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1
Introduction

Since it has become possible to identify the structure of Deoxyribonucleic acid
(DNA) and, to sequence an organism’s genome, one of the biggest challenges
in today’s biology is to decipher the genomic role in the structure, function
development and, evolution of simple to complex organisms. Biology used
to be perceived as a data-poor science where traditional approach mainly fo-
cused in understanding single element (genes, proteins, cells,...). The tech-
nical advances in molecular biology turned it into a data-rich field it became
conceivable to conduct data-driven research. The enormous amount of data
produced at different molecular levels grows too large to fully apprehend the
ongoing process by traditional standard biological approaches or manual ma-
nipulations. New fields such as bioinformatics established themselves as key-
methods in the management, computational statistical analysis of the data.
Theoretical approaches such as mathematical formalisms also contributed in
understanding the functional mechanism under biological systems. One emerg-
ing field that considerably gained attention the last decades is system biology.
The main concern of systems biology is to study an ensemble of elements as an
ensemble (or "a system"). The field aims at revealing the connections between
elements, their dynamics, as well as the mechanism behind their evolution ul-
timately the precise role of each individual within the system as well as the
entire system’s functionality. A typical problem where studying a system, as a
complete entity is essential is the mechanism of early development in multicel-
lular organisms.

In many animals, morphogen gradients influence the movement organisation
of cells that lead to the morphogenesis in early developmental embryogenesis.
The morphogens provide spatial information by forming concentration gra-
dients that subdivide the developing embryo into different regions. Distinct
cell types and structures emerge because of the different combinations of mor-
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2 CHAPTER 1. INTRODUCTION

phogen gradients. This is a general mechanism by which cells can generate
type diversity and structures in body plan formation. Understanding the body
plan formation also requires a comprehensive knowledge of the underlying
biochemical process. This is the level at which genes influence the transcrip-
tion of other genes. Genetic regulatory networks (GRNs) are an ensemble of
interconnected genes that control the dynamic of gene expression level for each
gene in the genome. Understanding how do GRNs control the mechanism that
leads to a specific phenomena such as body patterning requires knowledge of
the active genes their interconnection structure. By means of systems biology
techniques, it is now possible to infer the GRNs involved in the mechanism of
body plan formation in some organisms in early development.

In this chapter, we briefly discuss the mechanism of early development in Sec-
tion 1.1. Section 1.2 discusses the basic principles of GRNs Section 1.3 reviews
models methods for reverse engineering of regulatory networks from gene ex-
pression data.

1.1 Mechanism of early development

From the moment sperm fuses with an ovum in animals or, after the pistil is
pollinated in plants, the process of fertilization starts. At this point, in most
organisms, starting from a single cell, the complex biological mechanism be-
hind the formation of an embryo begins will lead to a grown organism. The
fundamental question is how do we go from fertilized egg to an organism?

Developmental biology has a long history, but nowadays, modern develop-
mental biology studies the genetic control of cell growth [138, 216], differen-
tiation "morphogenesis," [28, 32]. Theses three processes are the basic mecha-
nisms that give rise to tissues, organs and anatomy. Growth is a consequence
of cell division. Two forms of cell division development occur within an organ-
ism: at the early stage, successive series of cell division increases the number
of cells without consequently increasing the cell mass and, at the latest stage
the cell mass increases during the cell division [256, 292]. More than 200 dif-
ferent type of cells have been identified among humans and other vertebrates.
Cell specialisation is conducted through a step called differentiation. During
this late phase, cell fate is established through variation of the gene expression
causing the cells to have different shapes, activities functions that will make
them recognisable and specialised [292]. The combination and association of
different cell’s fate will determine the function of a part of the body.

1.1.1 Morphogenesis

Recent advances in biology have considerably increased the level of under-
standing of the mechanism of early development [27, 290]. At a very early
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stage, some specific chemical regions are created in the extreme of the body
plan. These gradients secreted by cells are proteins called morphogenes. By
diffusion and degradation mechanisms, they will spread into the extracellular
matrix forming chemical gradients that can span the whole embryo [83]. Cells
can sense these gradients by means of specific receptors or, the gradients bind
to specific sites on DNA. In response, the cells adjust their transcription rate of
the targeted genes in a concentration-dependent manner. By this mechanism,
a specific chemical body map can be generated that brings specific cellular re-
gions of the developing embryo in a different chemical state. This mechanism
enables these regions to develop along different developmental pathways as
shown in Fig. 1.1

Figure 1.1: The concentration of the morphogen is produced by source cells at the
left and transported along the body axis through diffusion and degradation. The two
thresholds determine the level at which gene receptors (cytoplasmic receptors or mem-
brane receptors) are sensitive to the morphogen. (After Wolpert [291])

The explanation of the early patterning and pattern formation by means of
morphogen gradients has initiated the theory of positional information pro-
posed by Wolpert [290]. However, many details about the molecular mecha-
nisms of morphogen production, transport, or dynamics are still unclear [115].

1.1.2 Basic principals of segmentation in animals

One of the striking example of organisms that have extensively been studied
and has a clear segmentation mechanism is the fruit fly Drosophila melanogaster
[38]. It is a little insect about 3mm long, of the kind that accumulates around
spoiled fruit. It is also one of the most valuable of organisms in biological re-
search, particularly in genetics and developmental biology. Its importance for
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human health was recognized by the award of the Nobel prize in medicine
and physiology to Edward B. Lewis, Christiane Nüsslein-Volhard and Eric Wi-
eschaus in 1995 [199]. Drosophila melanogaster has been used as a model organ-
ism for research for almost a century, and today, several thousand scientists
are working on many different aspects of the fruit fly. Body plan formation
and pattern formation has been very well studied in Drosophila melanogaster
[36,54,70,89,106,119,183,223,258,283]. Once morphogenes gradients are trans-
ported along a body axis, as for example the antero-posterior axis of the body
(AP axis or head-tail) as shown in Fig. 1.1, and diffuse through the extracellu-
lar matrix, they will establish the location for some genes to be regulated. The
precise location of the gene expression will consequently determine the begin-
ning of the body segmentation. The pair-rule genes are the first set of gene ex-
pression that determine precise patterns showing future position of segments.
Later on, they will regulate the segment polarity genes [38].

Although this feature is observed in many other organisms for which the body
plan development is a consequence of multiple segmentation steps along the
AP axis, the segmentation mechanism of Drosophila melanogaster does not nec-
essary hold for all segmented animals. In vertebrates and also some insects,
segmentation is formed sequentially from anterior to posterior during a long
phase of growth and cell proliferation [9, 43, 84, 207] as show in Fig. 1.2 where
parallel segmentation of Drosophila melanogaster and sequential segmentation
of grasshopper are compared.

The process of segmentation along the AP axis is either by simultaneous or
sequential formation of the segments. One of the fundamental questions is
whether or not the organisms showing one or the other segmentation gene
expression shares the same or a common molecular mechanism. Some early
works compared the expression patterns of Drosophila melanogaster segmenta-
tion genes in other animals by means of comparative genomics. For instance,
it was reported that similar mechanisms are present in insects showing simul-
taneous segmentation of the early embryo such as Drosophila melanogaster and
insects having sequential subdivision such as beetles or grasshoppers [53, 84,
203, 204]. Also, it was shown that the vertebrate homolog’s pair-rule gene
hairy of Drosophila melanogaster is involved in zebrafish Danio rerio segmenta-
tion [188, 277] as well as the avian embryo chicken [202] suggesting that pair-
rule patterning is an evolutionary process.
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(a) Drosophila melanogaster (b) Grasshopper Schistocerca

Figure 1.2: Two extreme cases of segmentation gene expression in two different insects
species. Embryos are shown in a ventral view with anterior at the top. (a) Sequen-
tial segmentation gene expression in Drosophila melanogaster. Developmental stages are
shown. a.a:) maternal genes localisation during oogenesis. a.b:) Gap gene expression
are expressed after maternal genes have diffused through the embryo. a.c:) Expres-
sion of the pair-rule gene. a.d:) segment polarity gene at stage 6/7. (b) Segmentation
gene expression in the grasshopper Schistocerca. b.a:) late heart stage: hunchback (hb)
and pairberry-1 (pby) are strongly expressed in arcs in the future gnathal region. b.b: )
By 17% of development time, hunchback expression has resolved into high and lower
level bands (indicated by colour intensity) and pairberry1 is expressed in thin stripes
in antennal, gnathal and thoracic segments, and in a broad posterior stripe that will
resolve later into thin stripes in the 1st and 2nd abdominal segments. b.c:) By 23% of
development time, the anterior hb bands have faded, but there are two further bands
of expression in the future abdomen. pby is now expressed in thin stripes in segments
down to the 6th abdominal, and in a broad posterior stripe. Image from V. French [84].

1.2 Gene expression

In the previous section, we have briefly introduced the basic principle of body
plan formation. It is important to mention that this mechanism is principally
controled by a biochemical process. This is the level at which genes influ-
ence the transcription of other genes. A gene is the basic functional unit of
the genome, which consists of long molecules of DNA made up of chains in a
double-helix structure. The gene can be defined as the information stored in a
sequence of a DNA region and it is required to transcribe the RNA into protein.
Gene expression stands for the gene information translated into a particular
protein. Proteins are the fundamental structure that fulfil functional units in
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cells such as a structural element, enzyme catalyst or antibody. The translation
of gene into proteins is carried out through two main steps: transcription and
translation.

Transcription Within a gene, one region contains the information about the
regulation time and another coding region specifies the shape and amount of
proteins that will be produced after the gene has been activated. The pro-
teins produced at these locations are known as transcription factors (TFs). This
mechanism is slightly different between eukaryotes and prokaryotes [259].
In prokaryotes, the coding region is contiguous and the regulatory region is
generally located directly upstream of the coding region while in eukaryotes
elements of the regulatory region are located at a considerable distance both
upstream and downstream from the coding region.

Translation Once the DNA has been transcribed into a complementary mes-
senger RNA (mRNA), the molecules bind to another large molecule called a ri-
bosome. The function of the ribosome is to read an mRNA molecule in triplets
known as codons. The codons will then map to one 1-20 possible amino acids.
After a very brief time, mRNA and proteins are broken down and their con-
stituent nucleotides and amino acids are reused. They are degraded at differ-
ent rates according to the presence or absence of chemical species present in
the cell.

1.2.1 Genetic Regulatory Network

Spatiotemporal gene expression is the activation of genes within specific tis-
sues of an organism at specific times during development. Gene activation
patterns vary widely in complexity. In some cases, the pattern is expressed
in all cells at all times of the organism life time. In other cases, it is extraor-
dinarily intricate and difficult to analyse and predict, where the expression is
fluctuating wildly from minute to minute or from cell to cell. Spatiotemporal
variation plays a key role in generating the diversity of cell types found in de-
veloped organisms; since the identity of a cell is specified by the collection of
genes actively expressed within that cell. In developmental biology, a funda-
mental question is "What causes spatial and temporal differences in the expres-
sion of a single gene?" The current expression pattern depend on the previous
expression patterns. The inverse question is, how does the previous pattern
form? By symmetry breaking mechanism, uniform gene expression becomes
spatially and temporally differential. In the case of early embryonic Drosophila
melanogaster development, the genes nanos and bicoid are asymmetrically ex-
pressed in extreme opposite locations of the embryo where maternal cells have
deposited mRNA for these genes. (see left panel of Fig. 1.2)

There are many techniques to identify the expression pattern of a particular
gene depending on the identification of the gene’s promoter. If a gene’s pro-
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moter is known, a reporter gene downstream of its promoter is placed. The
promoter gene will initiate the reporter gene to be expressed only where and
when the gene of interest is expressed. The expression distribution of the re-
porter gene can be identified by visualizing it. If the promoter of the gene of
interest is unknown, there are several ways to identify its spatiotemporal distri-
bution. Immunohistochemistry involves preparing an antibody with specific
affinity for the protein associated with the gene of interest. This distribution
of this antibody can then be visualized by a technique such as fluorescent la-
belling shown in Fig. 1.3

Figure 1.3: Three fluorochrome-tagged secondary antibodies label three primary anti-
bodies, which in turn recognize three transcription factor proteins, hunchback, Kruppel,
and eve (left). The fluorochromes indodicarbocyanine used emit light in different parts
of the spectrum, so that three separate images of the embryo can be collected with the
appropriate color filters in gray-scale mode. Each of these image represents the expres-
sion pattern of a single protein. The images can be color-coded and merged to visualise
the spatial relationships between the patterns are easily perceived (right). Mixture of
colours allows to distinguish overlapping gene patterns. Modified from Huges et al.
[113]).

Once the spatiotemporal gene expression of some genes can be obtained from
experiments, understanding this formation is not necessary trivial. This re-
quires a clear knowledge of the gene regulatory network that controls the gene’s
regulation. A genetic regulatory network (GRN) is an ensemble of DNA seg-
ments present in a cell that interact with one another and other substances
[52]. GRNs dynamically "manage" the level of expression for each gene in the
genome by controlling whether and how vigorously that gene will be tran-
scribed into RNA. Each RNA transcript then functions as the template for syn-
thesis of a specific protein by the process of translation. A simple GRN would
consist of alternative input such as signalling pathways or regulatory proteins
that regulate several target genes. The output or products of the target genes
are RNA and proteins product as illustrated in Fig. 1.4. In addition, feedback
loops are often included for further regulation of network architecture. Tran-
scriptional control in the various differentiated cell types allows each type of
cell to express different amounts of the possible proteins. Signal transduction
pathways that will relay signals from outside of cells to the cell nucleus reg-
ulate TFs. Signal transduction pathways often involve receptors, receptor lig-
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ands and enzymes such as protein kinases. One key class of genes that are
differentially regulated by transcription factors in different cell types are genes
for cell adhesion proteins. Cell adhesion proteins are among the key regulators
of morphogenesis. Understanding the network of genes’ interactions. Large
networks of regulatory genes typically control the development of the body
plan.

Figure 1.4: Simple representation of gene regulation.

Currently the genetic regulation of development in a number of model or-
ganisms is known in great detail, as for example: Drosophila melanogaster, sea
urchins, Caenorhabditis elegans, ascidians. Recently much information has be-
come available on the genetic regulation of growth and form in sponges [150]
and cnidarians [180]. Within the metazoans, sponges and cnidarians represent
the phyla with the simplest body plan and a relatively simple regulatory net-
work controlling the development. This makes these organisms an excellent
case study for understanding morphogenesis and the physical translation of
the genetic information into a growth form, using a combination of a biome-
chanical model of cell aggregates and a model of the spatial and temporal ex-
pression of developmental genes.

1.2.2 Quantitative measurements of Gene expression

Many techniques were developed to measure gene expression in organisms
[15] . One of the most prolific method to asses the expression of particular
gene is DNA microarray technology [146]. This technique can provide a rough
measure of the cellular concentration of different mRNAs; often thousands at
a time. A DNA microarray is a collection of microscopic DNA spots attached
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to a solid surface, such as glass, plastic or silicon chip forming an array. Usu-
ally, microarrays are used to quantify mRNAs transcribed from different genes
which encode different proteins. Another important technique to identify gene
expression is serial analysis of gene expression (SAGE) [172, 280] tag sequenc-
ing. SAGE is a technique used by molecular biologists to produce a snapshot
of the messenger RNA population in a sample of interest.

All of these techniques generate extremely noisy data that are in most of the
cases subject to bias in the biological measurement. A major research area in
computational biology involves developing statistical tools to separate signal
from noise in high-throughput (HT) gene expression studies.

A more sensitive and more accurate method of relative gene expression mea-
surement is Real-Time PCR. The real-time PCR system is based on the detection
and quantization of a fluorescent reporter [158, 163]. This signal increases in
direct proportion to the amount of PCR product in a reaction. With a carefully
constructed standard curve it can even produce an absolute measurement (e.g.,
in number of copies of mRNA per nanolitre of homogenized tissue, or in num-
ber of copies of mRNA per total poly-A RNA).

Other techniques have been developed including, massively parallel signa-
ture sequencing (MPSS) [29,178], or by measuring protein concentrations with
high-throughput mass spectroscopy. Expression data is also used to infer gene
regulation: one might compare microarray data from a wide variety of states
of an organism to form hypotheses about the genes involved in each state.
In a single-cell organism, one might compare stages of the cell cycle, along
with various stress conditions (heat shock, starvation, etc.). One can then ap-
ply clustering algorithms to that expression data to determine which genes are
co-expressed. Further analysis could take a variety of directions: for instance
Beer et al. [16] analyzed the promoter sequences of co-expressed (clustered
together) genes to find common regulatory elements and used machine learn-
ing techniques to identify the promoter elements involved in regulating each
cluster.

1.3 Reverse-engineering gene regulatory systems

For many centuries, traditional reductionist biological sciences have focused
their research in understanding organisms by studying theirs constituents as
individual component. Since the important review of morphogenetic theories
proposed by Ludwig von Bertalanffy [19], the idea of biological systems as
a self-organization dynamics has opened doors to new concepts. One main
obstacle in biology research used to be the limited quantity and poor qual-
ity of data produced, due to technology constraints. Consequently, biology
was mainly a hypothesis-driven research field. The rapid technological ad-
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vance that happened the last couple of decades has allowed the production of
massive quantitative and qualitative data, leading to other research approach,
mainly the data-driven research. One of the new foci is to find patterns and the
underlying mechanisms behind their formation in the quantities of informa-
tion produced from the molecular biology revolution trying to obtain a more
system-level understanding. The discovery of the structure of the DNA [284]
has allowed the identification of a large number of genes and their transcrip-
tion factors in a large number of organisms. Later on, the technical advance
leads to exact methods that facilitate the measurement of gene expression pro-
files giving information at the mRNA level, and also the potential interaction
among genes [248].

1.3.1 Systems biology

The data-driven approach used to investigate biological mechanisms in organ-
isms can be divided into two categories: the collection/analysis of large ge-
nomic, proteomic or metabolic data sets, and the mathematical modelling of
complex biological systems. Systems biology is a relative new field that aims
to combine these two fields for a complete integrated understanding of the bio-
logical process at different level (cellular, organism or evolutional). Systems bi-
ology is an interdisciplinary field that became an important assets in the study
of biological systems as an entire "complex system" [251, 262]. The main aims
are:

1. structure identification of the elements present in the system: the net-
work of interaction.

2. elements ’dynamics: how does their state change in time and under which
condition.

3. biological mechanism behind the elements’ dynamics

Ultimately, system biology aims at understanding how these systems evolve
and how to construct artificial systems [143].

Any attempt to infer gene regulatory networks requires at list a partial knowl-
edge of the genes involved. Although some methods such as cluster and sta-
tistical analysis [60] allow to partially find the underlying network of gene-
gene interactions from the measured dataset of gene expression, it is essen-
tial to determine the role and importance of each component. In addition to
experimental observations, mathematical models and simulation models are
an important option to obtain an understanding of regulatory networks. In
an iterative process as shown in Fig. 1.5, they can be used to understand the
function of the very complex processes involved in the development of organ-
isms. This includes simulation of cell signalling, multicellular interactions and
regulatory genomic networks in development of multicellular structures and
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processes. Combined, mathematical modelling and quantitative experimen-
tation has already provided useful information on the role of GRNs and/or
how do the control systems based on molecular signals generate pattern and
govern the timing of developmental embryos in organism such as Drosophila
melanogaster, frog embryo by Bone Morphogenetic Protein signals, the auxin-
mediated patterning of plant meristems, and the Notch-dependent somite seg-
mentation (see [159, 221] for reviews).

Figure 1.5: The diagram shows a typical systems biology scenario. First step is the
collection of biological knowledge from literature. In parallel, experiments and mod-
els are designed to measure quantitative data and describe mathematically describe the
system. By means of computational tools and parameter estimation, the system is sim-
ulated. Last step is the experiment design where analysis, interpretation and validation
are performed. From this step, knowledge is gain and new experiments can be con-
ducted.

1.3.2 Mathematical model

There are numerous techniques to model genetic regulatory networks (GRNs).
The choice of modelling formalisms depends on the type of biological problem
and properties of interest, the type and amount of the data, and also the prior
information available [141]. Existing models can be broadly categorized as
continuous vs. discrete and deterministic vs. stochastic, dynamic vs. static.
Extensive reviews discuss the principles and motivations behind each of these
modelling formalisms [55, 74, 87, 239]
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Dynamic vs. Static models When temporal aspect of the gene expression
variation is investigated, dynamic models are used. In most cases, dynamic
GRNS are modelled by means of differential equations or by boolean networks
describing the gene concentration change over time. Static models do not han-
dle the temporal component. Typical statistical models are graph theoretic
models [185] or Bayesian networks [3]. Lately, Bayesian networks became
more and more appealing for the inferring of regulatory network structure
from gene expression data [85, 170]. Some of the limitations of these Bayesian
networks are the inability to handle the direction of gene interactions and the
acyclicity constraint, which rules out feedback loops.

Continuous vs. Discrete models When dynamical models are considered,
the description of the time transition between two different states is impor-
tant. This transition can be modelled continuously or through discrete transi-
tion. Discrete models such as Boolean network [26, 135] or logical formalisms
[176, 270] discretise the time into a fix number of quantitative states. The tem-
poral evolution of the values of the variables is defined by logical equations
which is a combination of Boolean functions such as AND, OR or XOR. The
values of each variable (presence or absence of a molecular species) depend on
the preceding values of the variables of the system. The difficulty in reverse-
engineering boolean network is to determine individual boolean functions for
each "node" or gene. Methods [174] and algorithms such as REVEAL [161] are
general reverse engineering methods that have been developed for this pur-
pose. One of the main advantages of Boolean network models lies in its sim-
plicity. When the elements of interest as well as their potential regulatory inter-
actions are known, they are easy to interpret and to simulate gene regulatory
events. As it is a discrete formalism, the analytical tractability can be defined
and the simulation remains simple. This make them appropriate and useful to
infer GRN when the input data are very noisy due to their weak sensitivity to
measurement errors. The first and important limitation of boolean modelling
is its perceived lack of applicability to biological systems. The "synchronism"
does not reflect real biological situation. Another important disadvantage of
this approach is the basis of these models: how do we validate the assumption.
It is known that a gene can have different regulatory effect depending on their
quantitative expression level. Also, as mentioned by Klipp et al. [144] it is
very difficult to infer the "real" network from continuous data using Boolean
networks. It generally leads to many "false" interactions

Continuous representation of the time dynamic can be formalised using dif-
ferential equations such as ordinary differential equations (ODEs), partial dif-
ferential equations (PDEs) or time delay different equations. There is a long
history of using systems of differential equations to model the reaction kinet-
ics of regulatory systems [42, 75, 104, 107, 296]. These approaches have several
advantages. In principle, their more detailed representation of regulatory inter-
actions provides a more accurate representation of the physical system under
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investigation. In most of biological situation, the interactions considered are
non-linear (effect of threshold, saturation, interaction synergistic, etc), which
leads to models that are hardly solvable using analytical methods. It is then
very impossible to derive the solutions from these systems and one must re-
sort to numerical simulation.
Continuous models using partial differential equations (PDEs) can be used
when attempting to model the dynamic of developmental phenomena involv-
ing GRNs and when considering the physical space in which gene regulation
is occurring. They consist of chemical rate equations describing the regulation
of gene within a cell and the diffusion of gene products between neighbouring
cells. Recently, Salazar-Ciudad et al. [236] have used a continuum model to
model regulatory networks to:

1. compare diffusion and direct-contact induction processes as mechanisms
of pattern formation

2. identify the possible range of behaviour of real gene networks

3. suggest causal mechanisms to generate known patterns

Deterministic vs. Stochastic models Deterministic models such as ODEs do
not describe the molecular fluctuations present in the system and assume that
proteins are produced at a continuous rate. Biological systems must be rel-
atively insensitive to variation or noise [4]. Biochemical reactions in many
cases involve a low number of molecules [201, 266, 295]. Therefore, noise is an
integral part of GRNs and deterministic assumptions may not hold or may be
insufficient to capture all the dynamics [217]. Stochastic modelling approaches
allow describing the stochastic events within the gene expression. Two main
formalisms are commonly used: stochastic differential equations (SDEs) and
probabilistic modelling. SDEs are an extension of ODEs, with an additional
term describing the noise. Probabilistic model are based on master equations
describing the time evolution of the system. Independent variables of mas-
ter equations are time the population of reacting species. The master equation
can be transformed into a partial differential equation by the use of a generat-
ing function. Although the master equations provide a clear description of the
stochastic process ruling the dynamics of a regulatory system, it is still more
difficult than ODEs and even impossible to find analytical solutions. Also, be-
cause of their stochastic nature, it is necessary to solve SDEs a large number of
times for statistic purpose. Models using SDEs have been until now applied
to small molecular networks [4, 186]. An interesting review summarizing the
issues and technical aspects of stochastic model can be found in [217].

1.3.3 Inference by parameter estimation

A significant problem with the numerical approach is the lack of measurement
of the various kinetic parameters in a system. The number of systems for which
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detailed parameter values are known is very small, and the size of most sys-
tems makes it unfeasible to obtain in vitro or in vivo measurements of many
parameter value of all parameters involved.

If the parameters and the initial conditions are known the time evolution of
the gene expression patterns can be simulated by numerical integration of the
partial differential equations and the properties of the model can be further
studied. However, in most cases the precise parameter values are not known
and methods are required to estimate the parameters. One way to obtain the
parameters is by direct measurement, however in most cases this cannot be
done experimentally because the individual regulatory processes are not eas-
ily isolated. An alternative approach is detection of cis-regulatory elements
(interaction sites), which may be directly measured or predicted from the DNA
sequences using bioinformatics techniques. Although this technique is useful
to constrain the number of interactions, the precise parameter values cannot
be estimated. Furthermore, in phenomenological models, which are used most
of the time, the parameters often do not represent biophysically measurable
quantities. Therefore a different approach is used; parameter inference is for-
mulated as an inversion problem. Given a detailed set of experimentally mea-
sured expression patterns (observations) the parameters are varied such that
the difference between the simulated and the experimentally observed expres-
sion patterns is minimised.

The standard optimisation approach minimizes a single cost function that rep-
resents the difference between the simulated and observed expression pattern.
In most studies the least square method has been used, where parameters are
estimated by minimizing the root mean square error (RMS). In these studies
box constraints for the parameters are used to reduce the search space and also
to ensure that the parameter values are within biophysical constraints. Because
the response function possesses asymptotes at strong repression and strong ac-
tivation a penalty function can be used to ensure that an inverse solution (i.e.
the parameters) exists.

Non-linear inverse problems with many parameters are notoriously ill defined,
many different solutions may be obtained that all fit the dataset equally well.
This means that the objective function to be minimised possesses many local
minima with similar "energy" values. There are two main sources for this.
First, if the data does not contain enough information (missing genes, miss-
ing time points, only part of the space is modelled and there is also a limited
time window) the parameters may not be identifiable, which can be observed
as correlations between parameters that compensate each other because they
act similarly in the model. Secondly, if the data contains features, e.g. artefacts,
noise or certain processes, which are not represented in the model the optimi-
sation strategy, will lead to spurious parameter values in the model because
each parameter in the model is indiscriminately used to fit the data as good as
possible. However, in the real system these parameters may not be related to
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explaining these features at all.

Qualitative analysis of the model parameters is used to validate the estimated
parameters. Precision and sensitivity of the parameters is an important aspect
[51]. Also, parameter variances and covariances can be used to verify the over-
all validity of a model in representing the data and to ensure the significance
and determinability of its parameters [124]. These different validations tech-
niques also allow to compare different inferences approaches or for models
discrimination [62].

When one is concerned with dynamical models, different additional aspects
such as the dynamic stability (robustness to parameter variations) [92, 241],
the structural stability (ability to maintain the system trajectory) are essential
for the system behaviour analysis [142]. These analyses schemes can improve
the understanding of the mechanism behind bistability, bifurcation or hystere-
sis.

Ultimately, model validation should be carried out in vivo by experimentally
testing hypotheses generated by the model prediction. So far, few have carried
this complete system biology approach [25, 72, 114, 249]

1.4 Research questions addressed in this thesis

In this thesis, we investigate several aspects of the inference of GRNs capa-
ble of simulating spatio-temporal pattern. The main focus of this thesis is the
problem of parameter estimation of mathematical models describing biological
systems and the reliability of the inference. As a case study we use a quanti-
tative spatio-temporal model of the regulatory network for early development
in Drosophila melanogaster. This model is capable of simulating pattern of the
early development of the organism and serves as a basis to investigate several
aspects of the robust inference of GRNs by means of reverse engineering.

We investigate the efficiency of an evolution strategy for the parameter esti-
mation of GRN models capable of simulating spatio-temporal patterns. Our
choice is inspired by [175,184] where the authors compared different global op-
timisation strategies and suggested that the evolution strategy is a very promis-
ing and competitive method for the problem of parameter estimation of bio-
chemical networks. We combine this appoach with a local search strategy to
further improve the quality of the global search. The motivation behind the
implementation of such algorithm is the need for a fast and efficient parame-
ter estimation method for the reverse engineering of complex spatio-temporal
model of GRNs.
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Once parameters have been estimated, it is essential to address their reliabil-
ity as well as the robustness of the model. We investigated the sensitivity and
robustness of circuits obtained from reverse engineering of the regulatory net-
work for early development in Drosophila melanogaster. We analyse the unique-
ness of the predicted network and the model stability. We aim to investigate
whether the model shows signs of over-fitting (uniqueness) and if this over-
fitting leads to variable circuit behavior (stability). The goal is to extract the
best set of circuits that can simulate realistically the patterns, but also obtain
the most plausible topology consistent with biological evidence. Ultimately,
our aim is to understand the dynamics behind the gap gene mechanism.
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2
Parameter estimation for

biological systems1

Parameter estimation in systems biology is usually part of an iterative process
to develop data-driven models for biological systems that should have predic-
tive value. In this chapter we discuss how to obtain parameters for mathemat-
ical models by data fitting. We restrict ourselves to the case where a determin-
istic model in the form of a mathematical function-based model is available,
say a system of differential and algebraic equations. For instance in the case
of a biochemical process, hypotheses based on the knowledge of the under-
lying network structure of a pathway are translated into a system of kinetic
equations, parameters are obtained from literature or estimated from a data
fit, and with the resulting model predictions are made that can be tested with
further experiments. To compare model results to experimental data one first
has to simulate the mathematical model to produce these results, the forward
problem. The inverse problem is the problem at hand: the estimation of parame-
ters in a mathematical model from measured observations. There are a num-
ber of difficulties involved (see, e.g., [238]). The forward problem requires
a fast and robust time integrator. Fast, because the model will be evaluated
many times. Robust, because the whole parameter and state space will be vis-
ited, which most likely will result in a different character of the mathematical
model (number and range of time scales involved). The inverse problem has
even more pitfalls. The first question is whether the parameters for the mathe-
matical model can be determined assuming that for all observables continuous
and error-free data are available. This is the subject of a priori identifiability or

1This chapter is based on the paper Maksat Ashyraliyev and Yves Fomekong-Nanfack and Jaap
A. Kaandorp and Joke Blom, "Systems biology: parameter estimation for biochemical models",
FEBS Journal, 276(4):886 - 902(17). 2009. [5]
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structural identifiability analysis of the mathematical model. The actual param-
eter estimation or data fitting typically starts with a guess about parameter
values and then changes those values to minimize the discrepancy between
model and data using a particular metric. Kinetic models with nonlinear rate
equations have in general multiple sets of parameters that lead to such minimi-
sation, some of those minima may only be local. The value of parameters and
model variables may range over many orders of magnitude, one can get stuck
in a local minimum or one can wander around in a very flat part of the solution
space. Given a particular set of experimental data and one particular accept-
able model parameterization obtained by a parameter estimation procedure
does not mean that all obtained parameters can be trusted. After the minimum
has been found, an a posteriori or practical identifiability study can show how
well the parameter vector has been determined given a data set that is possibly
sparse and noisy. That this part of model fitting should not be underestimated
is shown by Gutenkunst et al. [103]. For all 17 systems biology models they
considered, the obtained parameters are "sloppy", meaning not well-defined.
On the other hand, one could argue that often the precise value of a parameter
is not required to draw biological conclusions [6].

This chapter discusses the different main issues and approaches encountered
in parameter estimation problem of model of biological system. First, a prob-
lem definition is given followed by the choice of measure for the goodness of
the fit. Second, we discuss different methods for both the a priori and a poste-
riori identifiability. Next, we give a brief survey of the current methods used
in parameter estimation with a focus on those that are implemented in popu-
lar toolboxes for systems biology. In Section 2.4 we give some guidelines on
the application of these methods in practice. Finally, in the Appendix A 8.4 an
overview is given of the contents of some well-known toolboxes.

2.1 Problem definition

Deterministic models arising from kinetic equations are typically given by a
system of differential algebraic equations (DAEs)1 - ordinary differential equa-
tions (ODEs) coupled to algebraic equations - of the form:� A

dx�t,θθθ�
dt

� f�t,x�t,θθθ�,θθθ,u�t��, t0 � t B te,

x�t0,θθθ� � x0�θθθ�, (2.1)

where t denotes time, the m-dimensional vector θθθ contains all unknown param-
eters, x is an n-dimensional vector with the state variables (e.g., concentration
values), u are the externally input signals, and f is a given vector function.

1The content of this chapter is also applicable to (discretized) systems of partial differential
equations (PDEs) and delay differential equations (DDEs). Fitting parameters of stochastic models
requires a different approach (see e.g., [97, 225, 272]).
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When components of the initial state vector x0 are not known, they are consid-
ered as unknown parameters, so x0 may depend on θθθ. In the simplest case, A is
a constant diagonal n�n matrix with Aii � 1 if the i-th equation is a differential
equation and Aii � 0 if the i-th equation is algebraic.

In addition, a vector of observables is given

g�t,x�t,θθθ�,θθθ,u�t��, (2.2)

which are quantities in the model - in general (a combination of) state variables
- that can be experimentally measured, and possibly a vector of (non)linear
constraints

c�t,x�t,θθθ�,θθθ,u�t�� C 0. (2.3)

Let us assume that N measurements are available to find parameters of system
(2.1-2.3). Each measurement, which we denote by yi, is specified by the time
ti when the i-th component of the observable vector g is measured. The corre-
sponding model value for a specific parameter vector p̂̂p̂p, which can be obtained
sufficiently accurate by numerical integration of system (2.1) and computing
the observable function (2.2), is denoted by ĝi � gi�ti,x, θ̂̂θ̂θ,u�. The vector of
discrepancies between the model values and the experimental values is then
given by e�p̂̂p̂p� � Sg�t,x�t, θ̂̂θ̂θ�, θ̂̂θ̂θ,u�t�� � yS. We assume that system (2.1) is a suf-
ficiently accurate mathematical description approximating reality. This means
that all relevant knowledge about the biological processes is incorporated cor-
rectly in the vector function f . Thus, the only uncertainty in (2.1) is the vector of
unknown parameters θθθ. In this case the difference ei�θθθ�� � Sgi�ti,x,θθθ�,u� � yiS
is solely due to experimental errors, where θθθ� is the true solution.

2.1.1 Fitness criterion

The m-dimensional optimization problem is given by the task to minimize
some measure, V �θθθ�, for the discrepancy e�θθθ�. By far the most used measure
for the discrepancy is the Euclidean norm or the sum of the squares weighted
with the error in the measurement

VMLE�θθθ� � NQ
i�1 �gi�ti,x,θθθ,u� � yi�2

σ2

i

� eT �θθθ�We�θθθ�, (2.4)

see [63, 91]. This measure results from the Maximum Likelihood Estimator
(MLE) theory. Under the assumption that the experimental errors are indepen-
dent and normally distributed with standard deviation σi, the least squares
estimate θ̂θθ of the parameters is the value of θθθ that minimizes the sum of squares

θ̂θθ � argmin
θθθ

VMLE�θθθ�. (2.5)
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When these assumptions do not hold, other measures than VMLE�θθθ� might be
used like the sum of the absolute values. The MLE theory then does not apply
so θ̂θθ is not the least squares estimate and the statistical analysis of Section 2.3.1.2
does not hold. Dependent on the optimization method or the mathematical
discipline the function V �θθθ� is called objective function, cost function, goal func-
tion, energy function or fitness function.

The solution set θ̂θθ in Equation 2.5 may be a unique point, a countable (finite
or infinite) collection of points, or a set containing an uncountable number of
points. The following three examples illustrate these types of solution sets θ̂θθ.

Example 2.1.1 : θ̂θθ contains unique solution. Suppose that V �θθθ� � θθθTθθθ and θθθ � R
m

(i.e. θθθ is unconstrained). The value θθθ � 0 uniquely minimises V . Hence, θθθ� is the
single point θθθ� � 0 .

Example 2.1.2 : θ̂θθ has countable (finite or infinite) number of points. Let θθθ be
a scalar and V �θθθ� � sin�θθθ�. If θθθ � �0,4π�, then sin�θθθ� � �1 (its minimum) at the
point θθθ� � �3π~2,7π~2�, a countable set with a finite number (two) of elements. On
the other hand, if θθθ � R1, then θθθ� � �...,�5π~2,�π~2,3π~2,7π~2, ...�, a countable set
with infinite number of elements.

Example 2.1.3 : θ̂θθ has uncountable number of points. Suppose that V �θθθ� ��θθθTθθθ � 1�2 and θθθ � Rm. This cost function is minimised when θθθTθθθ � 1. which is
the set of points lying on the surface of a m-dimensional sphere having radius 1. When
m C 2, θθθ� is an uncountable (but bounded) set.

2.2 Parameter estimation methods

To find the minimum of the objective function, optimization methods are used.
We describe here two classes: local and global. Local search methods typically
converge fast to a minimum, but as the name suggests, this might be a local
minimum and the method has no possibility to escape from this minimum to
find the true or global minimum. For local search methods there is in general a
theoretical proof of convergence (and of convergence speed) to the minimum
if the initial guess is sufficiently close to that minimum. Global optimization
searches all over the parameter space to find smaller and smaller values for
the objective function, but in general there is no proof for convergence to the
minimum (with exception of the simulated annealing algorithm).

Various numerical algorithms exist for global and local optimization. In [175,
184] a number of global and local methods are applied to a benchmark of bio-
chemical pathways. Below we will describe briefly the methods that are fre-
quently used when estimating model parameters of biological problems and
methods that are available in general toolboxes used in system biology.
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2.2.1 Some definitions and theorems

θ̂θθ is a global minimizer of the objective function V if it gives the lowest obtainable
objective function value from an arbitrary starting point:

θ̂θθglobal � argmin
θθθ

V �θθθ�, �θθθ in the parameter space. (2.6)

θ̂θθ is a local minimizer of the objective function V if it gives the lowest obtainable
objective function value in the neighbourhood of the starting point:

θ̂θθlocal � argmin
θθθ

V �θθθ�, �SSθθθ � θ̂θθstartSS � δ, δ A 0. (2.7)

A stationary point x� of a function f is a point for which the gradient is zero©f�x�� � 0. (2.8)

The following theorems hold for unconstrained optimization and a sufficiently
differentiable objective function V . In this case V can be extended into a Taylor
series around θ̂θθ:

V �θ̂θθ � δθθθ� � V �θ̂θθ� � δθθθT©V �θ̂θθ� � 1

2
δθθθT©2V �θ̂θθ�δθθθ � ... (2.9)

with the gradient ©V �θ̂θθ� � �∂V

∂θθθ
�θ̂θθ��, (2.10)

and the Hessian or second derivative©2V �θ̂θθ� � � ∂V

∂θθθi∂θθθj

�θ̂θθ��. (2.11)

A necessary condition for a parameter vector θ̂θθ to be a local minimizer of V is that
θ̂θθ is a stationary point of V : ©V �θ̂θθ� � 0.

A sufficient condition for a local minimizer is that θ̂θθ is a stationary point of V and
the Hessian of V is positive definite:©V �θ̂θθ� � 0; θθθT©2V �θ̂θθ�θθθ A 0 �θθθ x 0.

2.2.2 Global Optimization

Most global optimization methods are stochastic of nature to prevent the search
process being trapped in a local minimum. Moles et al. [184] have performed
a comparison of a number of global optimization methods on parameter esti-
mation problems for biochemical pathways.
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Figure 2.1: In this simple example, the landscape shows two minima: a local minima at
θlocal and a global minima at θ�. The standard search optimization techniques available
in the literature for solving the parameter estimation problem can be classified into
2 categories. The local search methods and the global search method. If the initial
guess is around this local minima, the algorithm will converge to the global minimum.
For a given starting point, the local search method does not necessary find the global
minima since one of the major drawback is their incapacity to get out of local minima.
For instance, any starting point for wich θ B θlm, most local search methods will be
trapped at θlocal. Global methods offer an interesting alternative when no initial guess
is available, since the can overcome this problem.

2.2.2.1 Simulated Annealing

Simulated Annealing (SA) is a stochastic optimization algorithm proposed by
Kirkpatrick et al. [140] in 1983. The term annealing comes from physics. It
is the process of heating up a solid until it melts, followed by a slow cooling
down until the molecules are aligned in a crystalline structure corresponding
to the minimum energy state. The cooling must occur at a sufficiently slow
rate, otherwise the system will end up in an amorphous or polycrystalline state
and thus the system will not be at its minimum energy state. In optimization,
the SA algorithm attempts to mathematically capture the process of controlled
cooling associated with physical processes; the analogy to the minimum en-
ergy state is the minimum value for the objective function.

SA is based on the Metropolis algorithm [177] which is a Monte-Carlo method
to sample a thermodynamic system. Rephrased for the parameter estimation
problem it samples for a fixed "temperature" the parameter space according to
the Boltzmann-Gibbs probability distribution
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P �θθθ� � C exp��V �θθθ�
kBT

� , (2.12)

where C is a normalization constant, kB the Boltzmann constant, and T the
temperature. Starting from an initial (random) parameter vector, in each step a
random new state (parameter vector) is generated based on the previous one.
This new state is accepted with a certain probability (see below under Transi-
tion probability). If it is rejected a new state is generated based on the same
parameter vector as before. In this way a Markov chain is obtained which,
if it is sufficiently long, describes the required probability distribution. The
macroscopic observable, the minimizing parameter vector, is the average over
all states in the Markov chain. In SA the Metropolis algorithm is applied with
a slowly decreasing T . SA starts with a high "temperature" implying that all
states, or parameter vectors, are equally probable. The original algorithm - the
homogeneous Markov chain method - computes for a constant temperature a
complete Markov chain, i.e. the required probability distribution is obtained.
Then the temperature is slowly decreased and the next distribution is sampled.
In contrast the inhomogeneous Markov chain method decreases the temperature
every time a new state has been found. Devising the cooling schedule - initial
temperature, method of lowering the temperature, and the stop criterion - is
the art of simulated annealing. Under certain conditions (ergodicity, cooling
schedule) it has been proven that SA converges to the global minimum (see,
e.g., [278]).

Cooling schedules Many have attempted to derive theoretical or experimen-
tal proofs of an efficient cooling schedule scheme (see [24] for an extensive
review). Among the most popular ones, three different theoretical concepts
are used

Logarithmic: Introduced by Geman and Geman [90], this one has special the-
oretical importance. The temperature is decreased according to: ti �
γ~log�i � d� with i the iteration count and d usually set to one. Although
it has been proven that for γ C Emax, the true global minima can be found
(in the limit of infinite time), with Emax being the maximum energy bar-
rier (problem dependent and a priori unknown), this method is very slow
and impractical because of its asymptotically slow temperature decrease
[105].

Geometric: The original cooling schedule proposed by Kirkpatrick [140] and
still widely used with major or minor variants. The temperature is up-
dated by: ti � αti�1. The cooling factor α is assumed to be a constant
smaller than one. Examples of usage and a good explanation of the un-
derlying mechanisms are given by Johnson [127].

Adaptive: The previous cooling schedules always apply the same cooling fac-
tor irrespective the state of the system. It is known that at high temper-
ature, almost all new parameter vectors are accepted although some of
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them are bad solutions. It is obvious that using an appropriate cooling
schedule depending on the state of the system can lead to large improve-
ments. A variety of adaptive temperature annealing strategies have been
proposed. The main techniques are presented by Boese [24]. The most
important ones are: (i) Lam [155, 156]: the temperature is updated aim-
ing to maintain the system in thermodynamical equilibrium; (ii) Ingber
[116,118]: a very popular cooling schedule. The strength of this algorithm
is that it takes into account the sensitivity of the cost function for each pa-
rameter. The goal is to extend the insensitive parameter’s search range
relative to the range over the more sensitive parameters. Each parameter
has its own temperature, equally initialized at the beginning. After ev-
ery Nacc accepted steps, the sensitivity for the best solution parameters
is computed and after every Ngen generation steps the temperatures are
re-annealed scaled by the sensitivities. A very limited number of method
parameters has to be assigned by the user: the rate control parameter
C, Nacc, and Ngen. The other method parameters are automatically set
and updated by the algorithm. The optimal values of the three parame-
ters are problem dependent [117], but the performance of the algorithm
is not critically influenced for choices of C in the range of 1 to 10, Nacc

O(10-100) and Ngen O(200-1000).

Transition probability If the objective function of the new parameter vector
θθθ� is smaller than the previous one then the new parameter vector is accepted.
However, to prevent getting stuck in a local minimum, the new parameter vec-
tor is also accepted with a probability according to the sampled distribution

P �∆V,T � � exp�� ∆V

kBT
� , with ∆V � V �θθθ�� � V �θθθ�. (2.13)

Expression (2.13) is known as the Metropolis Criterion. For T � 0 and δV A 0, the
probability P �δV,T �� 0. Therefore, for sufficiently small values T, the process
will more and more go "downhill": new accepted parameter vectors tend to
have lower objective function values.

2.2.2.2 Evolutionary Algorithms

Evolutionary Algorithms (EA) are inspired by biological evolution. Potential
solutions (parameter vectors) are the individuals of a population. In order to get
new solutions - a next generation - the individuals in the population are replaced
using mechanisms as reproduction, natural selection, mutation, recombination, and
survival of the fittest.
Initially, a population is created of random individuals (possible parameter
vectors). Next, the corresponding objective functions are computed which de-
fine the fitness of an individual (the higher the fitness, the better the solution).
The selection process is mimicked by assigning probabilities to individuals re-
lated to their fitness to indicate the chance to get selected for the next gener-
ation. Individuals with a high fitness are assigned high probabilities. New
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individuals are created by two operators: recombination (or cross-over) and
mutation. Recombination consists in selecting some parents (at least two) and
results in one or more children (new candidates). Mutation acts on one can-
didate and results in a new candidate. These operators create the offspring (a
set of new candidates). These new candidates compete with old candidates
for their place in the next generation (survival of the fittest). This process can
be repeated until a candidate with sufficient quality (a solution) is found or a
predefined computational limit is reached. There are many different ways of
writing these operators and one can find exhaustive literature focussing on this
aspect of EAs (see, e.g. [96]).

EA operators
The selection operator is responsible for convergence to the minimum, the re-
combination operator for exploring the parameter space and the mutation op-
erator gives nearby solutions a chance to survive.

Fitness A commonly used objective-to-fitness transformation results in a fit-
ness value of max�0,Cmax �V �θθθ�� with Cmax either a user-defined constant or
the maximum V -value thus far. To prevent almost equal selection probabilities
in later stages of the algorithm the fitness values should be scaled accordingly
[96]. Another transformation is simply rank-based, where the population is
sorted according to their objective values and fitness assignment depends only
on the position [11, 287].

Selection determines, which individuals are chosen for mating (recombina-
tion) and how many offspring each selected individual produces. The first step
is fitness assignment. Next, the actual selection is performed. Parents are se-
lected according to their fitness by means of one of the following algorithms
[96]:
truncation: the only deterministic selection: select the m best individuals and
reproduce them until the pool is filled;
roulette-wheel: selection with size of wheel part proportional to fitness [13];
stochastic remainder: sampling. First entier�fi~f̄�2 times individual i are se-
lected with fi the individual and f̄ the average fitness. Next the pool is filled
using a weighted toss [13];
tournament: N "tournaments" will be held with K randomly picked individu-
als as competitors for a place in the pool. Winner is the one with highest fitness
[179].
The selection process is an extremely important part of the convergence of the
algorithm: if the selection pressure is high - as with roulette-wheel - then the
convergence time is fast, but the solution can be a local one. If the selection
pressure is low - as with tournament with small K - it is the other way around.

2
entier�x� is the largest integer value not exceeding x.
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Recombination or cross-over produces new individuals by combining the
information contained in the parents (parents: mating population). In the case
of real-valued variables the algorithms all choose a point on the line connecting
the two parents, either deterministically -line recombination (interpolation with
a fixed constant) - or stochastically. In the latter case one distinguishes interme-
diate recombination in which a point is chosen in an interval slightly larger than
the connecting line segment and extended line recombination where the complete
line is used but the probability decreases with the distance from a parent.

Mutation consists in randomly altering an individual. The mutation step
(usually very small) is the probability of mutating a variable, and the muta-
tion rate is the effective mutation applied to that variable. Although in general
the mutation step is inversely proportional to the dimension of the problem,
the mutation rate does not depend on the problem.

Reinsertion ("survival of the fittest") After producing offspring they must be
inserted into the population. This is especially important, if the number of
offspring does not equal the size of the original population. To guarantee that
the best individual(s) survive the elitist strategy [96] can be used.

2.2.2.3 Covering methods

Covering methods are deterministic global optimization algorithms, that guar-
antee that a solution with a given accuracy is obtained. The price paid for this
guarantee, however, is that some a priori information of the function must be
available.

Branch and Bound (B&B) [157, 181] requires that the search space is finite
(parameters are constrained) and can be divided to create smaller subspaces.
To apply branch and bound, one must have a means of computing upper and
lower estimated bounds of the objective function to be minimized.

The method starts by considering the original problem with the complete search
space - the root problem. The lower-bounding and upper-bounding procedures
are applied to the root problem. If the bounds match, then an optimal solution
has been found and the procedure terminates. Otherwise, the search space is
partitioned into two or more regions. These subproblems become children of
the root search node. The algorithm is applied recursively to the subproblems,
generating a tree of sub-problems. If an optimal solution is found to a subprob-
lem, it is a feasible solution to the full problem, but not necessarily globally
optimal. Since it is feasible, it can be used to prune the rest of the tree: if the
lower bound for a node exceeds the best known feasible solution, no globally
optimal solution can exist in the subspace of the feasible region represented by
the node. Therefore, the node can be removed from consideration. The search
proceeds until all nodes have been solved or pruned, or until some specified
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threshold is met between the best solution found and the lower bounds on all
unsolved subproblems. Although this method is widely used in engineering,
the technique is not that popular among the biologists and computational bi-
ology community.

2.2.3 Local optimization

If the gradient of the objective function can be computed one can solve the
minimization problem by finding the point where the gradient vanishes using
gradient-based methods. Direct search methods try to find the minimising point of
the objective function without explicitly using derivatives. As for the global
search methods these methods only require an order relation (V �θθθ1� � V �θθθ2�)
for all points in parameter space.

2.2.3.1 Direct-search methods

The term direct-search method has first been used in 1961 in the classical paper
of Hooke and Jeeves [111] that describes their pattern search method, but it
is more generally used for all methods that find a local minimum without the
use of a derivative. Direct search methods select a finite - generally not large
- number of possibilities each step and check whether one of these is better
than the current one. For reviews on direct-search or derivative-free methods
we refer to [147, 212, 293]. Here we discuss the two most used methods: the
classical Hooke-Jeeves method [111] and the Nelder-Mead or Downhill Simplex
method [194].

Hooke-Jeeves method The pattern search method of Hooke and Jeeves [111]
consists of two steps. In the first a series of exploratory changes of the current
parameter vector are made, typically a positive and negative perturbation of
one parameter at a time. The exploratory step then has formed a basis for the
parameter space with information in which directions the objective function
decreases. In the next step, the pattern move, the information obtained is used
to find the best direction for the minimisation process. The original method is a
special case of generalized pattern search methods for which it is shown that the
search directions span the parameter space [274]. For a nice discussion on this
type of direct-search methods, the broad class of generating set search methods,
including convergence results, some history and references to other ideas we
refer to the extensive review paper of Kolda et al. [147]. They show amongst
others that these methods have the same type of convergence guarantee as
gradient-based methods.

Nelder-Mead simplex algorithm The Nelder-Mead method [153,194] is based
on the idea of an adaptive simplex - the simplest polytope of m � 1 vertices in
m dimensions (2D: triangle, 3D: tetrahedron). The objective function is eval-
uated in all vertices (θθθ"s) and the vertices are ordered according to the value.
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The next step tries to replace the "worst" vertex by a better one. A line search is
performed along the line through this vertex and the centroid of the remaining
vertices: θθθnew = θ̄θθ � αθθθworst. For α � 1,2, 1

2
,� 1

2
it is tested whether the new ob-

jective value is better than the old one. If this is the case the simplex is adapted
by replacing the old vertex by the new one. If not, a shrink procedure is per-
formed: the "best" vertex stays in the simplex, all other ones are replaced by
a vertex half-way along the line from the best vertex. If the line search is suc-
cessful the method uses just 1 to 4 function evaluations per step and the aim
is that the simplex adapts itself to the minimising function. But in contrast to
the Hooke-Jeeves method it improves the objective function value along the
sequence of worst vertices.

2.2.3.2 Gradient-based methods

In constrast to all other methods above this class of methods not only requires
the value of the objective function but also of its first derivative with respect
to the parameters. These type of methods are not so straightforward to im-
plement as the direct-search methods, but if it is possible to use them it is in
general preferable to do so. Often in implementations approximations of the
gradient and/or the Hessian (second derivative) are used, e.g., by finite differ-
ences. However, with the current automatic differentation tools like ADIFOR
[22], symbolic algebra packages like Maple [88] and Mathematica [227], and
modelling languages with automatic computation of derivatives like AMPL
[82] and GAMS [130], it is doable and preferrable to use the exact derivative.
For a general treatment of this subject we refer to Nocedal [195].

Remember that a requirement for a local minimizer θθθ� is that the gradient©V �θθθ�� � 0 (stationary point). A sufficient condition requires that the Hes-
sian is positive definite. Note that none of the methods below guarantees the
latter requirement!

Gradient-based methods are all descent methods. These methods first find a
descent direction dθθθ and then take a step αdθθθ in that direction, with α such that
it results in a "good" decrease of the objective function

θθθnew � θθθ � αdθθθ, V �θθθnew� � V �θθθ�. (2.14)

The largest gain is obviously obtained when α is determined by a line-search,
i.e., by finding the minimum value of V �θθθ�αdθθθ� for all α A 0. Note that a simple
decrease in the objective function (f�xk�1� � f�xk�) is not sufficient to converge
to a stationary point of f . (Counterexample: V �x� � x2 and xi � 1 � 2�i, see
[57].)

Steepest descent or gradient method In this method the search direction is
defined by the gradient
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dθθθ � �©V �θθθ�. (2.15)

In the final stage, however, this method has a slow convergence. In fact if
combined with exact line search it can even fail.

Newton’s method Newton’s method iteratively solves the equation for a sta-
tionary point ©V �θθθ�� � 0 by linearization. The search direction for the line-
search method is in this case

dθθθ � �©�2V �θθθ�©V �θθθ�. (2.16)

In quasi-Newton methods the Hessian is approximated. If the starting point
is sufficiently close to the solution Newton’s method has a quadratic order of
convergence.

Trust region method [47] The objective function V �θθθ� is approximated by a
simpler function which mimicks the behaviour of V in a neighbourhood of θθθ.
This function is then minimized over this neighbourhood, the trust region, and
if the objective function decreases the new value is accepted. Otherwise the
trust region is decreased. Originally the approximation consisted of the first
two terms of the Taylor expansion of V at θθθ but for high-dimensional problems
this is still too expensive. In this case the trust region is restricted to two di-
mensions [34]. This subspace is spanned by the gradient vector ©V (Equation
(2.15)) and a direction of negative curvature given by dθθθT©2V �θθθ�dθθθ � 0 or the
Newton direction (Equation (2.16)). The aim of the first combination is global
convergence and of the second fast local convergence.

2.2.3.3 Gradient-based methods for least-squares

Gauss-Newton If the function to be minimized is a sum of squares - as is the
case when solving a least-squares problem - Newton’s method is often replaced
by a modification - the Gauss-Newton algorithm - in which the Hessian is not
used. The gradient of VMLE�θθθ� � eTe is given by ©VMLE � JTe, where the
Jacobian J�θθθ� � ∂e

∂θθθ
�θθθ� is the so-called ’sensitivity" matrix of size N � m (cf.

Equation (2.19)).
To solve for the stationary point again linearization is used which results in the
task to solve the normal equations

JT �θθθ�J�θθθ�δθθθ � �JT �θθθ�e�θθθ�. (2.17)

Note that δθθθ is a descent direction because δθθθT©VMLE � δθθθT JTe � �δθθθT JT Jδθθθ �
0. As in Newton this is an iterative process.
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Levenberg-Marquardt method [171] can be seen as Gauss-Newton with damp-
ing or as a combination of Gauss-Newton with steepest descent. The search
direction is defined by�JT �θθθ�J�θθθ� � λIm� δθθθ � �JT �θθθ�e�θθθ�, (2.18)

where λ C 0 is some constant and Im the identity matrix of size m. δθθθ is a
descent direction for all λ A 0; for λ large Equation (2.18) results in the steepest
descent method and for λ small in the Gauss-Newton process. The first is a
good strategy in the initial stage of the process, the latter in the final stages. The
art of the Levenberg-Marquardt method is the design of the damping factor λ

(see, e.g., [33, 165]).

2.2.4 Hybrid methods

Global methods in generally work well to explore the parameter space but are
slow in finding the minimum of the objective function precisely (see, e.g. [78]).
In contrast, local methods are much faster in finding a minimum once in the
neighbourhood. Sequential application of both approaches combines the best of
the two. Such hybrid methods use a global search method to identify promis-
ing regions of the search space that are further explored by a local optimizer.

Although hybrid methods are quite recent in the systems biology world, these
methods have a long tradition in computational problems [281]. Katare et
al. [132,133] employ a Particle Swarm Optimization [136,137] combined with
Levenberg-Marquardt. However, their method appears to be sensitive to the
"swarm topology" that defines the information transfer between the parameter
vectors. Combinations of local search with the Stochastic Ranking Evolution
Strategy [233] seem to be more promising. In [228], Rodriguez-Fernandez
et al. applied with good results SRES + DN2GB (Gauss-Newton + trust re-
gion for stabilization) on the three-step pathway benchmark problem [184].
In [6, 78] a challenging reaction-diffusion system is considered describing the
early Drosophila development. This results in a model with 348 state vari-
ables and a 66-dimensional optimisation problem with (non)linear constraints.
Jaeger et al. [121] obtained previously the parameters for that model with
parallel simulated annealing. Fomekong Nanfack et al. [78] show that the hy-
brid method SRES+Nelder-Mead is approximately 50 times as fast. The same
problem was solved with SRES+DS+LM [6] with a comparable speed up but
a better approximation of the local minima.

Another interesting approach is an intrinsic global-local method such as the
scatter-search method [154,228], an evolutionary algorithm with a local search
method after (each) recombination step. Since this method is expensive for
costly objective funtion evaluations SSKm (Scatter-search-Kriging) [66] has
been developed. Here the number of "local-search" points is reduced by pre-
dicting the possibility that a new parameter vector will result in a lower min-
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imum without evaluation of the objective function, based on the assumption
that V has a Gaussian distribution (Kriging).

2.2.5 Constraints

For all optimization methods described above it holds that it is the implemen-
tation that counts, i.e. one version of an optimization method with different
method parameters and strategy can result in a much better and faster conver-
gence behaviour (for some problems) than the next. This holds even more for
the implementation of constraints. Constraints can be implemented as penal-
ties added to the objective function. This is often done in global and in di-
rect search methods. It implies that the constraints are not strictly obeyed, at
least during the search. In direct search methods linear constraints restrict the
search directions -the parameter space becomes a cone - and thus the chance
of failure increases (the search directions no longer span the search space). For
nonlinear constraints a number of approaches exists (see Kolda et al. [147]
for an overview of methods used in Generalized Set Search (GSS) methods). If
the constraints are differentiable, this direction can be used when computing
the new search direction. For GSS and gradient-based methods one can also
solve an augmented nonlinear system where a Lagrange multiplier with the
constraint is added and possibly other penalty terms [147, 257].

2.3 Model analysis and validation

As stated previously, the first aim of gene regulatory network inference consists
in deriving the topology of a system. In our case, we focus on complex dynam-
ical system exhibiting spatial temporal pattern formation. Beside the topol-
ogy, the inference also aims at revealing the mechanistically details behind the
system’s dynamic. The mathematical models used, are necessarily simplified
description of the phenomena being studied. The limited representation intro-
duces uncertainty in the model, which is increased by the uncertainty inherited
from the measured data. Furthermore, most GRNs are inferred from stochastic
search algorithms. The stochastic nature of these algorithms imposes one to
run as many as possible optimization trials on the same set of data before any
deduction. From these many trials, different sets of parameter solutions can be
obtained with reasonably good/low fitness.

In practice, most models based their correctness by visually comparing the sim-
ulated concentration of some molecular species with experimental data. The
accumulation of the different sources of uncertainty imposes to further analyse
the estimated parameters and the network inferred. More objective validation
criteria are necessary to gain a certain level of confidence in the model’s accu-
racy, the structural identifiability, the reliability of the parameters and overall
the robustness of the model [124].
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2.3.1 Identifiability

Unlike the simple motivational examples above given in Section 2.1.1, most bi-
ological problems have very complex form of cost function V for which solving
Equation 2.5 analytically is impossible. The problem becomes harder for large-
scale optimisation problem, hence requires optimisation approaches. Most Pa-
rameter estimation methods are iterative algorithms that start from an initial
(random) parameter θθθ and step by step improve the value to the closest possi-
ble true value θθθ� in order to minimise the cost function. The term "true value"
assumes that for a given system of the form input-output data, a set of param-
eter has to be identified. It might not be possible to determine the true value
of the parameter. Such a parameter is considered to be non-identifiable. The
identifiable problem of a model is of great importance. It basically answears
to one question: if one can not find the true parameters solution under ideal
conditions (noise-free observations, error-free model paradigm and indepen-
dently of the particular values of the parameters) , or if a model has more than
one solution (i.e. more than one set of parameter values that will provide an
identical fit to the data), then the physiological conclusions might be bias and
conclusions could be different from solution to solution. Therefore, the model
might not be relevant to prove anything about the biological system.
The sensitivity matrix J of the model is given by the sensitivity coefficients of
the observables with respect to the parameters:

J � �∂gi�θθθ�
∂pj

� . (2.19)

A parameter is globally identifiable if it can be uniquely determined given the
input profile u�t� and assuming continuous and error-free data for the observ-
ables of the model. If there is a countable number of solutions the parameter
is locally identifiable; it is unidentifiable if there exist uncountable many solutions.
A model is structurally globally/locally identifiable if all its parameters are glob-
ally/locally identifiable3

2.3.1.1 a priori identifiability

Before any further parameter estimation, once the model has been designed
and the data are available, one should ask: Given a model structure and an
experimental protocol (ideal data), do the data contain enough information
to estimate the unknown parameters of the model? This is a theoretical ques-
tion and not an easy one in general as most biological phenomena dealing with
GRN describing a system dynamic in terms of mathematics model are very
complex, especially if it is described as a nonlinear dynamic model.

3Note that these definitions are not always the same. Other definitions are: A model is struc-
turally identifiable if its sensitivity matrix satisfies two conditions: each column has at least one large
entry and the matrix has full rank [124]. A model is locally identifiable if it is globally identifiable in a
neigbourhood of the parameter [228].
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There are several techniques to determine a priori global identifiability of the
model, but for realistic situations, i.e. non-linear models of a certain size, it is
very difficult to obtain any results. Still it is advisable to always perform an
a priori analysis, since parameter estimation methods can have problems with
locally identifiable or unidentifiable systems. Symbolic algebra packages like
Maple [88] and Mathematica [227] can be of great help.

For linear models the Laplace transform or transfer function approach can be ap-
plied. For nonlinear models the oldest method and most simple to understand
is the Taylor or power series expansion [209]. The observable function is ex-
panded in a Taylor series at a particular time point. The time derivatives are
evaluated in terms of the parameters resulting in a system of nonlinear equa-
tions for the parameters. If this system has a unique solution the model is
structurally identifiable. For simple examples using the Laplace transform (lin-
ear model) and Taylor series (Michaelis-Menten kinetics) we refer to Godfrey
and Fitch [95]. Another classic method is the similarity transformation approach
[276] (see also [71,205]). In [41] these two methods have been compared with-
out a decisive preference. Recently methods are developed that use differential
algebra techniques (see [8] and references therein).

2.3.1.2 a posteriori identifiability

Although necessary, a priori structural identifiability is obviously not sufficient
to guarantee successful parameter estimation from real data, and this is when
the concept of a posteriori or practical identifiability comes into play. One
still assumes that the model structure is exact, however, now data are sparse
and noisy and the question is: can the unknown parameters of the postulated
model be uniquely estimated from the (possibly noisy and scarce) available
data?

A posteriori Identifiability is the logical step that follows the model fitting. A
priori identifiability guarantee the existence of not of a solution, but it does not
guarantee successful parameter estimation from real data.The difficulty in es-
timating the parameters in a quantitative mathematical model is not so much
how to compute them, but more how to assess the quality of the obtained pa-
rameters, since this does not only depend on how well the model describes
the phenomenon studied and on the existence of a unique set of parameters,
but also on whether the experimental data are sufficient in number, sufficiently
significant and sufficiently accurate. With respect to the first two requirements,
a sufficient and significant amount of data, it is clear that, whatever method
one uses to fit a model with experimental data: to estimate m unknown pa-
rameters one needs at least m experimental values. On the other hand, it is
not necessary to have experimental data for all state variables involved in the
model at all possible time points, often only a few measurements for the right
observable at significant times are needed.The last question, sufficiently accu-
rate data, is related to the fact that measurement errors imply that we do not
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have precise data points to fit our model with, but that each point represents a
whole cloud of possible data values, implying that also the inferred parameters
are not point-values but are contained in a cloud. Depending on the model the
cloud of possible parameter values varies in size and shape and can be much
larger than the original uncertainty in the data. Summarising, the questions
addressed by the a posteriori identifiability are:

• How good is the precision of the parameter estimates?

• Can the model parameters be estimated from the data with acceptable
statistical precision?

• Does the model predict the data in an acceptable way? The goodness-of-
fit must be acceptable

• How good is the precision of the parameter estimates?

2.3.2 Sensitivity/Uncertainty analysis

Once parameter estimates are obtained by means of optimization, it is impor-
tant to address the precision of those parameters, since in general, the opti-
mization yields large parameter uncertainties [124, 175]. Analyzing the effects
of parameter uncertainty on results is a primordial step in modelling, espe-
cially for high dimensional complex models. Beside learning the level of con-
fidence in parameter estimates, uncertainty analysis is useful to discriminate
between competitive models. It provides insight into the various source of
uncertainty that are important or not with respect to a given response. Differ-
ent methods can be employed to address the uncertainty analysis of parameter
estimates such as sensitivity testing, analytical methods, sampling based meth-
ods and computer algebra based methods. Sensitivity testing aims at studying
model response or robustness with respect to change within the model struc-
tural formation or parameter variation.
The confidence interval (CI) gives a realistic measure of the precision of the
parameters. Fundamental for making predictions is the assessment of uncer-
tainties; if the confidence interval on a prediction is too large, the prediction
cannot be used for model validation [40]. Beside linear model for which it ex-
ists theoretical exact methods to evaluate confidence intervals, in most cases,
approximation methods are used [228].

2.4 Discussion

The aim of this chapter was to give a comprehensive survey of parameter esti-
mation, i.e., to discuss both the methods to fit the parameters of a mathematical
model to experimental data and to analyze the results. A recent review paper
of van Riel [279] discusses these subjects more from the perspective of systems
biology but less extensively.
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An optimal use of the methods, especially of the global ones, is problem -
dependent and, in practice, convergence to the minimum is not guaranteed.
Global methods are often used with a computational time limit toprevent an
endless search and local methods can get stuck in a local minimum. In gen-
eral, a good initial guess e.g. from experiments will not be available for all
parameters, ruling out the option of using only local search methods. A good
strategy is often to use global search methods to find various "promising" ar-
eas in the parameter space. Once in these areas, local search methods converge
much faster to the minimum (see, e.g. [6,78,228,281] and Section 2.2.4). Since
global methods explore the complete "fitness landscape" it is also possible to
find multiple parameter vectors that satisfy the experimental data.

In Section 2.2.2 we compared several algorithms for global search. Simulated
Annealing and Branch and Bound have a proper convergence theory. The dis-
advantage of B&B is that it can only be applied if it is possible to compute lower
and upper bounds for the objective function. SA is generally applicable, but
the theoretical convergence is in practice not much worth since it is critically
dependent on the cooling-down schedule. At each temperature the inner-loop
(Metropolis) needs to be iterated long enough to explore the regions of search
space. However, the balance between the maximum step size and the number
of Monte Carlo steps is often difficult to achieve, and depends very much on
the characteristics of the search space or energy landscape. SA is computation-
ally very expensive and is not easily paralellizable.

Evolutionary algorithms consistently perform well for all types of problems
and are well-suited to solve problems with a truly large search space. The criti-
cal factor to escape local minima is the cross-over operator that allows each in-
dividual to explore other possibilities by means of information transfer [149].
The critical factor for fast convergence is the selection operator. Premature
convergence occurs if an individual that is more fit than most of its competi-
tors emerges too early, it may reproduce so abundantly that it drives down
the population’s diversity too soon. This will lead the algorithm to converge
to the local optimum of that specific individual rather than searching the fit-
ness landscape thoroughly enough to find the global optimum [81]. For a
proper behavior the population size should be sufficiently large which means
that the method is expensive if the computation of the objective function is not
extremely cheap. Fortunately, EA is intrinsically parallel. Multiple individuals
can explore the search space in different directions. In contrast to SA, EA can
be implemented as a self-tuning method, the most successful example is SRES
[233]. For most problems an evolutionary algorithm, like SRES, is robust and
easy to use.

The local search methods are introduced in Section 2.2.3. Direct-search meth-
ods are generally applicable, but they are less efficient especially for high-
dimensional problems. If possible, i.e., if the problem is smooth we recom-
mend to use Newton or trusted region and for a least-squares fit Levenberg-
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Marquardt. In non-smooth problems the objective function is discontinuous
or has a discontinuous derivative, e.g., because the mathematical model con-
tains step-functions, absolute values, if-then-else constructions, etc. In this case
gradient-based methods can not be applied. The Hooke-Jeeves method, or
more generally, the generating set search methods are reliable but slow. The
Nelder-Mead simplex method is in most cases efficient, but it can fail unpre-
dictably [173].

Normally, the methods described here are used as single shooting methods,
meaning that the integration path leading to the observable function value in
the objective function is determined by the initial conditions for the state vari-
ables. Especially, if these initial conditions depend on parameters this can lead
to the wrong minimum. To avoid this, one can use the multiple shooting ap-
proach [271] where the time interval is partitioned and new initial conditions
are used at the start of each part of the interval. To connect the integration paths
smoothly an augmented system has to be solved. Here the optimal method
choice is dependent on the objective funtion and on the DAE system. For a
least-squares fit and smooth problems we recommend Levenberg-Marquardt.
If the (derivative of) the objective funtion is discontinuous a direct method like
Nelder-Mead should be used. If the initial conditions of the DAEs depend also
on the parameters and the solution of the DAE system depends strongly on
the initial conditions, the multiple shooting strategy could be advantageous.
A promising, but not yet fully tested strategy is the intrinsic global-local ap-
proach implemented in SSKm (cf. Section 2.2.4). Most important: for all opti-
mization algorithms it is the implementation that counts, especially if the pa-
rameter space is restricted by constraints (see also Section 2.2.5).

Finally, finding a parameter vector is only half the job. It is important to study
how robust against perturbations the parameters are. If the objective function
is the Maxium Likelihood estimator (2.4), the analysis method described in
Section 2.3.1.2 can be applied. Otherwise one can use a repeated fitting strategy
[109] to study the fitness landscape.



3
Hybrid (µ,λ)-evolution strategy

and Direct Search1

In the previous chapter, we have discussed general aspects of parameter es-
timation including different methodologies and their issues. Undeniably, a
need for efficient methods for model calibration of complex dynamical biolog-
ical systems, and particularly models of pattern formation is necessary. In this
method chapter, we present an efficient approach to estimate unknown param-
eters in nonlinear dynamic multi-dimensional models of pattern formation.

The method presented here combine a global search based on evolutionary
strategy (ES) followed by a local search. Our choice is inspired by [175, 184]
where the authors compared different global optimisation strategies and sug-
gested that the modern evolution strategy is the most competitive and the only
one capable of finding the true minimum in the parameter estimation of bio-
chemical networks. Their study focuses on the inverse problem of a benchmark
model of a three-step pathway with 36 unknown parameters. Our contribution
extends the applicability of ES to higher multi-dimensional non-linear model
of genetic regulatory network that have been so far inferred using simulated
annealing strategies. Our primarily motivation is to reduce the computational
effort of the previous used method in similar problems. Second, if the com-
putational time is reduced, our goal is to obtain more results in order to have
more depth analysis of the in-silico GRNs.

1This chapter is partially based on the paper:
Yves Fomekong-Nanfack and Jaap A. Kaandorp and Joke Blom, "Efficient parameter estimation
for spatio-temporal models of pattern formation: Case study of Drosophila melanogaster", Bioinfor-
matics, 23(24): 3356 - 3363, 2007. [78]
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Section 3.1 describes the basic ES and the stochastic ranking ES. Section 3.2
presents an island-ES. The local search is presented in section 3.3.

3.1 (µ,λ)-evolution strategy

Evolution strategy is an Evolutionary Algorithm (EA) that belongs to the class
of algorithms presented in section 2.2.2.2. Like all EAs methods such as Ge-
netic Algorithm (GA) or Evolutionary Programming (EP), it is a stochastic it-
erative algorithm that operates on some encoded individuals from an initial
population. Historically, GA became popular for discrete, combinatorial search
after Holland’s book "Adaptation in Natural and Artificial Systems" in 1975
[110]. EP, first introduced by L.J. Fogel [77] is used for continuous parame-
ter optimisation. The origin of ES is from the early 1960s by Ingo Rechenberg
[219] and popularised by Hans-Paul Schwefel [244]. It was conceived as a set
of rules for the automatic design and analysis of consecutive experiments with
stepwise variable adjustments driving a suitably flexible object/system into its
optimal state under noisy and multimodal conditions [21]. Later on, ES was
not only applied to discrete problems but also to continuous decision variables.

ES, like most EAs consists of three main operators: crossover, mutation and
selection. The first two are exploration operators of the search space, while the
last one lets the population evolve towards the optima of a problem. The per-
formance of ES critically depends on the adjustment of the internal parameters,
with a main dependence on the mutation strength. One of the main advantages
of ES compared to standard EAs is the usage of strategic parameters such as
on-the-fly adaptation of the mutation parameters. Many different specialised
version of ES exist, but the two most popular and successful setting of ES are:

1. �µ � λ� �ES. In a population of λ individuals, µ � λ new offsprings are
created at each generation. To keep the population size constant, only the
best between the parents and the children are kept.

2. �µ,λ� � ES. Only the best µ out of the λ parents are chosen to create a
new population.

The symbol µ designates the number of parents chosen in a population to be
the genitors and the symbol λ represents the number of offsprings created by
these parents. In both algorithms, λ offspring individuals are generated from µ

parents. The difference lies only in the fact that in the ÒplusÓ strategy, µ par-
ents for the next generation are selected from a combination of the µ parent and
λ offspring individuals of this generation, whereas in the ÒcommaÓ strategy,
µ parents for the next generation are selected from the λ offspring individuals
in this generation only.

In this study we use a modified �µ,λ�-ES, based on stochastic fitness ranking.
This method is simple and has proven to be more efficient than most EAs and
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ESs for large parameter estimation problems [233, 234]. A more rigorous de-
scription of the �µ,λ�-ES is as follows:�µ,λ� �ES � �P;µ;λ; sel; rec;mut;σ;V,G, t� (3.1)

where:

• P � �I1, ...Iλ� > I
λ. Ij is an individual described in Equation 3.2

• µ > N is the number of parents selected at each generation

• λ > N is the population size and the number of offsprings (λ A µ)

• sel � Iλ �� I
µ is the selection operator

• rec � I3 �� I is the recombination operator

• mut � I�� I is the mutation operator

• σ > R
λ �R

N is the step size meta-control

• V � RN �� R is the objective function

• G � RN.q �� R
q is the constraint function with q the number of constraints

• t � Iµ �� �0,1� is the termination criterion

Each individual is a representation of the parameter vector plus a set of en-
dogenous parameter:

Ij �� �θj , σj , Vj ,Gj�,� j > �1, ...λ� (3.2)

where θj �� �θ1

j , ...θ
N
j � is the parameter set vector and σj �� �σ1

j , ...σN
j � the en-

dogenous strategy parameter vector associated to each parameter of each in-
dividual. n is the problem dimension. Vj is the objective function and Gj is
the penalty function. The parameter vector σ is used to control statistical prop-
erty during the evolution of the algorithm. Initialisation consist in generating
randomly λ number of individuals. Each individual is generated according to
a uniform N -dimensional probability distribution over the search space. The
following paragraphs describe the different main operators.

3.1.1 Selection by Stochastic Ranking

In section 2.2.5 of Chapter 2, we have discussed the issues of constraints in
optimisation problem. In most cases, constraints are defined as a strict space
boundary on the parameters such as: θi > �θl

i, θ
u
i � where θl

i and θu
i are respec-

tively the lower and upper bound. It is also common that beside parame-
ter restriction, additional constraints are imposed on the minimisation of the
function V . These constraints can be defined by simplicity as penalty function
method and need to be handle in the optimisation algorithm. Inclusion of the
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penalty tends to transform the constraint optimisation to an unconstraint one.
The reformulation of the objective function given in Equation 2.4 is :

V �x,θθθ� � VMLE�θθθ�� w0

mQ
j�1 wj�g�j �θθθ��β� VMLE�θθθ�� w0G�g��θθθ�� (3.3)

where G�g��θθθ�� is the total penalty function. Each function gj is a penalty ex-
pressing a particular constraint with a given weight wi and β exponent. The
weight w0 is the coefficient that gives the importance of the overall constraint.
However, it is in practice very difficult to find the optimal value of the weight,
especially for w0. It is necessary to find an efficient manner to balance between
the objective function VMLE�θθθ� and the constraints violation. To avoid the set-
ting of the weight penalty parameters in Equation 3.3 , Runrasson and Yao
[233] suggested to handle the penalty functions as multiobjective optimisa-
tion where the constraints are treated as additional optimisation function. The
strength of this approach is to neither consider under- nor over-penalisation
but a well balance method to preserve individuals that might break the con-
straints (being in an infeasible region of the search space) but have a good ob-
jective.

Let Pf be the probability of using only the objective function VMLE�θθθ� for com-
parisons of ranking in the infeasible regions of the search space. Given two ad-
jacent individuals among the λ’s, if both individuals are feasible the probability
of comparing them according to their objective function if it is 1, otherwise it
is Pf . The total population is ranked using a bubble-sort Algorithm where the
conditional swap between two adjacent individuals depends on the previous
mentioned probability. The following algorithm describes the stochastic rank-
ing procedure.
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Algorithm 1 Bubble sort with stochastic ranking
1: Ij �j > �1, ..., j�
2: for i 1 to N do
3: for j � 1 to λ � 1 do
4: random number u > U�0,1�
5: if G�Ij� � G�Ij�1� � 0 or �u � Pf� then
6: if VMLE�Ij� A VMLE�Ij�1� then
7: swap�Ij , Ij�1�
8: else if G�Ij� A G�Ij�1� then
9: swap�Ij , Ij�1�

10: end if
11: end if
12: end for
13: IF no swap done break.
14: end for

where Ij is the jth individual of the population and u is a uniform random
number. The choice of Pf determines the strength of the penalisation. Weak
probability criteria; Pf � 0 implied stronger penalisation while strong proba-
bility threshold Pf � 1 reduces the influence of the penalisation. Intuitively
one will set Pf � 1

2
for an equal chance of comparison based on the objective or

the penalty. It was shown that Pf � 1

2
to achieve better results [233].

3.1.2 Recombination

Also named crossover, recombination is the primary exploration mechanism in
most GAs. We use a global intermediate recombination described in Equation
3.4

θ�i � r�θo, θc, θi�1� � θi � γ �θo � θi�1� (3.4)

where θi is the parameter vector of an individual i, individual o is the highest
ranked individual (the fittest), and γ is the recombination factor. In this way a
number of µ new individuals is created from the λ offspring. The individuals c

are chosen among the best µ offspring obtained after a stochastic ranking [233].
The rest of the new population is filled with the (unchanged) µ best individuals
(repeatedly).

3.1.3 Mutation and Self-Adaptation

After the cross-over, mutation is applied to the λ � µ individuals. Mutation is
the primary source for individual variation through the evolution. An efficient
ES requires a good setting of the mutation coefficient α. It was shown that it is
possible to improve the convergence rate by using a variable mutation strength
σ instead of a constant. However the mutation coefficient α should evolve in
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a very efficient way. It is important to define the mutation strength properly.
As discussed in the previous chapter, the mutation operator is usually a basic
variation operator in ES although the design of a mutation operator is problem
dependent. By analyzing implementation details of various ES, Beyer et al.
[20] proposed some rules to design an efficient mutation methodology:

1. reachability: to ensure that starting from a parent, any child can be reached
in a finite number of mutation steps or generation.

2. unbiasedness: use selection and variation respectively to 1) exploit the
fitness information in order to guide the search into promising search
space, 2) explore the search space. The variation operation should not
introduce any bias.

3. scalability: the mutation strength or the average length of the mutation
step should be tunable in order to adapt the properties of the fitness land-
scape. The scalability should guarantee evolvability of the ES.

These theoretical considerations can be observed when minimizing an objec-
tive function of a sphere model using a simple �1 � 1� � ES with isotropic
Gaussian mutations with constant mutation strength σ � 1.0. In this test case
shown by Beyer et al. [20], after a period of good performance the ES loses
its evolvability and starts to stagnates as shown in Fig. 3.1. At each iteration,
only one parent is selected to generate the next offspring. The progress rate
ϕ and the success probability Ps both depend on the mutation coefficient, but
also the mutation strength σ. Theoretical and computational results obtained
by Rechenberg et al. [218] and Beyer et al. [20] suggested a compromise suc-
cess probability of Ps � 0.2 leading to the 1~5th-rule:

"in order to obtain nearly optimal (local) performance of the (1+1)-ES in real-valued
search spaces, tune the mutation strength in such a way that the (measured) success
rate is about 1~5".
This rule is restricted to the (1+1)-ES but can be extended to a more general
self-adaptation ES. In a self-adaptative ES, the mutated strategy parameters
are used to control the mutation coefficient α applied to the individual’s object
parameters. The strategy parameter σ controls the strength of the object param-
eters by tuning the search distribution so that maximal progress is maintained
(mutations become smaller as the search progresses). Since the strategy param-
eters are endogenous, it is important to carefully control their evolution. Let
us consider the adaptation of a single mutation strength parameter σ. The first
step consists in the initialisation of the strategy parameter σ. If we assume that
δθ is an estimation of the expected distance to the global minima, according to
[246], the initial step-size is given by:

σ0

j � δθj~ºN � �θu
j � θl

j�~ºN (3.5)

with j > �1, ..N�, N being the number of parameters to estimate. The strategy
parameter σ represents the standard deviation of the mutation distribution.
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Figure 3.1: A simple (1+1)-ES based on isotropic Gaussian mutations with constant
mutation strength σ � 1.0is used to minimize a sphere model. At each iteration, only
one parent is selected to generate the next offspring. A quick convergence is observed
the first 250 steps. After, the ES shows very little improvement of the fitness and starts
to stagnate.

This initial value is used as upper bound on σ. The next step is the mutation
of the strategy parameter. The successive mutations should decrease σ until
a certain ǫsigma � 0. Lets consider the spherical model taken as an example
above with one mutation strategy parameter. If we assume that there exits an
optimal σ̂, due to the symmetry of the sphere, σ̂ depends only on the parental
distance rp to the optimum at a given state p. The state space and the muta-
tion are scaled by a constant factor, both σ̂ and rp are scaled in the same way
implying that: σ̂~rp � const (under stationary conditions, i.e., self-adaptation is
working properly). If we consider two consecutive generations, it follows:

σ̂�g�~r�g� � σ̂�g�1�~r�g�1� � σ̂�g�1� � σ̂�g� r�g�1�
r�g� (3.6)

where g is the current generation. The expected relative rate change should be
constant. r and σ should be changed by a constant factor using a log-normal
rule:

σ̃j �� σ exp�τN �0,1�� (3.7)

where τ is an exogenous parameter called the learning rate and N �0,1� a ran-
dom number derived from a normal distribution [245]. The learning rate τ

has been theoretically and empirically investigated by Schwefel et al. [245]
and they suggested that:

τ � 1~ºN (3.8)
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This holds for problems with very smooth fitness landscape. However, for
highly multimodal Þtness landscapes, it is suggested to use smaller learning
rates such as:

τ � 1~º2N (3.9)

The mutation rule given in Equation 3.7 is defined for the case where only one
mutation parameter strategy is used. This log-normal rule can be extended to
the case where each parameter has its own strategy parameter. In this case,
the strategy parameters are given in a vector σ � �σ1, ......σN � and follow an
extended log-normal rule given as:

σ̃ �� exp�τ0N0�0,1��.�σ1 exp�τN1�0,1��, ......., σN exp�τNN �0,1��� (3.10)

This mutation strategy extends the previous one given in Equation 3.7 by defin-
ing a general mutative multiplier with learning rate τ0 and coordinate-wise
mutations with learning parameter τ . Each component of the vector σ is mu-
tated independently as given in Equation 3.10 and the whole vector is muta-
tively scaled by random factor exp�τ0N0�0,1��. Since each parameter for each
individual has its own mutation strategy, it can be read as:

σ�
i,j � σi,j exp �τ0N �0,1� � τNj�0,1�� (3.11)N �0,1� is a normally distributed uniformly random variable and Nj�0,1� a

new random variable generated for each parameter j. Subscript i is the indi-

vidual index. τ � 1~»2
º

N is the coordinate-wise learning rate of the parame-
ters and τ0 � 1~º2n the overall learning rate [246, 247].

Then, the parameters are mutated according to:

θ�i,j � θi,j � σ�
i,jNj�0,1� (3.12)

Equation 3.11 introduces noise on σ by means of random fluctuations. Con-
sequently, the performance of the ES is degraded and although it is impossible
to achieve the theoretical maximal progress rate, any reduction of the random
fluctuations will be a major improvement [20]. Ostermeier et al. [200] have
proposed to reduce random fluctuations by recombining or averaging the strat-
egy parameters. One limitation of this approach is to use strategy parameters
of an other individual especially if this individual is located in another region
of the search space (typically in Pareto based method). Runrasson [232] offered
an alternative method to reduce random fluctuations without averaging over
the population, but instead "takes an exponential recency-weighted average of trial
step sizes sampled via the lineage instead of the population" [234]. Simply speaking,
an exponential smoothing is applied to the strategy parameter as follow:

σ�
i,j � σk,j, � α�σ�

i,j � σk,i� (3.13)
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with k � i mod µ is the index of the strategy parameter of the same lineage.
The coefficient α which was intended to be use as classic mutation coefficient
for the parameters θ is instead used as the smoothing factor.

3.1.4 Pseudo-code

The following pseudo-code summarises the different steps of the �µ,λ�-ES dis-
cussed above.

Algorithm 2 �µ,λ�-ES

1: INITIALIZATION: σ�
i,j � �θj � θj�~»�n�; θ�i,j � �θj � θj�Uj�0,1�

2: while termination criteria not met do
3: SCORE: evaluate each individual objective function: VMLE�θ�i� and

penalty: G�θ�i�
4: RANKING: sort individuals based on a stochastic ranking.
5: SELECTION: select the µ best individuals out of λ offspring as parents

for the next generation.
6: COPY µ individuals λ~µ times ��θ1, σ1�; ....; �θµ.σµ��´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶, ...,��θ1, σ1�; ....; �θµ.σµ��´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
7: for k � 1 to λ do
8: ß � mod �k � 1, µ� � 1
9: if �k � µ� then

10: recombination
11: σ�

k,j � σk,j

12: θ�k,j � θk,j � γ �θ1,j � θk�1,j�
13: else
14: non-isotropic mutation
15: σ�

k,j � σi,j exp �τ �N�0,1�� τNj�0,1��
16: σ�

k,j � θi,j � σ�
k,jNj�0,1�

17: σ�
k,j � σi,j, � α�σ�

k,j � σk,i�
18: end if
19: end for
20: end while

3.2 Island (µ,λ)-evolution strategy

Implicitly, EAs are inherently parallel. A natural process would assume par-
allel evolution of the individuals, where all the mechanisms or operators such
as recombination or mutation would append asynchronously. This parallel
description of the algorithm requires a a fine-grained massively parallel com-
puter [288] where, the ideal situation would consist in only one individual per
processor. However, due to physical limitation, this approach is not frequently
used. The two main alternatives are the global single-population master-slave
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EAs and the multipopulation coarse-grained EAs [35]. In the master-slave
EA has one single population residing on the master processor where common
operations are performed (selection and re-population). Only the fitness as-
signment is distributed among the slave processors. In the muliple-population
EAs, the population is divided into sub-population based on the number of
available processors. Each processor runs independently a sequential EA on its
own sub-population. After an isolation period, the sub-populations exchange
individuals.

Comparisons of the single-population GA and multipopulation GA suggested
that the multipopulation has several advantages over the other one and leads
to better results, using the same number of individuals [35, 162, 164, 187]. We
have therefore use this approach to implement an island-based �µ,λ�-ES where
each sub-population evolves independently as described in Section 3.1.4. The
three basic and important features of an island-ES are:

1. how often do the islands exchange individuals?

2. how many individuals are exchanged?

3. how do the island exchange their individuals?

The island-ES is defined as follow:�µ,λ� � ILES � ��µ�, λ~np� �ES;np;κ;π;S; � (3.14)

where:

• �µ�, λ~np� �ES is a independent ES defined in Equation 3.1.

• np is the number of sub-population

• κ is the migration interval

• π is the migration rate

• S structure of the migration (or connection between island)

Initialising each island independently ensures a diverse set of individuals cov-
ering a large part of the parameter search space. After the isolation time (or
migration interval κ), a number of individuals is exchanged among the sub-
populations by a procedure called migration. The migration interval should
not be too small or neither too large since the method would almost be re-
duced to a single-population EA in the first case, or to completely independent
EA in the second case. The number of exchanged individuals (migration rate
π) can be selected randomly or fitness-based. The migration topology deter-
mines how do they island exchange individuals. Among many approaches,
the most common schemes are complete net structure and ring topology.
The migration operation spreads the best individuals over sub-populations.
An elitist migration is applied where only the best individual of each island is
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migrate and replace the worst of the target island. This elitist migration ensures
that the new individual inserted in a subpopulation can allow the population
to escape local minima if trapped in one with a high value of the cost-function.
Also, migration allows to maintain diversity in the sub-populations [99, 286].
We use a complete net structure [164] with random assignment. At each migra-
tion, an individual from a population can migrate to any other subpopulation.
Fig. 3.2 illustrates the migration scheme used for the rest of our work.

Figure 3.2: Fitness-based complete-migration topology with 4 islands. Each colour
represents an island. The little squares represent individuals, where "b" stand for indi-
vidual with the best fitness and "w" for the one with the worst fitness. A) the arrows
between indicate the migration topology. B) islands after the migration. The worst in
each island has been replaced with the best coming from the migrating island.

It has been shown [35,187] that an island evolution algorithm can qualitatively
outperform a serial EA. The focus is not on the performance in terms of com-
putational time of a parallel version of ES, but on its effectiveness in terms of
the quality of the solution. In the current work, we did not consider a paral-
lel implementation of the ES, but a mimetic multipopulation based ES run in
sequential. The island-ES used here is run on a single processor, working as a
regional model.
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3.3 Local Search

Global search is often used for parameter estimation problems where no in-
formation on parameters is available. Although it has proven to be efficient in
many problems to identify promising regions, a slow convergence when reach-
ing the global minima is always observed. Combining a global search with a
local optimizer to identify the minimum speeds up convergence. The hybrid
approach used is inspired from Katare et al. [132] where the authors have suc-
cessfully used a hybrid genetic algorithm to estimate parameters of small (5
parameters) and large (31 parameters) kinetic model of propane aromatisation
on a zeolite. Also, Gursky et al. [102] used a local search to refine the parame-
ters obtained after a global search by simulated annealing.

There are a large variety of local search techniques. Most local optimizer tech-
niques such as Powell’s method, the quasi-Newton methods or Levenberg-
Marquardt (see Section 2.2.3 ) are based on the gradient descent approach and
thus require the derivative of the objective function f�θ�. If analytic expres-
sions are not available for the derivative, a finite-difference approximation of
the gradient of f�θ� can be used. In many situations, computing the objective
function f�θ� can be expensive and numerical approximation of the gradient
of f�θ� is thus too costly. Furthermore, biological data can be noisy, making the
use of the gradient difficult if not impossible. In these cases, Newton-like local
optimizers become inappropriate. A good alternative is a direct search method
(see Section 2.2.3.1). Direct search such as generating set search [147, 160],
pattern search [111] or Downhill simplex [194] are suitable to solve a vari-
ety of optimisation problems that are not well suited for standard optimisation
algorithms, including problems in which the objective function is discontinu-
ous, non-differentiable, stochastic, or highly nonlinear. In this study we use
the Downhill simplex (DS) as local search strategy. DS assumes that the ini-
tial starting point (simplex) is around a local minimum. Simplex-based direct
search methods are based on a comparison of the cost-function values at the
vertices of a simplex that is updated by the algorithm steps. (A simplex is the
geometrical figure consisting, in N dimensions, of N � 1 points (or vertices)
and all their interconnecting line segments, polygonal faces, etc., giving in 2D
a triangle and in 3D a tetrahedron.)

3.4 Conclusions

In this chapter, we have presented the parameter estimation method devel-
oped for the purpose of our gene regulatory network inference. The choice of
an hybrid approach in many respects is motivated by previous work such as
the one by Voogd et al. [281]. Out of all the global search methods, we have
chosen an evolutionary strategy based on stochastic ranking strategy which
was reported to be one of the more efficient global stochastic search algorithm.
This type of algorithm has proven superiority over algorithms like simulated
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annealing which indicate that evolution strategies might be the most competi-
tive stochastic optimization method, especially for large problems and nonlin-
ear dynamic systems [220]. Most of the biological problems where stochastic
global optimization methods are compared deal with problem with relative
low unknown parameters. In the next chapter, we will present a known bio-
logical problem for which simulated annealing have been used to infer a GRN
with 62 unknown parameters. We will use the hybrid method presented in this
chapter to infer the same system of GRN, followed by a comparison and details
analysis of our results.
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4
Inference of the Gap gene 1

4.1 Segmentation in Drosophila melanogaster

Drosophila melanogaster is a little diptera insect that belongs to the fruit flies
family. It quickly became one of the main model organisms in biological re-
search, after pioneering works on genetic by Thomas Hunt Morgan. Drosophila
melanogaster small size, minimal nutritional requirement and short life cycle
(approximatively two weeks) makes it an ideal organism to work with. Since
1998, its complete genome has been sequenced and the presence of occasional
variants in natural population with easily recognisable distinct features makes
Drosophila melanogaster exceptionally suitable to investigate theories and ap-
plied problems in developmental genetics. Its importance for human health
was recognized by the award of the Nobel prize in medicine and physiol-
ogy to Edward B. Lewis, Christiane Nüsslein-Volhard and Eric Wieschaus in
1995 [197, 198].

Most of our actual knowledge regarding the anterior-posterior body plan de-
velopment of organisms is provided from genetic analysis of a series of mu-
tations occurring in three classes of genes in Drosophila melanogaster: maternal
genes, segmentation genes and homeotic genes [196]. These three classes of
genes are responsible for the cellular specialisation of the developmental em-
bryo. The entire process is mainly conducted in four steps: maternal position,
gap domains formation, pair-rule domains formation and finally the stable
boundary or segment polarity. At each step, a basic regulatory mechanism is

1This chapter is partially based on the paper:
Yves Fomekong-Nanfack and Jaap A. Kaandorp and Joke Blom, "Efficient parameter estimation
for spatio-temporal models of pattern formation: Case study of Drosophila melanogaster", Bioin-
formatics, 23(24): 3356 - 3363, 2007. [78]

55
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Figure 4.1: Eight Hox genes regulate the identity of regions in the adult (top) and em-
bryo (bottom). The Hox genes are activated by the pair-rule genes but a subset of gap
genes also influences directly the Hox genes. Picture taken from S.B. Carrol [38]

controlling the establishment of spatial expression genes also referred as "pat-
tern formation" [52]. The compete development of the embryo is a cascade
of successive segmentation. The body plan of Drosophila melanogaster, contains
14 segments as shown in Fig. 4.1, along the anterior-posterior axis, of which
three establish the head (including its antennae and mouth). The next three
segments constitute the thorax. Each of the thorax ’segments will make up a
set of legs. Finally, the last eight segments will establish the abdominal.

4.1.1 Early segmentation of the anterior-posterior body forma-
tion

Contrarily to most organisms, the early Drosophila melanogaster embryo is not
constituted of many cells, but instead, it is a single syncytium comprising a
mass of cytoplasm and multiple nuclei (see Fig. 4.2) structure persists until
successive rounds of nuclear division have produced some 1500 nuclei: only
then do individual uninucleate cells start to appear around the outside of the
syncytium, producing the structure called the blastoderm. Before the blasto-
derm stage has been reached, the positional information operated by maternal



4.1. SEGMENTATION IN DROSOPHILA MELANOGASTER 57

Figure 4.2: Early development of the Drosophila melanogaster embryo. At the early stage,
the embryo is a single syncytium containing a gradually increasing number of nuclei.
These nuclei migrate to the periphery of the embryo after about 2 hours, and within
another 30 minutes cells begin to be constructed. The embryo is approximately 500 µm

in length and 170 µm in diameter. Picture taken from A.T. Brown [31]

genes has begun to be established.

Step 1: Positional information by maternal genes Maternal genes determine
the embryo’s polarity. Initially the positional information that the embryo
needs is a definition of which end is the front (anterior) and which the back
(posterior), as well as similar information relating to up (dorsal) and down
(ventral). This information is provided by concentration gradients of proteins
that become established in the syncytium. The bulk of these proteins are not
synthesized from genes in the embryo, but are translated from mRNAs injected
into the embryo by the mother. There is four proteins or so called maternal-
gene, involved in determining the A-P axis. These four proteins are:

• Bicoid (Bcd)

• Caudal (Cad)
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Figure 4.3: Maternal genes along the A-P axis. Picture taken from S.B. Carrol [38]

• Hunchback (Hb)

• Nanos (Nos)

bicoid (bcd) is transcribed in the maternal nurse cells, which are in contact with
the egg cells, and the mRNA is injected into the anterior end of the unfertilized
egg [64]. This position is defined by the orientation of the egg cell in the egg
chamber. The bicoid mRNA remains in the anterior region of the egg cell, at-
tached by its untranslated region to the cell’s cytoskeleton. Bicoid protein then
diffuses through the syncytium, setting up a concentration gradient, highest at
the anterior end and lowest at the posterior end. The nanos mRNA is trans-
ported to the posterior part of the egg and attached to the cytoskeleton while it
awaits translation. Hb and cad mRNAs become distributed evenly through the
cytoplasm, but their proteins subsequently form gradients through the action
of Bcd and Nos. The genetic regulation is described as follow:

• bcd activates the maternal hunchback gene in the embryonic nuclei and
represses translation of the maternal caudal mRNA, increasing the con-
centration of the Hunchback protein in the anterior region and decreasing
that of Caudal [229].

• Nanos represses translation of hunchback mRNA, contributing further to
the anterior-posterior gradient of the Hunchback protein [86].

cad is both a maternal and zygotic gene, as well as hb [268]. The net result
is a gradient of Bcd and Hb, greater at the anterior end, and of Nos and Cad,
greater at the posterior end (see Fig. 4.3). In addition, two other genes control
the terminal system of the embryo, tailles,(tll) and huckebin ,(hkb) [39, 223].

Gap gene The gradients established in the embryo by the maternal-effect
gene products are the first stage in formation of the segmentation pattern.
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Figure 4.4: Gap gene network proposed by Jaeger et al. [120]. The figure illustrates the
genetic network that defines the gap gene expression domains in the head, the trunk
and the tail regions of the blastoderm embryo. Maternal morphogen Bcd activates both
anterior and central gap genes while Cad activates kni, posterior gt and posterior hb. Hb,
Kni and Gt have an autoactivation. Only repressive interactions are present among gap-
gap genes. The width of the arrows determine the strength of the interactions. Inner
arrows represent autoactivation. Arrows � indicate activation while T-connectors x
represent repression. Image modified from Jaeger et al. [120]

These gradients provide the interior of the embryo with a basic amount of po-
sitional information, each point in the syncytium now having its own unique
chemical signature defined by the relative amounts of the various maternal-
effect gene products. This positional information is made more precise by the
expression of the gap genes which are: zygotic hunchback, Krüppel (Kr), giant
(gt) and knirips (kni). After the ninth divisions, they start to be zygotically ex-
pressed and are established at their maximum level at cleavage cycle 14 (see
Section. 4.2.1). The maternal genes bcd, cad and hb regulate their transcription
[229, 268] in two ways: bcd and cad activates their transcription while hb can
either repress [268] or activate the anterior domain (in combination with bcd,
[253]) their transcription. In addition to the regulation by maternal genes, ex-
perimental evidence [36, 54, 70, 268] suggest that interactions between the gap
genes also contribute in the establishment of their precise expression further as
shown in Fig. 4.4.
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Pair rule The next set of genes to be transcribed, the pair-rule genes, establish
the basic segmentation pattern. Transcription of these genes responds to the
relative concentrations of the gap gene products and occurs in nuclei that have
become enclosed in cells. The pair-rule gene products therefore do not diffuse
through the syncytium but remain localised within the cells that express them.
The result is that the embryo can now be looked upon as comprising a series
of stripes, each stripe consisting of a set of cells expressing a particular pair-
rule gene. In a further round of gene activation, the segment polarity genes
become switched on, providing greater definition to the stripes by setting the
sizes and precise locations of what will eventually be the segments of the lar-
val fly. Gradually the imprecise positional information of the maternal-effect
gradients are converted into a sharply defined segmentation pattern.

4.2 Gene circuit

As discussed above, many different developmental steps leading to pattern
formation are taken place before the embryo segments are precise. In this dis-
sertation we only focus on the gap gene segmentation. It is known that the
maternal genes are responsible for the initial transcription of the gap gene. It is
also acknowledge that the gap gene undergo some mutual repression, but their
precise role is still unclear as well as the mechanism that control the dynamics
behind the precise positional information. In 2004, Jaeger et al. [121] provided
one of the first (if not the first) quantitative model that simulate the wild type
gap gene expression patterns dynamics. The motivation was to understand the
role of the gap-gap gene interactions. They have inferred a network by means
of reverse engineering that can reproduce the measured spatial and temporal
gene expression patterns. The gap gene model involves seven different genes,
bcd, cad, hb, gt, Kr, kni and tll. The experimental data used to fit the model
were obtained from the FlyEx database, where an extensive amount of accurate
quantified spatio-temporal expression data for all genes is stored [189, 211]. A
connectionist description was used to model the gene regulatory network.

Related work For modeling the segmentation mechanism of the early Drosophila
melanogaster embryo, two main formalisms have been proposed: a logical for-
malism (tackling qualitative aspects) proposed by Sánchez and Thieffry [237],
and continuous models proposed by Mjolsness and Reinitz [182] used to sim-
ulate the dynamics of a system. They have developed gene circuit data-driven
mathematical modelling method whose main goal is to reveal hidden infor-
mation about the dynamical mechanism of gene regulation. Using the latter
formalism, because the detailed spatio-temporal data is available Reinitz and
co-workers formulated the inference problem as an inverse problem using the
connectionist model [224]. Given a mathematical model and sufficient accu-
rate quantitative data, the parameters in the model can be estimated by opti-
mization techniques, i.e. by fitting the model to the data. Except for box con-
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straints, only little experimental information is used to constrain the parameter
values in the model.

4.2.1 Quantitative gene expression data

This section gives more information on the data used in the course of this the-
sis to fit the model parameters for simulating the gene expression patterns of
the Drosophila melanogaster in the early blastoderm stage. The lab methodology
was not experimentally obtained by our group, but was developed by John
Reinitz’s group in Stony Brook and Maria Samsonova’s group from Saint Pe-
tesbourgh. The overall result is presented as a numerical atlas of segmentation
gene expression in the blastoderm containing quantitative spatial and tempo-
ral measurements of gene expression obtained from individual embryos and
an spatial temporal average data representation [211]. Although not devel-
oped by us, for completeness, we describe the methodology used to obtain the
quantitative spatio temporal gene expression data.

Acquisition of quantitative data Each Drosophila melanogaster blastoderm’s
embryo was collected, fixed and immunostained for three segmentation genes
products as described by Kosman et al. [148]. Each embryo was fluorescently
stained for Even-Skipped (Eve) protein and two other gene products.
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Figure 4.5: Gene expression data. (a,c,e) correspond to confocal images of stained
Drosophila melanogaster blastoderm embryos. Staining is done by fluorescent im-
munohistochemistry [148]. (b,d,f) are the average quantitative gene expression lev-
els obtained by successive image-processing operations [189, 191]. Images are from
the late blastoderm stage cleavage cycle 14A; (a,d) time class 8 for hunchback (em-
bryo ba3); (b,e) and (c,f) time class 1 for bicoid and caudal, respectively (embryo
cb11). The y-axis gives the relative protein concentration expression level normal-
ized to a fluorescence intensity range from 0-255. The x-axis corresponds to the
anterior-posterior (A-P) axis of the embryo. Images are from the FlyEx database
http://flyex.ams.sunysb.edu/flyex . [211]
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Image processing for quantitative data extraction This part was done in four
major steps:

1. For normalization purposes, quantitative protein concentrations were all
set to a relative fluorescence intensity range of [0,255] on the basis of the
most intensely fluorescent pattern on each slide with multiple embryos.
Based on an embryo mask, all embryo images were horizontally oriented
along the Anterior-Posterior (A-P) axis and cropped to the dimensions of
the mask. Image embryo were then all segmented to obtain exact nuclear
positions.

2. Time classification was applied to each embryo to determine the corre-
sponding cleavage cycle [189, 191]. A cleavage cycle is the development
period between two mitosis. At the early blastoderm stage, several cleav-
age cycles occur. Foe et Albert [76] have determined the exact duration
of these cycles (8 to 12 minutes for cycle 10 to 13 and approximatively
50 minutes for cycle 14A). Between each cycle, a nuclear division takes
place preceded by a mitosis. From cycle 10 to 14, the average number of
nuclei follows: 130, 260, 450, 1000, 2000. Embryo’s age below cleavage
cycle 14 was then established based on their average number of nuclei in
the transverse section. Since during cleavage cycle 14 there is no mitosis,
the duration is long and the gene expression level changes considerably,
additional benchmark time were included (T1-T8) and embryos timing
was done carefully based on the eve gene pattern and nuclei morphology
[192]. Fig. 4.6 illustrates the time schedule. The image is modified from
[120] where more details on the gap-circuit are given

Figure 4.6: The model simulates cleavage cycle 13 and cleavage cycle 14A until
gastrulation at time t � 71.10 min. Interphase takes places at the beginning of
the process from time t � 0.00 until t � 16.00 min, followed by mitosis, occurring
from t � 16.00 min until t � 21.10 min. Image is modified from [120] where more
details on the gap-circuit are given.

3. Background removal and data registration were applied to transform the
different sets of data into one coordinate system. This is necessary in or-
der to be able to compare or integrate the data obtained from different
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measurements. Background removal done by Myasnikova et al. [193]
aims at removing signals that are due to non-specific binding of the an-
tibodies. Data registration [189] goal is to map (A-P and D-V position)
the patterns obtained from individual embryos for averaging purpose.
Embryos were aligned on the basis of eve patterns features.

4. Integrated data were obtained by averaging the middle 10% of dorsoven-
tral (D-V) positional values of each embryo for each gene and time class.

The final data contain gene products for: bicoid (bcd), caudal (cad), hunchback
(hb), Krüppel (Kr), knirps (kni), giant (gt), and tailless (tll). This results in a
database of integrated data. Quantitative gene expression data are not always
complete for all genes at all time points. For instance, tll is not available at
t � 10.55 min, T1 and T2. The gene product for cad is also not available at
times T7 and T8. Initial conditions are given by data obtained at cleavage cycle
C12. The maternal contribution of bcd stays constant during the whole process.
Fig. 4.7 shows the gene expression pattern of the integrated real data used in
the current study.

The integrated data on the expression of 14 genes presented here were assem-
bled from many individual isogenic embryos, each stained for the products of
three genes. Even in an isogenic population, there are differences between in-
dividuals. The fundamental criterion for the validity of our integrated data is
that it should represent the possible actual dynamics of one individual in the
isogenic population.

4.2.2 Connectionist model of the Gap Gene

The pattern formation at the early stage of the Drosophila melanogaster blas-
toderm results from the interactions among segmentation genes, by affecting
the gene expression of other segmentation genes. At this stage, a Drosophila
melanogaster embryo consists of a syncytium containing nuclei not surrounded
by a membrane. The developmental time of interest is between cycle 13 and
14A, before gastrulation at time t � 71.10 min (see Fig. 4.6). To simulate the
pattern formation, we use the model given in Equation (4.1) [121] based on a
connectionist model [182]. It is a dynamical model consisting of a discrete rep-
resentation in space of the nuclei with discrete cell division and a continuous
regulation of the genes in time. For each nucleus, a system of lattice differential
equations describes the change in concentration of gene products:

dga
i

dt
� RaΦa �PNg

b�1 W b
agb

i �Pe me
age

i � haǑ´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶ �λaga
i´¹¹¹¹¹¸¹¹¹¹¹¶ �Da �ga

i�1
� 2ga

i � ga
i�1

�´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
regulation decay diffusion

(4.1)

where a and b denote gene products and i the nucleus number. In Equation 4.1
gene product concentrations depend on three main factors:
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Figure 4.7: Observed expression of hb, Kr, gt, kni, tll used to fit the simulated gap-gene
expression. Time point t � 10.55 shows the gene expression at cleavage cycle 13 where
only 30 nuclei are present. The other 8 images show the 8 time points of cleavage cycle
14A after division with 58 nuclei in each. The y-axis gives the relative protein concen-
tration expression level. The x-axis corresponds to the anterior-posterior (A-P) axis of
the embryo. The integrated data intends to represent the possible actual dynamics of
one individual embryo in the isogenic population. There exists an amplitude variation
and positional variation from embryo to embryo. Although It is not possible to quan-
titatively measure the expression of all the genes involved, the integrated data seems
to be a well representation of individual embryo gene expression. Surkova et al. [263]
compared the integrated data with individuals data and concluded that the gene means
from individual pattern is very close to the median individual pattern.

• The first term describes the regulation of protein synthesis that takes
place in the nucleus. The genetic regulation model is the same in each
nucleus. This is represented by the weight matrix W . W b

a characterizes
the regulatory effect of gene b on gene a. Ng is the total number of zygotic
genes in the model. The sum over e denotes the external influence from
maternal genes such as bcd or cad. In this paper only bcd is present as ma-
ternal gene. Φ is a sigmoid function with range �0,1� to prohibit negative
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values resulting from inhibitors, and to saturate the effect of activators
[224]. ha denotes the shift for the transition of Φ from 0 to 1 given as:

Φa�ua� � 1

2
��ua~»�ua�2 � 1Ǒ � 1� (4.2)

where ua � PNg

b�1 W b
agb

i � magbcd
i � ha. The unknown parameters of the

model are: the regulation matrix W b
a , the production rate Ra, the activa-

tion threshold ha for Φ, the decay rate λa, the diffusion coefficient Da,
and the regulatory influence of maternal gene bcd ma. The model simu-
lates the time evolution for the concentration of the genes cad, hb, Kr, gt,
kni, tll.

• The second term is the decay of the gene products. The decay rate λa is
related to the protein half-life of the product of gene a by ta

1~2 � ln�2�~λa.

• The third term represents the exchange of diffusible products between
neighboring nuclei.

4.2.3 Numerical implementation of the model

The developmental time of interest is between cycle 13 (t � 0.00 min) and 14A,
before gastrulation at time t � 71.10 min as given in Fig. 4.6. Gap gene proteins
appear only at cycle 13 and maternal genes bcd,cad and maternal hb are already
present, initial conditions for the gap genes are all set to 0 and initial conditions
for the maternal genes are taken from data at cycle 12 [211].

Three different rules describe the phenomena that occur during this time: in-
terphase, mitosis and division. Interphase and mitosis are continuous rules
describing the spatio-temporal evolution of gene expressions, while division
is a discrete rule that gives the number of nuclei at a time point. Division is
modeled by duplicating instantaneously all nuclei and halving the distance
between them. The diffusion coefficient depends on the number of nuclear
division that occurs before the current time t. It is assumed to vary inversely
with the square of the distance between neighboring nuclei and this distance
is halved upon nuclear division.

The two continuous rules cannot be solved analytically because of their dimen-
sionality and complexity, in which case we have to resolve the problem by an
approximating the exact solution. The general form of the continuous rules is
given as a system of ordinary differential equations of the form:

y��t� � f�t, y�t��, y�t0� � y0 (4.3)

where f is some known function of the state vector of the system and the initial
condition y0 is a given as a vector. ODEs /PDEs can be stiff and ill-conditioned,
resulting in non-unique, non-existing, or non-reproducible modeling solutions.
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Consequently, one has to carefully choose an intelligent optimal numerical
solver. There is an extensive number of numerical solvers.
Since a numerical solution is just an approximation of the real solution, an
accurate numeric solver should reduce as much as possible the difference be-
tween the real solution and the approximation. To efficiently choose the most
suitable numerical solver for the equations given in Equation 4.1, a number of
properties has to be checked such as: constant or variable time step, one-step or
multistep, explicit or implicit, low-order or high-order. One important aspect
of a numerical solver is the time-step or step size h. A very small time step is
preferable but it will slack the solver. In the current problem, we are confronted
with an optimisation problem: i.e the ODEs are solved an unlimited number
of time. Therefore the solver should be fast while still being accurate. How-
ever, fast solver might require a larger time-step that might lead to an unstable
problem. A numerical unstable problem is a problem for whom the equation
include some terms that can lead to rapid variation in the solution. In this case,
the ODEs are said to be stiff. Summing all these considerations, the chosen
numerical solver has to deal with the potential stiffness of the ODEs, it has to
be accurate and computationally efficient. The main considerations to choose
a numerical solver are:

Constant or variable time Simple numerical solvers use a fixed constant time
step h. Nowadays, most numerical solvers use adaptive time step during the
course of the computation, mainly to maintain a consistent level of accuracy.
The step size may change many times during the course of the computations,
as larger time steps are used where the solution is varying slowly, and smaller
steps are used where the solution varies rapidly.

One-step or multistep Numerical solvers require to know at least the previ-
ous step to compute the current solution. In this case, one talks about one-step
algorithms. In contrast to one-step methods, multistep algorithms require the
k � 1 previously computed solution values to compute the next solution. They
are less sensitive to initial conditions and require fewer evaluation of the f per
time step h. However, multistep algorithms are often slower because of differ-
ences in accuracy and computational complexity.

Explicit or implicit Explicit solvers require the current state of the system at
t to compute the solution at t � ∆t. Implicit algorithms such as the backward
Euler method contain algebraic formulas that need to be solved using iterative
processes like Newton iteration. One limitation of implicit methods is the non-
guarantee of convergence, since it heavily depends on the termination criteria.
However, these algorithms are very suitable for stiff problems because of their
iterative form.
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Low-order vs. high-order All numerical solvers compute their approxima-
tion of the solution in a finite number of values of the function f . The error that
arises in this approximation is called truncation error. For constant time step
algorithms, the maximum truncation error when solving a differential equa-
tion over a fixed time interval t0 B t B T is proportional to the time step hp with
h being the time step and p the order of the method. Therefore, a high-order
method is more efficient than a low-order algorithm in most practical prob-
lems. However, if the solution is not smooth enough, a high-order algorithm
will not be very accurate and a tradeoff between the order and the computa-
tional cost should be consider.

Comparisons of numerical solvers Based on literature reviews [7, 12, 139,
214, 215, 260] and the criteria mentioned above, we have compared different
numerical solvers in order to decide which one should be appropriate to the
gene circuit. We have tested the following methods:

1. Adams: explicit multistep algorithm

2. Euler: explicit one step algorithm

3. Heun: explicit multistep method with additional predictor an corrector
steps to euler solution

4. Bulirsch-Stoer: implicit adaptive step-size algorithm.

5. Bader-Deuflhard: semi-implicit mid-point algorithm for stiff systems of
ODEs

6. Runge-Kutta 4: explicit single step method

Table 4.1 shows the comparison of the five different numerical solvers. The
comparison is made on three main specific performance measure such as com-
putational cost, accuracy and convergence. All methods converge while we
lower the accuracy or step size, but most of them have the computational time
that considerable increases. Since we want the CPU time to be relatively low,
from the table, we see that only Bulirsch-Stoer achieve a very good score in
a relative small computational time with a satisfactory accuracy. On this ba-
sis, we have chosen to use Bulirsch-Stoer for the rest of the simulations in the
course of this thesis. This solver is an adaptive step-size algorithm based on
a modified midpoint method and the Richardson Interpolation and Extrap-
olation [59, 214] As shown in Tab. 4.1, it is a lot cheaper than the Runge-
Kutta method, while at the same time, offering a better stability than the Euler
method. Since the function evaluation is not very expensive, we did not opted
for a predictor-corrector method (Adams-Bashforth-Moulton).

4.2.4 Optimisation

As in the previously mentioned Drosophila melanogaster studies by Jaeger et
al. [121, 206], we have chosen to use as cost-function the least-squares of the
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Solvers comparison
Name Acc/Step Time (ms) RMS

Adam

1.0 3.07 9.73
0.1 21.52 9.72
0.01 204.23 9.72
0.01 31.69 9.72

Euler

1.0 0.976 14.11
0.1 9.01 9.78
0.01 88.65 9.72
0.001 886.473 9.72

Heun

1.0 1.84 10.12
0.1 18.22 9.72
0.01 179.43 9.72
0.001 803.60 9.72

Bulirsch-Stoer

1.0 4.634 9.81
0.1 4.248 9.71
0.01 5.154 9.72
0.001 6.13 9.72

Bader-Deuflhard

1.0 847.91 17.31
0.1 847.05 9.77
0.01 115.73 9.72
0.001 834.35 9.72

Runge-Kutta 4

1.0 3.83 9.74
0.1 36.34 9.72
0.01 360.70 9.72
0.001 621.44 9.72

Table 4.1: Comparison of numerical solvers on a gap gene circuit. Explicit and implicit
numerical solvers are presented on the first column and their setting and performance
are given in the next columns. The main setting is the accuracy for adaptive stepsize
algorithm and the stepsize for fixed-stepsize (column 2). Comparisons are made on
the computational time require to achieve a reasonable score. All the simulations are
performed on the same circuit. Almost all solvers lead to a relative low score (RMS,
discussed in Section 4.2.4), but the Bulirsch-Stoer method is the most stable with a
more or less constant CPU time independently of its accuracy. Tests were performed on
a serial 3.4-GHz "Intel Xeon" processor.

difference of the simulated and the observed data to which a constraint- or
penalty function is added:

E�θ� �Q
i,t

�ga
i �t, θ�model � ga

i �t�data�2 (4.4)

Etot�θ� � E�θ� �Epenalty�θ� (4.5)

where ga
i �t� represents the concentration level at time t of gene a in nucleus



70 CHAPTER 4. INFERENCE OF THE GAP GENE

i with 1 B i B N and N the number of nuclei during a cleavage cycle. An
explicit search-space constraint is given for parameters Ra, λa and Da. For
the parameters W b

a , ma and ha a collective penalty function Πua is used [224],
resulting in:

Epenalty � ΠRa
�Πλa

�ΠDa
�EΠua (4.6)

where the first three terms represent functions with value zero when the re-
spective parameters are within the search limit (Table 4.2) and infinite other-
wise. If for any non-regulatory parametera (R,λ,D) the value is out of the
search space given in Table 4.2, the penalty is extremely high (or infinity). The
last term EΠua gives the penalty on the search space of the regulatory inputs
in order to limit the saturation of ua in the sigmoid function given in equation
4.2 with

Πua �Q
ab

�W b
avb

max�2 � �mavbcd
max�2 � �ha�2 (4.7)

EΠua � ¢̈̈�̈̈¤exp�ΛΠua� � exp�1� iff ΛΠua A 1

0 otherwise
(4.8)

where vb
max and vbcd

max are the maximum values for gene b and bcd found in the
database. The parameter Λ controls the size of the search space for parame-
ters involved in the sigmoid Φ function given in Equation (4.2). The goal of
the penalty function Πua is to limit the maximum saturation of ua to (1 � Λ)
with Λ a small parameter (in this study taken to be 0.001). When Πua A 1~Λ,
the penalty EΠua will be extremely high. This implies that the parameter are
taking the dynamics out of the regulated region Φ�ua�.
We use the root mean square (RMS) [224] as a measure of the quality of a
model solution for a given set of parameters:

RMS �¾Etot�θ�
Nd

(4.9)

where Etot�θ� is given by Equation (4.5) and Nd is the number of data points.

parameters units search space
Rb min�1 [10.0, 30.0] ]
Dbl min�1 [0.0, 0.3]
tb
1~2 min [5, 20]

Table 4.2: Parameter search space for the Gene Circuit based on [120]. We have en-
larged the parameter search space for all parameters with an explicit limit.
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4.3 Reverse-engineering the gap gene

The purpose of the model presented in Equation 4.1 is to simulate the pattern
formation of the earlyDrosophila melanogaster embryo. The aim of the optimiza-
tion is to find suitable model parameters that can simulate realistic patterns, in
comparison with real quantified gene expression patterns. Different settings
for �µ,λ��ES are used followed by direct simplex search. The selected results
are chosen based on the quality of the fit (RMS) and visual comparison of the
simulated pattern and the quantitative data.

4.3.1 Comparison of different ES settings

Different settings for �µ,λ�-ES are used followed by Downhill simplex local
search (see Sections 3.1, 3.3). The population size λ is varied, in ES λ ��200,350,500� and in the island ES with 4 subpopulations λ � 500~4 � 125.
The other method parameters are in all cases µ � λ~5, γ � 0.85, and α � 0.2
[234]. In all settings 20 optimisation runs have been performed. To facilitate
comparison the initial populations in the different settings are generated using
the same 20 random seeds and the number of generations for different λ is such
that the (sequential) computational time is comparable in all runs. The Down-
hill simplex is applied to each resulting gap gene circuit and runs for 130000

iterations. All simulations are performed on a serial 3.4-GHz "Intel Xeon" pro-
cessor and took 8–11 CPU-hours for the complete ES+DS search.

Although some of the circuits with a RMS in �12.00,14.00� could reproduce
faithfully the gene expression patterns, we only focus on those with a RMSB 12.00. Out of 240 simulations, 125 ES+DS runs have a RMS B 12.00 represent-
ing 52% good solutions. In Fig. 4.8 we have visualized the results and Table
4.3 summarises the statistical differences of the different ES settings.

Full Search The first setting assumes that no a priori knowledge is available
regarding any of the 66 parameters other than the search space. After the global
search only one gap-gene circuit has a RMS smaller than 12 and did not show
any specific defect.

Reduced Search In this setting the 20 optimisations are first run with the
activation thresholds hhb, hKr, hgt and hkni at a nominal value of �3.5, as
suggested by [121]. For the other parameters we have set the parameter
search space as in the previous "Full Search" setting. The problem is now 62-
dimensional. The fixation of the four activation thresholds results in a much
easier optimisation problem as can be judged from the fact that 16 out of the 80
runs result in a RMS less than 12 after the ES. Also the advantage of using the
island search can be seen more clearly: 16 out of 20 runs result in a RMS less
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than 14, in contrast to the 8 in the (100,500)-ES runs.

A second series has been done with activation thresholds hhb, hKr, hgt and hkni

having as nominal value �2.5. As can be seen in Fig. 4.8 (3 &2 ) the results are
comparable with the �3.5 setting.

  

10

  

20

F

 λ=200 λ=350 λ=500 λ=4*125

  

10

  

20

3

  

10

  

20

2

Figure 4.8: Comparison of the different optimisation runs for (F): Full Search, (3): Re-
duced Search with activation thresholds set at �3.5 and (2): Reduced Search with ac-
tivation thresholds set at �2.5. Each bar-column represents 20 runs of a setting. Duo
bar-columns are read as follows: Left: after ES, right: after DS; bottom bar (blue):
RMS A 14, middle (white-grey): RMS > �12,14�, top (red): RMS B 12.

RMS λ � 200 N � 60000 λ � 350 N � 30000 λ � 500 N � 15000 λ � 4 � 125 N � 15000�2.5 �3.5 F �2.5 �3.5 F �2.5 �3.5 F �2.5 �3.5 FA 14 9/ 7 7/ 7 11/ 7 7/ 2 6/ 5 17/ 6 6/ 2 12/ 5 18/ 10 6/ 3 4/ 0 17/ 5�12,14� 7/ 4 11/ 2 8/ 1 8/ 5 8/ 7/ 3/ 7 13/ 4 4/ 8 2/ 3 13/ 3 12/ 5 3/ 7B 12 4/ 9 2/ 11 1/ 12 5/ 13 6/ 8 0/ 7 1/ 14 4/ 7 0/ 7 1/ 14 4/ 15 0/ 8

Table 4.3: Comparison of the results for 12 different settings. Twenty random seeds
were generated and each configuration in a setting uses one of theses seeds. This results
in 240 simulations. In all simulations, µ � λ~5, γ � 0.85 and α � 0.2. The λ � 4�125 is an
island based ES with 4 sub-populations of each λ � 125. N is the number of generations
of the ES. In all simulations, DS was run with 130000 iterations unless stopped before
because no improvement was possible. The table header �2.5, �3.5 represents the fixed
value of the promoter thresholds in the 62-dimensional case. F indicates a full search
with 66 parameters to estimate. In each cell with value given as a~b, a is associated to
the RMS after ES and b is associated to the RMS after DS.
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In Appendix 8.4, the tables [ 8.2 – 8.5] gives details of the different ES setting
scores.

λ # after ES percentage # after DS percentage
200 7 11.66 32 53.33
350 11 18.33 28 46.66
500 5 8.33 28 46.66
4*125 5 8.33 37 61.66

Table 4.4: In all different λ settings, 60 simulations were run. The island-ES followed
by DS shows significantly better results than the simple ES combined with DS.

Visual comparison In all cases where a RMS smaller than 12 was obtained
the simulated patterns match nicely the real spatio-temporal data (see Fig. 4.9
for an example). As in [121], in some other cases there is a small defect, espe-
cially for the late and posterior tll concentration.

4.3.2 Convergence of ES and Island based ES

In Fig. 4.10 we illustrate the convergence behaviour of the evolution strategy.
In the left plot the average fitness evolution is given for the 20 optimisation
runs with N � 62 and h � �2.5. In all cases a fast initial convergence is followed
by a slow decrease of the fitness. Note that the lines represent an equal amount
of computational work, so the runs with λ � 200 are allowed many more gen-
erations resulting in a slightly better RMS than the λ � 500 case. Comparing
the latter with the island-based ES with 4 subpopulations of each 125 individu-
als it is obvious that the island-ES gives a significantly better RMS. The reason
is that the fittest individual within one subpopulation is migrated to another
subpopulation which might be stagnating, hence the staircase behaviour of the
fitness curves (Fig. 4.10, right plot).

The four plots shown in Fig. 4.11 illustrate the convergence behaviour of all
the different ES settings. All curves show a typical behaviour of a �µ,λ�-ES. In
all cases, the fitness decreases quickly during the first generations. In Fig. 4.10,
the right plot shows the convergence of 4 sub-populations of an island-based
ES. After every 500 generations, migration is applied and some relative im-
provement can be observed in a sub-population receiving an individual with
a better score than the actual best. This results in a sudden steep drop of the
curve. Stagnation occurs when all sub-populations start to be homogeneous.
The four sub-populations return model parameters with very small differences
and very similar solution quality. The lower plot illustrates how the Downhill
simplex can efficiently improve the solution after ES by reducing the RMS from
18.62 to 10.17. The best solution was used as input for the DS.
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Figure 4.9: Solution of the gap-gene circuit gn52c13_200_62_25_14 at time points T �
10.550 and, after division, T1 � 24.225 and T8 � 67.975 obtained after parameter es-
timation using �40,200�-ES (left) followed by Downhill simplex local search (right).
Experimental (target) data is indicated with dashed lines.
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Figure 4.10: Convergence behaviour of the fitness of (left) the average of 20 experiments
(with N � 62 and h � �2.5) for three different �µ,λ�-ES and the island �µ,λ�-ES and
(right) the evolution of the fitness of the 4 subpopulations in the initial phase of a typical
island-based �µ,λ�-ES run.
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(a) λ � 200, N � 62, h � �2.5
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(b) λ � 350, N � 62, h � �2.5
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(c) λ � 500, N � 62, h � �2.5
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(d) λ � 4 � 125, N � 62, h � �2.5

Figure 4.11: Convergence behaviour of �µ,λ�-ES (a,b,c) and �µ,λ�-ES island-based (d)
for the 62-dimensional search with h � �2.5. (a) corresponds to a �40,200�-ES, (b) is�70,350�-ES , (c) is �100,500�-ES and (d) island-based 4��25,125�-ES. Blue, yellow and
green curves are respectively curves with a RMS C 14.00, RMS > �12.00,14.00� and RMSD 12.00 after a serial or an island �µ,λ�-ES. In (a,b,c) the red curve is the average of 20
runs and in (d) blue, yellow, and green give the fitness of the best sub-population; red
is the average of 20 runs and 4 sub-populations.

Combining global and local search

Following the idea that heuristic search can not easily find true minima, cou-
pling �µ,λ�-ES with a local search can considerably increase the quality of the
solution and speed up the convergence. This works only if the output solu-
tion of the ES is already in the neighbourhood of a solution corresponding to a
minimum (see Voogd et al. [281]) Simple �µ,λ�-ES could almost always find
gap circuits with a RMS between 11.00 and 16.00 in an average of 8–11 CPU
hours. As shown in Fig. 4.12-top, a quick convergence of the objective function
is always observed after a few generations of ES. These first steps are the main
strength of ES. Changing to a local search strategy if the ES stagnates results
in an efficient and reliable parameter estimation method as shown in Fig. 4.12-
bottom.
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Figure 4.12: Convergence behaviour of an island-based ES followed by Downhill sim-
plex. The upper plot shows the fitness evolution of the 4 sub-populations. The lower
plot shows how the DS can improve the resulting ES solution. The RMS decreases from
18.62 to 10.17.

4.4 Discussion

The stochastic nature of ES implies that one has to run many simulations in
order to obtain "possible" solutions. Approximately 50% of the ES+DS runs
produced gap gene circuits with a good RMS (B 12). This percentage is better
than obtained by simulated annealing, as discussed in [120, 121] where only
25% good solutions is reported.
Results obtained with the island-based �µ,λ�-ES show that in the Reduced
Search setting (fixed h-values) 75% of the runs return gap gene circuits with
an acceptable RMS (B 14), and if followed by a Downhill simplex local search,
62% of the runs result in gap gene circuits with a RMS smaller than 12. The
quality of the solutions obtained by the island version is comparable with the
one obtained by the simple ES, but the number of solutions with an acceptable
RMS is larger (75% vs. 60%, cf Fig. 4.8. The higher reliability can be explained
by the fact that each subpopulation evolves independently like a normal ES.
When no improvement can be obtained in one of the subpopulations, or if the
subpopulation is too homogeneous, a fully connected network migration is ap-
plied (in the current implementation this is done after a fixed number of gen-
erations, but it is possible to develop an adaptive strategy for this). Inserting
new individuals in a subpopulation from another subpopulation allows each
subpopulation to create diversity, and thus to escape from a local minimum.

Improvement of previous results

Jaeger et al. [120, 121] presented 10 gap-gene circuits including bcd, cad, hb,
Kr, gt, kni, tll gene expression and covering a range of 35-92% of the A-P axis.
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These ten gap gene circuits were selected among 40 results according to their
RMS (B 12). Their results were obtained using a parallel Simulated Annealing
(PLSA) method, and the computational time needed was between 8h and 160h
using 10 2.4-GHz processors for each simulation.
One advantage of our method is that it is more reliable, i.e., the percentage of
good solutions is larger than obtained by parallel simulated annealing: around
50% of the runs have a good solution solution quality compared to the 25% in
[120, 121]. The island-based �µ,λ�-ES approach followed by DS even increases
the ratio "good solutions" to 62% using the same amount of work.
The most significant result of this work is the relatively small computational
effort needed to reach a "good guess" as starting point for the local search.
Our method, �µ,λ�-ES followed by a local search, requires less computational
time (8-11 CPU-hours), and less resources (one 3.4-GHz processor) to achieve
solutions as good as the one obtained with PLSA (between 8-160 CPU-hours
using 10 parallel 2.4-GHz processors), making our method 5–140 times as fast.
Recently, Jostins et al. [129] implemented a parallel island-ES. The compare
the performance of the algorithm with the PLSA on reverse engineering of the
gap gene. They show that parallel ES is significantly faster than PLSA and
statistically, leads to a larger number of circuits with low score.

4.5 Conclusions

In this chapter, we have presented a brief biological background of early seg-
mentation mechanism of Drosophila melanogaster. Interested in the gap gene
segmentation and the formation of the spatio temporal pattern, we have pre-
sented the gene circuit developed by Reinitz et al. [224] which is a reverse-
engineering approach that permits a dynamical representation of a dynam-
ical system. Instead of using a parallel simulated annealing like elsewhere
[121, 222, 224], we have used evolution strategy (ES) in combination with di-
rect search methods presented in Chapter 3 to estimate the unknown parame-
ters. The choice of this method was motivated by results obtained by Moles et
al. [184] where the authors have compared different stochastic algorithm on
a benchmark problem of 36 parameters and have showed that only a certain
type of stochastic algorithm (ES) was able to solve the test problem success-
fully. Most stochastic methods cannot guarantee global optimality and present
rather slow convergence rate, particularly in the final stage of the search. In or-
der to surmount these difficulties, following Voogd et al. [281], we have used
the direct search method to improve the solution when it was around a global
minima. The ES termination criteria was set to be the number of iterations.
As shown in Figs. 4.11 and 4.12, the algorithm quickly drops to a relative low
score and stagnates for a considerable high number of iterations. Effectively,
we observe that the fast convergence during the first iterations only represents
1~3 to 1~5 of the total time computational time. It will be therefore important to
detect the stagnation stage in order to automatically switch to the local search.
This would considerably reduce the total number of iterations. Nevertheless,
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the overall time of the hybrid- algorithm is still lower than the PLSA used by
Jaeger et al. [121]. We have demonstrated that our method, �µ,λ�-ES followed
by a Downhill simplex search, gives solutions comparable to their solutions in
terms of the RMS and in simulation results. This chapter only presented the
computational results of the optimization in terms of effectiveness. In the fol-
lowing chapters, we will present and analyze the circuits and their associate
simulated profile and investigate their robustness properties.



5
Gene circuits pattern analysis1

It has been shown that none of the model parameters could be determined
individually with reasonable accuracy due to correlation between parameters
[6]. The authors show that although it is possible to qualitatively confirm the
topology of few interactions, the model could not be used to determine pre-
cisely the quantitative value of the gap gene parameters. In the current chap-
ter, we combine the inferred circuits obtained from Jaeger et al. [121] and those
presented in the previous chapter for further analysis. We aim to investigate
whether the model shows signs of over-fitting (uniqueness) and if this over-
fitting leads to variable circuit behavior (stability). The goal is to extract the
best set of circuits that can simulate realistically the patterns, but also obtain
the most plausible topology consistent with biological evidence. We analyse
the individual gene expression profiles at the onset of gastrulation, although
these profiles are very similar, there are small variations that allow clustering.
Using profile clustering these groups with similar features can be extracted and
the differences between these groups with respect to specific parameters in the
model can be identified. As it is known that fixed-points in dynamical systems
can be considered as basins of attraction it is expected that if run infinitely, the
circuits’ patterns should stay around the fixed-points. Identifying circuits that
have a long-term dynamic pattern close to the gastrulation pattern could be
used to discriminate between robust solutions. In this chapter we focus on the
stability of the circuits and investigate patterns in the 101 different gap gene
circuits by using a cluster analysis.

1This chapter is based on the paper:
Yves Fomekong-Nanfack and Marten Postma and Jaap A. Kaandorp "Inferring Drosophila gap gene
regulatory network: pattern analysis of simulated gene expression profiles and stability analysis",
BMC Res Notes, 2:256, 2009. [80]
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5.1 The selected 101 gap gene circuits

Using different parameter estimation strategies, both Jaeger et al. [121] and
Fomekong-Nanfack et al. [78] have based the selection of their solutions on
the value of the root mean square error (RMS, see Section 4.2.4), which is the
measure for goodness of fit. All circuits with a RMS value smaller than 12.00
were labeled as good fits.

5.1.1 Profile of the 101 solutions

In Fig. 5.1, the resulting profiles of the 10 simulated time points are shown. In
each plot, the profile (light gray lines) and the average profile (colored lines)
of a gene expression pattern at a specific time point are shown together with
the real data (dashed colored lines). The first general observation is that beside
some amplitude variation, all genes are simulated in their appropriate domain
without any major defects.
We can summarize the differences between observed and simulated profiles
for the different genes:

Caudal simulated profiles show a lower expression level than the real data,
suggesting that the decay coefficient might be too small. The profiles from
time point 14A1 to 14A3 show a good fit contrarily to those from 14A4 to 14A8.
Cad expression at later times is rather variable. The data also show that caudal
collapses slightly overtime, which is not well represented in the model. Late
cad profile variation might be caused by missing data at the two last time points
( cleavage cycle 14A7 and 14A8). This gives freedom for the fit and allows for
repression of caudal by other genes.

Anterior hunchback simulated profiles are higher than the observation at cleav-
age cycle 13. From cleavage 14A1 to 14A6 the profiles are well fitted against
the real data, especially the boundary. At time 14A7 and 14A8 in some cases, a
dip is formed in profile.

Posterior hunchback The observed profiles in early times are well fitted, how-
ever later on from 14A4/14A8 the model has difficulties to represent the retrac-
tion of the posterior hb peak.

Krüppel observed profiles are well fitted for all time points with the exception
of cleavage cycle 13 for which the expression level is much higher than ob-
servations. Very little variations appear on the posterior domain and increase
slightly the Kr domain at time 14A8.

Anterior giant simulated profile shows an overall good fit without any defec-
tion.
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Figure 5.1: Expression profiles of the 101 gap gene circuits at different time points.
Individual gene profiles are shown in light gray and the average profile of that gene at
a specific time point is plotted using a colored solid lines. The x-axis corresponds to
35-92 % of the A-P position and the y-axis describes the expression level in fluorescence
units. Each panel corresponds to one of the 10 time points (12,13 and 14A1-14A8) for
which data are available. The experimentally measured expression profiles are plotted
using colored dashed lines.
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Posterior giant simulated profile has an overall good fit, only at later times it
has minor difficulties to retract. There is some variability in the posterior gt
peak.

Knirps observed profile is very well fitted although minor variations appear
in the shape of the peak for some gap gene circuits.

Tailless profiles show an overall good fit beside the fact that there were some
early time points missing (cleavage cycle 13 to 14A3). However, in some of the
circuits there is a small shoulder present at the posterior hb peak and some-
times a very small bump at the Kr peak.

5.1.2 Understanding the differences in the pattern at gastrula-
tion

Although all circuits fit the data well, we noticed small features, like bumps,
dips and other variations in the final expression profiles. These features are
not observed in the data, and may represent circuits that are not biologically
realistic. An approach to identify the influence of a gene on another gene is
by clustering their profiles. Clustering algorithms are often used as one of the
first gene expression analysis [61]. In the current context, clustering is applied
to simulated gene expression obtained from the inferred circuits. The goal is
to subdivide the profiles at gastrulation for all the simulated genes in groups,
such that dissimilar profiles fall in different clusters. For each gene, 101 profiles
at gastrulation time are available. A cluster analysis will highlight all circuits’
profile that has a similar pattern. The clustering used here is based on ag-
glomerative hierarchical clustering [68]. We performed a hierarchical cluster
analysis on the profiles to extract the different groups that share one of these
features. Furthermore by statistical comparison of the parameters among the
different groups using a T-test we can find parameters that may explain the
observed features. The profiles were centered around the mean profile and
normalized, then a similarity matrix was constructed using the Pearson corre-
lation coefficient. With a similarity matrix a hierarchical cluster tree was con-
structed using the average distance algorithm. Then for each gene a similarity
threshold was chosen to extract a number of groups that corresponded to the
features. Fig. 5.2 shows the gene expression profiles cluster at gastrulation.
In each sub-figure, the 101 simulated expression profile of a gene are shown
with the mean (color line) of the different clusters obtained. These clusters are
described as follow:

Caudal Using a threshold of 1.0 for cad we find three groups. The groups
come form variations at the posterior end of the embryo.
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Hunchback Using a threshold of 1.0 for hb we find two groups. One group
of 26 circuits has a dip at the anterior peak and the posterior peak is shifted
posteriorly. The remaining circuits (76) do not have a dip and the posterior
peak is more similar to the data. In the data a small dip in the anterior hb peak
is also observed, however it is less pronounced.

Krüppel Using a threshold of 0.95 we find three clusters for Kr profile. Two
large groups (51 and 44) are related to minor differences in the main peak of
Kr. A smaller group (6) display a small bump that is present at the posterior
giant-hunchback boundary. This bump is not observed in the experimental
data.

Giant Using a threshold of 1.0 we find four groups, which are caused by
posterior boundary shifts in the posterior giant peak.

Knirps Using a threshold of 1.5 for kni we find only one group. There are no
obvious clusters present for kni.

Tailless Using a threshold of 1.1 for tll we obtain two clusters. The differences
between the clusters are related to a small bump at the position of the posterior
giant-hunchback boundary.
Based on Fig. 5.2, looking at the profiles we observe four main groups:

• group 1: patterns without any defection.

• group 2: patterns with hb showing a dip in the posterior domain.

• group 3: patterns with tll showing a shoulder, positioned at the posterior
hb domain.

• group 4: patterns with Krshowing a bump, positioned at the posterior hb
domain.

By clustering the gastrulation profiles, we aim at identify the relation between
variation in the gene expression profiles. The aim is to detect if the surplus
expression of a gene A in a specific region is linked to the surplus expression of
gene B in the same region. Comparing the groups that were obtained for each
gene we noticed that some of the clusters share the same circuits as shown in
Fig. 5.3. We observe that the group with the dip in anterior hb largely overlaps
with tll cluster with the bump and also with one the gt clusters. This means
that the features in hb, tll and gt share a common circuit topology. Furthermore
we also find that the circuits with the Kr bump overlap with the small gt clus-
ter. These however do not overlap with the cluster that shows the hb dip and
tll bump.

The differences between the profiles can possibly be explained from the vari-
ability in the circuits’ topologies or from the differences in the quantitative
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Figure 5.2: Hierarchical clustering of simulated profiles at T = 68.1 min. The mean
expression profile of the groups obtained from clustering are shown using colored solid
lines. The individual expression profiles of each circuit are shown in gray.

value of the parameters. The T-test can be used to find differences in parame-
ter values between circuits belonging to different groups. Parameters having a
maximal difference in mean value between two groups and minimal variation
within each group are selected and assumed to be those causing the different
observed variations. We compare all the groups and analyze the differences
(see tables 5.1 and 5.2). All the solutions with tll showing a bump (group
3) also show a dip in the anterior hb domain like the solutions within group
2. The T-test does not show any significant differences between the parame-
ters, suggesting that the network in both cases is the same. In groups 2 and 3,
Gt represses hb, causing the dip observed at anterior hb. Also, Hb activates gt
(contrarily to group 1). Consequently, there should be an increased production
of anterior gt and something should locally represses gt to keep it at its normal
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Figure 5.3: Dendrograms obtained from hierarchical clustering of the simulated profiles
at T = 68.1 min. Each Individual tree diagram corresponds to the distribution of all the
profiles obtained from the different circuits for a single gene. In each tree, the circuits
belonging to the same cluster are grouped.
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level. At this position, Tll is the gene that controls gt expression level, and one
way to keep it constant would be to increase the repression weight.

parameter differences between circuits of group 1 and group 2-3
θ m1 m2 dm p � value

tll � cad �0.0171377 �0.02491 �0.00777229 1.04553e� 010

hb� hb 0.0217064 0.015097 �0.00660943 1.34364e� 011
gt� hb 0.0122061 �0.00414659 �0.0163527 0

kni� hb �0.128935 �0.0747608 0.0541739 5.28773e� 009

Kr �Kr 0.0161343 0.0227917 0.00665739 4.79087e� 007
gt�Kr �0.0528814 �0.027446 0.0254355 2.71076e� 010

hb� gt �0.003434 0.00397726 0.00741126 8.47311e� 011
gt� gt 0.0132754 0.0164244 0.00314898 2.4076e� 006

tll � gt �0.0155584 �0.0438868 �0.0283284 1.11022e� 015

gt� tll �0.0252096 �0.00316618 0.0220435 3.74904e� 007
m�Kr 0.0525071 0.0306038 �0.0219033 6.33614e� 007

m� gt 0.0703723 0.0261228 �0.0442495 8.70947e� 009

Table 5.1: Parameters ’differences between circuits of group 1 and circuits of group 2-
3. T-test comparison of circuits’ parameters belonging to group with normal pattern
without any defection (group 1) and solution for which Hb has a dip and Tll a bump
(group 2 & 3)

From the T-test comparing group 1 and groups 2-3 shown in Tab. 5.1, we see
that tll activation by Gt is considerably decreased. This causes a higher produc-
tion of tll (leading to the bump). Consequently the surplus of tll contributes in
repressing gt (compensating for Hb supposedly role). Following the idea pro-
posed by Jaeger et al. [121] of the asymmetric repression necessary to cause
the shift, in group 2 and 3, the Gt shift to the left is in this case provoked by Tll
repression.

To understand the Kr bump within group 4, we did a T-test between group 1
(normal pattern) and group 4 shown in Tab. 5.2. First, we see that average Kr
autoactivation is 4 times the average value within group 1. Another significant
difference is the very weak repression by Gt within group 4. This might be the
reason of the bump (Gt supposed to repress Kr at this location). The strong Kr
autoactivation combined with the absence of repression by Gt causes a local in-
creased production of Kr on the domain where gt is expressed. A consequence
of the strong autoactivation would be to have higher level of Kr all along the
A-P axis. The increased value of Kr repressors (Hb and Kni), prohibits its do-
main expansion at the anterior posterior (kni domain) and posterior hb domain.
Also, the weaker production rate of Kr compensates for the strong autoactiva-
tion.
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parameter differences between circuits of group 1 and group 4
θ m1 m2 dm p � value

hb�Kr �0.00322924 �0.022085 �0.0188558 2.06398e� 008

Kr �Kr 0.0161343 0.0495102 0.0333758 2.22045e� 016
gt�Kr �0.0528814 �0.000873188 0.0520082 1.91889e� 005

kni�Kr �0.0100416 �0.0509584 �0.0409168 6.4837e� 014
gt� gt 0.0132754 0.0213547 0.00807934 1.41633e� 005

kni� gt 0.00206418 �0.00166141 �0.00372559 0.000687105

RKr 21.2186 14.312 �6.90662 0.000229012

Table 5.2: Parameters’ differences between circuits of group 1 and circuits of group
4. T–test comparison of solution parameters belonging to group with normal pattern
without any defection (group 1) and solution for which Kr shows a posterior bump
(group 4).

The venn-diagram shown in Fig. 5.4 illustrates the correlation between the dif-
ferent groups that were obtained from the dendrograms. Genes hb, gt, tll and
to some extent Kr are causing the major defection in the simulated profiles. Al-
though only one group has the correct pattern for all the genes expression, it is
possible to draw 3 main alternative networks that simulate the patterns.
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Figure 5.4: Hypothetically possible logical relations between set of circuits. Each color
corresponds to a gene. Only the solutions with a defect are selected. Overlapping sets
describe solutions having multiple genes profiles showing that defect.

5.2 Pattern long term dynamic

Drosophila segmentation occurs via a cascade-like hierarchical network. First, a
set of zygotic genes (bcd, cad and maternal hb in the current model) establishes
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an initial pattern along the anterior-posterior axis. These maternal genes then
activate the gap genes to form the gap gene expression pattern. Subsequently
the gap genes activate and determine the periodic patterning of the pair rule
genes. After gastrulation, some of the gap domains disappear within 30 min.
Fig. 5.5 shows the average normalized gene expression level where one can
see around gastrulation, the gap genes level start to decrease. Experimental
evidences suggest that hb anterior domain disappears rapidly during gastru-
lation [267], while hb posterior domain can still be detected for a few more
hours until the end of germ band extension [268]. Kr central domain, decay
rapidly after the onset of gastrulation [89, 145]. The posterior domain of gt
disappears rapidly during gastrulation while the anterior domains persist for
a few hours but change quite drastically and become involved in organ for-
mation [70, 151, 183]. The entire kni domain and the posterior domain of tll
disappear rapidly after gastrulation [208, 231]. The long term dynamic of the
circuits should show if the model is able to predict the disappearance of the
genes that are supposed to fade. It will also provide information about the
asymptotic stability of the model and potentially gives its attractors.

Figure 5.5: The average normalized temporal gene expression level is shown for each
gene. Each average was calculated based on gene expression from individual embryos
at a certain time. cad and bcd continuously decay, while the gap gene start to decay
around 55 min.
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5.2.1 Patterns vs. topology

The circuit parameters were obtained by fitting the model simulation patterns
to real data at different time points with the final time point being observa-
tions from late cleavage cycle 14A8 (T = 69.1 min). Consequently, numerical
integration of the 101 gap gene circuits obtained from the inverse-modelling
demonstrate that all solutions can successfully reproduce the gap gene seg-
mentation until the final time-points for which data are available. The question
here is how do the patterns behave after gastrulation has started. Although
there are many theoretical methods employed to analyze asymptotic stability
[126], the complexity and non-linearity of the connectionist spatio-temporal
model makes it difficult to apply these in the current case. Therefore, we use
a more straightforward empirical approach. We simulated all the circuits from
t = 0 (corresponding to cycle 13) up to t � 1000 or 2000 min and classified the
pattern behavior into the following groups:

1. stable patterns: (64 circuits; steady state with a fixed pattern). In all
cases, Tll and cad domains are unstable and disappear completely in
most cases. Within this group, there are three sub-groups

(a) 9 circuits show a rudimentary gap gene pattern with all gene do-
mains more or less well defined. (example shown in Fig. 5.6-A,B
with the associated network).

(b) 27 circuits develop a uniform Hb domain expressed at its maximum
level, that covers the whole embryo. (example shown in Fig. 5.6-
C,D with the associated network).

(c) 28 circuits show variable stable patterns with expanded or disap-
pearing domains.

2. Oscillatory patterns: (37 circuits). Within this group, there we found two
sub-groups.

(a) 18 circuits with a Cad, Hb, Gt and Tll showing posterior oscilla-
tions, while Kr and kni domains are not stable and disappear in
these cases. (Fig. 5.7-A,B with the associated reduced network).

(b) 19 circuits where all genes oscillate, except for Tll, which disappears
in this subgroup. (Fig. 5.7-C,D with the associated reduced net-
work).
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Figure 5.6: Spatio-temporal surface plots showing the behavior of two different circuits
at later times, and on the right the corresponding circuits. Surface plots on the left
(panel a, c) represent the main types of stable patterns observed and on the right (panel
b, d) the corresponding circuits topology, where edges between two vertices indicate
activation (green) or repression (red). The edge thickness is proportional to the absolute
weight of the interaction. a) Stable pattern with reminiscent pattern (Group I). c) stable
pattern with a large hb suppressing all genes except gt.
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Figure 5.7: Spatio-temporal surface plots showing the behavior of two different circuits
at later times, and on the right the corresponding circuits. Surface plots on the left (panel
a and b) represent the two main types of oscillatory patterns observed and on the right
(panel b and d) the corresponding circuits topology, where edges between two vertices
indicate activation (green) or repression (red). The edge thickness is proportional to the
absolute weight of the interaction. a) Oscillatory pattern where all genes except tll oscil-
late (Group III). c) An oscillatory pattern where all genes except Kr and kni oscillate at
the posterior (Group IV). In panel d the reduced circuit is shown. Only the connections
that correlate with this particular pattern are shown. In this circuit typical oscillatory
motifs can be recognized.
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In Figs. 5.6 and 5.7, four circuits each displaying different long term behavior
are shown. Both the circuits having a stable dynamic are stabilized a little bit
after gastrulation, around t � 100min (Fig. 5.6-A,C) In the case of Fig. 5.6-C,
we see that all genes but hb pattern are continuously shifting to the left while
posterior hb is continuously expanding to the left. The two corresponding net-
works(Fig. 5.6-B,D) show some differences between the interaction. The T-test
between the circuits of the two stabilized pattern show that the main param-
eter that causes the differential behaviour is the hb autoactivation, stronger in
the expanded Hb group as shown in Tab. 5.2.1.

Network with stable pattern
with expanded Hb

cadhb

Kr

gt

knitll

bcdthreshold

Network with stable pattern

cadhb

Kr

gt

knitll

bcdthreshold

Network Differences
θ m1 m2 dm t

hb� hb 0.023993 0.020258 �0.00373504 0.0016962

bcd� kni 0.0448947 �0.0123351 �0.0572298 2.85189e� 006

Table 5.3: Comparison of an average network with stable pattern formation(group I)
against a network with a stable pattern and with expanded Hb domain (group II).
Interactions that are not significantly different between the two groups are shown in
light gray. The interactions that are significantly different are shown in colour. The
table summarizes the list of parameters that are significantly different (mean mi, differ-
ence between mean dm and their p-value from the T-test t. The parameter difference
found between Group I and II are the strength of hb autoactivation and the activa-
tion/repression of kni by Bcd.

The T-test between the group of circuits with stable pattern with expanded hb
and the group of circuits having cad, hb, Kr, gt and kni oscillating shows very
few parameters causing the dynamic difference shown in Tab. 5.2.1. It can be
shown theoretically that the minimal requirement for oscillations to occur in
a two-gene network is that an activator activates its repressor and also itself.
These basic motifs can also be recognized in the gap gene circuits. However
the positive and negative feedback loops may be indirect and also the actual
parameter values may prevent the formation of oscillations even if the minimal
requirement for oscillations is present.
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Network with oscillating pattern of:
Cad, Hb, Kr, Gt and Kni

cadhb

Kr

gt

knitll

bcdthreshold

Network with stable pattern
with expanded Hb

cadhb

Kr

gt

knitll

bcdthreshold

Network Differences
θ m1 m2 dm t

hb� hb 0.0202833 0.023993 0.00370971 0.000132337
kni� hb �0.148545 �0.0960403 0.0525049 0.000899982

hb� gt �0.00730634 0.000129385 0.00743572 0.00103439

bcd � kni �0.000129675 0.0448947 0.0450244 0.000589936

Table 5.4: Comparison of average network with stable pattern (group II) against os-
cillatory pattern (group III).Interactions that are not significantly different between the
two groups are shown in light gray. The interactions that are significantly different
are shown in colour. The table summarizes the list of parameters that are significantly
different. Group II is stabilized by the over production of hb (activated by Gt.

The oscillatory patterns fall into two large groups as shown in Tab. 5.2.1, where
one group shows oscillations of all the genes except for Tll, which completely
disappears (Fig. 5.7-A), and the other group shows posterior oscillations of cad,
hb, gt and tll (Fig. 5.7-B). In the first oscillatory group we observe the basic mo-
tif for oscillation between Hb and Gt (Fig. 5.7-D). In the data we observe that
the anterior Hb peak slightly collapses, however it collapses more at the posi-
tion of the anterior gt peak. In a number of circuits the fit to Hb is improved by
repression of hb by Gt, almost all members of this group show oscillations. Fur-
thermore Hb in this group has an intermediate autoactivation (the group with
strong autoactivation does not show oscillations) and Cad activates hb leading
to constitutive activation of posterior hb. Next to the hb-gt oscillatory motif we
see similar motifs with tll. When we remove the negative feedbacks by setting
the negative connection to zero, we observe that the corresponding gene does
not oscillate (data not shown). Although the connections in these motifs are
weak the behavior at later times is strongly affected.
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Network with oscillating pattern of:
Cad, Hb, Kr, Gt and Kni

cadhb

Kr

gt

knitll

bcdthreshold

Network with oscillating pattern of:
Cad, Hb, Gt and Tll

cadhb

Kr

gt

knitll

bcdthreshold

Network Differences
θ m1 m2 dm t

hb� cad �0.0479759 �0.0239867 0.0239891 0.000701299

T ll� cad �0.0197665 �0.0261618 �0.00639534 0.00334701
hb� hb 0.0202833 0.0133955 �0.00688781 1.11532e� 005

gt� hb 0.0131477 �0.00553095 �0.0186786 4.33042e� 011

kni� hb �0.148545 �0.0728052 0.0757399 7.19654e� 005
hb� gt �0.00730634 0.00505889 0.0123652 3.60571e� 006

Kr � gt �0.103984 �0.0585162 0.0454676 0.000300942
T ll � gt �0.0107778 �0.0464788 �0.035701 6.88338e� 014

gt� T ll �0.036005 �0.00193247 0.0340725 0.000156841

bcd� cad �0.014402 �0.0389897 �0.0245877 7.47514e� 005
bcd �Kr 0.0576209 0.0287058 �0.0289151 0.000306426

bcd� gt 0.0957429 0.0223168 �0.0734261 6.08573e� 005

bcd � kni �0.000129675 0.0630306 0.0631603 0.000139936

Table 5.5: Comparison of an average network of the two groups with oscillatory pattern
(group III vs. group IV). Interactions that are not significantly different between the
two groups are shown in light gray. The interactions that are significantly different
are shown in colour. The table summarizes the list of parameters that are significantly
different. The table summarizes the list of parameters that are significantly different.
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Network with stable pattern
with Hb domain expansion

cadhb

Kr

gt

knitll

bcdthreshold

Network with oscillating pattern of:
Cad, Hb, Kr, Gt and Tll

cadhb

Kr

gt

knitll

bcdthreshold

Network Differences
θ m1 m2 dm t

hb� cad �0.0388372 �0.0239867 0.0148505 0.000459756

cad � hb 0.0119608 0.0171508 0.00518997 0.000567007
hb� hb 0.020258 0.0133955 �0.00686248 0.000650235

gt� hb 0.0118159 �0.00553095 �0.0173468 1.29202e� 009

gt�Kr �0.0440284 �0.0265266 0.0175018 0.00223949
cad� gt 0.0177108 0.0239529 0.00624213 0.000814086

hb� gt �0.00442591 0.00505889 0.00948481 1.45e� 005
Kr � gt �0.0910871 �0.0585162 0.0325709 0.00192662

gt� gt 0.0132706 0.0167334 0.00346278 0.00177226

T ll� gt �0.0132909 �0.0464788 �0.033188 1.82198e� 008
hb� tl 0.00119676 �0.0268863 �0.028083 5.76118e� 006

bcd � hb 0.0181175 0.0320932 0.0139757 1.88091e� 007

bcd�Kr 0.0588053 0.0287058 �0.0300995 5.67382e� 005
bcd� gt 0.0775034 0.0223168 �0.0551867 0.000267965

bcd� kni �0.0123351 0.0630306 0.0753657 3.46807e� 006

Table 5.6: Comparison of average network with stable pattern (group II) against oscil-
latory pattern (group IV). Interactions that are not significantly different between the
two groups are shown in light gray. The interactions that are significantly different are
shown in colour. The table summarizes the list of parameters that are significantly dif-
ferent. The table summarizes the list of parameters that are significantly different based
on their T-test value t.
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5.3 Discussion

In all previous studies [2,121,206], most of the conclusions were derived based
on circuits showing good patterns and a low RMS score. However, although
the simulated patterns are well fitted against data, they show some amplitude
variation and little defect. Here, we have shown that amplitude variation and
defects within the simulated gene expression can be identified by clustering
the gastrulation profiles.

This analysis suggests that for a quantitative model that simulates the dynamic
of spatio-temporal gene expression level, the final time point data used to fit
the GRN corresponds to the model attractors. Robustness of the circuit archi-
tecture should consequently be strongly related to the stability of the pattern.
In the absence of external stimuli, the circuit should maintain its quantitative
gene level around the steady state [250]. If there are many variant topologies
of a system, the most robust circuits should be the ones that converge to the
attractors. Some authors have studied the criteria that determined the robust
stability of quantitative model of GRNs capable of spatio-temporal pattern for-
mation [226]. Most work focuses on finding basins of attractors of qualitative
model such as logical formalism [237] or random boolean network [1,58,134].
We have empirically evaluated the dynamical structure (basins of attraction,
structure stability) of the circuits. The analysis shows (see Fig. 5.8) that the long
term dynamic of the gap gene circuits with similar set of parameters in some
cases, can lead to multiple stationary points. Although some of the parame-
ter settings correspond to oscillatory points and some show chaotic behavior,
few are converging towards a stable fixed point. We found 9 circuits that have
long-term dynamic patterns similar to the gastrulation profile.

As discussed above, almost all the gap genes fade approximately 30 min after
gastrulation. We see that none off the circuits can predict this precise phe-
nomena. Nonetheless, we see that for all circuits, the gene expressions are still
present up to 30 min after gastrulation before showing all kinds of behaviour.
The long-term dynamic of the circuits have shown that the patterns converge
to four main attractors (two stable and two oscillation states). More intriguing,
one of the attractor corresponds to the gastrulation pattern and circuits falling
into that group are those with the regulatory mechanism consistent with exper-
imental evidence. From this observation, we suggest that long term dynamic
contributes in identifying robust circuits in terms of structural stability.

Inability to fade Jaeger et al. [121] suggested that the shift to the left af-
ter cycle 14A is caused by the asymmetric repression of the gap gene. All the
current circuits reproduce the shift, but from the long term dynamic, it seems
that the shift is not necessary a consequence of the asymmetric repression. One
of the hallmarks of the current model is the ability to reproduce the posterior
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Figure 5.8: Scatter plots of different parameters that are significantly different between
different stability groups. The colors indicate the different stability groups: fixed pat-
tern in yellow (Group I), fixed pattern with large hb domain in red (Group II), oscilla-
tory group in blue (Group III), oscillatory group in green (Group IV) and other types
that could not be classified in the above groups in black.

shift of posterior hb, gt, kni and Kr seems to be the cause of the instability. In
many solutions we see that the shift of these domains continues to progress
and leads to domain expansion or disappearance of other domains. The shift
seems to correlate strongly with the posterior hb domain. The posterior hb do-
main develops later than the other domains, and represses gt, kni and Kr. In the
solutions where the posterior hb domain continues to expand and in the end
forms an almost uniform domain at steady state that covers the whole embryo;
an anterior gt domain remains and Kr, kni, tll and cad all disappear. Within this
group we find that hb autoactivation is significantly stronger compared to the
rest of the solutions, as shown in Tab. 5.2.1. This suggests that the other gap
genes are not able to balance the strong autoactivation of hb, which therefore
continues to expand. The anterior gt domain remains because of maternal ac-
tivation by Bcd and weak repression by Hb. These findings also suggest that
within the current model the shift may also be caused by strong hb autoactiva-
tion together with asymmetric repression. Without being contrary, this result
also confirms the autoactivation role of hb in its late regulation phase as sug-
gested by Schroder et al. [243]. It is suggested that autoactivation is involved
in maintenance of gap gene expression within given domains and sharpen-
ing of gap domain boundaries during cycle 14A [120]. Although we believe
that this is true, strong autoactivation will therefore contribute in the long term
maintenance of the gene expression. The presence of the strong autoactivation
are maintaining the gene expression after gastrulation instead of allowing a
progressive fade. We do not know what is causing the gap genes to disappear
after gastrulation. The inability of the circuits to predict this disappearance
suggests that either an additional mechanism not present in the model is pro-
voking the gap gene vanishment or the model failled to captured the complete
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network, if we assume that the gap gene is an autonomous system.

Over-fitting The T-test analysed revealed the parameters that cause the for-
mation of different group of circuits at gastrulation time as well as the grouping
of circuits for the long term dynamics. The scattering of some parameters show
that either many alternative networks can predict the pattern or the model is
subject to an over-fitting. Also, some circuits simulate alternative gene profile,
such as anterior hb showing a dip, posterior hb failing to retract or Kr having a
bump. Biological evidence suggests the dip in anterior hb is caused by different
early and late mechanisms of regulation. There is a late stripe-shaped pattern
driven by hb autoactivation, which causes this apparent dip. The model does
not incorporate this mechanism, hb being repressed by Gt instead reproduces
the profile. This is a typical over-fitting caused by the incompleteness of the
model that causes a compensation mechanism. Furthermore the instability of
tll and cad domains is also reflected in the data set, where they both decrease
towards the end, the fit tries to mimic this behavior by allowing negative feed-
back through the gap genes, which persists at later times caused by expanding
domains.

5.4 Conclusions

This chapter has presented the simulated gene expressions profile obtained
from the 101 selected circuits. we have show that all the circuits can repro-
duce faithfully the spatial temporal gene expression patterns. Although all the
genes are expressed in their precise domain, some small but not significant
amplitude variation occur. Using simple tools from descriptive statistics (hier-
archical clustering and statistical test) we have show that is possible identify
the regulatory interactions that cause the small amplitude variation. We aim
at obtaining "the" regulatory network, but as shown in the long term dynamic
analysis, alternative networks were obtained. Although all the circuits can re-
produce the gene expressions pattern until the gastrulation time (correspond-
ing to the last time for which data are available and optimization was made),
we show that the long term dynamic leads to different asymptotic behaviour.
Biologically speaking, the expression of the gap gene starts to shut down at
around the final time, which is not the case in our simulations, but we were
able to obtain some circuits that predict stabilization or oscillation. If the insta-
bility is not dramatic, it might be that small refinements of some parameters set
could make the system stable. However, we show that the difference among
parameters is also on the nature of the regulatory interactions (repression or
activation). It is therefore necessary to investigate in more details the precision
of the parameters. The complexity of genetic network models (both in terms
of number of parameters and non-linearities) is far from being matched by the
available expermental data. It is thus highly desirable to detect poorly sup-
ported estimations, as well as to consider alternative sources of information to
infer the parameters. In the next chapter, we present a details analysis of the
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circuits regulatory interactions. We investigate the parameters uncertainty and
correlation to determine if they are reliable and if one can derive one or more
regulatory circuits.
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6
Analysis of the gene circuit

parameters 1

In Chap. 4, we have presented the gene circuits using an evolution strategy
instead of parallel simulated annealing for the parameter estimation. A con-
nectionist description was used to model the gap gene regulatory network in
Drosophila melanogaster. We have shown that the �µ,λ�-ES could lead to circuits
with the same qualitative score in a significant smaller computational time in
comparison with circuits obtained from Jaeger et al. [121]. In the previous
chapter, we have shown that compared to the variance in the experimental
data, all solutions fitted the dataset spatially and temporally accurately. Fur-
thermore, the model reproduced the experimentally observed shift behaviour
of the expression profiles. In 2004 [121], Jaeger et al. suggested that the gap
gene domain shift was a consequence of the asymmetric repression between
the gap genes. This hypothesis was based on analysis of one circuit out of
the 10 circuits obtained from the reverse engineering using parallel simulated
annealing (PLSA) [44]. The limited number of circuits were obtained due to
computational limitations. Also, analysis on the reliability of the parameters
was not performed. In the previous chapter, we have seen that small defects
in the gene expression patterns were caused by some inconsistencies within
the regulating parameters, which is also causing the circuits long term dy-
namics to converge to different attractors. This shows that the regression re-

1This chapter is partially based on the paper:
Yves Fomekong-Nanfack and Jaap A. Kaandorp and Joke Blom, "Efficient parameter estimation
for spatio-temporal models of pattern formation: Case study of Drosophila melanogaster", Bioinfor-
matics, Vol. 23, No. 24, pp. 3356-3363. September 2007. [78] and
Yves Fomekong-Nanfack and Marten Postma and Jaap A. Kaandorp "Inferring Drosophila gap gene
regulatory network: pattern analysis of simulated gene expression profiles and stability analysis",
submitted March 2009. [80]

101
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sults could be inaccurate and subsequent the conclusions can be erroneous.
In the current chapter, we analyse the reliability of the parameters by simple
post-regression diagnostic tests for the evaluation of the overall model validity.
First, we present the parameter estimates and their distributions. From this dis-
tribution, we derive the different regulatory networks obtained from the gene
circuits, and in the last section we analyse the identifiability of the parameters.

6.1 Statistical analysis of parameters estimates

For networks the general tendency is to focus on the qualitative value (or sign)
of the interaction. Given the nature of the connectionist model, we cannot just
focus on the sign of the weight describing the interaction between two genes,
but the strength of the weight might also have an importance justified by the
sigmoid function used (see Chap. 4 Section 4.2.2).

Scatter plot of gap-circuits In Figs. 6.1 and 6.2 scatter plots are given com-
paring the parameters obtained by our simulation using ES and island-ES with
those obtained by Jaeger et al. [120, 121]. The parameters are for the 62-
dimensional problem with h�hb,Kr,gt,kni� � �2.5. The parameters obtained are
in most cases comparable for different optimisation runs and with the ones ob-
tained in [121]. Incidentally our regulatory weight matrix entries differ from
those obtained in [121], like W cad

tll and Whb
tll .
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Figure 6.1: Scatter plot of parameters h,R,D and ta
1~2 � ln�2�~λa. Each vertical line

contains 53 different values for the same parameter. Each circle represents a parameter
obtained from our simulations and the black stars represent parameters obtained by
[120, 121] using parallel simulated annealing. All the gap-circuits resulted in a RMSB 12.00. Our 50 results were obtained with the different ES and island-ES with fixed
promoter thresholds h�hb,Kr,gt,kni� � �2.5. The parameters are scaled to [0,1] using the
minimum and maximum values given below the x-axis.
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Figure 6.2: Scatter plot of the regulatory influences. W -entries and m-values above
the horizontal line at 0.005 are considered to be activating, below -0.005 inhibiting (see
also Tab. 6.1). Each vertical line contains 53 different values for the same parameter.
Each circle represents a parameter obtained from our simulations and the black stars
represent parameters obtained by [120,121] using parallel simulated annealing. All the
gap-circuits resulted in a RMS B 12.00. Our 50 results were obtained with the different
ES and island-ES with promoter thresholds h�hb,Kr,gt,kni� � �2.5.
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Distribution of the parameters In Fig. 6.3, the distribution of the 66 param-
eters is shown. The grey line represents the different 101 values of each pa-
rameters and the blue line their average. From this figure, we see that the
parameters distribution varies from circuit to circuit. None of the regulatory
parameters such as the production rate, the diffusion or the decay seems to
be very consistent from solution to solution. In many cases, the promotor rate
and the diffusion hit the upper boundary. Many parameters show a strong ten-
dency to converge to a specific value or location (specifically those around zero
such as Whb

gt , W kr
hb or W kni

gt ). In some cases, we see a very broad distribution
around the mean, especially for the parameters describing strong repression.
For few cases, some regulatory parameters can have both types of interactions
( bcdtll, Whb

tll , bcdkni).
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Figure 6.3: Distribution of the 66 parameters obtained from the 101 gene circuit. The
solid red line represents the average value, the solid blue lines represent the standard
deviations and the light gray lines represent the different individual circuit parameters.
Parameters are sorted according to their mean value. Most parameters show a strong
tendency to cluster around a particular value, defining the type of interaction. However,
some of them have a very broad distribution around their mean and in a few cases, they
show all different types of interactions i.e. activation, repression or no interaction.

Circuits distribution From the previous parameter distributions, we see that
some of the weights are considerably scattered. In [121], the network was de-
rived based on 10 circuits obtained from the same simulated annealing setting.
Assuming that the spread distribution of some of the parameters might result
from the various setting of ES, we present in Tab. 6.1 the different regulatory
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combination obtained from the different setting. The different setting seems
to lead to more or less the same network. Nevertheless, some parameters do
not have a 100% confidence on the sign (describing the interaction) whereas
to derive any network, it is necessary to gain confidence on the parameters.
From the parameter distributions presented above, we see that some parame-
ters have very weak regulatory relationships. It is difficult to determine if they
are clearly describing an absence of interaction between two genes or if it is
just a very weak regulation. Following Jaeger et al. [120], we have assumed
that parameters comprise in the interval ��0.005,0.005� correspond to a non-
interaction. In the previous chapter we have suggested that the model might be
over-fitted (because of incomplete data or incomplete model). Some parame-
ters have very small variance and it can be assumed that they represent the real
interactions. However, it is not trivial to discern which parameters are describ-
ing biological interactions from those that are over-fitted. It must be confirmed
that the available data uniquely determine the value of each parameters. From
the available data and the current model, it is possible that the model is struc-
turally identifiable yet some of the parameters can be undeterminable [6,124].
This would suggest some hidden mechanisms such as missing genes or hidden
dependecies within the data.
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bcd cad hb Kr gt kni tll

N=62 h=-2.5 Regulatory network

cad 42~5~3 47~3~0 50~0~0 50~0~0 50~0~0 50~0~0 50~0~0
hb 0~2~48 0~0~50 0~0~50 3~47~0 6~9~35 50~0~0 0~50~0
Kr 0~0~50 0~0~50 19~31~0 0~0~50 46~3~1 39~11~0 50~0~0
gt 0~0~50 0~0~50 4~45~1 50~0~0 0~0~50 0~49~1 48~2~0
kni 12~5~33 0~0~50 50~0~0 12~36~2 36~14~0 0~0~50 50~0~0
tll 42~4~4 5~4~41 31~5~14 45~1~4 34~7~9 49~1~0 0~4~46

N=62 h=-3.5 Regulatory network

cad 36~1~4 41~0~0 41~0~0 41~0~0 41~0~0 41~0~0 40~1~0
hb 1~0~40 0~0~41 0~0~41 2~38~1 5~12~24 41~0~0 0~36~5
Kr 0~0~41 0~0~41 2~38~1 0~0~41 41~0~0 29~12~0 41~0~0
gt 1~1~39 0~0~41 1~28~12 41~0~0 0~0~41 0~38~3 35~6~0
kni 2~2~37 0~0~41 40~1~0 15~25~1 33~8~0 0~0~41 41~0~0
tll 27~6~8 2~5~34 29~7~5 38~2~1 30~6~5 40~1~0 0~2~39

N=66 Regulatory network

cad 20~2~12 34~0~0 34~0~0 34~0~0 32~2~0 34~0~0 30~2~2
hb 4~14~16 22~8~4 3~17~14 13~21~0 9~14~11 34~0~0 21~13~0
Kr 7~3~24 20~4~10 27~7~0 0~3~31 31~3~0 31~3~0 34~0~0
gt 0~0~34 5~5~24 17~13~4 34~0~0 0~2~32 5~16~13 26~7~1
kni 26~0~8 4~3~27 34~0~0 10~18~6 24~10~0 0~1~33 34~0~0
tll 31~1~2 3~4~27 21~7~6 20~3~11 26~4~4 23~7~4 0~2~32

Table 6.1: Distribution of the entries of the regulatory weight matrix W and the regula-
tory input of bcd to the zygotic system (ma). The subtables give the type of interaction
between two genes for the 3 different settings (the dimension of the optimization prob-
lem and the value of the fixed parameters) independently of the ES configuration. The
triplet R/N/A represents the number of interactions of type: repression (W b

a � �0.005),
no interaction ( W b

a > ��0.005,0.005� ) and activation (W b
a A 0.005), idem for ma. The

sum of the triplet is the number of selected simulations for the corresponding experi-
ment. Table rows represent target and columns represent regulators. Background color
(green) represents activation, (light-blue) represents no interaction and (pink) repre-
sents repression. The choice of the type of interaction is based on the highest triplet
value. The Reduced Search settings �N � 62, h � �2.5� and �N � 62, h � �3.5� have
exactly the same regulatory network of interactions. This is very similar to the one ob-
tained by [120] except for 3 parameters W hb

Kr , W hb
gt and W Kr

kni for which we conclude
that there is no interaction and [120] derived a repression.
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6.2 Correlation analysis

One simple approach to explore the parameter determinability is to use cross-
correlation between parameters [124]. A correlation matrix shows the degree
of association between two parameters. The parameter values are centered
on the mean and the normalised cross-correlation between �1 and �1 is com-
puted using the Pearson correlation. From the inverse modelling paradigm,
the correlations describe compensation that may arise from an incomplete or
inaccurate data set, i.e. the data set does not contain enough information to
cover all parameters. Compensation may however also arise from an incom-
plete model, i.e. the model does not sufficiently represent the underlying bio-
logical mechanism. Typically compensation can occur if the time derivative, or
gene change rate is remaining the same, while changing different parameters.
Examples of these are the promoter rates R and the decay rates λ, which both
scale the expression profile, but in different directions and in general show
strong correlation patterns. Furthermore, the input weights on a single gene
can also compensate each other. If a positive input on a gene becomes stronger,
increasing negative weights or decreasing positive weights can adjust for the
increased total input, such that the total input on that gene is not altered much.
However, these correlation patterns are quite variable and difficult to predict
and strongly depend on the precise spatial pattern.

Production rate and decay Systematically for all genes but tll, strong nega-
tive correlation is observed between all pairs of production rate and decay co-
efficients (r(Ra~λa� C 0.65). The strong linear correlation represents the scaling
of the expression profile. If one increases the production rate of a gene a and
wants to keep the system in its normal expression level, one has to decrease the
decay related to the protein half-life of the product of gene a. Fig. 6.5 illustrates
the negative pairwise production/decay correlation of the genes hb and kni.

Gene regulatory parameters

In classical micro-array data analysis, a direct correlation exists between the
regulator-regulatee relationships. This association is described if a set of genes
(regulatees) increases or decreases their protein level with the increase or de-
crease of the expression of another group of genes (regulators). In the current
context, we see the same behaviour at the parametric level. It is necessary to
discriminate between interactions that are consequence of an over-fitting and
parameters that might suggest a real interaction. First, we describe the differ-
ent regulatory interactions predicted by the 101 gap gene circuits obtained from
[78,121]. Based on the correlation-matrix, we identify the parameters that have
a very large cross-correlation with all (or most) other parameters. This implies
that it is not possible to trust their significance or ensure the regulatory interac-
tions they predict. We do not discuss cad and tll regulation since the regulatory
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Figure 6.4: Parameter correlation matrix. Left: Matrix showing the pairwise correla-
tion; the colour scale goes from intensive red (strong negative correlation) to bright
green (positive correlation). The correlation matrix shows that there exist many pair
wise correlations that tend to form clusters. Right: The absolute value of the correla-
tion coefficients are used as a similarity measure to cluster the parameters, which is
presented as a dendrogram. The parameters are sorted according to the dendrogram.
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Figure 6.5: Scatter plots of production and decay with regression lines and correlation
coefficients. At the top and right the estimated parameter distribution is shown, which
was calculated using using ksdensity.

interactions predicted by the circuits can not reflect biological reality since cad
and tll are not regulated by other gap genes at this stage of development.

hunchback regulation obtained from the reverse engineering is mainly con-
trolled by the following:

• activation by Bcd and Cad, confirming that they are both the primary
activators of the gap domain, acting respectively on the anterior and the
posterior.

• auto-activation.

• repression by Kr (weak), Tll (weak), Gt and Kni (strong)

• activation by Kr (weak) , gt and Tll (weak)

The typical correlations shown in Fig. 6.7 of the parameters regulating hb are:

1. negative correlation between opposite regulators (W bcd
hb vs. W kni

hb ) and
(positive W

gt
hb

vs. W kni
hb )

2. positive correlation between regulators with opposite functionality on
the same domain on a gene ( W

gt
hb

vs. bcdhb and WKr
hb vs. bcdhb)

3. co-correlation caused by the domain geometry (W cad
hb vs. Whb

hb )
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Perkins et al. [206] suggested that the posterior of hb is activated by Tll while
Jaeger et al. [121] found that posterior hb is activated by Cad. We found that Gt
and Tll have both positive and negative regulatory parameters on hb. Assum-
ing that posterior hb is also activated by Tll, we were expecting to see negative
correlation between Cad and Tll regulation on hb. Surprisingly, it was not the
case, and hb regulation by Tll did not show any particular correlation with any
other parameter. In fact, it shows very weak correlation with most of the other
parameters implying that this parameter is well determined and that Tll acti-
vates posterior domain of hb. It was shown that posterior hb is regulated by Tll
and Hkb [169]. Since Hkb is not present in the model, we believe that Cad is
taking over this role.

krüppel : from the parameter estimates, the different regulatory mechanisms
that control Kr gene expression dynamic is defined by:

• maternal activation by Bcd and Cad.

• auto-activation.

• repression by Hb, Gt, Kni and Tll.

• activation by Hb and kni.

The correlations shown in Fig. 6.7 with a meaningful value are the following:

1. negative correlations between Kr’s repressors when their contribution is
mostly on overlapping domain : Whb

Kr vs. W
gt
Kr at the anterior domain

and W
gt
Kr vs. W kni

Kr at the posterior domain.

2. negative correlation between W kr
Kr vs. Whb

Kr and W kni
kr (decrease repres-

sion weight if auto-activation is weaker)

3. positive correlation between activators vs. repressors when their contri-
bution is mostly on the same domain : Whb

Kr vs. RKr , W kni
Kr vs. RKr,

WKr
Kr vs. W

gt
Kr and Whb

Kr vs. W kni
Kr (NB: kr auto-activation and production

contribute in the entire domain).

4. positive co-correlation caused by the domain geometry: Whb
kr vs. W kni

kr

Jaeger et al. [121] suggested stronger influence of Bcd than Cad and found
bcdkr C W cad

kr . We find equivalent weight for W cad
kr and bcdkr . However, we

did not estimate the total contribution of the gene’s parameter and the gene’s
product. It is suggested that Hb activates anterior Kr. The resulting gap gene
circuits found both role activation (very weak) and repression. The strong cor-
relation between Whb

kr and W kni
kr suggests that if one repression increases, the

other one also has to increases in order to maintain symmetry and to avoid do-
main expansion on one side. This result confirms Jaeger et al. [121] hypothesis
suggesting that Hb and Kni contribute in the establishment of Kr border. Hb
represses the anterior border while Kni represses the posterior border.
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Figure 6.6: Scatter plots of parameters that regulate hunchback
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Figure 6.7: Scatter plots of parameters that regulate Kr.

giant : From the 101 circuits obtained, mechanism controlling gt is as follow:

• maternal activation by Bcd and Cad.

• auto-activation.

• repression by Hb, Kr, Kni and Tll.

• activation by Hb and Kni ( very weak).

The circuits show that both Bcd and Cad contribute respectively in the expres-
sion of anterior and posterior gt. Only two significant correlations (shown in
Fig. 6.8) were found: negative correlations between WKr

gt and bcdgt and be-
tween Whb

gt and bcdgt. The central domain of gt regulation is mainly repressed
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by Kr and the negative correlation translates the balance between decreasing
repression and decreasing activation. Although Hb role on gt seems weak (SWhb

gt S B 0.005), the correlation with bcdgt shows that Hb represses anterior gt
as suggested in earlier literature [70, 121]. When Hb positively regulates gt,
Hb mainly contributes in the expression of posterior gt. This is observation is
confirmed by the negative correlation between repression of gt by Tll and the
regulation of gt by Hb for the case where Whb

gt C 0.
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Figure 6.8: Scatter plots of parameters that regulate gt.

knirps regulation obtained from the gap gene circuits is described as follow:

• maternal activation by Cad and Bcd.

• maternal repression by Bcd.

• auto-activation.

• activation by Kr and Gt

• repression by Hb, Kr, Gt and Tll.

The main correlations with a significant Pearson value are the following:

1. negative correlations between W cad
kni vs.W gt

kni
, and W

gt
kni

vs. positive W kni
kni .

2. positive correlation between Whb
kni vs. W kni

kni , W
gt
kni

vs. Rkni and WKr
kni vs.

Rkni .

3. co-correlation caused by the domain geometry between WKr
kni vs. W

gt
kni

.
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1 &2 are direct correlations related to compensation phenomena to maintain
the expression level. Jaeger et al. [121] proposed that kni anterior border is set
by repression by Hb and Kr, and posterior border is controlled by Gt and Tll.
They also pointed that Kr might not be necessary in the regulation of kni. We
found that in 100% of gap gene circuits, kni is repressed by Hb and Tll, but
it is not systematically repressed by Gt and Kr. WGt

kni andWKr
kni have a similar

distribution and seems to have the same role on kni. The very strong positive
correlation between W kr

kni and W
gt
kni

confirms this hypothesis and indicates the
role of both parameter in maintaining domain symmetry of kni to avoid do-
main expansion.
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Figure 6.9: Scatter plots of parameters that regulate kni.
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Diffusion In [121], Jaeger et al. have showed that diffusion does not con-
sistently contributes in the expression of the shift domain. We did not find
systematic strong correlation between diffusion and any other parameters be-
side kr and gt. Their auto-activation parameters are respectively positively cor-
related to the diffusion coefficient (r�W gt

gt ~Dgt� � 0.605 and r�WKr
Kr ~DKr� �

0.64). If their gene concentration is increased by means of auto-regulation, the
amount of protein diffusing should also increase. Although these correlations
are obvious, we cannot explain why similar feature is not present for hb, kni,
and tll. In contrary, the others diffusion parameters have very weak correla-
tion with any other parameters, signifying that the diffusion coefficient can be
determined from the current model with the available data.

Geometry based co-correlations Clustering the parameters reveals a group
composed of Cad activation on hb, kr, gt and kni. All these parameters are
strongly positively correlated (W cad

hb vs. W cad
kni , W cad

gt vs. W cad
kni , W cad

hb vs. W cad
Kr ,

W cad
Kr vs. W cad

gt , W cad
hb vs. W cad

gt and W cad
Kr vs. W cad

kni ). These correlations express
the maintenance of gap gene profile proportional to each other on the action of
Cad.

Indirect correlations Few indirect correlation of type W a
b vs. W c

d mainly
caused by profile variation are present. These correlations are mainly related
to Tll regulation such as: W tll

kni vs. bcdtll, WtllKr vs. bcdtll, W tll
Kr vs. W tll

kni,
W tll

Kr vs. W cad
kni and W tll

Kr vs. W
gt
tll . Also there is a positive correlation between

bcdKr and bcdgt. This indirect correlation is caused by the mutual repression
between of Kr and gt. The change in the repressive parameter is balanced by
the Bcd. If one repressor increase/decrease, the mutual repressor acts in an
similar manner. Consequently, the maternal influence is adjusted to keep the
gene expression at the desire level.

Influence of the promoter threshold We also observe a strong negative cor-
relation between W cad

cad and its promotor threshold suggesting that the level of
auto-activation or auto-repression is clearly linked to the threshold. Another
interesting type of correlations is the one between Tll promoter threshold with
some of the regulators (Whb

tll vs. htll and W cad
tll vs. htll). Therefore, one cannot

conclude that it is a strong or weak action just by focusing on the weight of the
parameter given that the level of production depends on the threshold [6].
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Figure 6.10: Scatter plots of parameters that regulate caudal. Only the scatter plots with
pairwise correlations higher than 0.6 are shown.

6.3 Data vs. Model

It is not trivial to identify the principal reason of the strong correlation. The
poor determinability might be caused by an incomplete model, or by insuffi-
cient data or noisy data. We enquire if the complex correlation is caused by the
insufficient data or the noise present in the data. To explore our hypothesis, a
gap-gene circuit is inferred from real data using ES followed by DS. This circuit,
named gn62h35_Target, has a final RMS � 10.56 and exhibits a correct pattern
without any visible defect. Firstly, "artificial simulated data" are generated by
solving circuit gn62h35_Target. These data are used as target data for an in-
verse modelling problem. Twenty series �40,200�-ES with 600000 generations
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followed by 40000 iterations of Downhill simplex were performed. Sixteen of
the simulations have a RMS D 5.00 with patterns very close to the artificial tar-
get. The RMS of the best solution is 0.73, this solution is shown in Fig. 6.11.
Figs. 6.13 and 6.14 give scatter plots of all model parameters of five of these
reversed-solutions (red circle) vs the target model parameters (black star).

40 50 60 70 80 90
0

50

100

150

200

250

C
o

n
ce

n
tr

at
io

n
 a

t 
T

:1
0.

55 Pattern After ES: RMS=4.7658
A

hb
Kr
gt
kni
tll

40 50 60 70 80 90
0

50

100

150

200

250

Pattern After DS: RMS=0.7305
B

40 50 60 70 80 90
0

50

100

150

200

250

C
o

n
ce

n
tr

at
io

n
 a

t 
T

:2
4.

22
5

C

40 50 60 70 80 90
0

50

100

150

200

250 D

40 50 60 70 80 90
0

50

100

150

200

250

A−P (%) Position

C
on

ce
nt

ra
tio

n 
at

 T
:6

7.
97

5

E

40 50 60 70 80 90
0

50

100

150

200

250

A−P (%) Position

F

Figure 6.11: Illustration of the expression patterns obtained by reverse engineering of
gap-gene circuit gn62h35_Target using �µ,λ�-ES followed by Downhill simplex search.
The artificial target data used for the parameter estimation is obtained by simulating
the model with the parameters obtained from the gn62h35_Target data. Left plots corre-
spond to the simulation obtained after 60000 iterations of a �40,200�-ES at time points:
T � 10.550, T1 � 24.225 and T8 � 67.975 and the right plots are the final patterns ob-
tained after 40000 iterations of Downhill simplex. The dashed lines are the artificial
target data and the full-crossed lines correspond to the simulated pattern. The y-axis
gives the relative protein concentration expression level and the x-axis corresponds to
the anterior-posterior (A-P) axis of the embryo. The final RMS is 0.73. Optimization
took approximatively 10 hours CPU time on a single 3.4-GHz processor.

The second test consist in inferring a GRN from noisy artificial data. We use
gap-gene circuit gn62h35_Target as target data. We add to all data points a per-
centual perturbation, drawn from a uniform distribution between ��RN,�RN�.
Simulations with 7 different RN � �1,2,3,4,5,10,25� were performed and in
each case, 2 simulations were run. The resulting RMS lie between 2.0 and 20.0.
The expression patterns of circuits obtained from noisy data with random per-
turbations up to 10% are very similar to the original reversed one or to the
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real gene expression data. Figs. 6.12 illustrates the target data (corresponding
to gn62h35_Target) with a random perturbation RN � 4 versus the simulated
data after re-inverse modelling. The final RMS � 5.05 after ESDS. For the case
where we add a large random perturbation (25%) the best gap-gene circuits
gave a RMS � 11.54, and, as to be expected, the simulated pattern is closer to
the real data than to the noisy data.
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Figure 6.12: Illustration of the solution of a reverse engineering of gap-gene cir-
cuit gn62h35_Target with noise added, using �µ,λ�-ES followed by Downhill simplex
search. The perturbed data are obtained by adding random noise between -4% and +4%.
Left plots correspond to the simulation obtained after 10000 iterations of a �100,500�-
ES at time points: T � 10.550, T1 � 24.225 and T8 � 67.975 and the right plots are
the final patterns obtained after a consequently 40000 iterations of Downhill simplex.
The broken lines are the artificial target data and the full-crossed lines correspond to
the simulated pattern. The y-axis gives the relative protein concentration expression
level and the x-axis corresponds to the anterior-posterior (A-P) axis of the embryo. The
final RMS is 5.05. Optimization took approximatively 10 hours CPU time on a single
3.4-GHz processor.

Figs. 6.13 and 6.14 give scatter plots of model parameters of seven of these per-
turbed reversed-circuits (blue diamond) vs the target model parameters (black
star). Like in the real data fit, we see that non weight parameters (R,h,D, and
λ) have a relative broader scattering in comparison to the regulatory interac-
tions. The weight parameters are very preciely recovered with an accuracy of
10�3 in most of the cases, with exceptions. Comparing parameters recover from
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noisy or non-noisy data, we observe that the data source seems not to matter
in the regulatory parameters case, contrarily to the non-weigh. In that case,
we see that for some parameters such as htll,Rcad,Rhb,RKr and eventually
the protein half life, the parameters represented with red circles (no noise) and
those illustrated as blue diamonds (noisy data) do not have the same scatter-
ing or distribution, and fall in to different groups. We could not find a reason-
able explanation for that, but we believe that all the non regulatory parameters
R,D,h,λ are not identifiable. From the correlation matrix shown in Fig. 6.13,
we see that the parameters are still strongly correlated. Nevertheless, from the
individual pairwise correlation analysis, we observe that in very few cases, the
pearson correlation value was reduced.
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Figure 6.13: Scatter plot of parameters h,R,D and ta
1~2 � ln�2�~λa. Each vertical

line contains 13 different values for the same parameter. 5 simulations correspond to
simple reversed-engineering (red circle) and 7 (blue diamond) to perturbed reversed-
engineering with varying additive noise (1–5, 10 and 25%). The black star represents
the target parameter. The parameter values are scaled to [0,1] using the minimum and
maximum values given below the x-axis. In all simulations, including the target, the
promoter thresholds h�hb,Kr,gt,kni� are fixed to �2.5 during the optimization.
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Figure 6.14: Scatter plot of the regulatory influences. W -entries and m-values above
the horizontal line at 0.005 are considered to be activating, below -0.005 inhibiting.
Each vertical line contains 13 different values for the same parameter. 5 simulations
correspond to simple reversed-engineering (red circle) and 7 (blue diamond) to per-
turbed reversed-engineering with different additive noise. The black star represents
the target parameter. In all simulations, including the target, the promoter thresholds
h�hb,Kr,gt,kni� are fixed to �2.5 during the optimization.
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Figure 6.15: Correlation matrix of the parameters obtained from synthetic data. The
matrix shows the pairwise correlation; the colour scale goes from intensive red (strong
negative correlation) to bright green (positive correlation). The correlation matrix shows
that there exist many pair wise correlations that tend to form clusters.



6.4. CONCLUSIONS 123

6.4 Conclusions

This chapter has addressed the question of the reliability of the parameter esti-
mates. We have shown that some of the parameter estimates are quite precise
and consistent while few of them are largely scattered. Solely based on the
parameter values, we see that it is not possible to derive an unique network
and one needs to examine the reliability of the parameters. We have used a
very simple approach based on correlation analysis to determine the parameter
identifiability. The correlation matrix obtained from the 101 gap gene circuits
shown in Fig. 6.4 suggests that the parameters are strongly correlated. Dealing
with the intricateness of the correlation patterns, from individual analyses on
all the pairwise correlations, we derive the following explanatory rules:

1. direct correlations: (involving gene regulators)

(a) negative correlations between a gene’s activators when their contri-
bution is partially on the same anterior-posterior (A-P) domain.

(b) negative correlations between a gene’s repressors when their contri-
bution is partially on the same (A-P) domain.

(c) positive correlation between a gene’s activators vs. its repressor
when their contribution is partially on the same (A-P) domain.

(d) co-correlation caused by the domain geometry (boundary control
mainly). Usually, it is regulatory interactions of two different pa-
rameters on a gene having the same function (activation or repres-
sion) but acting on non-overlapping (A-P) domain.

2. indirect correlation caused by the profile variation.

We believe that some of these correlations might reflect the biological reality
such as compensation for redundant activity on a single gene or boundary de-
termination. However, some of the correlations are much more difficult to re-
late to biology and might be caused by mathematical properties of the model or
by indirect regulation through feedback loops mechanism. For instance, we see
that parameters that are largely scattered or showing dual role (activation and
repression) have very complex correlation. For instance, the negative correla-
tion between activation of hb by Gt and repression of hb by Kni is only present
when Gt activates hb (which is supposed to be a false positive).

It is possible to derive some of the qualitative interactions, mainly when the
parameter estimates are very precise and do not show major correlations or un-
explainable correlations with other parameters. Nevertheless, it is quite risky
to define the precise value of these parameters or use the model for quantita-
tive assertions. For instance, we see that quantitative value of some parameters
strongly affect the correlation, even when the parameters are quite precise or
very less scattered.
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It is convenient to imagine that the poor determinability is caused by insuf-
ficient data. Our analysis on synthetic data (complete and/or noisy) demon-
strated that although some parameters gained considerable precision or less
scattering, the intricateness of the parameter correlations remains and we can
not conclude that the poor determinability is mainly caused by missing data or
hidden mechanism within the data.

It might be possible to reduce the correlation and improve the parameters de-
terminability, by changing some models properties or reducing the number of
parameter (for instance, by removing parameters that are known not to reflect
any particular interaction). However, as suggested elsewhere [103], some of
the correlations can not be reduced and 100 % determinability might not be
possible in general, for models of biological systems.

The complexity of genetic network models (both in terms of number of param-
eters and non-linearities) is far from being matched by the available experme-
ntal data. It is thus highly desirable to detect poorly supported estimations, as
well as to consider alternative sources of information to infer the parameters.
In the next chapter, we will study the robustness of the circuits to parameter
perturbation and fluctuation.



7
Gene circuit perturbation analysis1

Reverse engineering of GRN capable of simulating spatio-temporal gene ex-
pression mainly consists in revealing the GRN structure that leads to the ob-
served pattern. Optimization is therefore important [5, 184] and it is used to
infer from a gene network whether it is a transcriptional or protein interaction.
A system identification approach is used to select a model structure and by
means of parameter estimation, the network topology is estimated from exper-
imental data. The optimization problem consists in minimizing the difference
between simulated expression profiles and available data in order to estimate
the best circuit that predicts with very good accuracy the spatio-temporal gene
expression. Based on the resulting parameter-set, the network diagram is ex-
tracted and one tries to establish causal-relation of the dynamic mechanism
that governs the pattern formation, using further analysis. The prediction is
clearly linked to the quality and amount of the data; even with sufficient data,
it is not guaranteed that the inferred network corresponds to the appropriate
gene network that leads to the observed pattern [103, 152]. From a theoretical
point of view, this question is a matter of the structural identifiability of the
model [124]. Given a data set, is it possible to uniquely infer the network?
Although there exist some theoretical methods [103] to investigate the identi-
fiably before inferring the network, when confronted with a complex mecha-
nism characterized by a multi-dimensional parameters space, the feasibility is
still analytically complex. In many situations, one is confronted with an overfit-
ting problem that leads to parameter-set with very different quantitative values
and even worse, yielding different network topologies having similar good re-
alistic patterns. To draw conclusions, one has to differentiate between circuits

1This chapter is partially based on the paper:
Yves Fomekong-Nanfack and Marten Postma and Jaap A. Kaandorp, "Inferring Drosophila gap
gene regulatory network: a parameter sensitivity and perturbation analysis", BMC Syst Biol, 3:94,
2009. [79]
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that are more likely to be biologically realistic.

It was shown that for certain experimental data that it is not possible to con-
firm whether the inferred model is really valid [210]. As long as the model is
not contradicted by the given data, it is necessary to extend the validation test
further. Especially when the model does not only predict a unique network,
parameter-set discrimination can be addressed using diverse models valida-
tion approaches. The quality of the circuits can for example be quantified by
measuring the parameter reliability and sensitivity, the uniqueness of the pre-
dicted network, the model robustness and the predictability of the model. The
two previous chapters focussed on the other aspects that can be used to quan-
tify the quality of the circuits: methods for exploring the solution space, param-
eter correlation and asymptotical stability analysis. In this chapter, we focus on
the model robustness against perturbation.

By analyzing the robustness of the inferred network, we can test the quality
of the circuits. The term robustness has various meanings, but in the cur-
rent study, robustness is addressed as the ability of a system to maintain its
mechanical and dynamical behaviour under perturbation. From a biological
view, robustness is related to stability, homeostasis, canalization, redundancy,
and plasticity [37, 125, 142, 282], and can also be applied to dynamical process
in development [254]. In simulations of dynamical developmental processes
such as pattern formation, one should also expect robust behaviour within a
certain extent in the model [255]. In the current paper, model robustness is
addressed in two different perspectives. First, we investigate the quantitative
robustness of the model towards internal fluctuations in expression level. It is
known that presence of noise in gene regulation can lead to phenotype vari-
ation [23, 269]. There are some studies on the robustness of GRNs under the
influence of molecular fluctuation [50, 126] and show the importance of noise
and stochastic events [217]. In most cases, deterministic models are used to
infer GRNs from noisy data. It has been shown in several studies that the
robustness to noise mainly depends on the network structure instead of the
parameter setting [14, 92, 131]. Therefore, one way to discriminate between
circuits having different gene network but exhibiting the same pattern is to an-
alyze their behaviour under noisy conditions. Model-solutions showing more
robustness or stability can be considered for further analysis. Second through
simple parameter perturbation, we investigate how model-circuits behave dis-
tinctly. This analysis allows us to identify the parameters that have the most
significant influence on the model and to distinguish circuits that are less sen-
sitive to overall perturbation. The combination of these two analyses allows
one to discriminate between sets of circuits that are more robust, although they
are obtained from the same model description and quantitative data.

Using a local sensitivity analysis, determinability of some parameters were
studied in [6], where it was suggested that one could confirm on the nature
of some biological interactions for parameters that were shown to be identifi-
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able. Using a large set of parameters as base value, it is possible to examine the
robustness of the model. Zak et al. [50] showed how input perturbations and
stochastic gene expression influence the identifiability of a specific regulatory
network given gene expression profiles and prior structural knowledge. Us-
ing as starting point the parameters-set obtained in [78, 121] as base value, we
discuss how does input perturbation and stochastic simulation allow a model-
based robustness analysis of a model that leads to multiple circuits.

7.1 Robustness towards fluctuations

Gene transcription, degradation and diffusion inherently are stochastic pro-
cesses, which lead to fluctuations in gene expression levels. If expression levels
are high, these fluctuations generally do not affect the time evolution of the sys-
tem. In these cases the deterministic model and stochastic model will yield a
similar result. However if the system is non-linear and the fluctuations occur at
an early time in development, where levels are still low, fluctuations may lead
to different patterns. From a biological point of view this may not be favourable
because gene pattern defects can lead to aberrations in development, hence de-
velopment should be robust towards modest transient disturbances [10, 98].
Here we investigate if the circuits obtained from the optimization, which are
based on a deterministic model, are robust towards fluctuations. Analysis of
fluctuations in the bicoid gradient [294] suggests that the expression level of
bicoid is about five fold higher than the fluorescence unit. In our analysis we
assume that the expression level of all genes is five fold higher than the fluores-
cence unit. We have used the Gillespie algorithm [94] to introduce fluctuations
in the gene expression levels.

7.1.1 Stochastic model

We implemented a nonlinear stochastic deterministic differential equation model
of the gap gene where the dynamic is driven by the Gillespie stochastic simu-
lation algorithm [94]. The algorithm is intended for explicitly simulating in-
dividual reactions, and sampling the reaction probability density function for
determining the time step until the next reaction. This algorithm essentially
generates one possible, statistically correct, solution of a stochastic differen-
tial equation, the master equation. In the current case, the master equation
is based on the differential equation describing the concentration change of a
gene expression in a particular nucleus. Each equation describes three different
reactions : protein production, protein decay and diffusion. Only one reaction
can occur at a specific time. The Gillespie algorithm simulates the system by
choosing first in a probabilistic manner which reaction occurs, and then esti-
mates when does the next reaction will be realized. The all process is described
as follows:
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Algorithm 3 Gillespie
1: Initialize the protein quantities, and set the maximum running time
2: Determine the total reaction rate.
3: Determine the time for the next reaction to occur.
4: For each reaction determine the probability that it takes place.
5: Choose the reaction to occur during this time step. production, decay, or

diffusion
6: Execute the reaction determined in the previous step.
7: Update all reaction rates.
8: If the maximum running time has not been exceeded, go to step 2.

At the beginning, only a finite number of proteins are initialized. The total
reaction rate expressed at that time is determined based on the sum of all pro-
duction, decay and diffusion terms in all reactions. The time step until the
next reaction will occur is randomly determined as t�τ where τ is drawn from
an exponential distribution. Consequently for each reaction in each differential
equation the probability that this reaction has taken place during that time step
is determined. This probability is defined by the corresponding reaction rate in
the differential equation divided by the total reaction rate. To choose the single
reaction that has taken place during that time step, a number from the uniform
distribution on [0; 1) is randomly picked and the reaction is determined. To
determine the corresponding reaction, the interval [0; 1) is partitioned based
on the size of the previous probability. Each reaction is associated to a certain
gene for a certain cell. The selected reaction is update by updating the number
of protein for that gene in that cell. If the reaction is a protein production, one
protein is added and if it is a decay, one protein is subtracted. For diffusion, a
protein is subtracted in one nucleus and added in a, randomly chosen, neigh-
boring nucleus.

Since the algorithm is computationally, to speed the process, we have used
a method [93] that only calculates and updates reactions that have changed.
The probabilistic nature of the algorithm imposed us to run 100 simulations for
each of the 101 gap gene circuits. All simulations used the same initial condi-
tion and the number of molecules is 5 times the deterministic case (based on
[294]). For simplicity, analyses are only made on the final pattern (gastrulation
time) by comparing the deterministic simulation with the stochastic one.

7.1.2 Stochastic simulations

For each circuit we performed 100 stochastic simulations and analyzed the
quality of the final expression pattern at T � 68.1 min. In each run, by com-
paring the deterministic model with the stochastic model using a RMS cut-off
criterion, we counted how many of domains cad, hb-anterior (hba), hb-posterior
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(hbp), Kr, gt-anterior (gta), gt-posterior (gtp), kni and tll were considered to be
correct. For each circuit we also calculated an overall score by counting the
runs where all expression domains formed correctly (see Tab. 7.1). On average
the domains cad (99%) and hb-anterior (93%) show the best scores. The domains
of kni (86%), Kr (80%) and gt-posterior (81%) have an intermediate score. The
domains gt-anterior (66%), hb-posterior (70%) and particularly tll (47%) have a
low score. Most circuits have a very low overall score; only the top 25% of the
circuits have an overall score higher than 35%. Most of the circuits have a score
lower than 20%.

nr cad hb-a hb-p Kr gt-a gt-p kni tll all

7 100 99 94 93 88 92 96 94 73
12 100 100 98 84 67 100 100 100 66
80 100 100 98 94 72 99 100 83 63
48 100 95 100 100 98 96 100 67 62
26 100 100 95 87 77 97 100 80 62
36 100 100 99 76 61 100 99 95 61
87 100 100 97 97 60 100 100 100 59
35 100 98 100 95 97 82 92 75 56

8 100 100 92 82 71 96 98 92 55
47 100 100 93 78 70 80 99 98 54
22 100 100 95 80 56 100 98 99 54

4 100 99 96 79 65 88 97 96 54
14 100 100 89 84 68 100 100 80 52
20 100 100 100 80 52 100 100 95 51
42 99 99 89 84 60 99 97 79 46
46 100 68 100 100 97 100 100 65 45
72 100 99 92 68 61 77 87 100 41
24 100 97 83 96 92 64 93 71 40
81 100 99 84 81 72 85 95 75 39
71 100 100 62 81 67 100 98 97 39
25 100 100 78 84 62 83 96 86 39
38 100 94 74 87 78 59 95 100 38
40 100 100 96 81 47 97 90 81 37
75 100 100 63 78 72 100 98 58 36
11 100 100 100 44 35 100 100 100 34
13 100 97 70 91 80 89 93 59 33
30 100 99 76 99 94 75 97 56 30

6 100 95 100 75 89 42 50 82 30
61 100 71 100 100 99 98 99 39 29
37 99 99 74 82 62 90 100 51 29
74 100 100 70 78 64 97 99 46 27
10 100 100 63 96 67 98 100 43 27
78 100 100 82 95 66 99 100 46 26
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9 100 99 82 64 47 89 95 55 25
64 100 100 75 89 62 70 88 39 24
43 100 100 50 99 78 98 62 65 24
69 100 100 55 81 63 100 97 45 23
55 94 80 99 100 79 98 99 40 23
85 76 82 100 99 100 86 92 30 21
67 100 83 88 92 59 99 100 46 21
91 93 84 100 100 100 92 95 27 20
39 100 98 50 93 86 52 93 61 20
21 100 99 46 85 66 92 99 34 19
49 100 97 58 97 59 97 100 36 18
98 100 100 100 54 41 91 98 41 17
90 100 100 73 46 34 100 100 52 17
84 100 100 58 96 75 83 97 52 17
82 100 100 51 82 56 100 100 36 17
17 100 89 96 100 78 99 99 27 17
62 100 100 41 92 69 69 97 50 16
77 100 93 54 73 55 79 91 38 14
60 97 87 100 96 78 77 89 30 14
31 100 99 78 69 61 82 64 22 14
27 97 100 57 91 56 89 54 71 14
95 100 98 98 46 39 88 92 27 13
94 98 92 72 81 48 65 91 48 13
92 100 98 46 90 69 74 94 31 13
73 100 86 77 83 92 66 73 21 13
68 100 97 33 93 76 83 94 33 13
29 100 98 58 89 63 87 99 25 13
65 100 95 28 96 83 65 98 51 12
2 100 100 37 98 98 94 70 20 12

101 100 100 85 54 68 100 100 76 11
59 100 70 99 77 96 71 76 27 11
50 100 99 69 84 67 58 85 38 10
5 100 90 82 96 64 100 100 20 10

83 100 97 78 59 61 34 62 64 9
76 100 98 100 70 100 46 72 21 9
54 100 83 86 76 83 53 78 33 9
18 99 88 68 99 75 89 97 15 9
1 100 94 72 68 50 91 70 32 9

99 100 82 66 33 42 49 49 42 8
28 99 99 46 63 57 69 79 34 8
63 99 73 42 99 65 87 95 13 7
45 100 100 42 93 58 90 79 33 7
3 69 97 59 63 72 66 85 13 7

44 100 98 26 85 71 84 70 46 6
93 100 99 29 70 43 68 80 17 5
57 100 99 40 76 68 73 86 26 5
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34 84 80 100 100 72 94 96 12 5
32 100 99 33 96 58 73 90 10 5
23 99 75 38 83 62 75 94 12 5
15 99 97 25 83 54 81 88 20 5
96 100 85 60 45 52 42 38 37 4
58 98 83 97 80 71 56 76 14 4
52 100 94 98 32 28 69 67 26 4
51 100 99 74 58 37 97 94 23 4
33 99 80 26 72 73 33 54 18 4
16 98 91 33 56 54 74 92 24 4
88 100 95 24 91 56 94 65 57 3
70 100 98 34 79 61 78 87 7 3
66 99 97 15 86 63 66 80 32 3

100 100 99 57 67 84 52 22 13 2
89 100 83 49 76 61 72 71 24 2
79 78 100 30 45 33 85 86 6 2
19 100 100 31 90 70 90 44 38 2
53 100 99 78 32 24 85 52 7 1
97 100 86 25 37 19 50 13 12 0
86 97 32 99 72 60 59 76 4 0
56 100 59 16 71 60 46 67 14 0
41 100 78 55 59 80 67 48 10 0

avg 99 93 70 80 66 81 86 47 22

Table 7.1: For each circuits,100 stochastic simulations were run. The score is calculated
based on the overall pattern, but also the individual gene score. Genes expressed in two
domains (such as hb) have two different scores.

If all domains except one develop correctly the overall score is determined by
that domain score, however if two or more independent domains have scores
lower than 100%, the overall score will be lower than the individual domain
scores. For example, if all domains would have a score of 99% and are inde-
pendent the overall score would be 0.998 � 100% � 92%. However we also
observe interactions between domains, which leads to a higher overall score
than would be expected if they behave independently. In these cases, if one
domain yields a low score for a particular run, it is likely that another domain
also yields a lower score for the same run. This is typically observed between
adjacent domains. Notable examples are Kr and gt-anterior, hb-anterior and gt-
anterior, kni and gt-posterior, and gt-posterior hb-posterior and tll.

In Fig. 7.1 the patterns of eight different circuits are shown. In these graphs the
dashed lines represent the final profiles obtained from the deterministic model
and the solid lines the average profiles obtained from the stochastic simula-
tions calculated from the individual stochastic runs, which are shown in grey.
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In Fig. 7.2 the time-evolution of the expression level of different gene combi-
nations at a particular nucleus position are shown for the same circuits as in
Fig. 7.1. For comparison, the deterministic model is plotted using a solid red
line and all stochastic runs (100) using light coloured lines. At the end of these
lines a dot is shown, which represents the final concentration at T � 68.1min.
The end points were used to extract two clusters (with k-means clustering),
which are represented by the blue and green colour.

In Fig. 7.1A,B the final pattern formed during the stochastic simulations are
shown for circuit 48 and 11. Circuit 48 has an overall pattern score of 62% and
circuit 11 has an overall score of 34%. In circuit nr 11 all domains except Kr
(44%) and gt-anterior (35%) score 100%. Kr and gt-anterior show a strong inter-
action, if gt-anterior disappears then Kr expands into the gt-anterior domain.
In circuit 48 this interaction between Kr and gt-anterior is not present. In this
circuit especially tll is not well defined. Fig. 7.2A-B shows the trajectory of Kr
and gt at nucleus 35, for circuit 48 in almost all runs gt and Kr develop cor-
rectly, however in circuit 11 there are two possible outcomes of the stochastic
run. Here gt and Kr can develop correctly, however gt may also disappear and
completely be repressed by Kr. In this circuit there are two pathways for the
system to evolve, which may lead to two stable points or a single stable point
but two pathways. Jaeger et al. [120] suggested that non-overlapping gap gene
are mutually exclusive and have mutual repression. This result was confirmed
for gt and Kr by Ashyraliyev et al. [6]. Circuit 48 and 11 both show this strong
mutual repression but we believe that the bad stochastic score of gt-anterior
and Kr might be caused by the weak repression of gt by Tll.

In Fig. 7.1C,D the final pattern formed during the stochastic simulations are
shown for circuit 2 and 41. Both circuits have a very low overall score of 12%
and 0% respectively. In circuit 2, a very low score for hb-posterior, gt-posterior
and tll mainly causes this and for circuit 41 all domains except cad are not well
defined. In Fig. 7.2C,D the trajectories at nucleus 35 of hb and gt are shown.
For circuit 2 the pathway is well defined, in most runs both gt and hb evolve
similar to the deterministic model. However in circuit 41 the pathways are not
well defined at all and show variability. In circuit 2, we see that Hb represses
gt while Gt weakly activates hb, and inversely for circuit 41. It is suggested that
overlapping gap genes do not activate each other [6,120]. The poor robustness
of these 2 circuits is therefore a consequence of the wrong connectivity of these
2 interactions.

In Fig. 7.1E,F the final pattern formed during the stochastic simulations are
shown for circuit 5 and 24. Circuit 5 has a very low score of 10% and circuit 24
a score of 40%. Although circuit 5 has a low overall score both the kni and gt-
posterior domain score 100%, circuit 24 has a lower score for these domains. In
Fig. 7.2E,F the trajectories are shown for kni and gt at nucleus 69. In circuit 5 the
final points of the stochastic runs are very close to the final point of the deter-
ministic run. Although the final points are well defined, the pathway, which is
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a shift of both domains, to these points is quite variable. In circuit 24 the same
phenomenon is observed, only here Kni in some cases completely suppresses
gt. Both circuits show gt activation by Kni (weak), which seems to be a wrong
interaction [6,120]. Circuit 5 shows repression of hb by Gt and weak activation
of gt by Hb while circuit 24 shows the inverse mechanism. Based on the iden-
tifiability analysis obtained by Ashyraliyev et al. [6], it is suggested that Gt
does not repress hb and Hb does not regulate gt. However, the determinability
of these parameters has a very poor confidence and qualitative conclusion on
these interactions is still ambiguous.

In Fig. 7.1G,H the final pattern formed during the stochastic simulations are
shown for circuit 20 and 79. Circuit 20 has an overall score of 50% and cir-
cuit 79 has a very low score of 2%. In circuit 20 all domains except Kr and
gt-anterior are well defined. In circuit 79 all domains except cad are not well
defined. In Fig. 7.2G,H the trajectory of hb and tll at nucleus 92 are shown. In
circuit 20 most final points are very close to the deterministic model, however
in circuit 79 almost all points are far away from the deterministic model. In this
circuit the tll domain is repressed by Hb and completely disappears and the hb
domain continuous to grow. In some runs in circuit 20 (blue trajectories) we see
the same tendency of continuous tll repression combined wit hb increase. Cir-
cuit 79 shows very inconsistent regulatory mechanism with respect to available
literature [36, 54, 70, 268]. gt and hb show mutual activation, and Kni activates
kr. These interactions seem to be the wrong regulatory mechanism, leading to
stochastic instability and a very low pattern score.
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Figure 7.1: The patterns of eight different circuits. In these graphs the dashed lines
represent the final profiles obtained from the deterministic model and the solid lines
the average profiles obtained from the stochastic simulations calculated from the 100
individual stochastic runs, which are shown in grey.
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Figure 7.2: The time-evolution of the expression level of different gene combinations at
a particular nuclear position are shown for the same circuits as in Fig. 7.1. For compari-
son, the deterministic model is plotted using a solid red line and all stochastic runs (100)
with light coloured lines. At the end of these lines a dot is plotted, which represents the
final concentrations at T = 68.1 min. These end points were used to extract two clusters
(with k-means clustering), which are represented by blue and green colours. The left
panels show circuits with final points and pathways very close to deterministic model
and the right panels show less well defined circuits.
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7.1.3 Correlation between robustness and parameters

In Fig. 7.3 the correlation between the eight different expression domains scores
and all parameters are shown. The correlation pattern reveals that circuits with
higher promoter rates, diffusion coefficients and higher degradation rates are
more robust towards fluctuations. This suggests that higher rates tend to in-
crease robustness of the circuits. Except for W bcd

cad all maternal inputs correlate
negatively with pattern robustness. This suggests that strong maternal inputs
tend to reduce the robustness of the circuit. All negative inputs on cad show
a positive correlation, which suggests that strong Cad input weights tend to
reduce robustness. Furthermore, the inputs of Cad on all genes except tll show
a strong negative correlation, hence strong weights reduce robustness. In Fig.
7.4 the correlations is shown separately for circuits with promoter threshold
H � �2.5 and H � �3.5.
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Figure 7.3: Correlation between the score of the eight different expression domains ob-
tained from stochastic simulations and all parameters. Bright green represents a strong
positive correlation and bright red a strong negative correlation. Squares in white bor-
ders are the most significant correlations.
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Figure 7.4: Correlation between the score of the eight different expression domains
scores and all parameters obtained for solution with respectively H � �2.5 on the left
panel A, H � �3.5 on the right panel B. Light green expresses a strong positive correla-
tion and light red a strong negative correlation. Squares in white borders are the most
significant correlations.
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7.2 Robustness towards parameter perturbation

If a single parameter is slightly decreased or increased, the RMS of the simu-
lated pattern will increase because the quality of the fit to the gene expression
data reduces. The amount, or range, by which a parameter can be changed
before the fit becomes significantly bad, is a measure for the sensitivity of
the parameter for a particular solution. For each parameter within each so-
lution we computed the lower and upper value of a parameter where the RMS
increases by 20%, which corresponds to a situation where the gene pattern
becomes significantly bad. Hence, the lower value θn,i � ∆Ln,i is computed
from f�θn,i � ∆Ln,i� � 1.2 � RMSn and the upper value θn,i � ∆Un,i is com-
puted from f�θn,i � ∆Un,i� � 1.2 � RMSn , where RMS is the original RMS
value of the fit obtained from the optimization and f denotes the cost func-
tion, n denotes the solution number and i the parameter index. We define
the sensitivity interval as �θn,i � ∆Ln,i, θn,i � ∆Un,i� and the sensitivity as
Sn,i � � log� 1

2
∆Ln,i � 1

2
∆Un,i�. The average sensitivity of a solution and a pa-

rameter are defined as Sn � Pnp
i Sn,i~Nnp where np is the number of parame-

ters and respectively Sθi
� Pns

n Sn,i~Nns where ns is the number of circuit. The
lower relative sensitivity is defined as θn,i~∆L,i � 100% and the upper relative
sensitivity is defined as θn,i~∆U,i � 100%. From a biological point of view pat-
tern formation should be robust towards small perturbations in the parameters
[275].
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Figure 7.5: Parameter perturbation. (A) perturbation of the parameter W
gt

Kr
and in (B)

simulated gene expression after parameter perturbation.

In Fig. 7.2, sensitivity interval versus parameter value for Dgt, W kni
hb and W kni

gt

are plotted. For most circuits the lower value for the diffusion coefficient reaches
the value zero, hence the lower bound of SI is equal to the parameter value,
meaning that without diffusion the pattern still forms correctly. This phe-
nomenon is also observed for all other diffusion coefficients. Furthermore, the
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upper bound of SI does not scale with the parameter value, hence circuits with
very similar diffusion coefficients can have very different SIs. Non-scaling be-
haviour is observed for most parameters, another example is W kni

gt shown in
Fig. 7.2B. For this parameter, both the upper and lower bound do not scale with
parameter value, also here we observe that circuits with very similar parameter
values can have very different SIs; this was observed for most parameters. For
some parameters the SI does however scale with parameter value. For example
all decay time constants show scaling, but also some weights. Fig. 7.2A shows
the plot of Whb

kni, here both the upper and lower bound of the SI decreases with
smaller absolute parameter values. Hence the circuits become more sensitive
towards perturbations when the parameter is smaller in magnitude.
In Fig. 7.7 the correlation matrix, calculated on the basis of the SIs is shown.
The correlation pattern shows blocks on the diagonal, where circuit parame-
ters that regulate one particular gene tend to cluster together. For example,
in the case of Cad, if in a particular circuit a parameter that regulates cad has
a large SI, it is likely that the other parameters that regulate cad also have a
larger SI. This suggests that sensitivity appears to behave in a modular fash-
ion, where the genes represent modules. One exception is Kr and Gt, which
both are found in the same cluster, suggesting these two genes interact with
each other. This correlation is caused by their strong mutual repression [6],
forcing them to act in similar way to perturbation.

7.2.1 Circuit sensitivity

To investigate which parameters and which circuits are more sensitive than
others we have calculated the average sensitivity on a logarithmic scale for
each parameter and each circuit (see methods). Then the SI of each parame-
ter value in each circuit was plotted using an intensity plot, where the colour
corresponds to: � logSI . The parameters and circuits were ordered in Fig. 7.8
according to their average sensitivity, showing the parameters with smallest SI
and most sensitive circuit at the top right corner. From Fig. 7.8 it can be seen
that the difference between the smallest and largest SIs are 4 log units. The
circuits are less sensitive with respect to diffusion coefficients, promoter rates,
decay time constants and promoter threshold. Circuits are most sensitive with
respect to W cad

x weights followed by the auto-regulation weights W x
x .

Because the different parameter types (diffusion, decay, promoter rate, thresh-
olds and weights) are not on the same scale we also calculated the average
relative sensitivities of the circuit parameters (see Tab. 7.2. This approach can
however be problematic, if the parameter values are close to zero, possibly
yielding a very high relative sensitivity. Therefore these outliers were removed
from the analysis. Using this measure, the least sensitive parameters are the
diffusion coefficients with a relative sensitivity of about 100-200%. The thresh-
olds are now more comparable with the weights and have a relative sensitivity
of about 1%. Furthermore the W cad

x weights are still amongst the most sensi-
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Figure 7.6: Distribution of sensitivity interval versus parameter value. (A) Plot of hbkni

sensitivity interval. Here both the upper and lower sensitivity interval scale with abso-
lute parameter values. Hence the parameter becomes more sensitive when it is smaller
in magnitude. (B) W

gt

kni
sensitivity shows non-scaling behaviour, which is also observed

for most other parameters. Furthermore, circuits with very similar parameter values
can have very different sensitivities; this was also observed for most parameters. (C)
Diffusion sensitivity illustrated by Dgt. For most circuits the lower value for the diffu-
sion coefficient reaches zero, hence the lower sensitivity interval is equal to the param-
eter value, meaning that without diffusion the pattern still forms correctly.

tive parameters with a relative sensitivity of about 0.5-1%. From Fig. 7.9 we see
that the average sensitivity of the circuits varies from one to another. Certain
parameters in the least sensitive circuits, notably weights related to tll and cad
tend to have lower sensitivities. By comparing the least sensitive circuits with
the more sensitive circuits using a t-test several parameters where found that
are significantly different in these groups. These are in fact the parameters that
show scaling between sensitivity and parameter value Whb

T ll, bcdTll, W
gt
T ll

, WTll
kni ,

WTll
Kr , W cad

Kr , W cad
gt and W cad

kni .
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Figure 7.7: The correlation pattern calculated on the basis of sensitivity intervals. The
correlation matrix shows blocks on the diagonal, where circuit parameters regulating
one particular gene tend to cluster together.

The standard deviation of the circuit parameters can be quite large compared
to the average parameter value (as shown in Fig. 6.3). And furthermore, av-
erage parameter value and standard deviation strongly correlate (r � 0.81). In
Fig. 7.9 the average � logSIs versus standard deviation is plotted. Amongst
similar parameter types (weights and non-weights) no correlation is observed
between SI and standard deviation. This suggests that if a parameter is very
variable across the circuits, i.e. it is not well-defined [261], it is not necessary
less sensitive. A notable example is bcdcad and W cad

T ll , which both have a simi-
lar standard deviation but differ in sensitivity by 2 log units. Furthermore, we
also observe that the standard deviation on average is much higher than the
sensitivity interval.

7.2.2 Model sensitivity vs. pattern robustness

In Fig. 7.10 we have plotted the average sensitivity versus the overall score of
the circuit. In this figure the circuits with promoter threshold Hhb,Kr,gt,kni �
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Figure 7.8: Intensity plot of the sensitivity of all parameters and all circuits sorted ac-
cording to the average parameter sensitivity and average circuit sensitivity. The most
sensitive parameter and most sensitive circuit is shown at the top right.
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Figure 7.9: Relationship between average � log SIs (on the y-axis) and parameter stan-
dard deviation (on the x-axis). It shows that there is no obvious correlation between SI
and STD. Parameters identifiability is not necessarily linked to SI.
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parameter mean parameter value average lower value average upper value relative lower (%) relative upper (%)

DKr 0.246 0.173 0.196 70.39 79.52
Dcad 0.242 0.242 2.174 100 898.07
Dgt 0.201 0.192 0.416 95.23 206.54
Dhb 0.238 0.23 0.548 96.8 230.29

Dkni 0.292 0.258 0.436 88.43 149.35
Dtll 0.278 0.278 0.698 100 250.82
HKr -2.97 0.014 0.013 0.49 0.44
Hcad 5.961 0.112 0.098 1.87 1.64
Hgt -2.97 0.015 0.016 0.51 0.52
Hhb -2.97 0.041 0.036 1.38 1.21

Hkni -2.97 0.033 0.033 1.13 1.13
Htll -1.613 0.028 0.03 1.76 1.89
LKr 7.649 0.275 0.284 3.6 3.72
Lcad 14.912 1.121 1.012 7.52 6.78
Lgt 5.768 0.2 0.212 3.47 3.67
Lhb 7.472 0.348 0.374 4.66 5

Lkni 7.252 0.457 0.522 6.31 7.2
Ltll 6.745 0.341 0.359 5.05 5.32
RKr 20.756 0.297 0.281 1.43 1.36
Rcad 24.235 2.13 2.154 8.79 8.89
Rgt 27.199 0.419 0.429 1.54 1.58
Rhb 21.926 0.731 0.696 3.33 3.18

Rkni 23.302 0.766 0.762 3.29 3.27
Rtll 24.464 0.58 0.607 2.37 2.48

bcdKr 4.49E-02 8.05E-04 5.57E-04 1.79 1.24
bcdcad -2.37E-02 1.39E-02 1.42E-02 58.53 59.76
bcdgt 5.61E-02 7.09E-04 1.13E-03 1.26 2.02
bcdhb 2.41E-02 2.68E-03 3.23E-03 11.12 13.38

bcdkni 2.70E-02 4.48E-03 4.41E-03 16.59 16.34
bcdtll -8.01E-02 7.42E-03 7.08E-03 9.26 8.83
Kr�Kr 2.00E-02 9.30E-04 8.32E-04 4.64 4.16
Kr�cad -2.51E-02 6.71E-03 5.17E-03 26.68 20.55
Kr�gt -7.54E-02 1.49E-03 1.63E-03 1.98 2.17
Kr�hb 4.23E-05 1.61E-03 1.46E-03 3793.97 3440
Kr�kni -4.51E-03 1.28E-03 1.25E-03 28.32 27.82
Kr�tll -5.14E-02 4.83E-03 4.66E-03 9.39 9.07

cad�Kr 2.38E-02 1.27E-04 1.25E-04 0.53 0.53
cad�cad -2.81E-02 9.13E-04 8.00E-04 3.25 2.85
cad�gt 2.12E-02 1.41E-04 1.34E-04 0.66 0.63
cad�hb 1.46E-02 4.25E-04 3.51E-04 2.91 2.4
cad�kni 2.52E-02 2.52E-04 2.55E-04 1 1.01
cad�tll 1.79E-02 2.17E-04 2.36E-04 1.21 1.32
gt�Kr -4.19E-02 1.05E-03 9.60E-04 2.51 2.29
gt�cad -3.25E-02 3.71E-03 2.84E-03 11.42 8.75
gt�gt 1.47E-02 6.33E-04 5.80E-04 4.32 3.96
gt�hb 6.95E-03 1.91E-03 1.62E-03 27.49 23.27
gt�kni -1.85E-02 2.12E-03 1.98E-03 11.42 10.65
gt�tll -1.80E-02 1.41E-03 1.54E-03 7.81 8.55
hb�Kr -4.23E-03 4.22E-04 2.88E-04 9.99 6.8
hb�cad -3.52E-02 4.83E-03 3.75E-03 13.73 10.68
hb�gt -1.21E-03 3.27E-04 5.06E-04 26.95 41.74
hb�hb 1.98E-02 8.63E-04 7.94E-04 4.35 4
hb�kni -5.61E-02 4.91E-03 4.79E-03 8.77 8.54
hb�tll -2.15E-02 2.20E-03 2.29E-03 10.19 10.63
kni�Kr -1.30E-02 1.20E-03 1.14E-03 9.29 8.82
kni�cad -1.92E-02 4.96E-03 4.50E-03 25.81 23.41
kni�gt 1.51E-03 9.37E-04 9.81E-04 62.21 65.13
kni�hb -1.08E-01 1.26E-02 9.90E-03 11.72 9.2
kni�kni 1.83E-02 1.29E-03 1.33E-03 7.08 7.3
kni�tll -5.02E-02 3.41E-03 3.63E-03 6.79 7.23
tll�Kr -9.06E-02 5.62E-03 5.19E-03 6.21 5.74
tll�cad -1.97E-02 3.59E-03 2.09E-03 18.22 10.6
tll�gt -2.44E-02 2.32E-03 2.05E-03 9.52 8.39
tll�hb 1.25E-03 1.23E-03 5.94E-04 98.45 47.61
tll�kni -8.91E-02 6.32E-03 6.18E-03 7.1 6.93
tll�tll 1.67E-02 7.74E-04 7.85E-04 4.63 4.7

Table 7.2: Table shows the relative and absolute parameter sensitivity intervals. Colours
indicate the level of sensitivity where green are the least sensitive (such as the diffusion
coefficient) yellow intermediates and red the most sensitive’s.



7.2. ROBUSTNESS TOWARDS PARAMETER PERTURBATION 145�2.5 are shown in blue and the circuits with Hhb,Kr,gt,kni � �3.5 in red. The
circuits with an average sensitivity higher than 2.05 are significantly less ro-
bust towards fluctuations than the circuits with an average sensitivity lower
than 2.05. The circuits with H � �3.5 are more sensitive than the circuits with
H � �2.5. Furthermore the robust circuits have a better overall pattern score on
average; however lower sensitivity does not necessarily yield a good pattern
score. This suggests that the average sensitivity is not the only determinant
for robustness towards fluctuations. In Fig. 7.11 the correlations between pa-
rameter SIs and stochastic simulation of individual gene domain robustness is
shown separately for circuits with promoter threshold H � �2.5 and H � �3.5.
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Figure 7.10: Scatter plot of pattern scores versus average circuit sensitivity. On the x-
axis, average sensitivity of a circuit is plotted and on the y-axis the overall pattern score
as percentage, which was obtained from 100 stochastic simulation runs. This figure
shows that sensitive circuits are not robust towards fluctuations.
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Figure 7.11: Correlation between the score of the eight different expression domains
scores and all the parameter sensitivity intervals obtained for solution with respectively
H � �2.5 on the left panel A, H � �3.5 on the right panel B. Light green expresses a
strong positive correlation and light red a strong negative correlation. Squares in white
borders are the most significant correlations.
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7.3 Discussion

The 101 gap gene circuits were previously obtained with inverse modelling
[78, 121] of a seven gene (bcd, cad, hb, Kr, gt, kni and tll) connectionist model
using detailed spatio-temporal gene expression data [190]. All circuits were
selected only on the basis of a low RMS value (RMS B 12), and in all cases
the circuits were able to reproduce the dynamics and the patterns accurately.
However, the parameter values of the circuits appeared not to be well defined,
for some parameters multiple clusters were found, which represented multiple
circuit topologies. Furthermore many parameters showed a single cluster with
a high degree of scattering around the mean (see Fig. 6.3). To further analyze
the properties of the model and to classify the quality of the circuits we con-
ducted a perturbation analysis. We analyzed the robustness of 101 Drosophila
melanogaster gap gene circuits using two different approaches, first the robust-
ness of pattern formation towards intrinsic fluctuations in gene expression lev-
els was investigated using a stochastic model and secondly the sensitivity of
the circuits with respect to the parameters in the model was investigated using
a simple parameter perturbation technique.

Robustness of domain formation Introducing fluctuations in the model had
a profound effect on the formation of the expression patterns. Although some
of the circuits showed robust formation for most domains, none of the circuits
were sufficiently robust when looking at the formation of all the domains. We
observe that fluctuations can lead to an increase or decrease of domain am-
plitudes (see Fig. 7.1). Furthermore we also observe posterior and anterior
boundary shifts, which leads to domain expansion, domain contraction or do-
main shifts. We also observe that domains completely disappear or that do-
mains appear in other regions, where they repress other domains. Especially
in a significant number of circuits the anterior domains gt and Kr did not form
robustly during the simulations. The least robust was the Tll domain at the pos-
terior end, this domain interacted with gt and hb, which all showed defects in
many circuits. We believe that tll weak robustness is caused by an incomplete
model where gap gene are regulating tll which is inconsistent with experimen-
tal evidence [30, 120].

Looking at the evolution of the system in phase space, we found that the path-
ways in many cases were not well defined, which appeared to be linked to
the existence of multiple attractors. The fluctuations allowed the system to
jump from one attractor to another, causing the system to evolve into a pattern
very different compared to the deterministic model. This suggests that by us-
ing the reverse engineering approach many circuits can be found, which are
well defined for the deterministic case but not for the stochastic case. Multi-
ple attractors can easily occur in a non-linear model with many parameters,
where overfitting may lead to many connections in the circuits. Also the type
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of feedback loops may be crucial, e.g. cad has a negative auto-regulation, which
reduces the effect of fluctuations, however all other genes have strong positive
auto-activation [49,65]; in these cases fluctuations are amplified if there are no
negative feedback loops associated with the increase of the expression level.

The effect of certain parameters on robustness The connectionist model con-
tains a promoter threshold for each gene, which determines if gene production
is on or off when there are no other inputs. In the current gap gene model
the production of hb, Kr, gt and kni can only be turned on by maternal in-
puts or by auto-activation, therefore the promoter threshold are set to a fixed
negative value, which was either H � �3.5 or H � �2.5. Looking at the robust-
ness of individual circuits, we find that circuits with promoter threshold set to
H � �2.5 are more robust towards fluctuations compared to circuits with pro-
moter threshold set to H � �3.5, and also their parameters are on average less
sensitive. In general we find that weaker maternal inputs from bicoid and cau-
dal increase the robustness with respect to fluctuations. Furthermore higher
promoter rates, decay rates and diffusion coefficients improve the robustness
towards fluctuations.
We have seen that circuits are relatively less sensitive with respect to diffusion
coefficients, and with some extent, to decay time constant. Regarding the diffu-
sion coefficient, this result confirms observations made elsewhere where it was
suggested that the diffusion is not essential to explain precise gene expression
pattern formation [2, 121], but the diffusion term does account for the bound-
ary nuclei effect [101]. It was also shown by Nusslein-Volhard et al. [196] that
the effect of diffusion is reduced with the exponential increase of the number
of nuclei. Also, Gregor et al. [100] showed that diffusion coefficient does not
scale with varying embryos length. In Tab. 7.2, we showed that the rest of the
parameters have a mixed sensitivity behavior and do not fall into a specific cat-
egory. Some of the weights are very sensitive and some are not, idem for the
production rate. Although we do not have precise biological explanations re-
garding the difference of the sensitivity behaviour of the parameters, it might
be interested to experimentally investigate if such difference is a property of
the connectionist model or a characteristic of the regulatory mechanism. The
sensitivity information can then guide the selection of the optimal mutation
targets and thereby reduce the experimental effort. This validation could be
done for example by measuring mRNA degradation rate of zygotic Hb in em-
bryos with over expressed maternal hb, or by measuring the binding affinity in
mutants. Also one could consider inducing genetic mutation to control kinetic
parameters that can be measured [73].
We also find that certain parameters that regulate posterior Tll and also some
parameters that regulate gt-anterior and Kr affect robustness of the correspond-
ing domains. Furthermore we find that robustness and parameter sensitivity
are linked. Especially for the group with a lower promoter threshold we find
that circuits with a lower average sensitivity are more robust towards fluctu-
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ations. These results show that in the current gap gene model not just the
network topology but to a large extent the precise value of the parameters de-
termines robustness. We noticed that inputs of cad to other genes correlate
negatively with robustness, these parameters are amongst the most sensitive
in the model, with a � logSI in the order of 4. If we assume that fluctuations
are proportional to the square root of the concentration level (this is a reason-
able assumption for steady production) the relative fluctuation level is about
1~ºn � 100%, where n is the number of molecules. For n � 100, n � 1000 and
n � 10000 the relative fluctuation level then is 10%, 3.2 % and 1%. The most
sensitive parameters in the model have a relative sensitivity of about 0.5 � 2%

(see table 1 supplementary material). This holds assuming that 20% of the cir-
cuit RMS is a critical cut-off.

Attempt to deduce some of the regulatory interaction Based on the results
obtained in the previous chapter (focussing only on circuits that have regula-
tory interactions consistent with experimental evidence) and the current cor-
relation analysis, we ignore parameters that are still unclear being indeter-
minable, we focus on those having very weak cross-correltions, the parameter
estimates suggest that the following regulatory interactions can be trusted:

1. All the gap gene are activated by Cad. (very weak correlation coefficient
for any W cad

Hb,gt,kr,kni)

2. All the gap gene but kni are activated by Bcd. (very weak correlation
coefficient for any bcdHb,gt,kr)

3. Hb, Kr gene have an auto-activation. (very weak correlation coefficient
for any W a

a )

4. kni does not have a auto-repression (W kni
kni A 0), but certitude on auto-

activation can not be deduced (strong correlation coefficient with most
parameters)

5. Mutual repression between Hb and Kni

6. Mutual repression between Gt and Kr

7. Kr does not regulate hb (no correlation with any other parameter)

8. Kni represses the central domain of hb

9. Asymmetric repression from right to left of Hb x Krz kni z Gt z Hb.

These interactions are consistent with the regulatory mechanism proposed in
[121] as well as those obtained in early literature [36, 54, 70, 89, 106, 119, 183,
223, 258, 283]. Also, these interactions are defined by the parameters that were
reported to be identifiable in [6]. The alternative interactions proposed by
the other circuits are consequence of over-fitting leading to parameters having
wrong qualitative regulation compensate by other parameters.
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7.4 Conclusions

In this chapter, we have provided a robust analysis of the model used to infer
the gap gene regulatory network of Drosophila melanogaster. The model has
been extensively used elsewhere [78,121,206] to simulate and provide some ex-
planations concerning the regulatory mechanism that leads to precise pattern
formation. Unfortunately, many assumptions were based on a limited num-
ber of circuits obtained using simulated annealing and previous researchers
assumed that the model was correct with a correct topology. We have shown
that the mathematical model leads to different circuits all capable of reproduc-
ing the quantitative spatio-temporal gene expression pattern. Consequently, it
is difficult to decide based solely on the architecture which circuit is the correct
one.

Robustness towards fluctuation has revealed that the overall gap gene domain
tends to be poorly resistant to perturbation and this weak property could be
related to some particular interactions predicted by the circuits. Furthermore,
parameter perturbation analysis has shown that the circuits with lower sensi-
tivity do not necessarily yield to robustness to fluctuation. The reason for these
few exceptions is related to the promotor threshold and to local domain ro-
bustness, which can considerably affect the overall global robustness. Overall,
the analysis shows that the network possesses modular robustness and some
local properties may affect the robustness of a gene expression locally as show
in Fig. 7.11. This feature is strongly related to the network topology as well as
the interaction weights.

From a biological point of view, this paper has shown that it is difficult to relate
the connectionist model with biological evidence. The model ability to simu-
late the gene expression does not necessarily provide meaningful information
since alternative networks are predicted. Therefore, it would be interesting to
test some of the different alternatives, especially when there is not yet any ex-
perimental evidence to invalidate. However, it was recently demonstrated that
it is still possible to draw qualitative conclusions on the regulatory topology of
the gap gene network [6,80]. The overall analysis has shown that based on the
robustness toward gene expression fluctuations and parameter perturbations,
it is possible to identify robust circuits as well as the parameter that are iden-
tifiable according to their sensitivity intervals. For a computational/system
biologist, this shows that it is essential to further analyze a model prediction,
when results are obtained from reverse engineering based on parameter esti-
mation, since some of its properties may or may not invalidate the results.

This analysis revealed some of the limitations of the way reverse-engineering
was conducted. The next chapter will provide some preliminary suggestions to
efficiently improve the GRN inference to avoid reverse engineering that leads
to circuits with different topologies.
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Discussion

In this dissertation, we have addressed the problem of inferring genetic regula-
tory network (GRN) capable of simulating spatio-temporal gene expressions.
We have used as a case study a model capable of simulating pattern of the
early development of Drosophila melanogaster. This model served as a basis to
investigate several aspects of the robust inference of GRNs by means of reverse
engineering. In particular, this work focused on the parameter estimation, the
sensitivity and the robustness of inferred circuits. This chapter reviews the
different problems and results presented in this thesis and summarises their
implications. From these conclusions, directions for future research on the pos-
sible improvement of the reverse engineering approach are discussed.

8.1 Overview

8.1.1 Parameter estimation by Evolution Strategy

The main focus of this thesis was the problem of parameter estimation of math-
ematical models describing biological systems and the reliability of the infer-
ence. In Chapter 2, an overview of the most frequent used approaches to esti-
mate unknown parameter is given. We discussed methods to fit the parameters
of a mathematical model to experimental data and to analyze the results. Un-
fortunately, we cannot recommend one or the other algorithm as the method
to search for parameters. An optimal use of a method, especially of the global
ones, is problem-dependent. In practice, convergence to the minimum is not
guaranteed and if it does, it is at a very high computational cost. Some studies
(see Section 2.2.4) suggested that it is convenient to combine global and lo-
cal methods to achieve satisfactory results and performance. In chapter 3, we
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have presented a hybrid optimization method based on evolutionary strategy
as global search followed by direct search algorithm as local optimizer. The
global search is based on the stochastic ranking evolutionary strategy (SRES)
introduced by Runarsson and Yao [234]. We have extended this method by
proposing an island-based �µ,λ� �ES.

The motivation behind the implementation of such algorithm is the need for a
fast and efficient parameter estimation method for the reverse engineering of
complex spatio-temporal model of GRNs. In order to understand the mecha-
nism behind the dynamical control of the gap gene segmentation, Jaeger et al.
[120, 121] inferred a GRN model of a dynamical system with 62 unknown pa-
rameters from quantitative spatio-temporal expression data [211]. Although
the model could be spatially reduced to one dimension, the fitting procedure
was highly computationally expensive. Using parallel simulated annealing
(PLSA) [45, 155, 156], it took between 8 to 160 hours on ten 2.4-GHz Pentium
P4 Xeon processors [120, 121]. The computational cost of the PLSA limited
the selection to ten gap gene circuits out of 40 results on the basis of their
RMS (B 12). Using the approach presented in Chapter 3, in Chapter 4, we
have demonstrated that our method, �µ,λ�-ES followed by a Downhill sim-
plex search, leads to similar qualitative and quantitative solutions. Three main
important results were derived from this chapter:

1. Reduction of the computational time. The �µ,λ�-ES followed by a lo-
cal search, requires less computational time (8-11 CPU-hours), and less
resources (one 3.4-GHz processor) to achieve solutions as good as the
one obtained with PLSA (between 8-160 CPU-hours using 10 parallel 2.4-
GHz processors), making our method 5–140 times as fast.

2. Higher percentage of "good solutions". Because of the stochastic nature
of ES or PLSA, many trials are mandatory in order to reveal good guesses,
and also gain confidence in the results. Approximately 50% of the trials
have good score compared to the 25% performed by PLSA presented in
[120, 121].

3. Sequential Island-based �µ,λ�-ES is preferable to �µ,λ�-ES. The island-
based �µ,λ�-ES approach followed by DS even increases the ratio "good
solutions" to 62% using the same amount of work.

4. Easy parallelization of the island-based �µ,λ�-ES. Recently, Jostins et
al. [129] have implemented a parallel version of the algorithm and have
demonstrated that the percentage of good solution was higher (about
75%) compare to a PLSA, both computed with same amount of resources
within the same time. These new findings corroborate our conclusions
presented in [78]
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8.1.2 Circuit analysis and robustness

Jaeger et al. [121] suggested that the anterior shifts in the position of the gap
domain are based on a regulatory mechanism that relies on the asymmetric
gap-gap cross-repression (see Section. 4.1.1). Their conclusions were derived
from a graphical analysis based on 10 gene circuits obtained using a PLSA.
The number of circuits (81) obtained from our optimisation in Chapter 4 al-
lows for a more extensive analysis.

Pattern validation The first validation criterion is the quality of the least
square error presented in Equation 4.5. If a circuit has a low RMS, it is selected
for further analysis. In Chapter 5, we have presented a simulated pattern anal-
ysis of our results [78, 80] and those obtained by Jaeger et al. [120, 121]. Over-
all, all the circuits present very well fit with respect to the observed data. This
combination leads to 101 circuits patterns that were analysed in two manners.
First, we have analysed the gastrulation (final time point) patterns of the cir-
cuits by means of clustering technique. The relative simplicity of this approach
permits the identification of circuits showing minor patterns’ defection. It also
considerably highlights the regulatory mechanisms that lead to bad patterning
if present. As shown in Fig. 5.2, it is possible to detect if the surplus expres-
sion of a gene A in a specific region is linked to the surplus expression of gene
B in the same region. From this analysis, we see that the hb anterior deep is
caused by Gt repression. Consequently, Hb activates gt and to maintain locally
posterior gt at its normal level, there is a surproduction of tll causing a bump
(to compensate for Hb activation of gt). This bad patterning suggests that Gt
should not repress hb. Similar analysis on the bad patterning of kr allows to
identify that in the absence of Gt repression, kr presents a bump at gt anterior-
posterior domain, suggesting that Gt should repress kr. We did not performed
any experimental validation of these predictions, but we believe that by small
mutation in cis-regulatory regions, it might be plausible to check if these regu-
lations are qualitatively precise.

From the clustering analysis, we have seen that although all the circuits show
"good" patterns, they do not necessarily present the same topologies. It is there-
fore essential to identify circuits that are more plausible to have a network cor-
responding to the assumed biological correct one. One approach to discrim-
inate among the circuits presented in Section 5.2 is to focus on the long term
dynamic of their patterns. We have assumed that one of the requirements for
gap gene pattern stability at later times may be motivated by its cascade-like
hierarchical network: the gap genes activate and determine the periodic pat-
terning of the pair rule genes. Therefore, we have assumed that gastrulation
time corresponds to the time at which the pattern reaches its steady state.
Few different alternative models (logical model, regulator Hill function) have
been proposed to describe the establishment of maternal and gap proteins seg-
mental patterning along the antero-posterior axis of the Drosophila early em-
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bryo [2, 18]. Sanchez et al. [237] have used a logical model in which pre-
defined functional threshold concentrations for the proteins were used and
(gastrulation) was assumed. Alves et al. [2] have proposed a ODEs based
model with fixed parameters in which they have assumed that the expression
of the proteins of maternal origin remains at steady state. In 2007, Bergmann
et al. [18] proposed a model based on individual threshold using Hill func-
tion but they failed in simulating the gap gene domains and dynamic. The
main difference and strength of the gene circuits approach is to not explicitly
describe the system’s steady state and to have a dynamic completely driven by
the regulatory mechanism.
The long-term dynamics of the circuits showed that the patterns converge to
four main attractors (two stable and two oscillators). We have observed that
one of the patterns attractors corresponds to the gastrulation pattern. We have
shown that all circuits having their long term dynamic patterns converging to
this attractor are those with the regulatory mechanism consistent with exper-
imental evidence. From this observation, we suggest that long term dynamic
can contribute in identifying robust circuits in terms of structural stability and
using the gene circuit approach, we don not have to explicitly describe the
steady state to capture the mechanism that leads to this stationary point. How-
ever, biologically speaking, the expression of the gap gene starts to shut down
at around the final time, which is not the case in our simulations. The model
could not simulate the transient genes and as far as we know, there is no avail-
able literature explaining the causes of the gap genes disappearance. We ob-
served that in the presence of strong autoactivation, the gap genes are main-
taining their gene expression after gastrulation instead of allowing a progres-
sive fade. The inability of the circuits to predict this disappearance suggests
that either an additional mechanism not present in the model is provoking the
gap gene vanishment or the model failled to captured the complete network, if
we assume that the gap gene is an autonomous system.

Robustness of the circuits In Chapter 6, we have examined the identifiabil-
ity of the parameters by analysing the circuits’ parameters. We have shown
that most parameters seem to be well defined, few of them are considerably
scattered. It is essential to have a clear confidence in the parameters to deduce
the network. Parameters showing alternative sign suggest alternative regula-
tion (activation/repression). The scattering of some parameters suggests that
either many alternative networks can predict the pattern or the model is sub-
ject to an over-fitting. Assuming the second hypothesis, we have analysed the
correlation among parameters and showed that they are strongly correlated.

The reverse engineering of complete artificial data obtained from the simula-
tion of a circuit lead to circuits with very low RMS. Although the parameter
scattering is reduced, we see from Fig. 6.14 that the parameters having a very
broad scattering in the original results given in Fig. 6.1 still show some scatter-
ing. The correlation matrix given in Fig. 6.15 also shows complex correlation.
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We observe that some of the parameters are still not determinable and there-
fore, we conclude that the poor identifiability must principally emanate from
the model instead of the data.

In Chapter 7, we have investigated the robustness of the circuits with respect
to parameter perturbation and stochastic fluctuation. Intrinsic noise in gene ex-
pression is present at the cellular level [48,269] resulting from mRNA and pro-
tein fluctuation and environmental conditions [230]. By introducing noise by
means of stochastic simulation of the gene expression level, we have showed
that the robust circuits are those with very precise domain formation. The goal
was to analyse the stability to stochastic gene expression fluctuation of each of
all the circuits. Ideally we expected that a "good solution" has its mean over-
lapped with the deterministic solution and the gene profile would have a very
small deviation from the mean. Unfortunately it was not the case. Stochastic
simulation of the circuits showed that the genes have different domains and
boundary precisions. Nevertheless, some circuits were identified as very ro-
bust, independently of their regulatory interactions. It is suggested that these
interactions cause gap domain boundaries to shift and are required to convert
noisy early patterns into precise late ones [122, 168]. Manu et al. [264] sug-
gested that gap-gap cross regulations increase spatial precision by means of
feedback mechanism. How results show that although the circuits predict pre-
cise gap domain boundaries, in the presence of noise, the system breakdown.
The simple stochastic formalism used here provides preliminary evidences that
the gap-gap interactions are not sufficient to explain the robustness of the gap
gene patterning. However, it is known that maternal gene such as Bcd con-
siderably contributes in the robustness of the gap gene [2, 18, 108, 168]. In the
current model, the gap gene was not properly used and this fact may contribute
in the poor robustness of the circuits.

Dynamics of the patterns The circuits have different asymptotical behaviour
(stable or oscillatory) with very few close to the expected steady-state pattern
as shown in Figs. 5.6 and 5.7. We observed that in the presence of motifs such
as positive-negative feedback and autoactivation, the network tends to lead to
oscillatory patterns. In [121], it was suggested that kni and posterior gt shift
is caused by an asymmetry gap -gap repression. Here we suggest that in com-
bination with this asymmetric repression, hb expansion is strongly related to
the shift and might be the trigger of the shift. We also showed that alternative
networks leading to the same pattern with the dynamical shift, could be con-
sidered. It would be interesting to experimentally verify this assertion by an
artificial increase the level of Hb protein at the posterior of the embryo.

Over-fitting Beside Hb patterning showing two different late-anterior pro-
files as illustrated in Fig. 5.2, all the others gap genes have good profiles that
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are consistent with the observation. Nevertheless, the parameter distribution
show major scattering for many parameters (see Fig. 6.3). In an effort to un-
derstand the cause of their broad distribution, through correlation analysis, we
have demonstrated that solutions with completely different topology could all
lead to good simulations with realistic patterns and this suggests an overfitting
problem. Although the nature of the overfitting is not well known, we believe
it is a consequence of many reasons such as:

• missing data at some time points (late cad, early Tll) (see Fig. 5.1)

• incomplete description of the observation: the model does not explicitly
incorporate all the data features such as late degradation of cad, hb.

The incomplete model leads to complex correlations between parameters that
can be classified as:

• direct correlation describing compensation of an interaction on another
one in an effort to maintain the simulated gene expression level at its
normal rate (compared to the observation). This occurs when the gene
change rate remains at the same level while changing different parame-
ters. Typical example is the strong correlation of production rates and
decay rates, or the compensation between positive input weights and
negative input weights acting on the same domain.

• co-correlation describing the relation between two parameters acting on
separate domain to control the boundary definition of a gene expressio.
If gene "A" controls the left boundary domain of a gene "C" by repression
and similary, if a gene "B" controls the right boundary domain of the same
gene "C", there is a positive co-correlation between the two repressors:
A Ú C and C Ú C.

• indirect correlation resulting from variation in the gene concentration.

Typically weight compensation among regulatory parameters as well as non-
regulatory parameters can occur if the time derivative, or gene change rate is
remaining the same, while changing different parameters. Examples of these
are the promoter rates R and the decay rates λ, which both scale the expres-
sion profile, but in different directions and in general show strong correlation
patterns. Furthermore, the input weights on a single gene can also compensate
each other. If a positive input on a gene becomes stronger, increasing negative
weights or decreasing positive weights can adjust for the increased total input,
such that the total input on that gene is not altered much. However, these cor-
relation patterns are quite variable and difficult to predict and strongly depend
on the precise spatial pattern.

Error with respect to the data Although some rigorous techniques (see [148])
have been used to extract quantitative information, one can not ignore the in-
accuracy in measurement. This error might be caused by the type or amount
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of antibody used for the fluorescent staining or the antigen purification pro-
cess. An embryo is always stained simultaneously for three different genes.
Each gene is stained using the same amount and type of antibody in each em-
bryo. This could mean that the error measurement is different for two different
genes. Also, usage of integrated data may not necessary reflect the expression
of all the genes, but as mentioned by Surkova et al. [263], without the ability
to simultaneously measure the expression of all modelled genes in vivo, it is
not trivial to check how does the usage of average data will affect the fitting
procedure. However, the average data seems to be a reasonable starting point.
Comparison of individual gene expression least square error show that genes
with missing data (cad, tll) have the highest error. However, These two genes
are not well modelled since the gap genes do not up regulate cad and tll needs
to have additional regulatory inputs. If we assume that the poor fit of these two
genes is caused by missing data, incorporating more data would reduce their
error. Comparison of individual gene expression score on complete synthetic
data shown on Tab. 8.1 demonstrates that such an assertion does not necessary
hold for tll. We have shown in Fig. 6.15 that fitting complete synthetic data
does not reduce the over-fitting.

Exp/gen cad hb gt Kr kni tll

data 37.5057 15.9040 19.4748 17.4544 16.5046 19.1107
synthetic 2.8694 2.1713 1.3855 1.6247 2.1786 4.0380

Table 8.1: Average individual gene’s score. For each gene j, the root mean score is

given as:
¼Pt

i�gj

i �t, θ�model � g
j

i �t�data�2~nbdj where i is the nucleus number and t

the time. nbd is the number of data point available for the gene j. Contrarily to the
total RMS given in Eq. 4.9, penalties are not included for simplicity. The second raw
gives the average score (out of 101 circuits ) and the third raw the average score out
of 10 synthetic circuits (fitted against synthetic data). In the synthetic data, there is no
missing data, consequently cad score is similar to the gap genes’ scores, but not for tll.

8.2 Limitations of the reverse-engineering of gene

regulatory network

8.2.1 Limitations of the parameter estimation

As dicussed in Chapter 3, setting a correct strategy to evolve the mutation
strength is desirable. Although we have used an adaptive mutation strategy,
we are still facing the stagnation problem that occurs after fast convergence
in typical evolutionary algorithm. In Section 4.3.2, we discussed the conver-
gence of the different settings employed in the ES. In Fig. 4.10, it is shown that�µ,λ�-ES fitness landscape always has a very fast convergence before being
stabilized. Typically, the optimisation starts at a very high score and after very
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few generations (approximatively 1~6 of of the total generations), reaches a low
score. From this point, very little improvement is achieved until completion of
the generations. As suggested by Beyer et al. [20], tuning the mutation strat-
egy is problem dependent and it would have been interesting and maybe an
improvement if we had designed a specific mutation strategy for the current
problem. Also, we have used as termination criteria the number of iterations
that have to be reached by the ES. Since the convergence behaviour is typically
observed in the initial phase of a �µ,λ�-ES, setting the termination criteria to
the number of iterations should be avoid, but instead, a systematic "stagnation"
detection could considerably reduce the computational time. In our case, the
initial phase of �µ,λ�-ES took in average one to two hours out of the ten hours
of the total computation on a serial 3.4-GHz "Intel Xeon" processor. Theoreti-
cally, no improvement can be obtained once the mutation strategy converges to
a certain ǫσ (see Section 3.1.3), however, reaching this termination point would
have required a very high computational time.

8.2.2 Limitations of the model

Disadvantages of the connectionist model The connectionist model is very
useful for fitting real gene expression patterns and phenomenological mod-
elling of networks. However, because the production terms are highly phe-
nomenological, the predictive power of the model seems to be very limited.
Some of the several disadvantages of the current description are the following:

• The threshold does not have a clear biological counterpart in the way
genes are regulated in general. If a gene is constitutively active a more or
less arbitrary value for ha is chosen ha A �1. If a gene is not active a rather
negative values is chosen, typically between �3.5 and �2.5; however even
for these values the gene is still fractionally active. The model behaves
rather non-linear in the range where the gene is turned off, which seems
to be rather artificial.

• Repression is only represented in the model by competition. There is no
independent repression.

• The interactions between genes are described by linear terms represented
by matrix products, which do not represent physical parameters in the
real world other than connecting one gene to another. The values of the
elements in the matrices do not have a clear biophysical meaning; hence
they can take negative values and cannot be measured experimentally.

• The production term does only contain linear combinations describing
the gene interactions, and does not contain concentration dependent ac-
tivation of genes. Dimers may form or transcription factors may bind to
other components in the system. This can partly be adjusted by using
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tensor products. Also the same gene can only act as an activator or a re-
pressor, and not both. If the DNA contains multiple binding sites with
different affinity the same transcription factor may act as an activator at
low concentrations but as a repressor at higher concentrations.

Failure to predict mutant patterns We have simulated four loss of function
mutants by setting the promoter rate Ra and the initial gene concentration to
zero [252]. The four loss of function mutants hb, Kr, gt and kni were simulated
for each of the 101 gap gene circuits and the final gene expression pattern of
hb, Kr, gt and kni were qualitatively compared with the reported expression
patterns from literature [36,54,70,89,106,119,183,223,258,283]). In the experi-
mental measurements of loss of function mutants it is observed that knocking
out one of the genes in general only affects the adjacent domains in most cases,
i.e. a local modular effect. Adjacent domains tend to expand into the region
of the domain that is missing because of the mutation. We observe that all the
101 circuits failed in predicting the correct patterns for all the four loss of func-
tion mutant expression. In some circuits some domains (Kr, kni and gt) are
correctly predicted, however we never observe that all these domains are cor-
rectly predicted in the same circuit. Furthermore, we observe that by knocking
out one gene in the model, the model has a strong tendency to affect all genes
in a rather dramatic non-local manner, yielding completely derailed patterns.
This is in contrast with real measurements in the various mutants, which show
effects by the mutations that are much more local of nature.

Possible reasons for weak robustness Although some circuits appear more
robust than others, most of the circuits are extremely sensitive towards gene
expression level fluctuations and also pattern formation is very sensitive with
respect to perturbation of a large number of parameters. In most cases the pa-
rameters causing this are sometimes linked to Tll regulation, in some cases the
parameters are linked to anterior gt and Kr regulation and finally the promoter
threshold. There may be a multiple reasons for weak robustness. First, the in-
completeness of the model may be the cause. In the real system it is known that
the terminal pathway with Tll, Huckebein [285] and Torso also regulate gap
genes, the latter two are missing in the current model. Hb regulation is not only
zygotic but also has a maternal component at the anterior end of the embryo
that is also regulated by nanos, nanos and a maternal description hb mRNA
are missing in the model. Furthermore, only a part of the embryo is consid-
ered, which may lead to boundary effects at the anterior end. Secondly, the
current reverse engineering approach using a simple RMS optimization may
lead to sensitive circuits, not only some time points are missing in the data also
features in the data that are not represented in the model may be over-fitted.
Finally, the rather phenomenological approach of the connectionist model may
also be a source of sensitivity because promoter threshold has a profound effect
on robustness.
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8.3 How to improve the reverse-engineering of the

GRNs

In modelling processes from developmental biology especially the class of quan-
titative spatio-temporal, models of gene regulation is relevant. This type of
models can potentially linked with three-dimensional biomechanical models
of morphogenesis and provide new insights into developmental biology. Es-
pecially the quantitative spatio-temporal models of gene regulation are charac-
terized by a large number of unknown parameters and an (infinite) class of po-
tential solutions. So far, very few model-based analysis method have been pro-
posed to validate or invalidate models, especially for nonlinear and spatially
distributed models [69, 213, 221]. To our knowledge, the connectionist model
has been the only model to provide spatio-temporal quantitative simulation of
the gap gene based on parameter optimization techniques [78, 121, 206, 224].
Using this approach, some of the qualitative regulations in terms of gene-gene
interactions could be captured and insights in the gap gene segmentation could
be improved. The strength of this description resides in its non-requirement of
any knowledge on the network architecture. Unfortunately, this also leads to
an overfitting problem and conclusions concerning the mechanism governing
the dynamic of the patterning may be spurious. Many improvements could be
considered to have results that are more reliable. The following section briefly
discusses the different possible improvements.

8.3.1 Possible improvements of the model

Hierarchical modular model One major improvement could be to take into
account the cascade nature of the system. It might be necessary to model Bcd
and Cad separately before addressing the gap genes [38, 52]. This would pre-
vent cad to be repressed by the gap genes. Also Tll and maternal Hb could
be modelled prior to the gap gene. Recently, in the PhD dissertation by Manu
[167], a model using Bcd and Cad as external input was proposed. Ashyraliyev
et al. [6] also suggested that using external Cad and Bcd reduced the parame-
ters’ indeterminability.

Decay term The decay term is represented by a simple linear decay. Many
biological mechanisms exist that actively regulate the inactivation or removal
of gene products. The connectionist model does not take into account these
well-known mechanisms, e.g. binding of inhibitors, phosphorylation or de-
phosphorylation, ubiquitination leading to degradation of a protein or other
mechanisms. Of course this may be adjusted in the above model by introduc-
ing a Φ-function in the decay term.

Hill-type model An obvious choice for describing interactions between genes
is the use of Hill-type functions for the production term. The interactions be-
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tween genes in these models are based on reversible binding reactions; hence
they are biologically more realistic and the parameters represent apparent as-
sociation constants. In the Hill type model we could explicitly separate the
activation input a, and the repression input b, which replace the positive and
negative inputs in the connection matrix. The activation input a is represented
by molecules, like transcription factors that can bind to the DNA. Each tran-
scription factor has a certain binding affinity K . Then the activation input a

equals Kg, where g denotes the concentration of the transcription factor. If the
transcription factor can form homodimers, and the homodimer binds to the
DNA then a is represented by K2

g . If the homodimer does not act as an activator
then it will compete with the monomer binding, which leads to a concentration
dependent activation. A similar argument is used for repressors, hence b � Kg.
Repression could be described by an independent or competitive model.

8.3.2 Hierarchical parallel multi-objective island �µ,λ�-ES

In general the inverse problem that is only based on minimising the RMS leads
to over-fitting, allowing for many solutions that all fit the dataset equally well
but may not show correct behaviour or properties beyond the dataset. It is
therefore difficult to know, which solution is most similar to the real system.
The different post-optimisation analyses presented in this dissertation revealed
some simple but efficient invalidation tests. In this thesis, we used the differ-
ent tests on all the circuits. Ideally, we would like to funnel all circuits into a
pipeline of tests where the circuits are filtered and those passing all the tests
are the robust and stable solutions. It may however turn out that none of the
solutions will pass all the tests. Therefore we propose not only to minimise
the RMS but also to incorporate other objectives into the optimisation strategy.
By introducing multiple objectives the solutions obtained should possess bet-
ter properties and also have better defined parameters that show correlation
patterns. The possible additional objectives for gene regulatory networks are:

• find networks that are robust towards parameter or input perturbation
as found in Section. 7.1

• find networks that are robust towards fluctuations

• find networks with fewer connections (modular or a set of minimal net-
works)

• find networks with correct (stability) behaviour beyond the dataset as
illustrated in Section. 5.2.

Sensitivity constraints Robustness towards parameter perturbations could
simply be addressed by incorporating a sensitivity analysis within the opti-
misation procedure. Using levenberg-marquardt, Ashryalyev et al. [6] have
investigated simultaneously while estimating the parameters, their identifia-
bility. Rodriguez-Fernandez et al. [228] have presented a hybrid method that



162 CHAPTER 8. DISCUSSION

can handle the sensitivity analysis while optimisation. Using such method, we
suggest attributing to each circuit a sensitivity value that determines the over-
all sensitivity of its parameter. During the successive ES generations, circuits
with the lowest sensitivity value should be prioritising.

Noise robustness constraint Another improvement would be to infer the
network using stochastic models that include the fluctuations in the system.
It is computationally expensive to numerically solve such systems and it will
require efficient optimizations methods [273, 289]. Furthermore, it is known
that patterning is insensitive to external fluctuations such as maternal gene ex-
pression. Consequently, an efficient model should also be able to simulate gap-
gene expression given noisy external Bcd expression. An efficient way to dis-
tinguish all the solutions obtained from the parameter estimation would then
be to change the BCD dosage during the optimisation. Good circuits should be
able to reproduce the patterns as well as the shift without showing any major
fluctuation of the gap gene expression.

Reducing network connectivity The long term dynamic revealed that in the
presence of certain motifs, the circuits pattern converge to oscillatory attrac-
tors. This behaviour is not desirable as we expect the patterns to converge to a
stationary point being the steady state. Therefore, we would ideally ignore or
penalised the circuits having this behaviour. Also, we have shown that circuits
with realistic topologies do not have these motifs and converge to the desired
attractors. This could be obtained by either running the circuits beyond the
data set to force asymptotic stability [101], or by adding an entropy function
to prioritise circuits with the minimal connectivity.

Multi-objective The previous new constraints can be used within the opti-
misation framework using the stochastic ranking ES. In this dissertation, only
one penalty function was used. Many multi-objective algorithms exist [46, 56]
such as methods where multi-objective is transformed in one single objective
[123,128,265], Pareto [17,96] and non-Pareto dominance approaches. We have
shown the sum of the weighted penalties. The implementation of the stochastic
ranking ES is suitable for multi-penalties where the weighted sum of penalties
G�g��θθθ�� is used [184] as a multi-objective constraints. It is not trivial to de-
termine the weight of each penalty. An alternative multi-objective would be to
use a criterion-based approach where each penalty gj�θθθ� is chosen with a cer-
tain probability and it is used as sorting criterion in a single ES. The strength
of the ES is its intrinsic parallel nature. One alternative would be to use an
island based ES where each the number of island is determined by the differ-
ent objectives. Each island minimises the multi-objectives, but the distribution
of the weight is different from weight to weight. Migration between islands
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will spread individuals with a particular strong property in the other island.
The main objective being the least square difference between the simulation
and the data, it might be more practical to start with one population where
the penalties have equal weights and switch to islands once the LSE is accept-
able. This would guarantee that in all islands, the individuals have at least
one good RMS. This sort of method would be a combination of Pareto and ag-
gregate sum. Recent results obtained by Marcel Gokskun1 tends to confirm
this optimisation direction. The supplementary cost caused by the stochastic
simulation should not be a limitation.
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8.4 Conclusions

It will still take some time before scientists can give explicit explanations of the
implication of genetic regulatory networks in the control of early development.
The combination of biological experiments and mathematical models can al-
ready improve existent knowledge but there is still a need for more accurate
data and more realistic models that cope different aspects of the mechanism.
For instance, it would be interesting to infer GRN models for pattern formation
in organisms where moving cells and deformable shape are essential features.
Three-dimensional models will then be necessary and the number of param-
eters will increase substantially. The major contribution of this dissertation is
the fast and efficient parameter estimation methods provided, in comparison
to previous available methods, for the current available model. We have shown
the limitations of the current gap gene model and suggested possible improve-
ments. The different analyses conducted in this thesis suggest that it is essential
to carefully analyse inferred GRNs in order to gain confidence. It also shows
simple methods to perceive the distinguishing features of circuits that are more
robust, although they are obtained from the same model description and the
same quantitative data. To avoid multiple circuits topology and obtain more
robust circuits, it is essential to incorporate more constraint in the optimisa-
tion procedure. Multi objective optimisation should be considered where, in
addition to minimising the distance between simulated data and observation,
more criteria should be included such as the sensitivity of the model to pa-
rameter variation or noise, the deterministic stability to ensure that the pattern
converges to its biological attractor and ultimately the network connectivity.

1Personal communications.



Appendix A:
System Biology Toolbox review

Toolboxes

Here we give a brief overview of the contents of well-known toolboxes. The
information is based on the state of affairs in 2008. For up-to-date information
we refer to the webpages.

MATLAB based

http:www.mathworks.com/

MATLAB Optimization Toolbox Local search algorithms. Constrained non-
linear optimization: trust-region. Unconstrained: quasi-Newton, Nelder-Mead.

MATLAB Genetic Algorithm and Direct Search Toolbox Extension of the
Optimization toolbox. Constrained nonlinear optimisation. Global search meth-
ods: Genetic algorithms, simulated annealing.

The toolboxes above do not contain regression analysis, but implementing the
Fisher Information matrix, confidence intervals and the correlation matrix is
easy in MATLAB. Moreover, the Statistics Toolbox of MATLAB provides non-
linear least squares fitting tools including regression analysis.
The SimBiology Toolbox of MATLAB contains sensitivity analysis and param-
eter estimation. If the Optimization Toolbox(es) are installed they are used,
otherwise only simplex search can be used for unconstrained problems.

165

http:www.mathworks.com/


166 APPENDIX A

Public domain toolboxes based on MATLAB

SBToolbox [240, 242] http://www.sbtoolbox.org/ Only requires basic
MATLAB. Box-constrained optimization. Global search methods: Simulated
Annealing, SRES. Local search methods: Nelder-Mead. No regression analysis
(it does contain MCA).

SSm GO toolbox [67,228] http://www.iim.csic.es/~gingproc/ssmGO.html
Box-constrained global optimization using scatter search. Requires basic MAT-
LAB. No regression analysis.

PottersWheel [166] http://www.potterswheel.de/ The most complete
MATLAB-based toolbox. Box-constrained optimization. Possibility to scale
parameters and to fit in logarithmic parameter space. Global methods: Simu-
lated Annealing, genetic algorithm. Local methods: Steepest descent, Quasi-
Newton, Levenberg-Marquardt. Statistical analysis of estimated parameters
by fit sequence (cf. [109]).

Stand-alone public domain toolboxes

COPASI [112,235] http://www.copasi.org/ Box-constrained nonlinear
optimization. Global search methods: Genetic algorithm, evolutionary pro-
gramming, particle swarm optimization [136,137], SRES, simulated annealing.
Local search methods: Hooke-Jeeves, Nelder-Mead, steepest descent, Levenberg-
Marquardt. No regression analysis but it contains sensitivity analysis (MCA)

SBML-PET [297] Global search method: SRES. No regression analysis.

http://www.sbtoolbox.org/
http://www.iim.csic.es/~gingproc/ssmGO.html
http://www.potterswheel.de/
http://www.copasi.org/


Appendix B:
Details results of the different ES

setting

The following tables [ 8.2 - 8.5] gives details on the different quality results of
all the different settings. Different �µ,λ� � ES settings are used. In all cases,
the number of selected individuals is µ � λ~5 but with population size λ ��200,350,500�and in the island-ES with 4 sub-populations, each sub-population
is λ � 500~4 � 125. In all setting, 20 simulations were run using the same ini-
tial seed. In total, 240 circuits were obtained and 91 were selected for analysis,
based on the final root mean score.
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seed λ � 200 N � 60000�2.5 �3.5 F

2275993204 11.87 10.79 16.38 16.05 24.58 17.39
2153584241 12.22 11.61 12.82 12.10 12.93 9.94
1700014526 14.44 11.43 18.26 16.96 15.04 11.40
2870387055 16.23 14.10 19.38 19.38 16.17 15.81
3823097208 11.64 10.09 14.86 14.60 13.77 10.16
1475960556 12.91 12.59 21.55 20.93 12.50 10.35
1662297016 13.47 12.67 12.45 11.24 20.02 19.82
838205381 16.95 16.58 13.07 11.57 15.51 14.93
732852183 12.50 10.98 12.70 11.89 15.51 11.74
4294967295 13.55 13.09 11.83 11.19 14.89 13.88
549391978 13.45 13.43 12.87 11.86 13.81 11.31
3674121315 12.95 11.83 13.07 11.48 19.22 10.22
2306629477 16.56 16.13 21.65 21.06 23.25 16.85
3664690373 11.88 9.72 12.89 11.48 13.32 10.01
4222002465 19.89 19.36 13.67 11.86 14.71 14.01
410590545 11.56 9.47 11.46 10.76 17.39 15.65
335063216 17.67 10.87 16.64 15.89 13.77 11.92
3185899892 16.91 16.62 12.73 11.79 12.18 10.74
2015572368 17.35 16.39 13.50 12.43 11.80 10.22
543010084 18.00 17.22 12.83 11.24 13.39 10.11

Table 8.2: Results for the �200,40� � ES followed by DS. Twenty random seeds were
generated and each of this configuration uses one of the initial seed. This results in 180
different simulations. In all simulation, γ � 0.85 and α � 0.2. The table header �2.5,�3.5 gives the promoter threshold value in the 62-dimensional case. F indicates a full
search with 66 parameters to estimate. In each cell the first value stands for the RMS
after ES and the second gives the RMS after DS.
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seed λ � 350 N � 30000�2.5 �3.5 F

2275993204 15.83 14.96 11.36 10.21 17.23 15.87
2153584241 11.77 10.69 22.39 21.33 15.88 13.44
1700014526 16.69 10.04 16.99 15.79 13.44 10.39
2870387055 12.37 10.00 11.71 10.18 19.53 17.64
3823097208 13.41 12.29 12.42 12.07 15.82 15.26
1475960556 11.34 9.85 13.71 12.69 15.24 13.27
1662297016 17.32 12.93 17.58 13.41 14.40 10.40
838205381 15.79 12.82 13.72 12.18 17.10 11.05
732852183 11.50 9.85 17.93 16.61 23.43 12.30
4294967295 16.28 15.59 12.48 11.31 13.19 10.89
549391978 12.47 10.95 11.29 10.18 15.21 13.67
3674121315 12.23 11.15 11.50 10.11 27.19 26.33
2306629477 13.44 11.45 12.11 10.81 15.69 10.39
3664690373 12.21 11.40 13.82 12.03 17.58 14.03
4222002465 15.49 12.98 11.62 9.59 14.38 11.22
410590545 11.82 10.77 16.20 14.11 14.71 12.05
335063216 12.60 10.08 13.92 12.32 14.17 13.75
3185899892 12.23 10.64 12.78 12.39 16.01 13.54
2015572368 11.75 10.24 16.82 16.24 22.50 20.04
543010084 15.24 13.16 11.69 9.56 13.29 11.50

Table 8.3: Results for the �350,70� � ES followed by DS. Twenty random seeds were
generated and each of this configuration uses one of the initial seed. This results in 180
different simulations. In all simulation, γ � 0.85 and α � 0.2. The table header �2.5,�3.5 gives the promoter threshold value in the 62-dimensional case. F indicates a full
search with 66 parameters to estimate. In each cell the first value stands for the RMS
after ES and the second gives the RMS after DS.
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seed λ � 500 N � 15000�2.5 �3.5 F

2275993204 13.22 12.37 15.35 13.93 14.32 10.3
2153584241 12.69 11.08 13.22 11.90 13.05 10.33
1700014526 12.78 10.90 11.99 9.79 18.92 11.30
2870387055 12.42 9.73 11.45 9.56 16.52 14.6
3823097208 12.21 10.06 13.04 11.85 23.76 23.48
1475960556 12.08 10.66 16.98 16.37 16.75 14.54
1662297016 14.98 11.56 16.38 13.73 17.16 15.29
838205381 14.04 12.00 14.88 14.06 14.49 12.89
732852183 12.27 10.51 11.93 10.89 18.47 17.13
4294967295 22.80 12.98 11.79 10.47 16.75 16.16
549391978 16.63 16.06 14.72 11.61 13.36 10.26
3674121315 11.45 10.17 14.97 12.76 15.49 13.36
2306629477 13.27 10.61 13.37 12.90 20.85 20.27
3664690373 12.23 11.51 14.25 13.99 14.63 11.52
4222002465 13.76 10.43 16.51 16.14 16.14 11.66
410590545 13.01 11.11 17.35 13.76 19.36 14.80
335063216 13.11 11.14 17.43 17.02 15.95 11.57
3185899892 22.08 17.81 14.44 12.44 15.45 12.11
2015572368 15.16 13.99 13.03 12.22 18.97 15.66
543010084 13.19 12.78 16.65 15.87 15.81 14.15

Table 8.4: Results for the �500,100� � ES followed by DS. Twenty random seeds were
generated and each of this configuration uses one of the initial seed. This results in 60
different simulations. In all simulation, γ � 0.85 and α � 0.2. The table header �2.5,�3.5 gives the promoter threshold value in the 62-dimensional case. F indicates a full
search with 66 parameters to estimate. In each cell the first value stands for the RMS
after ES and the second gives the RMS after DS.
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seed P � 4, λ � 4 � 125, N � 15000�2.5 �3.5 F

2275993204 18.67 10.17 13.49 12.18 15.21 12.15
2153584241 15.90 13.53 13.32 10.56 14.94 13.14
1700014526 15.58 12.25 14.26 12.69 12.61 10.70
2870387055 12.31 10.66 12.86 10.08 16.30 11.47
3823097208 17.63 17.16 11.76 10.22 14.25 11.02
1475960556 12.47 9.68 12.95 10.50 16.83 16.09
1662297016 11.60 10.09 11.77 10.10 14.23 12.53
838205381 13.59 10.90 14.01 11.80 16.18 15.67
732852183 13.02 11.67 14.66 11.52 17.57 12.97
4294967295 13.65 12.64 13.16 12.02 15.80 11.24
549391978 16.74 16.10 12.88 11.16 15.38 12.08
3674121315 12.99 10.32 11.70 10.96 18.28 10.33
2306629477 12.89 11.09 13.69 12.03 13.59 10.95
3664690373 13.51 11.49 13.42 11.29 17.72 16.80
4222002465 16.88 16.35 16.47 10.35 16.98 11.82
410590545 12.14 10.75 13.34 11.73 16.57 15.84
335063216 13.36 11.01 11.41 9.95 16.42 15.41
3185899892 12.35 9.57 12.63 10.40 18.28 12.85
2015572368 13.45 10.96 13.64 12.24 13.49 12.47
543010084 12.50 10.57 12.45 11.31 14.72 10.98

Table 8.5: Results for the ES-island based with P � 4 sub-populations followed by DS.
The same twenty random seed defined in the serial ES were used. This leads to 60 dif-
ferent simulations. In all simulations, µ � λ~5 γ � 0.85 and α � 0.2. The migration inter-
val is after every 500 generations and only the best individual of each sub-population
is migrated to another random sub-population. The header �2.5, �3.5 indicates the
promoter threshold value in the 62-dimensional case. F stands for full search with 66
parameters to estimates. In each cell the first value represents the RMS after island ES
and the second gives the RMS after DS.
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English Summary

In many animals, morphogen gradients specify different structures starting
from a single cell at early embryo development. The morphogens provide spa-
tial information by forming concentration gradients that subdivide the devel-
oping embryo in different regions. Distinct cell types and structures emerge as
a consequence of the different combinations of morphogen gradients. This is a
general mechanism by which a cell can generate cell type diversity and struc-
tures in body plan formation.

Understanding the body plan formation also requires understanding the un-
derlying biochemical process. This is the level at which genes influence the
transcription of other genes. Genetic regulatory networks (GRNs) are an en-
semble of interconnected genes that dynamically control the level of expression
for each gene in the genome. Understanding how GRNs control the mech-
anism that leads to a specific phenomena such as body patterning requires
knowledge of the active genes and the architecture of the network.

In some cases the genome and sometimes the genes’ connectivity are known
from experimental studies. An additional option to study GRNs is to use math-
ematical models and simulation studies. Qualitative and quantitative models
may provide insights in the causal relationships between components of a net-
work as well as the mechanisms behind the network dynamics.

It is possible to use a quantitative model to infer the mechanism behind pattern
formation ruled by GRNs. Assuming that all parameters are known from lit-
erature or experimental measurements (i.e., all initial conditions, kinetic coef-
ficients in the biochemical system, diffusion coefficients, transcription-binding
factors, and the spatial domain is specified), the inference problem consists
in solving the equations and is called the direct problem. Then, by means of
sensitivity analysis, one can analyze the model robustness with respect to the
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parameters. Unfortunately, in practice many parameters are unknown and es-
timation of these parameters from experimental data is needed for quantitative
modelling of GRNs. This is called the inverse problem. In such a case, only the
governing equations describing the system and possibly some of the parame-
ters therein are given.

Inverse modelling of GRNs capable of simulating a continuous spatio-temporal
biological process requires accurate data and a good description of the system
and ultimately an efficient method to estimate the unknown parameters. These
problems are typically ill-posed. In the case of spatial and temporal data, the
fitting procedure can be computationally very expensive and inaccurate. Com-
plexity may come from the uncertainty laying in the experimental data mea-
surement or/and the dimensionality of the model. Therefore the choice of an
appropriate optimisation technique is crucial. Nevertheless, finding a set of
parameters that reproduces the observation does not necessary imply that the
network structure has been identified, In some cases, the network inference can
lead to an unique network, while in many cases, the optimisation can lead to
circuits with different topology. It is therefore necessary to find the true or most
plausible network out of the multiple candidates. Systematic analysis such as
model uncertainty or sensitivity analysis should be considered to asses the va-
lidity of the revere-engineered model.

In the current thesis, we investigate several aspects of the inference of GRNs
capable of simulating spatio-temporal pattern in development. The main fo-
cus is the parameter estimation and model validation. As a case study we
use a quantitative spatio-temporal model of the regulatory network for early
development in Drosophila melanogaster. First we present a method based on
evolutionary algorithm, an hybrid �µ,λ�-ES used to estimate the parameters of
the investigated model. Compared to previous methods applied to the same
problem, this method is much faster and it is becoming possible to obtain a
larger set of circuits that simulate with very good accuracy the gene expression
profiles.

Once parameters have been estimated, it is essential to address their reliability.
We investigated the sensitivity and robustness of circuits obtained from reverse
engineering of the regulatory network for early development in the fruit fly;
Drosophila melanogaster. We analyse the uniqueness of the predicted network
and the model stability. We show that amplitude variation and defects within
the simulated gene expression can identified by clustering the simulated gene
expression profiles. The analysis demonstrates that the model-solutions lead
to several networks having different stability behaviour. Parameter sensitivity
analysis allows one to discriminate between circuits having significant param-
eter differences but exhibiting the same quantitative pattern. Furthermore, we
show that using a stochastic model derived from a deterministic solution, one
can introduce fluctuations within the model to analyze the circuits’ robustness.
Ultimately, we show that there is a close relation between circuit sensitivity
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and robustness. The current study shows that reverse engineering of GRNs
should not only focus on estimating parameters by minimizing the difference
between observation and simulation but also on other model properties. Our
study suggests that multi-objective optimization based on robustness, stability
and sensitivity analysis has to be considered
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Samenvatting

Tijdens de vroege embryonale ontwikkeling van dieren specificeren morfogen-
gradiënten vanaf het eencellige stadium verschillende structuren. Morfoge-
nen verschaffen spatiële informatie door middel van de vorming van concen-
tratiegradiënten die het ontwikkelende embryo in aparte domeinen verdeeld.
De combinatie van verschillende morfogenen kan lokaal leiden tot de ontwikke-
ling van verschillende gespecialiseerde celtypes en weefselstructuren. Met be-
hulp van dit algemene principe kunnen organismen zeer diverse en complexe
lichaamsbouwplannen en zeer gespecialiseerde weefsels vormen.

Om een beter inzicht te krijgen in de vorming van het lichaamsbouwplan is
kennis over de onderliggende biochemische processen essentieel, en meer spec-
ifiek op het niveau van genetische regulatie. Gen regulatoire netwerken (GRNs)
omvatten een verzameling van genen met onderlinge interacties die op dy-
namische wijze het expressieniveau van elke gen aanstuurt. Kennis over de
betrokken genen en de architectuur van het netwerk zijn vereist om inzicht te
krijgen in het mechanisme dat leidt tot specifieke fenomenen zoals patroon-
vorming.

In sommige gevallen is het direct ophelderen van de aard van de interacties
tussen de genen mogelijk met behulp van experimentele methoden. Een an-
dere optie is het gebruik van wiskundige modellen en simulatietechnieken.
Kwalitatieve en kwantitatieve modellen kunnen zowel inzicht geven in de aard
van de netwerkinteracties als wel inzicht geven in de dynamische eigenschap-
pen van het netwerk.

Het gebruik van kwantitatieve modellen maakt het mogelijk het patroonvorm-
ingsmechanisme, aangestuurd door het gen regulatoire netwerk verder te on-
derzoeken. Over het algemeen bevatten gen regulatoire netwerken die spatio-
temporele patroonvorming beschrijven een groot aantal parameters zoals bi-
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jvoorbeeld kinetische coëfficiënten van biochemische reacties, diffusie coëf-
ficiënten, bindingseigenschappen van transcriptiefactoren, de geometrie van
het systeem etc. Wanneer de beginwaarden en de parameters bekend zijn (bi-
jvoorbeeld verkregen uit de literatuur, experimentele studies of andere bron-
nen) dan kunnen de vergelijkingen (partiële differentiaalvergelijken) die de
patroonvorming beschrijven geformuleerd worden als een rechtstreeks begin-
waardeprobleem. De partiële differentiaalvergelijkingen kunnen met numerieke
methoden rechtstreeks opgelost worden. Vervolgens kan bijvoorbeeld met be-
hulp van een gevoeligheidsanalyse de robuustheid van het model ten opzichte
van de modelparamaters worden onderzocht. In de praktijk is de exacte waarde
van de meeste modelparameters jammer genoeg niet te verkrijgen met behulp
van een directe meting van de parameters, het is dan nodig deze te schatten aan
de hand van andere type experimentele data zoals bijvoorbeeld experimenteel
gemeten expressiepatronen. Het wiskundige probleem kan dan geformuleerd
worden als een invers beginwaardeprobleem. Bij deze aanpak zijn alleen de
dynamische vergelijkingen die de patroonvorming beschrijven en een deel van
de parameters bekend.

Inverse beginwaardeproblemen die continue spatio-temporele patroonvorm-
ing beschijven vergen nauwkeurige kwantitatieve data, een voldoende cor-
recte beschrijving van het systeem en een efficiënte methode om de onbek-
ende parameters te schatten. Over het algemeen zijn dit soort inverse begin-
waardeproblemen, waarbij de parameters gevonden worden met behulp van
optimalisatietechnieken ("fitten") niet goed gedefinieerd. De oorzaak hiervan
ligt deels in de kwaliteit van de experimentele data in combinatie met het grote
aantal modelparameters. In het geval van een probleem met spatio-temporele
data kan de optimalisatie zo rekenintensief zijn dat minder grote numerieke
nauwkeurigheid nodig is om binnen redelijke tijd oplossingen te vinden. Het
is daarom van cruciaal belang de juiste optimalisatietechniek te kiezen.

Hoewel de parameters die verkregen zijn met de optimalisatietechniek het
experimenteel gemeten expressiepatroon kan reproduceren is het niet zeker
dat de werkelijke onderliggende netwerkstructuur geïdentificeerd is. In som-
mige gevallen genereert de optimalisatietechniek een unieke oplossing van het
netwerk, echter in de meeste gevallen worden meerdere verschillende oplossin-
gen gevonden. Het is wenselijk op grond van eigenschappen anders dan de
kwaliteit van de "fit" om de "beste" oplossingen te selecteren. Een systematis-
che analyse van de gevonden netwerken is nodig om de validiteit verder te
onderzoeken.

In dit proefschrift staan de resultaten beschreven van een uitgebreide anal-
yse van gen regulatoire netwerken die in staat zijn spatio-temporele genex-
pressiepatronen te simuleren. De nadruk ligt op het schatten van modelpa-
rameters die geïnfereerd zijn met behulp van optimalisatietechniekenen en
daaropvolgend een uitgebreide analyse van de verkregen oplossingen. Als
concreet biologisch onderzoeksobject is gekozen voor de vroege embryonale
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ontwikkeling van Drosophila melanogaster.

Als eerste presenteren we een hybride �µ,λ�-evolutionaire strategie voor het
schatten van de modelparameters, dit is een efficiënte methode die gebaseerd
is op evolutionaire algoritmes. Vergeleken met andere methodes zoals "sim-
ulated annealing" die eerder gebruikt zijn voor dit systeem is dit algoritme
veel sneller, waardoor het mogelijk is een veel groter aantal netwerken die het
expressipatroon goed reproduceren te verkrijgen in dezelfde rekentijd. Vervol-
gens is de gevoeligheid, robuustheid, uniekheid en stabiliteit van alle netwerken
systematisch onderzocht en vergeleken. We laten zien dat de variatie in de ges-
imuleerde expressieniveaus geïdentificeerd kan worden met clustertechnieken
en dat deze variatie deels verband houdt met variatie in stabiliteit van de
netwerken. De gevoeligheidsanalyse maakt het mogelijk oplossingen te identi-
ficeren die relatief gezien robuust zijn voor parametervariatie. Een andere maat
voor robuustheid is de gevoeligheid van het netwerk voor fluctuaties in genex-
pressie door stochasticiteit tijdens de patroonvorming. Uit beide analyses blijkt
dat er een duidelijk verband bestaat tussen gevoeligheid voor parametervari-
atie en gevoeligheid voor stochastische fluctuaties in genexpressieniveaus. De
eindconclusie van dit onderzoek is dat bij het infereren van gen regulatoire
netwerken met behulp van een invers beginwaardeprobleem niet alleen gefo-
cusseerd zou moeten worden op de kwaliteit van de fit maar ook op andere
modeleigenschappen. De resultaten suggereren dat een optimalisatietechniek
met meerdere optimalisatiecriteria betere resultaten kan geven.
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