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Chapter 1

Theoretical background

In this chapter we discuss the theory of the Standard Model and of supersymmetry, specifically
the supersymmetric mSUGRA. The chapter covers, among others, those aspects of the theories
which are useful as background to the studies presented in this thesis. For a more elaborate
introduction we refer the reader to several excellent textbooks, see [1–3].

1.1 The Standard Model

At the moment the Standard Model [4–6] is by far the best theory describing the fundamental
building blocks of nature and their interactions. Developed in the sixties and seventies almost
all its predictions have been verified in the last decades. It is a relativistic quantum field theory
based on symmetries, implying that the physics is invariant under certain transformations.
The transformations are described by group theory and the SU(3)× SU(2)L ×U(1)Y group
determines the interactions of the Standard Model.

According to Noether’s theorem these three symmetries each have an associated conserved
charge. For SU(3) the conserved charge is color, which can take one of three values denoted
by red, green and blue. The generators of the SU(3) group are the eight gluons which are
the carriers of the so-called strong force. The SU(2)L ×U(1)Y group is associated with the
electroweak part of the Standard Model and the charges under the group are the weak isospin
and the weak hypercharge. The generators of the two groups mix and lead to the W ± and
Z, the carriers of the weak force, and to the photon, the carrier of the electromagnetic force.
With these force carriers the Standard Model describes all known fundamental forces in nature,
except gravity.

Apart from the force carriers, a further category of particles in the Standard Model consists
of the quarks and leptons. These are the building blocks of all matter around us and they appear
in three ‘families’. The first family contains the up (u) and down (d) quark, plus the electron
e− and the electron-neutrino νe. The difference between quarks and leptons is that the quarks
carry color charge and are thus sensitive to the strong force.

In nature particles have either integer spin (bosons) and follow Bose-Einstein statistics, or
particles have half-integer spin (fermions) and follow Fermi-Dirac statistics. The force carriers
are gauge bosons with spin 1, quarks and leptons are fermions with spin 1

2 . A scalar field
in the theory generates the particles’ masses and by the Higgs mechanism [7–9] results in
the only spin 0 particle: the scalar Higgs boson. The mechanism describes the spontaneous
breaking of the electroweak symmetry resulting in the observable weak and electromagnetic

3



4 Chapter 1. Theoretical background

Particles Spin Electric charge

Quarks (u,d)L (c,s)L (t,b)L (1/2,1/2) (+2/3,−1/3)
uR cR tR 1/2 +2/3
dR sR bR 1/2 -1/3

Leptons (νe,e−)L (νµ ,µ−)L (ντ ,τ−)L (1/2,1/2) (0,−1)
e−R µ−

R τ−
R 1/2 -1

Gauge bosons g (strong) 1 0
W± and Z (weak) 1 ±1 and 0

γ (electro- 1 0
magnetic)

Scalar boson H 0 0

Table 1.1: The particles of the Standard Model, listed with their spin and electric charges. We
note that the quarks carry color charge and thus in fact also come in three different colors.

force. Although all the measured properties of the W and the Z gauge bosons are consistent
with the Higgs mechanism’s predictions, one last prediction of the symmetry breaking, that is
the existence of the scalar Higgs boson, has yet to be verified.

In Table 1.1 we list all the fundamental particles present in the theory. We note that
throughout this thesis the natural units are used, that is h̄ = c = 1. The subscript L denotes
that the charged weak interaction only applies to left-handed fermions. In the Table it can be
seen that the left-handed fermions are described in doublets, while the right-handed fermions
appear only in singlets. We note that the W only couples to the left-handed particles, while the
Z also couples to right-handed fermions since it is a mix of the SU(2)L and U(1) generators.
This also explains why there is no right-handed neutrino: with no color charge, no weak charge,
no electric charge and no mass it is pointless to try and pinpoint a right-handed neutrino. It
would not interact and thus cannot ‘be’. In the Standard Model the neutrino is massless, yet
a few years ago it was established that the neutrino does have a small mass [10,11], leading to
the possible existence of a right-handed neutrino. This is one of the clearest hints that although
the Standard Model is very accurate up to now, it is not complete.

1.1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the theory based on the SU(3) symmetry describing the
strong interaction between particles carrying color charge. These are the quarks and gluons,
also known as partons1). The coupling constant αs, parameterizing the ‘strength’ of the force,
has the striking feature that it grows at large distances, or in other words, at lower energies.
A consequence of this is the confinement of partons: colored particles cannot be free, only
bound states of partons into color-neutral particles can be free. A proton for example is the
bound state of two up quarks and one down quark. These three are the valence quarks of the
proton. Inside the proton quantum fluctuations can lead to the brief existence of gluons and
quark-antiquark pairs, also called sea quarks. The bound states are called hadrons and are
classified in mesons and baryons, consisting of respectively a quark-antiquark pair and three

1)To be correct, ‘partons’ was the name given to elementary objects observed in deep inelastic scatterings
inside the proton, later identified with quarks and gluons.
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Figure 1.1: General structure of a hard proton-proton collision. The hard scattering is depicted
by the HP (Hard Process) in the rectangular box. The figure is taken from [12].

valence quarks.

The collision of two protons is thus the interaction of the parton constituents of the protons.
The total interaction is extremely complicated and can be visualized as in Fig. 1.1. Left and
right the two incoming protons are depicted. We see left the three valence quarks inside the
proton exchanging gluons, particle a and b, or even the so-called self-interaction of one quark
with gluon c. A hard scattering takes place when the energy exchange between two partons
from the two protons is high enough to kick each other out of their confinement in the protons,
depicted as the HP (Hard Process) in the rectangular box.

The partons resulting from the hard scattering radiate until the final phase of hadronization
takes over. This boundary is depicted with the dotted circle H in the figure. Intuitively we
can see this as follows: the partons lose energy through radiation until the color force becomes
strong enough to recombine them back into mesons and baryons. With all the radiation and
recombination one parton results in a shower of particles. This is called a jet, see Section 4.3.

With each proton losing a color constituent the remains of the protons are also color
charged. Forming an unstable state the total of the remains interacts in the Underlying Event
(UE) in mostly soft scatterings, leading to two showers of particles predominantly in the
forward directions of the protons. The recombination in the underlying event is not independent
of the hard scattering. With the hard scattering carrying color charge the underlying event
must be connected to the final state particles of the hard scattering if the total collision is
to remain color neutral. This connection can be the exchange of a quark or a gluon, as the
particles d-g we see in the figure, leading to particle production also in the central rapidity
regions2), partially overlapping with the hard scattering. We note that in the underlying event
second hard scatterings can take place.

2)That is close to the transverse plane through the interaction point, see Section 2.2.1.
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Figure 1.2: Two diagrams contributing to the self-energy of the gluon propagator. The mo-
mentum k of the particle running in the loop can be anything, thus the expression for the loop
is an integral

∫ ∞
0 dk.

Renormalization

In the calculation of physical observables such as cross sections all Feynman diagrams have to
be taken into account. This includes loop diagrams such as the one with the gluon c in Fig. 1.1.
These self-interactions contribute to the expression of a propagator3). The gluon c for example
contributes to the propagator of a fermion. In fact, a propagator is defined by including the
sum of all self-interacting diagrams, such as in Figure 1.2. The two right diagrams contribute to
the ‘self-energy’ of the gluon propagator. Yet the expressions for the two diagrams are integrals
over the loop momentum

∫ ∞
0 dk and diverge. And not only do each of the diagrams diverge,

the sum also extends to an infinite sum.

A first step in solving this problem is isolating the divergency of each diagram. There are
different regularization schemes available to do this. The dimensional regularization scheme
shifts the integral over 4 dimensions by ε to where the integral yields a finite answer. The
divergencies (1/ε terms) can then be isolated and after the divergencies have been cancelled
by renormalization, see further, ε can be set to zero. Another regularization scheme simply
introduces a cut-off scale Λ for the upper limit of the divergent integrals. For the calculation of
individual loops the different regularization schemes can result in different outcomes. Observ-
ables should be independent of the regularization scheme applied, therefore the renormalization
scheme is dependent on the regularization scheme used. A property of the cut-off scheme is
that it breaks the chiral symmetry of the theory and results in quadratic divergencies, while
the dimensional regularization results in only logarithmic divergencies.

Having isolated the divergent parts of the integrals, their sum can be dealt with by the
renormalization with which these divergencies can be cancelled. Explained in other words, the
renormalization isolates a finite and a divergent part from the sum of all integrals with the
use of the renormalization constant µR, after which the divergent part is absorbed into the
coupling constants and mass parameters. Chosing a different energy scale µR to perform this
renormalization simply means that certain (unphysical) parameters are redefined: all physical
observables are independent of µR. Yet at the same time it is only after the renormalization
that the mass parameters in the theory sum up to the masses that are physically measured.
The Standard Model has been proven to be a renormalizable theory by Veltman and ’t Hooft
[13]. For more elaborate discussions on regularization and renormalization we refer the reader
to [1, 2].

3)A propagator is the propagation amplitude of a particle. It is the expression that is attached to internal
lines in Feynman diagrams, representing the propagation of virtual particles, see [1].
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Figure 1.3: Left: the hard scattering of the quark and gluon as in Fig. 1.1. Right: the same
diagram including the emission of a gluon from the incoming quark. The probability for a soft
emission grows with smaller momentum k and goes to infinity when k → 0. These divergencies
are absorbed by redefining the functions fn(xn,µF) as functions of the factorization scale.

Factorization

The hard process in Fig. 1.1 represents the interaction of a gluon with a quark scattering into
a hard gluon and quark. For the measurement of this process’ cross section we need to know
the momenta of the incoming partons. However, the two are constituents of the protons and
their momenta are unknown. At the same time, the outgoing quark and gluon are observed as
jets in the detector and distinguishing a jet from a gluon or a quark is difficult.4) Therefore
we typically make inclusive measurements: we cannot measure a partonic cross section such
as σ(qg → qg), yet we can measure the hadronic cross section σ(pp → j j ′) of two jet events.
The relation in perturbation theory between the two is given by

σHadronic = ∑
l,m, j, j′

∫ ∫
dx1dx2 fi(xl) f j(xm)σ j, j′

Partonic(xl ,xm), (1.1)

where the sum runs over all possible flavors and species l,m of the incoming partons, and all
possible flavors and species j, j′ of the outgoing partons. Each of the incoming partons carry a
fraction xl and xm of their protons momentum and the integral runs over all allowed momentum
fractions. The Parton Distribution Function (PDF) fn(xn) is the probability that a parton of
type n is encountered with momentum fraction x. In the expression of the PDFs we run into
trouble.

In Fig. 1.3 we see on the left the hard scattering of the gluon and the quark from Fig. 1.1
drawn again, on the right we see the same scattering including the radiation of gluon d in Fig.
1.1. It turns out that the probability Pqq′ for the emission of a collinear gluon grows as the
momentum k drops. With k → 0 the probability even goes to infinity. The way to deal with
this is similar to the renormalization approach. We define a factorization scale µF such that
the expression for the probability is split into a finite and a divergent part. The factorization
theorem states that the last part can be absorbed, such that we remain with finite expressions
of fn(xn,µF). Similar to the masses in the Standard Model, the PDFs cannot be determined
from theory and are to be measured in experiments.

In Figure 1.4 an overview is given for the predictions for several important Standard Model
cross sections at pp and pp colliders. These cross sections are calculated at next-to-leading
order (NLO) in perturbative theory: the exact meaning of this is explained in the next section.

4)Although identifying jets originating from b-quarks is possible, see Section 4.4.
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In the figure we see how the distributions for the Tevatron and for the LHC do not always
‘connect’. This is due to the differences between the PDFs of a proton and the PDFs of an
anti-proton.

Figure 1.4: Standard Model cross sections for pp-collisions (Tevatron) and for pp-collisions
(LHC). The Figure is taken from [14].

1.1.2 Running coupling constant

In this section we discuss the running coupling constant αs. Before stating the question we
want to discuss, we note that the naming is somewhat confusing: a ‘constant’ which is running
is no real constant. Yet this is not the point we want to address in this section. The exact
question we want to answer is the following: how can it be that αs(µR) is often interpreted as
the strength of the strong force5), varying with the energy scale µR used? Is an observable such
as the strength of the force by definition not supposed to be independent of the renormalization
scale?

5)Even by the author in this same chapter.
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First of all, the fact that the function αs(µR) is non-constant with varying µR tells us that αs
is not an observable. The parameter αs is a value corresponding to the vertex in the Feynman
diagrams and depending on the choice of µR the contributions from the different Feynman
diagrams in an expansion change. In other words, the setup of perturbative QCD with its
regularization and renormalization schemes is such that the coupling constant is an expansion
parameter. This setup is chosen with the purpose of being able to stay in the perturbative
regime: diagrams with N loops are suppressed by powers of α 2N

s , and with the choice of µ2
R ∼Q2,

where Q2 is the square of the interaction scale, it turns out that the contributions from the
loop diagrams in the expansion are at a minimum, see [1]. The diagram containing no loops is
called the tree diagram and is the Leading Order term.

The scale Q2 denotes the square of the energy level at which the interaction takes place. In
electron-positron scattering e+e− → γ → qq it is easily set: the interaction scale Q2 = s, where√

s is the center-of-mass energy. In some channels the choice is less clear; we come back to this
in Section 1.1.3 where we discuss the production of top quark pairs.

To see the ‘running of the coupling constant’ we start with the Callan-Symanzik equa-
tion, which dictates that an observable such as a cross section is to be independent of the
renormalization scheme. The equation states, see [1],

[
µ2

R
∂

∂ µ2
R

+β (αs)
∂

∂αs

]
σ(

√
s,µ2

R,αs) = 0, (1.2)

which we can read as follows: any direct dependence of the cross section on µR should be
exactly canceled by the dependence of the coupling constant on µR. We note that if we were to
perform a calculation for the cross section up to all orders the parameter µR would disappear.
Yet as we can only go up to a certain order, a value for µR has to be chosen. The β function
is determined by

β (αs) = µ2
R

∂αs
∂ µ2

R
(1.3)

and to the first order in the perturbative expansion it is given by β (αs) = −(b0/4π)α2
s . The

constant b0 = 11−(2/3)n f and is defined with n f the number of quark flavors considered.6) See
also [2] for more details. Equation (1.3) can be rewritten and integrated, resulting in

∫ αs(µ2)

αs(µ2
0 )

dαs
α2

s
= − b0

4π

∫ µ2

µ2
0

dµ2
R

µ2
R

→
(

1
αs(µ2

0 )
− 1

αs(µ2)

)
= − b0

4π
ln µ2

µ2
0

(1.4)

From this equation it becomes clear that if αs has been determined at a certain scale µ0,
it can be extrapolated to any other scale µ . A common approach is the extrapolation from
αs(µ2

0 = m2
Z).

The asymptotic logarithmic behavior of αs also possesses the possibility of defining the
boundary condition on the asymptote: with Λs the momentum scale at which the coupling
constant blows up and setting αs ↑ ∞ as the scale µ2

0 ↓ Λ2
s , we obtain from eq. 1.4:

αs(µ2) =
4π

b0 ln(µ2/Λ2
s )

. (1.5)

6)When the interaction scale satisfies m2
c < Q2 < m2

b only four flavors need to be considered.
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Here we see how the coupling becomes larger as the interaction scale decreases. Λs is experi-
mentally found to be Λs ≈ 200 MeV (its exact value depends on the number of quark flavors
n f considered in the perturbative expansion). Mathematically this simply means that the ex-
pansion parameter becomes too large when µ 2 ↓ Λ2

s and perturbation theory does not hold
anymore. Physically this is often interpreted as the confinement by the strong force.

The expansion parameter αs becomes an ‘observable’ only when we first define a common
set of conventions. It has become customary to use the coupling after the so-called regular-
ization by modified minimal subtraction (MS), with the renormalization scale set at mZ. The
resulting coupling constant is called αs,MS(m2

Z). From measurements of for example the total
cross section for e+e− annihilation to hadrons, or the transverse momentum distribution of
W bosons produced from quark-antiquark annihilation at high-energy pp colliders, see [1], the
αs can be determined at different interaction scales. Further on in Section 1.3.2 the running
of the coupling constants in the Standard Model and in models including supersymmetry is
depicted in Figure 1.13.

1.1.3 Top quark physics

In the Standard Model the top quark was predicted as the weak isospin partner of the observed
bottom quark b. In 1995 it was discovered by the CDF and D0 collaborations [15], with a mass
nowadays measured to be 173.1± 1.3 GeV [16]. This is approximately 35 times larger than
the mass of the b quark and 5 orders of magnitude larger than that of the first generation
quarks. The classification of the six quarks with increasing masses has led for a long time to
the hypothesis of new physics, see for example [17].

In the Standard Model the top quark acquires its mass through the Yukawa coupling to
the Higgs field, that is

mt = yt
v√
2
, (1.6)

where yt is the strength of the Yukawa coupling between the top quark and the Higgs field and
v is the vacuum expectation value of the Higgs field. The latter is fixed by the Fermi coupling
constant GF

7) and equals v = (
√

2GF)−1/2 = 246 GeV. With yt close to unity the top quark
couples strongly to the Higgs field, or to whatever else might break the electroweak symmetry.
It thus plays an important role in the search for and study of the Higgs boson.

Single top quark production

There are several hard scatterings that may lead to the production of top quarks. Through the
electroweak force single tops can be produced, accompanied by a W boson (the W t-channel), or
another quark (the s- or t-channel). In Figure 1.5 the three channels are depicted in Feynman
diagrams at Leading Order. The NLO cross sections for single top production at the LHC
are summarized in Table 1.2. The values for 14 TeV center-of-mass energy are extracted from
[18, 19], the values for 10 TeV collisions are calculated at NLO using MCFM [20].

Top quark pair production

Via the strong interaction the top can be produced in pairs. Throughout this thesis we will focus
on this channel, also denoted by t t̄ . In Figure 1.6 we see depicted in Feynman diagrams the

7)This constant is again fixed by GF =
√

2g2/(8m2
w), with g the weak interaction coupling constant and mW

the W boson mass, and can be for example measured in the rate of muon decay µ− → νµ e−νe, see [1].
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√
s = 10 TeV

√
s = 14 TeV

t-channel 124.51 246.6
s-channel 6.627 10.65

Wt-channel 32.66 66

Table 1.2: NLO cross sections (in pb) for single top production at the LHC.
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Figure 1.5: Leading order single top quark production. The upper two diagrams depict the
Wt-channel. The s-channel is shown in the lower left and the t-channel in the lower right
diagram.
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Figure 1.6: Leading order top quark pair production. Left: quark-antiquark annihilation. Mid-
dle and right: gluon fusion, the dominant production channel at the LHC.



12 Chapter 1. Theoretical background

different Leading Order channels for the production of a top quark pair. The total production
cross section for the t t̄ channel at leading order can be calculated by summing over all possible
configuration of the diagrams. Configurations exist with different flavors, colors, spin and
momenta for the incoming particles. In short the cross section can be written as:

σtt̄
(√

s,mt
)

= ∑
i, j

∫ ∫
dxi dx j fi

(
xi,µ2

F
)

f j
(
x j,µ2

F
)
× σ̂tt̄

(√
s,mt ,xi,x j,αs

(
µ2

R
)
,µ2

F
)
, (1.7)

where the sum runs over all possible flavors and species i, j of the incoming partons. The
σ̂tt̄ is the cross section of the hard scattering process of the partons i and j into a t t̄ pair
and includes the summation over possible colors and spin. Just as in eq. (1.1) the parton
distribution function fn(xn,µ2

F) is the probability that a parton of type n is encountered with
momentum fraction x. An observable should be independent of the factorization scale, yet as
we can only perform calculations up to certain order, a µF must be set when extrapolating the
PDF from the scale at which it has been measured, to the scale at which we are performing
our measurements.

As an example, in Fig. 1.7 we set it to the top mass, that is µ 2
F = Q2 = (170 GeV)2. These

distributions are obtained from the CTEQ6.5 PDF set [22]. We see how for all the constituents,
the probability increases with smaller x. A simplified calculation of

√x1 · x2
√

s ≈ x
√

s = 2mt tells
us that for the center-of-mass energy present at the Tevatron we need a minimum of x ∼ 0.2,
while at the LHC we need a minimum of x ∼ 0.03. From the figure we thus understand that the
dominant production channel at LHC will be via gluon fusion, while at the Tevatron it is via

Figure 1.7: Parton distribution functions for the proton according to the CTEQ6.5 parametriza-
tion. We see that the distributions for the up and down quarks are higher than those of the
anti-quarks due to the contribution of valence quarks. The gluon distribution can be seen to
rapidly increase for lower momentum fraction x. The figure is taken from [21].
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quark-antiquark annihilation. The cross section for the top pair production at the Tevatron
and at the LHC was depicted in Fig. 1.4.

The choice of Q2 = (170 GeV)2 needs some explanation. In Section 1.1.2 we explained that
Q2 is the square of the interaction scale; from the reasoning followed in that section the first
two diagrams in Fig. 1.6 would imply a scale of Q2 = 4m2

t . Yet for the third diagram, the
dominant production channel at the LHC, it is unclear what the interaction scale is. In the
end, setting Q2 = (170 GeV)2 is solely based on the knowledge that we are investigating the
production of the top quark, and thus must be working around the energy level of mt . In any
case, the cross section should be independent of Q2. In calculations the renormalization scale
µR is often varied in the range (0.5Q)2 < µ2

R < (2.0Q)2 to give an estimate of the theoretical
uncertainty as a consequence of performing calculations up to finite order, see Section 1.2,
where such a study is presented.

Top quark decay

With a mass above the W b threshold, the top quark decays almost exclusively as t →W b. The
corresponding branching fraction is larger than 99.8% and with its mass of 173.1 GeV the top
quark has a decay width of Γt = 1.35 GeV [23], corresponding to a lifetime of not more than
O(10−24) s. If we compare this to the time scale governing QCD processes, 1/ΛQCD = O(10−23) s,
we see that the top quark will predominantly decay before forming bound states; we can thus
describe the decay of a top quark by the decay of a free quark.

With two W bosons in each top pair event and one third of all W bosons decaying into
leptons, the top pair decays are categorized in the fully hadronic (only jets), semi-leptonic
(one lepton + jets) and fully leptonic events (two leptons + jets). The leptonic decays of the
W are spread approximately even over electrons, muons and τ ’s, resulting in the branching
fractions summarized in Fig. 1.8. Throughout this thesis we focus on the semi-leptonic decays
with an electron or a muon; these two leptons leave clear signals in the detector and are easy
to identify, especially in the busy hadronic environment we can expect in ATLAS. The leptonic
decays of the top quarks with τ ’s are left out, as these particles are more difficult to identify.

Figure 1.8: Branching fractions of a top quark pair illustrated in a pie-chart. The pair decay
is categorized by the decay of the W boson. The semi-leptonic decays considered throughout
this thesis are the channels with one electron or muon +jets. These amount to 30% of all top
pair decays.
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1.1.4 The W and the Z boson

The charged W and the neutral Z are the two mediators of the weak interaction. They were
discovered in 1983 at the UA1 and UA2 experiments at CERN [24–26] and their properties
were extensively studied at LEP from 1989 up to 2000. The current world average for the
masses are

mW = 80.398±0.025 GeV, (1.8)

mZ = 91.1876±0.0021 GeV. (1.9)

These values are obtained from [23]. The accurate measurements will make it possible to use
the boson masses for calibration of the ATLAS detector. To this end, the widths are important.
These have been measured to be

ΓW = 2.141±0.041 GeV, (1.10)

ΓZ = 2.4952±0.0023 GeV. (1.11)

Production and decay

The W and Z bosons can be created as daughter particles of heavier particles in channels such
as the top quark decaying into a W and a b-quark, or the Higgs decaying into a ZZ pair8). We
note that W ’s as well as Z’s can be produced in pairs, yet we restrict ourselves to the single
boson production channels.

The W and Z bosons can also be created directly in the hard interaction by quark-antiquark
fusion, see Fig. 1.9. Both bosons need an anti-quark to be produced; at the Tevatron this is
present as valence quarks in the anti-proton, at the LHC it is only present as a sea quark. (In
Fig. 1.4 on page 8 the distributions therefore do not connect.) The two cross sections have
been calculated up to NNLO and for the inclusive production at the LHC are expected to be
σ W = 20.5 nb and σ Z = 2.02 nb at 14 TeV center-of-mass energy, see [27]; this is including the
branching ratio into one lepton generation. In this thesis the leptonic decay of the W plays an
important role and we restrict ourselves to the decays into an electron plus νe or into a muon
plus νµ . The branching ratios for the W ’s and Z’s are, see [23]:

W+ → l+ν : 10.80±0.09% (3×)
→ hadrons : 67.60±0.27%

Z → l+l− : 3.3658±0.0023% (3×)
→ νν : 20.00±0.06%
→ hadrons : 69.91±0.06%

The Z boson production cross section is lower than that of the W boson as the branching ratio
in one lepton generation is smaller and as the couplings constants to the fermions are smaller,
see [3].

W and Z production with additional partons

For the work in this thesis the W and Z total inclusive production cross sections are not
immediately of importance. More important are the cross sections of the W and Z production
with at least two additional partons: the radiation of partons as discussed in Section 1.1.1

8)If the Higgs mass is large enough. If not, this channel is heavily suppressed.
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Figure 1.9: Leading order W (left) and Z (right) production at the LHC.

can result in additional hard partons, observable as jets, originating from before the hard
interaction (Initial State Radiation, ISR) or originating from after the hard interaction (Final
State Radiation, FSR).9) Together with ISR/FSR the observable signature of these events,
called W+jets or Z+jets event, can be similar to the signature of a top quark pair event.

The prediction of the W+jets and Z+jets cross sections is however not trivial. In [28] it
is explained how going from calculations at Leading Order to calculations at Next-to-Leading
Order improves the results as the renormalization and factorization scale dependence is re-
duced. Yet at the same time it is shown how the higher order opens new possible production
channels, increasing the cross section. From the same article the NLO cross sections for W -
and Z+jets events in Table 1.3 are obtained.10)

In [29] it is discussed how the prediction for the cross section for Z plus four or more jets has
a 50% uncertainty. The reason for this is that in these (Leading Order) predictions the coupling
αs is difficult to determine at all four or more vertices, as the scale Q2 is unknown. The same
reasoning goes for the cross section of W plus four or more jets. The W+bb̄ cross section also
has a relative large uncertainty. From data taken at the Tevatron the cross section measurement
for leptonic decays of W plus associated b-quark production results in 2.74± 0.50 pb, while
0.78 pb is expected from Leading Order calculations, see [30]. Studies are ongoing to fully
understand this discrepancy, but for now a safe margin of a factor of two is placed on the
production cross section of W+bb̄ at the LHC.

9)ISR and FSR lead to the same final state and are in principle indistinguishable.
10)The exact definition of a jet as used in the article is similar to what will be used in this thesis.

W + → e+νe Z → e+e−

+ jj + X 669+0
−18 105+1

−5

+ bb̄ + X 3.06+0.62
−0.54 2.28+0.32

−0.29

Table 1.3: Cross sections (pb) for the production of W - and Z plus two or more jets at the LHC
with 14 TeV center-of-mass energy. The table lists the inclusive cross section for the leptonic
decay with an electron, and the exclusive cross section for the production including a bb̄ pair.
The uncertainties are the consequences of renormalization and factorization scale variations
µ = MV/2 to µ = 2MV , where V stands for either a W or a Z, and µ = µR = µF . In Section 1.2
these variations are explained in detail.
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1.2 PDF uncertainties in the top quark pair and W boson cross

sections

In Section 1.1.3 we explained how for the calculation of the top pair cross section PDFs are
necessary. There are several PDF parameterizations available for which different techniques
are applied, or for which different data sets have been used to extrapolate the functions. In this
section we investigate the prediction of the top quark pair and of the W boson cross sections
at the LHC with a center-of-mass energy of 14 TeV, focusing on the systematic errors due to
the uncertainties known for the PDFs. We investigate two sources of errors: the choice of the
µR and µF scales and the uncertainty on the data used to determine the PDFs.11)

The PDFs needed for the simulations of the pp collisions at the LHC are extrapolations
of PDFs fitted to data taken at HERA and Tevatron. These extrapolations are obtained
using the DGLAP equations, which describe the QCD-evolution of a PDF as function of the
factorization scale.12) The uncertainty on the experimental data propagates into uncertainties
on the free parameters in the PDF fits. Through the DGLAP equations these uncertainties
can be extrapolated to the PDFs needed for the LHC. Since 2001 certain PDFs have been
extended with an extra functionality of calculating the consequences of these uncertainties.
We will be using the MRST2001E [32] and the CTEQ6.1 [33] PDFs.

These two versions consist each of a set of PDFs. In the global fit to data, the authors of
both versions use a number of free parameters (ngroup). For the MRST group this is a total of
15 parameters, for the CTEQ group this is 20 parameters. As to determine an uncertainty on
their PDF fits, they use the following approach: for each parameter an upper and lower bound
is calculated for which the fit deviates from the best fit by a small amount. In other words, the
best fit has a minimized χ2 and the parameters may deviate such that χ 2 grows by a certain
∆χ2, also called the tolerance. The MRST2001E set consists of 31 PDFs: one as a result of the
best fit, plus 2×15 for the upper and lower result for each of the 15 free parameters used in
the PDF fits. The CTEQ6.1 set with its 20 parameters has 41 different PDFs.

Unfortunately, an appropriate deviation is not easily set. For normal, that is Gaussian
errors, the tolerance would be ∆χ 2 = 1. Yet this criterion depends on the assumption that the
statistical and systematic errors are known, which is not the case for the PDFs. By investigating
the χ2 variations per data set used, the CTEQ group has settled with a final tolerance of
∆χ2 = 100, see also [34], while the MRST group has settled with ∆χ 2 = 50.

Ratio of the top pair and W boson cross sections

We calculate the uncertainty on the top pair cross section as a consequence of two methods:
the (µR,µF) scale variations and the PDFs internal parameter variations we just discussed.13)

Furthermore, we investigate the ratio of the top pair cross section to the W boson cross section,
specifically the σW→leptons. With almost all top quarks decaying via t →Wb, the ratio of the two
cross sections has the potential of dividing out several systematic errors and could thus serve
as a calibration tool at the start up of the LHC. We therefore investigate the consequences the
PDF uncertainties have on this observable.

11)Another important source of error, which we will not discuss, is the uncertainty on αs. See for example [31].
12)Comparible to the β function in eq.(1.3) describing the evolution of αs as a function of µR.
13)An alternative analysis is presented in [35] and a similar investigation for the cross section at the Tevatron

is also available, see [36].
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1.2.1 Setup of the calculation

For the computation of the cross sections we use the event generator MC@NLO, version 3.2
[37,38]. This Monte Carlo program simulates the pp collision at a 14 TeV center-of-mass energy
and calculates Matrix Elements up to Next-to-Leading-Order; in Section 4.2 event generators
are discussed in more detail. The different PDFs have been made available in one library, the
LHAPDF, while the interface between the event generator and the library is taken care of by
LHAGLUE [39].

The event generator can compute the full top pair cross section as a single channel. For the
W boson production and subsequent decay, one can choose to either compute the full channel
of W → 2X with 2X being leptons or quarks, or the channel with W + or W− going to one of
the three lepton families. Although the production rates of W − and W + at the LHC will not
be equal, their ratio can accurately be determined. Using the MRST PDFs [31] it is calculated
to be σW−

σW+
= 0.731±0.005. (1.12)

As the branching of the W boson to either of the three leptons is also well known, we have
chosen to simply look at the single channel of W + → µ+ +νµ . For a good approximation of the
full W cross section one can then easily apply the rule σW = 16.4σW +→µ++νµ .

The top quark mass - The top pair cross section has a large dependence on the top
mass. We investigate this by varying the top mass with ±2.5 GeV, where the average is set to
mt = 175.0 GeV. This was the standard top mass at the time the work was performed.

The QCD scale - Another variable of importance is Λ5, the scale Λs calculated with five
flavors in the renormalization equations, see Section 1.1.2. For the CTEQ PDFs it is set to
Λ5 = 0.226 GeV, for the MRST PDFs it is set to Λ5 = 0.239 GeV. 14)

µR and µF dependence - For the determination of the dependence on the renormalization
and factorization scale we let both scales vary by a factor of two [40]:

µi = 0.5M , µi = 1.0M , µi = 2.0M. (1.13)

The mass scale is either M = mt or M = mW , depending on the channel.
The PDF tolerance range - Both the MRST and the CTEQ set consist of one best

fit PDF, plus 2× ngroup PDFs, which we will call the (+) and (−) direction of variation V ±
i ,

with 0 < i < ngroup. We have nmrst = 15 and ncteq = 20. Any observable X , like the top pair cross
section we are studying, has an error defined by

∆X =
1
2

√√√√
i=ngroup

∑
i=1

(
X(V (+)

i )−X(V (−)
i )

)2
. (1.14)

The error on the ratio of cross sections is calculated by first taking the ratio of each of the
directions of variation V ±

i and then applying the above definition.

14)If one lets MC@NLO calculate the Λ5 value for the MRST PDFs from the LHAPDF library, it amounts
to Λ5 = 0.224 GeV. Yet in the MC@NLO internal PDF library, the default value for the MRST PDFs is set
at Λ5 = 0.239 GeV. This difference comes from the fact that the MRST group and the MC@NLO group use a
different form of calculation of the strong coupling αs. Since we are using the MC@NLO routine to compute αs,
the correct setup is with Λ5 = 0.239 GeV, independent of the PDF library. The differences can be the result of
using different data and different numerical approximations.
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1.2.2 Results

In Table 1.4 we state the results for the top pair cross section, where the errors are according
to eq. (1.14). In our calculations we let the renormalization scale µR and factorization scale µF
vary independently. The outcome is that the cross sections dependence on µR is much higher
than its dependence on µF . As an illustration we list all results of the CTEQ6.1 with mt = 175
GeV in Table 1.5. In Table 1.4 we have set µR = µF = µ . As for the (W + → µ+ +νµ) process it
turns out that, within the range chosen, the cross section is independent of the factorization
scale µF . In Table 1.6 we state the results for the W cross section.

From a comparison of the σtt with the σW+→µ++νµ we conclude that there is an anti-
correlation between the two cross sections. This is clear from Fig. 1.10 where we see the 41
results of the variations within the PDF tolerance range for the CTEQ6.1 distributed, at
µR = µF = mt and mt = 175 GeV.

With the top quarks being mostly produced by gluon fusion at Leading Order and the W
boson being mostly produced by quark fusion, a possible explanation for the anti-correlation
between the two cross sections is the following: any variation of a PDF resulting in a higher
gluon density also results in a lower quark density. We note that this argument would not hold
if we evaluated a PDF f (x) at one value of the momentum fraction x. Yet it does hold for
a PDF f (x) integrated over x, and for the results presented here the integral over x is more
important, as the production of a W boson or a t t̄ pair can occur over a large range of x.15)

In Table 1.7 we summarize the results for the top pair cross section divided by the (W + →
µ++νµ) cross section. The relative error due to the PDF tolerance is larger compared to either
of the given cross sections’ uncertainties.

Figure 1.10 illustrates the result of the PDF tolerance range at a fixed renormalization and
factorization scale. If we look at one specific PDF and vary the scales, we see from Table 1.4
and 1.6 that there is also an anti-correlation in the variation of µR. The results show a large
dependency of the cross section on the top mass. The variation of ±2.5 GeV results in a cross
section difference of approximately ∓7%.

To see if the choice of scale variation is justified, we have calculated the top pair cross section
as a function of µi in the range 0.01 < µi/mt < 10. For one single PDF, that is the CTEQ6.1
best fit variation with mt = 175 GeV, this results in the distribution in Fig. 1.11. In [40] a
similar distribution is calculated for the cross section at Tevatron. It is explained that going
to NLO including Next-to-Leading-Log (NLL)16) reduces the scale dependence in the range,
justifying the choice of 0.5 < µi/mt < 2.

15)Gluons and quarks are not the only constituents of a proton, antiquarks are also present. Their presence
is the result of gluons splitting in quark-antiquark pairs. As the Leading-Order production of a W boson also
requires an antiquark, and as the two cross sections are evaluated at different x values, there are some subtleties
in the argument presented here.

16)Instead of calculating completely one higher order in the perturbative expansion in αs, one can estimate
the next order by reorganizing the large logarithms L in the expansion, where L � 1. After this so-called
resummation, the most dominant logarithmically enhanced terms to all orders in αs can be isolated in the
Leading-Log term. Expressed in exponential form, the expansion for a cross-section σ reads

σ ∼ e(Lg1(αsL)+g2(αsL)+αsg3(αsL)+... ), (1.15)

where the gi are functions of αsL. Including only the g1 term results in the Leading-Log expression, comple-
menting this with the g2 term results in the NLL, etc. . .
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Figure 1.10: The cross section for top pair production vs the cross section of the W + → µ++νµ
channel, calculated with the 41 variations of the PDFs from CTEQ6.1. An anti-correlation
between the two channels is visible.
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Figure 1.11: The top pair cross section as a function of the scale µ , with µR = µF = µ . The
calculations are performed at NLO, resulting in a substantial dependence on the scales.
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top mass (GeV) PDF group µ/mt σtt (pb) ± error (pb)

172.5 cteq6.1 0.5 967 34 (3.5%)
172.5 cteq6.1 1.0 865 30 (3.5%)
172.5 cteq6.1 2.0 765 28 (3.7%)
172.5 mrst2001 0.5 1000 14 (1.4%)
172.5 mrst2001 1.0 894 12 (1.3%)
172.5 mrst2001 2.0 790 12 (1.5%)

175.0 cteq6.1 0.5 904 32 (3.5%)
175.0 cteq6.1 1.0 809 29 (3.6%)
175.0 cteq6.1 2.0 715 26 (3.6%)
175.0 mrst2001 0.5 935 13 (1.4%)
175.0 mrst2001 1.0 837 12 (1.4%)
175.0 mrst2001 2.0 739 11 (1.5%)

177.5 cteq6.1 0.5 846 31 (3.7%)
177.5 cteq6.1 1.0 758 28 (3.7%)
177.5 cteq6.1 2.0 670 25 (3.7%)
177.5 mrst2001 0.5 875 13 (1.5%)
177.5 mrst2001 1.0 784 11 (1.4%)
177.5 mrst2001 2.0 693 10 (1.4%)

Table 1.4: Results for the top pair cross section. The most right column is the error due to the
PDF tolerance range calculated with eq. (1.14). The renormalization and factorization scales
equal µR = µF = µ .

PDF group µR/mt µF/mt σtt (pb) ± error (pb)

cteq6.1 0.5 0.5 904 32 (3.6%)
cteq6.1 0.5 1.0 891 32 (3.6%)
cteq6.1 0.5 2.0 885 33 (3.7%)

cteq6.1 1.0 0.5 826 29 (3.5%)
cteq6.1 1.0 1.0 809 29 (3.6%)
cteq6.1 1.0 2.0 797 29 (3.7%)

cteq6.1 2.0 0.5 749 26 (3.5%)
cteq6.1 2.0 1.0 730 26 (3.6%)
cteq6.1 2.0 2.0 715 26 (3.7%)

Table 1.5: Dependence on both the renormalization and the factorization scales. We only state
the top pair cross section for CTEQ6.1 at mt = 175 GeV. The most right column is the error
due to the PDF tolerance range.
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PDF group µ/mW σW+ (nb) ± error (nb)

cteq6.1 0.5 10.94 .54 (4.9%)
cteq6.1 1.0 11.34 .54 (4.8%)
cteq6.1 2.0 11.66 .56 (4.8%)

mrst2001 0.5 11.06 .23 (2.1%)
mrst2001 1.0 11.40 .23 (2.0%)
mrst2001 2.0 11.71 .24 (2.0%)

Table 1.6: Results for σ(W + → µ+ +νµ). The most right column is the error due to the PDF
tolerance range. The renormalization and factorization scales equal µR = µF = µ .

top mass (GeV) PDF group µ/M Ratio (×10−2) ± error (×10−2)

172.5 cteq6.1 0.5 8.80 .71 (8.1%)
172.5 cteq6.1 1.0 7.63 .61 (8.0%)
172.5 cteq6.1 2.0 6.56 .54 (8.2%)
172.5 mrst2001 0.5 9.04 .30 (3.3%)
172.5 mrst2001 1.0 7.85 .26 (3.3%)
172.5 mrst2001 2.0 6.75 .23 (3.4%)

175.0 cteq6.1 0.5 8.23 .67 (8.1%)
175.0 cteq6.1 1.0 7.14 .58 (8.1%)
175.0 cteq6.1 2.0 6.13 .51 (8.3%)
175.0 mrst2001 0.5 8.46 .28 (3.3%)
175.0 mrst2001 1.0 7.34 .25 (3.4%)
175.0 mrst2001 2.0 6.31 .22 (3.5%)

177.5 cteq6.1 0.5 7.70 .63 (8.2%)
177.5 cteq6.1 1.0 6.70 .55 (8.2%)
177.5 cteq6.1 2.0 5.74 .48 (8.4%)
177.5 mrst2001 0.5 7.92 .27 (3.4%)
177.5 mrst2001 1.0 6.88 .23 (3.3%)
177.5 mrst2001 2.0 5.91 .20 (3.4%)

Table 1.7: Results for the ratio of σ(tt)/σ(W + → µ+ + νµ), where M is either mt or mW . The
most right column is the error due to the PDF tolerance range.
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1.2.3 Conclusion

As pointed out earlier the choice of tolerance of the two PDF groups is not trivial. The CTEQ
group chose a tolerance twice as large as the MRST group did and we immediately see this
translated in a larger error. Besides this discrepancy, we see that the averages for both the top
pair and the W cross sections tend to be higher in the MRST calculations. These differences
make that in our view the most conservative choice is the outcome with the largest error range,
that is the outcome of the CTEQ group. The largest error by far is still due to the variance
of renormalization and factorization scale. Combining all errors we come to a final value with
mt = 175 GeV of

σtt = 809+95(11.7%)
−94(11.6%) ±29(3.6%) pb. (1.16)

The +95
−94 is the error due to scale variance and the ±29 is the consequence of the PDF tolerance

range. The latter coincides with the difference between the cross sections of the MRST and of
the CTEQ group.

Concerning the ratio of the top pair cross section to the (W + → µ+ + νµ) cross section
the conclusion is that as well as for the scale variation as for the PDF tolerance range an
anti-correlation is present. The average ratio and its errors are

(
7.1+1.09(15%)

−1.01(14%) ±0.58(8.1%)
)
·10−2. (1.17)

The +1.09
−1.01 is the error due to scale variance and the ±0.58 is the consequence of the PDF

tolerance range. Compared to eq.(1.16) the error due to the PDF tolerance has more than
doubled to 8.1% and the error due to scale variation has grown with a few percent. The idea
that certain systematic uncertainties might diminish in this ratio is clearly not applicable to
these two errors.

Going from NLO to NLO+NLL

In [35] a similar analysis is performed including the newest top mass measurement, and includ-
ing calculations up to NLO+NLL with the new PDF sets CTEQ6.5 [22] and MRST2006nnlo
[41]. First, the authors also state the results for the top pair cross section at NLO:

CTEQ6.5 : σ NLO
tt = 875+102(11.6%)+30(3.4%)

−100(11.5%)−29(3.3%) pb, with mt = 171 GeV. (1.18)

Taking into account the dependence of the cross section on the top mass this is in agree-
ment with the result of eq. (1.16). More interesting is the observation of the authors that the
renormalization and factorization scales should not be kept equal when going to NLO+NLL:
with µF = µR the scale uncertainty reduces to no more than +7%

−5%, yet when the two scales are
independent the end result is

CTEQ6.5 : σ NLO+NLL
tt = 908+82(9.0%)+30(3.3%)

−85(9.3%)−29(3.2%) pb. (1.19)

MRST2006nnlo : σ NLO+NLL
tt = 961+89(9.2%)+11(1.1%)

−91(9.4%)−12(1.2%) pb. (1.20)

Here the two scales are independently varied in the full range of 0.5 < µi/mt < 2.0 and the
positive/negative errors are calculated at the points (µR,µF) resulting in the largest posi-
tive/negative offset. The results show a significant difference between the CTEQ and the
MRST cross sections. As the difference is larger than the uncertainty due to the PDF toler-
ance range, we can only conclude that the latter is somewhat underestimated.
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1.3 Supersymmetry

The Standard Model (SM) describes accurately most of the properties of the fundamental par-
ticles observed in nature so far. There are indications however that the model is not complete,
the most important of which come from:� Gravity. The fourth fundamental force known in nature is not accounted for in the SM.

� The neutrino. In the SM this particle is massless, yet from [10,11] we know this is not
the case.

� Dark matter and dark energy. The SM describes no more than 4% of all matter and
energy present in the universe. The remaining 96% is called dark matter (20%) and dark
energy (76%), yet what it consists of is unknown.

� Unification. Why is the SM described by the SU(3)×SU(2)L ×U(1)Y group? Is there a
larger group in which all three forces can be unified?

� Unnaturalness. The scalar Higgs mass mh is the only ‘unprotected’ mass in the SM
and in the renormalization of mh unnatural fine-tuning might be necessary.

In Section 1.3.2 we describe some of these problems in more detail. Together with other unan-
swered questions, these problems make it clear that new physics must lie beyond the Standard
Model. Several theories and models have been postulated in the last few decades. In this section
we describe only one, that is supersymmetry.

Supersymmetry implies a symmetry between the bosonic and fermionic fields in the La-
grangian. Similar to for example the SU(2) symmetry that exists between the up and down
quark, supersymmetry relates bosons to fermions in supermultiplets (or superfields). It is not
possible for the Standard Model to be supersymmetric, therefore if the symmetry is applied,
it is an extension of the theory and it doubles the particle spectrum as we know it.

The first generation of leptons, denoted in a SU(2) doublet L, is thus related to the doublet
of scalar leptons (sleptons) L̃ in a superfield Φ̂. The scalar partners of the quarks are called
squarks and the fermionic partners of the gauge bosons are called gauginos. The fermionic
partners of the Higgs bosons are called Higgsinos. As these superparticles have never been
observed and thus cannot have the same masses as their Standard Model partners, supersym-
metry is thought to be broken. This results in masses too large for the superparticles to have
been found yet, but which may become accessible with the LHC.

In the Standard Model lepton and baryon number are conserved by gauge invariance and
renormalizability. With supersymmetry these conservations do not hold anymore. Lepton and
baryon number can be preserved by demanding conservation of R-parity, which is a discrete
multiplicative symmetry and defined by

Rp = (−1)3B+L+2S. (1.21)

The B is the baryon number, L is the lepton number and S is the spin of a particle. Standard
Model particles have Rp = +1, whereas the superparticles have Rp = −1. This symmetry17)

17)With nq the number of quarks and nl the number of leptons, the baryon and lepton number are simply
given by

B =
nq −nq

3 and L = nl −nl , (1.22)
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forbids a superparticle to decay into only Standard Model particles. A phenomenological con-
sequence is that superparticles are always produced in pairs, and each superparticle decay must
result in one stable superparticle, often called the Lightest Supersymmetric Particle (LSP).

1.3.1 Supersymmetric transformations

Before we discuss the phenomenological aspects of supersymmetry we want to give the reader
a brief impression of the theoretical implementation. For a more elaborate introduction we
refer the reader to [42–44]. If we start with space-time translation, we remember that for an
infinitesimal translation x′µ = xµ + εµ we may write for a scalar field φ(x):

Uφ(x)U−1 = φ(x′), where U = 1+ iε µPµ . (1.23)

The four operators Pµ are the generators of the transformation. These generate space-time
displacements and have the 4-momenta as conserved charge. We can write

φ(x+ ε) = φ(x)+δφ(x), (1.24)

where
δφ(x) = iε µ [

Pµ ,φ(x)
]
= ε µ∂µ φ(x). (1.25)

What does the supersymmetric equivalent of the above translation look like? If the super-
symmetric operator Q is to translate a boson field into a fermion field as in Q|φ〉 = |ψ〉, the
operator itself must carry spinor indices, such as Qa. It also implies that space-time itself is
extended with fermionic degrees of freedom to superspace:

(xµ) → (xµ ,θ ,θ ). (1.26)

These new dimensions have as components Grassmann numbers which obey anti-commuting
rules. For the two numbers θ and η for example we have that

{θ ,η} = 0 → θη = −ηθ . (1.27)

Thus supersymmetry introduces a new dimension, one that is only defined quantum mechan-
ically and does not possess classical properties, such as continuous extent. The operator for
the transformation is given by

Qa = i ∂
∂θ a +θ b?(σ µ)ba∂µ (1.28)

and obeys
{Qa,Q†

b} = i(σ µ)ab∂µ = (σ µ)abPµ . (1.29)

The σ µ are the three Pauli matrices together with the identity matrix.18) We note that more
general supersymmetric algebras exist, in which the single generator Qa is replaced by N gen-
erators QA

a (A = 1,2, ...N). Due to phenomenological constraints usually only the N = 1 algebra
is considered.

It is here that we can grasp the far-reaching effect that supersymmetry has. Looking at
eq.(1.29) we see that if we perform two supersymmetric transformations generated by Q we

18)Some authors use a different normalization resulting in the anti-commutation rule of eq. (1.29) with a factor
2 on the RHS. Here we have adopted the convention of [42].
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get the energy-momentum operator Pµ . This means that we can read the operator Q as the
square root of the 4-momentum derivative, just like the Dirac equation can be seen as the
square root of the Klein-Gordon equation [42, 45, 46].

Although it is hard to visualize such an extension of our four-dimensional space-time, we can
compare this with i =

√
−1. With one simple definition we can extend any real dimension into

a complex plane. Superspace is to be understood in a similar way: the space-time coordinates
are extended to include fermionic degrees of freedom, which are connected to the standard
ones by means of transformations generated by Q. The interlock of the operator with space-
time derivatives also gives us one of the first hints on how supersymmetry can help bridge the
gap to the theory of general relativity and provide a quantum field theory of gravity. In fact,
any theory with local supersymmetry must be a theory of gravity. Gravity supermultiplets can
thus be constructed containing a spin-2 graviton and a spin-3/2 gravitino, see [43, 44].

1.3.2 Motivation for supersymmetry

The theory of supersymmetry was developed in the seventies19), even the extensions of super-
gravity were already firmly established in 1976 [48,49]. At the moment the theory is probably
the most popular extension of the Standard Model, not only due to its aesthetic appeal, and
partly also maybe due to the lack of sound theoretical alternatives, but also due to the possi-
bility of it solving some long standing problems in high energy physics. We will now mention
a few of the phenomenological motivations.

Naturalness

One of the most important consequences of supersymmetry is probably the protection of the
scalar mass. We can explain this with the diagrams in Fig. 1.12, depicting three contributions
to the self-energy of the scalar propagator. With q the momentum of the scalar particle and p
and q− p the momenta of the loop particles the three diagrams equal:

∆I = A
∫

d4 p
p2 + 1

4 q2 +m2

((p+ 1
2 q)2 +m2)((p− 1

2 q)2 +m2)
(1.30)

∆II = −B2
∫

d4 p
p2 − 1

4 q2

((p+ 1
2 q)2 +m2)((p− 1

2 q)2 +m2)
(1.31)

∆III = A2
∫

d4 p m2

(p2 +m2)((p−q)2 +m2)
(1.32)

where m is the scalar Higgs mass. A is the scalar self-coupling and −B2 is the -1 of a fermion
loop times the scalar-fermion coupling squared. This symbolic notation is chosen to explain the
following: the first two expression ∆I and ∆II contain a quadratic and a logarithmic divergency.
In the Standard Model A can only be the self-coupling of the Higgs, while B is dominated by
the top yukawa coupling. the result is A−B2 6= 0 and we remain with a quadratic divergency.
In supersymmetric theories the sum however does cancel, as for each bosonic loop a partner
fermionic loop is present. The total sum is always A−B2 = 0 and we remain with only the
logarithmic divergencies. The third diagram results in ∆III with only a logarithmic divergency.

19)For an excellent overview of the early history of supersymmetry we like to refer the reader to [47].
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I

q q
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II

q q
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q− p
III

q q
p

q− p

Figure 1.12: Three contributions to the renormalization of the scalar mass. Solid lines are
fermion lines, dashed lines represent scalar fields. The momenta are depicted by p and q.

The difference between a quadratic and logarithmic divergence becomes more clear if we
apply the cut-off scheme to the diagrams above. With the integral going up to a scale Λ we
can see by simply counting the powers of p in the integral that

∆I ∼−∆II ∼ Λ2 +m2 lnΛ. (1.33)

Summing all self-interactions in a δm we define the bare mass m0 such that the physical mass
mh equals

m2
h = m2

0 +δm2. (1.34)

If new physics lies beyond the Standard Model at say an energy scale of ΛX we can set Λ = ΛX ,
in the case of no new physics the cut-off must be set to the Planck scale at 1019 GeV, at
which gravity starts to play a role. Thus a quadratic divergency could imply a fine-tuning
up to O(1038 GeV) for mh to lie in the expected region of 102 GeV [50], while a logarithmic
divergency would be of the order of the mass m. This is called the problem of unnaturalness.

With exactly an equal amount of fermionic as bosonic fields supersymmetry thus ensures
that all the quadratic divergencies from the fermionic loops cancel with those from the bosonic
loops; we say that the symmetry protects the scalar mass. In Section 1.1.1 we stated that
divergencies are no problem as long as the theory as a whole is proved to be renormalizable.
This applies to both quadratic and logarithmic divergencies, so one might wonder what the
need is for supersymmetry.

It turns out that the quadratic divergency of the scalar mass is the only quadratic diver-
gency in the Standard Model. In the renormalization of the fermionic mass for example we
also have fermionic loops as in diagram II of Fig. 1.12. These are however exactly canceled
out, which is subscribed to the chiral symmetry of the theory protecting the fermionic masses.
With the gauge bosons protected by gauge symmetry20), only the scalar mass goes unprotected.
Again, there is nothing ‘wrong’ with this, the Standard Model is renormalizable, yet to many
physicists fine-tuning remains too unpleasing.

We mentioned before that supersymmetry must be broken; if the symmetry is to protect
the scalar mass, the above implies that the breaking of supersymmetry cannot be at too high
an energy level. It is expected to lie at most in the TeV region, bringing it in reach of the LHC.

20)Here we neglect the masses of the W and the Z which are a consequence of the spontaneous symmetry
breaking of the electro-weak theory.
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Figure 1.13: Evolution of the three coupling constants in the Standard Model (dashed lines)
and in supersymmetric theories (solid lines). The latter is depicted in case supersymmetry
breaking occurs at 250 GeV (lower solid lines) or at 1 TeV (upper solid lines).

Unification of the coupling constants

Just as the electromagnetic and the weak force are unified in the electro-weak theory, there
have been many attempts to unify the three forces in a Grand Unified Theory (GUT). A
natural way to do this would be by embedding SU(3)× SU(2)×U(1) in a larger symmetry
group. This larger symmetry would have to be broken at a higher energy scale, such that by
the RGEs we would obtain the coupling constants as we know them.

Turned around, we can try to find the unification scale by evolving the coupling constants
up to higher scales. It turns out that with the RGE from only the Standard Model particles this
does not work, see [51]. In Fig. 1.13 we can see how the couplings do not unify.21) If however
new particles exist, such as the supersymmetric partners, the RGEs of the couplings change. In
Fig. 1.13 the possible evolution of the couplings is depicted in case the supersymmetry breaking
scale lies at 250 GeV or at 1 TeV. We note that there are many different implementations of
supersymmetry, and not all result in the same RGEs. This figure merely serves to illustrate
the possibility of unification.

As mentioned before, another problem supersymmetry might help solve is the unification
of the Standard Model forces with gravity, see [43, 44].

Dark matter

With the Standard Model only up to 4% of all matter and energy in the universe can be
accounted for. A total of 20% is only measurable through gravity; it must be non-baryonic and
is called the dark matter, see [53]. 76% of the total is called the dark energy, which is thought
to cause the measured acceleration of the expansion of the universe, see [43, 44].

21)Taken from [52].
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Supersymmetric models that obey the R-parity conservation, see eq. (1.21), predict the
presence of a stable Lightest Supersymmetric Particle (LSP). If produced under the correct
circumstances at the Big Bang this particle could account for all the dark matter in the
universe. We come back to this in Section 1.3.4.

1.3.3 Minimal Supersymmetric Standard Model

In the Standard Model one complex Higgs doublet couples to the fermions and gauge bosons.
After the electro-weak symmetry breaking three degrees of freedom from the doublet form the
masses of the W and Z boson, and we are left with one Higgs particle. Because of the structure
of supersymmetric theories (contrary to the SM, supersymmetric models do not allow complex
conjugates), two Higgs doublets of opposite hypercharge are needed to generate the masses of
the up-type and of the down-type quarks: the Hu with hypercharge Y = +1/2 and the Hd with
Y = −1/2. With again three degrees of freedom forming the gauge boson masses, we are left
with five scalar Higgs particles denoted by h0,H0,A0,H+ and H−.

Since no superparticles have been observed yet, supersymmetry must be broken if present in
nature. There are no phenomenological satisfying theories known with a spontaneous breaking
of the symmetry22) and the breaking is usually parameterized by introducing mass terms for
the superparticles. For more details on the exact parametrization we refer the reader to for
example [43, 44], here we only want to mention that by breaking of the supersymmetry, the
spontaneous symmetry breaking in the Higgs sector comes naturally.23) The ratio of the vacuum
expectation values (vevs) of the neutral Higgs components is usually written as

tan β =
〈Hu〉
〈Hd〉

(1.35)

and at tree level the mass of the lightest Higgs h0 is to satisfy mh0 ≤ mZ|cos 2β |. This is
experimentally excluded. Taking into account large radiative corrections from mainly tops and
stops the upper limit can be raised, but it cannot exceed approximately 135 GeV [56]. If the
theory is allowed to be extended with extra singlets, see for example [57], this upper limit can
be raised further. The model in [57] has an upper limit of 168 GeV, or 195 GeV if several
constraints are neglected [58].

Experimental results combined with only Standard Model calculations prefer a Higgs mass
around 90 GeV [50]. With the lower bound from LEP set at mh = 114.4 GeV at 95% confidence
level [50], supersymmetry might explain its relative large mass; that is of course if it exists.
If the Tevatron or the LHC can exclude the full range up to O(200) GeV for the Higgs mass,
both supersymmetry and the Standard Model are in trouble.

The particle content

In Table 1.8 we see left the superpartners of the Standard Model fields. The squarks and
sleptons are spin-0 particles, the gauginos and Higgsinos are spin-1/2. The L- and R-labeling
does not refer to the handedness or the chirality of the sparticles, as the sparticles are bosons.
The labels merely serve as to indicate the relation with the fermions in Table 1.1. (In an

22)The Fayet-Iliopoulos breaking [54] and the O’Raifeartaigh breaking [55] are examples, yet these are non-
compatible with the Standard Model.

23)That is, in large parts of the parametrization phase space. As this is a great benefit of supersymmetry, we
restrict our discussion only to models including this property.
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Fields

Squarks (ũ, d̃)L (c̃, s̃)L (̃t, b̃)L
ũR c̃R t̃R
d̃R s̃R b̃R

Sleptons (ν̃e, ẽ)L (ν̃µ , µ̃ )L (ν̃τ , τ̃ )L
ẽR µ̃R τ̃R

Gauginos g̃
B̃,W̃1,W̃2,W̃3

Higgsinos H̃u, H̃d

}

Mass
eigenstates

ũL, ũR c̃L, c̃R t̃1, t̃2
d̃L, d̃R s̃L, s̃R b̃1, b̃2

ν̃e ν̃µ ν̃τ
ẽL, ẽR µ̃L, µ̃R τ̃1, τ̃2

g̃
χ̃±

1,2 (Charginos)

χ̃0
1,2,3,4 (Neutralinos)

Table 1.8: Left: the supersymmetric partners of the Standard Model particle fields. Right: in
the mSUGRA model the mass eigenstates are mixtures of the fields. The L- and R-squarks and
the L- and R-sleptons can mix into two states, denoted simply by their increasing mass with
1,2. The mixing is usually negligible in the first two generations. The gauginos and Higgsinos
mix into the charginos and neutralinos, except for the gluinos.

unfortunate terminology the ‘+’chirality of a fermion in the Standard Model is denoted by ‘R’
and the ‘−’chirality is denoted by ‘L’.) Due to mixing the mass eigenstates of the superfields
are combinations of the L- and R-sparticles. The resulting mixing is mainly important for the
third generation and the eigenstates are called t̃1,2, b̃1,2 and τ̃1,2. We note that the gaugino and
Higgsino fields also mix, with an exception for the gluinos. The mass eigenstates are the two
charginos χ̃±

1,2 and the four neutralinos χ̃0
1,2,3,4. The indices 1,2 . . . classify the increasing mass.

The Minimal Supersymmetric Standard Model (MSSM) is the supersymmetric extension of
the Standard Model with the minimal particle content as listed in Table 1.8 and with R-parity
conservation24). The breaking is parameterized and introduces 105 new parameters in addition
to the Standard Model ones. This parameterization is a consequence of our ignorance, we do
not know how the symmetry truly is broken. Once we understand the supersymmetry breaking
the number of parameters will be drastically reduced.

It is usually assumed that the breaking occurs in a hidden sector, where through some
weak interaction radiative corrections lead to supersymmetry breaking. There are many of such
models, the most popular probably are the gauge mediated symmetry breaking [59] and the
gravity mediated symmetry breaking. We restrict ourselves to the latter, that is supergravity.
With its promises to unify the Standard Model with gravity and to perhaps identify the dark
matter it is one of the most attractive theories.

1.3.4 Minimal supergravity

Simply assuming gravity to be the source of symmetry breaking is of course not enough, we still
remain with 105 new free parameters. The approach in dealing with this, is restricting ourselves
to certain parts of the phase space by experimental limits and applying certain assumptions.
For the minimal supergravity model (mSUGRA) it is assumed that at the GUT scale all
scalars, be it squarks, sleptons or Higgs bosons, have a common mass m0. All the gauginos and
higgsinos have a common mass m1/2 and all the trilinear Higgs-sfermion-sfermion couplings

24)In some models the R-parity conservation is not implemented, see for more information [52].
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have a common value A0, see [43,44]. These restrictions are not completely out of the blue; the
common masses are suggested by the fact that gravity is universal and limits on for example
the decay of the µ → e+ γ and on CP violation hint in the direction of these constraints, yet
we do emphasize that these are but assumptions helping to restrict the total phase space.
Altogether there are five free parameters left in mSUGRA, or better four and a half:

m0, m1/2, A0, tanβ and sgn(µ) = ±, (1.36)

where µ is the bilinear coupling between the two Higgs fields. With these parameters and the
RGEs all couplings and the entire mass spectrum can be determined. For dedicated studies a
few benchmark points have been agreed upon within the ATLAS collaboration, see [60]. Table
1.9 lists five of them.

The effect of the five free parameters on the mSUGRA mass spectrum can be summarized
as follows:� The parameters m0 and m1/2 have the largest impact on the mass spectrum of the super-

particles. With an increasing m1/2 all mass values increase. With increasing m0 all squark
and slepton masses become larger, while the remaining sparticles are mostly insensitive
to the m0, see [61].� The reason that the sign of µ is positive in all the benchmark points is that the effect of
the sign on the mass spectrum is negligible compared to the other parameters. The pa-
rameter space for µ < 0 is also more restricted than for µ > 0 due to the muon anomalous
magnetic moment (g−2)µ measurements, see for example [62], and due to dark matter
constraints: if dark matter is to be an LSP it must consist of a neutral particle, yet for
µ < 0 and low tanβ the stau becomes the LSP.� The most important consequence of the A0 value is for the h0 mass, which becomes larger
as A0 gets more negative. The Higgs mass can shift by +10 GeV when A0 goes from +1000
to -1000. A different impact of the A0 parameter is on the stop mass. For an increasing
value of |A0| the lightest stop mass becomes smaller, especially if tanβ is large.� As for tanβ we can say that for larger values the heavy Higgses and the third generation
sfermions become lighter; the mass splitting for the sfermions in the third generation
also increases resulting in relatively light τ̃1 and t̃1.

The cross section for the total production of supersymmetric particles mostly depends on
the masses of the initial pair of superparticles produced, which at the LHC are expected to

Name (Label) m0 (GeV) m1/2 (GeV) A0 (GeV) tan β sgn(µ) σ NLO (pb)

Coannihilation (SU1) 70 350 0 10 + 10.86
Focus Point (SU2) 3550 300 0 10 + 7.18
Bulk (SU3) 100 300 -300 6 + 27.68
Low Mass (SU4) 200 160 -400 10 + 402.19
Funnel (SU6) 320 375 0 50 + 6.07

Table 1.9: Five of the ATLAS benchmark points in the mSUGRA parameter space. The naming
finds its origin mostly in the dark matter constraints (see text for more details). The cross
sections listed are at 14 TeV center-of-mass energy.
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be the g̃, ũ, d̃ and in some cases the t̃1. Especially for larger values of tanβ combined with a
large value for |A0| this last channel is more present. In this thesis we only study the SU3 and
SU4 benchmark points. For both models the mass of the t̃1 lies above the top quark mass and
it often decays through a top. Especially in the SU4 model the stop mass is relatively small:
mt̃1 = 206 GeV.

Dark matter constraints

If the neutralino is to be the dark matter constituent, the measurements from WMAP [53] are
among the strongest constraints on the mSUGRA parameter space. Over the majority of the
phase space the neutralino dark matter is expected to be overproduced relative to the observed
dark matter. Therefore models with annihilation of the LSP in the high-density early universe
are needed.

Several regions in the parameter space have been identified as suitable. These are classified
as the stau coannihilation, the focus point, the bulk and the A-funnel region, see [62,63]. These
names are also used to define the benchmark points, see Table 1.9. Figure 1.14 depicts the
(m1/2,m0) plane with A0 = 0, tan β = 50 and µ > 0. The upper left corner of the phase space is
ruled out by experimental bounds on the chargino mass, the lower right corner is ruled out
as the stau becomes the LSP. The light gray area spanning most of the space in between is
favored by measurements on the muon’s magnetic moment, while the limit of mh = 114 GeV
is drawn by a solid line; the allowed space lies to the right of this boundary.

The Focus point is the narrow band near the upper left corner, while the coannihilation
region is the narrow band near the boundary of the stau LSP region. The bulk region is the
parameter space with low m0 and m1/2, which in some cases enables the neutralino to annihilate
efficiently. The A-funnel region is not visible in this specific parameter space.

Figure 1.14: The (m1/2,m0) phase space in the mSUGRA model with A0 = 0, tanβ = 50, µ > 0.




