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Chapter 3

Canonical extensions: topological
algebra and categorical properties

In Chapter 2, we have presented a toolkit of results which allow us to work
with canonical extensions of bounded lattices and order-preserving maps, using
techniques from domain theory. In this chapter, we will start looking at canonical
extensions of lattice-based algebras, which is the main application area of canonical
extensions, and we will see that canonical extensions are finely intertwined with
topological algebra.

As we discussed in Chapter 1, the main application of canonical extensions is to
provide representation theorems for lattice-based algebras, which arise in algebraic
logic. Via such representation theorems (e.g. the Jónsson-Tarski theorem [58]),
questions about logics can be reduced to questions about canonical extensions,
and this is where the canonical extensions toolkit can be very useful. (We do
point out however that in this chapter we are concerned with the mathematical
properties of canonical extensions, rather than their applications in logic.)

Topological algebra, the study of algebras with continuous operations, has its
origins in classical mathematics, perhaps most notably in Galois theory: Galois
groups of field extensions are profinite groups [77], and profinite algebras are an
important example of topological algebras (see §3.1.2). We will see that profinite
lattices arise naturally as canonical extensions of lattices in finitely generated
varieties of lattices.

The connections between canonical extensions and topological algebra are
many and intricate. The core connection, however, is that canonical extensions
have universal properties with respect to topological algebras. Meaning, that if we
have a lattice-based algebra A and an algebra homomorphism f : A→ B, where
B is a topological algebra, then there exists a unique continuous homomorphism
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54 Chapter 3. Canonical extensions and topological algebra

f ′ : Aδ → B, extending f .

Aδ

f ′

��
A

eA
>>~~~~~~~~

f
// B

This is subject to certain assumptions on the algebras A and B, which we will
review in §3.4.

We begin this chapter with a review of preliminary facts about topological
algebras in §3.1. After that, we will first expand the canonical extension toolkit
with results that exploit topological lattice properties of canonical extensions of
lattices in §3.2. We will then define lattice-based algebras and canonical extenions
of lattice-based algebras in §3.3. Finally in §3.4, we discuss the connection between
topological lattice-based algebras and canonical extensions.

3.1 Topological algebra

In this section we will review certain useful facts about two important classes of
topological algebras, namely compact Hausdorff algebras and profinite algebras,
which form a subclass of the compact Hausdorff algebras. After that we will take a
closer look at topological lattices, which will lead to a characterization theorem for
Boolean topological lattices. The idea behind topological algebra is very simple.
Given an algebra signature Ω, an Ω-algebra is a structure A = 〈A, (ωA)ω∈Ω〉
consisting of a set A and functions ωA : Aar(ω) → A for all ω ∈ Ω. A topological Ω-
algebra is a structure 〈A, (ωA)ω∈Ω, τA〉 such that 〈A, τA〉 is a topological space and
each ωA : Aar(ω) → A is a (τ ar(ω), τ)-continuous function. This makes a topological
algebra A = 〈A, (ωA)ω∈ΩτA〉 into an object which has one foot in the world of
algebra and one foot in the world of topology.

3.1.1. Example. If A = 〈A, (ωA)ω∈Ω〉 is an Ω-algebra, then 〈A, (ωA)ω∈Ω,P(A)〉
is a topological algebra, where P(A) is the discrete topology on A. Although this
example is rather trivial, we shall see when defining profinite algebras that it is
very important.

In §3.1.1, we will first briefly look at compact Hausdorff topological algebras,
or compact Hausdorff algebras for short, which form the most general class of
topological algebras we will consider. We will look at the way the subalgebra
construction behaves when it comes to compact Hausdorff algebras, and we will
consider the compactification functor for compact Hausdorff algebras. After that,
we will review some facts concerning profinite algebras in §3.1.2. Profinite algebras
will play an important role later on in this chapter, so we will go into some detail to
make the reader familiar with their definition and construction. Finally, in §3.1.3
we will look at a particular class of topological algebras, namely topological lattices.
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We will review some of the key facts about compact Hausdorff lattices, most notably
the fact (due to J.D. Lawson) that the topology on a compact Hausdorff lattice is
unique. We will then specialize further by looking at Boolean topological lattices,
i.e. lattices with a compact Hausdorff zero-dimensional topology and continuous
meet and join. What is nice about Boolean topological lattices is the fact that
one can characterize them order-theoretically, a result due to H.A. Priestley.

3.1.1 Compact Hausdorff algebras

In this subsection we will state several facts about topological algebras for which
the topology is compact Hausdorff. One of the things which make compact
Hausdorff algebras particularly interesting is the fact every Ω-algebra A has a
unique compactification ηA : A→ β A with the universal property that whenever
we have a compact Hausdorff algebra 〈B, τ〉 and an algebra homomorphism
f : A→ B, then there exists a unique continuous f ′ : β A→ B.

β A
f ′

��
A

ηA
>>||||||||

f
// B

We like to think of β A as an extension of A, and of f ′ as a continuous extension
of f , however there is one important caveat to this perspective: in general, the
natural map ηA : A → β A is not an embedding. This is quite contrary to the
notion of compactification from general topology, where a compactification of a
space X is a compact space Y of which X is a dense subspace.

3.1.2. Fact ([84]). For any Ω-algebra A there exists a compact Hausdorff Ω-
algebra 〈β A; τA〉 and a homomorphism ηA : A→ β A such that

1. ηA[A] is a dense subalgebra of 〈β A, τβ A〉,

2. for every compact Hausdorff algebra B and every f : A→ B, there exists a
unique continuous homomorphism f ′ : β A→ B such that f ′ ◦ ηA = f .

β A
f ′

��
A

ηA
>>||||||||

f
// B

3.1.3. Remark. Recall that a variety V is called residually small if there exist a
bound on the cardinality of the subdirectly irreducible algebras in V . It has been
conjectured [12, p. 519] that a sufficient condition for ηA : A→ β A being injective
is that A ∈ V for some residually small variety V . However, at this time only the
converse of this conjecture is known to hold.
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3.1.4. Fact (Corollary of Th. 1.2 of [85]). Let V be a variety. If ηA : A→
UβA is an embedding for every A in V, then V is residually small.

3.1.5. Fact (Th. 2.1.9 of [33]). Let f, g : X → Y be continuous maps from a
topological space X into a Hausdorff space Y . If there is a dense subset Z ⊆ X
such that f � Z = g � Z, then f = g.

The following Lemma is an elementary fact from topological algebra. Observe
the distinction between the topological algebra 〈B, τ〉 and the discrete algebras A,
B.

3.1.6. Lemma. Let 〈B, τ〉 be a Hausdorff topological algebra and let A be a subal-
gebra of B such that A is dense in 〈B, τ〉. Then B ∈ HSP(A).

Proof We will show that if s ≈ t is an equation such that A � s ≈ t, then
also B � s ≈ t. Suppose s and t use n variables. Consider the term functions
sA : An → A and tA : An → A. Because A � s ≈ t and A is a subalgebra of B,
we know that sB and tB agree on An. Now because B is a topological algebra,
the term functions sB : Bn → B and tB : Bn → B are continuous. But An is dense
in the Hausdorff space 〈Bn, τn〉, so by Fact 3.1.5, sB = tB. We conclude that
B � s ≈ t.

3.1.7. Corollary. If A is an Ω-algebra, then β A ∈ HSP(A).

3.1.2 Profinite algebras and profinite completions

In this subsection, we will introduce two notions which are central to this chapter,
namely profinite algebras and profinite completions. Profinite algebras are a very
natural and well-behaved example of topological algebras, which have been studied
extensively in the setting of groups [77] because of the connections between Galois
theoy and profinite groups.

To be able to say what profinite algebras and profinite completions are, we
must first introduce the notion of a limit of a diagram of algebras. The way one
defines a limit is from the bottom up, through a universal property with respect
to a diagram of objects. Roughly, this means that every mapping going into
the diagram of algebras has to factor uniquely through the limit of the diagram.
In this sense, a limit is a single object which represents a collection of objects,
viz. the diagram of which it is a limit. At the same time, however, we can view
a limit from the top down as a single object which can be broken down into a
representation in the form of the diagram of which it is a limit. This perspective
is particularly salient in the case of profinite algebras, which are those algebras
which arise as limits of diagrams of finite algebras. It is precisely the fact that a
profinite algebra A ' lim←−I Ai can be broken down into a diagram of finite algebras
Ai that allows us to define a topology τ on A making 〈A, τ〉 a topological algebra.
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A second important consequence of the fact that every profinite algebra B
has a categorical representation as a diagram, is that it allows us to associate
with each algebra A a unique profinite algebra Â, the profinite completion of A
and a natural map µA : A → Â, such that whenever we have a homomorphism
f : A→ B from A to a profinite algebra B, then f will factor through the natural
map µA : A→ Â:

Â
f ′

��
A

µA
??��������

f
// B

We will make frequent use of the universal property of µA : A→ Â in §3.4.

Poset-indexed limits of Ω-algebras

We will now show how to define limits of diagrams of algebras, where we restrict
ourselves to the case in which the diagrams are indexed by a poset (see Remark
3.1.11). This will provide us with the technical means to define profinite algebras
and profinite completions later on. Fix an algebra signature Ω and let AlgΩ

denote the category of Ω-algebras and Ω-algebra homomorphisms. Let 〈I,≤〉 be
a poset. An I-indexed diagram in AlgΩ is a functor from I to AlgΩ. In other
words, an I-indexed diagram is an assigmnent of an Ω-algebra Ai to each i ∈ I,
and a homomorphism fij : Ai → Aj to each (i, j) ∈ I × I such that i ≤ j, with
the additional restrictions that

• for all i ∈ I, fii = idAi : Ai → Ai;

• if i ≤ j ≤ k, then fjk ◦ fij = fik.

We denote this diagram by 〈Ai, fij〉I . If the index poset I of a diagram 〈Ai, fij〉I is
e.g. co-directed, we say that 〈Ai, fij〉I is a co-directed diagram of algebras. (Recall
that a poset I is co-directed if for all i, j ∈ I there exists k ∈ I such that k ≤ i, j.)

A cone to a diagram of algebras 〈Ai, fij〉I in AlgΩ is an I-indexed collection
of maps (gi : A→ Ai)I with a common domain A such that for all i, j ∈ I with
i ≤ j, we have fij ◦ gi = gj.

A
gi
��

gj

  AAAAAAAA

Ai fij
// Aj

Let (hi : B→ Ai)I be another cone to 〈Ai, fij〉I and let e : B→ A be an algebra
homomorphism. We say e is a map of cones if for all i ∈ I, gi ◦ e = hi.

B
hi
��

e // A

gi��~~~~~~~

Ai
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We call (gi : A → Ai)I a limiting cone if for all (hi : B → Ai)I , there exists a
unique map of cones e : B → A. We then call A the limit of 〈Ai, fij〉I , writing
A ' lim←−I Ai.

3.1.8. Example. If I is a discrete poset, meaning that i ≤ j iff i = j, then the
limit of an I-indexed diagram 〈Ai, fij〉I is simply the product: lim←−I Ai '

∏
I Ai.

Indeed, if we have a collection of maps (B hi−→ Ai)I , then these define a unique
map e : B→

∏
I Ai, viz.

e : a 7→ (hi(a))i∈I .

Moreover, e is a map of cones: if a ∈ A and i ∈ I, then πi ◦ e(a) = hi(a).

Now that we have abstractly defined what limits are, we may ask ourselves
whether every diagram of algebras actually has a limit.

3.1.9. Fact. Every poset-indexed diagram 〈Ai, fij〉I in AlgΩ has a limiting cone,
which may be computed as follows:

lim←−IAi = {α ∈
∏

IAi | ∀i, j ∈ I, i ≤ j ⇒ fij(α(i)) = α(j)} .

Moreover, lim←−I Ai is a subalgebra of
∏

I Ai.

Because varieties of algebras (§A.6) are closed under taking products and subalge-
bras, we get as a corollary that varieties are closed under taking limits.

3.1.10. Corollary. If V is a variety of Ω-algebras, and if 〈Ai, fij〉I is a diagram
of Ω-algebras such that Ai ∈ V for each i ∈ I, then also lim←−I Ai ∈ V.

We now know enough about limits of diagrams of algebras to define profinite
algebras and profinite completions.

3.1.11. Remark. What we have described here is really only a special case of
the categorical notion of limit. The special case of poset-indexed diagrams will
allow us to define what profinite algebras and profinite completions are. For a
discussion of the category theory at work here, see [69, §III.4].

Profinite Ω-algebras

We will now define profinite algebras and we will sketch why profinite algebras
are topological algebras. Let us start by simply giving the definition.

3.1.12. Definition. Let A be an Ω-algebra. We say that A is a profinite Ω-
algebra if there exists a poset-indexed diagram 〈Ai, fij〉I such that

• A ' lim←−I Ai;
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• for each i ∈ I, Ai is finite;

• the index poset I is co-directed, i.e. for all i, j ∈ I, there exists k ∈ I such
that k ≤ i, j.

Let 〈Ai, fij〉I be a co-directed diagram of finite Ω-algebras and let (πi : A→ Ai)I
be a limiting cone for this diagram, i.e. assume that A ' lim←−I Ai. We will now
sketch how we can use the limiting cone (πi : A→ Ai)I to define a topology on
A, such that for each ω ∈ Ω, ωA is continuous. First observe that the following
collection of sets forms a base for a topology on A:{

π−1
i (U) | U ⊆ Ai, i ∈ I

}
.

To see why, consider two basic opens π−1
i (U) and π−1

j (V ), where U ⊆ Ai and
V ⊆ Aj. We will show that there exists a k ∈ I and W ⊆ Ak such that

π−1
i (U) ∩ π−1

j (V ) = π−1
k (W ).

The key observation is the fact that by co-directedness of the index poset I,
there must exist k ∈ I such that k ≤ i, j, so there exist maps fki : Ak → Ai and
fkj : Ak → Aj. Because (πi : A→ Ai)I is a cone, it must be the case that

πi = fki ◦ πk and πj = fkj ◦ πk. (3.1)

We now see that

π−1
i (U) ∩ π−1

j (V )

= (fki ◦ πk)−1(U) ∩ (fkj ◦ πk)−1(V ) by (3.1),

= π−1
k ◦ f

−1
ki (U) ∩ π−1

k ◦ f
−1
kj (V ) by basic set theory,

= π−1
k

(
f−1
ki (U) ∩ f−1

kj (V )
)

idem.

Thus we see that if we take W := f−1
ki (U)∩f−1

kj (V ), then indeed π−1
i (U)∩π−1

j (V ) =

π−1
k (W ). We call the topology generated by {π−1

i (U) | U ⊆ Ai, i ∈ I} the profinite
topology on A. Note that the profinite topology on A is determined by the limiting
cone (πi : A → Ai)I ; it is the coarsest topology which makes all the projection
maps πi : A→ Ai continuous with respect to the discrete topology on Ai. We will
now sketch why A is a topological algebra with respect to the profinite topology.
Consider an operation ω ∈ Ω and suppose for the sake of simplicity that ω is
unary. We want to show that ωA is continuous. It suffices to show that for a basic
open set π−1

i (U), where U ⊆ Ai, it is also the case that ω−1
A (π−1

i (U)) is open. The
key observation is the fact that πi : A→ Ai is an Ω-algebra homomorphism; this
allows us to see that

ω−1
A
(
π−1
i (U)

)
= (πi ◦ ωA)−1(U) by basic set theory,

= (ωAi ◦ πi)−1(U) because πi is an Ω-hom.,

= π−1
i

(
ω−1

Ai (U)
)

by basic set theory,
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so that ω−1
A (π−1

i (U)) is in fact a basic open.
Thus, we see that if we are given a profinite algebra A ' lim←−I Ai, then A is a

topological algebra in its profinite topology, which we defined in a natural way
using the limiting cone (πi : A→ Ai)I . We will now record the fundamental fact
that every profinite topology is Boolean, i.e. every profinite topology is compact,
Hausdorff and zero-dimensional.

3.1.13. Fact ([8]). If A ' lim←−Ai is a profinite algebra, then A is a Boolean
topological algebra in its profinite topology.

3.1.14. Remark. We have chosen to first describe profinite algebras using uni-
versal algebra, viz. as the limit of a diagram of finite algebras 〈Ai, fij〉I , and then
to indicate that one can define a topology on lim←−I Ai, making lim←−I Ai a topological
algebra. Alternatively, one can start by endowing each algebra Ai with the discrete
topology, and then show that one can also take limits of topological algebras, so
that it follows immediately that lim←−I Ai is a topological algebra. One can then
show that lim←−I Ai is a closed subalgebra of

∏
I Ai, so that it follows from general

topology that the profinite topology on lim←−I Ai is a Boolean topology.

Next, we would like to know how we can construct new profinite algebras from
one or more given profinite algebras. The most straightforward construction we
can use to create new profinite algebras is to take products.

3.1.15. Fact ([8]). If {Ai | i ∈ I} is a set of profinite algebras, then
∏

I Ai is
also profinite.

(An alternative reference for the above fact is [77, Proposition 2.2.1].) Now what
about subalgebras? That is, when is a subalgebra of a profinite algebra again
profinite? It turns out that here the profinite topology is very useful.

3.1.16. Fact ([8]). Let A be a profinite algebra. If B is subalgebra of A which is
closed in the profinite topology, then B is also profinite.

(An alternative reference for the above fact is [77, Corollary 1.1.8].) For other
constructions, such as homomorphisms, things are more complicated. We will
return to this matter in the special case of canonical extensions of profinite lattices
with Lemma 3.2.11.

Before we move on to profinite completions, we mention a result regarding
an important question in the study of profinite algebras. We have seen above in
Fact 3.1.13 that every profinite Ω-algebra is a Boolean topological algebra in its
profinite topology. Conversely, it well known that every Boolean space is profinite.
This raises the following question: given a Boolean topological algebra 〈A, τ〉, can
we find a co-directed diagram of finite algebras 〈Ai, fij〉I such that A ' lim←−I Ai
and τ is the profinite topology, i.e. the topology induced by (πi : A→ Ai〉I?
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3.1.17. Fact ([24, 28]). Let 〈A, τ〉 be a Boolean topological algebra and suppose
that A ∈ V for some variety V. If

1. V is finitely generated and congruence distributive, or

2. V has equationally definable principle congruences,

then there exists a co-directed diagram of finite algebras 〈Ai, fij〉I in V such that
A ' lim←−I Ai and τ is the profinite topology on A.

We will return to this question in §4.2.

Profinite completion of Ω-algebras

We now arrive at a very important property of profinite algebras, namely that every
algebra A has a profinite completion, denoted Â, and a natural map µA : A→ Â
which has the universal property that for every algebra homomorphism f : A→ B
to a profinite algebra B, there exists a unique continuous homomorphism f ′ : Â→ B
such that f ′ ◦ µA = f .

Â
f ′

��
A

µA
??��������

f
// B

In our discussion of the profinite completion we will focus on the construction
of Â and the natural map µA : A→ Â, since we will use these later in this chapter
when we describe the fundamental connection between canonical extensions and
profinite completions in §3.4.1.

Fix an Ω-algebra A; we will now describe how to construct Â. We will do this
by specifying the diagram of which Â is the limit. We define the following index
poset:

ΦA = {θ ∈ ConA | A/θ is finite},
where the order is the inclusion relation. Now if θ, ψ ∈ ΦA such that θ ⊆ ψ, then
the Isomorphism Theorems of universal algebra [23, §II.6] tell us that the map

fθψ : a/θ 7→ a/ψ

is a well-defined, surjective Ω-algebra homomorphism. It is now easy to see that
〈A/θ, fθψ〉ΦA forms a diagram in AlgΩ; we define

Â := lim←−ΦA
A/θ.

But while we are at it, we can immediately also define the natural map µA : A→ Â.
The quotient maps (µθ : A→ A/θ)ΦA , defined as

µθ : a 7→ a/θ,
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form a cone to the diagram 〈A/θ, fθψ〉ΦA . Thus we can define µA : A→ Â to be the

unique map of cones from A to Â induced by (µθ : A→ A/θ)ΦA . We summarize
these two definitions below.

3.1.18. Definition. Let A be an Ω-algebra. We define Â, the profinite comple-
tion of A, to be the limit of the diagram of finite quotients of A.

Â := lim←−ΦA
A/θ

Additionally, we define µA : A→ Â to be the map of cones induced by (µθ : A→
A/θ)ΦA .

Now that we have defined the profinite completion, we record three important
facts about it. The first is the universal property that we referred to before. For
general categorical reasons, this property defines the profinite completion up to
isomorphism.

3.1.19. Fact ([8]). Let f : A → B be an Ω-algebra homomorphism between Ω-
algebras A and B. If B is profinite then there exists a unique continuous homo-
morphism f ′ : Â→ B such that f ′ ◦ µA = f .

Â
f ′

��
A

µA
??��������

f
// B

The second important fact is that strictly speaking, the name ‘profinite com-
pletion’ can be seen as a misnomer. One would expect a completion of an algebra
A to be an extension of A; however, the natural map µA : A→ Â is not always an
embedding. Recall that an Ω-algebra A is residually finite if for all a, b ∈ A with
a 6= b, there exists a finite Ω-algebra B and an Ω-homomorphism f : A→ B such
that f(a) 6= f(b).

3.1.20. Fact. An algebra A is residually finite iff the natural map µA : A→ Â
is injective. A variety V is residually finite iff for every A ∈ V, µA : A → Â is
injective.

In light of the above fact, we must make a distinction between a given algebra
A and its image µA[A] in the statement of the fact below.

3.1.21. Fact. The subalgebra µA[A] is dense in Â.
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3.1.3 Topological lattices

We conclude this section with several observations about compact Hausdorf lattices
and the characterization theorem for Boolean topological lattices.

Compact Hausdorff lattices and lattice-based algebras are an interesting class
of topological algebras because a compact Hausdorff topology on a compact
Hausdorff lattice is always unique and intrinsic, meaning that the topology is
uniquely determined by the algebra structure. This means that admitting a
compact Hausdorff topology is a property of lattices. Moreover, by extension,
admitting a compact Hausdorff topology is a property of lattice-based algebras.
In this subsection we will present both known and new results which help us to
understand topological properties of compact Hausdorff, Boolean topological and
profinite lattices via order theory and lattice theory. In particular, we will present
necessary and sufficient conditions for a lattice to admit a unique Boolean topology
(Theorem 3.1.26), and we will look at sufficient conditions for establishing that
sublattices of profinite lattices are again profinite.

Compact Hausdorff lattices

Let us start by recording the fundamental fact that the topology on a compact
Hausdorff lattice is intrinsic and unique.

3.1.22. Fact ([68]). Let L be a lattice. There exists at most one topology τ on
L such 〈L, τ〉 is a compact Hausdorff topological lattice.

This fact has many important consequences, the first of which is that we may
now refer to a compact Hausdorff lattice 〈L, τ〉 simply by referring to L, since
the topology τ is intrinsic. Recall that Lat is the category of bounded lattices
and lattice homomorphisms, and that CLat is the category of complete lattices
and complete lattice homomorphisms. By KHausLat we denote the category of
compact Hausdorff topological lattices and continuous lattice homomorphisms;
additionally, we are interested in BoolLat, which has Boolean topological lattices
as its objects and continuous lattice homomorphisms as its morphisms, and
in Pro- Latf , which is the category of profinite lattices and continuous lattice
homomorphisms.

3.1.23. Fact. Let L be a compact Hausdorff lattice. Then

1. the unique topology making L a compact Hausdorff topological lattice is σ(L),
the bi-Scott topology;

2. L is complete;

3. a lattice homomorphism f : L → M between compact Hausdorff lattices is
continuous iff it is complete.
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Consequently,

4. KHausLat, BoolLat and Pro- Latf are full subcategories of CLat.

For proofs of the statements in the above fact we refer the reader to [54, §VII-1.7]
and [45, §VII-2]. We now shift our attention from compact Hausdorff lattices to
Boolean topological lattices and profinite lattices.

Boolean topological lattices

We will now consider Boolean topological lattices, which form a subclass of compact
Hausdorff lattices. What is particularly nice about Boolean topological lattices
is that one can characterize them order-theoretically, a result which was first
published by H.A. Priestley [76]. Below, we will discuss this result and its proof
in some detail.

Since Boolean topological lattices are ordered Boolean topological spaces, we
may ask ourselves if they are perhaps Priestley spaces, that is if they satisfy the
Priestley separation axiom. This is indeed the case.

3.1.24. Lemma. If L is a Boolean topological lattice, then 〈L, σ〉 is a Priestley
space, i.e. for all x, y ∈ L such that x � y there exists a clopen upper set U such
that x ∈ U 63 y.

Proof Let x, y ∈ L with x � y. Then by [54, Lemma VII-1.5] and [54, Corollary
VII-1.2], there exists an σ-open upper set U ′ ⊆ L such that x ∈ U ′ 63 y. Now
because we assumed that the σ-topology on L is zero-dimensional, there exists
some clopen U ⊆ U ′ such that x ∈ U . Observe that y /∈ ↑U , since ↑U ⊆ U ′. Now
it follows by [5, Lemmas 2 and 3] that ↑U is clopen.

So now that we know that there exists an abundance of clopen upper sets in a
Boolean topological lattice, we may ask ourselves what these sets look like. Recall
that given a lattice L, we denote the set of its compact elements by KL; p ∈ L is
compact if for all directed S ⊆ L such that

∨
S exists, we have that p ≤

∨
S only

if ↑ p G S.

3.1.25. Lemma. Let L be a compact Hausdorff lattice and let U, V ⊆ L be an
upper and a lower set, respectively. Then

1. U is clopen iff there exists a finite Z ⊆ KL such that U = ↑Z;

2. V is clopen iff there exists a finite W ⊆ K(Lop) such that V = ↓W .

Proof We will only prove (1), since (2) is just its order dual. Suppose that U ⊆ L
is a clopen upper set. We denote the minimal elements of U by minU :

minU := {p ∈ U | ∀x ∈ L, x < p⇒ x /∈ U}.
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Now we claim that
U = ↑minU. (3.2)

To see why, suppose that x ∈ U . Then ↓x is σ↑-closed and hence, σ-closed;
consequently U ∩ ↓x is σ-closed. Now by Lemma 2.1.16, U ∩ ↓ x is closed under
co-directed meets, so a fortiori it is closed under taking meets of chains. In other
words, U ∩↓x is a partial order which is closed under meets of chains; it follows by
(the order dual of) Zorn’s Lemma that there exists a minimal element p ∈ U ∩ ↓x.
It is easy to see that p is also minimal in U ; it follows that (3.2) holds. Next we
claim that

minU ⊆ KL. (3.3)

To see why, consider p ∈ minU and suppose that p ≤
∨
S for some directed S ⊆ L;

we must show that there is an x ∈ S such that p ≤ x. Because L is a compact
Hausdorff lattice, we know that ∧ : L × L → L is (σ, σ)-continuous; by Lemma
2.1.17, it follows that ∧ is (σ↑, σ↑)-continuous, i.e. that ∧ preserves directed joins.
So since p ≤

∨
S, we see see that

p = p ∧
∨
S =

∨
p ∧ S.

Now suppose towards a contradiction that p ∧ x < p for all x ∈ S; then since p
is minimal in U , it follows that p ∧ S ⊆ L \ U . Because U is open, it follows by
Lemma 2.1.16 that

∨
p ∧ S ∈ L \ U . But this contradicts the fact that∨

p ∧ S = p ∈ U.

We conclude that there must be some x ∈ S such that p ≤ x. It follows that
p ∈ KL. Now recall that by (3.2),

U = ↑minU =
⋃
p∈U ↑ p.

Since U is σ-closed and each ↑ p is σ-open by (3.3) and Fact A.5.5(2), it follows
by compactness that there must exist some finite Z ⊆ minU ⊆ KL such that
U = ↑Z.

Conversely, suppose that U = ↑Z for some finite Z ⊆ KL. Since

U = ↑Z =
⋃
p∈Z ↑ p,

we see firstly that U is open by Fact A.5.5(2). Secondly, we see that U is closed
because it is a finite union of σ↓-closed sets, and σ↓ ⊆ σ. It follows that U is
clopen.

A lattice L is called bi-algebraic if both L and Lop are algebraic. By λ(L) :=
σ↑(L) ∨ ι↓ we denote the Lawson topology of L [45].

We are now ready to prove the main result of this section, which is the
Characterization Theorem for Boolean topological lattices, due to H.A. Priestley.
Observe however that condition (2) below is new.
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3.1.26. Theorem ([76]). Let L be a lattice. The following are equivalent:

1. L is a Boolean topological lattice;

2. L is complete and there exist P,Q ⊆ L such that

(a) P is join-dense in L and Q is meet-dense in L;

(b) for every p ∈ P , there is a finite Z ⊆ L such that L \ ↑ p = ↓Z;

(c) for every q ∈ Q, there is a finite Z ⊆ L such that L \ ↓ p = ↑Z;

3. L is complete and bi-algebraic, σ↑ = ι↑ and σ↓ = ι↓.

Proof (1) ⇒ (2). We will first argue that L is bi-algebraic. To see that L is
algebraic, it suffices to show that if x, y ∈ L and x � y, then there exists a p ∈ KL
such that p ≤ x and p � y. But this is easy to see: by Lemma 3.1.24, there exists
a clopen upper set U ⊆ L such that x ∈ U 63 y. By Lemma 3.1.25, U = ↑Z for
some finite Z ⊆ KL. But then it follows that there must be some p ∈ Z such that
p ≤ x; moreover, since y /∈ ↑Z, it follows that p � y. The argument for showing
that L is co-algebraic is identical. If we now define P := KL and Q := KLop
then it follows that (2)(a) holds. To see that (2)(b) holds, take any p ∈ P = KL.
It follows by Lemma 3.1.25 that ↑ p is a clopen upper set, so L \ ↑ p must be a
clopen lower set. Applying Lemma 3.1.25 again, we see that there must be some
W ⊆ KLop such that L \ ↑ p = ↓W . The proof for (2)(c) is order dual.

(2) ⇒ (3). We will first show that

σ↑ = ι↑ and σ↓ = ι↓. (3.4)

We will only show the first part of (3.4), since the other follows by order duality.
Recall from Lemma 2.1.17(1) that ι↑ ⊆ σ↑, so it suffices to show that σ↑ ⊆ ι↑.
Now observe that by assumption (2)(b), we know that for every p ∈ P , we have

L \ ↑ p = ↓Z =
⋃
q∈Z ↓ q,

for some finite set Z, so that

↑ p = L \ (L \ ↑ p) = L \
(⋃

q∈Z ↓ q
)

=
⋂
q∈Z(L \ ↓ q).

We see that ↑ p is a finite intersection of ι↑-open sets; since p ∈ P was arbitrary,
we see that

for all p ∈ P , ↑ p is ι↑-open. (3.5)

Now let U be a σ↑-open set and let x ∈ U . Because P is join-dense in L, we know
that x =

∨
(↓x∩P ). Since U is σ↑-open, it follows that there must be some finite

Z ⊆ ↓x ∩ P such that
∨
Z ∈ U . Now observe that

x ∈ ↑
∨
Z since Z ⊆ ↓x ∩ P ,

=
⋂
p∈Z ↑ z by order theory,

⊆ U since
∨
Z ∈ U .
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Since
⋂
p∈Z ↑ z is ι↑-open by (3.5) and since x ∈ U was arbitrary, it follows that

U is ι↑-open. Since U was an arbitrary σ↑-open set it follows that σ↑ ⊆ ι↑ and
consequently, (3.4) holds. Now we will show that

L is bi-algebraic. (3.6)

We first show that P ⊆ KL. If p ∈ P , then by (3.5) and (3.4), ↑ p is σ↑-open.
But then it follows immediately that p ∈ KL: if p ≤

∨
S for some directed S ⊆ L,

then
∨
S ∈ ↑ p, so there exists some y ∈ S such that p ≤ y. Now we see that for

any x ∈ L,

x =
∨

(↓x ∩ P ) because P is join-dense in L,

=
∨

(↓x ∩KL) by order theory because P ⊆ KL,

so that we see that L is algebraic. By an order dual argument it follows that L is
also co-algebraic, so that (3.6) holds.

(3) ⇒ (1). We will first show that the σ-topology on L is a Boolean topology,
i.e. it is compact, Hausdorff and zero-dimensional. Recall that the Lawson topology
on L is defined as λ = σ↑∨ ι↓. Since σ := σ↑∨σ↓, it follows by our assumption that
in our case, λ = σ. Since L is algebraic by assumption, it follows by [45, Theorem
III.1.10] that the Lawson topology on L is compact and Hausdorff; consequently,
so is the σ-topology. Now if x, y ∈ L such that x � y, then since L is algebraic,
there exists a p ∈ KL such that p ≤ x and p � y, i.e. x ∈ ↑ p 63 y. Because
p ∈ KL, ↑ p is σ↑-open. Because ↑ p is a principal upper set, it is ι↓-closed. By
our assumption that σ↑ = ι↑ and σ↓ = ι↓, it follows that ↑ p is σ-clopen, so since
x, y ∈ L were arbitrary, it follows that the σ-topology is totally disconnected;
consequently, the σ-topology is a Boolean topology.

Finally, we will show that L is a topological lattice in its σ-topology. We know
by associativity that ∧ : L × L → L preserves co-directed meets, so that ∧ is
(σ↓, σ↓)-continuous. Because L is algebraic, we know by [45, Proposition I-1.14]
that ∧ preserves directed joins, i.e. that ∧ is (σ↑, σ↑)-continuous. It follows that ∧
is (σ, σ)-continuous; the argument for ∨ : L× L→ L is order-dual. We conclude
that L is a Boolean topological lattice.

3.1.27. Corollary. If L is a Boolean topological lattice, then σ = λ, i.e. its
intrinsic Boolean topology is the Lawson topology.

We conclude this section with an application of the Characterization Theorem
above. Recall that we saw above that a closed sublattice of a profinite lattice is
again profinite. Using Theorem 3.1.26 in conjunction with a technical result from
domain theory, we can prove the following:

3.1.28. Lemma. Let L be a profinite lattice. If L′ is a complete subalgebra of L
then L′ is closed and hence, profinite.
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Proof Because L is algebraic by Theorem 3.1.26, it is a continuous lattice in the
sense of [45]. Consequently, we may apply [45, Theorem III.1.11] to conclude that
L′ must be closed in the Lawson topology of L. Now by Corollary 3.1.27, we know
that σ = λ, so L′ is a σ-closed subalgebra of L. Since the profinite topology on L
must be the σ-topology (as there can be only one compact Hausdorff topology
on L which is compatible with ∧ and ∨), we see that L′ is closed in the profinite
topology on L. It now follows from Lemma 3.1.16 that L′ is itself profinite.

This concludes our preliminaries for this chapter on topological algebra and
topological lattices.

3.2 Canonical extensions of maps II: maps into

profinite lattices

In §2.2, we defined the canonical extension of an order-preserving map f : L→M
by first extending f to a map F f : F L → FM, mapping a filter F to ↑ f [F ],
and subsequently extending F f to a continuous extension fO : Lδ → Mδ, and
dually via I L when constructing fM. This approach fails, however, if we drop the
assumption that f is order-preserving, because F f is then no longer defined. In
this section we will introduce a different way of continuously extending f : L→M
to a map fO : Lδ →Mδ, which does not depend on any properties of f . We can
still characterize fO as a largest continuous extension of f if we make additional
assumptions about M, the codomain of f .

Some of the definitions and results in this section are generalizations from the
case of distributive lattices studied by Gehrke and Jónsson [39]. As we indicated
in our paper with M. Gehrke [43] however, distributivity of the underlying lattice
is not an essential property for ensuring good behaviour of the canonical extension.
Rather, what matters is that the underlying lattice lies in a finitely generated
variety. We will make use of the technical lemmas from this section in the rest of
this chapter, when we look at canonical extensions of lattice-based algebras rather
than plain lattices.

The section is organized as follows. First, we show that there is a natural
way to define a lower and upper extension of an arbitrary map f : L→ C, from a
lattice into a complete lattice, to a continuous map f ′ : Lδ → C, viz. the lim inf
and lim sup extension of f . We then use lim inf and lim sup to extend an abitrary
function f : L→M to a continuous function fO : Lδ →Mδ in §3.2.1. We will then
show in §3.2.2 how we can view fO : Lδ →Mδ as a maximal continuous extension
of f : L→M if we assume that HSPM is finitely generated. Finally, in §3.2.3 we
investigate properties of extension of compositions of arbitrary maps. We conclude
this section with an overview of the contributions and further work in §3.2.4.
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3.2.1 Extending maps via lim inf and lim sup

Our first goal in this subsection is to extend an arbitrary map f : L→ C from a
lattice L to a complete lattice C to a continuous map f ′ : Lδ → C in such a way
that f ′ ◦ e = f , where e : L→ Lδ is the canonical extension of L.

Lδ
f ′ // C

L

e

OO

f

88qqqqqqqqqqqqq

We exploit the fact that e[L] is dense in 〈L, δ(L)〉 (by Lemma 2.1.28), meaning
that for ‘a lot’ of points in Lδ, our function f ′ : Lδ → C is already defined. For
an arbitrary x ∈ Lδ and a δ-open neighborhood U of x, we get a set of values
f [e−1(U)] in C approximating f ′(x). We can now take the infimum (meet) or
supremum (join) of this set of approximating values. Thus, we get an inf- or
sup-approximant of f ′(x) for every open neighborhood of x. Intuitively, we can
now define f ′(x) to be the ‘limit’ over all open neighborhoods of x of these
approximants.

Recall that the δ-topology on Lδ has as its base the collection of sets

{↑ eF(F ) ∩ ↓ eI(I) | F ∈ F L, I ∈ I L}.

We now arrive at the following definition:

3.2.1. Definition. Given a function f : L→ C, where C is a complete lattice,
we define lim inf f : Lδ → C, where

lim inf f(x) =
∨{∧

f [F ∩ I] | eF(F ) ≤ x ≤ eI(I)
}
.

Dually, we define lim sup f : Lδ → C as

lim sup f(x) =
∧{∨

f [F ∩ I] | eF(F ) ≤ x ≤ eI(I)
}
.

First, observe that these definitions follow the pattern we sketched above. The
reader may notice however that the expressions f [F ∩ I] are a lot simpler than
the f [e−1(U)] we arrived at before. The reason lies in the following lemma:

3.2.2. Lemma. Let e : L→ Lδ be a canonical extension and let F ∈ F L, I ∈ I L.
Then eF(F ) ≤ e(a) ≤ eI(I) iff a ∈ F ∩ I.

Proof We show that eF(F ) ≤ e(a) iff a ∈ F ; the statement then follows by order
duality. Now, observe that eF(F ) ≤ e(a) = eF(↑ a) iff F ⊇ ↑ a, since eF(F ) is an
embedding (by Lemma 2.1.28). But F ⊇ ↑ a iff a ∈ F .
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The following lemma shows that lim inf f indeed gives us a continuous extension
of f .

3.2.3. Lemma. Let f : L→ C be a function from a lattice L to a complete lattice
C and let e : L→ Lδ be the canonical extension of L. Then

1. lim inf f is (δ, σ↑)-continuous;

2. lim sup f is (δ, σ↓)-continuous;

3. lim inf f ≤ lim sup f ;

4. lim inf f ◦ e = lim sup f ◦ e = f .

Lδ
lim inf f // C

L

e

OO

f

88qqqqqqqqqqqqq

Proof (1). First, observe that given x ∈ Lδ,{∧
f [F ∩ I] | eF(F ) ≤ x ≤ eI(I)

}
is a directed set: take F1, F2 ∈ F L and I1, I2 ∈ I L such that eF(Fi) ≤ x ≤ eI(Ii)
for i = 1, 2. Then

eF(F1 ∩ F2) = eF(F1) ∨ eF(F2) since eF is a homomorphism,

≤ x by assumption,

≤ eI(I1) ∧ eI(I2) idem,

= eI(I1 ∩ I2) because eI is a homomorphism.

Moreover, since F1 ∩ F2 ∩ I1 ∩ I2 ⊆ Fi ∩ Ii for i = 1, 2, we get∧
f [F1 ∩ F2 ∩ I1 ∩ I2] ≥

∧
f [Fi ∩ Ii] for i = 1, 2;

it follows that lim inf f(x) is a directed join. We will use this fact to show that
lim inf f is locally continuous at x; since x is arbitrary this suffices to show that
lim inf f is continuous. Suppose that U ⊆ C is Scott-open and lim inf f(x) ∈ U ,
then since lim inf f(x) is a directed join, there must be some F ′ ∈ F L, ′I ∈ I L
such that eF(F ′) ≤ x ≤ eI(I ′) and

∧
f [F ′ ∩ I ′] ∈ U . But then for all y ∈ Lδ such

that eF(F ′) ≤ y ≤ eI(I ′), we have

lim inf f(y) =
∨{∧

f [F ∩ I] | eF(F ) ≤ y ≤ eI(I)
}

by definition of lim inf,

≥
∧
f [F ′ ∩ I ′] since eF(F ′) ≤ y ≤ eI(I ′),

∈ U,
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so that it follows that lim inf f is locally (δ, σ↑)-continuous. Part (2) is just the
order dual of (1).

(3). Let x ∈ Lδ; we want to show that∨{∧
f [F ∩ I] | eF(F ) ≤ x ≤ eI(I)

}
≤
∧{∨

f [F ∩ I] | eF(F ) ≤ x ≤ eI(I)
}
.

It suffices to show that for all F, F ′ ∈ F L and I, I ′ ∈ I L such that eF(F ) ≤
x ≤ eI(I) and eF(F ′) ≤ x ≤ eI(I ′), we have that

∧
f [F ∩ I] ≤

∨
f [F ′ ∩ I ′]. First,

observe that we have that

eF(F ∩ F ′) = eF(F ) ∨ eF(F ′) ≤ x ≤ eI(I) ∧ eI(I ′) = eI(I ∩ I ′),

as before. It follows by the compactness property of canonical extensions that
(F ∩ F ′) G (I ∩ I ′), i.e. F ∩ F ′ ∩ I ∩ I ′ 6= ∅. But then∧

f [F ∩ I] ≤
∧
f [F ∩ F ′ ∩ I ∩ I ′] since (F ∩ I) ⊇ (F ∩ F ′ ∩ I ∩ I ′),

≤
∨
f [F ∩ F ′ ∩ I ∩ I ′] since F ∩ F ′ ∩ I ∩ I ′ 6= ∅,

≤
∨
f [F ′ ∩ I ′] since (F ∩ F ′ ∩ I ∩ I ′) ⊆ (F ′ ∩ I ′).

Since F, F ′ ∈ F L and I, I ′ ∈ I L were arbitrary it now follows that lim inf f(x) ≤
lim sup f(x).

(4). We only show that lim inf f ◦ e = f ; the other equality follows by order
duality. Let a ∈ L, then

lim inf f ◦ e(a) =
∨{∧

f [F ∩ I] | eF(F ) ≤ e(a) ≤ eI(I)
}

by definition,

=
∨
{
∧
f [F ∩ I] | a ∈ F ∩ I} by Lemma 3.2.2,

≤ f(a) by order theory.

Conversely, since eF(↑ a) ≤ e(a) ≤ eI(↓ a), we see that

f(a) =
∧
f [↑ a ∩ ↓ a] ≤ lim inf f ◦ e(a).

3.2.4. Lemma. Let f : L1 → C1 and g : L2 → C2 be functions from lattices L1,
L2 to complete lattices C1, C2. Then

lim inf(f × g) = (lim inf f)× (lim inf g)

lim sup(f × g) = (lim sup f)× (lim sup g)

Proof We will only prove the first statement, since the proof of the second
statement is identical modulo order duality. Although we will have to do some
bookkeeping and there is a lot of notation, the proof of this lemma is essentially very
easy. We first make a number of observations. For starters, if (x1, x2) ∈ Lδ1 × Lδ2,
then {

(F, I) | eFL1×L2
(F ) ≤ (x1, x2) ≤ eIL1×L2

(I)
}

=
{

(F1 × F2, I1 × I2) | eFLi(Fi) ≤ xi ≤ eILi(Ii), i = 1, 2
}
, (3.7)
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where F and I are filters and ideals of L1×L2, and Fi and Ii are filters and ideals
of Li for i = 1, 2. This follows from fact that every filter of L1 × L2 is of the form
F1 × F2 for some F1 ∈ F L1, F2 ∈ F L2. Next, we claim that for all filters and
ideals F1, I1 ⊆ L1 and F2, I2 ⊆ L2,

(F1 × F2) ∩ (I1 × I2) = (F1 ∩ I1)× (F2 ∩ I2). (3.8)

This follows from basic set theory. Finally, we claim that for all filters and ideals
F1, I1 ⊆ L1 and F2, I2 ⊆ L2,

f × g [(F1 × F2) ∩ (I1 × I2)] = f [(F1 ∩ I1)]× g [(F2 ∩ I2)] . (3.9)

This follows from (3.8) and basic set theory, since f × g(a, b) = (f(a), g(b)) for
(a, b) ∈ L1×L2. Let (x1, x2) ∈ Lδ1×Lδ2; we will show that lim inf(f × g)(x1, x2) =
(lim inf f(x1), lim inf g(x2)).

lim inf f × g(x1, y1)

=
∨{∧

f × g[F ∩ I] | eFL1×L2
(F ) ≤ (x, y) ≤ eIL1×L2

(I)
}

by definition of lim inf,

=
∨{∧

f × g[F1 × F2 ∩ I1 × I2] | eFLi(Fi) ≤ xi ≤ eILi(Ii), i = 1, 2
}

by (3.7),

=
∨{∧

f [(F1 ∩ I1)]× g [(F2 ∩ I2)] | eFLi(Fi) ≤ xi ≤ eILi(Ii), i = 1, 2
}

by (3.9),

=
∨{

(
∧
f [(F1 ∩ I1)] ,

∧
g [(F2 ∩ I2)]) | eFLi(Fi) ≤ xi ≤ eILi(Ii), i = 1, 2

}
because

∧
is computed component-wise,

=
(∨{∧

f [(F1 ∩ I1)] | eFL1
(F1) ≤ x1 ≤ eIL1

(I1)
}
,∨{∧

g [(F2 ∩ I2)] | eFL2
(F2) ≤ x2 ≤ eIL2

(I2)
} )

because
∨

is computed component-wise,

= (lim inf f(x1), lim inf g(x2))

by definition of lim inf.

Because (x1, x2) ∈ Lδ1 × Lδ2 was arbitrary, it follows that lim inf(f × g) =
(lim inf f)× (lim inf g).

3.2.5. Remark. The technical results about lim inf may be seen even more as
topological results rather than canonical extension results. This viewpoint is
discussed further in [39, §2.3].

Thus we see that the lim inf-construction we have defined above has the desirable
property that it gives us a continuous extension of an arbitrary map into a complete
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lattice. We now have a good candidate definition for extending an arbitrary map
f : L→M to a map from Lδ toMδ: simply take the map lim inf(eM◦f) : Lδ →Mδ.

Lδ
lim inf(eM◦f) //Mδ

L

eL

OO

f
//M

eM

OO

As the above diagram illustrates, lim inf(eM◦f) is indeed an extension of f : L→M
to a map from Lδ to Mδ. But before we take this as the definition, we must ask
ourselves an important question: is this proposed extension compatible with the
extensions of order-preserving maps we studied in §2.2?

3.2.6. Lemma. If f : L→M is order-preserving, then fO = lim inf(eM ◦ f) and
fM = lim sup(eM ◦ f).

Proof Let x ∈ Lδ. Recall that

fO(x) =
∨{

eFMF f(F ) | eFL (F ) ≤ x
}
,

and that

lim inf(eM ◦ f)(x) =
∨{∧

eM ◦ f [F ∩ I] | eFL (F ) ≤ x ≤ eIL(I)
}
.

We claim that

eFMF f(F ) =
∧
eM ◦ f [F ∩ I] whenever eFM(F ) ≤ eIM(I). (3.10)

First, observe that

eFMF f(F ) =
∧
eM [↑ f [F ]] by definition,

=
∧
eM ◦ f [F ] since eM is order-preserving.

Moreover, we see that∧
eM ◦ f [F ∩ I] =

∧
eM ◦ f [↑(F ∩ I)] since f is order-preserving,

=
∧
eM ◦ f [F ] by Lemma 2.1.3,

where we need the fact that eFM(F ) ≤ eIM(I) in order to apply Lemma 2.1.3. It
follows that (3.10) holds; it is now easy to see that fO(x) = lim inf(eM ◦ f)(x).

In light of Lemma 3.2.6, we can now safely state the following definition, which
subsumes Definition 2.2.1.
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3.2.7. Definition. If f : L→M is an abitrary function between lattices, then
we define fO : Lδ →Mδ as follows:

fO := lim inf(eM ◦ f).

Dually, we define fM : Lδ →Mδ:

fM := lim sup(eM ◦ f).

As a corollary of Lemma 3.2.3, we can now list the following properties of our
newly defined extensions fO and fM.

3.2.8. Corollary. Let f : L→ M be an arbitrary function between lattices L,
M. Then

1. fO : Lδ →Mδ is (δ, σ↑)-continuous;

2. fM : Lδ →Mδ is (δ, σ↓)-continuous;

3. fO ≤ fM.

Proof This follows immediately from Lemma 3.2.3 and Definition 3.2.7.

3.2.2 Maps into profinite lattices

Recall from §2.2 that if f : L→M is an order-preserving map, then fO : Lδ →Mδ

is the largest (δ↑, ι↑)-continuous extension of f , where ι↑ is the upper interval
topology. We would like to prove a similar result in the case that f is not
necessarily order-preserving. We begin with a maximality result concerning the
lim inf-construction for maps f : L→ C, where we use the additional assumption
that C is profinite, which is a very strong property. It is an interesting and open
question whether the assumption that C is profinite is essential; see Remark 3.2.22.

3.2.9. Theorem. Let f : L → C be a function from a lattice L to a profinite
lattice C, and let f ′ : Lδ → C be an extension of f , i.e. assume that f ′ ◦ eL = f .

Lδ

f ′

��
L

eL
??~~~~~~~

f
// C

1. If f ′ : Lδ → C is (δ, ι↑)-continuous, then f ′ ≤ lim inf f .

2. If f ′ : Lδ → C is (δ, ι↓)-continuous, then lim sup f ≤ f ′.
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Proof By order duality it suffices to prove part (1). We will prove something
stronger, in fact: we will show that for all x ∈ Lδ, if f ′ : Lδ → C is locally (δ, ι↑)-
continuous at x, then f ′(x) ≤ lim inf f(x). Towards a contradiction, suppose that
f ′(x) � lim inf f(x). By Theorem 3.1.26, C is algebraic, so there must exist a
compact element p ∈ KC such that p ≤ f ′(x) and p � lim inf f(x). Now ↑ p is
σ↑-open (Fact A.5.5), so again by Theorem 3.1.26, it follows that ↑ p is ι↑-open.
By local continuity of f ′ at x, there must exist F ∈ F L and I ∈ I L such that
eFL (F ) ≤ x ≤ eIL(I) and

f ′
[
{y ∈ Lδ | eFL (F ) ≤ y ≤ eIL(I)}

]
⊆ ↑ p. (3.11)

Now for every a ∈ F ∩ I, by Lemma 3.2.2 we have eFL (F ) ≤ eL(a) ≤ eIL(I), so
by (3.11), f ′ ◦ eL(a) = f(a) ∈ ↑ p. Since a ∈ F ∩ I was arbitrary, it follows that
f [F ∩ I] ⊆ ↑ p, hence

∧
f [F ∩ I] ≥ p. Since eFL (F ) ≤ x ≤ eIL(I), it follows by

definition of lim inf that

lim inf f(x) ≥
∧
f [F ∩ I] ≥ p.

But this contradicts our assumption that p � lim inf f(x). It follows that indeed,
f ′(x) lim inf f(x).

3.2.10. Corollary. Let f : L→ C be a function from a lattice L to a profinite
lattice C. If f ′ : Lδ → C is a (σ, σ)-continuous function such that f ′ ◦ eL = f , we
have f ′ = lim inf f = lim sup f .

Proof If f ′ is (σ, σ)-continuous, then by Lemma 2.1.28(3), f ′ is also (δ, σ)-
continuous. This has two immediate consequences. Firstly, since σ↑ ⊆ σ by
definition, we see that f ′ is (δ, σ↑)-continuous, so by Theorem 3.2.9, f ′ ≤ lim inf f .
Secondly, since σ↓ ⊆ σ, we get that f ′ is (δ, σ↓)-continuous, so it follows again by
Theorem 3.2.9 that lim sup f ≤ f ′. We conclude that

lim sup f ≤ f ′ ≤ lim inf f.

Since lim inf f ≤ lim sup f by Lemma 3.2.3(3), it follows that lim sup f = f ′ =
lim inf f .

With the help of the above theorem, we can make sure that fO : Lδ → Mδ

is the largest continuous extension of f : L→ M if Mδ happens to be profinite.
Fortunately, there is a condition on M that guarantees that this will be the case.

3.2.11. Lemma. Let L be a profinite lattice and let M be an arbitrary lattice. If
there exists a complete surjective homomorphism h : L→Mδ then Mδ is a Boolean
topological lattice.
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Proof We know from Fact 2.1.30 that Mδ is join-generated by its completely
join-irreducibles J∞(Mδ) and meet-generated by its completely meet-irreducibles
M∞(Mδ). We will show that

∀p ∈ J∞(Mδ),∃Z ⊆Mδ finite, such that Mδ \ ↑ p = ↓Z, and (3.12)

∀p ∈ M∞(Mδ),∃Z ⊆Mδ finite, such that Mδ \ ↓ p = ↑Z.

Since h : L→Mδ is a complete homomorphism, it has a left adjoint h[ : Mδ → L.
Since h[ a h and h is surjective, we know from Fact A.3.3 that h ◦ h[ = idMδ . We
claim that

h[ maps elements of J∞(Mδ) to elements of KL. (3.13)

Let p ∈ J∞(Mδ); we will show that h[(p) ∈ KL. Let S ⊆ L be a directed set such
that h[(p) ≤

∨
S, then

h[(p) = h[(p) ∧
∨
S by order theory,

=
∨(

h[(p) ∧ S
)

by σ-continuity of ∧.

Now we see that

p = h ◦ h[(p) because h ◦ h[ = idMδ ,

= h
(∨

(h[(p) ∧ S)
)

because h[(p) =
∨

(h[(p) ∧ S),

=
∨(

h ◦ h[(p) ∧ h[S]
)

because h is a complete lattice hom.,

=
∨

(p ∧ h[S]) because h ◦ h[ = idMδ .

Since p is completely join-irreducible, it follows that there must exist x ∈ S such
that p = p ∧ h(x). But then p ≤ h(x), so since h[ a h, we see that h[(p) ≤ x; it
follows that p ∈ KL and we may conclude that (3.13) holds.

Now if p ∈ J∞(Mδ), so that h[(p) ∈ KL, we know by Theorem 3.1.26 that
there exists a finite Z ⊆ L such that L \ ↑h[(p) = ↓Z. We will show that

Mδ \ ↑ p = ↓h[Z]. (3.14)

Recall from Fact A.3.3 that h[ is an order embedding because h is surjective; we
now see that

x ∈ ↓h[Z]

iff ∃q ∈ Z, x ≤ h(q) by def. of ↓ ·,
iff ∃q ∈ Z, h[(x) ≤ q because h[ a h,

iff h[(x) ∈ ↓Z by def. of ↓ ·,
iff h[(p) � h[(x) because L \ ↑h[(p) = ↓Z,

iff p � x because h[ is an order embedding.
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It follows that (3.14) holds. Now because Z is finite, so is h[Z]. It follows that
(3.12) holds (the case for q ∈ M∞(Mδ) follows by order duality). Now we may
apply Theorem 3.1.26 to conclude that Mδ is a Boolean topological lattice.

3.2.12. Theorem. Let L be a lattice such that HSP(L) is finitely generated.
Then Lδ is profinite and Lδ ∈ HSP(L)

Proof Since HSP(L) is finitely generated, there must exist some finite lattice
M such that HSP(L) = HSP(M). Since M is finite, by Fact A.6.3 we have that
HSP(M) = HSPB(M). Since M clearly is profinite and has the property that
M ∈ HSP(M) = HSP(L), it suffices to show that this property is preserved as we
apply PB, S and H.

If L ∈ PB(M), then there exists a Boolean decomposition (px : L→M)x∈X for
some Boolean space X. By Fact 2.1.27, we have that Lδ 'MX . It follows by Fact
3.1.15 that Lδ is profinite; it is also immediate that Lδ ∈ HSP(L).

If L ∈ SPB(M), then there exists some L′ ∈ PB(M) such that L is a subalgebra
of L′. It follows from Theorem 2.2.24 that Lδ is (isomorphic to) a complete subal-
gebra of L′δ. By the above, L′δ is profinite and L′δ ∈ HSP(L), so it immediately
follows that Lδ ∈ HSP(L). Moreover, it follows by Lemma 3.1.28 that Lδ is
profinite.

Finally, if L ∈ HSPB(M), then there exists L′ ∈ SPB(M) and a surjective
homomorphism h : L′ → L. By Theorem 2.2.24, hδ : L′δ → Lδ is a complete
surjective homomorphism; it follows immediately that Lδ ∈ HSP(M) = HSP(L).
Since L′δ is profinite by the above, it follows from Lemma 3.2.11 that Lδ is a
Boolean topological lattice. Since Lδ ∈ HSP(M), which is a finitely generated
congruence distributive variety, it follows from Fact 3.1.17 that Lδ is profinite.

3.2.13. Remark. In fact, we will later see in §3.4.2 the statement that Lδ is
profinite is equivalent to saying that Lδ is the profinite completion of L. In this
light, the above theorem is a consequence of the main result in [50].

3.2.14. Remark. In our proof of Theorem 3.2.12, we invoke Fact 3.1.17 to show
that under the assumptions of the theorem, a Boolean topological quotient of a
profinite lattice must again be profinite. In a recent paper, Gehrke et al. show
that a Boolean topological quotient of a profinite algebra is always profinite, using
a duality argument [35].

We can now state a powerful result about canonical extensions of arbitrary maps,
which echoes Theorem 2.2.4.

3.2.15. Corollary. Let f : L→M be an arbitrary function between lattices L
and M; furthermore assume that HSP(M) is finitely generated. Let f ′ : Lδ →Mδ

be an extension of f , i.e. assume that f ′ ◦ eL = eM ◦ f . Then
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1. if f ′ : Lδ →Mδ is (δ, ι↑)-continuous, then f ′ ≤ fO;

2. if f ′ : Lδ →Mδ is (δ, ι↓)-continuous, then fM ≤ f ′;

Proof We only prove (1). If HSP(M) is finitely generated, then by Theorem
3.2.12, Mδ is profinite and consequently eM ◦ f : L→Mδ is a map into a profinite
lattice. It now follows by Theorem 3.2.9 that f ′ ≤ lim inf(eM ◦ f) = fO.

3.2.16. Corollary. Let f : L→M be an arbitrary function between lattices L
and M; furthermore assume that HSP(M) is finitely generated. If f ′ : Lδ →Mδ is
a (σ, σ)-continuous function such that f ′ ◦ eL = eM ◦ f then f ′ = fO = fM, i.e. f
is smooth.

3.2.3 Canonical extension and function composition

We conclude this section with a series of technical lemmas about the interaction
between canonical extension and function composition, and composition with
lattice homomorphisms in particular.

If we look at a function composition with a lattice homomorphism on the left,
we need no other assumptions to show that canonical extension commutes with
function composition. Recall that if h : L→M is a lattice homomorphism then h
is smooth (by Theorem 2.2.18), so we write hδ instead of hO or hM.

3.2.17. Lemma. Let ei : Li → Lδi be canonical extensions of lattices L1,L2,L3; let
f : L1 → L2 be an arbitrary map and let h : L2 → L3 be a lattice homomorphism.
Then hδfO = (hf)O.

Proof Recall from Theorem 2.2.24 that hδ : Lδ2 → Lδ3 is a complete homomor-
phism.

Lδ1
fO
// Lδ2

hδ // Lδ3

L1

e1

OO

f // L2

e2

OO

h // L3

e3

OO

Let x ∈ Lδ1; it takes an easy computation to see that

hδfO(x) = hδ ◦ lim inf(e2 ◦ f)(x) by definition of fO,

= hδ
(∨{∧

e2 ◦ f [F ∩ I] | eF1 (F ) ≤ x ≤ eI1 (I)
})

by definition of lim inf

=
∨{∧

hδ ◦ e2 ◦ f [F ∩ I] | eF1 (F ) ≤ x ≤ eI1 (I)
}

since hδ preserves
∨
,
∧

,

=
∨{∧

e3 ◦ h ◦ f [F ∩ I] | eF1 (F ) ≤ x ≤ eI1 (I)
}

since hδ ◦ e2 = e3 ◦ h,

= lim inf(e3 ◦ h ◦ f)(x) by definition of lim inf,

= (hf)O(x) by definition of (hf)O.

Since x ∈ Lδ1 was arbitrary it follows that hδfO = (hf)O.
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If we look at lattice homomorphisms on the right, the situation is more
complicated. Consider the following picture, where h is a lattice homomorphism
and g is an arbitrary map:

L1
h // L2

g // L3

When considering the question whether (gh)O = gOhδ, it turns out that it matters
if h is surjective or not. We first record the following observation about the action
of surjective lattice homomorphisms on lattice filters and ideals.

3.2.18. Lemma. Let h : L→M be a surjective lattice homomorphism. Then for
all F ∈ F L, I ∈ I L,

F G I ⇒ h[F ∩ I] = F h(F ) ∩ I h(I).

Proof Let F ∈ F L and I ∈ I L and suppose that F G I. Since F ∩ I ⊆ F , we
see that

h[F ∩ I] ⊆ h[F ] ⊆ ↑h[F ] = F h(F ),

and similarly h[F ∩ I] ⊆ I h(I), so that

h[F ∩ I] ⊆ F h(F ) ∩ I h(I).

For the converse, assume that c ∈ F h(F )∩ I h(I) = ↑h[F ]∩ ↓h[I], so there exist
a ∈ F and b ∈ I such that

h(a) ≤ c ≤ h(b).

Since F G I, by Lemma 2.1.3 we know that F = ↑(F ∩ I) and I = ↓(F ∩ I).
Consequently, we may assume without loss of generality that a, b ∈ F ∩ I. Since
h : L→M is surjective, there must exist some c′ ∈ L1 such that h(c′) = c. Define
c′′ := (c′ ∨ a) ∧ b. We will show that h(c′′) = c and that c′′ ∈ F ∩ I, so that
c ∈ h[F ∩ I]. For the first claim, observe that

h(c′′) = h ((c′ ∨ a) ∧ b) by definition,

= (h(c′) ∨ h(a)) ∧ h(b) because h is a homomorphism,

= (c ∨ h(a)) ∧ h(b) because h(c′) = c,

= c because h(a) ≤ c ≤ h(b).

For the second claim, observe that since a ≤ c′ ∨ a, we also get

a ∧ b ≤ (c′ ∨ a) ∧ b = c′′.

Since a, b ∈ F , we also have a ∧ b ∈ F , so that c′′ ∈ F . Since b ∈ I and

c′′ = (c′ ∨ a) ∧ b ≤ b,

we also see that c′′ ∈ I, so that c′′ ∈ F∩I. It follows that F h(F )∩I h(I) ⊆ h[F∩I].
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3.2.19. Lemma. Let ei : Li → Lδi be canonical extensions of lattices L1,L2,L3;
let h : L1 → L2 be a surjective lattice homomorphism and let g : L2 → L3 be an
arbitrary map. Then (gh)O = gOhδ.

Proof Recall that

(gh)O(x) = lim inf(e3 ◦ g ◦ h)(x)

=
∨{∧

e3 ◦ g ◦ h[F ∩ I] | eF1 (F ) ≤ x ≤ eI1 (I)
}

and

gOhδ(x) =
∨{∧

e3 ◦ g[F ′ ∩ I ′] | eF2 (F ′) ≤ hδ(x) ≤ eI2 (I)
}
.

We will show that{
g ◦ h[F ∩ I] | eF1 (F ) ≤ x ≤ eI1 (I)

}
=
{
g[F ′ ∩ I ′] | eF2 (F ′) ≤ hδ(x) ≤ eI2 (I ′)

}
,

(3.15)

which is sufficient to show that (gh)O(x) = gOhδ(x). Take an element of the
left-hand side of (3.15), i.e. take F ∈ F L1, I ∈ I L1 such that eF1 (F ) ≤ x ≤ eI1 (I).
We will show that g ◦ h[F ∩ I] is an element of the right-hand side of (3.15),
because

g ◦ h[F ∩ I] = g [F h(F ) ∩ I h(I)] ,

and that eF2 ◦ F f(F ) ≤ x ≤ eI2 ◦ I h(I). The former follows immediately from
Lemma 3.2.18; we see that the latter holds since

eF2 ◦ F h(F ) = hδ ◦ eF1 (F ) by Lemma 2.2.3(1),

≤ hδ(x) since eF1 (F ) ≤ x ≤ eI1 (I),

≤ hδ ◦ eI1 (I) idem,

= eI2 ◦ I h(I) by Lemma 2.2.3(2).

Thus we have shown that the left-hand side of (3.15) is contained in the right-hand
side.

Conversely, consider an element of the right-hand side of (3.15), i.e. take
F ′ ∈ F L2 and I ′ ∈ I L2 such that eF2 (F ′) ≤ hδ(x) ≤ eI2 (I ′). We will show that
g[F ′ ∩ I ′] is an element of the left-hand side of (3.15), because

g[F ′ ∩ I ′] = g ◦ h
[
h−1(F ) ∩ h−1(I)

]
,

and that eF1 ◦ h−1(F ′) ≤ x ≤ eI1 ◦ h−1(I ′). The first claim follows from the fact
that h is surjective, so that F h and I h are also surjective:

g ◦ h
[
h−1(F ′) ∩ h−1(I ′)

]
= g

[
F h ◦ h−1(F ′) ∩ I h ◦ h−1(I ′)

]
by Lemma 3.2.18,

= g[F ′ ∩ I ′] by surj. of F h and I h.
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For the second claim, note that since eF2 (F ′) ≤ hδ(x) ≤ eI2 (I ′), we have that
hδ(x) ∈ ↑ eF2 (F ′) ∩ ↓ eI2 (I ′), so that

x ∈ (hδ)−1
(
↑ eF2 (F ′) ∩ ↓ eI2 (I ′)

)
= (hδ)−1

(
↑ eF2 (F ′)

)
∩ (hδ)−1 ↓

(
eI2 (I ′)

)
because (hδ)−1 commutes with ∩,

= ↑ eF1 ◦ h−1(F ′) ∩ ↓ eI1 ◦ h−1(I ′),

where the last equality follows from claim (2.21) from the proof of Theorem
2.2.18(2) since h preserves both binary joins and meets. It follows that the
right-hand side of (3.15) is contained in the left-hand side.

Recall the picture we had before, where h is a lattice homomorphism and g is
an arbitrary map:

L1
h // L2

g // L3

It turns out that if h is not surjective, we need to make several strong assumptions
if we want to prove that (gh)O = gO ◦ hδ. For starters, we assume that HSP(L3)
is finitely generated.

3.2.20. Lemma. Let ei : Li → Lδi be canonical extensions of lattices L1,L2,L3

and let f : L1 → L2 and g : L2 → L3 be arbitrary maps. Furthermore, assume that
HSP(L3) is finitely generated.

1. If gOfO is (δ, σ↑)-continuous, then gOfO ≤ (gf)O;

2. If gOfO is (δ, σ↓)-continuous, then gOfO ≥ (gf)O;

3. If gOfO is (δ, σ)-continuous, then gOfO = (gf)O.

Proof (1). It is easy to see that gOfO extends gf : L1 → L3, since both squares
below commute:

Lδ1
fO
// Lδ2

gO
// Lδ3

L1

e1

OO

f // L2

e2

OO

g // L3

e3

OO

Now since we assumed that gOfO is (δ, σ↑)-continuous, and since ι↑ ⊆ σ↑, it follows
that gOfO ≤ (gf)O, since (gf)O is the largest (δ, ι↑)-continuous extension of gf by
Corollary 3.2.15.

(2). If gOfO is (δ, σ↓)-continuous, then

gOfO ≥ (gf)M by Corollary 3.2.15,

≥ (gf)O by Lemma 3.2.8(3).

(3). If gOfO is (δ, σ)-continuous, then a forteriori gOfO is (δ, σ↑)-continuous
and (δ, σ↓)-continuous, since σ↑, σ↓ ⊆ σ. The statement now follows by (1) and
(2).
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We can now straightforwardly apply Lemma 3.2.20 to the case where we have
a lattice homomorphism on the right.

3.2.21. Lemma. Let ei : Li → Lδi be canonical extensions of lattices L1,L2,L3; let
h : L1 → L2 be a lattice homomorphism and let g : L2 → L3 be an arbitrary map.
Furthermore, assume that HSP(L3) is finitely generated. Then gOhδ ≤ (gh)O.

If we additionally assume that gO : Lδ2 → Lδ3 is (σ, σ)-continuous, then gOhδ =
(gh)O.

Proof By Theorem 2.2.24, hδ is (δ, δ)-continuous. Since gO is (δ, σ↑)-continuous
by Corollary 3.2.8, it follows by general topology that gOhδ is (δ, σ↑)-continuous.
Since hδ = hO, it follows by Lemma 3.2.20(1) that gOhδ ≤ (gh)O.

If gO is (σ, σ)-continuous, then by Lemma 2.1.28(3), gO is also (δ, σ)-continuous.
By Theorem 2.2.24, hδ is (σ, σ)-continuous, so we see that gO◦hδ is (δ, σ)-continuous.
It follows by Lemma 3.2.20(3) that gOhδ = (gh)O.

3.2.4 Conclusions and further work

In this section we investigated canonical extensions of arbitrary maps between
lattices, rather than extensions of order-preserving maps (which we studied in
§2.2). Canonical extensions of arbitrary maps between distributive lattices have
been studied extensively by Gehrke and Jònsson [39]. This section is based on our
paper with M. Gehrke [43]; our contribution lies primarily in two observations:

• The results in [39] hold not only for maps between distributive lattices,
but more generally for maps between lattices which lie in finitely generated
varieties.

• When considering the canonical extensions fO : Lδ →Mδ and fM : Lδ →Mδ

of a map f : L → M, the natural topology one should be using on the
codomain Mδ is the σ↑-topology, respectively the σ↓-topology. This is
a departure from [39], where one would have considered the ι↑-topology
and the ι↓-topology on Mδ. Our choice for the σ topologies was inspired
by Y. Venema’s treatment of canonicity for BAOs [89] and the work on
MacNeille completions by Theunissen and Venema [86].

Most of the results from §3.2.1 were only known to hold for distributive lattices
from [39]. What was not known before however, is that one does not need to make
any assumptions about the lattices or the maps involved to prove the results in
§3.2.1. In §3.2.2 we introduced topological algebra into the picture of canonical
extensions. Theorem 3.2.12, which says that Lδ is profinite if HSP(L) is finitely
generated, can be regarded as a corollary of a result of J. Harding [50]. It is
interesting to note that many of the proofs in §3.2.3 are direct adaptations of
the proofs for distributive lattices from [39], which further supports our claim
above that all results in that paper may be generalized from distributive lattices
to lattices lying in a finitely generated variety.
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3.2.22. Remark. We now have two sets of circumstances under which fO : Lδ →
Mδ is the largest continuous extension of f : L→M (and dually, we have conditions
under which fM is the smallest continuous extension of f).

• If f is order-preserving, then fO is the largest (δ↑, σ↑)-continuous extension
of f (Theorem 2.2.4).

• If HSP(M) is finitely generated, then fO is the largest (δ, σ↑)-continuous
extension of f (Corollary 3.2.15).

It would be interesting to see if there is a unifying explanation for these continuity
properties.

3.3 Canonical extension as a functor II: lattice-

based algebras

In this section, we want to change our perspective on canonical extension from a
construction on lattices to a construction on lattice-based algebras. Previously,
canonical extensions of lattice-based algebras have only been considered under
certain additional assumptions, such as monotonicity of all algebra operations [34],
or distributivity of the underlying lattice [39]. In contrast, we will define canonical
extensions for lattice-based algebras without making any further assumptions
about the algebra operations or the shape of the lattice (other than boundedness).

Once we have defined canonical extensions of lattice-based algebras, it does
not follow straightforwardly that the canonical extension construction applied
to lattice based-algebras is well-defined on algebra homomorphisms, i.e. whether
canonical extension is a functor. In fact, it is already known from [39] that in
general this is not the case, unless we make certain assumptions about either the
algebras or the homomorphisms involved. We will discuss two ways to improve
the behaviour of canonical extensions of homomorphisms. Firstly, if h : A → B
is a homomorphism between lattice-based algebras and every algebra operation
is monotone, i.e. order-preserving or order-reversing in each coordinate, then
hδ : Aδ → Bδ is also an algebra homomorphism. This is already known from [34].
If we do not know whether all algebra operations on A and B are monotone, but we
do know that h is surjective, then hδ : Aδ → Bδ is also an algebra homomorphism.
If the assumption of surjectivity of h is dropped, we can no longer guarantee that hδ

will be a homomorphism. This preservation of surjective algebra homomorphisms
was already known for the distributive case from [39]. We will see however that
distributivity is not needed for this result.

A second question we may ask ourselves is:

For which equations is validity on a lattice-based algebra A preserved
when moving to its canonical extension Aδ?
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This topic is known as canonicity. One could argue that the study of canonicity
is actually the raison d’être of the body of work on canonical extensions that
this chapter and the previous are contributing to. The approaches to proving
canonicity occupy a spectrum ranging from the imposing of very restrictive
abstract conditions on A (e.g. demanding that HSP(A) is finitely generated)
which guarantee preservation of validity of all equations, to sophisticated toolkits
that allow one to decide whether validity of one given equation is preserved by
looking at the syntactic shape of the given equation. The results on canonical
extensions in this dissertation make a technical contribution to the methods of
proving canonicity at both ends of the above-mentioned spectrum, but remain
foundational. We will not go into any concrete applications of canonicity.

This section is organized as follows. First, we set up the technicalities of
defining canonical extensions of lattice-based algebras. In particular we need
to take some care when extending order-reversing maps, and for every algebra
operation ωA : An → A, we need to choose whether we want its canonical extension
to be ωOA or ωMA . After that we look at preservation of homomorphisms; we conclude
this section with a discussion of the relation of this work to the field of canonicity.
We discuss the contribution of this section and possible further work on p. 93.

3.3.1 Order types and canonical extension types

Our goal in this subsection is to define canonical extensions for any algebra with
a lattice reduct. So let us first make this notion of lattice-based algebra a little
more precise.

3.3.1. Definition. Let Ω be an algebraic signature and let ar : Ω → N be its
associated arity function (see §A.6). We say that Ω is a lattice-based similarity
type if {∧,∨, 0, 1} ⊆ Ω; in the remainder of this section we will always assume
that we are dealing with lattice-based signatures. Given a lattice-based similarity
type Ω, a lattice-based Ω-algebra is an Ω-algebra A = 〈A, (ωA)ω∈Ω〉 such that
〈A,∧A,∨A, 0A, 1A〉 is a lattice. We denote the lattice reduct of A by Al. We will
usually suppress the subscripts on algebra operations, writing ∧ instead of ∧A,
etc.

By LatAlgΩ we denote the category of lattice-based Ω-algebras and Ω-algebra
homomorphisms. If it is clear from the context what Ω is, we will simply speak of
lattice-based algebras and algebra homomorphisms.

Now, we would like to define canonical extensions of lattice-based algebras in
such a way that we can profit maximally from the results in §2.2. In particular,
we want to see order-reversing maps as a variation of order-preserving maps. The
reason this is possible is that a map f : L→ M is order-reversing if and only if
f : Lop → M is order-preserving. So if e.g. g : L × L → L is a function that is
order-reversing in its first coordinate and order-preserving in its second coordinate,
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then equivalently, g : Lop × L → L is order-preserving. The following definition
will provide us with notation for dealing with such maps in a uniform way.

3.3.2. Definition. An order type of arity n is an element o ∈ {1, op}n. If
o = (o1, . . . , on) is an order type and L is a lattice, then we define

Lo := Lo1 × · · · × Lon ,

where L1 := L and Lop is the usual order dual of L. If f : L→ M is a function,
then we define f o : Lo →Mo as follows:

f o : (x1, . . . , xn)→ (f(x1), . . . , f(xn)) .

It is easy to see that f o is again a lattice homomorphism.
Observe that the usual product construction of lattices is a special case of the

above construction: if we take oi = 1 for i = 1, . . . , n, then Lo = Ln and likewise
for lattice homomorphisms.

We can now define monotone lattice-based algebras, i.e. lattice-based alge-
bras with operations that are either order-preserving or order-reversing in each
coordinate.

3.3.3. Definition. Given an algebraic signature Ω, an order signature is a
function ord: Ω → {1, op}∗ such that for all ω ∈ Ω, ord(ω) ∈ {1, op}ar(ω). An
ord-monotone lattice based Ω-algebra A is a lattice-based Ω-algebra such that for
all ω ∈ Ω, ωA : Aord(ω) → A is order-preserving.

By MLatAlg(Ω,ord) we denote the category of ord-monotone lattice based
Ω-algebras and Ω-algebra homomorphisms. If it is clear from the context what Ω
and ord are, we will simply speak of monotone lattice-based algebras.

3.3.4. Example. Heyting algebras are an example of monotone lattice-based
algebras. Their signature is Ω = {→,∧,∨, 0, 1}, where ar(→) = 2, and their order
types are as follows: ord(→) = (op, 1) and ord(∧) = ord(∨) = (1, 1). Indeed,

∧A : A× A→ A,
∨A : A× A→ A,
→A : Aop × A→ A,

are all order-preserving.

We know that canonical extensions commute with products and taking order
duals, modulo isomorphism. In practice it is rather cumbersome to explicitly deal
with said isomorphisms all the time however.
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3.3.5. Convention. Let L be a lattice and let o be an order type. It follows by
Lemma 2.1.26 that (Lδ)o is a canonical extension of Lo. In light of this fact, we will
identify (Lδ)o and (Lo)δ. Consequently, if h : L→M is a lattice homomorphism,
then we also identify (hδ)o : (Lδ)o → (Mδ)o and (ho)δ : (Lo)δ → (Mo)δ.

We can now finally define canonical extensions of lattice-based algebras.

3.3.6. Definition. Let Ω be a lattice-based similarity type. A canonical exten-
sion type for Ω is a function β : Ω→ {O,M}. Given a lattice-based Ω-algebra A =
〈A, (ωA)ω∈Ω〉, the β-canonical extension of A is the algebra Aδ := 〈Aδ, (ωAδ)ω∈Ω〉.
For each ω ∈ Ω, the map ωAδ : (Aδ)n → Aδ, where n = ar(ω), is

(ωA)β(ω) :
(
Aδ
)n → Aδ

If it is clear from the context what β is, we will simply speak of the canonical
extension of A.

If A is a monotone lattice-based algebra with respect to some order signature
ord, then we define ωAδ as

(ωA)β(ω) :
(
Aδ
)ord(ω) → Aδ.

Observe that we are really using Convention 3.3.5 above: strictly speaking, (ωA)β(ω)

is a map (Ao)δ → Aδ.

We can now finally speak of canonical extensions of algebras. We should keep
in mind however that a priori, a lattice-based algebra has many different canonical
extensions: for every algebra operation we may choose either the upper or the
lower canonical extension. Sometimes, however, these choices do not arise. Recall
that a map f : L → M between lattices L and M is called smooth if fO = fM.
Analogously, we say a lattice-based Ω-algebra A is smooth if for every ω ∈ Ω,
(ωA)O = (ωA)M. Observe that in case A is smooth, A has a unique canonical
extension, since it does not matter whether β(ω) = O or β(ω) =M for any ω ∈ Ω.

3.3.7. Lemma. Fix a lattice-based signature Ω and a canonical extension type β.
Let A be a lattice-based Ω-algebra such that HSP(Al) is finitely generated. If Aδ is
a Boolean topological algebra then A is smooth.

Proof Suppose that Aδ is a Boolean topological algebra; we need to show that for
every ω ∈ Ω, ωA is smooth. Take ω ∈ Ω and without loss of generality, assume that
β(ω) = O. Because Aδ is a Boolean topological algebra, we know that (ωA)O must
be (σ, σ)-continuous, since the topology on Aδ is the σ-topology (Fact 3.1.23(1)).
It follows by Corollary 3.2.16 that ωA is smooth; this is where we use the fact
that HSP(Al) is finitely generated. Since ω ∈ Ω was arbitrary, it follows that A is
smooth.
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Finite lattice-based algebras in particular satisfy the conditions of the above
lemma, although it is also easy to see directly that if A is a finite lattice-based
algebra, then A ' Aδ. Just as we did with lattices in Convention 2.1.12, we will
therefore just define Aδ := A in case A is finite.

3.3.8. Convention. If A is a finite lattice-based algebra, then we define Aδ := A.

We conclude this subsection with some observations about (·)l, the forgetful
functor from the category of lattice-based Ω-algebras to the category of lattices.

3.3.9. Fact. Let A be a lattice-based Ω-algebra. Then

1. (Aδ)l = (Al)δ;

2. If HSP(A) is a finitely generated variety of Ω-algebras, then HSP(Al) is a
finitely generated variety of lattices;

3. If A is a profinite Ω-algebra, then Al is a profinite lattice.

3.3.2 Preservation of homomorphisms

In this subsection we will prove two main results on preservation of algebra
homomorphisms by canonical extensions. These results are very important in
light of one of the main subjects of this chapter: the relation between canonical
extensions and profinite completions. The latter is characterized externally, in
terms of algebra homomorphisms. Consequently, homomorphisms form a very
natural element of our discourse. Canonical extensions do not behave perfectly on
homomorphisms; interestingly, they do behave well enough.

3.3.10. Theorem ([34]). Fix a lattice-based similarity type Ω, an order type
ord and a canonical extension type β. If A and B are monotone lattice-based
algebras and if h : A→ B is an algebra homomorphism, then hδ : Aδ → Bδ is also
an algebra homomorphism.

Proof We know by Theorem 2.2.24(1) that hδ : Aδ → Bδ is a lattice homomor-
phism which is both (σ, σ)-continuous and (δ, δ)-continuous. To show that it is
an algebra homomorphism, consider an arbitrary ω ∈ Ω. Let ord(ω) = o, so
that ωA : Ao → A is an order-preserving map. Finally, without loss of generality,
assume that β(ω) = O, so that ωAδ = (ωA)O. By Convention 3.3.5, it suffices to
show that the following diagram commutes:

(Ao)δ

(ho)δ

��

(ωA)O
// A

hδ

��
(Bo)δ

(ωB)O
// B
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It follows from Lemma 3.2.17 that

hδ ◦ (ωA)O = (h ◦ ωA)O. (3.16)

Secondly, since ho is a fortiori a ∧-homomorphism, it follows by Theorem 2.2.18(2)
that (ho)δ is (δ↑, δ↑)-continuous, so by Corollary 2.2.23(3), we see that

(ωB)O ◦ (ho)δ = (ωB ◦ ho)O. (3.17)

Now because h : A→ B is an Ω-algebra homomorphism, we see that h◦ωA = ωB◦ho,
so that

hδ ◦ (ωA)O = (h ◦ ωA)O by (3.16),

= (ωB ◦ ho)O since h ◦ ωA = ωB ◦ ho,
= (ωB)O ◦ (ho)δ by (3.17).

Since ω ∈ Ω was arbitrary, we conclude that hδ is an Ω-algebra homomorphism.

Thus we see that canonical extension maps algebra homomorphisms to algebra
homomorphisms, provided we are looking at monotone lattice-based algebras.
Since all other things we ask of functors (commuting with function composition,
preserving the identity function) already follow from Theorem 2.2.24, we get the
following result.

3.3.11. Corollary ([34]). Fix a lattice-based similarity type Ω, an order type
ord and a canonical extension type β. Then β-canonical extension forms a functor
from MLatAlg(Ω,ord) to MLatAlg(Ω,ord).

Now we turn to the more general situation where we do not assume that every
operation of our lattice-based algebras is monotone. The following theorem was al-
ready known for distributive lattice-based algebras [39, Theorem 3.7]; interestingly,
however, distributivity is not a necessary condition.

3.3.12. Theorem. Fix a lattice-based similarity type Ω and a canonical extension
type β. Let A and B be lattice-based algebras. If h : A→ B is a surjective algebra
homomorphism, then so is hδ : Aδ → Bδ.

Proof As in the proof of Theorem 3.3.10, we must show that for arbitrary ω ∈ Ω,
we have that hδ ◦ ωAδ = ωBδ ◦ (hδ)n, where n = ar(ω). Without loss of generality,
we again assume that β(ω) = O; now as before, showing that

hδ ◦ (ωA)O = (ωB)O ◦ (hδ)n
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boils down to showing that the following diagram commutes; the difference is that
we do not have to bother with order types.

(An)δ

(hn)δ

��

(ωA)O
// A

hδ

��
(Bn)δ

(ωB)O
// B

It follows from Lemma 3.2.17 that

hδ ◦ (ωA)O = (h ◦ ωA)O.

For the other direction, observe that since h : A→ B is surjective, so is hn : An →
Bn, so by Lemma 3.2.19 we have that

(ωB)O ◦ (hn)δ = (ωB ◦ hn)O.

Just like in the proof of Theorem 3.3.10, we see that the diagram above commutes
because h is an Ω-algebra homomorphism, i.e. because h ◦ ωA = ωB ◦ hn. Since
ω ∈ Ω was arbitrary we see that hδ : Aδ → Bδ is an Ω-algebra homomorphism.

Unfortunately, it is not possible to improve on the above theorem, for [39,
Example 3.8] provides an example of a distributive lattice-based algebra B with a
subalgebra A such that Aδ is not a subalgebra of Bδ. However, we will see that for
the main result of §3.4.1, our Theorem 3.3.12 gives us just enough to work with.

3.3.3 Canonicity

To conclude this section we will make a few remarks about the preservation of
(equations and) inequations by canonical extensions of lattice-based algebras,
i.e. canonicity of inequations. This very rich subject is probably the single most
important application of canonical extensions in logic. This has to do with the
relation between canonical extensions and Stone duality, a subject we will look at
in Chapter 4. The exact details of the applications in logic aside, the question is
whether we can show that if a given inequation s 4 t is valid on a lattice-based
algebra A (see §A.6), then s 4 t is also valid on Aδ. We will very briefly discuss
three approaches to this question.

Finitely generated varieties

The first approach is one of brute force. If we assume that HSP(A) is finitely
generated, then every inequation valid on A is also valid on Aδ. The reason for
this is that under these assumptions, canonical extensions coincide with profinite
completions; see §3.4.2. It holds for any algebra A that Â, the profinite completion
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of A, lies in the variety generated by A (see §3.1.2). Therefore, an equation s ≈ t
is valid on Â iff it is valid on A; since every inequation s 4 t can be encoded
as an equation s ∨ t ≈ t, the same holds for inequations. Profinite completions
are always well-behaved in this sense, and if HSP(A) is finitely generated, this
good behaviour of Â is also exhibited by Aδ since the two are isomorphic. This
good behaviour comes at a price, however. There are many interesting varieties of
lattice-based algebras which are not finitely generated. To name two of the most
illustrious, we mention the variety of Heyting algebras and the variety of modal
algebras.

Our contribution to this first approach of using finitely generated varieties is
that we show in §3.4.2 that this works for arbitrary lattice-based algebras, rather
than only for monotone lattice-based algebras [34, Corollary 6.9] or distributive
lattice-based algebras [39, Corollary 4.6].

Sahlqvist-style theorems

The second approach to proving canonicity focusses on one inequation s 4 t at a
time, relying on syntactic criteria on s and t to prove a result. As an example, we
give a proof for a result that goes back to [38]; the form in which we state it is
closer to [34] though. The particular proof we employ (via dcpo algebras) was
first presented in [42].

In the proof of the theorem that follows, we want to exploit properties of dcpo
algebras and dcpo presentations. First of all, we have to explain what a dcpo
algebra is. An Ω-dcpo algebra is simply an ordered Ω-algebra A such that 〈A,≤〉
is a dcpo and such that each ωA : Aar(ω) → A is Scott-continuous. In §2.3, we
have considered dcpo presentations, which allowed us to describe dcpos in an
economical fashion. This technique can be extended so that it is also applicable
to dcpo algebras.

3.3.13. Definition. An Ω-dcpo algebra presentation consists of a structure 〈P,v
, /, (ωP )ω∈Ω〉 such that 〈P,v, /〉 is a dcpo presentation, 〈P, (ωP )ω∈Ω〉 is an Ω-algebra
and each ωP : P ar(ω) → P is cover-stable.

As usual, given a definition of a particular kind of algebra presentation, one needs
to show that each such presentation actually presents an object. This is exactly
what the following fact tells us.

3.3.14. Fact ([60]). Let 〈P,v, /, (ωP )ω∈Ω〉 be a dcpo algebra presentation. Sup-
pose that 〈P,v, /〉 presents a dcpo D via η : P → D. Then

1. There exist unique Scott-continuous algebra operations ωD on D such that
η : P → D is an Ω-algebra homomorphism;

2. For all inequations s 4 t, if 〈P, (ωP )ω∈Ω〉 |= s 4 t then also 〈D, (ωD)ω∈Ω〉 |=
s 4 t.
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Now that we have prepared our magic wand, we can go ahead and present our
theorem. Observe that we make a distinction between the signature of the algebra
A and the signature used in the inequation s 4 t that we want to preserve. The
reason for this is that demanding that each operation in the algebra signature
Ω is an operator would restrict the applicability of the theorem to distributive
lattices, since it would require that ∧ : A× A→ A is an operator.

3.3.15. Theorem ([34]). Let A be a lattice-based Ω-algebra and let s 4 t be an
inequation. If for each ω occurring in s or t, ωA is an operator and ωAδ = (ωA)O,
then A |= s 4 t implies Aδ |= s 4 t.

Proof We present the proof of the theorem as found in [42]. Let s(x1, . . . , xn) and
t(x1, . . . , xn) be terms and let Ω′ denote the set of function symbols occurring in s
or t. We assume that each ω ∈ Ω′ is an operator. Fix any canonical extension type
β : Ω→ {O,M} such that β(ω) = O for all ω ∈ Ω′. Now, suppose that A |= s 4 t;
we need to show that Aδ |= s 4 t

Since for each ω ∈ Ω′, we assumed ωA is an operator, we see by Lemma 2.3.8
that F ωA is cover-stable for each ω ∈ Ω′. It follows that 〈F A,⊇, (F ωA)ω∈Ω′〉
is a dcpo algebra presentation. Moreover, the dcpo algebra it presents is the
Ω′-reduct of Aδ, since F ωA = (ωA)O for each ω ∈ Ω′ by Lemma 2.3.8. Now by
Fact 3.3.14, it follows that if we can show that 〈F A,⊇, (F ωA)ω∈Ω′〉 |= s 4 t, then
we automatically get that Aδ |= s 4 t. But the former is easy to see: because
each operation in s and t is order-preserving, it follows from the fact that F is a
functor from the category of partially ordered sets and order-preserving maps to
the category of co-dcpos that

F sA = sF A, (3.18)

and likewise for t. This can be shown by an easy induction on the complexity of
s. (See §A.6 for a reminder about term functions and universal algebra.)

• Suppose that s = xi. Then sA : An → A is simply the i-th projection
function πi : An → A, and by Fact A.5.4, F πi : (F A)n → F A is again the
i-th projection function.

• Now suppose that s = ω(t1, . . . , tm), where m = ar(ω) and by induction
hypothesis F(ti)A = (ti)F A. Then

F sA

= F (ωA ◦ ((t1)A × · · · × (tm)A)) by definition of sA,

= F ωA ◦ F ((t1)A × · · · × (tm)A) since F is a functor,

= F ωA ◦ (F(t1)A × · · · × F(tm)A) since F preserves finite products,

= F ωA ◦ ((t1)F A × · · · × (tm)F A) by induction hypothesis,

= sF A by definition of sF A.
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We see that

sF A = F sA by (3.18),

≤ F tA since sA ≤ tA by assumption,

= tF A by (3.18).

Thus, we see that the validity of s 4 t lifts from A to 〈F A,⊇, (F ωA)ω∈Ω′〉 by
functorial properties of F , and from there to Aδ by Fact 3.3.14.

Results of this kind form an example of Sahlqvist canonicity [79], that is canonicity
of inequations based on their syntactic shape; for examples see [34, 40, 39]. It
should be noted that what we are discussing here is only half of what Sahlqvist
theory is about: Sahlqvist correspendence (see e.g. [19, Ch. 3]) is as important as
the canonicity we have just discussed.

Ad hoc analysis

The third approach is one of ad hoc analysis. In this case, the idea is to prove
only what is needed to show that validity on A of one given inequation s 4 t is
preserved by canonical extensions. First, we need to think of the term functions
induced by s(x1, . . . , xn) and t(x1, . . . , xn), i.e. sA : An → A and tA : An → A.
Validity of the inequation then becomes equivalent to the statement that sA ≤ tA,
and the goal becomes to prove that sAδ ≤ tAδ . For the moment, let us assume that
for every ω ∈ Ω, we have that ωAδ = (ωA)O. If canonical extensions commuted
with composition of arbitrary functions it would now be a breeze to show that
validity of s 4 t is preserved, because then we would see that

sAδ = (sA)O ≤ (tA)O = tAδ .

In practice however, we do not know a priori if the equalities sAδ = (sA)O and
(tA)O = tAδ hold, or even the inequalities sAδ ≤ (sA)O and (tA)O ≤ tAδ , which would
already be sufficient. The ad hoc analysis approach now consists of using specific
knowledge about the algebra operations ωA occuring in sA and tA, in conjunction
with the results about the interaction of function composition and canonical
extensions from §2.2.3 and §3.2.3, to show that sAδ ≤ (sA)O and (tA)O ≤ tAδ . This
analysis would also have to take into account whether ωAδ = (ωA)O or ωAδ = (ωA)M

for every ω in s and t.

One can see the Sahlqvist approach to canonicity as an organized version of
the ad-hoc analysis we sketched above. It should also be noted that there is
a limit to the complexity of the inequations for which we can prove canonicity
results, since it is undecidable in general whether a given inequation is canonical
[64, Thm. 9.6.1].
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3.3.4 Conclusions and further work

Most of the results in §3.3 are well-known from the work of Gehrke and Harding
[34]; the purpose of this section is simply to set straight the definitions of canonical
extensions of lattice-based algebras, expanding upon canonical extensions of
lattices. In our discussion of canonicity using our dcpo approach, we present a
new proof of a known canonicity theorem (Theorem 3.3.15). The new proof we
present was first published by M. Gehrke and the author in [42].

Further work

It may be interesting to see if Theorem 3.3.12, which states that surjective
homomorphisms are preserved by canonical extensions, can be stretched even
further, e.g. to ordered algebras with monotone [32] or non-monotone operations.

3.4 Profinite completion and canonical extension

In this section we will explore the connections between canonical extensions and
profinite completions of lattice-based algebras. These connection are very rich
and in some cases also very intricate.

The most basic connection between canonical extension and profinite com-
pletion is Theorem 3.4.1, which states that the profinite completion Â of any
lattice-based algebra A can be seen as a complete quotient of Aδ, the canonical
extension of A. As a consequence, without making any assumptions about A,
we can prove that Aδ has a universal property with respect to profinite algebras
(Corollary 3.4.2). This result is completely general and it shows that there is
really a fundamental connection between the canonical extension and the profinite
completion of a lattice-based algebra. In general, however, Aδ itself is not profinite,
unless we make additional assumptions about A. The most extreme assumption
we can make is that HSP(A) is finitely generated; in this case, Aδ is the profinite
completion of A (Theorem 3.4.12). A consequence of this is that Aδ ∈ HSP(A) if
HSP(A) is finitely generated, which is a well-known canonicity result.

We conclude the section with two results which sit between the basic connection
(profinite completion as a quotient of canonical extension) and the strongest
connection (canonical extensions coinciding with profinite completions in finitely
generated varieties). It turns out that if we restrict our attention to monotone
lattice-based algebras A, then we can prove a universal property of canonical
extensions with respect to Boolean topological monotone lattice-based algebras
with profinite lattice reducts (Theorem 3.4.14), and a theorem characterizing
certain retracts of canonical extensions (Theorem 3.4.16). The prime example
of such monotone lattice-based algebras is the class of distributive lattices with
operators, which we will revisit in Chapter 4. We discuss the contribution of this
section and possible further work in §3.4.4.
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3.4.1 Universal properties of canonical extension

In this subsection we will discuss an interesting property of the canonical extension,
namely that for any lattice-based algebra A and any homomorphism f : A→ B to
a profinite lattice-based algebra B, there exists a unique complete homomorphism
f ′ : Aδ → B such that f ′ ◦ eA = f (Corollary 3.4.2).

Aδ

f ′

��
A

f
//

eA
>>~~~~~~~~
B

We will arrive at this result by first showing that the profinite completion Â is
a quotient of Aδ; the canonical extension then inherits the universal property of
µA : A→ Â.

Let A be a lattice-based algebra. Recall that Â, the profinite completion of A,
is the limit of the finite quotients of A. These finite quotients are arranged in a
diagram 〈A/θ, fθψ〉θ,ψ∈ΦA , where

ΦA = {θ ∈ ConA | A/θ finite},

and fθψ : A/θ → A/ψ is defined if θ ⊆ ψ, as

fθψ : a/θ 7→ a/ψ.

The profinite completion of A, denoted Â, is the limiting cone over this diagram (see
§3.1.2) and it is characterized by the property that for every cone (fθ : B→ A/θ)ΦA ,

there exists a unique map of cones f : B→ Â over 〈A/θ, fθψ〉ΦA . This is how we

defined the natural map µA : A→ Â, namely, using the fact that (µθ : A→ A/θ)ΦA ,
where µθ : a 7→ a/θ, is a cone over the diagram 〈A/θ, fθψ〉ΦA .

3.4.1. Theorem. Let Ω be a lattice-based similarity type and let A be a lattice-
based Ω-algebra. Then there exists an Ω-algebra homomorphism νA : Aδ → Â such
that

Aδ

νA
��

A

eA
??��������

µA
// Â

1. νA ◦ eA = µA;

2. νA is (σ, σ)-continuous, i.e. a complete homomorphism;

3. νA is surjective;

4. νA = lim inf µA = lim supµA;
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Proof Let Ω be the similarity type of A, and fix a canonical extension type β.
We claim that

(µδθ : Aδ → A/θ)ΦA is a cone over the diagram 〈A/θ, fθψ〉ΦA . (3.19)

Observe that µδθ : Aδ → A/θ is well-defined: since µθ : A → A/θ is a surjective
Ω-algebra homomorphism, it follows by Theorem 3.3.12 that µδθ : Aδ → (A/θ)δ
is also an Ω-algebra homomorphism; since (A/θ)δ = A/θ by Convention 3.3.8,
we see that indeed µδθ : Aδ → A/θ is an Ω-algebra homomorphism. To show that
(µδθ : Aδ → A/θ)ΦA is a cone over 〈A/θ, fθψ〉ΦA , take θ, ψ ∈ ΦA such that θ ⊆ ψ.
Since (µθ : A→ A/θ)θ∈ΦA is a cone, we know that fθψ ◦ µθ = µψ; we want to show
that it is also the case that fθψ ◦ µδθ = µδψ, that is, we want to show that the
following diagram commutes:

Aδ

µδθ
��

µδψ

""FFFFFFFF

A/θ
fθψ
// A/ψ

But this is easy to see:

fθψ ◦ µδθ = f δθψ ◦ µδθ since (A/θ)δ = A/θ and (A/ψ)δ = A/ψ,

= (fθψ ◦ µθ)δ by Th. 2.2.24, since fθψ and µθ are latt. hom.’s,

= µδψ because fθψ ◦ µθ = µψ.

Now that we know that (3.19) holds, it follows from the fact that Â is the
limit of 〈A/θ, fθψ〉ΦA that there exists a unique map of cones νA : Aδ → Â over
〈A/θ, fθψ〉ΦA .

(1). We will show that eA : A→ Aδ is a map of cones over 〈A/θ, fθψ〉ΦA . That
means that we must show that for all θ ∈ ΦA, µδθ ◦ eA = µθ, i.e. that the following
diagram commutes.

A
eA //

µθ
��

Aδ

µδθ}}{{{{{{{{

A/θ

It is a basic property of canonical extensions of maps that µδθ ◦eA = eA/θ ◦µθ. Since
A/θ is finite, we know that (A/θ)δ = A/θ. But that means that eA/θ = idA/θ, so
that indeed µδθ ◦ eA = µθ. Since θ ∈ ΦA was arbitrary, it follows that eA : A→ Aδ
is a map of cones. Now since νA : Aδ → Â is also a map of cones, we obtain a map
of cones νA ◦ eA : A → Â over 〈A/θ, fθψ〉ΦA . Since Â is the limit of 〈A/θ, fθψ〉ΦA

and both µA : A → Â and νA ◦ eA : A → Â are maps of cones over 〈A/θ, fθψ〉ΦA

from A to Â, it follows that νA ◦ eA = µA.
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(2). Since for each θ ∈ ΦA, µθ : A→ A/θ is a lattice homomorphism, it follows
by Theorem 2.2.24 that µδθ : Aδ → A/θ is (σ, σ)-continuous. By Fact 3.1.13, the

σ-topology on Â is generated by the base

{π−1
θ (U) | θ ∈ ΦA, U ⊆ A/θ}.

Now if we take a basic open set π−1
θ (U), then we see that

(νA)−1
(
π−1
θ (U)

)
= (πθ ◦ νA)−1 (U) by properties of (·)−1,

= (µδθ)
−1(U) because νA is a map of cones,

which is a σ-open subset of Aδ since µδθ : Aδ → A/θ is (σ, σ)-continuous. We
conclude that νA is (σ, σ)-continuous.

(3). Given p ∈ K Â, we define Fp := {a ∈ A | p ≤ µA(a)}. We claim that

∀p ∈ K Â, p =
∧
µA[Fp]. (3.20)

It is easy to see that p ≤
∧
µA[Fp]; towards a contradiction suppose that the

converse is not the case, i.e. suppose that
∧
µA[Fp] � p. Then because Â is (bi-)

algebraic, there must exist q ∈ K Â such that q ≤
∧
µA[Fp] and q � p. The former

tells us

∀a ∈ Fp, q ≤ µA(a).

The latter tells us that ↑ p \ ↑ q 6= ∅. Now ↑ p and ↑ q are σ-clopen (Lemma 3.1.25),
so it follows that ↑ p \ ↑ q is σ-clopen. Now since µA[A] is dense in Â (Fact 3.1.21),
it follows that there must be some a ∈ A such that µA(a) ∈ ↑ p \ ↑ q. But then
p ≤ µA(a), so that a ∈ Fp, and q � µA(a), which is a contradiction. It follows

that
∧
µA[Fp] ≤ p so that (3.20) holds. Now take x ∈ Â, then

x =
∨{

p ∈ K Â | p ≤ x
}

because Â is algebraic,

=
∨
{
∧
µA[Fp] | p ≤ x} by (3.20),

=
∨
{
∧
νA ◦ eA[Fp] | p ≤ x} by (1),

= νA

(∨
{
∧
eA[Fp] | p ≤ x}

)
since νA is complete by (2).

Since x ∈ Â was arbitrary, it follows that νA is surjective.
(4). By Fact 3.3.9(3), (Â)l is a profinite lattice. Now by (1) and (2) above, we

can apply Corollary 3.2.10 to see that νA = lim inf µA = lim supµA.

Now that we have a unique complete homomorphism νA : Aδ → Â from the
canonical extension to the profinite completion, it is not very difficult to show
that eA : A→ Aδ has a universal property with respect to profinite algebras.
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3.4.2. Corollary. Let f : A → B be a homomorphism from a lattice-based
algebra A to a profinite lattice-based algebra B. Then there exists a unique
complete homomorphism f ′ : Aδ → B such that f ′ ◦ eA = f . In fact, f ′ =
lim inf f = lim sup f .

Aδ

f ′

��
A

eA
>>~~~~~~~~

f
// B

Proof Assume that we have a homomorphism f : A→ B to a profinite algebra
B. By the universal property of µA : A→ Â, the profinite completion of A, there
exists a unique continuous, i.e. complete, homomorphism f̃ : Â → B such that
f̃ ◦µA = f . Recall from Theorem 3.4.1 that there exists a complete homomorphism
νA : Aδ → Â such that νA ◦ eA = µA. We now define f ′ := f̃ ◦ νA. It follows
immediately that f ′ is a complete homomorphism; moreover

f ′ ◦ eA = f̃ ◦ νA ◦ eA by definition of f ′,

= f̃ ◦ µA because νA ◦ eA = µA,

= f because f̃ ◦ µA = f .

Now since f ′ : Aδ → B is a complete, i.e. (σ, σ)-continuous homomorphism and
B is profinite, it follows from Corollary 3.2.10 that f ′ = lim inf f = lim sup f , so
that f ′ is unique.

At this point we would like to remind the reader that even though any
homomorphism f : A → B from a lattice-based algebra A to a profinite lattice-
based algebra B can be extended to a continuous f ′ : Aδ → B, Aδ itself need not
be a profinite algebra. In fact, Aδ need not even be a topological lattice, as we
will see in the example below.

3.4.3. Example. We will present an example of a lattice L such that its canonical
extension Lδ is not meet-continuous. Consider the lattice L = 〈L,∧,∨, 0, 1〉 where

L = {0, 1} ∪ {aij | i, j ∈ N},

0 is the bottom, 1 is the top, and

aij ≥ akl ⇐⇒ (i+ j ≤ k + l and i ≥ k).

It is not hard to show that the poset 〈L,≤〉 is a lattice. This lattice, see Figure 3.1,
is non-distributive by [23, Theorem 3.6], since

{1, a20, a11, a00, a02}



98 Chapter 3. Canonical extensions and topological algebra

0

1

a0,0

a0,1

a0,2

a2,0 a1,0

a1,1

x0

x1

x2

x3

Figure 3.1: The lattice M, with its sublattice L denoted by the solid dots.

is a (non-bounded) sublattice of L which is isomorphic to N5 (see [23]). We now
add the elements xi, i ∈ N to L, with xi ≤ aij for all i, j ∈ N, and xi ≤ xj for all
i ≤ j ∈ N, to obtain a new lattice M. We claim that M, depicted in Figure 3.1, is
the canonical extension of its sublattice L. Rather than proving this in detail, we
provide the reader with the following hints:

• M is complete;

• every element of M is a filter element, i.e. for all b ∈M, there exists a filter
F ∈ F L such that b =

∧
F ;

• every element of L is an ideal element of M, i.e. only the elements xi for
i ∈ N are not ideal elements of M.

Armed with these hints it is not hard to prove that M is the canonical extension
of L. To see that Lδ is not meet-continuous note that

a00 ∧ (
∞∨
i=0

xi) = a00 ∧ 1 = a00

while
∞∨
i=0

(a00 ∧ xi) =
∞∨
i=0

x0 = x0.
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Now if Lδ were a topological lattice in its σ-topology, then a fortiori ∧ : Lδ×Lδ →
Lδ would have to be (σ↑, σ↑)-continuous, i.e. meet-continuous; however we have
just demonstrated that this is not the case. It follows that Lδ is not a topological
lattice in its σ-topology.

We conclude this subsection with a result stating that νA : Aδ → Â also has a
universal property, namely with respect to complete homomorphisms f : Aδ → B
from Aδ to a profinite algebra B.

3.4.4. Corollary. Fix a canonical extension type β and consider the canonical
extension e : A → Aδ of a lattice-based algebra A. If f : Aδ → B is a complete
homomorphism to a profinite lattice-based algebra B, then there exists a unique
complete homomorphism f ′ : Â→ B such that f ′ ◦ νA = f .

Â
f ′

��
Aδ

νA
??��������

f
// B

Proof Suppose that f : Aδ → B is a complete homomorphism to a profinite
lattice-based algebra B. Then f ◦ eA : A → B is a homomorphism from A to a
profinite algebra B, so by the universal property of µA : A → Â, there exists a
complete homomorphism f ′ : Â→ B such that f ′ ◦ µA = f ◦ eA.

Â
f ′

��
A

µA

77oooooooooooooooo
eA
// Aδ f

// B

We want to show that f ′ ◦ νA = f . By Theorem 3.4.1(1), we see that

f ◦ eA = f ′ ◦ µA = f ′ ◦ νA ◦ eA.

Since both f : Aδ → B and f ′ ◦νA : Aδ → B are complete homomorphisms agreeing
on eA[A], it follows by Corollary 3.4.2 that f = f ′ ◦ νA, which is what we wanted
to show.

3.4.2 Finitely generated varieties

In §3.4.1, we saw that every homomorphism f : A → B from a lattice-based
algebra A to a profinite lattice-based algebra B factors through the canonical
extension eA : A → Aδ, but that we cannot expect Aδ itself to be profinite. In
this subsection we will study sufficient and sometimes necessary conditions for
Aδ being profinite, namely the condition that HSP(A), the variety generated
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by A, is finitely generated. A different approach to canonical extensions in this
setting, using natural extension techniques and focussing on prevarieties rather
than varieties, can be found in [26].

Recall that a lattice-based Ω-algebra A is smooth if for every ω ∈ Ω, (ωA)O =
(ωA)M, and that in case A is smooth, A has a unique canonical extension, since it
does not matter whether β(ω) = O or β(ω) =M for any ω ∈ Ω.

We will now prove a series of lemmas which will later help us to prove Theorem
3.4.10, which says that if HSP(A) is finitely generated, then Aδ is profinite. The
proof of Theorem 3.4.10 uses the observation, due to Jònsson, that if B is a finite
algebra and HSP(B) is congruence distributive, then HSP(B) = HSPB(B), where
PB stands for taking Boolean products (see §A.6). To exploit this fact, we will
need the following technical lemmas about Boolean products, subalgebras and
homomorphic images of lattice-based algebras.

3.4.5. Lemma. Let A be a lattice-based Ω-algebra and let (px : A→ B)x∈X be a
Boolean power decomposition of A. If B is finite then Aδ is profinite.

Proof Suppose that A has a Boolean decomposition (px : A→ B)x∈X where B is
a finite algebra. Since B is finite, it follows by Fact 2.1.10 that B ' Bδ. We now
know by Fact 2.1.27 that on the lattice level, BX is a canonical extension of A,
where e : A→ BX is defined as

e : a 7→ (px(a))x∈X .

We will now show that

for all ω ∈ Ω, ωBX = (ωA)O = (ωA)M. (3.21)

This observation has two consequences. Firstly, it shows that BX is the (unique)
canonical extension of A and that A is smooth. Secondly, since a product of
profinite algebras is profinite, it follows that Aδ ' BX is a profinite algebra.

So let us show that (3.21) holds. Pick ω ∈ Ω and let n be the arity of ω. We
will first show that ωBX is a (σ, σ)-continuous extension of ωA. First, observe
that it follows from universal algebra that since each px : A→ B is an Ω-algebra
homomorphism, so is e : A→ BX , i.e. the following diagram commutes and ωBX

is indeed an extension of ωA.

(BX)n
ωBX // BX

An
en

OO

ωA
// A

e

OO

Now since BX is profinite (Fact 3.1.15) and BX is a lattice-based algebra, we know
that ωBX is (σ, σ)-continuous. We would now like to apply Corollary 3.2.16 to
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conclude that (3.21) holds, but in order to do that we need to know that HSP(Al)
is finitely generated. Since we assumed that A is a Boolean power of B, we know
that A ∈ HSP(B), so by Fact A.6.2, HSP(A) is finitely generated. It follows by
Fact 3.3.9 that HSP(Al) is finitely generated; we may now apply Corollary 3.2.16
to conclude that (3.21) holds. It follows that Aδ ' BX so that Aδ is profinite.

The next lemma shows that the property of having a profinite canonical
extension is inherited by subalgebras of lattice-based algebras.

3.4.6. Lemma. Let A, B be lattice-based algebras and assume that HSP(Bl) is
finitely generated. If A is a subalgebra of B and if Bδ is profinite, then Aδ is
(isomorphic to) a closed subalgebra of Bδ and, consequently, profinite.

Proof Fix a canonical extension type β. Let us denote the embedding of A
into B by h : A → B. Below, we will show that hδ : Aδ → Bδ is an Ω-algebra
homomorphism, so that Aδ ' h[Aδ] is isomorphic to a subalgebra of Bδ. It then
follows from Corollary 2.2.25 and Lemma 3.1.28 that h[Aδ] is closed and hence,
profinite by Fact 3.1.16.

So let us show that hδ : Aδ → Bδ is an Ω-algebra homomorphism. Take ω ∈ Ω
and let n := ar(ω). Without loss of generality, assume that β(ω) = O. We will
show that the following diagram commutes:

(Bδ)n
(ωB)O

// Bδ

(Aδ)n
(hδ)n

OO

(ωA)O
// Aδ

hδ

OO

Since we assumed that Bδ is a profinite algebra, we know that

(ωB)O : (Bδ)n → Bδ is (σ, σ)-continuous. (3.22)

Now we see that

(ωB)O ◦ (hδ)n = (ωB)O ◦ (hn)δ by Convention 3.3.5,

= (ωB ◦ hn)O by Lemma 3.2.21 and (3.22),

= (h ◦ ωA)O because h is an Ω-homomorphism,

= hδ ◦ (ωA)O by Lemma 3.2.17.

Since ω ∈ Ω was arbitrary, it follows that hδ : Aδ → Bδ is an Ω-algebra homomor-
phism.
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3.4.7. Remark. In Lemmas 3.3.7, 3.4.5 and 3.4.6 above, we are assuming that
the lattice-based algebras involved have a lattice reduct lying in a finitely generated
variety. The reason for this is that we want to be able to apply results that are
consequences of Corollary 3.2.15. If we wanted, however, we could replace the
assumptions concerning finitely generated varieties by restricting our results to
monotone lattice-based algebras. We would then have the results that follow from
Theorem 2.2.4 at our disposal, in particular Corollary 2.2.23.

Now that we have studied profiniteness of canonical extensions in relation with
Boolean products and subalgebras, the only thing left to consider is homomorphic
images. Here, we need to do a little more work, starting with a technical lemma
about continuity properties of complete surjective lattice homomorphisms. Observe
that the property that the following lemma ascribes to complete surjective lattice
homomorphisms h : L→M is weaker than saying that h is an open map: h only
preserves forward images of open sets of the shape h−1(U), for U ⊆M.

3.4.8. Lemma. Let h : L → M be a complete surjective lattice homomorphism
between complete lattices L and M. Let U ⊆M. If h−1(U) is σ↑-open (σ↓-open,
σ-open) in L, then U is σ↑-open (σ↓-open, σ-open) in M.

Proof We will only treat the case for the σ↑-topology; the other cases follow by
order duality. Observe that since h : L→M is a complete homomorphism, it has
a left adjoint h[ : M→ L. By Fact A.3.3(1), h[ preserves all joins. Moreover, since
h is surjective, we know that h ◦ h[ = idM (Fact A.3.3(2)). Moreover,

∀x ∈ U, h[(x) ∈ h−1(U). (3.23)

After all, if x ∈ U , then because h ◦ h[ = idM, we see that h ◦ h[(x) = x ∈ U , so
that h[(x) ∈ h−1(U). Now suppose that U ⊆M such that h−1(U) is σ↑-open. We
will show that U itself is then also σ↑-open. First, we show that U is an upper set.
If x ∈ U and x ≤ y, then since h[ is order-preserving, we see that h[(x) ≤ h[(y).
By (3.23), we see that h[(x) ∈ h−1(U). Since we assumed that h−1(U) is an upper
set, it follows that h[(y) ∈ h−1(U). Now

y = h ◦ h[(y) since h ◦ h[ = idM,

∈ h
[
h−1(U)

]
since h[(y) ∈ h−1(U),

= U since h is surjective.

It follows that U is an upper set. Next, suppose that S ⊆M is directed and that∨
S ∈ U . Then we see that∨

h[[S] = h[(
∨
S) because h[ preserves all joins,

∈ h−1(U) by (3.23) since
∨
S ∈ U .
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Now because h−1(U) is σ↑-open, there must exist x ∈ S such that h[(x) ∈ h−1(U).
Now

x = h ◦ h[(x) since h ◦ h[ = idM,

∈ h
[
h−1(U)

]
since h[(x) ∈ h−1(U),

= U since h is surjective.

It follows that U is σ↑-open.

We are now ready to state the result about homomorphic images of algebras which
have a profinite canonical extension. Note that this result is decidedely weaker
than the corresponding results about Boolean products and subalgebras above,
since we only get a Boolean topological algebra rather than a profinite algebra.

3.4.9. Lemma. Let A, B be lattice-based algebras. If h : B → A is a surjective
Ω-algebra homomorphism and if Bδ is profinite, then Aδ is a Boolean topological
algebra.

Proof Fix a canonical extension type β. It follows from Lemma 3.2.11 that (Aδ)l
is a Boolean topological lattice, so we already know that the σ-topology on Aδ
is a Boolean topology. What remains to be shown is that Aδ is a topological
algebra, i.e. that for each ω ∈ Ω, (ωA)β(ω) : (Aδ)n → Aδ is (σ, σ)-continuous, where
n = ar(ω). Without loss of generality, suppose that β(ω) = O. Consider the
following diagram:

(Aδ)n
(ωA)O

// Aδ

(Bδ)n
(hδ)n

OO

(ωB)O
// Bδ

hδ

OO

We know that this diagram commutes because h : B→ A is a surjective Ω-algebra
homomorphism, so Theorem 3.3.12 applies. Let U ⊆ Aδ be σ-open; we want to
show that ((ωA)O)−1 (U) is σ-open. First, observe that(

(hn)δ
)−1 ◦ ((ωA)O)

−1
(U) =

(
(ωA)O ◦ (hn)δ

)−1
(U) by properties of (·)−1,

=
(
hδ ◦ (ωB)O

)−1
(U) because hδ is an Ω-hom.

Now (ωB)O is (σ, σ)-continuous because Bδ is profinite (Fact 3.1.23(1)), and
hδ is (σ, σ)-continuous because h is a lattice homomorphism (Theorem 2.2.24);

consequently, hδ ◦ (ωB)O is (σ, σ)-continuous. It follows that
(
hδ ◦ (ωB)O

)−1
(U) is

σ-open. Now since (hn)δ is a complete homomorphism, it follows by Lemma 3.4.8
that ((ωA)O)−1 (U) is σ-open. Since U ⊆ Aδ was arbitrary, it follows that (ωA)O

is (σ, σ)-continuous. Since ω ∈ Ω was arbitrary, it follows that Aδ is a Boolean
topological algebra.
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Now that we have our technical lemmas sorted out, we are ready to prove the
first main theorem of this subsection.

3.4.10. Theorem. If A is a lattice-based algebra such that HSP(A) is finitely
generated, then Aδ is profinite and hence, A is smooth.

Proof Suppose that B is a finite lattice-based algebra such that A ∈ HSP(B).
Because HSP(B) is congruence distributive, we may conclude by Fact A.6.3 that
HSP(B) = HSPB(B). If A ∈ SPB(B), then by Lemmas 3.4.5 and 3.4.6 it follows
that A is profinite. If A ∈ HSPB(B) however, then Lemma 3.4.9 only tells us
that A is a Boolean topological algebra. But, since A ∈ HSP(B) and HSP(B) is
congruence distributive and finitely generated, we may use Fact 3.1.17 to conclude
that A is profinite. It follows by Lemma 3.3.7 that A is smooth.

3.4.11. Remark. Observe that the above proof uses Fact 3.1.17, which is a
powerful result from [24]. In a recent paper, Gehrke et al. [35] have showed
that any Boolean topological quotient of a profinite algebra is again profinite,
employing an argument based on Stone duality.

The following result is a generalization of the main result of [50]. There, the
theorem was stated for monotone lattice-based algebras. It was communicated to
us at the time of writing of this chapter (June/July 2010) that Theorem 3.4.12
has been independently discovered by M.J. Gouveia [49]; see §3.4.4 for further
discussion.

3.4.12. Theorem. Fix a lattice-based similarity type Ω and let V be a variety of
lattice-based Ω-algebras.

1. If V is finitely generated then for every A ∈ V, A eA−→ Aδ is the profinite
completion of A;

2. If Ω is finite and for every A ∈ V, A eA−→ Aδ is the profinite completion of A,
then V is finitely generated.

Proof (1). Let A ∈ V; it follows from Theorem 3.4.10 that Aδ is profinite. To
show that eA : A→ Aδ is the profinite completion of A, we only have to show that
eA : A→ Aδ has the universal property that characterizes the profinite completion,
namely, that if B is a profinite algebra and f : A→ B is a homomorphism, then
there exists a unique continuous homomorphism f ′ : Aδ → B such that f ′ ◦ eA = f .
But this follows immediately from Corollary 3.4.2.

(2). The proof for the second statement is identical to that in [50]. The proof
uses more background knowledge than we assume for the rest of our discourse; we
include it for cognoscenti. If for every A ∈ V , A eA−→ Aδ is the profinite completion
of A, then the natural map from A to Â is injective for every A ∈ V, since
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eA : A→ Aδ is always injective. It follows by Fact 3.1.20 that V is residually finite.
Now since we assumed that Ω is finite, it follows by [61, Theorem 4.1] that there
exists a finite bound on the size of subdirect irreducibles in V ; consequently, V is
finitely generated.

We conclude this subsection with a canonicity result that is well-known in
other, less general forms (e.g. [34, Corollary 6.9]).

3.4.13. Corollary. Let A be a lattice-based algebra. If HSP(A) is finitely
generated, then Aδ ∈ HSP(A); consequently, every equation which is valid on A is
also valid on Aδ.

Proof If HSP(A) is finitely generated, then by Theorem 3.4.12(1), Aδ ' Â. Since
Â is a subalgebra of a product of quotients of A, we know that Â ∈ HSP(A). The
statement now follows.

3.4.3 Canonical extension and monotone topological alge-
bras

We conclude this section with a universal property of canonical extensions with
respect to Boolean topological lattice-based algebras and a corresponding retraction
theorem. Our motivation for studying this universal property comes from modal
algebras. We will see in §4.1 that Boolean topological modal algebras correspond,
via Stone duality, to image-finite Kripke frames. In light of this motivating example,
we will make two assumptions about the Boolean topological lattice-based algebras
B we are dealing with in this subsection.

• We only consider monotone lattice-based algebras B;

• we only consider Boolean topological lattice-based algebras B such that Bl,
the lattice reduct of B, is a profinite lattice.

We will see in §4.1 that modal algebras, and more generally distributive lattices
with operators, indeed satisfy the conditions above. Moreover, modal algebras
will provide us with a clear example why the conditions above are strictly weaker
than assuming that B is profinite.

3.4.14. Theorem. Fix a lattice-based similarity type Ω and a canonical extension
type β. Let A be a monotone lattice-based Ω-algebra. If f : A → B is an Ω-
homomorphism to a Boolean topological monotone lattice-based Ω-algebra B and
if Bl is profinite, then there exists a unique complete Ω-algebra homomorphism
f ′ : Aδ → B such that f ′ ◦ eA = f .

Aδ

f ′

��
A

eA
>>~~~~~~~~

f
// B
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Proof Suppose that we have an Ω-homomorphism from f : A→ B where A and
B are monotone lattice-based algebras and B is a Boolean topological algebra, and
suppose that Bl is profinite. Under these assumptions Corollary 3.4.2 tells us that
there exists a unique continuous lattice homomorphism f ′ : (Aδ)l → Bl such that
f ′ ◦ eA = f . Moreover, by Corollary 3.2.10 we know that

f ′ = lim inf f = lim sup f. (3.24)

We now have to show that f ′ : Aδ → B is in fact an Ω-algebra homomorphism.
Let ω ∈ Ω and let n := ar(ω). Without loss of generality, assume that

β(ω) = O. We now want to show that the following diagram commutes:

(Aδ)n
(ωA)O

//

(f ′)n

��

Aδ

f ′

��
Bn ωB

// B

In order to show that ωB ◦ (f ′)n = f ′ ◦ (ωA)O, we need to make a few observations.
Firstly, observe that

ωB : Bn → B is both Scott- and co-Scott-continuous, (3.25)

so that ωB preserves both directed joins and co-directed meets. Since B is a
Boolean topological algebra, we know that ωB is (σ, σ)-continuous. Since ωB is
monotone, it follows by Lemma 2.1.17 that (3.25) holds.

Our second observation is that

ωB ◦ fn = f ′ ◦ eA ◦ ωA. (3.26)

Since f : A → B is an Ω-homomorphism, we know that ωB ◦ fn = f ◦ ωA. Now
we may use the fact that f = f ′ ◦ eA to conclude that (3.26) holds. Now let
x ∈ (Aδ)n = (An)δ; we see that

ωB ◦ (f ′)n(x)

= ωB ◦ (lim inf f)n (x) by (3.24),

= ωB ◦ lim inf(fn)(x) by Lemma 3.2.4,

= ωB
(∨{∧

fn[F ∩ I] | eFAn(F ) ≤ x ≤ eIAn(I)
})

by def. of lim inf,

=
∨{∧

ωB ◦ fn[F ∩ I] | eFAn(F ) ≤ x ≤ eIAn(I)
}

by (3.25) (†),

=
∨{∧

f ′ ◦ eA ◦ ωA[F ∩ I] | eFAn(F ) ≤ x ≤ eIAn(I)
}

by (3.26),

= f ′
(∨{∧

eA ◦ ωA[F ∩ I] | eFAn(F ) ≤ x ≤ eIAn(I)
})

since f ′ is complete,

= f ′ ◦ lim inf(eA ◦ ωA)(x) by def. of lim inf

= f ′ ◦ (ωA)O(x) by definition of (ωA)O,
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where (†) makes use of the fact that F ∩ I is both directed and co-directed for
any filter F and ideal I, and the fact that fn : An → Bn is order-preserving, so
that fn[F ∩ I] is again both directed and co-directed.

Since x ∈ (Aδ)n was arbitrary we see that ωB ◦ (f ′)n = f ′ ◦ (ωA)O. (In case
β(ω) =M, we would have used the fact that f ′ = lim sup f in the derivation above.)
Since ω ∈ Ω was arbitrary, it follows that f ′ : Aδ → B is an Ω-homomorphism.
This concludes our proof.

To conclude this subsection, we will prove a theorem that tells us when a
monotone lattice-based algebra A with a profinite lattice reduct, i.e. a structure
which has a reduct which is already a topological algebra, is in fact a topological
algebra in its entire signature. Before we come to this theorem, we first need a
technical lemma.

3.4.15. Lemma. Let L and M be complete lattices such that there exist complete
homomorphisms g : Lδ → L and h : Mδ → M such that g ◦ eL = idL. Then if
f : L→M is an order-preserving map so that either h◦fO = f ◦g or h◦fM = f ◦g,
then f is (σ, σ)-continuous.

Lδ
fO or fM

//

g

��

Mδ

h
��

L
idL
//

eL
??~~~~~~~
L

f
//M

Proof Throughout the proof, we will suppose that h ◦ fO = f ◦ g; the other case
is order dual. We will first show that f : L→M preserves directed joins. Recall
that by the universal property of ↓L : L → I L, we can factor eL : L → Lδ as
eL = eIL ◦ ↓L through I L, the ideal completion of L. We may now draw the big
diagram in Figure 3.2, about which we make two observations. Firstly, we claim

Lδ
fO

//

g

��

Mδ

h

��

I L

eIL
=={{{{{{{{

L

↓L
==||||||||

idL
// L

f
//M

Figure 3.2: A closer look at fO via I L.

that

g ◦ eIL is (σ↑, σ↑)-continuous. (3.27)
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Lδ
fO

//

g

��

Mδ

h

��

F L

eFL
==zzzzzzzz

L

↑L
=={{{{{{{{

idL
// L

f
//M

Figure 3.3: A closer look at fO via F L.

To see why, first observe that since g is a complete homomorphism, it also
preserves all directed joins, so that g is (σ↑, σ↑)-continuous. Since σ↑ ⊆ δ↑ by
Lemma 2.1.28(3), it follows that g : Lδ → L is (δ↑, σ↑)-continuous. Now since
eI : I L→ L is (σ↑, δ↑)-continuous by Theorem 2.1.23, it follows that (3.27) holds.
Our second observation is that

h ◦ fO ◦ eIL is (σ↑, σ↑)-continuous. (3.28)

Similarly to g, as we have seen above, it is the case that h : Mδ →M is (σ↑, σ↑)-
continuous. Now since fO ◦ eIL is (σ↑, σ↑)-continuous by Corollary 2.2.5, it follows
that (3.28) holds.

We can now show that f : L→M is (σ↑, σ↑)-continuous, i.e. that f preserves
directed joins. Let S ⊆ L be directed, then

f(
∨
S) = f

(∨
geIL ↓L[S]

)
since g ◦ eIL ◦ ↓L = idL,

= fgeIL (
∨
↓L[S]) by (3.27),

= hfOeIL (
∨
↓L[S]) since h ◦ fO = f ◦ g,

=
∨
hfOeIL ↓L[S] by (3.28),

=
∨
fgeIL ↓L[S] since h ◦ fO = f ◦ g,

=
∨
f [S] since g ◦ eIL ◦ ↓L = idL.

The proof that f preserves co-directed meets is similar. We need to consider
the diagram in Figure 3.3, about which we make the two following familiar
observations. Firstly, for reasons analogous to those for (3.27), it follows that

g ◦ eFL is (σ↓, σ↓)-continuous. (3.29)

Secondly, as before with (3.28) we see that

h ◦ fO ◦ eFL is (σ↓, σ↓)-continuous. (3.30)

Now if S ⊆ L is co-directed, then we can make the same step-by-step argument as
above to show that f(

∧
S) =

∧
f [S]. Having established that f is both (σ↑, σ↑)-

continuous and (σ↓, σ↓)-continuous, we see that it follows by general topology
(Lemma A.7.3) that f : L→M is (σ, σ)-continuous.
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In its most general form, we say an algebra A is a retract of an algebra B if
there exist homomorphisms f : A→ B and g : B→ A such that gf = idA. So the
question when a lattice-based algebra is a retract of its canonical extension is
the question under what circumstances there exists a homomorphism g : Aδ → A
such that g ◦ eA = idA. We will answer this question below under two additional
requirements. Firstly, we will only consider complete homomorphisms g : Aδ → A.
Secondly, we will assume that A has a profinite lattice reduct.

3.4.16. Theorem. Fix a lattice-based signature Ω and let A be a monotone lattice-
based Ω-algebra such that Al is profinite. Then there exists a unique complete
lattice homomorphism g : (Aδ)l → Al such that g ◦ eA = idA. Moreover, the
following are equivalent:

1. g : Aδ → A is an Ω-algebra homomorphism;

2. A is a Boolean topological algebra.

Proof Since we assumed that Al is profinite, the existence of a unique complete
lattice homomorphism g : (Aδ)l → Al extending idA : A→ A follows from Corollary
3.4.2. To show that (2) implies (1), we can apply Theorem 3.4.14 to idA : A→ A.

We will now show that (1) implies (2). Since Al is already a Boolean topological
lattice, we only need to show that for each ω ∈ Ω, ωA : Ao → A is continuous,
where o is the order type of ω, and the topology we are considering is σ(A), the bi-
Scott topology. Since we assumed that g : Aδ → A is an Ω-algebra homomorphism,
we know that the following diagram commutes:

(Aδ)o
ωAδ //

go

��

Aδ

g

��
Ao

(eA)o
<<yyyyyyyy

idAo
// Ao ωA

// A

Now regardless of whether ωAδ = (ωA)O or ωAδ = (ωA)M, Lemma 3.4.15 tells us
that ωA is (σ, σ)-continuous, since ωA is order-preserving and g is a complete
homomorphism. Since ω ∈ Ω was arbitrary, it follows that A is a topological
algebra.

3.4.4 Conclusions and further work

At this point in the narrative of this dissertation, §3.4 is a high point that is best
enjoyed standing on a lot of ground work developed in Chapters 2 and 3. To a
large extent, Chapters 2 and 3 were shaped to support the individual results in
§3.4. Since this section contributes to an active field, we will now put our results
in some perspective.
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The results in §3.4.1 are an improvement of results from [96]. In [96], we
relied on duality theory to establish the fundamental connection between the
canonical extension and the profinite completion (Theorem 3.4.1), so we could only
state the result for distributive lattices with operators. The connection between
canonical extensions and profinite completions via duality has been studied more
extensively in the cases of Heyting algebras [15, 14, 16] and distributive lattices
and Boolean algebras [16]; also see §4.1.4. It is only now that we have extended
(the topological) part of the canonical extension theory (in Chapter 2 and §3.2, and
with Theorem 3.3.12), that we are able to state and prove Theorem 3.4.1 in full
generality, without using duality theory. The central reasons for the main point
of Theorem 3.4.1, viz. the fact that the profinite completion Â of a lattice-based
algebra A is always a complete quotient of the canonical extension Aδ, are the
fact that canonical extensions preserve surjective algebra homomorphisms and the
fact that finite algebras are a fixed point of canonical extensions.

In §3.4.2, we set out to improve on J. Harding’s result [50], which says that
profinite completions and canonical extensions of monotone lattice-based algebras
coincide in finitely generated varieties, using a proof strategy centered around the
fact that HSP = HSPB in finitely generated congruence-distributive varieties. At
the time of writing of this chapter, we learned that M.J. Gouveia has a paper in
press [49] which contains the same result as our Theorem 3.4.12. Unfortunately we
cannot presently compare our approach in §3.4.2 with that of [49], because we have
not seen this paper yet. Our results in §3.4.3, concerning universal properties of
canonical extensions with respect to Boolean topological lattice-based algebras, are
similar to unpublished work of Gehrke & Harding, who investigated the question
when canonical extensions are a reflector when applied to a lattice-based algebras.

Further work

We believe that there is a lot more work to be done on the subject of canonical
extensions and topological algebra. We will name a few possible more concrete
questions.

• Even though we know that the canonical extension of a lattice is not always
a topological lattice in its σ-topology (Example 3.4.3), this does not rule out
that there is a meaningful way to see the canonical extension of a lattice L as
a topological lattice. One possibility would be to consider ‘mixed’ topologies
on Lδ, such as σ↑ ∨ δ↓ or σ↓ ∨ δ↑, much like the Lawson topology σ↑ ∨ ι↓ [45].

• Given the fact that Boolean topological lattices can be characterized order-
theoretically (Theorem 3.1.26), it would be interesting to see if we can find
further universal properties of canonical extensions with respect to Boolean
topological algebras.


