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6

Discrete Latent Markov Models for

Normally Distributed Response Data

Van de Pol and Langeheine (1990) presented a general framework for Markov

modeling of repeatedly measured discrete data. We discuss analogical single

indicator models for normally distributed responses. In contrast to discrete mod-

els, which have been studied extensively, analogical continuous response models

have hardly been considered. These models are formulated as highly constrained

multinormal finite mixture models (McLachlan & Peel, 2000). The assumption of

conditional independence, which is often postulated in the discrete models, may

be relaxed in the normal-based models. In these models, the observed correla-

tion between two variables may thus be due to the presence of two or more latent

classes and the presence of within-class dependence. The latter may be subjected

to structural equation modeling. In addition to presenting various normal-based

Markov models, we demonstrate how these models, formulated as multinormal

finite mixtures, may be fitted using the freely available program Mx (Neale et al.,

2003). To illustrate the application of some of the models, we report the analysis

of data relating to the understanding of the conservation of continuous quantity

(i.e., a Piagetian construct).

6.1 Introduction

The aim of this chapter is to present and apply a general model for change and

stability in latent class membership, where this membership at each occasion is

inferred from an observed continuous indicator variable. The vector of the re-

peatedly measured indicator variable is assumed to be multinormally distributed,

when conditioned on sequences of latent classes. The latent class variable com-

prises qualitatively different categories, e.g., cognitive stages or strategies, or

presence and absence of psychological illness. Change over time is accounted for

by transitions between the classes. Thus the kind of change we aim to model is

qualitative, as opposed to smooth quantitative change, which is assumed in, for

instance, latent growth curve models (e.g., Reise & Duan, 2003).
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The general model may be viewed as analogous to van de Pol and Langeheine’s

(1990) mixed Markov latent class (MMLC) model for discrete (categorical) longi-

tudinal data. The two building blocks of their framework are latent class models

(LCM; Lazarsfeld & Henry, 1968), and Markovian transition models (Kemeny

& Snell, 1976). In the LCM, the categorical variable observed at each occasion

is treated as a possibly fallible indicator of latent classes. The Markov model is

posited to accommodate switching over time in class membership. E.g., given

class A and B, possible transitions are A-A, A-B, B-A, and B-B. In the sim-

plest case, the probability of each sequence over time of latent classes (e.g., over

two time points AA, AB, BA, BB) is given by the product of the probability of

being in the specific class at the first occasion, and the conditional probability

of remaining in this class or switching. The MMLC framework includes a large

number of special cases.

In the general model considered here, the Markov model is retained, but the

discrete distributions of the data are replaced by conditional multinormal dis-

tributions. The present model is an analogue of the MMLC framework in the

following sense. Consider, for instance, the following two static models with mul-

tiple indicators: the latent class model (LCM) and the latent profile model (LPM;

Lazarsfeld & Henry, 1968; Bartholomew & Knott, 1999). In both models, a finite

number of latent classes is posited. Both models may be viewed as a finite mix-

ture model, where the latent classes represent distinct mixture components (see

J. H. Wolfe, 1970; McLachlan & Peel, 2000). The only difference lies in the distri-

bution of the observed variables, conditioned on (i.e., within) the latent classes.

In the LCM, it is discrete, e.g., multinomial; in the LPM, it is multinormal.

Similarly, the more general MMLC models of van de Pol and Langeheine (1990)

and the normal analogue considered here can be viewed as finite mixture models,

where each unique sequence of latent classes (e.g., AAAB) represents a distinct

mixture component. In fitting the normal analogue models, we treat them ex-

plicitly as multinormal finite mixture models (McLachlan & Peel, 2000). Given

this treatment, we may relax the independence assumption, which is posited in

the MMLC models (but see Uebersax, 1999; Hagenaars, 1988).

The class of models discussed by van de Pol and Langeheine (1990) has

received considerable attention (e.g., Collins & Wugalter, 1992; Thomas &

Hettmansperger, 2001), whereas the present class of models has received much

less attention in the social sciences (but see McLachlan & Peel, 2000; Hamilton,

1994; C. Kim & Nelson, 1999, for applications in other areas). The only ap-

plication, of which we are aware, is by Dolan et al. (2004). They fitted special
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cases of the present general model to a cognitive development data set. They

did not relate their models to the discrete analogues, as described in van de Pol

and Langeheine (1990), nor the relation of their model with the general model.

The general model presented here, comprises the models that are inherited from

the analogous discrete framework, e.g., the models that Dolan et al. (2004) fitted,

and many other models, such as multiple chain, and multi-group models, or mod-

els with a more complex within-component covariance structure. Furthermore,

rather than using the same indicator variable at each occasion, the present model

allows for the use of different indicator variables at each occasion. Because of

this flexibility, the present model can be used in novel contexts, such as exper-

imental studies, in which item characteristics are manipulated experimentally,

and switching between classes is seen as an effect of the manipulation.

Examples for Markov models with discrete or discretized indicators can be

found in studies on the course of clinical depression (e.g., R. Wolfe, Carlin, &

Patton, 2003), or Alzheimer’s Disease (Stewart, Phillips, & Dempsey, 1998). The

present model may be useful in similar contexts. One example is the study of

body mass index (BMI) and self-esteem in a sample of non-purging type bulimia

patients, who alternate between binging and fasting or exercising, and in the

analysis of psychometric mood scores in a sample of bipolar patients, who alter-

nate between an asymptomatic, a manic, and a depressed state. The illustrations

presented below stem from the area of cognitive development, where the Piage-

tian theory (Piaget & Inhelder, 1969) predicts progression via a small number of

hierarchically ordered latent classes.

The discrete models can be fitted with various programs, e.g., PANMARK

(van de Pol, Langeheine, & de Jong, 1989), WinLTA (Collins, Lanza, Schafer,

& Flaherty, 2002), or LEM (Vermunt, 1997). Dolan et al. (2004) used their

own FORTRAN programs to fit their models using maximum likelihood (ML)

estimation. We use the program Mx (Neale et al., 2003) to fit the present models

by ML estimation.1 Example Mx input files and analyzed data sets may be

downloaded at the Mx script library.2

The outline of this chapter is as follows. First, we briefly introduce cognitive

development as a field of application. This provides various concrete examples,

to which we return in presenting the model. After describing the model, we

discuss the estimation procedure and the assessment of goodness of fit. Then,

we present illustrative analyses of two different data sets, both relating to the

1Mx can be downloaded at http://www.vcu.edu/mx/
2The URL of the Mx script library is http://www.psy.vu.nl/mxbib/
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Figure 6.1: Item 3 of the conservation anticipation task with expected univari-

ate and bivariate response distributions.

Piagetian concept of the conservation of continuous quantity (Piaget & Inhelder,

1969). In the first illustration, we apply seven submodels of the general model

to data from a longitudinal study, in which the concept of the conservation of

a continuous quantity is measured repeatedly with the same indicator variable.

In the second illustration, we fit other submodels to data from an experimental

study, in which the same concept is measured repeatedly with an experimentally

manipulated indicator.

6.2 Area of application

The Piagetian theory of cognitive development predicts that children in a certain

age range belong to one of a small number of latent classes, or stages (Piaget &

Inhelder, 1969). For instance, children between the ages 4 and 12 are in the pre-

operational or concrete operational stage. Although the generality of the stage

theory of Piaget has been criticized (Flavell, 1971), this theory has proved useful

in studies of domain specific development. Illustrative domains are proportional

reasoning, horizontality of liquid surfaces, and conservation (Jansen & van der

Maas, 2001; Boom, Hoijtinck, & Kunnen, 2001; Thomas & Hettmansperger,

2001). Within these domains, well defined tasks, such as the balance scale task,

the water level task, and the conservation anticipation task discriminate well

between children in different stages.

The conservation anticipation task is used to assess the ability to conserve

continuous quantity. In Figure 6.1, a typical item is shown, as used in Illustra-
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tion 1 below.3 On each item, children are required to predict and indicate the

water level in the event that the water in the left glass is poured into the glass on

the right side. Children in the appropriate age range are expected to respond ac-

cording to one of two distinct strategies, which characterize their cognitive stage.

Simply aligning the water level at the same height is typical of the pre-operational

stage. We refer to this strategy as non-conserver strategy (𝑁). Adjusting the

water level to compensate for the different shapes of the vessels is typical of the

concrete operational stage. We refer to this strategy as conserver strategy (𝐶).

The transition from the pre-operational stage to the concrete operational stage

is expected to progress via an unstable transition phase, in which children may

switch between both strategies (e.g., van der Maas & Molenaar, 1992).

Although children are expected to respond according to one of two distinct

strategies, their responses are measured on a continuous scale. In Figure 6.1,

next to Item 3, the expected two-component normal mixture distribution of the

observed variable height of the predicted water level, is shown. One component

represents the responses of the non-conservers with an expected mean equal to the

water level in the left glass. The second component represents the responses of

the conservers, with an expected mean equal to the correctly adjusted water level.

The variance of the conserver strategy responses is expected to be larger than

the variance of the non-conserver strategy responses, because merely carrying

out an alignment is assumed to be less prone to individual variation than the

estimation of a different water level, which is likely to be influenced by spatial

abilities (Dolan et al., 2004; Dolan & van der Maas, 1998).

Repeated measurements at, say, two occasions, result in different sequences

of strategies. If children apply the same strategy at all occasions, we expect

to find only two sequences, i.e., 𝐶𝐶, and 𝑁𝑁 . If children switch to and fro

between the strategies, four different sequences of strategies are possible, i.e.,

3The vessels are depicted two-dimensionally in the computer-based and pen-and paper

versions of the task (example 1 and 2 respectively), while the original volume conservation

task uses real glasses. Therefore, we cannot be completely sure if such a representation of

the task measures the ability to conserve volume or surface/area. This issue was addressed

in an additional small study with two-dimensional representations. The results indicated that

responses on a surface-rule based conservation task correlated highly (about .79) with responses

to a volume-rule based conservation task. However, as the volume-rule based task appeared to

be more difficult, we will refer to the task as a conservation task for continuous quantity. We

employ expected values that are based on the surface rule. The expected values based on the

area rule differ, but the transitive relation between the water levels of different items stays the

same.
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𝐶𝐶,𝐶𝑁 ,𝑁𝐶,𝑁𝑁 . The probabilities of these sequences are modeled with (mixed)

Markov models, which are described below. On the right side of Figure 6.1, an

expected bivariate distribution of the responses to Item 3 at two occasions is

shown, where all sequences are equally probable. We expect a strong correlation

between conserver responses, and no or only a weak correlation between the non-

conserver responses, as the former are likely to be due in part to systematic

individual differences in spatial ability, while the latter are likely to reflect only

unsystematic errors. In other words, we expect variable and correlated responses

in the conservers and uncorrelated and much less variable responses in the non-

conservers. Responses originating from different strategies are expected to be

uncorrelated. We return to this example in the presentation of the model and in

the illustrations.

6.3 Mixed Markov latent state models for multinor-

mal data

The model description begins with the Markov models (van de Pol & Lange-

heine, 1990). These accommodate switching between latent classes over time, and

thereby constrain the probabilities of all sequences of classes. Then, we discuss

how the sequences of latent classes are linked to the observed responses: First, we

formulate the probability distribution of the indicator variables as a multinormal

finite mixture distribution. Second, we describe the within-component model and

the constraints on the parameters of the multinormal finite mixture distribution,

and show how the independence assumption may be relaxed.

6.3.1 Markov models

Markov models have been used widely in psychological research (see Wickens,

1982a, for an overview). Here, we consider discrete-time first-order Markov mod-

els. Finite-state Markov processes are characterized by the following properties:

1. Finite set of states. The state of the process at any time is one of a finite

set of states 𝑠𝑘, 𝑘 = 1, . . . , 𝑆. In the example of the previous section, we have

two states. Subjects applying the conserver (non-conserver) strategy are in the

conserver state 𝐶, and subjects who apply the non-conserver strategy are in the

non-conserver state 𝑁 .

2. Transition probabilities 𝜏 𝑖𝑠𝑙∣𝑠𝑘 of moving from state 𝑠𝑘 to state 𝑠𝑙 at time i. If

the transition probabilities do not change with time, the process is called station-
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ary, and the probabilities can be collected in a single transition matrix 𝝉 with

𝜏𝑙𝑘 = 𝜏𝑠𝑙∣𝑠𝑘 (Kemeny & Snell, 1976). To ease presentation, we focus on station-

ary models. These can easily be extended to accommodate non-stationarity (see

Illustrations below). Each column of the transition matrix sums to one. In the

example, the 2× 2 transition matrix 𝝉 contains the probabilities of remaining in

state 𝐶 and 𝑁 (𝜏𝐶∣𝐶 , and 𝜏𝑁 ∣𝑁), and the probabilities of switching from state 𝐶

to 𝑁 (𝜏𝑁 ∣𝐶), or vice versa (𝜏𝐶∣𝑁): 𝝉 =
( 𝜏𝐶∣𝐶 𝜏𝐶∣𝑁
𝜏𝑁∣𝐶 𝜏𝑁∣𝑁

)
.

3. A vector 𝜹 with initial probabilities 𝛿𝑘. The process starts in state 𝑠𝑘 with prob-

ability 𝛿𝑘.
4 In the example, the initial probability vector 𝜹 = (𝛿𝐶 , 𝛿𝑁)𝑡 contains

the probabilities to start in the conserver (𝛿𝐶) and non-conserver state (𝛿𝑁 ).5

The sum of the initial probabilities equals one.

4. The Markov property. This property states that knowledge of the history of

the process prior to the present state does not add any information in a first order

model (see Kemeny & Snell, 1976, p. 24 for a formal definition).

These four properties define a Markov model, or Markov chain.

To ease presentation, but without loss of generality, we formulate models for

two states, namely 𝑁 and 𝐶. Consider first a homogeneous population, in which

the same initial and transition probabilities apply to all subjects. The probability

𝑃𝑁𝑁𝐶 of sequence 𝑁𝑁𝐶 equals the product of the initial probability of state 𝑁 ,

the probability of remaining in state 𝑁 , and the probability of switching from

state 𝑁 to state 𝐶, 𝑃𝑁𝑁𝐶 = 𝛿𝑁 ⋅ 𝜏𝑁 ∣𝑁 ⋅ 𝜏𝐶∣𝑁 . In general, let 𝑠(𝑖), 𝑖 = 1, . . . , 𝑇

denote the state of a subject at time i. In the single Markov chain model, the

unconditional probability, 𝑃𝒔, that a given member of the population follows a

certain sequence 𝒔 of states 𝑠(1), 𝑠(2), ..., 𝑠(𝑇 ) equals the product of the initial

probability of the first state 𝛿𝑠(1), and of the respective transition probabilities

𝜏𝑠(𝑖+1)∣𝑠(𝑖):

𝑃𝒔 = 𝛿𝑠(1) ⋅ 𝜏𝑠(2)∣𝑠(1) ⋅ . . . ⋅ 𝜏𝑠(𝑇 )∣𝑠(𝑇−1) . (6.1)

The assumption of homogeneity of the sample may be relaxed in two ways.

First, we may have two or more samples, which are drawn from observable pop-

ulations, such as males and females, or experimental and control group. In this

case, we may introduce a Markov chain in each sample, i.e., we carry out a multi-

group analysis, and we may test for equalities of the parameters (e.g., initial

probabilities, transition probabilities) over the groups. Second, we may suspect

4Note that in stationary, ergodic Markov chains the initial probability vector 𝜹 may be

constrained to equal the stationary distribution of the transition matrix 𝝉 , such that 𝜹 = 𝜹 ⋅ 𝝉

(Kemeny & Snell, 1976).
5Superscripted t denotes transposition.
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that our sample is representative of two or more populations, which are not

directly observed. We call these latent populations to distinguish them from ob-

served populations. For example, a sample of children in a broad age range (e.g.,

5 to 12 years) may consist of children in the transition phase, who may switch

between the 𝐶 and 𝑁 strategy (henceforth: movers), and of children in the pre-

operational or concrete operational stage, who respond consistently (henceforth:

stayers). Here we model the heterogeneity by specifying a mixture of latent

Markov chains, as shown on the left part of Figure 6.2. The latent chains have

distinct initial and transition probabilities. The additional parameters 𝜋𝑀 and 𝜋𝑆

denote the probability of belonging to the mover chain (𝑀) and the stayer chain

(𝑆), respectively. In the middle part of Figure 6.2, all resulting latent sequences

are shown. Note, that the two latent sequences of the stayer chain also occur

in the mover chain, as some subjects in the transition phase could also respond

according to one strategy at all occasions. Adding the stayer chain can accom-

modate for an excess number of stayers. In addition, we can have the nested case

of two or more latent populations within multiple samples. Consider for example

the situation in which boys and girls in a broad age range have been assessed

repeatedly on a conservation task. Assuming we have recorded gender, we may

specify a multi-group model. Within the sample of boys (same applies to the

girls), heterogeneity may be present due to the fact that the boys are drawn from

different latent populations. The sample of boys may include movers and stayers.

Such heterogeneity is accommodated by specifying a mixture of latent Markov

chains. Thus the presence of boys and girls is accommodated by specifying a

multi-group model, while possible heterogeneity within the sample of boys and

girls is accommodated by specifying a mixture of latent Markov chains. Again

we may investigate whether the parameters of the latent Markov chains are equal

over the groups.

In general, if a sample is drawn from 𝐿 latent populations, van de Pol and

Langeheine (1990) specify a mixture of 𝐿 latent Markov chains. In the mixed

Markov model for 𝐿 latent chains in 𝐺 observed groups or samples, the uncon-

ditional probability of belonging to group g, with observed proportion 𝛾𝑔, and of

following a certain sequence 𝒔 is given by

𝑃𝑔,𝒔 = 𝛾𝑔

𝐿∑
𝑙=1

𝜋𝑙∣𝑔𝛿𝑠(1)∣𝑙𝑔𝜏𝑠(2)∣𝑠(1)𝑙𝑔 . . . 𝜏𝑠(𝑇 )∣𝑠(𝑇−1)𝑙𝑔 , (6.2)

where 𝜋𝑙∣𝑔 denotes the probability of being in chain 𝑙. This is the most general
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model, as it includes all the other models as special cases.6 It reduces to a mixed

Markov model for 𝐿 latent chains in one sample, if 𝐺 = 1 (𝛾𝑔 = 1). Conversely,

when 𝐿 = 1 (𝜋𝑙∣𝑔 = 1 ), we have a multi-group model for 𝐺 groups with a single

latent Markov chain in each group.

A variety of hypotheses may be tested by imposing different constraints on

the transition probabilities (see the Illustrations for some examples, and Wickens,

1982a, for an overview). The Markov models given in Equations 6.1 and 6.2

apply to the sequences of latent states. They do not include a model that links

the manifest indicator variables to the latent states. This is discussed in the next

sections.

6.3.2 Multinormal mixture models

We specify a multinormal mixture distribution, with a distinct component for

each sequence of latent states, given chain and group. First, we present the

standard notation of the finite multinormal mixture density (McLachlan & Peel,

2000). Then, we show how this density reduces to the highly constrained normal

analogues of the discrete mixed Markov models of van de Pol and Langeheine

(1990). The 𝑀-component multinormal mixture density is defined as follows:

𝑓(x𝑗 ;Σ,𝝁,p) =
𝑀∑
𝑖=1

𝑝𝑖𝑓𝑖(x𝑗;Σi,𝝁𝑖) . (6.3)

The 𝑇 -dimensional vector x𝑗 contains the repeated measures of subject 𝑗 (𝑗 =

1, 2, . . . , 𝑁). All vectors are column vectors. The (𝑇×(𝑇 ⋅𝑀)) matrix Σ contains

𝑀 (𝑇 ×𝑇 )-dimensional positive definite, but otherwise unconstrained covariance

matrices, Σ = [Σ1,Σ2, ...,Σ𝑀 ]. The (𝑇 ⋅𝑀)-dimensional vector 𝝁 contains 𝑀

6As van de Pol and Langeheine (1990) remark, a mixed Markov model with 𝐿 chains, in

which each chain (with associated chain probability 𝜋𝑙) consists of a finite set of states 𝑆𝑙, a

transition matrix 𝝉𝒍, and an initial probability vector 𝜹𝒍, can be rewritten as a single Markov

model with transition matrix 𝝉 and with initial probability vector 𝜹:

𝝉 =

⎛
⎜⎜⎜⎜⎝

𝝉1 0 0 0

0 𝝉2 0 0

0 0
. . . 0

0 0 0 𝝉𝑳

⎞
⎟⎟⎟⎟⎠ , 𝜹 =

⎛
⎜⎜⎜⎜⎝

𝜹1 ⋅
1
𝜋1

𝜹2 ⋅
1
𝜋2

...

𝜹𝑳 ⋅
1
𝜋𝐿

⎞
⎟⎟⎟⎟⎠

For the same reason, it is possible to conceive of the mover-stayer model as well as a two-chain

model with identity transition matrix in the stayer chain, and as a three chain model with only

one state in each of the two stayer chains.



6.3 Mixed Markov latent state models for multinormal data 123

𝑇 -dimensional mean vectors 𝝁 = [𝝁𝑡
1,𝝁

𝑡
2, ...,𝝁

𝑡
𝑀 ]𝑡 . The 𝑀-dimensional vector

p contains the mixing proportions, p = [𝑝1, 𝑝2, ..., 𝑝𝑀 ], which may be viewed as

probabilities:
∑𝑀

𝑖=1(𝑝𝑖) = 1 and 0 ≤ 𝑝𝑖 ≤ 1. The 𝑖-th component distribution

equals:

𝑓𝑖(x𝑗;Σ𝑖,𝝁𝑖) = (2𝜋)−𝑇/2∣Σ𝑖∣
−1/2𝑒−(1/2)[x𝑗−𝝁𝑖]𝑡Σ

−1

𝑖
[x𝑗−𝝁𝑖] , (6.4)

i.e., the 𝑇 -variate normal density with (𝑇 × 𝑇 ) covariance matrix Σ𝑖 and 𝑇 -

dimensional mean vector 𝝁𝑖 (McLachlan & Peel, 2000). ∣Σ𝑖∣ denotes the deter-

minant of Σ𝑖.

In the mixed Markov latent state models for multinormally distributed data,

a distinct component is specified for each latent sequence, given chain and group.

Therefore, the total number of components in an otherwise unconstrained model

equals the sum of the number of all possible sequences in all chains in all groups.

Consider for instance, the model shown in Figure 6.2, which contains 10 se-

quences at three occasions (8 from the mover chain, and 2 from the stayer chain).

In an unconstrained mixture model as in Equation 6.3 with 10 components, we

would estimate 9 mixing proportions. But in the mixed Markov latent state

models, the mixing proportions of the components equal the probabilities of the

sequences. These are constrained by the mixed Markov model. Let the vec-

tor Φ contain the free parameters of the mixed Markov model. For instance,

Figure 6.2 shows the parameterization of the mixing proportions of a mover-

stayer model at 3 occasions with two latent states in one group in terms of

Φ = (𝜋𝑀 , 𝛿𝑁 ∣𝑀 , 𝜏𝑁 ∣𝑁𝑀 , 𝜏𝑁 ∣𝐶𝑀 , 𝛿𝑁 ∣𝑆). In general, the number of free parameters,

used to model the mixing proportions, is reduced from (M-1) in the unconstrained

model in Equation 6.3 to the number of free initial, chain, and transition probabil-

ities. Consider first the mixed Markov model in one sample, as given in Equation

6.2, with 𝐺 = 1 and 𝛾𝑔 = 1, where each sequence in each chain corresponds to

a component. Equation 6.3 can now be rewritten to include the constraints on

the mixing proportions. The density 𝑓(x𝑗;Σ(Θ),𝝁(Θ),𝒑(Φ)) of the responses is

given by:

𝑓(x𝑗;Σ(Θ),𝝁(Θ),𝒑(Φ)) =

𝐿∑
𝑙=1

2∑
𝑠(1)=1

. . .

2∑
𝑠(𝑇 )=1

𝜋𝑙𝛿𝑠(1)∣𝑙
(
𝜏𝑠(2)∣𝑠(1)𝑙 . . . 𝜏𝑠(𝑇 )∣𝑠(𝑇−1)𝑙

)
𝑓𝒔𝑙(x𝑗 ;Σ(Θ𝒔𝑙),𝝁(Θ𝒔𝑙)), (6.5)

where 𝜋𝑙𝛿𝑠(1)∣𝑙
(
𝜏𝑠(2)∣𝑠(1)𝑙 . . . 𝜏𝑠(𝑇 )∣𝑠(𝑇−1)𝑙

)
represents the mixing proportion of se-

quence 𝒔 in chain 𝑙. The vector Θ contains the parameters that are used to

model the covariance matrix and the mean vector, and the vectors Θ𝒔𝑙 (subset of



124 Chapter 6

Θ) contain the parameters that are used to model the covariance matrix and the

mean vector within the component of chain 𝑙 and sequence 𝒔. In Equation 6.5,

we write Σ,𝝁, and 𝒑 as a function of the parameter vectors Θ and Φ to indicate

the constraints, as opposed to the unconstrained model in Equation 6.3. The

multinormal density 𝑓s𝑙(x;Σ(Θs𝑙),𝝁(Θs𝑙) of the responses within a component,

i.e., given latent chain 𝑙, and sequence 𝒔 of latent states 𝒔 = 𝑠(1), 𝑠(2), . . . , 𝑠(𝑇 )

is specified as:

𝑓𝒔𝑙(x𝑗 ;Σ(Θ𝒔𝑙),𝝁(Θ𝒔𝑙)) =

(2𝜋)−𝑇/2∣Σ(Θ𝒔𝑙)∣
−1/2𝑒−(1/2)[x𝑗−𝝁(Θ𝒔𝑙)]

𝑡
Σ(Θ𝒔𝑙)

−1[𝒙𝒋−𝝁(Θ𝒔𝑙)], (6.6)

i.e., the 𝑇 -variate normal density with (𝑇 × 𝑇 ) covariance matrix Σ(Θ𝒔𝑙) and

𝑇 -dimensional mean vector 𝝁(Θ𝒔𝑙). In the case of 𝐺 groups the unconditional

distribution of the responses is given by:

𝑓(x𝑗 ;Σ(Θ),𝝁(Θ),𝒑(Φ)) =

𝐺∑
𝑔=1

𝛾𝑔 ⋅ 𝑓𝑔(x𝑗𝑔;Σ(Θ𝑔),𝝁(Θ𝑔),𝒑(Φ𝑔)), (6.7)

where 𝑓𝑔(x𝑗𝑔;Σ(Θ𝑔),𝝁(Θ𝑔),𝒑(Φ𝑔)) is the distribution of the responses, as

expressed in Equation 6.5, of group g. In the next section the general model for

the covariance matrix and the mean vector in each component is presented.

6.3.3 Within-component models

Within each component 𝒔, i.e., for each distinct sequence 𝒔 of latent states, in each

chain c and each group g, we specify the following manifest LISREL submodel

(Jöreskog & Sörbom, 2002). The general measurement equation of subject j is:

x𝑗 = 𝝂𝒔𝑙𝑔 + Λ𝒔𝑙𝑔𝜼𝒔𝑙𝑔 𝑗 + 𝝐𝒔𝑐𝑔 𝑗, (6.8)

where 𝝂𝒔𝑙𝑔 is a 𝑇 -dimensional vector of the means, Λ𝒔𝑙𝑔 is a (𝑇×𝑇 ) matrix of factor

loadings, 𝜼𝒔𝑙𝑔 𝑗 a 𝑇 -dimensional random vector of zero mean latent variables, and

𝝐𝒔𝑐𝑔 𝑗 is a 𝑇 -dimensional random vector of residual terms that are distributed as

zero-mean normals. The structural equation is

𝜼𝒔𝑙𝑔 𝑗 = 𝑩𝒔𝑙𝑔𝜼𝒔𝑙𝑔 𝑗 + 𝜻𝒔𝑙𝑔 𝑗, (6.9)

where 𝑩𝒔𝑙𝑔 is a (𝑇 × 𝑇 ) matrix of regression coefficients, and 𝜻𝒔𝑙𝑔 𝑗 is a 𝑇 -

dimensional random vector of zero mean residuals, which is uncorrelated with
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𝜼𝒔𝑙𝑔 𝑗. Below, we do not require the residuals 𝝐𝒔𝑐𝑔 𝑗 , because the applications in-

volve single indicator models. In the case of multiple indicator models the 𝝐𝒔𝑐𝑔 𝑗

term may be useful. Equations 6.8, discarding the residual terms 𝝐𝒔𝑐𝑔 𝑗 , and 6.9

imply the following covariance matrix and mean vector within the components:

Σ(Θ𝒔𝑙𝑔) = Λ𝒔𝑙𝑔(𝑰 −𝑩𝒔𝑙𝑔)
−1Ψ𝒔𝑙𝑔(𝑰 −𝑩𝒔𝑙𝑔)

−1𝑡Λ𝑡
𝒔𝑙𝑔 and (6.10)

𝝁(Θ𝒔𝑙𝑔) = 𝝂𝒔𝑙𝑔,

where Ψ𝒔𝑙𝑔 is the (𝑇 × 𝑇 ) covariance matrix of the residuals 𝜻𝒔𝑙𝑔 𝑗, and 𝑰 is the

(𝑇 × 𝑇 ) identity matrix.

Several substantively motivated and identifying constraints are placed on the

parameters. Within each latent chain and group, the means of a specific indi-

cator variable (i.e., height of the predicted water level on Item 3), given a latent

state and occasion, are constrained to be equal over all sequences. Likewise, the

parameters used to model the covariance matrices of the different sequences are

constrained to be equal within a latent chain and group. In both illustrations

below, we impose the following substantively motivated constraints. We assume

that the response strategy given a sequence of conserver and non-conserver states

does not differ between different groups, or different chains. Therefore, the com-

ponent distributions of a specific sequence of latent states are constrained to be

identical, e.g., the component distribution of sequence 𝐶𝐶𝐶𝐶𝐶 in the mover

chain equals the component distribution of the same sequence 𝐶𝐶𝐶𝐶𝐶 in the

stayer chain. As mentioned above, we assume that the response strategy, given

a latent state, leads to the same mean response to a given item at different oc-

casions. So, we constrain the means of the response distributions at different

occasions, given a latent state, to be equal, whenever the same indicator variable

is used. For instance, in the first illustration, the mean vector of the component

of sequence 𝒔 = 𝐶𝐶𝑁𝑁𝐶, equals 𝝁𝒔 = [𝜇𝐶, 𝜇𝐶 , 𝜇𝑁 , 𝜇𝑁 , 𝜇𝐶 ]𝑡, as the same item

is used at all occasions. In the second illustration, Item 1 is used at the first and

fifth occasion, Item 2 at the second and fourth, and Item 3 at the third occasion

(see Figure 6.3 on p. 136). The mean vector of, e.g., sequence 𝒔 = 𝐶𝐶𝑁𝑁𝐶

equals 𝝁𝒔 = [𝜇𝐶1, 𝜇𝐶2, 𝜇𝑁3, 𝜇𝑁2, 𝜇𝐶1]
𝑡. The similar constraints on the covariance

matrices are discussed in the next paragraphs, where we consider three special

cases of the LISREL model in Equation 6.10: a model with independent re-

sponses, a simple covariance structure model, and a perfect simplex model. On

the right hand side of Figure 6.2 path diagrams of these three special cases in one

exemplary component are shown. As the perfect simplex model is a time series

model, it is suitable in Illustration I. All three models are illustrated below. As
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the LISREL model in Equation 6.10 is quite general, many other models may be

considered.

Independent response model

This model is the most simple, as it assumes independent variables, i.e., the

covariance matrices within the components are diagonal. In this case, the multi-

normal response density in Equation 6.6 equals the product of the univariate nor-

mal densities. This model may be viewed as a constrained latent profile model.

Within each component, we specify:

Σ(Θ𝒔𝑙𝑔) = Λ𝒔𝑙𝑔𝑰Λ
𝑡
𝒔𝑙𝑔, (6.11)

where the diagonal elements diag(Λ𝒔𝑙𝑔) = [𝜎𝑠(1)𝑙𝑔, 𝜎𝑠(2)𝑙𝑔, . . . , 𝜎𝑠(𝑇 )𝑙𝑔] of Λ𝒔𝑙𝑔 are

the standard deviations within the component of sequence 𝒔 in chain 𝑙, and group

g. In Illustration I below, we impose the following equality constraints on the

standard deviations 𝜎𝑠(𝑖)𝑙𝑔. Given a latent state 𝐶 and 𝑁 , we specify a standard

deviation 𝜎𝐶𝑚 and 𝜎𝑁𝑚, independent of measurement occasion, chain, and group.

The vector Θ contains two means and two standard deviations. For instance, the

diagonal elements of the matrix Λ𝒔 of the component of sequence 𝒔 = 𝐶𝐶𝑁𝑁𝐶,

equal diag(Λ𝒔)= [𝜎𝐶 , 𝜎𝐶 , 𝜎𝑁 , 𝜎𝑁 , 𝜎𝐶 ].

Simple covariance structure model

In the following simple covariance structure model the assumption of conditional

independence is relaxed. Within the components, we specify:

Σ(Θ𝒔𝑙𝑔) = Λ𝒔𝑙𝑔Ψ𝒔𝑙𝑔Λ
𝑡
𝒔𝑙𝑔, (6.12)

where the (𝑇 × 𝑇 ) matrix Ψ𝒔𝑙𝑔 is the correlation matrix of the responses at

different occasions. In the illustrations, the elements of Λ𝒔𝑙𝑔 are constrained as

in the independent response model, and the elements of Ψ𝒔𝑙𝑔 are constrained

in the following manner. In Illustration 1, we estimate two correlations, one

between responses in state 𝐶 (𝜌𝐶𝐶), and one between responses in state 𝑁 (𝜌𝑁𝑁 ),

independent of measurement occasion, indicator, chain, and group. In Illustration

2, 𝜌𝑁𝑁 is fixed to zero. The correlations between responses of two different states

are fixed to zero in both illustrations. The parameter vector Θ contains two (or

one) correlations, two means, and two standard deviations. For instance, the

matrices Ψ𝒔 of the component of sequence 𝒔 = 𝐶𝐶𝑁𝑁𝐶 in Illustration 1 and 2,

respectively, equal:
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Ψ𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

1 𝜌𝐶𝐶 0 0 𝜌𝐶𝐶

𝜌𝐶𝐶 1 0 0 𝜌𝐶𝐶

0 0 1 𝜌𝑁𝑁 0

0 0 𝜌𝑁𝑁 1 0

𝜌𝐶𝐶 𝜌𝐶𝐶 0 0 1

⎤
⎥⎥⎥⎥⎥⎦

, and Ψ𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

1 𝜌𝐶𝐶 0 0 𝜌𝐶𝐶

𝜌𝐶𝐶 1 0 0 𝜌𝐶𝐶

0 0 1 0 0

0 0 0 1 0

𝜌𝐶𝐶 𝜌𝐶𝐶 0 0 1

⎤
⎥⎥⎥⎥⎥⎦
.

Perfect simplex model

The perfect simplex model represents a first-order autoregressive process without

measurement errors (Jöreskog, 1970) :

𝑥𝑗𝑘 = 𝜈𝑘 + 𝛽𝑘(𝑘−1)(𝑥𝑗(𝑘−1) − 𝜈(𝑘−1)) + 𝜁𝑗𝑘, for 𝑘 = 2, 3, . . . , 𝑇 (6.13)

where j denotes the subject and k the measurement occasion. In matrix notation

the LISREL submodel is:

x𝑗 = 𝝂𝒔𝑙𝑔 + 𝜼𝒔𝑙𝑔 𝑗 (6.14)

𝜼𝒔𝑙𝑔 𝑗 = 𝑩𝒔𝑙𝑔𝜼𝒔𝑙𝑔 𝑗 + 𝜻𝒔𝑙𝑔 𝑗. (6.15)

Within the components we specify:

Σ(Θ𝒔𝑙𝑔) = (𝑰 −𝑩𝒔𝑙𝑔)
−1Ψ𝒔𝑙𝑔(𝑰 −𝑩𝒔𝑙𝑔)

−1𝑡 . (6.16)

The (𝑇 × 𝑇 ) matrix 𝑩𝒔𝑙𝑔 contains the autoregressive coefficients 𝛽𝑠(𝑖)𝑠(𝑖−1)𝑙𝑔,

𝑖 = 1, . . . , 𝑇 on the first lower sub-diagonal, and the matrix Ψ𝒔𝑙𝑔 contains the

variances of the residuals 𝜁𝑖. This model is used in Illustration 1, where the same

item is measured repeatedly. We specify two autoregressive coefficients, one each

for remaining in either state C or state N, independent of chain and group. Be-

low, we fix the autoregressive coefficients between different states to zero, but

these may be estimated. At the first occasion the residual variance of the re-

sponses in each state 𝜎2(𝜁0𝐴) and 𝜎2(𝜁0𝐵) equals the variance of the responses in

the two states. The residual variances of the following occasions are constrained

in the following manner. For each possible transition CC, CN, NC, and NN, we

estimate a different residual variance 𝜎2(𝜁𝐶𝐶), 𝜎2(𝜁𝐶𝑁), 𝜎2(𝜁𝑁𝐶), and 𝜎2(𝜁𝑁𝑁).

The parameter vector Φ contains the six variances, the two autoregressive coef-

ficients, and two means. For instance, in the component given by the sequence

𝒔 = 𝐶𝐶𝑁𝑁𝐶, the two matrices 𝑩𝒔 and Ψ𝒔 equal:

𝑩𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0 0

𝛽𝐶𝐶 0 0 0 0

0 0 0 0 0

0 0 𝛽𝑁𝑁 0 0

0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

, and

Ψ𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

𝜎2(𝜁0𝐶 ) 0 0 0 0

0 𝜎2(𝜁𝐶𝐶 ) 0 0 0

0 0 𝜎2(𝜁𝐶𝑁 ) 0 0

0 0 0 𝜎2(𝜁𝑁𝑁 ) 0

0 0 0 0 𝜎2(𝜁𝑁𝐶)

⎤
⎥⎥⎥⎥⎥⎦
.
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6.4 Estimation

All models considered here may be fitted with the program Mx (Neale et al.,

2003), which includes the possibility to fit normal mixtures by maximum like-

lihood (ML) estimation (McLachlan & Peel, 2000). Mx maximizes the log-

likelihood function of the multinormal finite mixture distribution by means of

a derivative free quasi-Newton algorithm (Gill, Murray, Saunders, & Wright,

1986). The log-likelihood function for 𝐺 groups is given by:

𝑙𝑜𝑔𝐿(Θ,Φ;x) =
𝐺∑
𝑔=1

𝑁𝑔∑
𝑗=1

𝑙𝑜𝑔(𝑓𝑔(x𝑗𝑔;Σ(Θ𝑔),𝝁(Θ𝑔),𝒑(Φ𝑔)), (6.17)

where 𝑁𝑔 denotes the number of subjects in group g,

x = [x𝑡11,x
𝑡
21, . . . ,x

𝑡
𝑁1, . . . ,x

𝑡
1𝐺,x

𝑡
2𝐺, . . . ,x

𝑡
𝑁𝐺] denotes the ((

∑𝐺
𝑔=1 𝑁𝑔) × 𝑇 ) data

matrix, and 𝑓𝑔(x𝑗𝑔;Σ(Θ𝑔),𝝁(Θ𝑔),𝒑(Φ𝑔) denotes the multivariate mixture den-

sity of the responses in group g (see Equation 6.7). Mx can handle missing data

under the assumption that the data are missing at random or missing completely

at random (Wothke, 2000; Little & Rubin, 1989; Muthén, Kaplan, & Hollis,

1987). Mx does not calculate standard errors, but does include the possibility

to calculate likelihood-based confidence intervals of the parameter estimates. We

report 90% confidence intervals of parameters of particular interest.

6.5 Model comparison

Hypotheses concerning the covariance matrices, mean vectors, and mixing pro-

portions of the components can be tested by means of the likelihood ratio test

if the models are nested (e.g., Yung, 1997). In contrast, hypotheses relating to

the number of components cannot be tested in this manner (McLachlan & Peel,

2000). We rely on two commonly used information criteria for model comparison:

the Bayesian Information Criterion (BIC; Schwarz, 1978) and the Akaike Infor-

mation Criterion corrected for small sample sizes (AICc; Hurvich & Tsai, 1995,

see McLachlan & Peel, 2000, for a discussion of fit indices and model selection).

BIC and AICc are calculated as

BIC = −2𝑙𝑜𝑔(𝐿) + 𝑙𝑜𝑔(𝑛)𝑝 , and AICc = −2𝑙𝑜𝑔(𝐿) + 2𝑝 +
2𝑝(𝑝 + 1)

(𝑛− 𝑝 + 1)
,

where 𝑛 is the sample size and 𝑝 the number of free parameters. In model

selection, the model that minimizes BIC (AICc) is preferred. We include both fit
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indices as they penalize lack of parsimony differently. In order to obtain a measure

for the relative performance of the models we calculate an approximation wBIC𝑗

to the posterior probability that model j is the correct model for all models

in the set, and the conditional probabilities wAICc𝑗 that model j is the best

approximating model given the data and the set of candidate models as

wBIC𝑗 =
𝑒−BIC𝑗/2

Σ6
𝑖=1𝑒

−BIC𝑖/2
, and wAICc𝑗 =

𝑒−AICc𝑗/2

Σ6
𝑖=1𝑒

−AICc𝑗/2

(Buckland, Burnham, & Augustin, 1997; Wagenmakers & Farrell, 2004). Addi-

tionally, when models are nested, we use log-likelihood difference tests although

they need to be interpreted with caution as they are based on asymptotic theory,

which requires large sample sizes and a good separation of components in the case

of mixtures (Dolan & van der Maas, 1998). Minus twice the difference between

the log-likelihoods provides a 𝜒2 test statistic, with the degrees of freedom given

by the difference in the number of free parameters, for the restricted model (e.g.,

Bollen, 1989; Azzalini, 1996).

6.6 Illustrations

In the following two sections we present two illustrations of the mixed Markov

latent state models for multinormal data. The data relate to the conservation of

a quantity of liquid, as described above.

6.6.1 Illustration 1

In the first application, we model the responses to one repeatedly measured item,

which is depicted in Figure 6.1. The three within-component models described

above are applied.

Task

The computer-based conservation anticipation task (van der Maas, 1993; van der

Maas & Molenaar, 1996) comprises four items. We limit our analyses to one item

(Item 3, see Figure 6.1). The subjects are instructed to indicate the predicted

water level on the computer screen by moving a horizontal line with pre-selected

keys on the keyboard. The responses are recorded automatically, and measured

in 𝑐𝑚 above the correct level, which was assigned the value of 0 𝑐𝑚.
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Sample

A total of 101 children, 51 boys and 50 girls, carried out the conservation antici-

pation task 11 times in their school settings (for details, see van der Maas, 1993).

Dolan et al. (2004) analyzed a different part of this data set. At the first session

only, the children completed the test under supervision. The average interval

between testing was three weeks. Here, we limit our analyses to Occasions 2, 3,

5, 8, and 11, which we refer to below as Occasions 1 to 5. 7 The ages range from

6.2 to 10.6 years with a mean of 7.9 at Occasion 1 and from 6.7 to 11.1 years with

mean 8.4 at Occasion 5. About 30% of the data is missing. According to Little’s

MCAR test (Little & Rubin, 1989) the missingness does not deviate significantly

from MCAR (𝜒2
55 = 58.97, 𝑝 = .33). As mentioned above, the raw data ML

estimation implemented in Mx can handle missing data under this assumption

(Wothke, 2000; Muthén et al., 1987).

Models and Results

First, we fitted the three within-component models described above: the indepen-

dent response model (IND), the simple covariance structure model (COR), and

the simplex model (AR) with a mover-stayer model (see Figure 6.2). The vector

Φ, which contains the parameters that are used to model the mixing proportions,

contains the following 5 elements: 1) the probability of belonging to the mover

chain (𝜋𝑀); 2) the initial probability of the non-conserver state in the mover chain

(𝛿𝑁 ∣𝑀); 3) the initial probability of the non-conserver state given stayer (𝛿𝑁 ∣𝑆);

and two transition probabilities in the mover chain, 4) from the non-conserver

state to the non-conserver state (𝜏𝑁 ∣𝑁𝑀); 5) and from the conserver state to the

non-conserver state (𝜏𝑁 ∣𝐶𝑀).

7This is done in order to demonstrate the models, and their specification in Mx (see Ap-

pendices) in a manageable way. We also fitted an independent response model and a simple

covariance structure model to the whole series of 11 repeated measures. As expected, the es-

timation time is increased remarkably in fitting such a 211-component model, as compared to

the 25-component models. However, the results suggest that Mx can handle these estimation

problems.
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The mean vector and the covariance matrices of the component of, say, se-

quence s = 𝑁𝑁𝐶𝐶𝑁 in the three within-component models IND, COR and AR

equal: 𝜇𝒔 = [𝜇𝑁 , 𝜇𝑁 , 𝜇𝐶 , 𝜇𝐶 , 𝜇𝑁 ]𝑡,

Σ𝐼𝑁𝐷𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

𝜎2

𝑁 0 0 0 0

0 𝜎2

𝑁
0 0 0

0 0 𝜎2

𝐶 0 0

0 0 0 𝜎2

𝐶
0

0 0 0 0 𝜎2

𝑁

⎤
⎥⎥⎥⎥⎥⎦

,

Σ𝐶𝑂𝑅𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

𝜎2

𝑁 𝜌𝑁𝑁𝜎2

𝑁 0 0 𝜌𝑁𝑁𝜎2

𝑁

𝜌𝑁𝑁𝜎2

𝑁
𝜎2

𝑁
0 0 𝜌𝑁𝑁𝜎2

𝑁

0 0 𝜎2

𝐶 𝜌𝐶𝐶𝜎
2

𝐶 0

0 0 𝜌𝐶𝐶𝜎
2

𝐶
𝜎2

𝐶
0

𝜌𝑁𝑁𝜎2

𝑁
𝜌𝑁𝑁𝜎2

𝑁
0 0 𝜎2

𝑁

⎤
⎥⎥⎥⎥⎥⎦

, and

Σ𝐴𝑅𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

𝜎2(𝜁0𝑁 ) 𝛽𝑁𝑁𝜎2(𝜁0𝑁 ) 0 0 0

𝛽𝑁𝑁𝜎2(𝜁0𝑁 ) 𝛽2

𝑁𝑁𝜎2(𝜁0𝑁 ) + 𝜎2(𝜁𝑁𝑁 ) 0 0 0

0 0 𝜎2(𝜁𝑁𝐶 ) 𝛽𝐶𝐶𝜎
2(𝜁𝑁𝐶) 0

0 0 𝛽𝐶𝐶𝜎
2(𝜁𝑁𝐶 ) 𝛽2

𝐶𝐶𝜎
2(𝜁𝑁𝐶) + 𝜎2(𝜁𝐶𝐶 ) 0

0 0 0 0 𝜎2(𝜁𝐶𝑁 )

⎤
⎥⎥⎥⎥⎥⎦
.

The upper panel of Table 6.1 shows the results of these models. Model AR is

clearly favored by AICc and BIC. We proceed with the within-component model

AR, to further improve the fit. An inspection of the parameter estimates and

confidence intervals of model AR, which are shown in Table 6.2, suggests that the

initial probability of state 𝑁 in the stayer chain may be fixed to one. This is done

in the restricted mover-stayer model (ARR). The vector Φ of model ARR contains

only four elements (𝜋𝑀 , 𝛿𝑁 ∣𝑀 , 𝜏𝑁 ∣𝑁𝑀 , and 𝜏𝑁 ∣𝐶𝑀). Additionally, model AR is

fitted without stayer chain, but now with an absorbing conserver state in the

mover chain (AR-ABS). We achieve this by fixing the probability of remaining in

the conserver state to 1. Because there is no transition from C to N in this model,

the number of possible sequences is reduced. As a consequence, the model has

fewer components (6 as opposed to 32). While model AR-ABS fits much worse

than model AR, the relative fit of models ARR and AR is more ambiguous. AICc

favors model AR, while BIC favors model ARR. The log-likelihood difference

test is not significant (𝑝 = 0.08). In view of these results, we choose to proceed

with the more parsimonious model ARR, and for illustrative reasons fit it as a

multi-group model (ARRG) and a non-stationary model (ARRN). In fitting the

multi-group model ARRG, we estimate separate Φ parameters in boys and girls,

while the parameters Θ of the multivariate distributions of the responses within

the components are constrained to be equal over gender. In the non-stationary

model ARRN, we discard gender, but here we estimate a separate transition

matrix for each transition. Therefore, the vector Φ contains the probability of

belonging to the mover chain, the initial probability of the non-conserver state,
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Table 6.1: Minus twice the log-likelihood (−2𝑙𝑜𝑔(𝐿)), number of parameters (p),

Bayesian Information Criterion (BIC), corrected Akaike Information Criterion

(AICc), and BIC and AICc weights of the models fitted in Illustration 1 (upper

panel), and Illustration 2 (lower panel).

Model −2𝑙𝑜𝑔(𝐿) p BIC AICc wBIC wAICc

IND 141.4 9 182.9 161.3 0 0

COR 140.4 11 191.2 165.4 0 0

AR 92.0 15 161.2 127.6 0.325 0.531

ARR 95.2 14 159.8 128.0 0.674 0.437

ARRN 88.9 20 181.2 139.4 0.002 0.031

ARRG 89.0 18 172.0 133.3 0.002 0.037

AR-ABS 263.0 11 313.8 288.0 0 0

C-NC 6328.24 10 6381.61 6349.34 0 0

1TM 6230.76 14 6305.48 6260.91 0.832 0.663

2SYM 6234.13 14 6308.86 6264.28 0.154 0.123

2TM 6230.66 16 6316.06 6265.48 0.004 0.068

4SYM 6229.12 16 6314.52 6263.94 0.009 0.146

and 8 transition probabilities of the mover chain. AICc and BIC, shown in Table

6.1, favor model ARR to models ARRG and ARRN. The log-likelihood difference

tests of model ARRN and ARRG versus model ARR do not reject model ARR

(𝑝 = 0.39 and 𝑝 = 0.19, resp.). We discuss and compare the results of models

ARR and AR-ABS, which are shown in Table 6.2.

The estimates of the means in model ARR agree with our expectations: 2.039

and 0.176 in the non-conserver and conserver state, respectively. We observe

a slight bias to overestimate the correct water level in the conserver state (see

also Dolan et al., 2004). The confidence intervals of the means are narrow, re-

flecting the good separation of the components. As expected, the variance at

the first occasion is much larger in the conserver state, 𝜎2(𝜁0𝐶) = 0.340, than in

the non-conserver state, 𝜎2(𝜁0𝑁) = 0.004. The residual variances associated with

the transitions 𝑁𝑁 , 𝐶𝑁 and 𝐶𝐶 are small compared to the residual variances

of the transition 𝑁𝐶. The autoregressive coefficient between two consecutive

non-conserver states is small 𝛽𝑁𝑁 = 0.004, compared to the autoregressive co-
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Table 6.2: Parameter estimates (Est.) and selected 90% confidence intervals

(c.i.) of models AR, ARR and AR-ABS from Illustration 1 and model 1TM from

Illustration 2. Column Exp. shows the expected values of the mean heights. *

denotes fixed parameters.

AR ARR AR-ABS

Exp. Est. l.c.i. u.c.i. Est. l.c.i. u.c.i. Est. l.c.i. u.c.i.

𝜇𝑁 2.0 2.039 2.030 2.048 2.039 2.031 2.048 2.039 2.029 2.049

𝜇𝐶 0 0.176 0.093 0.265 0.176 0.091 0.265 0.526 0.353 0.695

𝜎2(𝜁0𝑁 ) 0.004 0.004 0.004

𝜎2(𝜁0𝐶) 0.322 0.340 0.397

𝜎2(𝜁𝑁𝑁 ) 0.005 0.005 0.006

𝜎2(𝜁𝑁𝐶) 0.601 0.580 0.544

𝜎2(𝜁𝐶𝑁 ) 0.030 0.031

𝜎2(𝜁𝐶𝐶) 0.145 0.146 0.939

𝛽𝑁𝑁 -0.005 0.004 0.017

𝛽𝐶𝐶 0.251 0.256 0.277

𝜋𝑀 0.643 0.505 0.851 0.749 0.627 0.952 1*

𝛿𝑁 ∣𝑀 0.697 0.550 0.819 0.604 0.483 0.723 0.704 0.618 0.781

𝛿𝑁 ∣𝑆 0.716 0.365 0.966 1*

𝜏𝑁 ∣𝑁𝑀 0.616 0.454 0.776 0.630 0.472 0.785 0.818 0.762 0.867

𝜏𝑁 ∣𝐶𝑀 0.354 0.236 0.487 0.258 0.189 0.336 0*

TM1

Exp. Est. l.c.i. u.c.i.

𝜇𝑁 28.28 28.14 27.52 28.74

𝜇𝐶1 18.86 16.21 15.57 16.87

𝜇𝐶2 14.14 14.53 13.91 15.18

𝜇𝐶3 12.57 14.24 13.51 14.99

𝜎𝑁 3.63 3.25 4.06

𝜎𝐶15 5.46 5.05 5.93

𝜎𝐶24 5.30 4.90 5.78

𝜎𝐶3 5.58 5.07 6.20

𝜌𝐶𝐶 0.57 0.50 0.63

𝜋𝑀 0.13 0.08 0.22

𝛿𝑁 ∣𝑀 0.72 0.41 0.93

𝛿𝑁 ∣𝑆 0.14 0.09 0.19

𝜏𝑁 ∣𝑁𝑀 0.51 0.32 0.73

𝜏𝐶∣𝐶𝑀 0.82 0.65 0.93
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efficient between two conserver states 𝛽𝐶𝐶 = 0.256. The residual variances and

autoregressive coefficients result in a mean variance in the non-conserver state

(conserver state) of 0.015 (0.368) with a standard deviation of 0.013 (0.185). As

expected, the variance is larger in the conserver states than in the non-conserver

states. The mean correlation between two consecutive non-conserver states is

close to zero (0.006), while the mean correlation between two consecutive con-

server states equals 0.361. The probability of belonging to the mover chain equals

0.749. The initial probability of the movers to start in the non-conserver state

equals 0.604. The estimates of the transition probability from non-conserver

(conserver) to non-conserver state equals 0.630 (0.258).

In comparing the results of model ARR to those of the poorly fitting model

AR-ABS, it is noteworthy that the mean of the conserver component is much

larger (𝜇𝐶 = 0.526) than expected, and larger than in all the other models

(0.169 < 𝜇𝐶 < 0.303). In addition, the residual variance of remaining in the

conserver state is much larger (𝜎2(𝜁𝐶𝐶) = 0.9392) than in the other simplex

models (0.143 < 𝜎2(𝜁𝐶𝐶) < 0.146). These results reflect the incorporation of

the switching components into the absorbing conserver components, as they

have a larger variance than the non-conserver components. Note that this also

can be observed, when a two-component independent response model (one con-

server and one non-conserver-component, without switching) is fitted to the data

(−2𝑙𝑜𝑔𝐿 = 400.9, 𝑛𝑝𝑎𝑟 = 5,BIC = 424,AICc = 412). The poor fit of model

AR-ABS is consistent with the Piagetian theory, and the experimental finding

that the transition from the non-conserver to the conserver state proceeds via an

unstable transition phase (e.g., van der Maas, 1993; van der Maas & Molenaar,

1996).

6.6.2 Illustration 2

In the second illustration, we model the responses to a sequence of different items

in one experimental session. The items differed systematically in that the width

of the empty glass is increased in the first half of the trials, and decreased in

the second half of the trials, while the width and the water-level of the filled

glass remains constant (see Figure 6.3). In this example, switching between the

states is supposed to occur in those subjects, who are in the transition phase,

as a response to the experimental manipulation of the difference in width of the

two glasses. Jansen and van der Maas (2001) found that children’s rule switching

in a proportional reasoning task depends on the salience of relevant dimensions.
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Based on this result, we expect subjects in the transition phase to be in the non-

conserver state on items, in which the difference in width of the two glasses is

small, and switch to the conserver state in items with a greater and thus more

salient difference in width. In other words, in addition to the stayer chain, we

expect a chain, in which subjects switch from non-conserver to conserver state

within the first part of the series, and switch back during the last trials.

Here, the focus is on the patterns of the switches in the mover chain, i.e.,

the possible sequences, because they may distinguish between continuous and

discontinuous models of development. One pattern, called hysteresis, is predicted

by catastrophe theory (a discontinuous model), but not by any continuous model,

and therefore is an important indication of discontinuous development (Jansen &

van der Maas, 2001; van der Maas & Molenaar, 1992). In the present example,

hysteresis occurs when the switch back from conserver to non-conserver state

occurs in an item with a smaller difference in width than the first switch from

the non-conserver state to the conserver state. It is possible to constrain the

transition matrices of the mover chain in such a way that only specific sequences

are possible, e.g., patterns that are or are not in concordance with the existence

of hysteresis. However, as the estimated number of subjects in the transition

phase is small, we consider only a rough implementation of hysteresis patterns.

Task

The paper-and-pencil hysteresis conservation anticipation task consists of 9 sys-

tematically varying items. As mentioned above, the width of the empty glass is

increased in the first 5 trials, and decreased by the same steps in the 4 subsequent

trials. Each trial is given on a separate page of the test booklet. We analyze five

trials (Trials 2, 4, 5, 6, and 8), which we will refer to as Trials 1 to 5 (see Figure

6.3). The items used at Trials 1 and 5 are identical (Item 1), as are the items

used at Trials 2 and 4 (Item 2). The subjects indicated the predicted water level

by drawing a line in the right glass. The mean of the height measured from the

bottom of the glass at the left and at the right side was recorded in millimeters.

Sample

A total of 208 children in the age range from 5.9 to 8.0 years (mean 10.4) com-

pleted the hysteresis conservation anticipation task in their school settings (for

details, see Jansen & van der Maas, 2001). Only 1% of the data is missing.
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Item 1

Trial  1

Item 2

Trial  2

Item 3

Trial  3

Item 2

Trial  4

Item 1

Trial  5

Figure 6.3: Analyzed items of the paper-and-pencil hysteresis conservation an-

ticipation task. The original widths of the empty glass of Items 1 to 3 equal

4.2, 5.6 and 6.3 𝑐𝑚, respectively. Children were required to draw a line at the

predicted water level of the amount of liquid in the left glass when the water

is poured into the right glass.

Models

We report the results of five models. In all models, a simple covariance structure

model within the components is adopted, in which the correlation between con-

server responses is estimated 𝜌𝐶𝐶 , while all other correlations are fixed to zero.

As the non-conservers are expected to respond with a simple alignment, and the

water-level of the left glass equals 28.28𝑚𝑚 in all items, we estimate a single

mean and variance in the non-conserver state. The correct responses on Trials 1

and 5 and on Trials 2 and 4 are identical. Therefore, we estimate three different

means and variances in the conserver state. Together, these total 9 parameters.

For example, the component mean vector and the component covariance matrices

of the component that corresponds to the sequence s = 𝑁𝑁𝐶𝐶𝑁 in these three

within-component models are:

𝝁𝒔 = [𝜇𝑁 , 𝜇𝑁 , 𝜇𝐶3, 𝜇𝐶2, 𝜇𝑁 ]𝑡, and

Σ𝒔 =

⎡
⎢⎢⎢⎢⎢⎣

𝜎2

𝑁
0 0 0 0

0 𝜎2

𝑁 0 0 0

0 0 𝜎2

𝐶3
𝜌𝐶𝐶𝜎𝐶3𝜎𝐶2 0

0 0 𝜌𝐶𝐶𝜎𝐶3𝜎𝐶2 𝜎2

𝐶2
0

0 0 0 0 𝜎2

𝑁

⎤
⎥⎥⎥⎥⎥⎦

.

The models differ in the transition part, as shown in Table 6.3. The first

model (C-NC) is a stayer model, and hence comprises of only two components,

i.e., conservers on all items and non-conservers on all items. In this model, the

initial probability of the conservers is estimated.8 Model C-NC is expected if the

sample does not include subjects in the transition phase, or if the experimen-

tal manipulation has had no effect. The other four models result from adding

8This model is analogous to a two-latent class model with local dependence in one class.
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Table 6.3: Transition matrices of the fitted models. Free parameters are de-

noted by letters. Parameters denoted by the same letter are constrained to

be equal.

Model Transition 1 Transition 2 Transition 3 Transition 4

Trial 1 to 2 Trial 2 to 3 Trial 3 to 4 Trial 4 to 5

C-NC

[
1 0

0 1

]
=

[
1 0

0 1

]
=

[
1 0

0 1

]
=

[
1 0

0 1

]

1TM

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]
=

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]
=

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]
=

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]

2TM

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]
=

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

] [
𝑐 (1− 𝑑)

(1− 𝑐) 𝑑

]
=

[
𝑐 (1− 𝑑)

(1− 𝑐) 𝑑

]

2SYM

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

]
=

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

] [
𝑏 (1− 𝑎)

(1− 𝑏) 𝑎

]
=

[
𝑏 (1− 𝑎)

(1− 𝑏) 𝑎

]

4SYM

[
𝑎 (1− 𝑏)

(1− 𝑎) 𝑏

] [
𝑐 (1− 𝑑)

(1− 𝑐) 𝑑

] [
𝑑 (1− 𝑐)

(1− 𝑑) 𝑐

] [
𝑏 (1− 𝑎)

(1− 𝑏) 𝑎

]

differently specified mover chains to model C-NC. The stationary model 1TM is

the simplest model that includes switching. Here, we estimate a single transition

matrix, i.e., 2 transition parameters, for all 4 transitions in the mover chain. In

model 2TM we estimate two transition matrices, one for the first two transitions,

the other for the last two transitions. This results in 4 parameters.

In model 2SYM we specify two transition matrices as in model 2TM, but con-

strain the probability of switching in one direction on the first two transitions to

be equal to the probability of switching back on the last two transitions. So, we

estimate two transition probabilities. Finally, in model 4SYM, we specify 4 tran-

sition matrices. The first two are free, and the third and fourth are constrained,

as in model 2SYM. As such, the probability of switching in one direction at tran-

sition 1 (2) equals the transition probability of switching back at transition 4 (3).

Given hysteresis, a symmetric structure of the transition matrices as specified in

models 2SYM and 4SYM, would not be expected to fit the data well, compared

to the equally parsimonious models 1TM and 2TM.



138 Chapter 6

Results

Table 6.1 (lower panel) shows that all four models that incorporate switching fit

substantially better than the stayer-model, judged by the BIC and AICc. The

mover-stayer model with one estimated transition matrix (1TM) fits better than

the equally parsimonious model with symmetric transition probabilities (2SYM),

and better than the two less parsimonious models, in which 4 transition prob-

abilities are estimated (2TM and 4SYM). When the initial probability of the

non-conserver state in the mover chain (𝛿𝑁 ∣𝑀) is fixed to one, the resulting mod-

els all fit less well than the models presented here. This is unexpected, as it

suggests that some subjects respond correctly on the supposedly more difficult

first item, and then switch to the non-conserver state on later, presumably easier,

items.

We focus on the parameter estimates of model 1TM, which are shown together

with 90% confidence intervals in Table 6.2. The mean in the non-conserver state

is estimated as 𝜇𝑁 = 28, 140𝑚𝑚, as expected, and the means in the conserver

state are 𝜇𝐶1 = 16, 21𝑚𝑚, 𝜇𝐶2 = 14, 53𝑚𝑚, 𝜇𝐶3 = 14, 24𝑚𝑚. The estimates

differ slightly from the expected values, but the means decrease, as expected.

The standard deviation in the non-conserver state (𝜎𝑁 = 3, 62) is lower than in

the conserver states (𝜎𝐶1 = 5, 460, 𝜎𝐶2 = 5, 300, 𝜎𝐶3 = 5, 579). The correlation

between the responses of two conserver states equals 𝜌𝐶𝐶 = 0, 566. The propor-

tion of stayers is quite high (𝜋𝑠𝑡𝑎𝑦𝑒𝑟 = 0, 872). The proportion of non-conservers

is small in the stayer chain (𝛿𝑁 ∣𝑆 = 0, 141). In the mover chain the probability

of starting in the non-conserver state equals 𝛿𝑁 ∣𝑀 = 0, 718, and the transition

probabilities equal 𝜏𝑁 ∣𝑁𝑀 = 0, 505 𝜏𝐶∣𝐶𝑀 = 0, 821. As can be seen in the lower

part of Table 6.2, the 90% confidence intervals of the transition parameters in

the mover chain are large. This is due to the fact that these parameter estimates

are based on only a small part of the whole sample, i.e., the number of movers

that is estimated as 208× 0.1281 = 27.

The results suggest that in the present data set the existence of hysteresis is

quite probable. Unfortunately, as only a small number of the subjects is in the

transition phase, and as the separation of the components is less good than in the

first illustration, it is not possible to draw strong conclusions about the existence

of hysteresis. However, with the present models the presence of hysteresis can

be tested in further studies, in which the separation of the components should

be increased by improving the test stimuli, and in which more data should be

gathered in subjects who are in the transition phase.
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6.7 Discussion

In contrast to Markovian transition models for discrete longitudinal data, anal-

ogous models for normal data have received relatively little attention. Dolan et

al. (2004) is an exception, but they considered only a single model (analogous

to van de Pol and Langeheine’s (1990) latent Markov model). In the present

chapter, we have presented and applied a general model for normal data, which

includes the same set of models as van de Pol and Langeheine’s MMLC model

for discrete data. We discussed and demonstrated the possibility of combining

the Markovian transition model with covariance structure modeling of individ-

ual differences within a given sequence of classes. That is, we do not require

independence of responses, conditional on class, or on sequence of classes. The

possibility of covariance structure modeling allows one to test substantive hy-

potheses concerning the psychological processes that are involved in producing a

given response. Similar possibilities in discrete models have been considered by

Uebersax (1999) and Hagenaars (1988). However, the LISREL submodel consid-

ered here generally confers great flexibility, as it includes many specific models,

such as factor models, simplex models, and random effects models. For example,

see Dolan et al. (2005) for a simple transition model based on the linear growth

curve model.

In addition to presenting the general model, we demonstrated that the various

special cases of the general model may be viewed as highly constrained (possibly

multi-group) multivariate normal mixture models (see also Dolan et al., 2004).

As such, these models can be fitted in the program Mx (Neale & Miller, 1997)

by means of raw data likelihood estimation. Actual model specification in Mx

ranges from the simple (e.g., models that include conditional independence, e.g.,

model IND above) to the quite complicated. In some cases, we wrote scripts

in the freely available program R (R Development Core Team, 2004) to facili-

tate the Mx specification. These R scripts as well as the Mx input scripts used

here are available on request. Once the scripts were in place, we encountered

few computational problems in running Mx. We did consistently vary starting

values, as local minima form a well-known potential problem in mixture model-

ing (McLachlan & Peel, 2000). Fortunately, Mx has the facility to vary starting

values automatically. The feasibility of fitting mixtures depends in part on the

separation of the components. While the latent classes were well separated in Il-

lustration 1, they were much less well separated in Illustration 2, without causing

great computational difficulties. No doubt, this is due in part to the fact that the
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mixtures are highly constrained, both with respect to the means and the mixing

proportions.

Although our aim was to present a version of van de Pol and Langeheine’s

(1990) MMLC model for normal data, the present implementation of this model in

Mx offers several novel possibilities, such as LISREL modeling within a sequence

of classes. In addition, we demonstrated in Illustration 2 the possibility of varying

the exact nature of the indicator variable. This allows one to experimentally

investigate the effects of stimulus manipulation on the transition between latent

classes. This offers interesting possibilities in studying learning (e.g., Raijmakers

et al., 2001). Of course in varying stimulus material, one has to take care that the

nature of the construct being measured does not change. In the case of Illustration

2, we consider this problem to be negligible (see Fig. 3). The possibility of

specifying non-stationary transition probabilities is useful in combination with

varying indicators.

We have limited our presentation to single indicator models, i.e., the repeated

measures are univariate. Langeheine (1994) has extended the general MMLC

model (van de Pol & Langeheine, 1990) to include multiple indicators. This

same extension in the normal analogue of the MMLC model, presented here, is

also possible. For an example of this in the present model, again using Mx, we

refer the reader to the Mx script library.


