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7

Parameter Identification in Multinomial

Processing Tree Models

Multinomial processing tree models form a popular class of statistical models for

categorical data that have applications in various areas of psychological research.

As in all statistical models, establishing which parameters are identified is neces-

sary for model inference and selection based on the likelihood function, and for

the interpretation of the results. The required calculations to establish global

identification can become intractable in complex models. We show how to estab-

lish local identification in multinomial processing tree models, based on formal

methods independently proposed by Catchpole et al. (Catchpole, Freeman and

Morgan, 1997. Biometrika, 593-598), and by Bekker et al. (Bekker, Merckens,

Wansbeek, 1994). This approach is illustrated with multinomial processing tree

models for the source monitoring paradigm in memory research.

7.1 Introduction

Multinomial processing tree (MPT) models form an increasingly popular class

of stochastic models for categorical data that have applications in a variety of

research areas in cognitive, differential, and social psychology (e.g., Batchelder

& Riefer, 1999, 2007; Stahl, 2006). For example, Batchelder and Riefer (1999)

discuss over 80 applications of MPT models in various areas of psychology includ-

ing memory, perception, and reasoning. The statistical theory of MPT models,

including maximum-likelihood parameter estimation, overall model testing, and

tests of specific hypotheses within models, has been discussed by Riefer and

Batchelder (1988) and Hu and Batchelder (1994). Flexible software to fit MPT

models by means of maximum likelihood estimation has been developed by Hu

and Phillips (1999), Stahl and Klauer (2007), and Rothkegel (1999). MPT models

entail a reparameterization of the cell probabilities of the multinomial or product-

multinomial distribution (Bishop, Fienberg, & Holland, 1975; Andersen, 1980) in

terms of parameters that are assumed to represent the probabilities of underly-

ing cognitive processes. The underlying cognitive architecture is represented as a
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rooted tree, in which each branch represents a processing sequence leading to an

observable categorical response. More than one branch may terminate in a given

response.

In MPT models, as in all statistical models, model identification (the ability

to infer parameter values from data) is an important issue. This is particularly

true in MPT models because in most applications parameter estimates are in-

terpreted as measurements of underlying latent cognitive processes. A common

cause of non-identifiability of a model is parameter redundancy, in which case the

likelihood of the model can be expressed as a function of fewer than the original

number of parameters (Catchpole & Morgan, 1997). If a model is not param-

eter redundant, it is at least locally identified, and possibly globally identified.

The stricter property of global identification requires the ability to infer param-

eter values uniquely, beyond local identification for the whole parameter space

(Bekker, Merckens, & Wansbeek, 1994; Cole & Morgan, 2008). We go into the

details of local and global identification in terms of MPT models below.

In a MPT model there is a function 𝒇 (𝜽) that maps the model’s parameter

space into the set of possible multinomial probability distributions. Global iden-

tification can be established by proving that inequality of two parameter vectors

𝜽 ∕= 𝜽∗ implies inequality of the modeled multinomial cell probability vectors

𝒇 (𝜽) ∕= 𝒇 (𝜽∗) for all parameter vectors 𝜽 and 𝜽∗ in the parameter space (Riefer

& Batchelder, 1988; Hu & Batchelder, 1994; Meiser, 2005; see also Bishop et

al., 1975, p.510). The required calculations for establishing global identification

can become tedious and, even, intractable in complex models. In this case, the

next best thing to do is establishing local identification, i.e., 𝜽 ∕= 𝜽∗ implies

𝒇 (𝜽) ∕= 𝒇 (𝜽∗) for all 𝜽∗ in an open neighborhood around 𝜽. One can investi-

gate local identification empirically by choosing plausible numerical values of the

parameter vector 𝜽𝐺, and fitting the generating MPT model to artificial (simu-

lated) data generated by 𝜽𝐺, or to exact summary statistics (i.e., the expected cell

counts, which are derived from the probabilities 𝒇 (𝜽𝐺) implied by the generating

MPT model). Obtaining parameter estimates sufficiently close to the true val-

ues 𝜽𝐺 (in the case of simulated data), or recovering exactly the true parameter

values (in the case of exact summary statistics) is a necessary condition for local

identification. Ideally, one should fit the model many times with varying starting

values to establish that, regardless of the starting point in the parameter space,

the same estimated parameter vector is recovered consistently. In addition, fol-

lowing such analyses, one may inspect the rank of the Information matrix (i.e.,

the matrix of second order partial derivatives of the log of the likelihood vector
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function with respect to the parameter vector; Azzalini, 1996) numerically to

establish that it is positive definite, i.e., all eigenvalues are real and greater than

zero (Viallefont, Lebreton, & Reboulet, 1998). Various method are available to

calculate the Information matrix (e.g., Stahl & Klauer, 2007, Dolan & Molenaar,

1991; Viallefont et al., 1998). However, as we shall see below, the expression for

the expected Information matrix is quite simple in parameterized multinomial

models.

An alternative approach to establish local identification is by means of sym-

bolic calculation. This approach has the advantage that it does not require an

arbitrary choice of parameter values, and avoids numerical computations (e.g.,

minimization) altogether. It does require symbolic calculations, which can be car-

ried out readily using available computer algebra software. Catchpole et al. de-

veloped this method in a series of papers for capture-recapture models (Catchpole

& Morgan, 1997; Catchpole, Morgan, & Freeman, 1998; Catchpole & Morgan,

2001; Catchpole, Morgan, & Viallefont, 2002). They also considered the problem

of deriving identifying constrains given an unidentified model. Independently,

Bekker et al. (1994) developed this method in the context of structural equation

modeling. The aim of this chapter is to discuss this method in the context of

MPT modeling, and to present several illustrations using the open-source pro-

gram Maxima (Doider, 2007). Input code for the commercial program Maple

(Monagan et al., 2008) is available upon request.

7.2 MPT models

MPT models specify a reparameterization of the category probabilities of the

multinomial or product-multinomial distribution (Bishop et al., 1975; Andersen,

1980) in terms of parameters that are derived from a substantive theory. Assume

a random sample of 𝑁 independent and identically distributed observations, each

of which can be classified into one of 𝐽 discrete, mutually exclusive, and jointly

exhaustive response categories, 𝐶1, 𝐶2, . . . , 𝐶𝐽 . Let 𝑛𝑗 be the number of obser-

vations in 𝐶𝑗 , and let 𝑫 = (𝑛1, 𝑛2, . . . , 𝑛𝑗, . . . , 𝑛𝐽) be the data vector of counts.

The joint distribution of the data 𝑫 is given by the multinomial distribution

𝑃 (𝑫; 𝑝1, . . . , 𝑝𝐽) = 𝑁 !

𝐽∏
𝑗=1

𝑝
𝑛𝑗

𝑗 /𝑛𝑗!, (7.1)

where 𝑝𝑗 is the probability that an observation falls into category 𝐶𝑗, and 𝑁 =∑𝐽
𝑗=1 𝑛𝑗 . The set of all possible 𝐽-dimensional probability distributions over 𝐽
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categories is given by Ω𝐽 = {𝒑 : 𝑝𝑗 ≥ 0,
∑𝐽

𝑗=1 𝑝𝑗 = 1}. The vector of observed

data proportions 𝑷 = 𝑫/𝑁 is a point in Ω𝐽 .

Based on the experimental design, e.g., in the case of multiple within and/or

between participant conditions, the observations may be separated into𝐾 disjoint

data sets 𝑫𝑘, where data set 𝑫𝑘 consists of 𝑁𝑘 independent and identically

distributed observations, which fall into one of 𝐽𝑘 categories 𝐶𝑘1, 𝐶𝑘2, . . . , 𝐶𝑘𝐽𝑘
.

In this case assuming independence between data sets, the joint probability of

the 𝐾 random vectors 𝑫𝑘 = (𝑛𝑘1, 𝑛𝑘2, . . . , 𝑛𝑘𝐽𝑘
) of category counts is given by

the product-multinomial distribution

𝑃 (𝑫1, . . . ,𝑫𝐾 ; 𝑝11, . . . , 𝑝1𝐽 , . . . , 𝑝𝐾1, . . . , 𝑝𝐾𝐽) =

𝐾∏
𝑘=1

𝑁𝑘!

𝐽𝑘∏
𝑗=1

𝑝
𝑛𝑘𝑗

𝑘𝑗 /𝑛𝑘𝑗!, (7.2)

where 𝑝𝑘𝑗 is the probability that an observation falls into category 𝑗 of condition 𝑘,

and
∑𝐽𝑘

𝑗=1 𝑝𝑘𝑗 = 1, and where 𝑁𝑘 =
∑𝐽𝑘

𝑗=1 𝑛𝑘𝑗 . The set of all possible combinations

of the 𝐾 probability vectors Ω𝐾𝐽 equals the Cartesian product of the sets of all

𝐽𝑘-dimensional probability vectors Ω𝐽𝑘
of all conditions.

In MPT models, the product-multinomial distribution in Equation (7.2) is

reparameterized through a vector 𝜽 of 𝑆 functionally independent model param-

eters, 𝜽 = (𝜃1, . . . , 𝜃𝑆), 1 ≤ 𝑆 ≤ (
∑𝐾

𝑘=1 𝐽𝑘) − 𝐾, with each 𝜃𝑠 lying within the

interval [0, 1] or a subinterval thereof. A vector function 𝒇 (𝜽) of the parameters

maps each point 𝜽 in the parameter space Θ onto a point in the space of all sets

of possible probability vectors Ω𝐾𝐽 , such that the product-multinomial cell prob-

abilities 𝑝𝑘𝑗 are modeled by 𝑓𝑘𝑗(𝜽). Each MPT model parameter 𝜃𝑠 represents

the probability of a latent cognitive event that may be involved in the generation

of a manifest behavioral response. The likelihood function for the 𝑘-th data set

is given by

𝐿𝑘(𝑫𝑘; 𝜽) = 𝑁𝑘!

𝐽𝑘∏
𝑗=1

[𝑓𝑘𝑗(𝜽)]
𝑛𝑘𝑗/𝑛𝑘𝑗!. (7.3)

The likelihood function for the joint or product-multinomial model is the product

of the K likelihood functions:

𝐿(𝑫1, . . . ,𝑫𝐾 ; 𝜽) =

𝐾∏
𝑘=1

𝐿𝑘(𝑫𝑘; 𝜽). (7.4)

7.3 Identification

Subject to various regularity conditions (Bishop et al., 1975, page 510; Read

& Cressie, 1988), maximization of the expression in Eq. 7.4 produces unique
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maximum likelihood parameter estimates of 𝜽, 𝜽𝑀𝐿, which converge to the true

parameter vector, 𝜽𝑇 , as the number of observations, 𝑁 , is increased. The regu-

larity conditions, which ensure that such estimates actually exist, stipulate inter

alia that 𝜽 ∕= 𝜽𝑇 implies 𝒇 (𝜽) ∕= 𝒇 (𝜽𝑇 ), i.e., the global identifying condition

considered in the context of MPT modeling by Riefer and Batchelder (1988); Hu

and Batchelder (1994), and Meiser (2005). But demonstrating that this condi-

tion is satisfied can be difficult in complex models even using computer algebra

programs like Maple or Maxima. Thus one may have to resort to other meth-

ods. As mentioned above, Viallefont et al. (1998) suggested to calculate the rank

of the Information matrix at the point 𝜽𝑀𝐿 as an empirical (numerical) test of

local identification. They show that the rank of this Information matrix equals

the number of identified parameters. This is also the standard method of estab-

lishing empirical (local) identification in structural equation modeling software,

such as LISREL (Jöreskog & Sörbom, 2002; Bollen, 1989). To establish local

identification, Catchpole et al. (1997; 1998; 2001; 2002) and Bekker et al. (1994)

suggested to inspect the rank of the (
∑𝐾

𝑘=1 𝐽𝑘×𝑆)-dimensional Jacobian matrix,

J(𝜽) = ∂𝒇 (𝜽)/∂𝜽 using symbolic manipulation. A necessary condition for global

identification is that this matrix has full column rank, which can be established

using computer algebra programs. In the case of parameterized multinomial mod-

els, one can cast the problem in terms of the rank of the Jacobian matrix or the

Information matrix. Specifically, the (𝑆 × 𝑆)-dimensional Information matrix

I(𝜽), equals J(𝜽)𝑡𝐹 (𝜽)J(𝜽), where 𝐹 (𝜽) is a diagonal matrix with the parame-

terized multinomial probabilities 𝒇 (𝜽) on the diagonal (Bishop et al., 1975, page

512, note that Bishop et al. express I(𝜽) = 𝐴𝑡𝐴, where 𝐴 = 𝐹 (𝜽)1/2
J(𝜽). This

implies 𝐴𝑡 = J(𝜽)𝑡𝐹 (𝜽)𝑡/2, which gives 𝐴𝑡𝐴 = J(𝜽)𝑡𝐹 (𝜽)J(𝜽).). Regularity con-

ditions (Bishop et al., 1975, p. 510) stipulate that the components of 𝒇 (𝜽) be

positive (specifically 0 < 𝒇𝑘𝑗(𝜽) < 1), so that 𝐹 (𝜽) is positive definite by these

conditions. Consequently the I(𝜽) is positive definite, i.e., full rank, if and only

if J(𝜽) is full column rank. Following Catchpole et al. (1997; 1998; 2001; 2002),

we focus on establishing the rank of J(𝜽) in MPT models symbolically as this

is more convenient than inspecting the symbolic expected Information matrix.

The number of parameters 𝑆 equals the sum of the rank of the Jacobian matrix,

and of the dimension of its null space, i.e., the subset of the parameter space Θ

consisting of all those elements of Θ that are mapped by 𝒇 (𝜽) to the zero vector.

If the Jacobian matrix is not full rank, i.e., it is rank deficient, the null space can

be used to examine, which of the parameters are identified, and which are not.

Only those parameters are identified, which correspond to the elements that are
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zero in all vectors spanning the null space. This use of the null space is illustrated

below.

We should note that the present condition of a full rank Jacobian matrix

guarantees local identification, in the sense that its fulfillment implies that the

model cannot be be reparameterized with fewer than 𝑆 parameters (i.e., without

a change in 𝒇 (𝜽) and the attendant increase in the loglikelihood). For this rea-

son Catchpole et al. (1997; 1998; 2001; 2002) emphasized its role in detecting

parameter redundancy. Catchpole and Morgan (1997) distinguish two hierarchi-

cally ordered kinds of locally identified models: essentially and conditionally full

rank models. In essentially full rank models, the Jacobian matrix is full rank

in the whole parameter space, while in conditionally full rank models, there ex-

ist parameter values, for which the rank of the Jacobian matrix is full, while

the model is parameter redundant conditional on specific parameter values or

constraints on the parameter space. However, even an essential full rank Jaco-

bian matrix does not necessarily imply the global identification requirement that

𝜽 ∕= 𝜽𝑇 ⇒ 𝒇 (𝜽) ∕= 𝒇 (𝜽𝑇 ). To see this, consider the following example of flipping

two coins N times, each with a iid probability of head of 𝑞. The possible categories

are ”head twice” (HH), ”different” (D), and ”tail twice” (TT), and the respec-

tive probabilities are 𝒇 (𝜃) = (𝑞2, 2𝑞(1− 𝑞), (1− 𝑞)2). The subset of probabilities

generated by the model is restricted to the curve shown in the left panel of Fig.

7.1. As 𝑞 ranges between 0 and 1, p(q) follows a one-dimensional curve in the set

of all possible probability vectors. Now suppose the categories HH and TT are

taken together into one category, ”same”. This is a four branch, two category

binary MPT. The category probability of ”same” equals 𝑓𝑠𝑎𝑚𝑒(𝜃) = 𝑞2+(1− 𝑞)2,

and the probability of ”different” equals 𝑓𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡(𝜃) = 2(1− 𝑞)𝑞. The parameter

vector is 𝜽 = [𝑞], with 0 < 𝑞 < 1, and the Jacobian J(𝜃) is essentially full column

rank, thus there is no parameter redundancy. But the model does not satisfy

𝜽 ∕= 𝜽𝑇 ⇒ 𝒇 (𝜽) ∕= 𝒇 (𝜽𝑇 ), because 𝜽 = [𝑞] and 𝜽∗ = [1 − 𝑞] yield the same cell

probabilities 𝒇 (𝜽) = 𝒇 (𝜽∗), as shown in the right panel of Fig. 7.1.

Note that this phenomenon also occurs in common factor analysis (Bollen,

1989). For instance, given appropriate scaling (of the unobserved common fac-

tor), the single common factor model is identified in the sense that the matrix

J(𝜽) is full column rank. In this case, 𝜽 is the vector of factor loadings and

residual variances, and 𝒇 (𝜽) is the vector of expected second order moments

(nonredundant elements in the expected covariance matrix). However, changing

the parameter vector by multiplying the factor loadings by −1 does not change

𝒇 (𝜽). So here again we have an identified model that is locally, but not globally,
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Figure 7.1: Left panel: Ternary plot of the probability space of the coin toss

example with the three categories HH, D, TT. The solid curve represents the

subspace of probability vectors 𝒇(𝑞) given by the model as 𝑞 ranges between 0

and 1. Right panel: Probability of category ”same” as a function of 𝑞.

identified. One way to solve this problem both in factor models and in MPT

models is by restricting the parameter space by the imposition of appropriate

parameter boundaries.

7.4 Examples

Below we investigate local identification using the Jacobian rank method in two

MPT models for source monitoring. Source monitoring is a highly productive

paradigm in the study of memory (Batchelder & Riefer, 1990). In a source mon-

itoring experiment, participants first study items, which originate from two or

more sources, such as distinct word lists, speakers, or perceptual modalities. The

participants are then shown items, which they may or may not have studied pre-

viously. They are asked to indicate whether the items are new (i.e., distracters),

or originate from one of the sources. Batchelder and Riefer (1990, see also Bayen,

Murnane, & Erdfelder, 1996; Meiser & Bröder, 2002) developed MPT models to

analyze source monitoring data. These models allow one to estimate parameters,

which are associated with various cognitive processes involved in source monitor-
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ing. These processes include item detection and source discrimination. Here we

consider two MPT models for source monitoring, the two-high-threshold model

(Bayen et al., 1996) and the low-threshold model (Batchelder, Hu, & Riefer,

1994). The models share the characteristic that a separate tree is specified for

each type of items, where type is defined in terms of the item’s source (e.g., source

A, source B, source C, or new).

Two-high-threshold model

The two-high-threshold multinomial processing tree model (2HTSM; Bayen et al.,

1996) is a generalization of the one-high-threshold model (1HTSM; Batchelder &

Riefer, 1990). Bayen et al. (1996) presented an overview of the identified submod-

els of the 2HTSM for two sources. Keefe, Arnold, Bayen, McEvoy, and Wilson

(2002) considered submodels for three sources. In the following, we examine local

identification of the 2HTSM for three sources. A processing tree representation

of the 2HTSM model for three sources is shown in Fig. 7.2.

Each tree is composed of three different types of nodes, and starts with a

root node. The root node is connected with the first level branch nodes, e.g., 𝐷1

and (1 − 𝐷1) in the tree for Source A items. The first level branch nodes are

connected with the second level branch nodes, e.g., 𝑑1, (1 − 𝑑1), 𝑏, and (1 − 𝑏)).

The third level branch nodes are connected to leaf nodes, which represent one

of four category responses: A (Source A), B (Source B), C (Source C), and N

(New). Note that the branch nodes with probability one, e.g., between the 𝑑1

branch node and the 𝐴 leaf node, ensure that all leaf nodes are on the same

branch level. This facilitates the matrix representation described below.

The model consists of the following parameters. 𝐷1 (𝐷2, 𝐷3) is the probability

of detecting Source A (B, C) items as old; 𝐷𝑁 is the probability of detecting new

items as new; 𝑑1 (𝑑2, 𝑑3) is the probability of correctly discriminating the source

of a Source A (B, C) item; 𝑎1 (𝑎2, 1− 𝑎1− 𝑎2) is the probability of guessing that

a detected item comes from Source A (B, C); 𝑏 is the probability of guessing that

an undetected item is old; 𝑔1 (𝑔2, 1− 𝑔1 − 𝑔2) is the probability of guessing that

an undetected item comes from Source A (B, C), given that it was guessed as

being old.

As shown in Fig. 7.2, this model is not parameterized as a binary MPT model,

with bifurcations only. This implies restrictions on the parameter space, e.g.,

(𝑎1+ 𝑎2) < 1. However, the trifurcations can easily be reparameterized to obtain

an equivalent binary MPT by replacing 𝑎1, 𝑎2, and (1−𝑎1−𝑎2) by 𝜃1, (1−𝜃1)𝜃2,
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𝑑1 1 𝑨

𝐷1 𝑎1 𝑨

1− 𝑑1 𝑎2 𝑩

1− 𝑎1− 𝑎2 𝑪

𝑺𝒐𝒖𝒓𝒄𝒆𝑨

𝑔1 𝑨

𝑏 𝑔2 𝑩

1−𝐷1 1− 𝑔1− 𝑔2 𝑪

1− 𝑏 1 𝑵

𝑑2 1 𝑩

𝐷2 𝑎1 𝑨

1− 𝑑2 𝑎2 𝑩

1− 𝑎1− 𝑎2 𝑪

𝑺𝒐𝒖𝒓𝒄𝒆𝑩

𝑔1 𝑨

𝑏 𝑔2 𝑩

1−𝐷2 1− 𝑔1− 𝑔2 𝑪

1− 𝑏 1 𝑵

𝑑3 1 𝑪

𝐷3 𝑎1 𝑨

1− 𝑑3 𝑎2 𝑩

1− 𝑎1− 𝑎2 𝑪

𝑺𝒐𝒖𝒓𝒄𝒆𝑪

𝑔1 𝑨

𝑏 𝑔2 𝑩

1−𝐷3 1− 𝑔1− 𝑔2 𝑪

1− 𝑏 1 𝑵

𝐷𝑁 1 𝑵

𝑵𝒆𝒘

𝑔1 𝑨

𝑏 𝑔2 𝑩

1−𝐷𝑁 1− 𝑔1− 𝑔2 𝑪

1− 𝑏 1 𝑵

Figure 7.2: Two-high-threshold MPT model of source monitoring for three

sources. 𝐷1 (𝐷2, 𝐷3) = probability of detecting Source A (B, C) items as old;

𝐷𝑁 probability of detecting new items as new; 𝑑1 (𝑑2, 𝑑3) = probability of cor-

rectly discriminating the source of a Source A (B, C) item; 𝑎1 (𝑎2, 1 − 𝑎1 − 𝑎2)

= probability of guessing that a detected item comes from Source A (B, C);

b= probability of guessing that an undetected item is old; 𝑔1 (𝑔2, 1 − 𝑔1 − 𝑔2) =

probability of guessing that an undetected item comes from Source A (B, C).

The model includes 12 independent parameters.
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and (1 − 𝜃2), respectively. An advantage of the binary representation is that

one can resort to estimation subject solely to boundary constraints (0 < 𝜃1 < 1;

0 < 𝜃2 < 1). The disadvantage is that one no longer obtains parameter estimates,

which are directly interpretable in term of the cognitive process of interest, e.g.,

𝑎2 vs. (1 − 𝜃1)𝜃2, although these can be derived readily (𝑎2 = (1 − 𝜃1)𝜃2. The

transformation of standard errors of the interpretable estimates (𝑎1, 𝑎2) is however

more complicated. We emphasize that these variations in parameterization have

no bearing on the evaluation of local identification by inspecting the null space

of the Jacobian. That is, variations in model parameterization will not render an

identified model unidentified (or vice versa).

The following illustration parallels the Maxima input script for this model,

which is shown in the Appendix. The reparameterizations of the multinomial

cell probabilities implied by this model may be obtained from the diagram by

adding up all branch probabilities terminating in a specific category. We find

the following matrix representation convenient to calculate the multinomial cell

probabilities in computer algebra packages. For each branch level 𝑙 of the MPT,

with 𝑁 𝑙
𝑖𝑛 incoming branches, and 𝑁 𝑙

𝑜𝑢𝑡 outgoing branches, let 𝑀 𝑙 be a matrix

of dimension 𝑁 𝑙
𝑜𝑢𝑡 × 𝑁 𝑙

𝑖𝑛, where element 𝑚𝑙
𝑖𝑗 denotes the probability of branch

𝑖 given branch 𝑗. For instance, for source A, the first, second, and third level

matrices equal

𝑀1
𝐴 =

(
𝐷1

1−𝐷1

)
,𝑀2

𝐴 =

⎛
⎜⎜⎜⎝

𝑑1 0

1− 𝑑1 0

0 𝑏

0 1− 𝑏

⎞
⎟⎟⎟⎠ , and

𝑀3
𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 𝑎1 0 0

0 𝑎2 0 0

0 −𝑎2 − 𝑎1 + 1 0 0

0 0 𝑔1 0

0 0 𝑔2 0

0 0 −𝑔2 − 𝑔1 + 1 0

0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, respectively.

The last level matrix 𝑀𝐿 converges the multiple branches leading to each of the

𝑖 response categories in the leaf nodes to an 𝑖- dimensional vector, e.g., it maps

the leaf nodes onto the four category responses. For source A, the last level
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matrix equals

𝑀4
𝐴 =

⎛
⎜⎜⎜⎝
1 1 0 0 1 0 0 0

0 0 1 0 0 1 0 0

0 0 0 1 0 0 1 0

0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎠ .

The probability vector of a MPT model with 𝐿 branch levels is given by the

product of matrices 𝑀𝐿𝑀𝐿−1 ⋅ ⋅ ⋅𝑀1, e.g., for source A:

⎛
⎜⎜⎜⎝

((−𝑎1 + 1) 𝑑− 𝑔1 𝑏+ 𝑎1) 𝐷 + 𝑔1 𝑏

(−𝑎2 𝑑− 𝑔2 𝑏+ 𝑎2) 𝐷 + 𝑔2 𝑏

((𝑎2 + 𝑎1 − 1) 𝑑+ (𝑔2 + 𝑔1 − 1) 𝑏− 𝑎2 − 𝑎1 + 1) 𝐷 + (−𝑔2 − 𝑔1 + 1) 𝑏

(𝑏− 1) 𝐷 − 𝑏+ 1

⎞
⎟⎟⎟⎠ .

In the joint MPT model, the probability vectors of the independent trees are

appended, e.g., for the 2HTSM with three sources:

𝒇(𝜽) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

((−𝑎1 + 1) 𝑑1 − 𝑔1 𝑏 + 𝑎1) 𝐷1 + 𝑔1 𝑏

(−𝑎2 𝑑1 − 𝑔2 𝑏 + 𝑎2) 𝐷1 + 𝑔2 𝑏

((𝑎2 + 𝑎1 − 1) 𝑑1 + (𝑔2 + 𝑔1 − 1) 𝑏− 𝑎2 − 𝑎1 + 1) 𝐷1 + (−𝑔2 − 𝑔1 + 1) 𝑏

(𝑏− 1) 𝐷1 − 𝑏 + 1

(−𝑎1 𝑑2 − 𝑔1 𝑏 + 𝑎1) 𝐷2 + 𝑔1 𝑏

((−𝑎2 + 1) 𝑑2 − 𝑔2 𝑏 + 𝑎2) 𝐷2 + 𝑔2 𝑏

((𝑎2 + 𝑎1 − 1) 𝑑2 + (𝑔2 + 𝑔1 − 1) 𝑏− 𝑎2 − 𝑎1 + 1) 𝐷2 + (−𝑔2 − 𝑔1 + 1) 𝑏

(𝑏− 1) 𝐷2 − 𝑏 + 1

(−𝑎1 𝑑3 − 𝑔1 𝑏 + 𝑎1) 𝐷3 + 𝑔1 𝑏

(−𝑎2 𝑑3 − 𝑔2 𝑏 + 𝑎2) 𝐷3 + 𝑔2 𝑏

((𝑎2 + 𝑎1 − 1) 𝑑3 + (𝑔2 + 𝑔1 − 1) 𝑏− 𝑎2 − 𝑎1 + 1) 𝐷3 + (−𝑔2 − 𝑔1 + 1) 𝑏

(𝑏− 1) 𝐷3 − 𝑏 + 1

−𝑔1 𝑏 𝐷𝑁 + 𝑔1 𝑏

−𝑔2 𝑏 𝐷𝑁 + 𝑔2 𝑏

(𝑔2 + 𝑔1 − 1) 𝑏 𝐷𝑁 + (−𝑔2 − 𝑔1 + 1) 𝑏

𝑏 𝐷𝑁 − 𝑏 + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎫⎬
⎭

Source A

𝐴

𝐵

𝐶

𝑁⎫⎬
⎭

Source B

𝐴

𝐵

𝐶

𝑁⎫⎬
⎭

Source C

𝐴

𝐵

𝐶

𝑁⎫⎬
⎭

New

𝐴

𝐵

𝐶

𝑁

.

For instance, the probability of response A given source A equals 𝐷1𝑑1 +𝐷1(1−

𝑑1)𝑎1+(1−𝐷1)𝑏𝑔1, which, given some manipulation, equals the first row in 𝒇 (𝜽).

The vector of free parameters is 𝜽𝑡 = [𝐷1, 𝐷2, 𝐷3, 𝐷𝑁 , 𝑑1, 𝑑2, 𝑑3, 𝑎1, 𝑎2, 𝑔1, 𝑔2, 𝑏].

Next, with the probability vector 𝒇 (𝜽) and the vector of parameters 𝜽 in place,

the Jacobian and its rank are calculated. This model is full rank, i.e., locally

identified, as the rank equals the number of parameters. The null space contains

only the null vector, in which case Maxima returns as null space: 𝑠𝑝𝑎𝑛().

As mentioned above, Catchpole and Morgan (1997) distinguish essentially

and conditionally full rank models. In essentially full rank models, the Jacobian

matrix is full rank in the whole parameter space, while in conditionally full rank
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models, the rank of the Jacobian matrix is full for some, but not for all parameter

values. Therefore, nested submodels of conditionally full rank models are not

necessarily identified. Consider the submodel 2HTSM* with equality constraints

on the detection parameters 𝐷1 = 𝐷2 = 𝐷3 = 𝐷, and on the discrimination

parameters 𝑑1 = 𝑑2 = 𝑑3 = 𝑑. The 8-dimensional parameter vector equals

𝜽𝑡 = [𝐷,𝐷𝑁 , 𝑑, 𝑎1, 𝑎2, 𝑔1, 𝑔2, 𝑏], and the rank of the Jacobian equals 7. Submodel

2HTSM* is unidentified. The null space is calculated to determine which of the

parameters are unidentified. As the model has rank deficiency of 1, the null space

is one-dimensional. Maxima outputs:

𝑠𝑝𝑎𝑛

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏3 (𝑑2 − 2 𝑑+ 1) (𝐷 − 1) 𝐷3
(
𝐷𝑁2 − 2𝐷𝑁 + 1

)
−𝑏3 𝑑 (𝑑2 − 2 𝑑+ 1) (𝐷 − 1) 𝐷2

(
𝐷𝑁2 − 2𝐷𝑁 + 1

)
(𝑏− 1) 𝑏2 (𝑑2 − 2 𝑑+ 1) 𝐷3

(
𝐷𝑁3 − 3𝐷𝑁2 + 3𝐷𝑁 − 1

)
0

0

−𝑏3 (𝑑− 1) (𝑔1 − 𝑎1) (𝐷 − 1) 𝐷2
(
𝐷𝑁2 − 2𝐷𝑁 + 1

)
−𝑏3 (𝑑− 1) (𝑔2 − 𝑎2) (𝐷 − 1) 𝐷2

(
𝐷𝑁2 − 2𝐷𝑁 + 1

)
− (𝑏− 1) 𝑏3 (𝑑2 − 2 𝑑+ 1) 𝐷3

(
𝐷𝑁 2 − 2𝐷𝑁 + 1

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The vector, in this case it is only one, spanning the null space has all zero

entries only for the elements corresponding to the two guessing parameters 𝑔1

and 𝑔2. So only those two parameters are locally identified. The imposition of

equality constraints on the guessing and bias parameters in model 2HTSM, i.e.,

𝑔1 = 𝑎1 and 𝑔2 = 𝑎2 again results in an unidentified model. As submodels of the

2HTSM are not locally identified, the 2HTSM is only conditionally full rank.

Low-threshold model

In the 2HTSM, the two high detection thresholds ensure that new items are

never detected as old, and old items are never detected as new. Allowing new

items to be - erroneously - detected as old results in the following unidentified

low threshold model (LTSM; Batchelder, Hu, & Riefer, 1994). Old items are

processed exactly as in the 2HTSM (see Fig. 7.2). The amended processing tree

for new items is shown in Fig. 7.3. New items are erroneously detected as old

with probability 𝐷𝑁 , and then classified as source 𝐴, 𝐵, or 𝐶 with probabilities

𝑎1, 𝑎2, and 1 − 𝑎1 − 𝑎2, respectively. Undetected new items are classified as 𝐴,

𝐵, 𝐶 or 𝑁 as in the 2HTSM above. This version of a LTSM is not identified.

Batchelder, Riefer, and Hu (1994) proposed to fix both the bias 𝑏 for the old

items, and the detection parameter of the new items 𝐷𝑁 to zero to arrive at
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𝑎1 1 𝑨

𝐷𝑁 𝑎2 1 𝑩

1− 𝑎1− 𝑎2 1 𝑪

𝑵𝒆𝒘 𝑔1 𝑨

𝑏 𝑔2 𝑩

1−𝐷𝑁 1− 𝑔1− 𝑔2 𝑪

1− 𝑏 1 𝑵

Figure 7.3: Processing tree of New items in the low-threshold MPT model of

source monitoring for three sources. 𝐷𝑁 probability of detecting new items as

old; 𝑎1 (𝑎2, 1−𝑎1−𝑎2) = probability of guessing that a detected item comes from

Source A (B, C); 𝑏= probability of guessing that an undetected item is old; 𝑔1

(𝑔2, 1 − 𝑔1 − 𝑔2) = probability of guessing that an undetected item comes from

Source A (B, C), given that it was guessed as being old. NB: The trees for A,

B, C source items are equal to those in Fig. 7.2.

Figure 7.4: A nested hierarchy of submodels of interest of the low-threshold

model with free parameters 𝜽𝑡 = [𝐷1, 𝐷2, 𝐷3, 𝐷𝑁 , 𝑑1, 𝑑2, 𝑑3, 𝑎1, 𝑎2, 𝑔1, 𝑔2, 𝑏]. Arrows

point from the respective supermodel to its nested submodels. Parameter con-

straints of the submodels are indicated. Submodels in ovals are locally identi-

fied, while submodels in rectangles are parameter redundant.
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a theoretically relevant and identified submodel LTSM*. There are additional

ways of arriving at an identified model. Fig. 7.4 shows a nested hierarchy of

other submodels of interest, and whether or not those are locally identified by

the Jacobian rank test.

7.5 Other parameterizations

In the above, we have parameterized the model by exploiting the fact that the

probabilities associated with branchings sum to one. For instance, we parame-

terized a bifurcation by considering just one parameter (e.g., 𝑏 and 1 − 𝑏), and

in a trifurcation we considered two parameters (e.g., 𝑎1, 𝑎2, and 1 − 𝑎1 − 𝑎2).

This parameterization simplifies the model specification and reduces the column

dimension of the Jacobian matrix. In actually fitting the model this param-

eterization may run into difficulties in the case of a trifurcation. Specifically,

given the parameterization 𝑎1, 𝑎2, and 𝑎3 = 1 − 𝑎1 − 𝑎2, boundary constraints

0 < 𝑎1 < 1 and 0 < 𝑎2 < 1 do not necessarily ensure that 0 < 𝑎3 < 1. To avoid

this problem in actually fitting the model it may be more convenient to formu-

late the optimization problem using explicit linear constraints. For instance, one

can estimate 𝑎1, 𝑎2, and 𝑎3 as free parameters subject to the boundary constraint

(0 < 𝑎𝑖, 𝑖 = 1, 2, 3) and the linear constraint, 1 =
∑3

𝑖=1 𝑎𝑖. We point out that with

this parameterization, local identification can still be investigated by considering

the column rank of the Jacobian. The dimension of vector 𝒇 (𝜽) is increased by

adding the linear constraint (e.g., 𝑎1 + 𝑎2+ 𝑎3 = 1) and the column dimension of

the Jacobian is increased by the number of additional parameters (e.g., 𝑎3). We

emphasize that this parameterization results in the same conclusions concerning

the rank of the Jacobian and to the assessment of local identification. Maxima

and Maple input files employing this parameterization for the illustrations above

are available on request. The calculation of the expected Information matrix

remains relatively simple, but does include the Jacobian of the identifying con-

straints (e.g., 1 =
∑3

𝑖=1 𝑎𝑖). We refer the reader to Aitchison and Silvey (1958)

for the relevant details.

7.6 Discussion

The analytical solution to the problem whether a given MPT model is globally

identified may be intractable even using programs like Maple and Maxima. One

may then resort to establishing local identification. This can be done numerically
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or, as we have discussed here, analytically by inspecting the rank of the Jacobian

matrix. The specification of the MPT model and the required symbolic manip-

ulations pose no problem for Maple and Maxima. In the case that the model

is not identified, the output of Maxima and Maple includes specific information

concerning which parameters in the model are not identified. This is useful, be-

cause it suggests which constraints will render the model locally identified. With

a variety of identifying constraints at one’s disposal, one can determine which

identifying constraints (if any) are theoretically defensible.

By the imposition of equality constraints, a nested model can be derived from

a locally identified model. Even though one is estimating a smaller number of

parameters in the nested model, the constraints may render the model unidenti-

fied. It is therefore important that local identification be checked for all nested

models (see Figure 7.4). In this connection, we note that the estimation of a

locally identified MPT model may, at least in theory, run into computational

difficulties when the parameters assume values close to those of a locally uniden-

tified submodel (Catchpole, Kgosi, & Morgan, 2001). This will result in empirical

underidentification 1, and can be diagnosed by inspection of the eigenvalues of

the Information matrix. Specifically, one or more eigenvalues will approach zero

(Catchpole et al., 2001; Gimenez, Viallefont, Catchpole, Choquet, & Morgan,

2004; Viallefont et al., 1998). As mentioned, identifying constraints in the nested

model can be derived from the Maple of Maxima output.

The imposition of the appropriate boundary, inequality, or order constraints

in a locally identified model may yield a globally identified model. However,

even in globally identified models empirical underidentification can be an issue,

if parameters are estimated close to or on the boundary of the parameter space

or the identifying constraint. In MPT models, parameters deeper in the tree

structure may then be unidentified. In this case, the Information matrix will

be ill-conditioned or singular. While other - mostly a posteriori - methods are

available to detect parameter redundancy and empirical underidentification, i.e.,

profile likelihood, inspection of the Information matrix, or simulation methods,

the present formal approach has the advantage of distinguishing between pa-

rameter redundancy and empirical underidentification, and of distinguishing be-

tween identified and redundant parameters within a parameter redundant model

(Gimenez et al., 2004). Gimenez, Choquet, and Lebreton (2003) presented a way

of distinguishing between essentially and conditionally full rank models by de-

1Empirical underidentification refers to the situation, in which the model is formally iden-

tified, but computationally problematic due to near singularity of the Information matrix.
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composing the transpose of the Jacobian matrix, which was further elaborated

by Cole and Morgan (2008, 2007). This approach may be elaborated for MPT

models as an alternative to testing the local identification of submodels.

We have considered the problem of establishing local identification in stan-

dard MPT models (Batchelder & Riefer, 1999). Klauer (2006) and Stahl and

Klauer (2007) proposed latent class hierarchical MPT models, i.e., finite mix-

tures of MPT models. As finite mixture models, they are in general not globally

identified as the order or the components in the mixture is arbitrary. This is not

generally a problem, but can be solved by the judicious imposition of inequality

constraints. A necessary constraint for local identification is that the component

MPT models are distinct, i.e., at least one parameter has to differ over the com-

ponents. Of course the greater the number of distinct parameters and the greater

their numerical difference, the better the component separation is. Poor compo-

nent separation may result in empirical underidentification. A formal approach

to establishing local identification is to treat the M component mixture MPT as a

M-independent group MPT model. A necessary condition for local identification

of the mixture is that the Jacobian of the M-independent group model be full

rank, and that the MPT models includes at least one parameter that differs over

the groups. Generally the problem of empirical underidentification is more acute

in mixture MPT models. Happily the HMMTree software of Stahl and Klauer

(2007) calculates the Information matrix. Empirical underidentification can be

diagnosed by inspecting its eigenvalues.

As mentioned, it does not necessarily follow that local identification is re-

tained, if a nested submodel is derived through the imposition of equality con-

straints from the model under which it is nested (for convenience denoted the

nesting model). It is thus important to consider the identification of both. Note

that if the identification of both models has been established, then one can read-

ily calculate the power to reject the constraints associated with the nested model.

Specifically, given 1) a chosen alpha, 2) a choice of parameters under the nesting

model, and 3) sample size, one can fit the nested model to the expected (exact)

summary statistics, generated by the nesting model. This yields a likelihood

ratio statistic, which asymptotically equals the non-centrality parameter of the

non-central chi-square distribution, i.e., the distribution of the likelihood ratio of

the nested model vs the nesting model. With this information and the degrees of

freedom (difference in number of parameters of the nested and nesting model),

one can readily calculate the power to reject the constraints. This method, which

is quite simple to implement, has been discussed extensively in structural equa-
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tion modeling (e.g., see Satorra & Saris, 1985; Saris & Satorra, 1993). In the case

of MPT models, the likelihood ratio test is subject to the standard regularity

conditions. Of course, if one does not have a clear idea about the effect size, one

can vary the parameter values to get a sense of the kind of model violation one

is likely to detect with a given sample size.

7.7 Appendix: Maxima input code for three-source

2HTSM

1 ratmx:true; /* settings for matrix calculation */

2 /* add predicates to parameters */

3 assume(D1>0 and D1<1, d1>0 and d1<1, D2>0 and D2<1, d2>0 and d2<1,

4 D3>0 and D3<1, d3>0 and d3<1, DN>0 and DN<1, dN>0 and dN<1, a1>0 and a1<1,

5 a2>0 and a2<1, b>0 and b<1, g1>0 and g1<1, g2>0 and g2<1);

6

7 /* [matrices source A] */

8 MA1:matrix([D1],[(1-D1)]);

9 MA2:matrix([d1,0],[(1-d1),0],[0,b],[0,(1-b)]);

10 MA3:matrix([1,0,0,0],[0,a1,0,0],[0,a2,0,0],[0,(1-a1-a2),0,0],

11 [0,0,g1,0],[0,0,g2,0],[0,0,(1-g1-g2),0],[0,0,0,1]);

12 MA4:matrix([1,1,0,0,1,0,0,0],[0,0,1,0,0,1,0,0],

13 [0,0,0,1,0,0,1,0],[0,0,0,0,0,0,0,1]);

14 MA:MA4.MA3.MA2.MA1; /* matrix product*/

15

16 /* [matrices source B] */

17 MB1:matrix([D2],[(1-D2)]);

18 MB2:matrix([d2,0],[(1-d2),0],[0,b],[0,(1-b)]);

19 MB3:matrix([1,0,0,0],[0,a1,0,0],[0,a2,0,0],[0,(1-a1-a2),0,0],

20 [0,0,g1,0],[0,0,g2,0],[0,0,(1-g1-g2),0],[0,0,0,1]);

21 MB4:matrix([0,1,0,0,1,0,0,0],[1,0,1,0,0,1,0,0],

22 [0,0,0,1,0,0,1,0],[0,0,0,0,0,0,0,1]);

23 MB:MB4.MB3.MB2.MB1; /* matrix product*/

24

25 /* [matrices source C] */

26 MC1:matrix([D3],[(1-D3)]);

27 MC2:matrix([d3,0],[(1-d3),0],[0,b],[0,(1-b)]);

28 MC3:matrix([1,0,0,0],[0,a1,0,0],[0,a2,0,0],[0,(1-a1-a2),0,0],

29 [0,0,g1,0],[0,0,g2,0],[0,0,(1-g1-g2),0],[0,0,0,1]);

30 MC4:matrix([0,1,0,0,1,0,0,0],[0,0,1,0,0,1,0,0],

31 [0,0,0,1,0,0,1,0],[0,0,0,0,0,0,0,1]);

32 MC:MC4.MC3.MC2.MC1; /* matrix product*/

33

34 /* [matrices New items] */

35 MN1:matrix([DN],[(1-DN)]);

36 MN2:matrix([1,0],[0,b],[0,(1-b)]);

37 MN3:matrix([1,0,0],[0,g1,0],[0,g2,0],[0,(1-g1-g2),0],[0,0,1]);

38 MN4:matrix([0,1,0,0,0],[0,0,1,0,0],[0,0,0,1,0],[1,0,0,0,1]);

39 MN:MN4.MN3.MN2.MN1; /* matrix product*/

40

41 /* stack probability vectors of the four independent trees*/

42 f:append(makelist(MA[j,1],j,1,4),makelist(MB[j,1],j,1,4),
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43 makelist(MC[j,1],j,1,4),makelist(MN[j,1],j,1,4));

44 pars:[D1,d1,D2,d2,D3,d3,DN,g1,g2,a1,a2,b]; /* vector of parameters*/

45 jac1:jacobian(f,pars); /* calculate Jacobian*/

46 rjac:rank(jac1); /* calculate rank of Jacobian*/

47 njac:nullspace(jac1); /* calculate nullspace of Jacobian*/


