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Chapter 1

Introduction

1.1 Logic, algebra and topology

The connection between logic, algebra and topology is intricate and well-known.
The archetypical examples of this connection are provided by the works of G. Boole
and M.H. Stone. In the 1840s, Boole, one of the founding fathers of modern logic,
made his ‘laws of thought’ the subject of mathematical investigation by treating
logic as if it were algebra [21]. Boole’s algebraic analysis of logic led to the study
of Boolean algebras. In the 1930s, Stone showed that Boolean algebras can be
faithfully represented through using topology as (the duals of) Stone spaces, which
was a revolutionary contribution to both algebra and topology [81]. Out of these
two ideas, the algebraization of logic and duality between algebra and topology,
many research fields have sprung. In this dissertation, we present mathematical
investigations which contribute to some of the research areas of logic, mathematics
and computer science which developed out of the combined work of Boole and
Stone: canonical extensions, extended Stone duality and point-free topology.

1.2 Mathematical surroundings

We will begin by sketching some of the mathematical context in which our work
may be viewed.

Stone duality

Boolean algebras are the mathematical models Boole used to study ‘the laws of
thought’, or classical propositional logic as we would call it nowadays. Stone’s
famous duality theorem for Boolean algebras is a two-edged sword. One edge
amounts to the fact that any Boolean algebra B can be represented as the algebra
of closed-and-open (clopen) subsets of a topological space X: B ' X∗, where (·)∗
is the function that assigns to a topological space X its algebra of clopen sets,
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2 Chapter 1. Introduction

with union, intersection and complementation as its algebra operations. More
specifically, what Stone showed is that given B, one can define a topological space
B∗ such that B ' (B∗)∗. In addition, he showed that such a space B∗ is always
compact, Hausdorff and zero-dimensional (recall that a space X is zero-dimensional
if the clopen subsets of X form a basis for its topology). We call such spaces
Boolean spaces or Stone spaces; in this dissertation we will use the former term.
The other edge of the sword is now that if X is a Boolean space, then X ' (X∗)∗.

The constructions (·)∗ and (·)∗ are not merely defined on Boolean algebras
and Boolean spaces: they are also defined on functions. Specifically, if f : A→ B
is a Boolean algebra homomorphism, then f∗ : B∗ → A∗ is a continuous function,
and conversely, if g : X → Y is a continuous function between Boolean spaces
then g∗ : Y ∗ → X∗ is a Boolean algebra homomorphism. These assignments are
contravariant functors, meaning the directions of the arrows are reversed. For this
reason, the equivalence between Boolean algebras and Boolean spaces is called a
dual equivalence or a duality of categories. Stone duality has proven to be a very
influential mathematical discovery, see e.g. [54, Introduction]. Two research areas
which are based on Stone duality play a central role in this dissertation: relational
semantics for modal logic and point-free topology.

Relational semantics for modal logic

For our purposes, modal logic consists of propositional logic enriched with modal
connectives, often denoted �, ♦, meant to express modalities such as ‘possibly ϕ’,
‘agent a knows that ϕ’, ‘at some time in the future, ϕ’, ‘ϕ holds with probability p’,
etc. A wide class of modal logics, known as normal modal logics, admit relational
semantics involving Kripke frames [19]. Kripke frames are structures consisting of
a set X enriched with finitary relations R� ⊆ Xn+1, for each modality � involved.

Extended Stone duality

Stone duality for Boolean algebras can be extended to a representation theory for
modal algebras, the algebraic counterparts of normal modal logics. This extended
duality, known as Jónsson-Tarski duality [58], shows how one can give any modal
algebra a representation as a topological relational structure. Many properties of
modal logics can be understood in terms of Jónsson-Tarksi duality; however, if
we want to also involve Kripke frames, i.e. discrete topological structures, then
we run into a second duality, usually referred to as discrete duality. Discrete
duality for modal algebras is based on the well-known duality between complete
atomic Boolean algebras and sets [83], which in its turn is based on the fact that
a complete atomic algebra can be uniquely described in terms of its set of atoms.
The duality between complete atomic Boolean algebras and sets can be extended
into a duality between complete, atomic, completely additive modal algebras
(perfect modal algebras) and Kripke frames.
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The connections between these two dualities are sketched in Figure 1.1. The
horizontal connections are the dualities: the functors (·)∗ and (·)∗ for Jónsson-
Tarski duality, and (·)+ and (·)+ for the discrete duality. The vertical connections
in the middle are in themselves rather innocuous: on the left, we have the inclusion
of the category of perfect modal algebras into the category of all modal algebras;
this inclusion exists because any perfect modal algebra is a fortiori a modal algebra.
On the right, we have the forgetful functor U , which takes a topological relational
structure and strips it of its topology, yielding a bare, discrete relational structure.

logical
calculiOO

�� �O
�O
�O

modal
algebras

(·)∗ // descriptive
general frames

(·)∗
oo

U

��
perfect

modal algebras

⊆

(·)+ // Kripke
frames

(·)+
oo

relational
semantics

��

OO
O�
O�
O�

Figure 1.1: The double duality diagram for modal algebras and Kripke frames

In the upper left corner of Figure 1.1, we have logical calculi consisting of
Hilbert systems, Gentzen calculi, natural deduction, etc. for modal logics. The
squigly arrow connecting the logical calculi with modal algebras is covered by
algebraic logic [20], which tells us how to capture logical calculi in systems of
algebras. The squigly arrow in the bottom right corner, connecting Kripke frames
and relational semantics, is covered by the model theory of modal logic, which
tells us how to interpret modal formulas using Kripke frames [19]. The study of
the logical properties of normal modal logics can now be understood as a study of
the connections through the square between the logical calculi in the upper left
and the relational semantics in the lower right.

Canonical extensions

The vertical connection on the left side of Figure 1.1 is the subject of study in the
theory of canonical extensions [58]. Canonical extensions are a construction that
allows one to pass from modal algebras to perfect modal algebras, thus adding a
new arrow to the diagram.

If one takes a modal algebra A from the upper left corner and ‘pulls it around
clockwise’, one obtains a perfect modal algebra (UA∗)+, into which A can be
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embedded in a natural way. It turns out that the embedding of A into (UA∗)+

can be described in purely abstract terms as an embedding e : A→ Aδ of A into
a perfect modal algebra Aδ, the canonical extension of A, without even assuming
the existence of the two dualities in Figure 1.1. This latter point can be significant
because Jónsson-Tarski duality is dependent on the Axiom of Choice, a feature
it inherits from Stone duality. Certain properties of modal logics can now be
understood as properties of canonical extensions of modal algebras. An added
advantage of this stems from the fact that canonical extensions can be defined
for algebras associated with many other logics besides modal logic. This makes
canonical extensions into a tool for a generalized, uniform investigation of logical
properties of a wide range of logics.

Coalgebraic modal logic

In coalgebraic modal logic, a somewhat different view on the double duality
diagram of Figure 1.1 is adopted. One separates modal logic into a Boolean
base and a modal ‘add-on’, and similarly, Kripke frames are separated into their
underlying set of states and a transition type. In the case of Kripke frames,
the transition type corresponds to the relations on the frame which are used
to interpret modal connectives. Technically, this is made precise by describing
abstract transition systems as coalgebras and specifying two functors. One on
Boolean algebras, describing the supra-Boolean logical structure, and one on sets
describing the transition type of the coalgebras involved, resulting in a diagram
as in Figure 1.2. In the case of basic modal logic, T is the powerset functor and
L is the free ∧-semilattice functor. In coalgebraic logic, one now studies modal

BAL
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U◦(·)∗
33 Set

(·)+
ss

T
ss

Figure 1.2: The duality diagram of coalgebraic logic

logics (specified by the functor L) in relation to coalgebras (specified by T ), seen
as abstract transition systems.

Another coalgebraic interpretation of duality for modal algebras can be found
in the fact that if one considers the free ∧-semilattice functor M , which allows one
to see modal algebras as M -algebras over Boolean algebras, then one can show
that M dually corresponds to the Vietoris hyperspace functor V on Boolean spaces.
Descriptive general frames can then be seen as V -coalgebras in the category of
Boolean spaces.
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Point-free topology

Although Stone called his duality theorem a representation theorem for Boolean
algebras, one might as well see it as a representation theorem for Boolean spaces.
When dealing with a problem involving Boolean spaces, one can translate it using
Stone duality into a problem involving Boolean algebras and then use algebraic
rather than topological methods to analyze the problem. Moreover, at any stage
of the analysis, one can switch back to looking at Boolean spaces. In point-free
topology [54], this duality-based view is taken as the primary way to look at
topology. This approach consists of two conceptual ingredients. The first is to
generalize Stone duality so that it encompasses all topological spaces, at the price
of weakening the dual equivalence of Stone duality for Boolean spaces to a dual
adjunction between topological spaces and frames, the algebras that arise when
one views Stone duality at this generalized level. Frames are complete lattices in
which infinite joins distribute over finite meets; a frame homomorphism is a map
which preserves finite meets and infinite joins. Just as Boolean algebras can be
seen as models for classical propositional logic, frames can be seen as models for
geometric propositional logic, which is a logic with finite conjunctions and infinite
disjunctions. The second conceptual ingredient in the framework of point-free
topology is to view frames as ‘point-free spaces’, which we call locales, rather than
as algebras. In this dissertation we will take a predominantly algebraic approach
to point-free topology however, meaning that we will mostly deal with frames.

1.3 Survey of Contents

We will now give a broad overview of the contents of this dissertation.

Canonical extensions

The framework of canonical extensions as we present it consists of two components:
a construction on lattices, which is a lattice completion, and a construction for
extending maps between lattices. Canonical extensions of maps are used both
to define the canonical extensions of a given lattice-based algebra A, since the
operations on A are maps between powers of A, and to define extensions of
homomorphisms between lattice-based algebras f : A → B. In our discussion
of canonical extensions in Chapters 2 and 3, our focus is on three subjects:
topological and categorical properties of canonical extensions, and the view on
canonical extensions as dcpo algebras.

Regarding the topological properties of canonical extensions, we would like to
point out the topological characterization of the canonical extension of a lattice
in §2.1.3, our broad discussion of topological properties of canonical extensions of
maps, beyond what was previously known, in §2.2 and §3.2, and our investiagations
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into universal properties of canonical extensions with respect to topological lattice-
based algebras in §3.4. This brings us to the categorical properties of canonical
extensions. One of the crucial facts behind these universal properties is the
fact, established in §3.3, that canonical extensions preserve surjective algebra
homomorphisms, a fact which was previously only known to hold under assumption
of distributivity.

In our discussion of canonical extensions of order-preserving maps in §2.2, the
ideal and filter completion functors play an important role. They reprise this role
when we look at canonical extensions as dcpo algebras in §2.3 and §3.3.3. Here we
show how canonicity results for distributive lattices with operators (DLO’s) can
be understood using more general results about dcpo algebras.

Duality for topological lattice-based algebras

When studying distributive lattices with operators (or DLO’s for short), a class of
algebras which arises naturally in algebraic logic, one has two categorical dualities
at one’s disposal. The first one is the extended Priestley duality between ‘plain’
DLO’s and topological ordered Kripke frames, known as relational Priestley spaces.
The second one is the discrete duality between so-called perfect DLO’s and ordered
Kripke frames sans topology. In our discussion of duality for DLO’s in Chapter
4, we propose that the proper perspective on perfect DLO’s is to regard them as
semi-topological DLOs. We will use discrete duality for semi-topological DLO’s
to provide a number of dual characterization results. In §4.1, we characterize
profinite DLO’s as the duals of hereditarily finite ordered Kripke frames, and
accordingly we dually characterize the profinite completion of a DLO A relative to
the prime filter frame of A. In §4.2, we briefly discuss how these results specialize
to distributive lattices, Boolean algebras and Heyting algebras. Finally, in §4.3,
we characterize compact Hausdorff Boolean algebras with operators as the duals of
image-finite Kripke frames, and we use this duality to study ultrafilter extensions
of Kripke frames using duality.

Powerlocales and coalgebraic logic

In Chapter 5 we use techniques from coalgebraic logic to describe and generalize
the Vietoris powerlocale construction from point-free topology. The idea is the
following: we take an axiomatization of coalgebraic logics for T -coalgebras, where T
is an arbitrary weak pullback-preserving standard set functor, known as the Carioca
axiomatization, and we then use this axiomatization to algebraically describe a
new construction on locales, the T -powerlocale construction in §5.3. The usual
Vietoris powerlocale is now the Pω-powerlocale, where Pω is the finite powerset
functor. We then proceed to prove a number of properties of T -powerlocales. For
instance, we show in §5.3.5 that T -powerlocales admit a flat site presentation,
which is a technical property that allows us to disentangle the roles of conjunctions
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and disjunctions. Moreover, in §5.4 we show that the T -powerlocale construction
preserves (point-free) topological properties such as regularity and the combination
of compactness and zero-dimensionality.
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