ψ) ∪ Var(χ) is a set of variables , then
the ceteris paribus desire ϕ : ψ > χ[V ] means that given ϕ, ψ ∧ ¬χ is preferred to
¬ψ ∧χ, where the values of variables not in V are considered irrelevant. Similarly,
indifference between ψ∧¬χ and ¬ψ∧χ given ψ is indicated by ϕ : ψ ∼ χ[V ]. The
set of preference desires is denoted by DP , the set of indifference desires by DI , and
a ceteris paribus goalbase G = DP ∪DI . A single desire D = ϕ : ψ > χ[V ] induces
a preference order >D where for models M,M ′, M >D M ′ iff M |= ϕ ∧ ψ ∧ ¬χ,
M ′ |= ϕ ∧ ¬ψ ∧ χ, and M,M ′ agree on PS \ V ; the same conditions hold for
indifference desires and ∼D. The ordering �cp

G is defined so that M �cp
G M ′ iff

there is a finite chain of models M = M0,M1, . . . ,Mk−1,Mk = M ′ such that for
each 0 ≤ i < k, there is some desire D ∈ G for which Mi >D Mi+1 or Mi ∼D Mi+1.

Lang [2004] additionally defines Rbasic, R⊆, Rcard, Rwg, and Rd:

Rbasic simply distinguishes states which satisfy a single goal from states which
do not: G = {ϕ} and models M,M ′ are such that M �basic

G M iff M |= ϕ and
M ′ 6|= ϕ. Hence Rbasic is very limited, permitting the representation of dichotomous
preferences only.

R⊆ refines Rbasic: G = {ϕ1, . . . , ϕk} and models M,M ′ are such that M �⊆G M ′

iff {ϕi ∈ G | M |= ϕi} ⊇ {ϕi ∈ G | M ′ |= ϕi}. R⊆ is the Pareto ordering on
states; �⊆G-maximal states are ones where no further goals may be satisfied.

Rcard additionally counts the satisfied goals, but otherwise treats them inter-
changeably: G = {ϕ1, . . . , ϕk} and models M,M ′ are such that M �card

G M ′ iff
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|{ϕi ∈ G |M |= ϕi}| ≥ |{ϕi ∈ G |M ′ |= ϕi}|. Hence, Rcard produces a total order,
while R⊆ will in many cases be partial.

Rwg is a further generalization of weighted goal languages to three aggregators,
F2 which aggregates the weights of satisfied goals, F3 which aggregates the weights
of unsatisfied goals, and F1 which aggregates the outputs of F2 and F3. This
gives us

uF1,F2,F3

G (X) = F1(F2(α | (ϕ, α) ∈ G,X |= ϕ), F3(α | (ϕ, α) ∈ G,X 6|= ϕ))

in symbols.5 When considered this way, when F1 is the projection function for its
second argument (∀α, β, F1(α, β) = β), F2 is arbitrary, and F3 = +, we get penalty
logic; when F1 is the projection function for its first argument, F2 ∈ {+,max},
and F3 is arbitrary, we get the sum- and max-aggregated goalbase languages
considered in the present work. The induced ordering �wg

G is simply the natural
ordering on the utilities of the states as determined by G.

Rd The relation Rd is defined similarly to the distance-based measure given
by Lafage and Lang [2000]. Let d be a pseudo-distance metric. (The difference
between a distance metric and a pseudo-distance metric is that a pseudo-distance
metric need not respect the triangle inequality.) The distance between two
models d(M,M ′) is as above, as is the distance between a model and a formula
d(M,ϕ). Rather than computing disutilities as Lafage and Lang [2000] do, however,
Lang computes utilities—given a set of formulas G, the utility of a model M is
−d(M,G)—and defines �d

G,d as the natural ordering of models M induced by
−d(M,G).

Note that for both Rwg and Rd, a cardinal preference structure underlies the
ordinal one.

These orderings show the great diversity of ways in which ordinal preferences
may be represented, and especially the versatility of goalbases for inducing orders.
The investigations which we carry out in Chapters 3–5 regarding the expressivity,
succinctness, and complexity of goalbase languages for representing cardinal utility
could be repeated for any of the ordinal languages mentioned here.

5This differs in two ways from [Lang, 2004, Section 3.3.2], which has

uF1,F2,F3
G (X) = F1(F2({α | (ϕ, α) ∈ G,X |= ϕ}, F3({α | (ϕ, α) ∈ G,X 6|= ϕ})))

instead. In the main text, we do not collect weights as sets, in order to prevent the unwanted
disappearance of duplicate weights. (For a discussion of this, see also p. 12, footnote 2.) The
second difference is subtle: This way, F2 has the value of F3 as one of its arguments, whereas in
our main text F2 and F3 are computed independently. Likewise, we could make the output of
F2 an input for F3 if we wanted the aggregated value of the unsatisfied formulas to depend on
the aggregated value of the satisfied formulas. Ultimately this difference matters only if we wish
to take both satisfied and unsatisfied goals into account simultaneously.
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2.3.5 Weighted Description Logics

Ragone, Noia, Donini, Sciascio, and Wellman [2009a,b] introduce a framework
similar to our own, except that formulas from description logic are used instead
of those from propositional logic. Description logics are knowledge representation
languages which provide ways to reason about concepts, roles, and individuals.
Concepts are sets of objects, individuals are particular named objects, and roles
are relations among concepts. E.g., Sandwich is a concept, joelsLunch is an
individual, and hasCheese is a role. Description logics provide operators for
intersection and union of concepts: Sandwich u Soup is the (presumably empty)
concept which contains all objects which are both soups and sandwiches at the
same time, while Sandwich t Soup is the concept containing anything which is
either a soup or a sandwich. Role restrictions may be quantified:

Sandwich u ∃hasCheese.>

is the concept of a sandwich with cheese, and similarly,

Sandwich u ∃hasCheese.> u ∀hasCheese.Münster

is the concept containing the sandwiches with Münster on them. One concept may
subsume another: BlueCheese v Cheese. An ontology T is a set of description
logic formulas indicating how concepts are related. (For more information on
description logics, see [Baader, Calvanese, McGuinness, Nardi, and Patel-Schneider,
2007].)

Ragone et al. form preference sets P of weighted concepts 〈P, v〉, where the
value of a model A is ∑

{v | 〈P, v〉 ∈ P and A vT P}.

That is, every weighted concept which subsumes the concept represented by the
model A (according to the ontology T ) contributes its weight to the overall utility.

Ragone et al. [2009a, Theorem 2] consider a problem analogous to our min-
util decision problem (cf. Definition 5.3.2 and Section 5.5), and determine
that the complexity of finding minimal models is the same as the complexity of
deciding satisfiability for the particular description logic in use. (In some cases,
the complexity will go far beyond anything we consider here, since there are
description logics for which sat is, e.g., PSPACE-complete.)

2.3.6 Boolean Games

A Boolean game is one in which each player has a goal, specified as a propositional
formula, and a subset of PS over which he has exclusive control. (For example, a
player might have p ∨ (q ∧ r) as his goal, but control the values of the variables
q and s.) A player receives a payoff of 1 for satisfying his goal, and 0 otherwise.
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Bonzon, Lagasquie-Schiex, Lang, and Zanuttini [2009] propose an extension called
L-Boolean games, in which the payoff for each player is determined by some
compact preference representation language L; Bonzon et al. consider CP-nets
and prioritized goalbases using the discrimin, leximin, and best-out relations as
candidates for L. Independently, Mavronicolas, Monien, and Wagner [2007] extend
Boolean games to use weighted formulas; and Dunne, van der Hoek, Kraus, and
Wooldridge [2008] extend Boolean games to a cooperative setting.

2.3.7 Valued Constraint Satisfaction Problems

Related to penalty logic and other propositional ordinal representations are valued
constraint satisfaction problems (VCSPs). A constraint satisfaction problem (CSP)
is a tuple 〈V,D,C〉, where V = {x1, . . . , xn} is a set of variables, D = {d1, . . . , dn}
a set of domains of values for the variables, and C a set of constraints. A constraint
c is a pair 〈Vc, Rc〉, where Vc ⊆ V and Rc ⊆

∏
xi∈Vc

di. A valuation function
v : V →

⋃
D maps each variable xi to an element of its domain di. A constraint

〈{x1, . . . , xk}, R〉 is satisfied by a valuation v when (v(x1), . . . , v(xk)) ∈ R. (A
CSP where all variables have binary domains amounts to specifying constraints as
cubes.) Interesting CSPs are ones which are overconstrained, and in such cases it
is NP-hard to decide whether any given subset of constraints is satisfiable.

As defined by Bistarelli, Montanari, Rossi, Schiex, Verfaillie, and Fargier
[1999], a VCSP is a CSP augmented with a valuation structure 〈E,~,�〉, where �
totally orders the set E, there is a �-minimum element > ∈ E and a �-maximum
element ⊥ ∈ E, and ~ is an associative, commutative binary operator on E which
satisfies identity (∀a ∈ E, a ~ ⊥ = a), monotonicity (∀a, b, c ∈ E, a � b implies
(a~ c) � (b~ c)), and has an absorbing element (∀a ∈ E, a~> = >). That is,
the valuation structure is a totally ordered commutative monoid with a monotonic
operator. Each constraint c is then labeled with an element of E, which indicates
the importance of violating c.

So, a VCSP P = 〈V,D,C, S, ϕ〉, where S = 〈E,~,�〉 is a valuation structure
and the function ϕ : C → E maps constraints to their valuations. The overall
valuation V of the VCSP P given an assignment A for some subset of variables
W ⊆ V is

VP(A) = ~
c∈C, Vc⊆W
A violates c

ϕ(c).

Because ~ is an operator on E, VP(A) will also be some element of E. Since �
totally orders E, VP induces a total ordering on the allocations A. The valuation
VP(A) indicates the overall quality of the allocation A according to �.

VCSPs subsume penalty goalbases restricted to cubes (let E = N ∪ {+∞},
~ = +, ⊥ = 0, > = +∞, and � = >) as well as leximin goalbases restricted to
cubes (let E = {0, 1}∗ ∪ {>}, ~ = ∪, ⊥ = ∅, > = the symbol >, and � = the
lexicographical ordering on binary strings).
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2.3.8 Generalized Additive Independence

A utility function u over PS is generalized additive decomposable over a given
collection of subsets P1, . . . , Pk which covers PS if there are ui : 2Pi → R such
that for all states X ⊆ PS,

u(X) =
k∑
i=1

ui(X ∩ Pi).

Clearly, every u is GA-decomposable over the trivial cover P1 = PS—just
let u1 = u. When u is GA-decomposable over the singleton cover {p1}, . . . , {pn},
then u is additive. More interesting cases are where a utility function may be
decomposed into the sums of utility functions over several (possibly overlapping)
nonsingleton subsets of PS. For example, suppose that PS = {a, b, c, d}. Then
the following complexly-structured utility function u is GA-decomposable over
{a, b}, {a, c, d}, {b} using the following three utility functions

u{a,b}(X) =


3 if X = {a, b}
1 if X = {a}
0 otherwise

u{a,c,d}(X) =

{
1 if X = {a, c, d}
0 otherwise

u{b}(X) =

{
−2 if X = {b}

2 otherwise

which together sum to the value of u:

u
{a
,b
}

u
{a
,c
,d
}

u
{b
}

u
{a
,b
}

u
{a
,c
,d
}

u
{b
}

u(∅) = 0 + 0 + 2 = 2 u({d}) = 0 + 0 + 2 = 2
u({a}) = 1 + 0 + 2 = 3 u({a, d}) = 1 + 0 + 2 = 3
u({b}) = 0 + 0 − 2 =−2 u({b, d}) = 0 + 0 − 2 =−2
u({a, b}) = 3 + 0 − 2 = 1 u({a, b, d}) = 3 + 0 − 2 = 1
u({c}) = 0 + 0 + 2 = 2 u({c, d}) = 0 + 0 + 2 = 2
u({a, c}) = 1 + 0 + 2 = 3 u({a, c, d}) = 1 + 1 + 2 = 4
u({b, c}) = 0 + 0 − 2 =−2 u({b, c, d}) = 0 + 0 − 2 =−2
u({a, b, c}) = 3 + 0 − 2 = 1 u({a, b, c, d}) = 3 + 1 − 2 = 2

Here, decomposing u into u{a,b}, u{a,c,d}, and u{b} reveals some structure in u which
is not apparent on the surface, and also provides some space savings over the
explicit representation of u. Note, however, that the utility functions which form
a GA-decomposition may still be arbitrarily complex over their restricted domains.
GA-decomposition may also be done for utility functions over variables with more
than just binary domains, though this requires a more general definition than we
have given here; for that, see [Gonzales, Perny, and Queiroz, 2006, Definition 1].
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GA-decomposition was introduced by Fishburn [1970] and has more recently
been used by Gonzales and Perny [2004] and Gonzales et al. [2006] for constructing
GAI-nets, and by Brafman, Domshlak, and Kogan [2004] for eliciting preferences
using GA-decomposable CP- and TCP-nets; related notions are the conditional
additive independence of Bacchus and Grove [1995] and conditional expected
utility independence of La Mura and Shoham [1999].

All utility functions representable in L(forms,R,Σ) have a natural (though
possibly suboptimal) GA-decomposition, namely the ones suggested by the goal-
bases which generates it: Given a goalbase G, the utility function uG,Σ is GA-
decomposable over Var(ϕ1), . . . ,Var(ϕk) for (ϕi, wi) ∈ G, using the u{(ϕi,wi)},Σ as
the component utility functions.

2.3.9 Coalitional Games

A coalitional game is one in which a group of agents receives some payoff for joint
action. The payoff received depends on which agents join the coalition. Formally,
a coalitional game with transferable utility 〈N, v〉 is a set of agents N and a
valuation function v : S ⊆ N → R which indicates the value of any coalition S to
its members. The game specifies only how much utility a coalition receives, not
how its members should divide it; this is what distinguishes a coalitional game
with transferable utility from one without.

Ieong and Shoham [2005] introduce marginal contribution nets (MC-nets) as a
way of modeling coalitional games with transferable utility. An MC-net is a set of
rules of the form ϕ→ w, where ϕ is a cube and w ∈ R. A rule ϕ→ w is said to
apply to a coalition S iff all of the positive literals in ϕ and none of the negative
literals in ϕ are members of S; the value of a coalition S is the sum of weights of
all rules which apply to S. It is easy to see that the language of MC-nets is exactly
L(cubes,R,Σ) in disguise. Elkind, Goldberg, Goldberg, and Wooldridge [2009]
further generalize basic MC-nets to general MC-nets, by additionally permitting
arbitrary Boolean connectives in their rules. See Section 4.3 for further discussion
of MC-nets.

2.3.10 Bidding Languages

Auctions are a method of allocating items and costs to bidders. Bidders in auctions
need some way of expressing their valuations to the auctioneer; the method by
which they do this is called a bidding language. Any bidding language may be
thought of as a scheme for representing cardinal preferences over sets of goods.
Bidding languages for traditional single-item auctions tend to be simple, as in
single-item auctions it is only possible to express preferences which are modular.
(When the left shoe is auctioned separately from the right shoe in a single-item
auction, there is no way to tell the auctioneer through your bids that the value you
place on one shoe depends on whether you win the auction for the other shoe.)
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Combinatorial auctions are a type of auction in which all items are sold simul-
taneously, rather than sequentially as in traditional auctions. (For a discussion of
combinatorial auctions, see Section 6.2.) Because combinatorial auctions simulta-
neously auction many items, the possibility arises for bidders to express preferences
over bundles of items. The simplest bidding language, in which a bidder lists every
possible combination of goods along with the price he is willing to pay for each
one, clearly permits the full range of expression (limited only by the divisibility of
the currency being used) but is too verbose to be used for any but the smallest
auctions. A bidder wishing to bid in a ten-item combinatorial auction would need
to list his price for 1023 bundles (the 210 − 1 nonempty subsets of ten items),
which is surely beyond the desire, if not the capacity of any human bidder; and
an auction with a hundred items would overwhelm even a computerized bidder
were it forced to place explicit bids.

We might try to improve the explicit form somewhat by adopting the convention
that any bundle which has no listed value is assumed to be worth nothing to
the bidder; however, this will be cold comfort for bidders who place a nonzero
value for every single-item bundle, as it will save them no effort at all. Clearly,
we need a less näıve approach, one which saves space by taking advantage of the
internal structure of bidders’ preferences. Rather than assuming that the value
of an unlisted bundle is zero, we might instead assume that it has the value of
its greatest-valued subset. This bidding language, known as the XOR language,
is demonstrably better than the explicit form. Further space efficiency may be
gained by assigning not the value of its single highest-valued subset to a bundle,
but rather by taking the greatest sum of values of subsets which partition it.
This language, known as the OR language, is even more space-efficient than the
XOR language, but cannot express all utility functions, and moreover computing
with it is more difficult than with the XOR language. Further variations of these
languages have been studied—for example, the OR∗ language, which is the OR
language with dummy items, and the OR-of-XORs language, which permits XOR
bids to be ORed together—and are discussed in detail by Nisan [2006]. We discuss
the family of OR/XOR languages further in Section 6.3.1 and examine their
succinctness with respect to our own goalbase languages in Section 6.3.3.

In addition to the OR/XOR family of bidding languages, some logic-based
bidding languages have been proposed. Hoos and Boutilier [2000] introduce what
they call CNF bids, which are weighted positive formulas in conjunctive normal
form, as well as extended CNF bids, where a k-of operator is introduced into the
language. (The formula k-of(S) is satisfied by any subset S ′ ⊆ S where |S ′| ≥ k.)
Hoos and Boutilier’s CNF bidding language is L(CNF,R+,Σ) in our terms.

Boutilier and Hoos [2001] introduce generalized logical bids (GLBs), formed as
follows: 〈p, w〉 is a bid for any good p ∈ PS and weight w ∈ R+ ∪ {0}, and if b1

and b2 are bids, then 〈b1 ∧ b2, w〉, 〈b1 ∨ b2, w〉, and 〈b1 ⊕ b2, w〉 are bids also. Let
Φ(b) be the formula formed by stripping all weights from a bid b. A bid will be
satisfied or not, depending on the allocation of items. Satisfaction conditions are
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defined recursively:

σ(Φ(p), A) =

{
1 if A allocates p to the bidder

0 otherwise

σ(Φ(ϕ ∧ ψ), A) = min(σ(ϕ,A), σ(ψ,A))

σ(Φ(ϕ ∨ ψ), A) = max(σ(ϕ,A), σ(ψ,A))

σ(Φ(ϕ⊕ ψ), A) = max(σ(ϕ,A), σ(ψ,A))

The value of a bid given an allocation is also defined recursively: Let Ψ(b, A) be
the value of bid b given allocation A. Then:

Ψ(〈p, w〉) = w · σ(p,A),

Ψ(〈b1 ∧ b2, w〉) = Ψ(b1, A) + Ψ(b2, A) + w · σ(Φ(b1) ∧ Φ(b2), A),

Ψ(〈b1 ∨ b2, w〉) = Ψ(b1, A) + Ψ(b2, A) + w · σ(Φ(b1) ∨ Φ(b2), A),

Ψ(〈b1 ⊕ b2, w〉) = max(Ψ(b1, A),Ψ(b2, A)) + w · σ(Φ(b1) ∨ Φ(b2), A).

The ∨ and ⊕ connective differ not in their truth conditions, but in how they
combine the values of “inner” bids, which is why Boutilier and Hoos call ⊕
“valuative XOR” (VXOR). The GLB language does not contain a logical XOR
connective, or any other nonmonotone connective.

To see how GLBs work, consider the bid 〈〈a, 1〉 ∧ 〈b, 1〉, 2〉. This bid expresses
that the bundles {a} and {b} are worth 1, while the bundle {a, b} is worth 4 (1 each
for a and b, plus an extra 2 for their combination). Similarly, 〈〈a, 1〉 ∨ 〈b, 1〉, 2〉
gives 3 for {a} and {b}, and 4 for both, while 〈〈a, 1〉 ⊕ 〈b, 1〉, 2〉 gives 3 for each of
{a}, {b}, and {a, b}.

For a further discussion of auctions and bidding languages, see Sections 6.2
and 6.3.


