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Chapter 1

Introduction
One of the fascinating aspects of micro-organisms is their ability to endure and
self-sustain under very diverse and changing environmental conditions. This
applies not only to complex higher organisms made up of trillions of cells, but
also unicellular micro-organisms, such as bacteria. Higher organisms may depend
on a tight symbiotic relationship with many different bacteria present in their
bodies; the human flora. This capacity to endure is attributed to be a response
to evolutionary pressures that natural selection exerts uninterruptedly on every
organism. Under this umbrella of evolution we can argue that all organisms are
highly optimised to thrive in the environmental niche they usually inhabit, in so
much as they are permitted to by the frequent short-term fluctuations, or slow
long-term alterations, that threaten their life. As Kitano (2004) argues, in order
to survive, life has developed extremely robust and reliable, yet flexible, complex
systems that allow organisms to resist alterations in their ideal environmental
conditions and to adapt to new ones.
The basic mechanisms that enable endurance and adaptability to changes
seem to be universal (Szallasi et al., 2006, chap. 2). After all, we are very
familiar with these type of mechanisms in higher organisms such as ourselves.
For example, our visual organs tell us about changes in the physical conditions
surrounding us. The response to a drop in the ambient light, results in the dilatation of the iris. Another example is that our body starts sweating in response
to increases in the ambient temperature. These automatic mechanisms require
essentially two abilities: sensing and responding. Organs rely on individual cells
to perform sensory tasks, while the response mechanism may be a long chain of
events initiated, however, at the sensory cell. In our light example, the signal
is processed in the many sensory photoreceptor cells on the retina that react
to the incoming photons and trigger electrical signals transported to the image
processing part of the brain.
Unicellular micro-organisms have simple sensory-response mechanisms working at a molecular level. Recent growing genome-wide analyses of micro-organisms
reveal an abundant number of genes involved in these sensory systems: around
1% of genes in eubacteria are for external signal sensing (West and Stock, 2001),
1
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and the number of genes for internal signals is fourfold (Ulrich et al., 2005).
Many of them still remain to be studied in detail and tied to the environmental
conditions, or physical signals, they respond to. To implement these systems,
a bacteria is constrained by the amount of resources and energy it devotes to
these to build and sustain biochemical processes in a small, confined space. It
seems there is little room for what is unnecessary, yet the presence of redundant systems may play an important role as long as they provide an enhanced
robustness, endurance or adaptability capabilities (Kitano, 2004). This suggests
that the regulation of the amount of proteins is optimised to support the endurance of the cells under the variable local conditions. In this line, evolutionary
pressures favour minimisation of energy and resource usage, and optimisation
of spatial organisation. It is as if organisms are limited by an energy budget,
albeit with reserves. These limitations imply that the number of proteins ought
to be kept at a low copy number as possible. Such resource economy apparently
contradicts the view that robust and reliable systems require many molecules in
order to reduce the stochasticity inherent to reactions. Under these conditions,
the stochastic nature of chemical processes may have strong consequences in the
cell’s fate. A view has emerged in which stochastic phenomena at the single cell
level are no longer a nuisance that interferes with other signals (Fedoroff and
Fontana, 2002).
Taking a molecular-centric computational modelling approach we aim at unravelling general influential biochemical aspects in the functioning and organisation of sensory systems in bacteria in their spatial context, their stochastic and
discrete nature as well as their genomic organisation. This shall enable us to
study the global behaviour that arises from the interactions among the building
blocks such as proteins and genes.
In the remainder of this introduction we describe the role that computers
play in assisting cellular biology. It follows a description of the principal of
general modelling principles and the computer methods used to solve complex
models. Then we give a brief introduction to the concrete types of signalling
systems and gene expression used in this thesis.

1.1

The Computer in Systems Biology

A major difficulty in experimental cell biology is the observation of detailed
molecular mechanisms under, ideally, in vivo conditions in their spatio-temporal
dimension and single molecule resolution, without disrupting the normal cell’s
functioning. To overcome the limitations of this direct approach, cell biologists
have turned to computational modelling, or in silico modelling, as a complementary tool to aid to “ build and test complex hypothesis” (Slepchenko et al., 2002).
During the last three decades the use of computational methods have contributed
substantially in furthering the understanding of physico-biochemical processes,
from simple unicellular bacteria to multicellular complex organs (Noble, 2002 ;
Mellman and Misteli, 2003). As Ridgway et al. (2006) highlights, “Interest in the
possibility of dynamically simulating complex processes has escalated markedly
2
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Table 1.1: The publication of new journals on the boundary of biology and
computational science attests to the importance of the co-operation of both fields
as to forward the understanding of biology and especially of cellular phenomena.
Journal

year 1st publication

BMC Systems Biology
PLoS Computational Biology
Molecular BioSystems
in Silico Biology
Bioinformatics

2007
2005
2005
1998
1985

in recent years”. The range of computational approaches embraces not only the
dynamic and often complex molecular aspects common to a computational cell
biology approach, but also the vast static information, or bioinformatic data,
gathered over the years such as DNA sequences, micro-array data or even the
literature (data mining). Such computational-based approaches owe their success partly to the extensive elementary knowledge provided by the discipline of
biochemistry and bioinformatics on the basic components such as DNA structure, protein functions and metabolic activity, and partly to the discipline of
biophysics and mathematics to characterise and formulate in a rigourous mathematical framework the basic interactions and processes underlying the most
elemental biological processes such as that of diffusion of particles in a solvent
(Takahashi et al., 2002 ; Palsson, 2000). These come accompanied with an increase in the computational capabilities commonly accessed at a desktop level.

1.1.1

The Research Cycle

A symbiotic relationship has been forged in the last half century between traditional wet experiment science and computer science. This symbiosis is acknowledged to be paramount to understanding complex biological phenomena
(Kitano, 2002 ; Westerhoff and Palsson, 2004): computational methodologies
form an integral part of the biological research cycle. The convergence of fields
is well illustrated and supported by the recent publication of new journals with
emphasis on the computational aspects of biological simulations (see Table 1.1).
Let us illustrate the role of computational modelling in a typical research
cycle for computational (cell) biology (see Fig. 1.1 for a general overview). After
a thorough study of the subject system, we produce a tentative model (step 1).
This model, of course, already identifies and summarises the relevant biological
aspects in the form of, for instance, a reaction model such as:
A+B
P

k

→1 C + P
→ Z
3
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where each letter represents a biochemical element, and that upon reaction of,
say, A + B they produce two molecules with different properties that we label as
C and D. Whenever possible, analytical tools are preferred to solve the model,
because they provide a precise insight into the system’s control and interactions
among its components (step 2). For instance, the solution of the change in
concentration of P is:
P (t) = C(P ; t = 0) exp(−kt).
For complex systems, however, obtaining algebraic solutions is not always
feasible. In those cases where the complexity of the problem surpasses the mathematical capabilities —not uncommon in biology— computer numerical procedures, or simulations, are used (step 3). Numerical solutions yield instances of
a solution, that is, one particular solution, given for each set of input parameters. However, in these explicit solutions the algebraic relationships between
the variables, as expressed in the solution above, are lost; notwithstanding, we
have a solution. Just as with mathematical models, computational models also
need to rely on fundamental knowledge that guarantees the correctness of the
procedure (step 4). The degree of formalism present in these bases of knowledge
ultimately determines the reliability of the final solution. It is not uncommon to
combine analytical and numerical methods to produce collaboratively a result.
In these hybrid solutions a particular method is applied over a subset of the
problem that is then fed as input to the other solver, and vice versa (steps 5 and
6). The final results gathered are interpreted by the modeller (step 7). If the
results agree with the observed data our model is valid, if not, then the tentative
model needs to be modified in order to overcome its limitations and repeat the
cycle over (step 8).
In summary, extensive fundamental knowledge gathered by several traditional disciplines provides the necessary tools for computational biology to be
used as an analytical tool with an acceptable degree of confidence (Takahashi
et al., 2005).

4
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➁
➀

Mathematical

➄

Model

➂

➅

Do I
understand it?

➆

Simulations

➃
Base of elementary
knowledge

➇

Figure 1.1: Computational biology research cycle. Computer aided numerical solutions or simulations form an integral part in the path to understanding
biological phenomena.

1.2

Models: Purpose and Focus

Biological phenomena are in many cases complicated. The numerous reaction
involved to understand some systems may be large. Additionally, the often nonlinear reactions contribute to the rise of complex pehnomena. For instance, E.
coli has over 4190 translated proteins, 4377 genes1 , and 732 metabolites and
over 932 reactions (Kim et al., 2007, and refs. therein). Complicate and complex phenomena are also observed in other temporal and spatial scales: from
protein folding, to dynamics of whole ecosystems (Szallasi et al., 2006). In view
of these overwhelming numbers, the role of modelling is to focus on the relevant
parts necessary to understand a specific phenomenon, with the purpose being to
elucidate the interactions among the components in a, preferably, quantitative
way. In this manner, model focusing helps to cope with the complexity of the
real system. As Kell and Welch say “our scientific heritage (in the Greek tradition) is to reduce in order to understand”. The prevailing reductionist approach
reduces the complexity of a system in two orthogonal directions: 1) scope, by focusing on smaller subsystems, and 2) detail, revealing the molecular or atomistic
components as in a hierarchy (as depicted in Fig. 1.2(a)).
In this space the modeller is left to choose the right level of scope and detail necessary to describe the systems. However, modelling and computational
limitations still pose some limitations to reach the whole. We find ourselves in
a constrained position where there is a trade off between a molecular detail and
a narrow scope system, or a coarse detail and a broad system scope (along the
reductionist line in Fig. 1.2(a)).
1 http://redpoll.pharmacy.ualberta.ca/CCDB/cgi-bin/STAT_NEW.cgi

5
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1.2.1

Macro, Meso and Microscopic Scales

We can argue that the number of state variables increases with an increase in
detail and scope. The complexity as the number of possible interactions among
the components increases as well. By focusing on different levels of molecular
detail we can identify a hierarchy of three layers. As illustrated in Fig. 1.2(b),
at the top of this hierarchy a macroscopic paradigm is used to describe the
fluxes among biochemical species, as these react with each other creating new,
or modifying the properties of, molecules. Perhaps the archetypical example in
this scale is that of metabolic networks, and the associated modelling method of
differential equations (DE). Macroscopic models exclude molecular or atomistic
details, allowing a broadening of the system’s scope.
A mesoscopic description level emphasises the discrete nature of chemical
systems and focuses on the individual molecules, such as proteins. Compared
to a macroscopic level, there is an increase in the spatial and temporal resolution. Global behaviour emerges from the interactions between particles, which
increments the number of variables needed to characterise the state, making
the system more complicated, but not necessarily more complex. Nevertheless,
the rules that define the interactions between components are simplified because
each molecule is abstracted as a single particle, instead of multiple constituting
atoms. We would associate such a level of detail with a microscopic scale, suitable to perform detailed studies with virtual representations of the biomolecules
and their atomic interactions. The most salient example of these types of modelling is that of protein folding.

1.2.2

Regimes

As emphasised previously, biological processes vary largely in terms of three important factors: the spatial scale, the temporal scale and the number of molecules
involved in the process. For example, the collision of two molecules in a high concentration medium is on the order of milliseconds, while in a low concentration
medium these may take seconds to minutes. The size of a typical protein is 5 nm,
while the host cell, for instance E. coli has a typical volume of 1−3 µm3 , which
means that a protein is ≈ 109 times smaller. These broad ranges of spatial, temporal and molecular scales might present a challenge for models and, especially,
for the methods used to solve them, either analytical or computational. Adding
more detail to a model increases the number of variables and, consequently, its
complexity. So as models aim at narrowing the scope of parameters in order to
reduce the complexity of the model, specialised methods have been developed
to tackle a particular scale of the parameters in an efficient manner.
As illustrated in Fig. 1.3, we can distinguish four regimes depending on the
abundance of molecules and the degree of heterogeneity of the system. In contrast to the previous scale hierarchy, this classification emphasises the spatial
dimension and discreteness of the chemical systems.
The regime that is probably the most widely used in cell biology is characterised by a large number of molecules, a spatially homogeneous system and
6
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reaction-limited kinetics(A). As a result, the dynamics can be described in a temporally continuous-manner and using differential equations. Typical examples
in this regime include metabolic networks.
When the kinetics of the systems become limited by diffusion, spatial heterogeneity arises (B). This may arise due to a combination of high affinity and
a relatively slow diffusion, or a localisation of reactions, for instance, on the
membrane. In this case, molecules perform few non-reactive collisions before
reaction occurs. Because of the high number of particles these systems can also
be described in a continuous manner, in both time and space.
In the two regimes described so far, on the right half of Fig. 1.3,the dynamics
of the systems can be described in a deterministic way. This is possible in the
presence of a high number of particles, as the size of the ensemble averages
out the individual fluctuations in reaction and diffusion. In other words, the
stochastic component of each individual reaction is negligible compared to the
dynamics as a whole.
Regime C and D are discrete versions of their continuous counterparts. Their
main difference resides in that small changes in the number of molecules present
have a larger impact in the overall population. Under these circumstances,
opposed to the previous A and B regimes, the stochastic nature of reactions is
significant. In this scenario deterministic methods may fail to capture essential
dynamics. We shall see some examples of this situation in section 1.3.
The clear division between regimes is only for illustrative purposes. Instead,
transitions between regimes are gradual and in some cases a phenomenon may fall
into more than one regime. A system may also span over several of these regimes.
Multi-regime systems shall be more common as more detail for more systems
is required. This regime classification, together with the scale hierarchy, are a
reflection of the different types of computational methods available to model the
rich diversity of biological phenomena.

1.3

Stochastic Phenomena in Bacteria

Much of the interest in stochasticity of biological processes arises because traditional deterministic models fail to capture the intrinsic random phenomena of
reactions. In systems such as signalling and gene expression, dynamic behaviour
and spatial organisation are of particular interest (Kholodenko et al., 2000 ; Morishita et al., 2006 ; Kholodenko, 2003; 2006), as these are susceptible to show
qualitatively different results from their deterministic counterparts. Arkin et al.
(1998) carries out stochastic simulations of the phage λ lysis-lysogeny bifurcation
pathway to characterise the statistical properties of the two distinct subpopulations. The switch (or bistable) mechanism is affected by the thermal fluctuations
in the stochastic rate of rate-limitingreaction!rate-limiting reactions within gene
expression giving rise to a distinct phenotypes. This phenomena is illustrated
in Fig. 1.4 (extracted from Arkin et al. (1998)), a conventional approach fails to
characterise the differences between both populations. Heterogeneous populations may be advantageous in evolutionary terms, as the rich phenotypic diver8
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Figure 1.4: The stochastic simulations for the phage λ lysys-lysogeny show
clearly a phenotypic differentiation (b and c), which is masked by common experimental methods (a). Figures taken from Arkin et al. (1998).

sity may provide some individuals with advantageous adaptability mechanisms
against adverse, unforeseen environmental fluctuations. Acar et al. (2008) suggest that this diversity arises from the intrinsic stochasticity of gene expression
in response to environmental pressures. Once a calm environment emerges, the
pressure for phenotypic differentiation decreases, which implies a stable gene
expression. In mechanistic terms, such phenotypic differentiation arises when
certain events occur, or certain protein-concentration levels are reached. This
happens in some cells before a differentiating process starts, such as a switch or
cell division, while in other cells it does not. In these examples the gene expression lies at the core of the mechanism that shapes this stochastic behaviour. van
Zon et al. (2006) showed that positive regulation of genes with a low number
of regulators gives rise to a burst-type synthesis of mRNA and proteins. The
synthesis of proteins in bursts may also be enhanced by the transcription and
translation processes, as was shown by Dobrzynski and Bruggeman (2009). As
a result, there can be large differences in the number of proteins expressed in
each cell of an isogenic population (McAdams and Arkin, 1997).
Stochastic effects may also have a spatial dimension. Although the spatial
effects are more relevant in larger cells, computer models of small prokaryotes
predict spatial heterogeneity, mostly in the form of gradients (Francke et al.,
2003). In spite of the small volume of bacterial cells (approx. 1 µm3 ) Fange and
Elf (2006) show that Min oscillations, which oscillate between the poles, help
to locate the middle point before division. Moreover, a stochastic model reveals
the emergence of small clusters on the membrane, whereas the deterministic
shows a continuous concentration gradient. The stochastic model also allows
to predict that oscillations may become aperiodic when the concentration of
MinD and MinE are reduced below certain threshold levels. In addition, the
emergence of MinD clusters on the membrane can only be explained by the
stochastic kinetics of low copy numbers of molecules (Howard and Rutenberg,
2003). Similarly, (Doubrovinski and Howard, 2005) find that the stochastic
model of Soj oscillations in the nucleoids of Bascillus subtilis, a remnant of E.
coli Min oscillations, yields irregular oscillations as observed in experiments,
9
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Figure 3. Comparison of Stochastic and Mean-Field Simulations in wt E. coli Cells and Three Different Mutant E. coli Strains
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while a deterministic version of the model often stalls in a stable state. It is
then hypothesised that the small stochastic fluctuations due to small numbers
of particles are essential in some oscillatory systems as a means to escape from
stable states. Spatial phenomena extend also to static systems such as the
bacterial chemotaxis receptor, where the lateral interaction between individual
sensory receptors is essential to amplify the signal (Shimizu et al., 2003 ; Shimizu,
2002)
Stochastic phenomena are however not always beneficial. Weak signals may
be lost during their transport, circadian clocks corrupted (Barkai and Leibber,
2000), and memory reduction due to noise Acar et al. (2005). In fact, nature has
also evolved network architectures, such as negative feedback loops, to provide
resistance against disruptive stochastic events. In this way these systems may
work well even at a low copy number of molecules (Gonze et al., 2002).
One thing all these approaches share is the use of stochastic computational
methods to investigate the cause of apparently random phenomena at a molecular scale that was often beyond the capabilities of wet experiments. The validation of the computational results could not be done at a microscopic molecular
interaction level, but often by observing a macroscopic phenomenon. Not until recent technological developments in microscopy, starting in the early 90s,
was the direct visualisation of a single membrane molecule of single cell possible
(Sako et al., 2000). Recent developments allowed for direct in vivo observations
of the elusive events in gene expression, enabling for the tracking in real-time
of the protein synthesis at the single molecule resolution (Cai et al., 2006 ; Yu
et al., 2006), or the kinetics of binding and dissociation of transcription factors
(Elf et al., 2007).

1.4

Computer Methods for Stochastic Chemical Reactions

Stochastic models are not a recent development, however their application to biology has undergone a recent acceleration (Chandrasekhar, 1943 ; jachimowski
et al., 1964 ; McQuarrie et al., 1964 ; Ishida, 1964). In spite of the existence
of stochastic mathematical frameworks such as stochastic differential equations
10
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for dynamical systems, their analytical treatment is often unfeasible for complex systems (Gardiner, 1983 ; Baras and Mansour, 1996). In simple systems,
however, the analytical solutions of dynamical systems often shed valuable insight on the fundamental processes of stochastic reactions. And it is precisely
this dynamic component, the one that makes analytical treatment (McQuarrie
et al., 1964). Paulsson (2004) uses, Ω-expansion theory (linear noise approximation) to analyse the steady state properties of the fluctuations (or noise) in gene
networks.
Numerical or simulation methods represent a pragmatic alternative to study
complex stochastic systems with single-molecule detail. These methods share
two common features. The first is the discrete treatment of molecules, as opposed to a continuous concentration representation. (We do not refer to continuous time or space, but only to the state characterised by the number of
molecules of each species.) The second is that a single simulation run produces
only one stochastic trajectory of the system state. Hence, there is a need for an
often large number of independent runs to obtain reliable statistical distribution
of the dynamics. It is precisely this, computationally expensive, distribution
which is the most valuable information provided by stochastic systems. With it,
it is possible to characterise, for instance, multiple steady states, oscillatory behaviour or extinction of species not properly captured by a deterministic models
(see section 1.3). Thus, computing explicit stochastic models often has a noticeable demand for computing power. One of the principal reasons is that every
single reaction needs to be simulated explicitly. A wide range of computational
methods and tools has been developed, and still continues to be, tailored to the
specific needs of several types of systems (as roughly classified in section 1.2).
In this thesis we emphasise the use of spatial and stochastic methods. These
methods are a natural evolution of the homogeneous stochastic methods, just as
PDEs are to ODEs. We should note that there are software packages that incorporate multiple techniques, deterministic, stochastic, spatial and homogeneous,
in order to tackle complex multi-regime systems (Takahashi et al., 2004 ; Loew
and Schaff, 2001).
Spatially homogeneous The Stochastic Simulation Method (SSA) (or direct method, or Gillespie’s method Gillespie (1977)) stands as an exact solver
of the underlying temporally homogenous birth-death Markov process (Gillespie, 1992a). The model describing this dynamic process is also known as the
Chemical Master Equation (CME), which has been argued to be founded on
microphysical foundations (Gillespie, 1992b). The discrete state of the system
X(t)n , with n different chemical species, is advanced one reaction at a time by
calculating probabilistically the time at which the first reaction will occur in
relation to the current state at a given time. Thus, simulation time advances in
a variable manner and in each step one action (reaction) is executed, in contrast
to other methods with fixed time step, such as StochSim (Morton-Firth and
Bray, 1998). Gillespie’s method also belongs to the discrete event simulators
category. This reduces the possibility of introducing errors in the presence of
events occurring in a shorter time than the time step. Additionally, a lack of a
11
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prefixed time step simplifies the use and reduces the possibility of errors due to
the difficulty in determining the number of stochastic reactive events that will
be shorter than the time step. Another differentiating feature is that StochSim
treats each particle as an individual software entity, in contrast to a population
number of Gillespie’s method. Storing each particle’s state individually allows
the tracking of its multiple state changes (such as phosphorylation or methylation) instead of the population of each possible state. As we shall see, Gillespie’s
approach is more widely adopted. Later enhancement introduced by Gibson and
Bruck (2000) to the original SSA method focused on reducing the computational
cost. This improved method reuses random numbers, reduces the overhead in
the mechanism that computes the next reaction time by tracking the dependencies among reactions, and uses an absolute time instead of the relative approach
used in the original SSA. Another further enhancement to the SSA allows for the
execution of multiple reactions in a single step. The τ -leaping methods encompasses in one step the result of multiple reactions, thus the increase, or decrease,
in the number of molecules might be larger than one (Gillespie and Petzold,
2003). This method reduces the computational cost at the expense of a loss in
the SSA exactness status (the precision can be tuned by a parameter). The original τ -leaping method has also been reviewed and enhanced in order to further
reduce errors (Rathinam et al., 2003 ; Chatterjee et al., 2005 ; Xu and Cai, 2008)
All these methods assume that the reactions are not influenced by the diffusion
of the particles. That is, the kinetics of the system can be well described by
reaction-limited reaction rates, which are equivalent to the macroscopic reaction
rates often used in classic ODE modelling.
Lattice-based Apatially Heterogeneous When reactions are diffusion-limited,
or diffusion-influenced, the spatial dimension of the system needs to be incorporated. A common approach is to discretise space into small sub-volumes, small
enough to regard it as a locally homogeneous sub-system. In this manner the
position of particles needs not to be explicit: It is held by the lattice — which is
mostly regular, but may also be unstructured Bernstein (2005) ; Engblom et al.
(2009). The condition of local homogeneity is essential to allow existing homogeneous methods, mostly based on Gillespie’s method, to be executed locally.
Particle diffusion through space occurs by allowing particles to jump to neighbouring sites in a stochastic manner. Stundzia and Lumsden (1996) transform
mesoscopic diffusion coefficients into corresponding transition probability rates
in a similar way to Gillespie for reaction rates. These probabilistic rates are then
used directly by Gillepie’s methods as a sort of special reaction: one that changes
the state of the neighbouring sites as particles jump to them. In the same line as
the enhancements for homogenous methods, Elf et al. (2003) proposed recently
the more efficient next-subvolume method, implemented in MesoRD tool (Hattne et al., 2005), which only updates those sites that change after each reaction.
These two methods are exact solvers of the Reaction-Diffusion Master Equation
(RDME), the spatial equivalent to the CME, on regular lattices. With the aim
to further enhance the performance of this class of method Marquez-Lago and
Burrage (2007) apply a particular case of the τ -leaping methods to substantially
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reduce the computational time at the cost, again, of a minor degradation in accuracy. All these methods fall into the category of mesoscopic models since the
solvent is ignored and the motion of particles is assumed to be normal diffusion.
The principal distinguishing feature of RDME methods to CME methods is the
inclusions of a diffusion mechanism for particles.
Prior to RDME methods, Cellular Automata (CA) were simple rule-driven
spatial methods, discrete in space, time and state, used to primarily study pattern formation of physical and chemical systems, as opposed to intracellular
(Ermentrout and Edelstein-Keshet, 1993). In the most basic form of CA, each
particle occupied a lattice site, roughly equivalent in size (in principle RDME
methods assume no particle size, although, as we shall see in section 3.1, there
are some limitation in choosing the lattice size). The rules for the movement of
particles developed initially as a combination of deterministic ballistic motion
and direction randomisation upon collision (a physical model for gas molecules
in lattice gas automata, LGA) giving rise to the mesoscopic diffusion phenomena
from microdynamic interactions (Boon et al., 1996). Later on, a general acceptance of random walks on a lattice as a diffusion model for larger molecules suspended in a solvent (for instance proteins in the cytosol) would be the principal
paradigm adopted (as we have seen above in RDME-based methods). Often the
reactive rules in CAs were more qualitative than quantitative, and were tailored
for a particular dynamical system (Weimar and Boon, 1994 ; Weimar, 1997).
Moreover, the different diffusion coefficients of multi-chemical-species systems
limited their use. Growing interest in the potential of CA to study fluctuating
phenomena in multi-species biochemical systems resulted in the development of
more rigourous kinetic rules to match the dynamics of the mean field approaches
(Chopard et al., 1994 ; Weimar, 2002).
Lattice-free spatially heterogenoeous Diffusion in RDME and CA methods
is a discrete-in-space mesoscopic process, albeit continuous and discrete in time.
In its original conception, however, Brownian Dynamics (BD) simulations are a
continuous process in space yet discrete in time process. In other words, it is
lattice-free. Although there is consensus with the diffusive motion of particles,
the reacting scheme has been implemented in various forms. GFRD (van Zon
and ten Wolde, 2005) uses the Smoluchowski analytical solution for the reaction
of two particles close to each other (Rice, 1985). The fact that particles do not
need to collide allows the diffusion mechanism to use a larger time step (in the
Smoldyn case collisions occur by using a larger binding radius, larger than the
real size of the particle).

1.5

Signalling Systems in Bacteria

In this thesis we aim to shed light on the spatial and stochastic role in bacterial signaling systems. Bacteria are unicellular organisms (prokaryotic) that
thrive in a broad range of environments, including very inhospitable sea bottom
vents, the intestines and desktops in every office. They can be found almost
13
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(a)

(b)

Figure 1.6: In these illustrations we observe the rod-like shape of E. coli
and the principal salient structures such as pili and flagella. (left) cartoon
representation of the main structures. In this thesis we will pay attention
to phenomena related to the flagella, cytoplasm, plasma membrane and nucleoid. (right) 3D image obtained with a scanning probe miscroscopy. http:
// oleeichhorn. com/ images/ nanoart/ 13_ e_ coli. jpg

everywhere. Surrounding environmental conditions, a wide array of chemical
substances and physical conditions, may change, or fluctuate. These changes
are not always beneficial for the micro-organism, as they may pose a serious
threat to its survival. It is important that they have evolved with quick, efficient and economical mechanisms to be positioned with a survival advantage
(Stocker et al., 2008 ; Korobkova et al., 2004 ; Pernestig et al., 2003 ; Stephenson et al., 2000). When speaking of changes, or fluctuations, we should consider
the temporal scale of these phenomena in relation to the temporal scale of the
process subject to study. Signaling systems are specialised in detecting temporal changes; notwithstanding, these have evolved over evolutionary time scales
to be adapted to these fluctuating conditions. For example, in Escherichia coli
(E. coli, as illustrated in Fig. 1.6) chemotaxis has evolved an efficient sensory
system to detect nutrients, and a response mechanism that enables it to move in
order to reach for more nutrients (Kollmann et al., 2005). The sensor consists of
an cluster of chemical sensors to the presence of nutrients. While the response
mechanism consists of a number of flagella that rotate in order to propel and
turn themselves. Thus, this mechanism can be viewed as an information flow
system: capturing, transporting and processing signals.
To perform the sensory-response task, we identify in, a generic system, three
main components that allow the information flow. Fig. 1.7 shows the specialised
function of each component:
14
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Sensor

Transport

Receiver

Figure 1.7: Architecture and information flow in a sensory pathway. In some
cases the sensor is also responsible for the transport of the signal to the receiver
(dashed box).

• A sensor specialised in detecting a particular signal such as a chemical,
temperature or light. A sensor often detects the signal by a specialised
input domain . For chemical signals this means that a molecule or chemical element binds the sensor’s input. Upon input activation, the sensor
activates an output domain, which can then pass the information down
the path.
• The receiver of a signal understands the message and is the gate to activate
other intracellular processes. It is possible that a receiver responds to more
than one signal. Since this system is separated from the sensor, these two
need a communication channel or transport.
• The transport of a signal can be done by another intermediate transport
molecule, from the sensor to the receiver, or by the sensor molecule itself
(dashed box in Fig. 1.7)(Ulrich et al., 2005 ; Hoch, 2000). It is also possible
that the transport of the signal is effectuated not only by one molecule but
by transferring the signal through a metabolic network.
The actual number of implementations of this architecture is by no means
small. Sensors can take multiple forms and have different degrees of complexity.
They can interact with one or multiple molecules. In other instances, the sensor
and the transport can be the same molecule to detect internal signals. And the
complexity of the transport chain may range from a single molecule composition to a cascade, or other more complex networks of molecules. A particular
instance, central to this thesis, is the two-component signaling systems (TCS).

1.5.1

Two-Components Signalling Systems

Two-Components Signalling Systems (TCS) sensory systems were first characterised in the late 1980s by Nixon et al. (1986) and named two-component signal
regulatory systems (see (Hoch, 2000 ; Rodrigue et al., 2000 ; Stock et al., 2000
; Wolanin et al., 2002 ; Galperin, 2004 ; Cashin et al., 2006) for reviews, or
(Simon et al., 2007 ; Inouye and Dutta, 2003) for monographs). Even though
genomic analysis can reveal most of the genes encoding for the sensors and
transporter molecules, the signal they respond to is not always known. Of the
known conditions that TCSs regulate, nutrient acquisition, energy metabolism
and virulence are just a few (Throup et al., 2000). Besides the omnipresence of
15
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TCSs in bacteria (with few exceptions as seen Table 1.2). Evidences of TCSs
in other organisms such as plant cells (Chang and Stewart, 1998) and single-cell
eukaryotes (Chang and Stewart, 1998) have been reported too.
The first component of a TCS functions as a sensor and is usually a histidinekinase; the second is a transporter or response regulator. Wide genomic studies
on bacteria and archaea found that a large fraction (87%) of the two-component
regulatory systems have as a target the modulation of gene expression (Ulrich
et al., 2005). In this case, the response regulator is also called a transcription factor (or a regulator). Other receiver systems are: the motility system, composed
of flagella (see Fig. 1.6), and metabolic networks. This simple two-step architecture requires only one or two types of molecules making the whole mechanism
rather economical, in cell energy terms, to operate efficiently. This two-step
architecture can be contrasted with a multi-step (or more commonly known as
signaling) cascade, which is actually more common in larger and more complex
eukaryotic cells. Despite this fact, two-component regulatory systems are also
found in the more complex eukaryotic cells, although they are not the dominant
type (Stock et al., 2000). Why eukaryotic cells have adopted a more efficient
signalling architecture. Although this topic falls out of the scope if this thesis, some analysis is presented in a forthcoming publication (Dobrzynski et al.,
2009).
Returning to bacteria, we should also mention that there is what is believed
to be an even more primitive, extensive and economical sensory-response system
where theses functions are carried out by only one single molecule. Following
the same logic, these systems are know as one-component signalling systems.
Contrary to one-component systems that are mostly used for intracellular sensing, two-component systems are the dominant type for extra-cellular sensing in
prokaryotic cells (Ulrich et al., 2005). The strategic anchoring of sensors across
the inner membrane, with access to both the exterior (the cell wall is permeable)
and the cytosol, provides the right spatial placement for such signalling.
Spatial Localisation of Molecules is Relevant
The spatial localisation of sensors and receivers can play an important role for
the signalling functioning (Hoch, 2000, and references therein). For example,
in chemotaxis sensors form a cluster in order to co-operatively increase signal
sensitivity. A consequence of confining sensors to one pole of E. coli is the rise
of a spatial gradient of the response regulator across the cytosol (Lipkow et al.,
2005). The spatial gradient contains, in a way, a memory of where the signal
originated, that is, where the concentration is higher. If there was no gradient,
then without knowledge of the position of origin of the sensor we could not infer
the origin of the signal. For these gradients to arise the diffusion transport needs
to be relatively slow relative to the production rate of the particles. However,
the transporter molecule can lose the signal before it has reached the receptor
as a result, for instance, of auto-dephosphorylation or cleavaging. In this situation, more particles are needed in order to guarantee the delivery of the signal,
avoiding false negatives (Morishita et al., 2006).
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Table 1.2: Number of potential two-component systems in different
organisms of different kingdoms.

Bacteria

Organism
Escherichia coli
Mycoplasma genitalium
Synechocystis sp
Bacillus subtilis
Haemophilus influenzae
Helicobacter pylori
Thermotoga maritima

Fungi

Kingdom

Saccharomyces cerevisiae
Candida albicans

Animalia

Caenorhabditis elegans

Approx. number of 2CSTN
30
0
80
70
9
11
19
1
2
0

Additionally, the organization of these sensors on the two-dimensional innermembrane can be exploited in order to increase or decrease the signal response
efficiency. On the one hand, Kentner and Sourjik (2006) have shown that a high
degree of clustering of chemotactic sensors have a signal amplification effect
(increasing the sensor sensitivity)i.e. the activation of one sensor facilitates
the activation of adjacent sensors. On the other hand, il Lim and Yin (2005)
proposed that scattering receptors over the membrane, even into small clusters
or rafts, might have a beneficial effect on reducing the signalling time.
Another type of spatial organization, which is usually not incorporated in
the spatial stochastic methods presented earlier, concerns the genome. Genes in
bacteria are organised in what is believed to be functional groups or operons.
Thus, multiple genes are contained in one operon, or transcription of an operon
results in a polycistronic mRNA. This ensures that expression levels in these gene
families are correlated. This is viewed as an economical yet robust mechanism
to guarantee the proper functioning of systems (Iber, 2006).

1.6

Objectives of this Thesis

Interest in how living organisms benefit from the stochastic processes occurring
at the cellular level has been developing rapidly. Because the origins of stochasticity are well understood from a mechanistic point of view. Advances have
come either in the form of computational simulations of complex biochemical
processes or as analytical derivations usually of more elementary processes. Recently spatial effects, such as localisation of reactions on the membrane walls
or on the DNA, together with their associated stochastic effects challenge current computational tools and open new questions about the implications of the
nature random events—stochasticity.
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From the computational perspective we investigate how different simulation
methods cope with some small networks in which stochastic and spatial effects
are treated explicitly. Concretely,
• how an operator-split reaction-diffusion mechanism affects noise levels and
the distribution times of reaction between molecules.
To this end we developed a general simulation method and contrasted the results
against other methods with similar capabilities.
This computational framework provides us with a base to analyse in more
detail the mechanisms involved in two-component signalling transduction pathways in bacteria. In this work we question whether the genome has evolved in a
particular order providing an evolutive advantage to organisms, and in particular
to the environmental sensory systems in bacteria. Because of their relationship, a
generic signalling system is studied alongside with its associated gene expression
system, responsible of the protein synthesis that enables the signalling function.
The objective is to elucidate
• the connection between the spatial localisation of reactions and the stochastic effects in gene expression for an effective signalling.
Fulfilling this objective requires the use and analysis of bioinformatics data on
two-component signalling-related genes, together with analytical work of the
fundamental processes.

1.7

Overview of this Thesis

In this thesis we aim to understand the influences of spatial localisation of reactions under stochastic conditions. In Chapter 2 we introduce a method used
for simulation of reaction-diffusion chemical processes. Our method uses a combination of multi-particle diffusion developed by Chopard et al. (1994). This
approach is taken so as to reduce the number of random events, as it allows
for multiple particles to jump to a neigbouring site. For reactions we use the
Gillespie mechanism, much in line with other RDME methods as described in
section 1.4. This combination implies the method is only approximate, yet, we
shall see that the decline in accuracy is not significant. With the aim to keep the
two processes independent, we study some computational enhancements that reduce the diffusion costs in the regimes where the number of particles per site is
low. The comparison of our method against other available methods is discussed
in Chapter 3. We use the models of biochemical networks available in the literature to compare the quality of the solutions. First, we compare the fluctuations
that arise in gene expression as a result of diffusion-limited response regulators as
done by van Zon et al. (2006). We find that our method performs similarly to an
exact solver of the RDME, and that with a carefully chosen lattice discretisation
the fluctuations levels produced by GFRD can be achieved. Surprisingly, Smoldyn produces significantly lower levels of fluctuations. Second, we contrast the
results of the PTS system against a partial differential model by Francke et al.
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(2002) ; Blom and Peletier (2000), which yields shallow gradients due to the
membrane-localised reactions. The last case is also related to spatial gradients
in the cytosol, but this time in the chemotaxis system and compared to Smoldyn
results provided by Lipkow et al. (2005). The last two chapters are concerned
with two-component signalling systems in a generic form. In chapter 4 we use
simulations to analyse the response time as a a function of time between reactive
events. We explore in detail the consequences that of the spatial organisations
of sensors on the membrane and the ratio between sensors and response regulators have on the response time under restricted conditions in the total number
molecules involved. These analyses required detailed spatial discretisation similar to those provided by Brownian dynamics. We used, however, a random walk
on a lattice methodology and a first-passage approach for the kinetics. The results obtained suggested that for an efficient signalling response, the expression
of both sensors and response regulators needed to be strongly correlated and
in ratios close to 1:1. In Chapter 5 we study the genomic organisation of twocomponent signalling genes in bacterial organisms. We discuss the advantages
of operon organisation, and why in other instances TCS genes are in separate
operons. The analysis considers known types of random effects occurring during
transcription and translation, which seemingly have been overlooked in many
recent studies, but which, with the recent technological developments of in vivo
single molecule visualisation, may contribute to furthering our understanding of
stochastic cellular processes.
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Chapter 2

Gillespie Multiparticle
Method
In this chapter we present a method to simulate large biochemical networks with
stochastic and discrete space capabilities: the Gillespie-Multiparticle method
(GMP) (Rodriguez et al., 2006). Its underlying model is based on the DiffusionReaction Master Equation (RDME) described in section 1.4. It is therefore
discrete in space, time and in number of particles. Our aim is to produce a
method at the mesoscopic scale in order to cope with large biochemical networks. In order to comply with the requirements of a mesoscopic method. This
allows us to use a well-known method for stochastic reactions: Gillepie’s method
(Gillespie, 1977). This discrete-in-space method has the capabilities to capture
features such as spatial patterns, gradients and fluctuations created by the interaction of the diffusion and the reaction processes. The resolution of these
features will depend ultimately on the granularity, or coarseness, of the lattice.
In section 2.2.4 we will discuss how to choose a proper discretisation.

2.1

Background

GMP differentiates from other available methods, discussed in section 1.4, in that
it uses an operator-split mechanism for executing the reaction and the diffusion
processes, and that integrates the advantages of being able to diffuse particles
either one by one or in groups while conserving the normal diffusion properties.
The contents of this chapter are based on the results published in
• Rodriguez, J. V., Kaandorp, J. A., Dobrzyński, M., and Blom, J. G. (2006). Spatial
stochastic modelling of the phosphoenolpyruvate-dependent phosphotransferase (pts)
pathway in escherichia coli. Bioinformatics, 22(15):1895–1901.
• Rodrı́guez, J. V. and Kaandorp, J. A. (2007). Inferring the distribution of inter-reaction
intervals for diffusion-limited reactions on lattices. Intl. J. Mod. Phys. C, 18(4):749–
757.
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Like all methods based on Gillespie’s reaction mechanism, dimensionless particles located in the lattice sites are used; diffusion takes place between adjacent
lattice sites and reaction occurs locally in each lattice site. In this particular
aspect GMP builds on the multiparticle lattice gas automata model developed
by Chopard et al. (1994). GMP employs the same diffusion process for particles
to distribute them randomly among the nearest lattice site neighbours at certain
defined time intervals. Contrast this diffusing mechanism to the individual particle diffusion with exponentially distributed times as in MesoRD by Elf et al.
(2003) and by Stundzia and Lumsden (1996).
For reactions, however, instead of Chopard’s combinatoric method we use
the stochastic simulation algorithm (SSA) of Gillespie (1977).
The GMP method aims at reducing the computational cost of non-split models caused by the extra calculations of individual diffusion events, which is relevant when the system has a mixture of high and low density of particles.

2.2

Description of GMP

Following the typical space discretisations by the RDME-based (Baras and Mansour, 1996 ; Gardiner, 1983) and the Cellular Automata methods (Weimar, 2001
; Chopard et al., 1994), we discretize the volume of the cell into a cubical lattice with L3 sites. Each lattice site, of dimension λ, holds a discrete number of
uniformly distributed particles. Note that these particles do not have a physical
dimension associated because Gillespie’s algorithm does not use them explicitly.
Fig. 2.1 shows a 2D illustration of a section of a spherical cell. The cytosolic
space occupies all the light grey sites, while the darker sites represent the membrane surface that hold the membrane-bound particles (note that this is not the
intermembrane space.) As a result of the spatial discretisation, the overall inhomogeneity of the system is limited by the coarseness of the lattice, since within
the site no exact spatial information is provided nor required. To simulate the
membrane as a impermeable wall we use reflective boundary conditions.

2.2.1

The Operator-Split Reaction-Diffusion

An operator-split Reaction-Diffusion (RD) scheme alternates the execution of
each process at predetermined intervals of time (see Algorithm 1). It is therefore an approximation to a Reaction-Diffusion Master Equation solver where,
in contrast, these two processes are intertwined. Therefore we are bound to
make some error. We will discuss ways to control this error and under what
circumstances the method is best used.
In this section we describe the basic algorithm. Let’s have a set of different
chemical reactants S, where each species can have a different diffusion coefficient
DS . From random walk theory (Chopard and Droz, 1991), we know that the
average time required to displace a distance λ is
hτDS i =
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Figure 2.1: 2D slice representation of the spherical cell geometry, including the
membrane sites in dark gray and a possible distribution of particles. The length
of a site is λ and the neighborhood of a cytosolic site consists of four sites.
Reflective boundary conditions are used for sites on the edge of the domain.

A
B

hτR i

τDA
τDB

Figure 2.2: Illustration of the operator-split mechanism for reaction- diffusion.

with d the dimensionality of the system.
A diffusion step consists in moving randomly the pS particle of species S to
the neighboring sites, which represents a displacement of λ. Therefore, after one
diffusion step over all lattice sites, the simulation time is incremented by hτDS i.
We see from this single step that the diffusion process will be executed at times
tS = nS τDS , where nS is the iteration number, and the diffusion step.
When having different diffusion coefficients for different species, the next
diffusion time is the minimum tS that is larger than the current simulation time
tsim . Note that more than one species (even with different DS ) can occasionally
have equal tS . In this case all these species execute a diffusion step. The current
simulation time tsim is updated to tS , and nS is incremented by one for the
diffused species.
We illustrate this process in Fig. 2.2 by having two chemical species A and
B. For instance DA = 1 and DB = 2/3, and the reaction process a rate of
k = 1.5. We observe that the first diffusion event will correspond to A, shortly
followed by B, and again A, and then A and B simultaneously. This algorithm
is summarized in Alg. 1.
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Algorithm 1 Operator-split, Reaction-Diffusion algorithm.
0- Initialize tS = min{τDS } for all species S
1- tsim = 0, nS = 1 for all S
2- while tsim < tend do
3while tsim < tS do
4Reaction µ in τR on every lattice site
5Advance simulation time tsim = tsim + τR
6Diffuse species for which tS = tsim
7Increment iteration nS for the diffused species
8tS = min{τDS · nS } for all S

Next, we give further details on the internal mechanism of the diffusion and
reaction processes.

2.2.2

The Diffusion Process

We already know that the diffusion process is executed locally at every site. A
diffusion step consists in randomly distributing all the particles with equal probability among the six nearest neighbors (Fig. 2.1 shows a 2D neighborhood in
black arrows). Chopard et al. (1994) showed that this diffusion rule reproduces
the macroscopic diffusion equation in the limit of λ → 0, where λ is the lattice
site’s side length. He also give a method to diffuse particles in bulk, assuming enough particles are present (threshold = 90). This is possible since the
stochastic process of moving l particles out of N into two different neighbors is a
binomial process. Which in turn, for large N and the theorem of large numbers,
the binomial distribution converges to a Gaussian distribution.
The multi-particle method needs to create 6 groups of particles. So first, we
create three groups by drawing a normal random number N (µ, σ) such as: the
first group contains statistically one third of the total number of particle (l) in the
site. Thus, X1 ∼ N (l/3, l(1/3)(1−1/3)). The second group contains statistically
half of the remaining particles (X2 ∼ N ((l −X1 )/2, (l −X1 )(1/2)(1/2))), and the
third group X3 contains the remaining from group 2, and no random number is
necessary. Now, we only need to split each group following the same procedure
to obtain the six groups.
One issue with this type of diffusion is that sharp (or non-smooth) spatial
inhomogeneities lead to a check-board effect in diffusion. To illustrate this lets
imagine that initially 100 particles are located in one lattice site. After one
diffusion step this site will become void of particles (white box contains no
particles), while the neighboring ones will contain all the particles (black boxes
contain particles). In the next diffusion step the same effect will happen to the
neighboring sites that received the particles. Thus, the black ones become white,
and the white become black. To overcome this undesired situation, Chopard
et al. (1994) uses rest particles, this is, at every diffusion step only a fraction pr
of the particles are diffused. Consequently the average time for a diffusion step
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is now
hτS i · (1 − pr ).

(2.2)

To obtain the actual number of resting particles we use the same statistical
procedure as before, where Xpr ∼ N (lpr , (lpr )pr (1 − pr )).

2.2.3

The Reaction Process

For the reaction process we use the commonly used Gillespie’s method or SSA (Gillespie, 1977), which solves exactly the Chemical Master Equation for well-stirred
systems. We note that the use of the more recent improvements (Gibson and
Bruck, 2000) of this method do not change the functioning of GMP. There are
two important implication by using this method: (i) that the system is reaction
limited at the scale of the lattice site, and (ii) that we cannot have more spatial
resolution than the lattice site size.
Gillespie’s method advances the state of the system by executing chemical
reactions sequentially, one reaction at a time. Given a system at time t, the
next reaction occurs at time τR . The multivariate distribution P (τR , µ) dτ is the
probability that, given the state XS at time t, the next reaction µ will occur in
the infinitesimal time interval (t + τ, t + τ + dτ ). Thus, the time of next reaction
τR that is of type µ is given by:

aµ exp(−a0 τR ) , 0 ≤ τR < ∞,
µ = 1,. . ., M
P (τR , µ) =
(2.3)

0
, otherwise,
where aµ is called propensity function, with M the total number of reaction
channels in the system, and a0 is
a0 =

M
X

aµ .

µ=1

The propensity function quantifies the probability of every reaction channel to
occur, when all the reaction in the systems are considered. Hence the normalization factor a0 in Eqn. 2.3. For a reaction channel µ, that is a bimolecular
reaction, this is given by
aµ = kµ nA nB /(V NA ),

(2.4)

A

where kµ is the reaction rate, n is the number of particles in the site for species
A, V is the site volume, and NA Avogadro’s number. A monomolecular reaction,
in contrast to a bimolecular, does not depend on the volume of the system. The
propensity function for such reaction is then
aµ = kµ nA .
The next reaction time τR and the reaction channel µ are obtained for a given
species S as follows:
τR = 1/a0 ln(1/r1 )

and

µ−1
X
i=0

ai ≤ a0 r2 <

M
X

ai ,

(2.5)

i=µ
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where, r1 and r2 are uniformly distributed random numbers from the interval
[0, 1]. Then reaction µ is effectuated and the simulation time tsim is increased
with τR .
Because of the operator-splitting mechanism, the reaction process executes
reactions
only for the duration of the current diffusion interval, this is while
P
τR < τDS .

2.2.4

Choosing a Lattice Discretisation Size

A critical aspect for the correct functioning of the GMP, and therefore of the
family of lattice discretized methods, is the use of a proper lattice size discretization. By adjusting the lattice size, λ, GMP’s spatial resolution capabilities range
from those offered by spatially resolved particle methods to well-stirred methods. However there is a limitation for the minimum lattice size λ. Despite
the convergence of the diffusion process as shown by Chopard et al. (1994),
the reaction-diffusion process does not converge for λ → 0. In that limit no
reactions can occur as the probability of finding two particles in a site is zero.
Approaching this limit also implies that the maximum possible reaction rate
decreases. Thus, for a pair of reacting particles and a diffusion limited process,
there is a minimal lattice size λo = 2σ, where σ is the diameter of a particle.
Note, however, that under this condition GMP would act almost as Brownian
Dynamics with reaction. For complex biochemical systems, in general we do not
find purely diffusion limited reactions, which allows us to take larger subvolumes
that are considered to be well-stirred.
A reasonable size of the well-stirred subvolume is given by λrmfp , the reaction
mean free path. The reaction mean free path (RMFP) is defined as λrmf p =
(hτR iDAB )1/2 , where hτR i is the mean reaction time given by 1/aµ , and DAB =
DA +DB is the mutual diffusion coefficient Thus, the λrmfp is the average distance
traveled between two reacting collisions. The validity of the Reaction Diffusion
Master Equation is further discussed in Baras and Mansour (1996)).

2.3

Enhancements for Low Numbers of Particles

The multiparticle diffusion method by Chopard et al. (1994) is efficient only for
a large number of particles. For two-dimensional systems he uses this method
when a site contains more than 40 particles. Based on a comparison of the error
between the real binomial distribution and the Gaussian for three dimensional
simulations, we set the threshold to 90 (data not shown). Raising the threshold
to apply the multiparticle diffusion scheme carries a considerable computational
cost penalty, for the one by one particle diffusion is now more likely to occur.
One way to enhance the performance, when the number of molecules is below
the threshold, is to apply the multiparticle idea described in section 2.2.2 but
this time using the exact distribution, namely the Binomial. This Binomial
distribution is the true underlying random process of distributing p particles
into n sites with probability 1/2d, where d is the dimensionality of the system
(in our case 3). With this process we are not recovering the exact Reaction
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Diffusion Master Equation for diffusion but keeping the approximate operatorsplit method presented earlier in this chapter.
Unfortunately, the computational cost of drawing random numbers from a
Binomial distribution (Press et al., 2007), despite constant, it is rather high (≈ 23
s) and 2.5 times higher than drawing from a Gaussian random number generator
(although this time it is not the right distribution) as can be observed in Fig. 2.3
as dash-dot line. Having a closer look at the problem we note that we only need
to draw random numbers for a small and finite set of parameters. This small set
of parameters are: the number of particles, and the probability of success of the
event. The Binomial distribution has two parameters: the number of elements,
and the probability of success of choosing an element, which correspond precisely
to those we need. The elements to diffuse are the l particles candidate to be
shifted to a neighboring site. The probability of success is one over the number
of groups, because we follow the same splitting mechanism as before. Because of
the reduced parameter space it is easy to generate precomputed tables of values.
For our case, these tables would contain distributions up to 90−1 particles, and
the probability to chose each is either 1/2 or 1/3 (in order to obtain six groups
we first split them probabilistically in half and then each half in three parts).
Note that the diffusion coefficient plays no role in these tables as this is taken
care of by the timing mechanism described in the Algorithm 1.
Inspecting the inverse of the cumulative distribution function (cdf ) of a binomial distribution we note that the edges are very steep, while the central area
is rather flat. Therefore a pure discretisation of the [0, 1) interval would contain
large errors near the edges. We find that the central flat area is approximately
comprised in the interval [1/1024, 1 − 1/1024).
In searching for the pre-tabulated values, we distinguish two situations: the
central region of the distribution and the tails. For the central region it is possible
to search by simply scaling the uniform random number (URN), and the cost
of this process is O(1). On the other hand, the tails need a different searching
approach. Auxiliary tables are precomputed to find the value of x ∈ [0, 1/1024)
for the lower tail, that corresponds to a certain y number of particles. A binary
search, which has an average cost of O(log n), of these lower and upper tails
will suffice. Because the tails have a low probability of being searched (2/1024),
the binary search cost constitutes a very small fraction to the global average
searching cost. We see in Fig. 2.3, as a dash-double-dot line, that this method of
pre-tabulated tables has a small computational cost, and that it remains basically
constant throughout the range of values 10 to 90. If only the binary search
was used along the whole precomputed table, then the search time increases
logarithmically as shown with the dashed line in Fig. 2.3. Finally, for the sake
of completeness, we also show the preformance of the most elementary method
of diffusing particle one-by-one, as a solid line. Note that its cost is linear to the
number of particles, and that for less than 10 particles it is the most efficient
one.
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Figure 2.3: Performance comparison of three dimensional diffusion on a lattice
for a low number of particles. The most simple strategy, one-by-one, is the most
efficient for less than 10 particles. for a larger number the best is a combination
of table and binary search which keeps the global search time low and nearly constant at ≈ 2.5 s, nearly 10 times smaller than using an exact Binomial random
number generator as in Press et al. (2007).

2.3.1

Qualitative Computational Cost Comparison

It is difficult to compare quantitatively the performance of methods with a nonhomogeneous set of features, such as GMP, against MesoRD, GFRD or Smoldyn.
Instead, we find it more instructive to offer a qualitative comparison of the
computational cost for the discrete methods that are similar, in terms of features,
to GMP. The main factor to account for is how diffusion-limited is the system,
if that can be quantified.
GFRD and Smoldyn are both based on the Brownian Dynamics method for
diffusion. In contrast to our GMP method, the diffusion process is not executed
on a lattice. As in other spatial methods, we can almost find that the diffusion
of individual molecules is precisely the most computing-demanding process of
the Reaction-Diffusion process. Between these two methods there is an essential
difference: the first is event-driven, while the second uses a fix time-step. Because
of the few non-reactive collisions (or events), the event-driven methods waste less
time in checking for non-reactive events, resulting in better performance. This
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advantage is more accentuated as long as the number of molecules is low.
Choosing the right ∆t in the latter is not a completely arbitrary procedure
since one has to assure that the probability of events per time step is small.
In GFRD the maximum simulation time-step during an iteration depends on
the distance of the molecules to the target. If the total number of molecules
decreases, the inter-particle distances increase, thus allowing for a larger timestep possible.
For the lattice-based methods, GMP and MesoRD, a more direct comparison
can be established. In contrast to the previous grid-free methods, the choice of
the discretisation size is the limiting factor, because it is coupled to the diffusion.
These two methods also present a similar behaviour to the previous lattice-free
methods. In the line of GFRD as a event-drien methods, MesoRD method
computes only for the next event (as from the system’s current state). Then
the local state of the site where the event is fired is updated (the essence of the
next subvolume method as described in Elf et al. (2003) ; Hattne et al. (2005)),
while GMP scans the whole lattice performing all the individuals local updates
to the site. Nevertheless MesoRD is not the same as an event-driven method
since the evolution of the system is carried out step by step. The main difference
is that diffusion events of single particles are treated as reactions, and these are
exponentially distributed events just like normal reactions. GMP simplifies this
step by using the bulk diffusion described in section 2.2.2.
Another important aspect is that MesoRD only computes the propensity
function (aµ ) of the site where the next event occurs, avoiding unnecessary
recalculations. However, the cost of maintaining the data structure and inserting
sorted events has some penalty. On the other side, for moderate to dense systems
(at least in some parts of the system), we find that both perform similarly or
GMP is faster due to the advantage of the diffusion process. Notice that just
scanning of the lattice and decide that nothing needs to be done results in
a considerable time penalty. Such effect was relevant for systems where the
reaction only occurred in one and fix site as in the cases studied in section 3.1.
We should mention that both methods would also benefit from the performance
gain offered by the Gibson-Bruck method or even τ -leap methods for reaction.
The complex dynamics of a Reaction-Diffusion system can vary and given
a state that favours one method at one point in time, might evolve to another
state that favours the other. Nevertheless, we have seen comparable execution
times between MesoRD and GMP for the CheYdiffusion case in section 3.3.
Using similar arguments one can explain differences in the cost of performing
diffusion in MesoRD and GMP (the first follows an event-driven scheme, the
latter uses a fixed ∆t). Obviously the number of molecules of a given species
in the sub-volume has to be used instead of the inter-particle distance. Then
the average time between diffusive jumps, Equation 2.1 , in MesoRD is inversely
proportional to that quantity (see the caption of Table 3.9). Additionally, thanks
to the next sub-volume method, MesoRD finds sub-volumes where the next event
occurs instead of looping over the whole volume. On the other hand GMP favours
higher densities because, contrary to all other methods, particles can be diffused
in bulk rather than one by one. The computational cost of the two RDME-level
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methods differs also in scaling with the number of reaction channels NR. The
usage of the SSA scheme in GMP results in linear scaling with N R; MesoRD
achieves approximately log N R scaling. Note that a diffusion event in the latter
method is treated similarly as a reaction, and is also entered into an event queue.

2.4

Detailed Analysis of the GMP Reaction Mechanism

Throughout this thesis we aim at simulating diffusion-limited reactions. Till
now we have seen that we can tackle the complexity of this process by means of
explicit spatial simulations using, for instance, the GMP method. Applications
of this method are presented in Chapter 3. Nonetheless a problem highlighted
at the beginning still remains. The problem is that the reaction method used on
each lattice site is suited only for reactions which are reaction-limited. Because
of the rather restrictive constraint of the local well-mixed condition, we are either
coerced to use very small lattice sites—and shifting the simulation towards the
micro-scale— or some local error. This type of error is present in the class of
methods that uses a lattice discretization with Gillespie’s type of method for
reactions. Afterall, diffusion-limited reactions are all about space, and therefore
the positions of the molecules in space is relevant. It is instructive to show what
type of error are introduced in the small timescale, which is that smaller than
the diffusion time τD as shown in Eqn. 2.1.

2.4.1

The Reversible Diffusion-Limited Reaction of a Pair of
Molecules

One the most relevant, simple and ubiquitous reaction in biochemistry for diffusionlimited reaction is the reversible reaction such as
A + B  C.

(2.6)

A pair of molecules that underwent reaction (A and B producing C) unbind and
therefore they have the potential to react again. Because they unbind next to
each other their probability of rebind or recombine is high. The unbinding of C
produces A and B. In physical terms both molecules are not exactly at contact.
Smaller molecules, such as water among others, may lie between them. The
separation of molecules can also be due to repellent molecular electrical charges.
Thus, a model considers putting the unbound particles at a very small distance
from each other (less than the diameter of the particle.) In open systems—
which is not the case for cell biology—the distribution of the next reaction time
follows a power-law decay for t → ∞ (see the t−3/2 line in Fig. 2.4.) But here
we deal always with closed systems, and therefore the boundaries play a major
role. For closed systems we do not speak of a power-law tail, as the one that
has the Smirnov’s distribution in Eqn. 2.4, but rather of a power-law head and
an exponential tail. These features are captured by Eqn. 2.7 and depicted in
30

2.4. DETAILED ANALYSIS OF THE GMP REACTION MECHANISM

0.1

t

Initial separation
1
4
16
50
90
100

-3/2

0.01

Probability

0.001
2

0.0001

2

1/L exp(-1/L )

1e-05
1e-06
1e-07
1e-08

1

10

100

1000
10000
Number of steps

1e+05

1e+06

Figure 2.4: Probability distribution of first passage time in 1D for one random
walker starting at a fixed initial separation x0 from the target at L = 0 with
reflective boundary condition at L = 100.
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Strictly speaking the fully detailed pdf as shown in Fig. 2.4 has three regions.
Before the power-law regime there is an ascension regime due to the fixed initial
separation of the two particles. Because this ascension time is very steep, we
might refer to this as a cut- off time, since the probability of an event happening
before the mode of the distribution is very small.
To further study of the distribution of rebinding times in a more realistic
scenario for biochemical reactions and shed light into the error in the small
timescale, we use the reversible reaction model shown in Eqn. 2.6. The system
is initialized with a single molecule of A and one of B in a cubic volume of
1 µm3 —typical for a bacterial cell. The spatial reversible reaction model is,
for example, applicable to gene activation or inhibition, as a part of the gene
expression in prokaryotes (van Zon and ten Wolde, 2005 ; Rodriguez et al.,
2006 ; Dobrzynski et al., 2007). We require A to be fixed at the center of the
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Table 2.1: Statistics of the inter-reaction times distribution extracted from the duration of the dissociated state for
GMP using a lattice size L and GFRD.

mean (s)
variance

30
0.200
2.904

L
30 (p=.75)
0.200
2.903

50
0.200
5.553

80
0.203
8.224

GFRD
0.196
5.894

domain and B can diffuse with a diffusion coefficient of 1 µm2 s−1 . To validate
the results, we use the method presented by van Zon and ten Wolde (2005): the
Green’s Function Reaction Dynamics (GFRD), which is a method specialized in
this type of reaction. GFRD is a method which is continuous in space and time
at a single particle level such as Brownian Dynamics, and incorporates reactions
for pairs of particles drawing from the Smoluchowski theory (Rice, 1985).
With GMP simulations both particles are initially placed in the same lattice
site. The forward reaction rate used by the local Gillespie method is κf =
3 103 µM−1 s−1 and the backward is κb = 5 s−1 . This configuration results in an
average association and disassociation reaction every 5 s−1 .

2.4.2

Effects of the Operator-split on the Distribution

In Fig. 2.5 we show the probability density functions of the inter-reaction times
(time the particles A and B are in dissociated state.) Each simulation contains
more than 2 × 106 data points, of which more than 98.7% lie in the powerlaw region t < τS . Because of the presence of gaps in the distributions, these
distributions cannot be directly compared to each other. A more convenient
way to compare them is by looking at the mean and variance of the results
extracted from the data points (see Table 2.1 for a summary.) As expected,
the average inter-reaction time interval is maintained across simulations at 0.2 s,
corresponding to the forward rate κf (Dobrzynski et al., 2007). The variance,
instead, differs and only the case L = 50 remains in good agreement with the
reference result of GFRD, an extended analysis of this observation is provided
in Dobrzynski et al. (2007)
In order to gain insight into the details of the distribution of rebinding events,
which span over seven orders of magnitude, we use logarithmic histograms in a
log-log scale. The plot of the distribution of the inter-reaction time intervals in
Fig. 2.5 shows the influence of the lattice size on the variance. Increasing the
lattice size reduces the maximum values of the inter-reaction time interval, for
example the case L = 30, and increases the maximum values of this interval for
the case L = 80.
In the GFRD reference result shown in Fig. 2.5, we distinguish two regions
b a power-law and an exponential. Note
of the inter-reaction time distribution Γ:
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Figure 2.5: Comparison of Γ
split-operator method GMP with lattices L = 30, 50 and 80, and the exact solution from GFRD. The inset shows a smoother distribution due to a significant
reduction for the gaps when using rest- particle probability p = 0.75.

there is a pronounced transition point between these two regions. This point is
system-size dependent, but lattice-size independent, and its value is τS ≈ 0.068 s,
corresponding to the average time required for a particle starting from the center
of the cube to reach the boundary.
By splitting the diffusion from the reaction process in predetermined intervals, according to section 2.2.1, the method introduces some artifacts in the
distribution of the inter-reaction intervals. We note in the power-law regime in
Fig. 2.5 that the power-law region differs significantly from that of GFRD. In
this distribution we can distinguish three regions.
b is exponential because of the Gillespie
First, for times in the range of t < τD , Γ
reaction method.
Second, a region with a power-law behaviour in the range τD < t < τS . In this
region the time for the next reaction events is dominated by the diffusion process
across lattice sites, since B has left the site of A and the next reaction interval
b has some discontinuities (or gaps) in the lower
is larger than τD . Additionally, Γ
range of this region, showing up in Fig. 2.5 as large deviations from the expected
mean. These fixed width gaps become less relevant in the upper range of the
region, where the power-law function in Fig. 2.5 is smooth. These gaps originate
from the diffusion process, because the particle can only return to the reactive
site after an even number of steps. Reaction times (2n)τD < t < (2n + 1) τD are
impossible and produce gaps in the distribution. We recall from section 2.2.2
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that these gaps are common among Lattice Gas Automata-based simulators and
they are significant when there are sharp inhomogeneities between adjacent sites.
It is possible to reduce the size of these gaps by using rest particles, which means
increasing pr in Eq. (2.2). Simultaneously we allow the particle to stay at the
origin site at odd time-steps, and reduce the diffusion time-step. We can get a
higher accuracy at the expense of a larger computational time, proportional to
1/(1 − pr ) due to the smaller diffusion time-step. In the inset of Fig. 2.5 we see
that by using a rest-particle probability of pr = 0.75 the power-law distribution
appears continuous, yet with smaller gaps than for the distribution with pr = 0.
b corresponds to the exponential tail for times > τS . This
The third region of Γ
region is equivalent to a reaction-limited situation. In this region, the particle
has lost the memory of where it originated, hence the exponential distribution.

2.5

Discussion

We have developed the GMP (Gillespie-Multi-Particle) reaction-diffusion method
along the lines of other spatial stochastic kinetic model solvers such as Stundzia
and Lumsden (1996) ; Ander et al. (2004) ; Bormann (2001) ; Hattne et al.
(2005) ; Bormann (2001). GMP’s distinguishing feature is the separation of the
reaction and diffusion processes at the scale of a lattice site. The consequent
locality of the operations results in a fast algorithm. Since no spatial information
of particles at the lattice site scale is used, GMP is suited for parallel computing.
Such computational power will be required when simulation studies of wholecell processes become necessary as experimental biology advances. GMP can
cope with both reaction-limited and diffusion-limited problems, as well as with
confined distributions of chemicals in biological systems. For complex biochemical networks a trade–off in choosing the lattice size is necessary, since different
reaction rates and diffusion coefficients result in different optimal lattice sizes.
Consequently, some accuracy is lost in order to gain computational speed when
compared to hard-sphere particle models. Nevertheless, the results can be used
to guide experimentalists since such loss can be controlled and minimized.
The GMP method takes into account the principal sources of fluctuations,
but the class of lattice-discrete methods, to which GMP belongs, smoothes out
some noise if the lattice size is too large, because of the use of Gillespie as a
reaction method. Note, however, that λrmfp is a safe lattice size, which is valid
for small concentrations. For larger concentrations λrmfp decreases and in that
case the slope of the gradients and the error we allow determine the optimal
lattice size. For more complex biochemical systems there is no single optimal
lattice size.
We showed the applicability of GMP as an approximate solver for diffusionlimited reactions. We measured the validity in terms of the distribution of a pair
of reacting particles as described in section 2.4.1. The coarseness of the lattice
has a direct impact on the variance of the reaction process simulated, as seen
in Table 2.1. These results show that the proper lattice size lies in the order of
the diameter of two particles. The regime used in section 2.4.2 lies in the lower
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limits of its applicability, because we are using a lattice site size which is close
to what would be the real size of an individual particle (or molecule). The Γ
distribution obtained (see Fig. 2.5) shows the effects of using the operator-split
and the Gillespie method. Both effects are only noticeable in the lower time
scale (<< τS ). It is possible to reduce the effects of the operator-split by using a
rest particle probability larger than 0. However, to remove the exponential head
of Γ another reaction method should be used instead of Gillespie.

2.6

Conclusions

In this chapter we have introduced and described some basic properties of the
operator-split, lattice-based diffusion-reaction method: Gillespie-Multiparticle
Method (GMP), highlighting the side effects at the interaction between two
particles in a closed system. Our principal motivation has been to test how
computationally simpler and approximate solvers to the RDME perform, and
to be able to infer the quality of the final results from elementary bimolecular
reactions. The small differences in the resulting probability distribution of a
reaction times suggest that the impact in a complex simulation might be small,
since the time scale of the events is too fast for biochemical reactions. This
method is aimed at addressing complex biochemical networks in which a certain
small degree of inaccuracy is tolerable in the diffusion-reaction scheme, unlike
other more physical oriented chemical systems that can be described with a more
accurate method.
In the following chapter we apply the GMP method to a number of biochemical systems found in bacteria. We pay special emphasis in the spatial and
stochastic nature of those systems. These allow us to gain insight into the reliability of GMP as well as to the benefits (or limitations) of lattice-based methods,
which usually do not address the specific issue of lattice size.
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Chapter 3

Noise and Spatial
Comparisons
In the previous chapter we have introduced the GMP method to simulate chemical reactions discretely, stochastically and spatially. We saw in the ubiquitous
reversible reaction that the discretisation of space and the use of the operator
split method affects the quality of the results in the short time scale. Other
comparable methods, such as those described in section 1.4, model the reaction
and diffusion processes in a similar manner and thus we expect them to display
similar properties. Nonetheless, since the modelling for reaction and diffusion
differs slightly among methods, it is important to understand the effects of each
particular model onto these two fundamental aspects of biological reactions.
In this chapter we compare the results of several methods applied to more
biological significant systems in order to elucidate the effects introduced by the
different classes of methods. First we extend the analysis of the reversible reaction and place it in the context of gene expression regulation. Gene expression
has been studied in numerous ways due to its central role in biology and stochastic effects. Second, we study the localisation of reactions on the surface of the
inner-membrane for two networks: the PTS uptake pathway and the chemotaxis
signalling network.

The contents of this chapter are based on the results published in
• Rodriguez, J. V., Kaandorp, J. A., Dobrzynski, M., and Blom, J. G. (2006). Spatial
stochastic modelling of the phosphoenolpyruvate-dependent phosphotransferase (pts)
pathway in escherichia coli. Bioinformatics, 22(15):1895–1901.
• Dobrzynski, M., Rodriguez, J., Kaandorp, J., and Blom, J. (2007). Computational
methods for diffusion-influenced biochemical reactions. Bioinformatics
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Figure 3.1: Simple model of prokaryotic gene expression. A transcription factor
is usually bound to the promoter site of a gene. An RNA polymerase can initiate
transcription of the gene when the promoter is unoccupied. Then a single strand
of mRNA is translated by multiple ribosomes producing multiple proteins before
mRNA degrades. Proteins also degrade.

3.1

Noise in Gene Expression

Gene expression is the mechanism by which new proteins are synthesized from
the DNA. A widely used model for gene expression in prokaryotes is illustrated
in Fig. 3.1. The synthesis of proteins is a multistep process: first is the gene
transcription of genes into mRNA strands. The second is the translation of
mRNA into a polypeptide chain that then folds into a minimum energy and stable configuration: the protein. The later translation step has been found to be
the one with largest contribution to intrinsic noise, leading to population variation from isogenic populations (Ozbudak et al., 2002). In this line, Krishna et al.
(2005) suggested that a more selective selection of subpopulations is caused by
the intrisinc stochasticity, due to only small number of molecules, together with
cooperative switches. Becskei et al. (2005) argues that the cell-to-cell variation
is mainly due to the rare events of gene transcription rather than the low copy
number of molecules.
It has also been observed that gene expression, under certain circumstances,
is a bursty process (Ozbudak et al., 2002 ; Yu et al., 2006). If transcription
initiation is rare, the synthesis of mRNA results in its translation by multiple
ribosomes producing a burst of new proteins. When the transcription initiation
occurs approximately one or two times per cell cycle, the number of proteins
can differ significantly between cells, giving rise to a potential separation of
populations.
It is common for prokaryote cells to negatively regulate gene expression, this
is, a repressor is usually bound to the promoter site preventing the RNA polymerase molecule to initiate transcription (Hartl and Jones, 2005, chp. 11). Gene
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transcription has been extensively studied for diffusion-limited effects with low
copy number of transcription factors (< 50nM) (van Zon et al., 2006). Because of
fast rebinding of the regulator (a transcription regulator or transcription factor)
compared to that of RNA polymerase, the dissociation rate decreases inducing
higher values of noise for transcription. Diffusion-limitation of the regulator
gives rise to non-exponential distribution of activation, which produces higher
levels of noise (van Zon et al., 2006 ; Dobrzynski et al., 2007).

3.1.1

The Model

The generic model for gene expression, as analysed in van Zon and ten Rein
(2005), enables us to study noise caused by the combined effects of a low number
of molecules and diffusion-limited reactions. Van Zon and ten Rein provide
detailed continuous-in-space simulations of this system which we use to validate
our GMP method. Additionally we use these accurate results to check our
reasoning for choosing a proper lattice size.
The system we look at is a closed volume V of 43 π µm3 with a DNA promoter binding site fixed in the centre and surrounded by freely diffusing RNA
polymerase molecules (RNAp). Once the DNA-RNAp complex is formed with
association rate ka , it can either dissociate back to separate DNA and polymerase (with rate kd ) or produce a protein P with a production rate kprod with
subsequent complex dissociation. A protein can further decay at the rate kdec .
Obviously the single protein production step in this model encompasses both
transcription and translation which in fact consist of many biochemical reactions. Protein degradation is also simplified and treated as a first-order decay
reaction. The chemical reaction model and its parameters are shown in Table 3.1
and the initial conditions in Table 3.2.

Table 3.1: Reaction scheme and parameters associated with the gene expression
model
Reaction
k

DNA + RNAp

a
→

DNA + RNAp

d
←

DNA·RNAp
P

k

kprod

→

kdec

→

Rate
DNA·RNAp

3 · 109 M−1 s−1

DNA·RNAp

21.5 s−1

P +DNA+RNAp

89.5 s−1

∅

0.04 s−1

When choosing our lattice size we use the reasoning developed in section 2.2.4.
In van Zon et al. (2006) particles have a diameter of 5 nm (approximating the
spherical size of an average real complex-shaped molecule). We therefore obtain
for the minimum λ a value of λo = 10 nm with L = 100. The λrmf p corresponds
with L ≈ 18.
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Table 3.2: Intial concentrantions and number of molecules for the gene expression model
Concentration
DNA
RNAp
P

3.1.2

30 nM

Molecules
1
18
0

Dif. coef.
0
1 µm2 s−1
∞

Comparison of Noise

The parameters we use in the simulations are such that the protein synthesis
process is limited by the diffusion of RNA polymerase molecules and that new
proteins appear in bursts. We anticipate that stochastic effects will be significant
under such circumstances. This idea is supported in Fig. 3.2, where the protein
level behaviour in time is shown, as well as the distribution. While the averages
remain the same, fluctuations levels for methods that explicitly account for space
(i.e. GFRD and Smoldyn) are higher than those present in the widely used
Gillespie’s (or SSA) while the averages are the same (see standard deviation
values in Table 3.3). The reader will also notice that GFRD yields significantly
larger fluctuations than Smoldyn—in principle a method at the same level of
detail. The reason for the differences between the two Brownian Dynamics (BD)
methods are discussed later. For now it is sufficient to say that GFRD produces
more trustworthy results since it is an exact method to solve diffusion-limited
reversible reactions with only one reactive target.
Table 3.3: Mean and standard deviation of the number of proteins in steady
state for the three reference methods.

µ
σ

GFRD
1081
147

Smoldyn
986
61

SSA
999
28

The comparison of the RDME-class methods, MesoRD and Gillespie Multiparticle, reveals the behaviour for an increasing number of space divisions nsv
(the number of sub-volumes per unit length). We know that for nsv = 1, the wellmixed case, RDME methods are equivalent to the CME which does not include
space. In Fig. 3.3 we observe that, as the spatial detail increases, the predicted
fluctuations reach the value obtained with the GFRD method, while the average
number of proteins is the approximately the same (1032 ± 64), within statistical
error, for all lattice sizes (see specific values for each method in Table 3.3.)
The fact that MesoRD and GMP are able to reproduce not only the average but also the correct variance of the solution, as compared to the reference
result obtained from GFRD, shows their capability to give good results in the
regime where spatial effects are important (the diffusion-limited regime with
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Figure 3.2: Comparison of fluctuations in the number of proteins in steady
state for the methods from literature (left panel shows the dynamics, and the
right panel its distribution.) GFRD is the reference solution, since it models the
diffusion-limited effects in an exact manner. On the other hand, SSA produces
the smallest fluctuations because it is based on a well-mixed model. Smoldyn
produces, unexpectedly, results in between, in spite of being a Brownian Dynamics
method close to GFRD.

small numbers of molecules).
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Figure 3.3: Comparison of the noise levels for the different methods used to
simulate gene expression. SSA is the standard Gillespie method result. Smoldyn
and GFRD are two lattice-free methods. The bars indicate the standard error of
the mean. RMFP is the reaction mean free path as defined in section 2.2.4. And
the σ is the radius of the particle.

3.1.3

Reversible Pair

In order to explain the differences in noise level predicted by various methods
(Fig. 3.3) we look at a simple example of an isolated pair of molecules undergoing
a reversible reaction, the same type of reaction as the first step in the gene
expression model. This will allow us to examine the distribution of times between
successive reactive events.
The target molecule is fixed in the center of the spherical domain, the second
molecule diffuses freely, as in normal diffusion, with diffusion coefficient D. The
molecules can undergo a reversible reaction with association and dissociation
rates, κa and κd , respectively. We look at the time between consecutive bindings
of the molecules. Simulations with GFRD, Smoldyn, GMP and SSA reveal
that the distribution of inter-binding times is different for methods with and
without space, and also that methods with spatial detail treat the diffusionlimited reactions differently.
It is known that for a particle diffusing in an infinite three-dimensional space
the probability that it reaches a specific target at a specified time (the first42
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passage probability) has a power-law distribution (Redner, 2001). This is depicted in the log-log plot in Fig. 3.4. All spatial methods reproduce the power-law
behavior (straight line) for times shorter than the average time needed for a single molecule to reach the boundary; a classical result for diffusion in an infinite
3D space (Weiss, 1994 ; Redner, 2001). On such a short time scale the molecule
is not influenced by the finite boundary because it simply did not have time to
travel the distance to reach it. On the other hand, diffusion in a closed finite
volume results in an exponential decay of the first-passage probability for long
times. Exponential behavior is characteristic to mean-field approaches like the
chemical master equation, where the time of a next reaction is independent of
the molecules’ position (the well-mixed assumption). Note that, the exponential part of the result obtained with GFRD can be reproduced by changing the
forward reaction rate in SSA from the intrinsic rate κa to the overall on rate
coefficient kON (Agmon and Szabo, 1990 ; van Zon and ten Rein, 2005), which “includes” the time needed to reach the target by diffusion and the time to undergo
a chemical reaction.‡ It is important to note that the average of the first-passage
distribution SSA(kON ) in Fig. 3.4 differs from the rest of the experiments. This
fact indicates that the simple change of the reaction rates from the intrinsic
to the overall rates which include the effects of diffusion will not preserve the
average time between bindings. The plot also shows that an increase of spatial
resolution of an RDME-class method like GMP results in the distribution which
can be as close as desired to the exact solution given by GFRD. For clarity we
draw only intermediate distributions with small (5) and average (30) number of
sub-volumes per unit volume. The simulation with nsv = 50 overlaps with the
result from GFRD.

‡ The overall on reaction rate equals 1 = 1 + 1 , where κ is the intrinsic association
a
kON
κa
KD
rate, and KD is the diffusion-limited reaction rate given by 4πσD, dependent on the reaction
distance σ and the relative diffusion coefficient D of two reacting molecules. Note that inverses
of rates are equivalent to quantities with a dimension of time.
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SSA (kON)
GFRD
Smoldyn
GMP-30
GMP-5
SSA (κa)
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power-law: t

-3/2

0.001
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1
Time [s]
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Figure 3.4: Probability density function of time between subsequent bindings of
an isolated pair of particles, also known as the first-passage probability. Methods
including spatial effects, GFRD, Smoldyn and GMP, reproduce the power-law behavior for short times. For times larger than ≈ 0.1s, which is the average time
needed to reach the boundary, the first-passage probability exhibits an exponential
decay. GMP-5 and GMP-30 denote simulations where the whole volume’s side is
divided into 5 and 30 sub-volumes. The left- and rightmost curves are computed
with SSA with the forward reaction rate equal to the intrinsic κa and to the overall kON reaction rate, respectively. The averages of all distributions are the same,
equal 1/κa , except for the SSA(kON ), where the average is larger and amounts to
1/kON . Note, that the position of the power-law line is chosen arbitrarily; it only
compares the slope of data for short times obtained from different methods.
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3.1.4

Discussion

A theoretical study of gene expression shows that fluctuations arise in diffusionlimited processes not only due to the small number of reactants but also may
result from spatial effects (van Zon et al., 2006). In the comparison we show that
not all computational methods predict fluctuations correctly, although the average is the same as those given by the mean-field models (CME, ODE, PDE).
Smoldyn yields much smaller fluctuations comparing to GFRD, even though
both methods are based on Brownian dynamics. The reason for an incorrect prediction of the second moment by Smoldyn lies in the way it deals with diffusionlimited reversible reactions. The assumption that every collision is reactive leads
to the introduction of the unbinding radius such that it reconstructs the macroscopic geminate recombination probability. By doing so a part of the spatial
fluctuations is averaged and the resulting first-passage probability lies between
the exact solution of the Smoluchowski diffusion equation obtained with GFRD
and the mean-field result from SSA for the well-mixed system (Fig. 3.3).
The methods based on the reaction-diffusion master equation, MesoRD and
GMP, are able to correctly predict the fluctuations. The key issue here is to
choose such a space discretisation (division into sub-volumes) that the size of a
single sub-volume is at least of the order of the systems correlation length. Otherwise the assumption about the local independence of the reaction probability
from the inter-particle distance does not hold. If the requirement of well-mixed
sub-volumes is not satisfied, spatial fluctuations are averaged which is clearly
visible in Fig. 3.2. For a small number of volume sub-divisions both the noise
in the protein level and the distribution of times between bindings approach the
prediction of the SSA model. On the other hand, if the number of sub-volumes
is increased up to the limit where two molecules completely fill one sub-volume,
the first-passage probability gradually recovers the desired characteristics typical
for the diffusion process in a closed volume: power-law behavior for short times
and exponential decay for long times (Fig. 3.2).
A word of caution about the notion of exact fluctuations needs to be added
here. Although we treat noise computed with GFRD as a reference value, one
should bear in mind that this is a result of fluctuations with a rather simple
Brownian dynamics model for chemical reactions. We are ignoring here other,
possibly important, microscopic effects, like hydrodynamic interactions, electrostatic forces or molecular crowding. These certainly affect the diffusion process
(Echevera et al., 2007) but their significance for enhancing noise in biological
systems is an open issue. Still, methods like GFRD which solve numerically the
Smoluchowski model for diffusion-limited chemical reactions will provide an upper bound for the magnitude of fluctuations if compared to mesoscopic methods
based on the master equation. The latter contains additional physical assumptions in order to simplify computations at the cost of averaging microscopic
phenomena. In section 3.1.3 we argue that for a reversible reaction of a pair of
particles the methods reproduce the first-passage probability differently, which
is the cause for the variation in noise. The power-law region constricts also with
increasing number of molecules or with accelerating the diffusion process (not
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shown in this study). Then the system abandons the low-molecule-number and
the short-correlation-length regime and the distribution converges towards the
mean-field exponential behaviour. This can be properly approximated either by
RDME-based methods with a coarse discretisation or simply by the SSA algorithm. If the overall forward reaction rate κON is taken instead of the intrinsic
κa , the SSA is also able to reproduce the exponential decay of the first-passage
probability. This case equals to the one obtained from GFRD or RDME methods with the large number of sub-volumes. However, for obvious reasons, the
power-law part is not recovered (in SSA the next event is drawn from the Poisson distribution), and thus the average inter-binding time is larger than that of
GFRD.

3.2

PTS in Escherichia coli

In the previous section we saw the effects that diffusion-limited reactions and
a low copy number of molecules have on the noise levels of proteins. It is also
instructive to study the performance of the GMP method, and by extension
of the RDME-based methods, applied on a problem that belongs to another
regime. In this section we shift our study to a system in a regime where the
number of particles is moderately large (in the order of thousands) and therefore
a deterministic modelling approach seems more suitable (recall regimes Fig. 1.3).
In this regime the principal point of interest is the spatial properties rather than
the fluctuations. Therefore, results of the stochastic simulations can be compared
with results obtained from a partial-differential-equation (PDE) model of the
same process.

3.2.1

The Model

The phosphoenolpyruvate:glucose phosphotransferase system (or PTS), as illustrated in Fig. 3.5, is a moderate complex network, involving 17 species with fast
and slow reactions, and of particular interest it has reactions between cytosolic
and membrane-bound molecules. The PTS is a group-transfer pathway situated
at the beginning of the glycolysis pathway (Stryer, 1987). It is present in many
bacteria, such as our model organism E. coli, and it is involved in the uptake
and concomitant phosphorylation of external glucose that feeds the glycolysis.
A phosphoryl group derived from PEP is carried along a series of bimolecular
reactions to the membrane-bound IICB, which is responsible for taking the external glucose and transferring it into the cytoplasm. Table 3.4 summarizes the
complete list of reactions of the model as shown in Fig. 3.5 and as analysed
by Francke et al. (2003). In that paper the kinetic parameters were obtained
from Rohwer et al. (2000) and the diffusion coefficients were based on measurements by Elowitz et al. (1999).
Cytosolic concentrations have been converted into numbers of molecules using
1/8th of a sphere’s volume of 1 µm radius, discretised in a lattice of L = 20. All
molecules are initially uniformly distributed in their respective compartment, be
it the cytosolic or the membrane sites as described in section 2.2. The membrane
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PEP
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IICB.Glc

Glc 6 P

Figure 3.5: Model of PTS in Escherichia coli. A phosphoryl group derived from
PEP is carried along a series of bimolecular reactions to the membrane-bound
IICBwhich is responsible for the uptake of glucose (Glc).

is a crowded environment and more viscous than the cytosol. Consequently,
diffusion coefficients are usually one order of magnitude slower than for molecules
of similar size but free to diffuse in the cytosol. Thus, the mobility of membrane
molecules has little impact on the global dynamics of the system. Additionally,
due to the irregular neighbourhood of the membrane sites on the lattice, which
would add additional computational operations in the diffusion step, membranebound particles remain immobile.
We argue that the much slower diffusion of membrane-bound molecules should
not have a significant impact on the overall system’s dynamics (Kholodenko
et al., 2000).
Surface concentrations of membrane-bound molecules require special consideration. We assume that the concentration reported in Rohwer et al. (2000) for
IICB was calculated as if the membrane-bound molecules were diluted in the
cytosol and its concentration was measured to be 15 µmM . According to this,
the number of IICB molecules should be 3100. Since the procedure of fitting
IICB bulk concentration in the original model by Rohwer does not explicitly
indicate the number of membrane molecules, we have adjusted the number of
IICB molecules in such a way as to approximate the steady state of IIA·P·IICB
and IICB·P· Glc. Additionally, since we have to compare surface concentrations
and numbers of molecules, we scale the surface concentrations of the PDE solution in such a way that the initial IICB concentration matches the number of
particles, as is used in Fig. 3.6(c). By trying different numbers, we found that
using 2100 particles for IICB, corresponding to an average of 4.3 particles per
site, yields a good approximation for IIA·P·IICB and IICB·P· Glc but a less
accurate approximation of IICB and IICB · P. Finally, external Glc molecules
are confined to membrane sites in the reported concentration without interacting
with the cytosolic molecules.
For the PTS system at steady state the average value for λrmfp for cytosolic
reactions is 0.06 ±0.05. Since all species must share the same lattice, the optimal
lattice size L is different for each species, making even more difficult the selection
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Table 3.4: Reaction list and parameters associated to the PTS model illustrated below. These parameters were taken from the spatial PDE model discussed
in Francke et al. (2003), converting concentrations to number of molecules. Special consideration is put on the conversion of the membrane-bound concentration∗ . This parameter is adjusted to the value 2100 to obtain a better approximation of the PDE solution and is used for the results reported here.
† Bimolecular reaction rates are given in µM−1 min−1 , and monomolecular in
min−1 .
] Diffusion coefficients are given in µm2 min−1 .
‡ Initial concentrations for cytosolic species are given in µM, the surface concentration for IICB is given in µM µm
EI + PEP
EI + PEP
EI·PEP
EI·PEP
HPr + EI·P
HPr + EI·P
HPr· P·EI
HPr· P·EI
IIA + HPr·P
IIA + HPr·P
IIA·P·HPr
IIA·P·HPr
IICB + IIA·P
IICB + IIA·P
IICB·P·IIA
IICB·P·IIA
Glc + IICB·P
Glc + IICB·P
Glc·P·IICB
Glc·P·IICB

Reaction
k1
→
k-1
←
k2
→
k-2
←
k3
→
k-3
←
k4
→
k-4
←
k5
→
k-5
←
k6
→
k-6
←
k7
→
k-7
←
k8
→
k-8
←
k9
→
k-9
←
k10
→
k-10
←

Rate†

Species

EI·PEP

1960

EI·PEP

480000

EI·P + Pyr

108000

EI·P + Pyr

294

IICB

Initial
Conc. ‡

EI

Molecules

5

1577

HPr

50

15766

IIA

40

12613

3

3100∗

HPr· P·EI

14000

PEP

2800

882890

HPr· P·EI

14000

Pyr

900

283780

HPr·P + EI

84000

Glc

500

70767

HPr·P + EI

3360

50

15766

IIA·P·HPr

21960

IIA·P·HPr

21960

Glc·P

Species

Dif. coef.]

IIA·P + HPr

4392

EI, EI·P, EI·P·Pyr

197.8

IIA·P + HPr

3384

EI·P·HPr

189.1

IICB·P·IIA

880

HPr, HPr·P

378.0

IICB·P·IIA

880

HPr·P·IIA

262.1

IICB·P + IIA

2640

IIA, IIA·P

IICB·P + IIA

960

PEP, Pyr, Glc

Glc·P·IICB

260

all IICB

Glc·P·IICB

389

Glc·P + IICB

4800

Glc·P + IICB

5.4 · 10−3

300
18000
0

of the most adequate lattice discretisation to minimise artefacts. Thus we are
bound to introduce some error in the species whose optimal L differs from the
chosen. In this case, and based upon previous tests, we have chosen a lattice
size of L = 20, which yields reasonable average results. Since the discretisation
is most likely to affect noise levels rather than average values (tests not shown),
in this section we do not consider whether the noise levels are accurate or not.

3.2.2

Results

A first check of the validity of our method consists of looking at the System’s
Mass Evolution in Time (SMET) which shows the total number of particles
present in the system over time regardless of their position. In Fig. 3.6 the
SMET for all species shows a good agreement with the reference solution, the
PDE model as described in Blom and Peletier (2000). These results are a direct
consequence of the initial decision to adjust the number of molecules of IICB to
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match the IIA·P·IICB steady state. Nevertheless we note in Fig. 3.6(a) a very
good agreement of the EI-related molecules. In Fig. 3.6(b), despite a good initial
agreement (t < 0.0005 min), the total number of molecules starts to diverge, and
settling at levels around 6% for HPr species, and 20% for IIA·P. Finally, the
level of the phosphorylated IICB · P, is 4 times as high as the PDE solution.
However, in absolute numbers, the extra ≈100 molecules in IICB·P, seem to be
lacking in IICB.
1100
10000

Total mass (Number of molecules)

Total mass (Number of molecules)

1000
900
EI
EI.P.Pyr
EI.P
EI.P.HPr

800
700
600
500
400
300
200
100
0

0

0.001

0.002

0.003

time (min)

0.004

0.005

(a)

HPr.P
HPr.P.IIA
IIA.P

5000

0

0

0.001

0.002

0.003

time (min)

0.004

0.005

(b)

2200

Total mass (Number of molecules)

2000

IICB
IIA.P.IICB
IICB.P
IICB.P.Glc

1800
1600
1400
1200
1000
800
600
400
200
0

0

0.001

0.002

0.003

time (min)

0.004

0.005

(c)

Figure 3.6: System Mass Evolution in Time (SMET) graph for the PTS pathway with parameters shown in Table 3.4 and a cell’s radius of 1 µm. Only one
trial is shown here for the GMP result. EI-related enzymes show a very good
agreement between the GMP result and the PDE solution. The membrane concentration of IICB enzyme in subfigure (c) was scaled to match the number of
molecules at t = 10−5 s.
In Fig. 3.7 we show the radial gradients, at steady state (tsim = 0.005 min) for
some enzymes. To obtain the gradient along the radius we average the number
of particles over all sites with the center in the range [r − 0.5/L, r + 0.5/L).
We then average again over 50 trials of the same systems with uniform random
distributed particles. Therefore, results near the membrane will always contain
far more points than those near the center, so the average near the center may
show a larger deviation from the real mean. In Fig. 3.7(a), we observe two
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different behaviors of the obtained gradients: the phosphorylated enzymes HPr
show only a difference in the gradient higher near the membrane (10%), whereas
for IIA·P its gradient is upward shifted along the whole radius (30% near the
membrane, and 10% near the centre of the cell). These differences are linked
with those observed in the SMET in Fig. 3.6. Note, that due to the spherical
geometry, a slight divergence near the membrane has a larger contribution to the
SMET difference than a divergence near the center. Turning to the three basic
enzymes shown in Fig. 3.7(b), we find for HPr a relative concentration difference
between the center and the membrane of the cell of 66% in both the PDE solution
and the GMP averaged solution. However, in absolute value, GMP’s solution
for the radial gradient is consistently 16% lower than the PDE solution. Both
the gradients for IIA and EI show an excellent agreement. Nevertheless, some
of the molecules involved in their reactions, such as IIA·P, IICB·P and HPr·P,
show a noticeable difference as seen in Fig. 3.6.
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Figure 3.7: Profile gradients along the radius of a 1/8th of an sphere for the
PTS system. Lines without glyphs are the solution of the PDE model in Blom and
Peletier (2000). Each point is the average of all sites with center in [r−0.5/L, r+
0.5/L], and then averaged again over 50 trials. Note the good agreement of IIA,
a consequence of the tuning of IICB molecules to match IIA · P · IICB as seen
in figure 3.6(c). EI has no significant gradient, while HPr differs by about 15%
from the value predicted by the PDE model. The first point near the center shows
a large deviation because it is only the average of one site and 50 trials.

3.2.3

Discussion

For the PTS system, the main focus was on the reactions between membrane
and cytosolic species, as well as on the gradients that may arise due to the spatial localisation of the membrane-bound reactions and the diffusion of cytosolic
molecules. Due to the moderately high concentrations of all species, and the
architecture of the network, fluctuations seem not to be of much significance.
As shown in Fig. 3.7, only the species related to HPr and IIA show a significant
gradient, in contrast to a flat gradient by EI which has the lowest concentra50
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tion. This case illustrates that spatial inhomogeneities do not depend on the
concentration levels, but on the whole pathway architecture, depending on the
combination of reaction rates, diffusion coefficients, and most importantly, spatial localisation of reactions.
Having tuned the initial number of membrane-bound molecules of IICB, we
obtained a good approximation of IIA·P·IICB and IIA, but IICB, IICB·P and
IIA · P differ from the PDE solution (see Fig. 3.6 and 3.7). This difference is
propagated down the pathway irregularly. For instance, it relatively strongly
affects the gradient of HPr, though not in absolute sense (< 2 10−7 µM ) (see
Fig. 3.7(b)) and not of IIA. The reaction procedure between bulk (cytosol) and
surface (membrane) molecules, which is approximated by a bulk to bulk reaction
in a small volume, remains a topic for further research. Note, that in the GMP
method we have to use a constant number of particles rather than a constant
concentration for the membrane-bound molecules as used in PDE models. Although this is a more realistic representation of the underlying biological process
and avoids the arbitrary use of concentrations of membrane-bound molecules,
this introduces a practical difficulty, since this number is often unknown. In
PDE models this concentration is estimated from the bulk concentration, which
does not necessarily provide a correct estimation.

3.3

Chemotaxis: Activation of Flagellar Motors

In the PTS example, membrane-bound molecules were not arranged in any particular configuration. However, in other systems they can be found forming
clusters and also pairing with other molecules forming multi-units to carry out
a more complex function. Using methods such as GMP, such microscopic configuration may escape the capabilities of the mesoscopic tools. Highly localised
reactions might present some problems for the GMP and other lattice-based
methods. Our next system, the bacterial chemotaxis, has two membrane-bound
subsystems with a particular spatial micro-organisation of molecules into a cluster and flagellar motors. This spatial arrangement of flagellar-motor molecules
is not exactly reproduced by mesoscopic tools, but it is instead approximated
using the lattice discretisation. We compare the the results between GMP and
MesoRD against the stochastic lattice-free methods Smoldyn. Smoldyn uses a
continuous spatial description which together with the hard-ball molecules can
achieve high spatial resolution of the diffusion and reaction processes.
Chemotaxis is a particular case of the generic class of two-component signal
transduction pathways. This two-component signal transduction pathway does
not belong to the majority of signalling networks that affect gene expression.
Instead, the receiver of the signal are membrane-bound molecular motors that
control the rotation of the flagella (see Fig. 1.6.) These motors are responsible
for the motion of the cell.
E. coli is too small to sense spatial gradients to aid steer the swimming
direction. Instead it uses temporal sensing to decide whether to keep swimming
straight (the cell thinks it is swimming in the right direction), or tumble (when
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Figure 3.8: CheY diffusion model for E. coli.CheA* kinase dimers form an
array of 1260 chemotaxis receptors on the interior side of the membrane wall.
CheAundergoes autophosphorylation. The phosphryl group is transfered to CheY.
Then CheYpdiffuses throughout the cytosol and up to 34 of them can bind to a
FliMreceptor. A total of 8200 CheYsignalling molecules (both non- and phosphorylated) and 1600 CheZdimers diffuse freely in the cytoplasm.
swimming in the wrong direction.) Nutrients are sensed by a transmembrane
cluster of receptors located at one end of the elongated cell and the signal is
transferred to the flagellar motors. We might wonder why is there a cluster of
receptors if the cell is too small to sense external gradients. In this section we will
investigate some consequences of receptor clustering. However, in the chemotaxis
case, it is known that the clustering of the chemotactic sensors function as a
mean of obtaining a strong cooperative effect between adjacent sensors which
increases the sensitivity of the whole sensor (Shimizu et al., 2003 ; Kim et al.,
2002). Transmission of this signal is achieved by diffusion of one chemical species
(CheYp).
Despite the small size of E. coli, spatial and stochastic simulations predict
that gradients of the transmission signal in the cytosol exist, but they are shallow
and are difficult to detect in vivo Lipkow et al. (2005). These gradients arise due
to the spatial localization of the receptor on one end of the cell, together with a
certain degree of diffusion limitation of the receptor related reactions.

3.3.1

The Model

We use a signal transduction system, also found in E. coli, which has been
studied using Brownian Dynamic simulations. Thus now both tools are discrete,
although Smoldyn is lattice-free (Andrews and Bray, 2004). Such feature gives
some advantage over GMP when there are particles that need to be placed at
particular points in the domain. The model presented by Lipkow et al. (2005),
is the diffusion of phosphorylated CheY, a subset of the chemotaxis pathway.
Chemotaxis is probably one of the most well-studied taxi systems in bacteria.
The model we use in this thesis is based upon that described by Lipkow et al.
(2005), which we also use as a reference solution since it was studied with the
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Table 3.5:
model.

Diffusion coefficient for the Chemotaxis

Species

Location

CheA,CheA*
CheY,CheYp
CheZ
FliM

Membrane wall
Cytoplasm
Cytoplasm
Membrane wall

Diffusion coefficient
static
10 µm2
6 µm2
static

Table 3.6: Reaction rate parameters for the Chemotaxis model.
Reaction
∗

Rate constant

Unimolecular

CheA → CheAp
CheY → CheYp
CheYp → CheY
CheYp → FliM + CheYp

3.4 · 101 s−1
5.0 · 10−5 s−1
8.5 · 10−2 s−1
2.0 · 101 s−1

Bimolecular

CheAp + CheY → CheA∗ + CheYp
CheZ + CheYp → CheZ + CheY
FliM + CheYp → FliM · CheYp

1.0 · 108 M−1 s−1
1.6 · 106 M−1 s−1
5.0 · 106 M−1 s−1

particle-based and lattice-free method Smoldyn (Andrews and Bray, 2004). An
illustration of the model as listed in Table 3.6 is shown in Fig. 3.8. Table 3.5
gives the additional parameters needed for the spatial simulation tools such as
GMP and MesoRD.
The sensing system of chemotaxis consist of a cluster of receptors located
mainly at one end of the cell. When the cell detect external food supply, CheA
dimers activate (CheA*) and pass their phosphoryl group the CheY. Active
CheA* autophosphorylate. Phosphorylated CheYp diffuse freely through the
cytosol until it either binds reversibly to the motors FliM, or is dephosphorylated
by scavengers CheZ or it autodephosphorylates.
In line with Lipkow et al. (2005) set of parameters, E. coli has dimensions
of 2.52 × 0.88 × 0.88µm. For GMP to reach the same level of spatial detail as
Smoldyn, a very fine discretisation is required. This constrain is imposed by
the particular arrangement of the FliM motors. Lattice sites with length Lsv
equal to 40 nm will be used. For this lattice size the FliM cluster occupies 4 sites
(2 × 2). The receptor is a one-layer array of 13 × 13 and 7 × 7 sub-volumes for
Lsv = 40 and 80 nm, respectively.
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Table 3.7: Average time (in seconds) to reach motor
occupancy of 10 CheYpmolecules. Results are averaged
over 10 runs for every method.

3.3.2

Method

Comments

TM 1

TM 2

TM 3

TM 4

Smoldyn
MesoRD
MesoRD
MesoRD
GMP

∆t = 0.2 ms
Lsv = 20 nm
Lsv = 40 nm
Lsv = 80 nm
Lsv = 40 nm

0.11
0.06
0.06
0.06
0.06

0.19
0.10
0.11
0.10
0.08

0.22
0.15
0.15
0.14
0.17

0.29
0.21
0.22
0.19
0.23

Results

To compare GMP’s solution quality we use as a reference a solution that is
produced with Smoldyn. We also use MesoRD to compare solutions, which
despite being an exact solver for the RDME has the same spatial resolution
limitations as GMP.
The first measurement to compare is the time required to reach a given level
of flagellas’s motor occupancy. Initially all CheA dimers in the receptor are in
phosphorylated form, while CheY and CheZ are freely diffusing in the cytoplasm.
The results in Fig.3.9 show averages over 10 runs of 1 second for every method.
The growth of the number of motorbound CheYp is visibly slower for motors
placed farther along the cell. GMP produces slightly higher averages which can
be attributed to the splitting error between reaction and diffusion (Table 3.7).
Molecules diffuse in jumps due to the fixed diffusion time-step which affects
the first-passage properties of the diffusing front while the macroscopic mean
square displacement is reproduced correctly. Finally, the average time to reach
the given threshold is noticeably higher for Smoldyn. This difference cannot
be explained by a wrong treatment of the nonlinear reactions in RDME due to
sub-volumes larger than the correlation length. Simulations for different sizes of
the sub-volumes yielded the same results within statistical error.
In MesoRD and GMP a reaction may occur when reactants are in the same
sub-volume. For BD-based methods like Smoldyn two reacting molecules need
to be within the binding radius in order for an event to occur. This is a stricter
constraint because it is possible for two molecules to simply pass each other
despite being in a very close vicinity which would result in a reaction in RDMEtype methods (unless the discretisation is such that each sub-volume contains
just one motor molecule).
Another property of the CheYp diffusion model we have studied is the average
and the noise in the motor occupancy in steady-state (Table 3.8).
As to compare MesoRD and GMP results, we picked the simulations with
40 nm sub-volumes. Both RDME-type methods yield very similar results, although again, averages from GMP are slightly higher than those obtained from
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Figure 3.9: Change in flagellar motor occupancy in time. Time-step used in
Smoldyn is 0.2 ms. The side of the sub-volume Lsv in MesoRD and GMP is
40 nm. results do not change significantly when Lsv = 20 or 80 nm are used.
Note that the larger difference is between the Smoldyn and the two RDME-type
methods. The SSA (Gillespie’s) case is shown in order to show the strong effect
of diffusion in the system.

MesoRD; Smoldyn computes approximately 20% lower averages. Note the interesting effect regarding noise in the motor occupancy, which increases for motors
placed further from the receptor. This behavior of noise can be attributed to the
concentration gradient of CheYp (high at the receptor and low at the posterior
end). A smaller CheYp concentration at motor four compared to motor one
results in a drop of the average motor occupation, and causes the fluctuations
in binding to the FliM cluster to increase.
Additionally, we provide the SSA result for the motor occupancy (lowerright plot in Fig. 3.9 and Table 3.8) with the same reaction rates as in the other
simulations. The occupancy for only one motor cluster is shown because all of
them are equivalent if space is not included. This is clearly a wrong approach
to model CheY diffusion, nevertheless it gives an indication of the error one can
make when spatial information is omitted either by not accounting for geometry
or by a lack of correction in the diffusion-limited reaction rates. The average
occupation, which is higher than in the other methods, is a direct consequence of
a lack of delay due to the diffusion of CheYp towards the motors. Lower noise,
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Table 3.8: Average and noise in the level of motor occupancy in
steady-state. Averages were computed from simulations of length
21 s after the equilibration period of 1 s. Parameters of the simulations are the same as in Figure 3.9. MesoRD and GMP used
Lsv = 40 nm.

Method

M1
hN i
η

M2
hN i
η

M3
hN i
η

M4
hN i
η

Smoldyn
MesoRD
GMP
SSA

13.9
19.1
20.3
27.5

13.2
18.0
19.0

12.5
16.5
18.6

12.4
16.0
18.1

0.20
0.17
0.15
0.08

0.21
0.18
0.16

0.23
0.20
0.16

0.23
0.22
0.16

on the other hand, results from the constant and immediate supply of reactants
while in the case of simulations accounting for space, the supply is considerably
lower due to the appearance of the CheYp concentration gradient.

3.3.3

Conclusions

In this example of chemotaxis we are able to compare the mean and noise results
across different simulation methods. The principal point of discussion is whether
a more detailed method (such as lattice-free Smoldyn) can yield a significantly
more accurate and trustworthy result than good approximate methods (MesoRD
and GMP). It is is not surprising to find such similarity in the results of MesoRD
and GMP since as we discussed in section 3.1.2 the levels of noise are expected to
be lower due to the operator-split mechanism. However, the 20% lower average
levels highlight the differences between the two methods. The fact that Smoldyn
has a higher spatial resolution for complex structures such as the flagellar motor
arrangement gives it an advantage over the lattice-based methods. Nonetheless
we should be cautious to take Smoldyn’s solutions as an accurate and trustworthy
one due to the differences in noise levels obtained in gene expression as studied
in section 3.1.2. After all, the physics underlying Smoldyn are not as robust
as those underlying GFRD (see further discussion in supplement material in
Dobrzynski et al. (2007)). Given the uncertainties discussed above it is difficult
to be confident that the levels of noise correspond to actual ones, since there is
a lack of in vivo measurements. In spite of such difficulties, we should not get
discouraged to use these computational methods for simulating processes which,
in fact, are unfeasible to measure in the laboratory. Only recent technology
has been developed to visualise individual reaction in single cells (Ishijima and
Yanagida, 2001 ; Cai et al., 2006 ; Elf et al., 2007). Nevertheless, we could expect
in the near future to have the right technology to perform measurements that
can be directly compared to these explicit simulations.
Regarding the proper lattice-site size we seem to have a contradiction with
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with the gene expression results. For Chemotaxis the systems has a lower dependence on the lattice-site size, as evidenced by the results shown in Table 3.7.
Such decrease could be explained if this system is less diffusion-limited than the
gene expression, which in fact it has only one binding molecule instead of 34 for
each flagellar motor. We find that this argument is also in line with the idea
that more homogeneous systems require less spatial information. However, the
we have tried a limited range of spatial resolutions, and as we can note in the
fourth motor, spatial resolution seems to have a barely noticeable (3%) effect.
We find ourselves again in a situation where it is difficult to estimate beforehand the optimal lattice discretisation size without prior knowledge of the real
solution.
In summary, the results obtained with the operator-split method GMP are
consistent, within a certain margin of variability, to other available methods.

3.4

Conclusions

We have applied the Gillespie Multi-Particle (GMP) method to three representative models for stochastic and spatial modelling of intracellular biochemical
processes. In spite of the existence of tailored methods for a specific usage,
such as GFRD, the generality of the GMP method and its class of RDME-based
methods performs well in a variety of scenarios. Choosing a proper unique lattice size can be tricky when dealing with complex systems with multiple, diverse
types of molecules, specially when the mean reaction distance or their effective
sizes vary significantly. The recommendations of Baras and Mansour (1996) and
as explained and followed in section 2.2.4 seem to point to a reasonable lattice
size. Lattice-free methods, such as Smoldyn, circumvent this problem by dealing
explicitly with particle sizes. However, in the gene expression model, we have
to admit that we were surprised to find that Smoldyn’s results were in close
agreement to those of the reference solution provided by GFRD. Andrews and
Bray claim that the method is rigourously derived to fulfil the detailed balance
principle and thus it is expected to produce results matching those of GFRD.
After consulting the author, and using a broad range of parameters, we still do
not have a clear picture of why this methods yields such low noise values.
We have left out complex systems with feedback leading to amplification
of signal and with multiple attractor points. In this area, though, we could
expect to observe larger differences between the different methods since the
small differences, obtained in the study cases of this chapter, can be amplified
and drive the systems state into different steady states, should these exist.
Although the use of explicit simulations offers direct insights into the final
solution of the (complex) chemical system, an analytical understanding of it, or
at least of some key parts, may offer a greater, more valuable understanding of
the dependencies among the reactants as well as their spatial location. In the
next chapter we focus on the study of a simple signalling system consisting of
only two chemical reactions in which one of them is spatially restricted to the
membrane, adding thus a potential spatial dimension to the problem. The sim57
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Table 3.9: Scaling of the computational cost for the spatial discrete
methods presented in this comparison. Abbreviations: NS – number of
molecules of a given species, NR – number of reaction channels, Nsv
– the total number of sub-volumes, hτR i – average time between reactions, hτD i – average time between diffusive movements, D – diffusion
coefficient, kR – rate of reaction R, Lsv – length of the sub-volume, L
– length of the total volume.
Method
GFRD
(event-driven)
Smoldyn
(fixed time step)
MesoRD
(event-driven)

Computational
cost
P
∼ PS NQ
S
∼ NR S∈R NS
As GFRD

Comment
Diffusive movements.
Reactive distances.
As GFRD.

∼ log NR
∼ log Nsv

Gibson and Bruck (2000).
A sub-volume adds
a diffusive reaction.

∼ hτD i−1
∼P
hτR i−1
∼ S NS b
∼ NR
−1
∼ τD
∼ hτR i−1

GMPa

Where: hτD i ∝ L2sv /D · Nsv /NS ,

Diffusive movements.
As in the SSA.
Fixed diffusion time step.
hτR i ∝ L3sv /kR ·

Q

S∈R

Nsv /NS ,

−2/3

a
b

τD ∝ L2 /D · Nsv .
The scheme is event-driven for reactions but the diffusion time step τD is
fixed. The diffusion time step is assigned for every diffusing species.
If NS /Nsv > 90 molecules are moved in bulk, otherwise one-by-one in τD .
Note that for event-driven schemes the cost of diffusive movements or of
computing reactive distances is given per iteration time step.

plicity of such system enables us to derive analytical expressions and to validate
them with computer simulations of similar nature, this is explicit simulations in
space, than the GMP method used in this chapter and introduced in chapter 2.
We shed light into the design properties of the two-component signalling systems
and how a few particles may be organised to achieve a robust and efficient degree
of functionality.
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Chapter 4

Response Time in
Two-Component Signalling
Systems
It is widely accepted that an important survival mechanism developed primarily
in prokaryotic cells is the sensing of environmental stimuli in order to adapt
and thrive under changing conditions (Mascher et al., 2006). In bacteria twocomponent signalling systems (TCS) are the most common sensing mechanism
for external stimuli Nixon et al. (1986) ; Hoch (2000) ; Koretke et al. (2000) ;
Wolanin et al. (2002) ; Bekker et al. (2006). Two-component signalling systems
are a specific case related to those studied in chapter 3. Sensors are embedded in
the plasma membrane, as with PTS and chemotaxis. However, unlike with the
chemotactic cluster, sensors are usually found isolated and scattered throughout
the plasma membrane, and consequently there is no co-operative kinetics among
them. Moreover, the number of most sensory molecules in TCSs are thought
to be small (10 molecules of histidine-kinase EnvZ in E. coli (Stock et al., 1989
; Mizuno et al., 1982). Transcription factors concentration levels are similar
to those used in the gene expression model. In contrast to the PTS, cytosolic
molecule numbers are usually low, ranging from tens to a few hundred. Only
TCSs transcription factors need to receive a phosphoryl group from a sensor in
order to bind the promoter.
As we introduced in section 1.5, our prototypical sensory system design consists of only two chemical species: the first being a sensor, usually a histidinekinase (HK); the second being a response regulator (RR), the mode of transport
of the signal to the receiver system. In most cases, the receiver of a signal may
be one or more genes, for which an RR is also referred to as a transcription
The contents of this chapter are based on the results published in
• Dobrzyński et al. Prokaryotic signaling has been optimzed for quick but robust response.
Submitted (2009)
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factor (TF).
Delivering a signal entails the completion of two transport, diffusion-based,
processes: first, an inactive TF receives a phosphoryl group from an active HK
upon a reactive collision; second, the now-active TF needs to encounter and react
with the promoter region. These search processes rely on the diffusive motion of
TF throughout the cytosol. TCSs also have features such as localised reactions
on the membrane, and a single static target molecule in the cytosol. This low
number of molecules suggests that these systems may display stochastic features
similar to those found in gene expression (i.e. non-exponential distribution).
The signalling process is similar to gene expression regulation, only that now
transcription factors need to be activated first by molecules embedded on the
plasma membrane.
Despite the ubiquitous presence of two-component signalling systems in bacteria and archaea (and few eukaryotes), few studies consider their fundamental
design properties at the mesoscopic level. To this end, we focus on a minimalistic model with emphasis on four structural properties: spatial organisation of
sensors; numbers of histidine-kinases and transcription factors; and the diffusive
motion of transcription factors. We argue that the features of these principles
are not completely free to vary; instead, they are most likely constrained for
efficiency. Efficiency is to be understood in terms of how quickly a bacterium
may respond to environmental stimuli by using the lowest number of molecules.
In this chapter, we quantify this efficiency by the response time of the signalling
system which is defined as the time elapsed between the activation of sensors
and the delivery of the signal to a receiver system. We shall emphasise that
this particular definition does not account for the processes that take place in
the receiver system as to execute the information receive. For instance, if the
receiver system is gene expression, the response time is the time elapsed between
the first activation of the sensors till the first transcription factor binds the promoter. The transcription and translation processes, thus, are not included.
We aim at understanding the limits of the response time that arise from the
interplay of only fundamental common design principles, not adjusted to any
system in particular. Consequently, we refrain from using a fully kinetic modelling approach, as this, would require detailed knowledge at the mesoscopic
level for each particular system. Instead, reactions are driven exclusively by the
diffusive encounter rate, in other words, reactions are diffusion limited. However, the model may be further extended to accept reaction-limited rates. The
fundamental signalling processes have been investigated in similar forms in Berg
and Purcell (1977) ; Redner (2001) ; il Lim and Yin (2005) ; Lu et al. (2006) ;
van Zon et al. (2006) ; Holcman and Schuss (2004) ; Taflia and Holcman (2007)
; Holcman and Schuss (2008). Those more theoretical oriented studies, however,
differ from the presented here in that they did not tackle the two-component
signalling in the detail we present here.
The remainder of this chapter is organised as follows. In the next section,
we formalise the two-process, two-component signalling system. In section 4.2
we analyse in detail and separately the influences that spatial distribution and
number of histidine-kinases, or sensors, have on the phosphorylation process, as
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well as the timing of the diffusive transport from the membrane to a target at
the centre of the cell. The response time is analysed under two different types
of constraints in section 4.3. The first type of constraint assumes that the total
number of molecules is fixed. The second, that their numbers are correlated.
Using these constraints sheds light onto the efficiency of the design principles,
so as to minimise the response time without using an excess of molecules.

4.1

The Two-Component Signalling System Model

Our model of two-component signal transduction (TCS) is written in Fig. 4.1,
and follows the schema described in section 1.5.1 and in Hoch (2000).
The two-reaction model is:
T F + HK ∗
T F ∗ + Pgene

→ HK + T F ∗
→ T F ∗ · Pgene ,

(4.1)
(4.2)

where the first reaction is the phosphoryl-group transfer (∗ ) from an active
histidine-kinase (HK ∗ ) to an inactive transcription factor (T F ). In the second reaction, the now active T F ∗ may bind to its target. We may assume it is a
promoter site located at the centre of the cell. Just as with the gene expression
models used in section 3.1, it remains immobile, since the movement of the nucleoid is assumed be much slower. Transcription factor molecules are the only
mobile molecules in the system.
The goal of this model is to understand the elementary processes that shape
the response time (τresp ). To this end, we minimise the number of parameters
in the model to describe both the spatial and the diffusion-limited kinetic properties of the system. In first instance, we use a spherical cell of radius R and
volume V , which for an E. coli it is often taken to be R = 1 µm. (It seems that
the cell’s shape does not qualitatively affect the results, be it cigar-shaped (Blom
and Peletier, 2002) or, hypothetically, cubical (Nagar and Pradhan, 2003).) We
assume that all HKs are in their active state throughout the whole simulation; therefore, their output domain is ready to transfer a phosphoryl group to
the input domain of a transcription factor. This initial condition implies that
the signal sensed is present in a sufficiently high concentration and for a sufficiently extended period of time to maintain all sensors activated. Likewise, it
is assumed that a phosphorylated transcription factor does not undergo autodephosphorylation.
Furthermore, we idealise a histidine-kinases as spherical caps with a radius
rhk on the surface of the cell which are distributed randomly. (HKs diffuse
laterally, about two orders of magnitude slower than RRs according to Deich
et
is 2πR(R +
p al. (2004).) Note that the membrane surface of a spherical cap
2
2 ), which for very small r
R2 − rhk
hk  R is approximated by 2πrhk , the surface
of a two-dimensional disk.
Transcription factors are represented by spherical particles with a radius
rtf undergoing normal diffusion throughout the cytosolic space. For the cell’s
membrane we use a reflective boundary condition — that is, when a particle
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Figure 4.1: Schema of a generic two-component signal transduction pathway
where the receiver system is a gene expression system. The signal is detected by
a transmembrane sensor which transfers a phosphoryl group extracted from ATP
to an inactive response regulator. The active response regulator diffuses freely
through the cytoplasm until it binds to the receiver system, often a promoter
site on the DNA. (bottom) Details of the different composing units in histidinekinases (left) and response regulators (right).
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output promoter specificities. In B. subtilis, for example,
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surface area equal to the sum of k individual sensors. Thus the radius of a cluster
scales with k −1/2 times the area of one single histidine-kinase. The membrane’s
fraction covered by sensors is designated as Φ. The total cell’s membrane fraction
covered by sensors or a clusters of sensors is designated as Φ.

4.2

Analysis of the Individual Processes

In this section we first analyse the effects that the number and distribution of
histidine-kinases have on the phosphorylation time. This is referred to as the
first process. The second process, that of promoter activation, is only influenced
by the location of the target, not the spatial distribution of sensors.

4.2.1

Scattered Sensors Reduce Response Time

The first process in the signal transduction is the phosphorylation of inactive
transcription factors by histidine-kinases, also referred to as sensors. Schuss
et al. (2007) showed that the average time for one particle (one TF) to hit for
the first time one small area on the surface of a sphere, Φ  1, is to a first order
approximation
V
V
=
τphos,1 =
,
(4.3)
4D
4DΦ1/2
where  is the radius of small opening, and the subscript indicates that only one
diffusing particle is involved. We use our simulations to extend that range and
analyse the limits for which that result remains valid and how it is affected by
the spatial organisation of sensors.
Initially, using one cluster, we vary the surface coverage Φ from 0.01 to
1. In Fig. 4.2 we show the time it takes for a transcription factor to reach
a sensor, starting at a random position, relative to the time taken when the
whole membrane is a sensor. The solid line shows that the scaling in Eqn. 4.3
remains a good approximation for a relatively large sensor (up to Φ = 0.1).
We should note that this fraction coverage is rather large when compared to
the size of a single sensor. Assuming an effective diameter of 5 nm for a sensor
on the membrane of an E. coli, the fraction the sensor covers is very small
(approximately Φ = 10−6 ). Thus the approximation given in Eqn. 4.3 holds for
cluster containing up to approximately 104 individual sensors. This is a large
number, considering that the number of aspartate-Tar-CheA complexes in the
chemotactic cluster is approximately 1200 (as used in the model in section 3.3
and in Lipkow et al. (2005) with the Smoldyn tool).
Dividing up the single cluster into many parts (i.e. 10, 100 and 400) broadens
the range of the scaling in the direction of a larger Φ (dotted, dashed and dashdot lines respectively in Fig. 4.2). More interesting is that at equal coverage
splitting the cluster into smaller clusters and scattering them randomly reduces
the phosphorylation time. Additionally, in Dobrzynski et al. (2009) we find that
the phosphorylation time scales with the inverse of the number of sensors. These,
however, shall be small and not close to each other in order to be independent
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uniform initial distribution of 1 random walker
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Figure 4.2: The plot shows the mean first-passage time for one random walker
starting at a random position to reach any of the clusters occupying a fraction
of the whole membrane Φ. The results are normalised to the MFPT for the fully
covered membrane Φ = 1. Note that the scaling is proportional to Φ−1/2 for
fractions smaller than 0.1 and for any number of clusters. This is in agreement
with Schuss et al. (2007) result.

and not affecting the first-passge time (Holcman and Schuss, 2008). Thus the
phosphorylation time as a function of the number of HKs reads:
τphos (NHK ) =

τphos,1
.
NHK

(4.4)

This redistribution of smaller clusters is equivalent to that used by il Lim
and Yin (2005), although with a subtle difference. In their approach the binding particles were external and entering the system, as opposed to our internal
particles (TFs). Thus, it seems that the same principle applies, qualitatively,
regardless of the location of the binding particles. We may attribute this effect to an increase in the radial symmetry given by the scattering of sensors on
the membrane, reducing the average distance travelled by a transcription factor
before finding a sensor.
Simulations offer us the possibility to calculate the noise of the first-passage
time. If the TF were always to start at the centre of the cell and, assuming Φ = 1,
then its noise is η 2 = 2/5, which is possible to obtain analytically since the first
passage to any point on the surface of a sphere is known (Nagar and Pradhan,
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2003)∗ . For full coverage of the membrane and with a random initial position,
as this is supposed to be the state of TFs in the cytosol, the noise becomes 1.8.
A value larger than one indicates that the distribution has a power-law head,
which originates due to the proximity of some particle to the membrane. This
phenomenon is comparable to the distributions obtained of rebinding for two
particles showed in section 2.4.1. As the covered fraction Φ decreases, the noise
converges towards 1, which occurs for a value of Φ = 0.01. This is an indication
that the process becomes Poissonian, or, equivalently, that the distribution of
the time to reach a receptor is exponential, thus, the system has no memory of
the initial state, or equivalently a noise value of 1.

4.2.2

Few Transcriptions Suffice to Reduce Time Significantly

Another obvious strategy to reduce the phosphorylation time is to add more
transcriptions factors. In Fig. 4.3 we show the time for the first phosphorylation
to occur for a given sensor covering fraction Φ = 0.01 for a number, NTF , of
transcription factors in the range 1–1000. We observe that the phosphorylation
time is inversely proportional to the number of transcription factors (TFs). So,
considering the phosphorylation time for one TF, as described in Eqn. 4.3, we
may write:
τphos,1
.
(4.5)
τphos (NTF ) =
NTF
This proportionality is unaffected by the number of clusters and holds for a broad
range of TFs that reach values considered high for two-component systems (see
non-solid lines in Fig. 4.3). From this inverse proportionality, it is interesting
to note that only the first few TFs have a significant contribution to the time
reduction.
It is important to note that the noise (η 2 ) for a single particle is, due to the
very small size of targets, nearly 1.

4.2.3

Time to Deliver the Signal to a Promoter

The second process in the signalling model is the transport of the signal from
the sensor to the DNA binding site by the now-activated transcription factor.
Unlike in the first process, described above, in this one the initial separation of
the active transcription factor and the target is fixed and amounts to R. The
average time for a single TF starting on the membrane to find a small spherical
target in the centre of the cell is in first order approximation (Redner, 2001):
τact,1 =

V
,
4πDrpromoter

(4.6)

where r is the radius of the small target. Note that this time only differs by
a factor of 1/π compared to that of finding one small target on the membrane
with initial random position of a TF, as shown in Eqn. 4.3.
∗ We should note that this result is also included in Redner (2001), albeit wrongly reported,
it is corrected in the errata pages.
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Figure 4.3: The top plot shows that the mean-first passage time to a cluster of
Φ = 0.01 is inversely proportional the number of particles diffusing. Thus, the
time is only significantly reduced by the first few particles. Noise (η 2 ), however,
increases with the number of particles due to increased probability of a particle
being found close to a receptor, giving rise to a power-law distribution for short
times.

It is interesting to note that for more than one transcription factor the inverse
scaling also applies, provided all of them have the same initial condition, that
is, starting simultaneously. Consequently we may write again a simple scaling
function for the activation time for a number NTF of transcription factors:
τact (NTF ) =

τact,1
.
NTF

(4.7)

However, as we shall see later, this initial condition is not completely accurate,
since the phosphorylation time for each TF occurs depends on the stochastic
diffusion process. Therefore the initial conditions are not homogenous.

4.3
4.3.1

Analysis of the Response Time
Modelling the Signalling Response Time

From the previous results we conclude that a combination of scattered receptors
(or sensors) and a relatively low number of transcription factors may reduce
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response times significantly. To understand the influence of those structural
parameters, it is instructive to study a simplistic yet intuitive equation-based
model for the response time τresp . Considering the response time is the sum of
the phosphorylation and activation steps, and by using the scaling laws derived
in equations 4.4, 4.5 and 4.7, we arrive at (Dobrzynski et al., 2009):
τresp = (τphos /NHK + τact )/NT F .

(4.8)

By a simple inspection of the properties of this equation, we may state that
the phosphorylation time τphos is smaller than τact , since it is reduced by both the
number of HK and TF. Consequently, since τphos and τact are roughly equivalent,
the second term dominates the response time. This equation stresses that the
number of transcription factors is likely to be more influential than the number of
histidine-kinases to reduce the response time. However, as we can readily see in
Fig. 4.4, this model fails to accurately reproduce the simulated model, especially
for a high number of transcription factors. Unlike in the phosphorylation process,
where the initial condition was homogeneous (at t = 0 all TFs and HKs were
in the same state), in the target search process they are not. In Eqn. 4.8 it is
assumed that all phosphorylated TFs start their search for the promoter site
simultaneously, which is not the case. As we discussed earlier, phosphorylation
occurs at different times. Nevertheless, the simplicity of this equation shall prove
insightful at a qualitative level in understanding phenomena shown later in this
chapter.
In Dobrzynski et al. (2009) we present a more detailed model that accounts
for the stochasticity of the two processes involved in the signal transport. The
time taken by a single inactive transcription factor to reach the promoter is the
sum of two stochastic processes:
f (τresp , t) = X(τphos , t) + Y (τact , t),
where X and Y are the two diffusion driven processes for phosphorylation and
promoter activations respectively. The sum of two stochastic processes is the
convolution of their probability density functions (pdf ), and, as argued before,
both processes are well approximated to possess a negative exponential distribution (η 2 = 1) (Springer, 1979 ; Dobrzynski et al., 2009). Treating each individual particle trajectory allows us to have homogeneous initial conditions. The
response time is obtained by taking the first-passage of a TF out of N (Yuste
and Lindenberg, 1996), which results in:

τresp =

1
τphos

−N X
N  
1
N
−
k
τact
k=0



N −k 

1
τphos



k
τphos

+

1
−τact

N −k
τact

−k



.

(4.9)

This exact model shows an excellent agreement with simulations (exact model
as a solid line and simulations as squares in Fig. 4.4). The influence that each
parameter of this exact model has in the response time is more complex to
understand than the more direct and clearer expression of the simple model of
Eqn. 4.8.
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4.3.2

Similar Numbers of Histidine-Kinases and Transcription Factors for an Optimal Response Time

As we argued in the introduction of this thesis, a cell’s processes may be limited
by resource availability and, as a consequence, natural selected processes that
make the most efficient use of those resources may prove advantageous for the
organism life. In a two-component signalling system (TCS) this concerns the use
of structural factors such as number of molecules and spatial organisation. A
simple hypothetical example illustrates the role of efficient allocation of resources
in two-component signalling systems. Let us assume that a TCS may invest
energy in producing a total of, for example, 50 molecules. Then the system
faces a trade-off between investing energy to synthesize histidine-kinase sensors
or to synthesize response regulators. Indeed, with this constraint the numbers
of molecules correlate inversely to one another. For now, we do not consider
the energy invested in forming clusters, nor do we take into account that either
there is one single cluster or all HKs are scattered randomly. In this scenario we
may ask ourselves what would be an optimal ratio, if any, between the number
of HKs and TFs molecules, HK/TF, as to reduce the response time τresp .
Fig. 4.4 (panel A) shows the response time (τresp ) curves for scattered HKs
(solid and dashed lines), and for all HKs grouped into one cluster (dotted line).
While the total number of HK and RR is restricted to 50 molecules, their ratio
(HK/RR) varies from one TF and 49 HKs (49/1), to the opposite configuration,
49 TFs and one HK (1/49).
The common feature to both types of histidine-kinases spatial distribution is
the presence of a minimum point, which is also not an extreme point. For the
scattered cluster configuration this optimal point is achieved for a ratio HK/TF
of approximately 20/30. Increasing the total number of particles does not affect
significantly the location of this optimal point (results shown in Dobrzynski et al.
(2009)). Note that qualitatively Eqn. 4.8 and 4.9 smaller response time values
are biased towards a higher proportion of transcription factors since, as we have
argued earlier, these have a double impact in reducing the response time.
When all sensors form a single cluster, besides the expected increase in response time, the optimal points shifts slightly towards a higher number of transcription factors. Moreover, when the size of the cluster is not too big, it notably
increases the time for a low number of transcription factors.
Despite the presence of a minimum, the response time remains similar for
a broader range of ratios. This flat region is less accentuated when sensors are
clustered. Between 10 and 45 TFs τresp is below a factor τresp + 1. This suggests
that the response time may be rather robust against fluctuations in the ratio of
molecules.
The distribution for the first-passage times of τresp , shown in Fig. 4.4 (panel B
and C), show a Gamma-like peaked distribution which arises from the sum of the
two exponentially distributed diffusion processes. Comparing the distribution
taken at three distinctive points (1, 30, 49), we note that the noise (η 2 ) is
smaller at the optimal point. These lower noise levels are not only due to the
sum of the two exponential processes, but also to a higher number of molecules.
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Figure 4.4: Panel (A) response time optimality curve comparison between models and simulations. Note the bias of the curve and the presence of a minimum. Panel (B) distribution of the first-passage of the first (top) and second
(bottom) process. Note the peaked-type of distribution, espicially noticeable in
the second process. Simple model from Eqn. 4.8 (dashes) and the exact model
from Eqn. 4.9 (solid line for scattered clusters and dots for one sensory cluster).
D = 5 µm2 s−1 . Circles and squares are the results of numerical simulations.
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The smaller noise level indicates that the process is variable, in other words,
that the delivery of the signal becomes more reliable.

4.3.3

Correlated Numbers of HK and TF

In the previous section we considered that the two-component system was constrained by the total number of molecules allowed. The presence of the nonextreme optimal minimum is a direct consequence of such constraints. However,
often HKs and TFs are expressed from the same gene and their numbers are
positively correlated. For example, the number of transcription factors is proportional by a factor α to the number of histidine-kinases. Assuming that we
may only have an integer number of molecules and at least 1, the relation is:
T F = max( round(α HK), 1).

(4.10)

Using this new constraint, it is clear, as observed in Fig. 4.5, that the more
molecules the shorter the response time is, shifting the non-extreme optimum
point to an extreme. The jagged lines arise due to the discreteness of the system
and because we allow a minimum of one particle (a continuous version would
result in a smooth curve). Nonetheless, when the ratio of molecules is optimal,
HK/T F = α = 2/3 a faster response time is achieved with fewer particles than
when the ratio is non-optimal (grey solid line). Dashed and dash-point correspond to a α factor of 5 and 25 respectively. Black lines are for the unfavourable
ratio, 1/α, where the number of histidine-kinases is larger than the response
regulators.
As with the scaling studied in section 4.2, the optimal response time is proportionally inverse to the total number of molecules. The continuous version
of Eqn. 4.10, shows excellent inverse scaling. That is, the inverse of τresp is a
straight line with a slope that depends on the correlation factor α. However, we
did not investigate the relation between them. The discrete values of the number of particles, as established in Eqn. 4.10, cause the scaling for non-optimal
ratios to start to apply for larger values of molecule numbers. It is important
to note that, again, just a few molecules achieve the most significant reduction
in response time. So, after a certain value, adding more molecules to reduce,
say 0.01 s, would not pay off in terms of energy investment. This would only
be justified by other factors, such as inefficiency in phosphorylation or autodephosphorylation, not dealt with in this reduced model.
To illustrate the effects of a non-optimal ratio, in Table 4.1 we compare the
number of molecules needed to match the optimal time for the case 30 TFs and
20 HKs (τresp = 1.39 s) for a number of correlation factors α. This emphasises,
once more, the advantages of an optimal HK/TF ratio and the bias towards
higher numbers of TFs than of HKs to reduce the response time with a number
of molecules as low as possible.
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Figure 4.5: Response time (τresp ) for correlated numbers of particles and a
number of α values shows an inverse proportionality to the number of molecules
in the system. The jagged figures are consequences of the integer values used in
calculating the proportion of molecules.

Table 4.1: Number of total molecules to obtain the same response time with 50
molecules with an optimal ration 2/3. Optimal response time 1.39 s.
1

2
3

2

5

10

HK=(αTF)

51

50

51

63

80

TF=(αHK)

51

50

58

87

138

α

4.3.4

Assuming non-Diffusion-Limited Rates

In the basic model used previously, the rate of phosphorylation and activation
are determined only by the diffusive transport of the transcription factors in the
cytosol. As a result, the fixed relationship between those rates determines the
shape of the response time curve, shown in Fig. 4.4. By relaxing the diffusionlimited behaviour of the system, the kinetic rates of phosphorylation and of activation may deviate from the diffusion-limited ratio causing the curve to change
shape.
In Fig. 4.6 we show that increasing τphos , for instance, ten times (dotted
line), gives rise to a more symmetric response curve while shifting the optimal
point to a slightly lower number of TF (26/24). When increasing τact by the
same factor, but keeping τphos in the original formulation, the curve becomes
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Figure 4.6: Comparison of the signalling response time when the reaction time
of the τphos is increased ten times (dotted line) and τact is increased 10 times
(dashed line). The optimal point moves, and the highest impact of the response
time τresp is due to an increment in τact . Note that, incrementing τphos makes
the curve more symmetric.
less symmetrical, especially on the left side, with a fourfold increase in response
time, while on the other extreme the increase is approximately only twofold.
We should note that the central flat area of the optimality curve is roughly
conserved despite the bias. Now the optimal point is shifted towards the right,
at 36/14. Increasing further the phosphorylation time, (5, 10, 50 and 100 times
the diffusion limited rate, ascending order in Fig. 4.6, and circles) this process
has less effect on the total response time than by an equivalent increase of the
activation time (shown are squares). The observed convergence of the optimal
response ratio towards 25/25 is well illustrated from the simple model shown in
Eqn. 4.8, where the first term dominates the response time and its minimum
occurs when NHK = NT F . However, increasing the activation time causes the
optimal response time to shift towards 49, that is, using the totality of available
transcription factors. However this convergence is much slower than the previous
case, and τact needs to be at approximately 3600 times larger than the original
τphos . Once more, this limit is clearly deduced from the simple model, rather
than the more accurate, and convoluted, one.

4.4

Discussion

We have studied the influences that structural factors, such as spatial organisation of sensors and ratio of molecules, have on the response time in twocomponent signalling systems. Importantly, we have relied on a generic model
72

4.4. DISCUSSION

as to shed light on the principal mechanism driving these systems. To this
goal, rather than modelling a fully realistic system with detailed molecularlevel descriptions, such as, reaction rates, dephosphorylation of active response
regulators by scavenging molecules, autodephosphorylation and a short-lived
activation of the sensors, we have opted, as a first step, to account only for
the essential mechanisms involved in the signalling process. The first-passage
paradigm allow us to analyse the system in the pure diffusion limited regime,
which represents the lower limit of how quickly signalling may function (instant
binding of molecules upon collision). Additionally, it is an explicit and insightful method to model first-time events, in this case, the first activation of a gene
expression in response to an external signal.
We have supported the analytical development of section 4.3.1 by stochastic
simulations of the first-passage processes, and more extensively analysed in the
forthcoming publication Dobrzynski et al. (2009). The goal of these simulations
was to support the applicability of the analytical model, since it relies on assumptions such as memory-less diffusion processes (Poissonian noise η 2 ' 1),
and that histidine-kinases activities are independent of each other. It has been
shown recently by Holcman and Schuss (2008) that if the membrane sensors
were close enough to each other, the first passage of transcription factor would
be affected non-linearly, breaking our assumption. Instead of using GMP or any
other advanced tool, we made use of direct, explicit in space stochastic simulations. We needed to reduce uncertainties related to advanced features used
in those methods in order to compare results against the analytical formulation. These simulations needed detailed spatial features, such as size of particles
and spherical cap sensors, which are not fully supported directly by methods
like GMP, MesoRD or Smoldyn. However, to study these systems with more
accurate kinetics those methods are readily available.
In this chapter we addressed issues regarding two constraints imposed on
the number of molecules used in two-component signalling. In the first, the
total number of molecules is constrained and the numbers of histidine-kinases
and transcription factors are inversely proportional, or inversely correlated. The
second imposes no constraints on the total number, but correlates positively to
the number of molecules. It is found that a ratio HK/T F = 2/3 gives, for
small number of particles, nearly optimal signalling response, while keeping the
number of molecules low. In Dobrzynski et al. (2009) we show that this optimal
ratio is a very good approximation for a system with more than 20 particles,
and for lower values the ratio is no larger than 1. With as few as 50 molecules,
the response time is approximately 1/60th of the time required for expressing
the first protein (≈ 1 min). Doubling the number of molecules, whilst keeping
an optimal ratio, would only half that time (≈ 0.7), which in view of the time
scale of other processes is probably not significant.
The assumption that the kinetics of the system are driven exclusively by diffusion of transcription factors helps to establish the lower bound of the response
time in signalling. One may argue that when the kinetics are not diffusion limited, but reaction limited, the optimal point shifts. In Fig. 4.6) it is demonstrated
that, in spite of the fact that the ratio for an optimal response time is dependent
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on the ratio between the kinetic rates of phosphorylation and activation, the
HK/TF optimal ratio is always ≤ 1. This could not have been observed a priori
by inspecting the simple model in Eqn. 4.8, but by using the more accurate
model in Eqn. 4.9, the simple model illustrates well the limits for the optimal
ratio.
Increasing the activation time is not only affected by the affinity between the
promoter and the transcription factor. Elf et al. (2007) reports, using recently
developed single-molecule imaging in in vivo conditions, that transcription factors spend a reasonable time bound to non-specific DNA sites before reaching
for the final target. Only then do they obtain an apparent diffusion coefficient,
D = 0.4 µm2 s−1 , which is one order of magnitude smaller than of that of a transcription factor when it does not bind non-specifically to the DNA. Changing
the diffusion coefficient in the model did not affect the optimal response time
location (results not shown). Using normal diffusion for cytosolic proteins seems
justified by the same experiments and in Elowitz et al. (1999). Anomalous diffusion has been mainly observed in eukaryotic cells where the cytoplasm is highly
crowded (Kues et al., 2001 ; Wachsmuth et al., 2000), for membrane molecules
(Nicolau et al., 2007), or for larger molecules such as mRNA (Golding and Cox,
2006). In bacteria, further experiments should shed more light onto the consequences of the dynamics of nonspecific 1D DNA sliding transcription factors in
their diffusion and kinetics.
When considering ratios between histidine-kinases and transcription factors,
we have to be aware of three modelling assumptions: that the reactions of the
model are irreversible; that the external stimuli activate all HKs at once; and
that the transport of the signal is perfect and the signal is not lost during it. We
should refer to these numbers in the model as the number of molecules being
activated, which may be lower than the number of molecules, both HKs and
TFs, present in the system but remain left unused. This fact is important to
account for when considering the degree of external signal present that activates
the sensors. If the signal is abundant, it is likely that all sensors will become
active, more or less, simultaneously. However, if the strength (or amount) of the
signal is low, then a smaller fraction of sensors may be activated. This suggests
that a two-component signalling system stimulated by a weak signal, may need
to synthesize more HKs, as to avoid working with an unfavourable ratio, that
is, in the right extreme of the response time optimality curve. Conversely, if
during the transport of the signal, the transcription factor loses its phosphryl
group, additional TFs would need to be present in the system to guarantee that
a fraction of them actually deliver the signal.
Another alternative to detect weak signals, yet produce a quick and robust
response, is the mechanism found in the chemotaxis cluster sensor (Shimizu
et al., 2003 ; Sourjik, 2004). Sensors interact in a co-operative manner so the
activation of one sensor may facilitate the autophosphorylation of a neighbouring
sensor. This situation is roughly equivalent to the one cluster case shown in
Fig. 4.4, where the cluster becomes fully activated, or not at all. Under this
situation our model predicts, with similar arguments to those found in Berg
and Purcell (1977) ; il Lim and Yin (2005), that the response time is slower.
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Consequently, this clustered organisation requires more molecules to transport
the signal. In the chemotaxis case, the receiver system is not a single promoter
site, but rather the flagellar motors, which in contrast to the centre location
of the promoter, these are located on the membrane and towards the opposite
side of the cell of which the sensor is located (see section 3.3 for more details on
signal transport in chemotaxis).
In the model shown in Eqn. 4.9 we have assumed rather simple diffusion
and kinetics. Direct measurements of these response times and of the active
or inactive state of various molecules under in vivo conditions may not yet be
feasible. Rapid progress in single molecule microscopy technology, such as that
used in Elf et al. (2007), may allow some properties of the response time to
be measuredalbeit indirectly–at single molecule resolution (Yu et al., 2006 ;
Marshall et al., 2008).
A few Words on Experimental Validation
Validating the theoretical results of the two search processes and obtaining their
distributions remains a difficult task. The most straight forward approach would
consist in timing the individual and fast events, for each binding event. Tracking
a single transcription factor for its two binding events faces more difficulties
due to the limitations of bleaching and over exposure of the fluorescent tags,
together with the multiple particles present in the system. Recent single molecule
microscopy techniques have been applied to the study of single protein synthesis
(gene expression) (Cai et al., 2006), mRNA levels (Golding et al., 2005) or single
transcription factor binding to the chromosome (Elf et al., 2007).
The optimality curve, as shown in Fig. 4.4, would require a control over the
number of proteins present in the system. In a natural systems it is more easily
achieved for the correlated case, as described in section 4.3.3, than for the fixed
number of TFs and HKs as in section 4.3.2. Then, the timing can be in principle
inferred indirectly from the gene expression synthesis.

4.5

Conclusions

From the modelling performed in this section we conclude that the signalling
time, measured as the response time to an external signal, shows some degree
of robustness against uncorrelated numbers of molecules and that significantly
short times can be achieved by small numbers of molecules, both histidinekinases (HK) and transcription factors (TF). The signs for robustness arise from
the flatness of the optimality curve and the fact that only extreme ratios have a
major impact on the response time. Under more realistic conditions, for example
by taking into account reaction rates and diffusion coefficients, the response time
is bound to increase. However, this increase can be, in principle, compensated
by just adding few molecules to the system without recurring to a great expense
in energy. It seems then that correlation is a central issue in the efficiency of
these signalling systems: in prokaryotic organisms correlation is not uncommon.
In fact, the operon organisation of most genes offers such a feature at a very
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low energetic cost and guaranteeing that one single signal produces both (or
more) molecules. Contrast such system with the single gene regulation typical
of eukaryotic cells, in which two genes would require two correlated signals to
produce a correlated product instead of just one signal required by prokaryote
cells. In evolution terms, it is a very good choice to delegate to an architectural
design the responsibility to correlate protein synthesis instead of using two systems to regulate one signal with consequent minimisation of energy utilisation
and ultimately of space.
Besides the operon grouping, the optimality curve also suggests that a proper
ordering of the genes might help to achieve a closer to optimal ratio between
the number of histidine-kinases and transcription factors. Because the transcription and translation processes are imperfect, an upstream gene (closer to
the transcription factor binding site) is more likely to be fully expressed than a
downstream gene. Thus, gene order, together with operon organisation, might
be a product of evolution in order to achieve efficient, robust and near optimal
signalling. In certain occasions, like in chemotaxis, a mixture of genes found in
the same operon and on different ones are used in order to bring the system to
work efficiently. In that case, a special cluster and hypersensitive sensors are
needed which would inevitably shift the optimal ratio between HKs and TFs.
Regarding the expression processes, and more importantly how often these fail,
we should note that they also play a role in regulating the expression levels at
first instance without the intervention of additional regulating processes. We
have already mentioned a number of other factors that affect signalling times,
but in this chapter we have focused in the structural ones.
In the following chapter we explore the impact that gene order and expression
processes have in the ratio of expressed (intermediate) products for prokaryotic
two-component signalling systems.
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Chapter 5

Processivity Effects of Gene
Expression of Proteins in
Bacterial Two-Component
Signalling Systems
In the previous chapter we studied the structural factors that influence the response time in two-component signalling systems (TCS) typically found in bacteria. We found that the ratio between the number of histidine-kinases and
response regulators (HK:RR) yields optimal response times when this ratio is
lower than 1, and for the diffusion-limited kinetics of both HKs and RRs this
optimal is 2:3. We also argued that in terms of cell’s efficiency it is sensible that
these systems work in proximity of that optimal ratio, as a way to obtain with
just a few molecules short response times are obtained.
Besides the efficient use of the the molecules in TCS, we should expect that
the mechanisms to regulate the synthesis of HKs and RRs are also optimised.
Therefore, optimal functioning of the system should arise naturally from the
system’s architecture without requiring additional active regulatory mechanism.
Prokaryotic organisms have much simpler mechanism for gene expression control
than their complex eukaryotic counterparts. In prokaryotes many related genes
are grouped into operons which form the expression unit (25% in E. coli ). If
the transcription and translation where faultless, the ratio of expressed proteins
from the same operon would be constant at 1:1. Nevertheless, these processes
are error prone and consequently due to the sequentiality of each process, the
one that comes first has more chances to be completed than the subsequents.
This phenomena was already observed in the lac operon and noticed that its
The contents of this chapter are based on the results published in
• Dobrzyński et al. Prokaryotic signaling has been optimzed for quick but robust response.
Submitted (2009)
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three consecutive genes where expressed with decreasing quantity (Hartl and
Jones, 2005). There are multiple reasons for which premature termination of
both processes may occur, such as errors introduced during transcription or by
some endogenous regulation mechanism.
As transcription proceeds from one end to the other, translation of polycistronic mRNA has a richer behaviour. In some cases, there may be a ribosome binding site before each cistron, so that de novo translation occurs in both
cistrons in parallel. In other cases, there is only one ribosome binding site before
the first cistron. Additionally, a ribosome translating an upstream cistron may
re-initiate translation of the downstream cistron if the translational coupling is
strong(Oppenheim and Yanofsky, 1980 ; Yoo and RajBhandary, 2008).
In this study we attempt to shed light in the effects that gene organisation
have on the response time and efficiency of two-component signalling systems.
We focus on systems with adjacent genes and a single ribosome binding site. The
principal features to consider are on the premature stopping of gene expression
which may occur during transcription and translation and resulting in a divergence in the final expression ratios HK:RR. Additionally, the implicit gene order
in the operon, also influences the final expressed ratios of polypeptide chains
which ultimately fold into active proteins.
In this chapter we first analyse the statistical properties of two-component
signalling genes with regard to their order and length. We contrast the data
from E. coli against that of over 600 microbial organisms. Thereafter we address
the expression ratios in mRNA and polypeptide chains deriving a probabilistic
model which accounts for gene ordering, processivity, gene length and lifetime
of mRNA. Then we use the expression ratios to obtain the response time. In the
last section we discuss our model and future extensions.

5.1

Statistical Properties of Escherichia Coli Gene
Length

The information on gene organisation and gene length for two-component signal transduction systems (TCS) in E. coli was gathered from the The EcoCyc
database (Keseler et al., 2005). This source lists a total of 21 signal transduction
pathways. Table 5.1 shows a summary of the gene organisation, their length (in
base pairs, bp) and histidine-kinase versus response regulator length ratio. Some
of these systems, however, in spite of conforming to a typical two-component architecture — one HK and its cognate RR, as described in section 1.5.1 and
chapter 4 —, share one of its components. For example, NarQ histidine-kinase
pairs with two response regulators NarP and NarL. For the statistical analysis
we consider that a TCS system is strictly composed of a single HK and a single
RR. Therefore, some systems appear listed twice with one of the components
being duplicated.
We distinguish three gene organisation classes. The first class contains genes
found on the same operon and adjacent to each other. When adjacent we also
take into account the order in which the operon is transcribed and, therefore,
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distinguish two sub-classes: HK-RR and RR-HK, that distinguish the order in
which an RNA polymerase transcribes the genes. (In The Ecocyc the order appears to be graphically depicted by a pointing box.) The third class includes
those orphan genes, which, for the genes listed here, they all are found in different operons. Orphan genes are located in different operons and therefore the
expression levels are regulated independently.
Another relevant feature is the length of each genes. The average length
and standard deviation of each group of system is summarised in Table 5.2.
The most salient feature is that histidine-kinases are between 0.6 and 5.8 times
longer than response regulators (2.6 on average). Overall, the length ratios for
adjacent genes is similar (1.96 and 2.0), whereas for the orphan class it differs
significantly with an average of 3.1. This is true in general except for two cases:
the nitrogen and RcsFB pathways. The former has an exceptionally long RR,
while the latter has an exceptionally short HK. Histidine-kinases’ longer genes
may be attributed to a higher number of functional structures, which besides the
sensing domain and output kinase domain, there are also a number, from 2 up
to 20 transmembrane helices (Mascher et al., 2006). It is striking that the length
of histidine-kinases with an adjacent response regulator is similar between the
two orderings, whereas for orphan genes histidine-kinases are on average 400 bp
longer. In the response regulator case, however, similar lengths occur between
the RR-HK and the orphan groups. The ordering HK-RR has longer genes,
although the length in the lower end range overlaps with the other classes.

5.1.1

Is E. coli Representative of Microbes?

One might wonder whether E. coli may be considered a representative case of
microbes. We analysed the data obtained from the microbial MiST (Microbial
Signal Transduction) database that contains 617 organisms, as of November
2008 (Ulrich and Zhulin, 2007). Nevertheless, we only took into consideration
non-hybrid adjacent genes. In first instance, we find that the two-component
signal transduction pathway systems retrieved from MiST represent a super set
from that found in The EcoCyc, a specialised database in E. coli, and more
concretely the strain K-12. Note in Table 5.1, that MiST lists 6 more pairs
of two-component signalling systems than The EcoCyc. We shall mention that
gene length data agrees in all but one case: CreB has a length of 1296 instead of
1425 as listed in EcoCyc. This difference, though, does not affect significantly
the statistical analysis.
In MiST 59% of the systems belong the the RR-HK ordering. This suggest
that this ordering might be favourable in the signalling system, as we shall show
later. However, since the ordering is highly conserved among organisms, only
four gene pairs out of 8348 were found to present different orders in different
organisms, the result might be biased if one microbial family has evolved more
into more organisms.
Second, we observe from the comparative statistics shown in Table 5.2, that
the average gene length of E. coli follows the same pattern as that of all microbes
in MiST: Histidine-kinases and response regulators are longer in the HK-RR
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Table 5.1: List of the two-component signal transduction pathways found in E.
coli databases EcoCyc and MiST (Refs. Keseler et al. (2005) ; Ulrich and Zhulin
(2007) ). The order of the gene is the transcription order, not their location on the
genome. Some two-component signalling systems have dual input or output, but
they are treated as independent pathways. Length is given in base pairs (bp).

order

HK

Ecocyc

Ato
Bae
Kdp
NarX
Nitrogen
Zra

AtoS
BaeS
KdpD
NarX
NtrB
ZraS

AtoC
BaeR
KdpE
NarL
NtrC
ZraR

1827
1404
2685
1797
1050
1398

1386
723
678
651
1410
1326

1.32
1.94
3.96
2.76
0.74
1.05

CitA
YojN
YpdA
YehU
DcuS

CitB
BcsB
YpdB
YehT
DcuR

1659
2673
1698
1686
1632

681
651
735
720
720

2.44
4.10
2.31
2.34
2.27

Bas-S
CpxA
CreC
EvgS
EnvZ
PhoQ
PhoR
RstB
UhpB

BarR
CpxR
CreB
EvgA
OmpR
PhoP
PhoB
RstA
UhpA

1092
1374
1425
3594
1353
1461
1296
1302
1503

669
699
690
615
720
672
690
729
591

1.63
1.97
2.06
5.84
1.88
2.17
1.88
1.79
2.54

YgiY
CusS
YedV

YgiX
CusR
YedW

1350
1443
1359

660
684
672

2.05
2.11
2.02

ArcB
BarA
CheA
CheA
CreC
NarQ
NarQ
NarX
BarA
RcsF
RcsC
TorS

ArcA
UvrY
CheY
CheB
PhoB
NarP
NarL
NarP
OmpR
RcsB
RcsB
TorR

2337
2757
1965
1965
1425
1701
1701
1797
2757
405
2802
2745

717
657
390
1050
690
648
651
648
720
651
651
693

3.26
4.20
5.04
1.87
2.07
2.63
2.61
2.77
3.83
0.62
4.30
3.96

HK-RR

MiST

Ecocyc
RR-HK

Bas
Cpx
Cre
Evg b
Osmoregularity
PhoQ
PhoR
Rst
Uhp

MiST

apart

a
b

ratio
HK:RR

System

a

EcoCyc

Arc
Bar
Chemotaxis
Chemotaxis
Cre
NarQ
NarQ
NarX
Osmoregularity
Rcs
Rcs
Tor

Not included in MiST
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Table 5.2: Statistics for two-component signal transduction pathways in E. coli and
a microbial database (MiST). Average length, in base pairs, and standard deviation
of histidine-kinase sensor (HK), response regulator (RR) and the ratio (HK/RR).

a

DB

gene

all

HK-RR

RR-HK

apart

EcoCyc

HK
RR
ratio

1811.78 ± 701
758.55 ± 243
2.6

1693.5 ± 565
1029.0 ± 380
1.96

1600.0 ± 757
675 ± 46
2.4 (2.0a )

2029.75 ± 709
680.5 ± 144
3.1

MiST

HK
RR
ratio

1591.3 ± 404
749.9 ± 204
2.2

1845.9 ± 461
827.1 ± 281
2.4

1359.8 ± 110
679.6 ± 36
2.0

MiST

All

E. coli K12

order

HK
RR
ratio

1523.8 ± 415
762.8 ± 238
2.1

1700.5 ± 530
821.5 ± 317
2.3

1400 ± 243
721.8 ± 148
2.0

Without hybrid Evg.

ordering. And the ratios HK:RR for all cases, discarding the hybrid EvgS, seem
to be very close to 2:1. From this simple statistics we already note that E. coli
follows the same pattern in gene length than the average microbe.
We may further analyse the representativeness of E. coli by plotting the
length of histidine-kinases versus their cognate response regulators’ length, as
shown in Fig. 5.1. As it is noticeable from the data in Table 5.1, but more clearly
illustrated in Fig. 5.1, response regulators form three well differentiated clusters,
whereas histidne-kinases group roughly into one cluster. Data from E. coli is
shown for the three organisation classes. As expected, they fall into the main
groups. Both orderings show one dominant cluster with RRs of approximately
700 bp. There are two additional minor clusters, albeit much less significant
expect for the cluster at approximately 1400 bp for the HK-RR ordering. The
differentiation in response regulators length seems to be determined by the RR
family. All E. coli genes found in the lower cluster belong to the family OmpR
and NarL, whereas the upper cluster consists of members of the NtrC family∗ .
The first two have DNA binding domains (HTH), whereas the longer NtrC family
has an AAA-FIS DNA binding domain (Galperin, 2006). All E. coli response
regulator found in the upper RR cluster belong to the NtrC family and with
ordering HK-RR. Likewise, in E. coli no pairs with RR-HK are found in this
cluster. Other genes with equal ordering, but belonging to the other families are
found in the lower major cluster.
Histidine-kinases follow a two-clustering pattern, although these are less differentiated. On the one hand, HK-RR ordering the main cluster is broad, and
∗ data

extracted from KEGG.
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2CSTP gene length correlation (from MiST)

1500

Nitrogen Ato
Zra

CheAB

1000

RR length [bp]
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hk->rr
rr->hk
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HK length [bp]

Figure 5.1: Distribution of gene pairs for microbial two-component signal transduction pathways from MiST.

has a secondary cluster around 2700 bp. On the other, RR-HK ordering contains
primarily one cluster, although we may notice two smaller cluster on either side
of the main one. These are difficult to discern, but for those pairs with long
RR, we may notice the two sub-clusters. As we already argued before and summarised in the statistics Table 5.2, HKs have a wider distribution of lengths.
Considering the location of the sensor domain, members of periplasmatic and
cytoplasmatic kinases in E. coli where found in both orderings, so we rule out
this being a factor to determine a particular ordering.
It is interesting to note that for histidine-kinases, the only extreme values,
higher than 4000 bp, are only found for the HK-RR ordering. Whereas extreme
values for RR, longer than 2000 bp exists in both orderings.
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cdf
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pdf

0

A

B

Figure 5.2: Generic representation of a dicistronic gene in which A is read
before B and the probability for an RNA polymerase, or ribosome, to fall off.
This also represent a polycistronic mRNA with one ribosome binding site before
the first cistron.

5.2

Modelling Expression of HK and RR

To analyse the probability of expression of each gene, we make use of a probabilistic model that accounts for the stochastic effect of premature termination.
In this model we assume we have a dicistronic system with gene A followed
by and adjacent to gene B with length lA and lB nucleotides ( abbreviated n,
or bp) respectively (as illustrated in Fig. 5.2). An RNAp starts transcribing
from the first position of A, and proceeds towards the end of B. We assume
that premature termination, an RNAp unbinding the DNA, may occur at a random position during transcription with probability p on any position of either
gene. If the RNAp does not unbind in A or B, then both genes are successfully
transcribed. RNAp processivity is then p−1 .
We define the ratio of the number of complete mRNA genes as A/B (or A:B).
This ratio is equivalent to the probability of transcribing each gene. Thus
A
P rob(A)
=
.
B
P rob(B)

(5.1)

Gene A is transcribed whenever the RNAp falls after A. Thus, P rob(A) includes
those transcripts with only A successfully transcribed and those where both
genes were completed. Gene B is only completed when RNAp falls after B.
The probability of an RNAp to successfully transcribe n bases follows a
Bernoulli process, where for A we had at least lA success trials, and for B at
least lA+B success trials. Therefore, we may write

P rob(A)

P rob(B)

=

=

∞
X

(1 − p)n p = (1 − p)lA ,

n=lA
∞
X

(1 − p)n p = (1 − p)lA+B .

(5.2)

(5.3)

n=lA+B
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For large values of n we approximate this discrete distribution by its continuous counterpart: the negative exponential. Then substituting Eq. 5.3 into
Eq. 5.1 and taking their continuous equivalent we obtain
A
(5.4)
= (1 − p)lB ≈ exp(p lB ).
B
Thus the ratio of the number of completed mRNA A:B does not depend on
the length of the first gene, but only on the length of the second. Eqn. 5.4
states that the longer the second gene is, the higher the ratio A:B may reach
because the probability of failing during B is higher while A has been already
transcribed. Note that the model describes the final steady state of a large
number of transcription events. We shall model the dynamic behaviour in the
next section.
The Bernoulli process also applies for translation, where a ribosome may also
terminate prematurely. We shall see, however, that translation has some specific
features that need further assumptions.

5.2.1

Transcription

In Fig. 5.3 we show the ratio A/B given by Eq. 5.4 for a range of processivities.
In prokaryotes a typical value is in the order of 104 nucleotides, which is one
order of magnitude longer than an average histidine-kinase (Hartl and Jones,
2005). The shaded regions in the plot indicate the ranges found for each ordering
obtained from Table 5.2 for all microbial organisms. Both regions do not overlap,
however due to the typical high processivity (solid line) the ratios do not differ
much, 1.09 and 1.15 for HK-RR and RR-HK ordering respectively. Halving the
typical processivity would increase slightly the difference, but the ratios remain
between 1.1 and 1.5. As summarised in Table 5.3, for the data for all microbes
in the MiST database, the probability of full transcription of the operon is high
and differs little between the two orderings. Consequently the probability of
successfully transcribing only the first gene are small (7-12%), and similar to
that of failing to synthesize any functional mRNA (16-7%).
Table 5.3: Probability of transcribing mRNA with both genes AB, only A or
none ( ∅) depending on the order of histidine-kinase and response regulator in a
dicistronic mRNA. A is the first one, and B the second. Processivity error every
is taken as p = 1/10000 nucleotides (Hartl and Jones, 2005).
order

AB

A

∅

HK-RR
RR-HK

0.78
0.80

0.07
0.12

0.16
0.07

We should keep in mind that these ratios are averages of a large ensemble
of transcription processes. Therefore these are more representative of a population of cells than rather just one bacterium. When transcription events are
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for all microbial organisms

3
Probability of premature stop
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ratio A/B
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5x10
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1
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5000
length of B [nucleotides]

6000

7000

Figure 5.3: Expression ratio of a dicistronic operon (transcription) for a range
of premature stopping probabilities.

rare, however, we should take into consideration additional parameters such as
the discrete nature of the fully transcribed mRNA, the lifetime of the mRNA
and the degradation processes that regulate mRNA’s lifetime. Roughly 80% of
the times one complete mRNA is transcribed, resulting in a ratio 1:1. Although
this ratio may facilitate an optimal ratio for histidine-kinases and transcription
factors in two-component signalling systems, as studied previously in section 4.3,
the final protein ratio depends ultimately on the translation process, discussed
in the nest section. However, if a transcription ends prematurely during B,
approx. 10% chances, and assuming that the previous transcript is already degraded, the resulting mRNA ratio is 1:0. Under this rare event, the number
of proteins synthesized from the first cistron would increase. The absence of
proteins from the second gene may be relevant only if transcription initiations
are very infrequent as to allow for those proteins to be degraded. This may be
the case if the expressed proteins have long lifetimes. The infrequent expression
should keep the number of proteins in balance; otherwise, we could expect and
accumulation of proteins. Half-lifetime of mRNA related to two-component signalling systems is found to be short, approx. 0.6 min, compared to an average
mRNA in E. coli which averages 2–4 min, and may occasionally extend up to
50 min (Aiso and Ohki, 2003). This allows only for the completion of some
translation processes of the first cistron before a prematurely ended mRNA is
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quickly degraded (Hartl and Jones, 2005).

5.2.2

Translation

The second step in the synthesis of histidine-kinases and response regulators is
translation of a nascent mRNA by a sequence of ribosomes. Unlike in transcription, translation initiation is not a rare event but a rather frequent one. In this
section we analyse translation of dicistronic mRNA under two assumptions: that
there is only one ribosome binding site before the first gene, and that there is
a strong translational coupling, so the same ribosome continues to translate the
second gene. These assumptions allow us to use the same probabilistic model
shown Eqn. 5.4, in order to determine the ratio of the protein HK:RR. Note
that the following results only concern translation, not the combined effects
with transcription.
Typical rates of translational premature termination (or ribosome processivity) range from one in every 2600 to one every 4000 codons (Jørgensen and
Kurland, 1990 ; Manley, 1978, and references therein). We shall note that this
processivity is similar to that of transcription since a codon consists of three nucleotides. Thus, a premature stop in translation means that the error occurred
in three nucleotides. Hence, the similarity between RNAp and ribosome processivity (p = 3/10000 = 1/3333). The mRNA template follows the diagram in
Fig. 5.2, a simplified model which does not include the untranslated regions of
a polycistronic mRNA (i.e. inter-cistron space). Because non-translated regions
are short compared to that of proteins (few tens of nucleotides), we find that
the length of a cistron in codons is, to a good degree of approximation, a third
of its gene length.
From Fig. 5.4 we observe again that the ratios between the two orderings,
with typical translation processivity, remain similar for the range of length of the
second cistron (solid line). In principle, this plot is equivalent to that in Fig. 5.3,
because of the above-mentioned equivalence between length and processivity.
The expression ratio ranges are shown for E. coli data from Table 5.2, where
despite observing an overlapping region for typical ribosome processivity there
are no significant differences. Only for the longest cistrons (approximately 800
codons) and with a hypothetical lower processivity of p = 10−3 codons per error
the A:B ratio would reach at most 2:1.
In Table 5.4 we show that the probability that a ribosome translates both
cistrons is between 71-83%, and only between a 7-12% of translation initiations
synthesize the first cistron. These values, as calculated for the The EcoCyc E.
coli data, are similar or slightly smaller than those found for the synthesis of
mRNA due to a slightly lower ribosome processivity (p = 1/2600) (shown in
Table 5.3).
For translation, nonetheless, the rare initiation events’ effects characteristic
of the transcription process are now no longer present due to a higher ribosome initiation frequency. Combining a low transcription initiation rate with
a frequent translation initiation, which occurs on average once per second, one
mRNA produces in its short lifetime a burst of proteins.
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for E. coli (EcoCyc) values
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Figure 5.4: Expression ratio of dicistronic genes (translation) for a range of
error probability per codon.

Table 5.4: Probability of translation of both cistrons (AB), only A or none ( ∅),
depending on the order of histidine-kinase and response regulator in a dicistronic
mRNA. A is the first one, and B the second. The range is calculated for a
probability processivity of one error every 1/2600−1/4000 codons.
order
HK-RR
RR-HK

AB

A

∅

0.71-0.80
0.75-0.83

0.10-0.07
0.17-0.12

0.20-0.13
0.08-0.05
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5.3

Expression Ratios and Optimality

The range of ratios obtained appear to be near the optimal ratio of HK:TF described earlier in the analysis of two-component signalling systems in section 4.3.
We shall distinguish the implication of this ratio in view of the two possible orderings, HK-RR and RR-HK, described earlier in section 5.1. For the RR-HK
ordering we find that the ratio is higher than for the reverse ordering. In view
of the bias of the optimality curve in Figs. 4.4 and 4.6, under the constraints
assumed for translation, the higher average A:B is between the 1:1 and 3:2 optimal range. In this situation shifting the ratio towards the right side of the plot
is not detrimental, unless it goes too far. But this seems to be prevented by
the strong correlation in the numbers of both proteins. For the reverse ordering,
HK-RR, in view of the likely higher response times due to a shift in the ratio
towards the left side of the curve, the system with this ordering is better off to
stay closer to the semi-optimal ratio 1:1.
We should note that the ratios combining the transcription and translation
processes would result in a slight increase of the ratio A:B. For such analysis, the
dynamics and interacting between both processes should be taken into account.
The static analysis done so far does not account for number of proteins, only
their rations. This property has not been investigated in this work. Nevertheless,
in the next section we present a model for the dynamics of translation.

5.4

Dynamics of Translation

From the static model derived in section 5.2 we may not obtain information
in the number of polypeptide chains being translated. Additionally, the static
analysis is equivalent to a steady state analysis, that is, of a large ensemble and
after the system has relaxed. We already pointed out that translation is limited
by the lifetime of an mRNA, which for HK-RR is relatively unstable and short.
The number of proteins successfully translated depends on three factors: the
speed ribosomes walk along the mRNA, the initiation rate (separation between
ribosomes) and the lifetime of the mRNA.
We develop a model to describe the rate of a polypeptide chain synthesis
based on translation dynamics with one binding ribosome at the beginning of
the first cistron. Our aim is to model only the average rate of synthesis, or
output flux FO , taking into account the processivity and the initiation rates
of the process, or input flux FI . As we have seen before, only a fraction of
the particles that initiated the process finish successfully walking till the end of
gene A or B (as shown in Fig. 5.2). On average, the number of fully translated
cistrons is proportional to the number of ribosomes that start the translation of
the cistron. Thus, the output flux of the first gene (A) corresponds to Eqn. 5.5
and for the second (B) is Eqn. 5.6.
FOA
FOAB
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= FI exp(−p · lA )(t − ∆A ),
= FI exp(−p · lA ) exp(−p · lB )(t − ∆A+B ),

(5.5)
(5.6)
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Figure 5.5: Dynamic evolution of the ration A/B. The length of genes is take
from The EcoCyc database. The processivity is 1/4000 codons, initiation rate
1/17 codons and Ribosome speed 17 codons/s.

where ∆A is the approximate time required for the first particle to traverse the
whole length of gene A (or both A+B). This delay affects the timing of the
process, especially for the short time events. Because of the high processivity
of the process we have approximated this delay by the average time required by
one particles to process a complete cistron which equals to ∆A = lA /υ, where υ
is the speed of the ribosome.
Translation initiation occurs at a rate of 0.8–1.1 initiations·s−1 (Mitarai et al.,
2008). Ribosomes process an average of 15−20 codons·s−1 Spirin (1999), similar
to RNA polymerase (50 nt)(Young and Bremer, 1976). Given these rates, one
ribosome takes an average of 43–57 s to translate both HK and RR cistrons.
In Fig. 5.5 the dynamic evolution of the A:B ratio described by model in
Eqns. 5.5 and 5.6 shows that a steady state is reached within approx. 2 min
minutes. As expected, the steady estate of the model, which is given by
lim A/B = exp(lB p),

t→∞

corresponds to that summarised in Table 5.2.
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Table 5.5: Number of finished polypeptides when mRNA start degrading
from the ribosome binding site at tmRNA . Length are taken from the
MiST dataset in Table 5.2, frequency of initiation 1 s−1 , ribosome speed
17 codons/s

tmRNA [s]
10
20
40
60
80

HK-RR
A
B

RR-HK
A
B

8
16
33
49
66

9
18
36
55
73

7
15
30
45
60

7
15
31
47
63

mRNA Degration
However, the average life of a two-component-related polycistronic mRNA has
a typical half-lifetime of 36 s (Aiso and Ohki, 2003). There are several mechanism for degrading mRNA, but we shall only consider here mRNA degradation
starting from the ribosome binding site which prevents new initiations. With
this conditions the ribosome that already started translation may proceed undisturbed. The last polypeptide synthesized by each each is produced at time:
tlast = tmRN A + lX /υ,

(5.7)

where tmRN A is the start time of degradation, lX is the length of cistron A (lA )
or the length of both cistrons lA+B , and υ the speed of a ribosome. Adding this
degradation type to the model causes the ratio to converge faster to the steady
state value (not shown). In fact, we find that the steady state is independent on
the lifetime of an mRNA. The total number of completed polypeptide chains is
found by substituting t in Eqn. 5.5 and 5.6 by tlast .
Table 5.5 shows the number of completed polypeptide chains for each gene,
for both types of ordering and for a number of mRNA start degradation times.
The short lifetime of mRNA ensures that the number of completed polypeptide chains remains low. The number of successfully folded proteins might be
slightly slower, since protein folding is also prone to fail by a number of different
processes.
In Fig. 5.6 we compare how the ordering affects the signalling response time
and the number of polypeptide chains synthesized. We take two cases of gene
lengths, and their reverse order. For the translation model with mRNA degradation we observe that the RR-HK ordering produces shorter response times
because it is able to synthesize more particles. In these cases the bias in response time curve has little effect because the expression ratios are close to 1:1.
Incrementing the processivity of translation, for example to p = 30000, reduces the response time by approximately 10% (see Table 5.6). This reduction
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Figure 5.6: Comparison of the number of completed polypeptide for an average size dicistronic mRNA (HK=1400 bp, RR=600 bp) and an extreme one
(HK=7000, RR=600). Given a starting time for mRNA degradation, RR-HK
synthesizes more proteins (Table 5.5) and consequently reduces the signalling
response time (Eqn. 4.9). Processivity p = 3000.

is quite small compared to the time needed for translation (approx. 1 min). Additionally, the number of completed polypeptide chains is higher, approx. 13%.
Lowering the processivity to p = 300 has a more significant impact in the response time, over 600%. This occurs because the number of completed polypeptide chains is much lower, and the signalling response is roughly inversely proportional to the number of molecules. A typical processivity of p = 3000 seems
to offer a quick response time with a moderate use of resources.
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Table 5.6: Number of completed polypeptide chains for a range of mRNA starting degradation times and processivities. The typical processivity found in bacteria is p = 3000, and half-lifetime of mRNA related to two-component signalling
systems is 36 s.

tmRNA [s]
10
20
40
60
80
100

5.5

p=300
#molec τact [s]
3.19
6.39
12.78
19.17
25.56
31.95

32.56
13.53
6.26
4.07
3.02
1.88

p=3000
#molec τact [s]
17.13
34.26
68.52
102.78
137.31
171.31

4.5
2.1
1.0
0.7
0.5
0.4

p=30000
#molec τact
19.62
39.25
78.50
117.75
157.0
196.3

4.01
1.87
0.90
0.60
0.45
0.36

Discussion

We have studied the statistical properties of genes involved in two-component signalling systems with emphasis on E. coli, which are widespread in microbes. Often histidine-kinase and response regulator genes are located in the same operon
and adjacent. The operon organisation is a mechanism that guarantees that
related genes are expressed together, and the number of proteins are correlated
(Hartl and Jones, 2005). Additionally, we have assumed that there is a strong
translational coupling so that the expression of the second cistron depends on
the translation of the first. When the processes involved in gene expression are
prone to failure the gene order on the operon affects the final expression protein
levels. In this study we have considered the processivity effects in transcription
and translation. Unlike the single initiation site of an operon, a polycistronic
mRNA may have one initiation site, ribosome binding site (RBS), before the first
gene, or one RBS before each cistron. The former case has equivalent dynamics
to that of transcription.
The models and simulations show that with typical processivities for both
transcription and translation the ratio between the first and second gene are always larger than one and similar (1.1:1–1.3:1), and that this ratio only depends
on the length of the second gene. This range of ratios approximates the ratio
proposed in chapter 4 where the optimal ratio for signalling (and scattered sensors) was RR:HK = 1.5:1, favouring more response regulators (or transcription
factors). Thus, the RR–HK ordering seems to agree with that result, as it lies
closer to the optimal (minimum) point. In fact, the correlation in the number of
proteins due to the effects of a single RBS suggest that the ratio will stay close
to the central 1:1, avoiding shifting the ratio towards higher ratios and therefore
working on an inefficient ratio.
However, we note that the HK-RR ordering, which in principle lies on the
left half of the optimality curve (see Figs. 4.7 and 4.6) seems to compensate
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this disadvantage by having a lower ratio (see Fig. 5.4), avoiding to left-most
region that has a higher penalty in signalling time. As with the reverse ordering,
by strongly correlating the number of proteins the system works in the central
region of the optimality curve, which as we saw in the chapter 4 its central
region is flat and small deviation from the optimal point have little effects in
incrementing the response time.
We should be aware that the number of expressed polypeptides chain is
slightly larger than the number of successfully folded proteins, as this process
is also prone to error. However, we have refrained to include this effect in this
study. Additionally, when calculating the response times for these ratios we
are implicitly assuming that all histidine-kinases are activated by the signal and
that all response regulators are available to transport the signal. Under that
assumption we conclude that the RR-HK ordering is the optimal to reduce the
response time. However, as we argued in chapter 4, if, for instance, a signal
only activates typically a fraction of the sensors available, because it is present
in small concentrations or not strong enough to activate all sensors. Under this
circumstance the system might obtain faster responses by having an HK-RR
ordering, which would create more HK to guarantee a weak signal activates (and
induces autophosphorylation) enough HK. In this way, the mapping between the
expression rates reported and this chapter and those reported in chapter 4 would
need to be adjusted to include this effect. To find out about these properties we
need very detailed kinetic in vivo data for each particular system. This data is,
to our knowledge, not generally available yet. But further studies could make use
of single-molecule single-cell techniques to elucidate and validate the phenomena
theorised here.
In the case of one ribosome binding site per cistron we may expect qualitatively different results in the expression ratios. Then also the translational
coupling needs to be taken into consideration. For instance, is there is a strong
translational coupling and de novo initiation of the second cistron, the ratio A:B
may be lower than 1. But these depend also on the initiation rate, which may
differ since the inter-cistron RBS may be often inaccessible due to secondary
structure of mRNA, or because it is occupied by an ribosome in the re-initiation
phase. Thus the ratio range may be found to be broader.
We find that an unusual short lifetime of two-component-related mRNA and
a typical processivity of one error per 3000 codons, seems to offer a reasonable
low number of polypeptide chains yet still short responses time may be achieved
(Table 5.6). Since the degradation used in our model only prevents more initiation events without affecting the mRNA strand, there are no alterations in
the final protein ratios. However, it is easy to see that if premature degradation
affects the whole mRNA quickly, without letting the ribosomes to finish, then
the final ratio depends on the time translation has been running. Additionally, differences in response time (τact ) attributed to the ordering seem not to
be significant for typical gene length, when compared to the time required for
gene expression to synthesize the first polypeptide chain (1 min approx). The
flatness of the optimality curve is the indication of the robustness of the system
for relatively small biases of the optimal ratio.
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Orphan genes seem to have evolved to produce independently regulated proteins, which may also have larger variation in their ratios. For example, in the
chemotaxis pathway, the response regulators have a considerable 30 to 50 times
difference in concentration: CheY 6300−8200 molecules, and CheB 240−270 (Li
and Hazelbauer, 2004). For CheA, the receptor, the numbers of molecules are
in the range 6700−7800 (containing both long and short forms as described in
Kofoid and Parkinson (1991))

5.6

Conclusions

In the statistical study of gene length and clustering the intrinsic structure of
gene families arises clearly, but more importantly we find indications that the ordering of genes favour higher A:B ratios for RR-HK, as suggested in the previous
chapter. However, we also argue that this results need to be further studied in
a more case-by-case basis and under in vivo conditions since there are other factors that might affect the number of participating particles in the two-component
signalling system.
We have modelled the origins of protein levels bias focusing only on the first
two processes of the gene expression mechanism. Translation might be accounted
for as the principal mechanism for the bias. However, failures in the infrequent
transcription process have a potential larger impact in the protein levels, since
only the first cistrone may be completed.
To the best of our knowledge, this is the first study that analyses the implications of gene order on the efficiency of two-component signalling pathways
in bacteria. The initial modelling has helped to lay future directions in how to
proceed and validate our initial hypothesis. Due to the computational modelling
nature of this research, there are many details of the real system omitted in this
work than may play a crucial role in favouring a particular gene order and that
require a more experimental, modelling research cycle to fully understand the
implications of gene order.
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Chapter 6

Summarising discussion
Throughout this thesis we have made extensive use of explicit simulations in order to elucidate several relevant intracellular biochemical processes in prokaryotic
cells. We started with the development of a general simulation tool to study the
role of spatial localisation of reactions involving, in some reactions, a few number
of molecules which make them susceptible of stochastic effects. We then focused
on a model of two-component signal transduction pathway which captures the
essential spatial and stochastic features and helps us to study which mechanisms
affect the responsiveness to an external signal. Closely related to this topic is
the study of the stochastic mechanisms of the expression of the related proteins
involved in these signalling systems.
If we had to deal with the full details of biochemical reactions even for simple
organisms such as prokaryotic cells, we would find ourselves with an intractable
problem. We are then obliged to build simplified versions of the real system
that capture the most relevant features to explain the phenomena under study.
Yet we have to acknowledge that the results of a theoretical model can be sometimes hard to match to the real systems especially as the model becomes more
extensive in the details and adding more variables. The range of methods to
simulate biochemical processes is therefore broad. In chapter 2 we describe an
approximate explicit method, GMP (Gillespie-Multiparticle), to simulate spatial
and stochastic chemical processes where reactions can take place in the cytosol
and also on the surface of the inner-membrane.
At the core of the method we split the two essential processes, namely the
reaction and the diffusion, with the aim to reduce the complexity of the algorithm
and the computational cost. The method operator-split method is inspired by
the mechanisms underlying Cellular Automata for chemical reactions, which
use simple rules in order to obtain an emergent behaviour. The split operator
method allows us to use bulk diffusion of particles. In section 2.3 we use an
alternative method based on pre-tabulated values for the exact distribution of
the diffusion of few particles, namely the Binomial distribution. Unlike drawing
Normal distribution numbers, which only holds for high number of particles
and therefore a high concentration, drawing from the Binomial is expensive
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(see Fig. 2.3). Using pre-tabulated values, for the few cases, helps avoiding the
one-by-one method. Unfortunately, for parts of systems with even as much as
few thousands of particles might be only possible to perform a one-by-one. As
in the next-sub-volume methods, tracking the sites that change improves the
performance by eliminating unnecessary checks of sites where no computations
need to be executed. In these situation, the gain in performance is diminished,
although qualitatively drawing uniform random numbers is more cost effective
than drawing from a negative exponential distribution as used in the diffusion
of particles in MesoRD.
In the comparison among several stochastic methods performed in section 3.1.2
we find that all methods converge in the dynamics of the average. Surprisingly, we find some disagreement in the noise levels between the Reaction Diffusion Master Equation-based models (GMP and MesoRD) and the Brownian
Dynamic-based method Smoldyn. The culprit of such divergence is the reversible
reaction, concretely the rebinding probability of a pair of molecules, for which the
GFRD case is taken as a reference since it is the most physical-derived method
of them all. This reaction, in the diffusion-limited case, has the most impact in
the noise divergence observed.
The advantages of lattice-based methods rely on the simplicity of the method,
especially that of reaction, compared to that of lattice-free methods such as
GFRD and Smoldyn. One can argue against the less physical-based approach
taken by lattice-based methods, and especially that of GMP, compared to GFRD.
However, we find that using these methods with a reasonably chosen lattice size,
as discussed in section 2.2.4, yields results that are in agreement with the reference method. As mentioned before, noise levels are the most sensible and
lattice-dependent, but this behaviour is intrinsic to these methods because of
the use of a reaction method at the lattice-site level that neglects the spatial
phenomena.
The simplicity and generality of the lattice-based methods comes at the cost
of accuracy. However, this does not render them useless and they are being
used to study complex systems where the accuracy of the results might not play
an important role and an approximate quantitative solution is enough to shed
light on the process. In fact, measurements of the distributions presented in this
thesis are difficult to measure directly. Feasible indirect measurements then are
susceptible of a broad range of effects not accounted in the model. Such effects
include anomalous diffusion due to crowding, and differences in the reaction
mechanisms. All in all, these effects diminish the accuracy of simple models and
a good approximation of the solution is often taken as valid.
Most of the analytical results, such as Langeving equations and Linear noise
approximations, in fact, enable us to study homogeneous systems. Spatial analytical results are generally more difficult to obtain, and it is in this area that
simulations fill this gap. Nonetheless, as in the signalling study presented in
chapter 4, simulations aided us in developing analytical formulations of the problem. Such analytical treatment is possible because of the lack of interactions
between membrane sensors, thus each sensor is an independent unit.
In chapters 4 we studied the influence that space and the number of molecules
96

have on the response time in two-component signal transduction pathways.
We discussed how the spatial distribution of sensory histidine-kinases influence
partly in the response time. When sensors are independent of each other scattered sensors reduce the phosphorylation time of response regulators. A detailed
model of the signalling process accounts for the search process executed by each
individual particle in the system. The order statistics framework, thus, allows
us to calculate the first-passage activation (Eqn. 4.9). We showed that, in virtue
of the double role in the phosphorylation and activation processes described in
the simple model in Eqn. 4.8, the number of response regulators has a more
significant impact in the reduction of the response time. Because of the higher
weight of the response regulators, the response curve shows faster response time
for ratios HK:RR smaller than 1. Even further altering and unbalancing the reaction ratios the optimal response time is always biased towards the right plane,
for higher number of response regulators
We showed that when the system has an optimal ratio of HK:RR the system
may work efficiently using fewer resources. Additionally, the total number of
molecules need not to be large in order to obtain fast responses. With just 50
molecules, including HKs and RRs, the response time is one order of magnitude
lower than the time necessary to synthesize a protein, or roughly the same as
the initiation rate of translation. Addition of more particle, while keeping the
optimal rate, reduce further the response time, however, the reduction achieved
are linearly proportional with the inverse of the number of molecules, thus, only
the first few particle achieve significant reductions.
In chapter 5 we analyse the expression mechanism responsible for the synthesis of the molecules necessary for two-component signalling systems. In bacteria,
many genes are expressed from the same polycistronic mRNA. It is an efficient
mechanism to ensure that functional related genes are expressed in similar ratios. This is of particular interest in two-component signalling system where we
saw that the optimal point lies close to a 1:1 ratio. The stochasticity inherent
in the transcription and translation processes has a small effect in deviating this
ratio. Polycistronic mRNA with only one ribosome biding site before the first
gene, may achieve this optimal ratio without the need of additional regulatory
mechanisms. This together with the unusually unstable mRNA, resulting in
an average half-lifetime of 36 s, produce typically tens of molecules. Despite
the RR-HK ordering is under these circumstance favoured towards an optimal
response time, the reverse ordering does not diverge much from the middle point.
However, we should realise that the number of active sensors and available
response regulators may be just a fraction of those synthesized. Therefore, more
knowledge about the particular signals detected and whether response regulators
crosstalk with other systems should be taken into account in order to justify the
most favourable ordering.
The literature on stochastic effects in cells is vast and has grown enormously
in the last decade (see Fig. 6.1). Most of these recent efforts focus on the regulatory mechanisms of gene expression, as we did in section 3.1. This substantial
increase also comes accompanied by the recent developments in microscopy technology and single cells experiments enabling detail levels that have been long
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Figure 6.1: Literature statistics for publications with key words in the
title and in cell biology relevant publications.
Source: http: // www.
isiwebofknowledge. com/ as of October 2008.

difficult to access. Although the beginning of reaction-diffusion methods date
before this era of large interest in stochastic phenomena, there is a renewed
interest in them, as we have done in this thesis.
Recapitulating, the first objective has been accomplished with the development of the Gillespie Multiparticle (GMP) method. We have shown that
operator-split methods function well for simulating approximately cellular biochemical processes. As we have seen, comparable methods also have limitations
in the accuracy of the results due to discretisation effects of the space into a
lattice, whose size still remains difficult to estimate a priori.
Making use of the methodology developed for the first objective, we made
extensive use of simulations to understand the phenomena of two-component
signalling systems in bacteria to aid developing an analytical model and to characterise the signalling response time curve and its optimality. This curve suggested that bacterial organism could benefit if they had evolved a particular
gene order that favours an optimal ratio of the number of molecules (histidinekinases and response regulators) with minimal, or without, additional regulation
mechanisms other than itself.
98

6.1. FUTURE WORK

6.1

Future work

Computational methods for stochastic simulations
With ever more ambitious projects targeting whole-cell phenomena there is a
need for methods that can cope with a broad variety occurring at multiple spatial, temporal and concentration scales. In this direction mesoscopic models
may need to improve their performance in aspects related to diffusion-limited
reactions. Increasing the lattice coarseness would offer faster computational,
however, knowledge about the diffusion-limited reactions should be included in
the reaction mechanism. Additionally, localisation of reactions suggest the use
of irregular grids, which in addition could be made dynamic as to adjust to the
system’s varying conditions.
Computer parallelism is still lacking behind the massive truly parallelism
found in physical systems. Inexpensive parallel computer system may enable
a future generation of parallel algorithms that go beyond the limited spatial
domain partitioning and include parallelism for reaction and diffusion at the
particle level.
With the recent technological developments for in vivo measurements for
single molecule phenomena and the increased temporal and spatial resolution it
might be feasible to incorporate anomalous diffusion models into the simulation
tools. Sub-diffusion has been observed in freely diffusive proteins in time scales
similar to the size of the molecule. Large macromolecules, such a mRNA, have
also been reported to have a sub-diffusive movement. Conversely, it has also been
observed molecules with a super-diffusive behaviour, or active transport, using
the cytoskeletal structure as a means of transport, much like RNA polymerase
and Ribosome molecules perform walks on the DNA and mRNA, respectively.

Two-component signalling systems
In this thesis we have modelled the processes involved in two-component signalling systems with a generic approach in mind. We have highlighted a number
of limitations in our modelling which mainly arise due to the rich number of properties and particular behaviour of the complex molecules involved in signalling
and gene expression. To further our understanding the general models presented
in chapter 5 should be adapted to specific cases, or more concrete classes of systems, and consider issues such as type of signal detected, signal strength, folding
structure of proteins as well as secondary structure of mRNA. Also the dynamics
of gene expression of operons and polycistronic mRNA which include stochastic
phenomena such as translational coupling, processivity and degradation need to
be understood in detail in order to shed light into the expression levels of the
final proteins.
Apart from system specific problems, there are also questions about changes
in the system in evolutionary scales. It also remains unanswered how twocomponent systems have evolved into their particular gene organisation in operons and their relative order within the operon. Have some systems originated
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with an operon architecture and due to evolutionary pressures have been separated into different operons? We have pointed out some reasons for when an
operon organisation becomes inefficient and that individual regulation is required
to obtain the adequate expression ratios between sensors and response regulators. Phylogenetic and bioinformatics analysis may hold the answer to these
fundamental questions. However, some attempts to reconstruct phylogenic trees
have shown to that this problem is hard when a large number of factors need to
be taken into account.
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Summary
The research presented in this thesis is focused on the study of various stochastic
and spatial effects concerning signalling systems in prokaryotic cells. Signalling
systems are widespread mechanisms that enable cells to sense and respond to
stimuli. In some cases, such as the two-component type, this response may result in the activation or inhibition of gene expression of a response. Due to the
inherent spatial and stochastic nature of signalling systems, we have made use
of explicit simulations to gain insight into their complex functioning phenomena
and to stir the development of mathematical models. In Chapter 1 we have
given a general overview of the role of computer simulations in biochemistry
and the various flavours of methodologies available. We also cite relevant applications and results. Finally we introduce for the non-biologist the basics of
two-component signalling systems in bacteria.
Generally, complex biochemical systems have been studied by means of explicit simulations. In Chapter 2 we have developed the Gillespie Multiparticle
method (GMP), which is suited for the study of complex systems with spatial and
stochastic components. GMP follows the principles of the Reaction-Diffusion
Master Equation, which is the theoretical framework, with the particular feature of being an approximate solver. The GMP method separates the reaction
and the diffusion processes that are executed alternatively at predetermined intervals. This makes it a hybrid stochastic and deterministic method. By using
such approach we simplify the diffusion process by following a Cellular Automata
approach. This allows for enhancements in the diffusion of several (or many)
particles in a single diffusion step, rather than the one-by-one approach used in
exact solvers. We have shown in Chapter 3 that the fluctuation levels produced
by our approximate solver (GMP) give, on average, comparable results to those
of an exact solver (MesoRD). Only the noise, or variation, of the fluctuations
is slightly reduced due to the introduction of the semi-deterministic diffusion
mechanism. We expected that the performance of the GMP method would be
better than that of the exact. However, for the cases that we studied, in the
low number of molecules regime, we experienced no significant gains. We have,
however, detailed the cost and the situations in which the methods would be
more efficient. One final word is that the methods that use a regular lattice and
use point-like particles suffer from discretization errors that affect the reaction
mechanism used (Gillespie) and consequently the noise in steady state.
The second half of this thesis focuses on the study of two-component sig101
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nalling systems and the gene expression system and mechanism responsible for
the synthesis of its sensory and signal transport molecules. Due to the numerous
different actual two-component signalling systems we have taken an abstract and
general conceptualization of the problem. Thus, it is not the study of a particular system, which would require detailed knowledge of the kinetic and diffusion
related parameters. Rather, an abstract generalization with which we shed light
into the basic properties that drive these systems.
Chapter 4 deals with the implications of spatial distribution and localization
of sensors and the inherent stochastic diffusion and stochastic processes of the
transporter molecules in two-component signalling systems. We concluded that
despite the diffusion-limited character of the reactions (reaction upon collision)
the system effectively works as a memory less system, which was corroborated
by simulations. We also have realized that under the constraint of using a fixed
number of molecules in the signalling system there is an optimal ratio, and thus
and optimal response time, between sensors (HK) and response regulator (TF)
which lays around 2:3 and favouring higher number of response regulators in the
case of not instantaneous reactions. This is because of the higher cost of finding
a single target, once the response regulator has been activated on the membrane
by the rest of sensory molecules in the system. Thanks to the symmetry of the
problem and some simplifications it has been possible to derive afterwards a
mathematical model.
The analysis of the optimal response time raised the question of whether the
organization of the genes involved in the expression of the sensory and response
regulator molecules has been under evolutionary pressures. These would have
evolved to minimize, for example, resource utilisation of additional regulatory
mechanisms. In chapter 5 we made a statistical analysis of the length and ordering of genes suggest that there is a slight bias towards a favourable ordering
of the genes, in which the first gene is more likely to be transcribed. However,
the dynamic analysis draws a more complex picture in which translation, translational couple and multiple ribosome binding sites contribute to the regulation
of the final protein number count. The dynamic seem to agree with the picture
that few proteins are synthesized in each burst of transcription. Thus although
the order of the genes may play a role, the last word resides in secondary structure of the mRNA that seems to have the potential for a larger impact in the
final expressions levels by strengthening translational coupling.
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Samenvatting
Het onderzoek in dit proefschrift is gericht op de studie van verschillende stochastische en ruimtelijke effecten van signaleringssystemen in prokaryote cellen.
Signaleringssystemen zijn wijdverbreide mechanismen die ervoor zorgen dat cellen stimuli kunnen aanvoelen en erop kunnen reageren. In sommige gevallen,
zoals bij het tweecomponent type, kan deze reactie leiden tot een activatie of
inhibitie van de genexpressie. Vanwege de inherente ruimtelijke en stochastische
aard van signaleringssystemen hebben we gebruik gemaakt van expliciete simulaties. Deze geven ons inzicht in het functioneren van de complexe verschijnselen
in de cel en maken de ontwikkeling van wiskundige modellen mogelijk. In hoofdstuk 1 geven wij een algemeen overzicht van de rol van computersimulaties in de
biochemie en de verschillende typen beschikbare methodes. Ook bespreken wij
relevante toepassingen en resultaten. Wij geven ook een introductie voor niet
biologen in de basis van tweecomponent signaleringssystemen in bacterin. Over
het algemeen zijn complexe biochemische systemen bestudeerd door middel van
expliciete simulaties. In hoofdstuk 2 hebben we de Gillespie Multiparticlemethode (GMP) ontwikkeld, die geschikt is voor de studie van complexe systemen
met ruimtelijke en stochastische componenten. Deze methode is gebaseerd op
het principe van de Reaction-Diffusion Master Equation. Deze vergelijking is
het theoretisch kader en GMP wordt gebruikt als een benaderende solver.
GMP scheidt de reactie en diffusie processen die worden uitgevoerd op van
te voren bepaalde tijdstippen, en is een hybride van stochastische en deterministische methodes. Door gebruik te maken van een dergelijke benadering vereenvoudigen wij het diffusie proces via een cellulaire automaat. Deze aanpak is een
verbetering doordat de diffusie verloopt met een aantal (of veel) deeltjes per stap,
in plaats van een één-voor-één aanpak, gebruikt in exacte solvers. In hoofdstuk
3 laten we zien dat de niveaus van fluctuaties, geproduceerd door de geschatte
oplosser (GMP), de gemiddelde resultaten geven vergelijkbaar met die van een
exacte oplosser (MesoRD). Alleen de ruis, of variaties van de fluctuaties is iets
verlaagd als gevolg van de invoering van een semi-deterministisch diffusie mechanisme. Wij zouden verwachten dat de prestaties van de GMP-methode beter
zouden zijn dan die van de exacte. Echter, voor de gevallen die wij bestudeerd
hebben, in het lage aantal moleculen regime, hebben wij geen significante winst
behaald. We hebben de kosten en de situaties waarin de methoden efficinter zouden zijn uitvoerig bestudeerd. Tot slot, de methoden die gebruikmaken van een
regelmatig rooster en van puntachtige deeltjes hebben te lijden onder discreti103
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satie fouten die invloed hebben op het gebruikte reactie-mechanisme (Gillespie)
en vervolgens dus ook op de ruis in steady state.
De tweede helft van dit proefschrift richt zich op de studie van tweecomponent signaleringssystemen en het genexpressie systeem en mechanisme dat
verantwoordelijk is voor de synthese van zijn sensorische- en transport- signaal
moleculen. Vanwege de vele verschillende tweecomponent signaleringssystemen
hebben we gekozen voor een abstracte en algemene conceptualisatie van het
probleem. Het is niet een studie van een specifiek systeem, deze vergt gedetailleerde kennis van de kinetische en de diffusie-gerelateerde parameters, maar een
abstracte generalisatie waarmee we inzicht proberen te verkrijgen in de fundamentele eigenschappen die deze systemen aansturen.
Hoofdstuk 4 gaat over de gevolgen van de ruimtelijke verdeling en lokalisatie
van sensoren en de inherente stochastische verspreiding en stochastische processen van de transportmoleculen in tweecomponenten signaleringssystemen. Met
behulp van simulaties hebben we geconcludeerd dat ondanks het diffusiebeperkte karakter van de reacties (reactie bij botsing) het systeem efficint werkt als een
geheugenloos systeem. We hebben ook vastgesteld dat onder de voorwaarde van
het gebruik van een vast aantal moleculen in het signaleringssysteem er een optimale verhouding is, en dus een optimale responstijd tussen de sensoren (HK) en
de reactie regulator (TF). Deze verhouding ligt op ongeveer 2:3, voorkeur gevend
aan een hoger aantal response regulatoren in het geval van niet onmiddellijke
reacties. Dit is vanwege de hogere kosten van het vinden van een enkel doel,
nadat de respons regulator is geactiveerd op het membraan door de rest van de
sensorische moleculen in het systeem. Dankzij de symmetrie van het probleem
en met behulp van enkele vereenvoudigingen is het mogelijk geweest om ook een
wiskundig model af te leiden.
De analyse van de optimale responstijd heeft de vraag opgeworpen of de organisatie van de genen die betrokken zijn bij de expressie van de zintuiglijke
en de response regulatie moleculen, onder evolutionaire druk zijn om kosten te
minimaliseren, zoals de noodzaak van aanvullende regulerende mechanismen. In
hoofdstuk 5 hebben wij een statistische analyse van de lengte en volgorde van
genen gemaakt die suggereert dat er een lichte voorkeur is voor een gunstige
ordening van de genen, waarbij het eerste gen een grotere kans heeft om tot
expressie te komen. Echter, de dynamische analyse geeft een complexer beeld,
waarin de translatie, de translationele koppeling en meerdere ribosoom bindingsplaatsen bijdragen tot de regulatie van de uiteindelijke hoeveelheid eiwit. De
dynamica lijkt overeen te stemmen met het beeld dat weinig eiwitten worden
gesynthetiseerd in een elke uitbarsting van transcriptie. Dus hoewel de volgorde
van de genen een rol kunnen spelen, ligt het laatste woord bij de secundaire
structuur van het mRNA. Deze lijkt een groter effect te hebben op de laatste
expressieniveaus door middel van de versterking van translationele koppeling.
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decay, 43
finite
boundary, 43
volume, 43
first-passage, 45
distribution, 43, 68
flagella, 14
motor occupancy, 54
motors, 52
fluctuations
environmental, 9
spatial, 45
Gaussian distribution, 24
gene
expression, 39
family, 81
negative
regulation, 38
orphan, 79, 94
transcription, 38
gene expression
intrinsic stochasticity, 9
GFRD, 28, 32, 40, 44, 45
Gillespie, 40
method, 11
Multiparticle, see GMP
GMP, 28, 40
gradient, 51
gradients, 16, 49
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Green’s Function
Reaction Dynamics, 32
input domain, 15
inter-binding times, 42
intrinsic noise, 38
lattice gas automata, 13
membrane-bound, 46
MesoRD, 12
mesoscopic
description level, 6
diffusion coefficients, 12
microscopic level, 10
microscopic scale, 6
Min, 9
MinD, 9
MinE, 9
mRNA, 38
polycistronic, 90
degradation, 86, 90
dicistronic, 86
half-lifetime, 85
lifetime, 85, 88
nascent, 86
negative feedback, 10
next-subvolume method, 12
noise, 39
first-passage time, 64
reversible pair reaction, 42
nucleoid, 9
one-component, 16
operator-split, 22
operon, 17, 77
optimal
point, 68
ratio, 68, 72
response time, 70
oscillations, 9
Min, 9
Soj, 9
output domain, 15
pathway
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chemotaxis, 51
group-transfer, 46
phage λ, 8
phenotype, 8
phenotypic differentiation, 9
phosphorylation, 12, 65
Poissonian, 65
polycistronic
mRNA, 78
polypeptide, 38
premature stopping, 78
premature termination, 83
probability
first-passage, 45
geminate recombination, 45
processivity, 84
ribosome, 86
protein
burst, 38, 86
folding, 6
protein folding, 5
PTS, 46
random walk, 13
ratio
optimal, 88
RDME, 12, 29
reaction
limited, 25
localised, 60
mean free path, 26
receiver, 15
system, 75
regimes, 6
response mechanism, 14
response time, 60, 67, 68, 72
curve, 71
rest particles, 24
reversible reaction, 42
Ribosome, 83
binding site, 78
initiation frequency, 86
processivity, 86
sequence, 86
RNA polymerase, 38, 39
RNAp
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processivity, 86
sensor, 15
chemical, 14
scattered, 66
spatial licalisation, 16
spatial organisation, 60
signalling
one-component, 16
response time, 60
systems, 14
two-component, 15
Smoldyn, 13, 28, 40, 44, 45
Smoluchowski, 13, 32, 45
Soj, 9
SSA, see Gillespie
stochastic process
sum, 67
StochSim, 11
switch, 8
temporal sensing, 51
transcription
of a gene, 38
factors, 39
regulator, 39
transcription factor
phosphorylation, 62
translation, 38
de novo, 78
dynamics, 88
initiation, 89
of an mRNA, 38
processivity, 90
translational coupling, 86, 92, 93
translational premature termination, 86
transport, 15
two-component
signalling, 15, 59, 77
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