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Chapter 4

Duality, profiniteness and completions

In §3.4, we saw that there are several strong connections between canonical
extensions, profinite completions and topological lattice-based algebras. In this
chapter, we will see that some of these connections can also be interpreted through
the discrete duality for distributive lattices with operators (DLO’s).

Discrete duality is one of the ingredients of the ‘double duality diagram’ for
modal logic (Fig. 1.1, p. 3) from Chapter 1. For DLO’s, the diagram looks as
follows.

DLO’s
extended // relational Priestley

spaces
Priestley duality

oo

forget
topology

��
semi-topological

DLO’s

discrete //

are included
in

OO

ordered
Kripke frames

duality
oo

We point out two reasons why the discrete duality results we present are
interesting. Firstly, these results provide algebraic insight into interesting classes
of (ordered) Kripke frames. Secondly, these results provide spacial insight into
interesting classes of lattice-based algebras. This latter perspective will be the
primary one in this chapter.

This chapter is organized as follows. In §4.1, we discuss a general duality for
profinite DLO’s, and a way to present profinite completions of DLO’s using duality.
We will see that profinite DLO’s correspond to hereditarily finite Kripke frames.
In §4.2, we provide a brief survey of how the results from §4.1 specialize to known
results concerning distributive lattices, Boolean algebras and Heyting algebras.
Finally, in §4.3, we will restrict our attention to Boolean algebras with operators,
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112 Chapter 4. Duality, profiniteness and completions

and we will see that in that case, we can also characterize Boolean topological
algebras via duality: Boolean topological Boolean algebras with operators are
dual to image-finite Kripke frames.

4.1 Dualities for distributive lattices with oper-

ators

In this section, we will describe discrete duality for profinite distributive lat-
tices with operators (DLO’s), and we will discuss the relation between canonical
extensions, profinite completions and duality. Recall that distributive lattices
correspond to Priestley spaces via Priestley duality, and that complete, bi-algebraic
distributive lattices correspond to partially ordered sets via discrete duality. Gold-
blatt [47] showed that discrete duality for distributive lattices can be extended to a
duality relating DLO+, the category of semi-topological DLO’s, to OKFr, the cat-
egory of ordered Kripke frames. Moreover, there is a strong and non-coincidental
connection between canonical extensions of DLO’s and discrete duality: given a
DLO A, one can naturally construct an ordered Kripke frame A• via extended
Priestley duality, which is then the discrete dual of Aδ, the canonical extension of
A.

The two main points of this section are the following. Firstly, we show that
Pro- DLOf , the category of profinite DLO’s, forms a subcategory of DLO+,
the category of semi-topological DLO’s, and that the discrete duality for semi-
topological DLO’s restricts to a duality between profinite DLO’s and hereditarily
finite ordered Kripke frames.

DLO+ ' OKFrop

Pro- DLOf

⊆

' HωOKFrop

⊆

Secondly, we show that Â, the profinite completion of a DLO A, corresponds to a
generated subframe of A•, the dual of Aδ.

A

µA

  

eA

��@@@@@@@

Aδ

νA
��

A•

Â HωA•

v

This section is organized as follows. First, in §4.1.1, we introduce semi-
topological DLO’s, and we show how semi-topological DLO’s are a generalization
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of Boolean topological DLO’s and profinite DLO’s. Next, in §4.1.2, we take a
closer look at the category of ordered Kripke frames; specifically, we show how
one can construct direted colimits of ordered Kripke frames. In §4.1.3, we use
a categorical argument to show that the category of profinite DLO’s is dually
equivalent to the category of hereditarily finite ordered Kripke frames. Finally,
in §4.1.4, we show how the relation between canonical extensions and profinite
completions can be understood using duality. In §4.1.5 we provide conclusions
and suggestions for further work.

4.1.1 Semi-topological DLO’s

In this subsection we will present several facts and results on topological DLO’s
which we will need further on, and which additionally serve to motivate the phrase
‘semi-topological DLO’. Let us start by restricting the notion of DLO we will
consider in this section.

4.1.1. Convention. In full generality, a DLO is a monotone distributive lattice-
based algebra (see §3.3.1) A for a signature Ω = {0, 1,∧,∨}]Ωj]Ωm such that for
each ω ∈ Ωj , ωA : Aord(ω) → A is a normal operator, and ω ∈ Ωm, ωA : Aord(ω) → A
is a dual normal operator. To simplify our presentation, we fix two natural
numbers n, m and we will only consider DLO’s with a single normal operator
♦ : An → A and dual normal operator � : Am → A.

4.1.2. Remark. We choose not to explicitly deal with order-reversing operators
in this chapter, to simplify the presentation. However, all results we present
generalize to operators which are order-preserving in some coordinates and order-
reversing in others.

4.1.3. Example. Examples of DLO’s are:

• distributive lattices (with no operators);

• Heyting algebras A = 〈A,∧,∨,→, 0, 1〉, as the Heyting implication→ : Aop×
A→ A is a dual normal operator;

• Boolean algebras A = 〈A,∧,∨,¬, 0, 1〉, as Boolean negation ¬ : Aop → A is
both a normal operator and a dual normal operator by De Morgan’s laws;

• modal algebras A = 〈A,∧,∨,¬, 0, 1,�〉, since these satisfy �(x ∧ y) =
�x ∧�y and �1 = 1.

We may now define semi-topological DLO’s, which are the main objects of
study in this section, together with ordered Kripke frames (which we will introduce
in §4.1.2).
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4.1.4. Definition. Let A = 〈A,∧,∨, 0, 1,♦,�〉 be a DLO. We say A is a semi-
topological DLO if

• A is complete,

• A is bi-algebraic,

• ♦ : An → A is a complete operator (preserves all joins in each coordinate),

• � : Am → A is a complete dual operator (preserves all meets in each coordi-
nate).

By DLO+ we denote the category of semi-topological DLO’s and complete homo-
morphisms.

Semi-topological DLO’s are usually called perfect DLO’s in the literature. We
hope that the facts and results in the remainder of this subsection help to convince
the reader that there are good reasons for the name we have chosen. The first
reason for using the phrase ‘semi-topological’ lies in the fact that if we were
to consider DLO’s without any operators, i.e. ‘naked’ distributive lattices, then
‘semi-topological’ distributive lattices are topological lattices.

4.1.5. Fact. Let L be a distributive lattice. Then the following are equivalent:

1. L is semi-topological (i.e. complete and bi-algebraic);

2. L is a profinite lattice.

There are many equivalent characterizations of profinite lattices such as the fact
above, see e.g. [27, Th. 2.5].

We see now that semi-topological DLO’s come equiped with a natural, Boolean
topology, and that ∨ and ∧ are always continuous with respect to this topology.
The reason a semi-topological DLO A may fail to be finite lies in the (lack of)
continuity properties of ♦ and �. We show below that we can expect some
continuity from ♦ and �, however.

4.1.6. Lemma. Let A be a DLO. Then A is a semi-topological DLO if and only if

1. Al is a profinite lattice;

2. ♦ : An → A is (σ↑, σ↑)-continuous;

3. � : Am → A is (σ↓, σ↓)-continuous.
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Proof Suppose that A is a semi-topological DLO. Firstly, we see that Al, the
lattice reduct of A, is complete and bi-algebraic, so by Fact 4.1.5, Al is a profinite
lattice. Secondly, since ♦ : An → A preserves all joins in each coordinate, a fortiori
it also preserves directed joins in each coordinate. It follows from Fact A.3.4 that
♦ is (σ↑, σ↑)-continuous. The argument for � is analogous.

Conversely, suppose that A is a DLO satisfying (1), (2) and (3). It follows
by Fact 4.1.5 that A is complete and bi-algebraic. Moreover, by Fact A.3.4,
♦ : An → A preserves directed joins in each coordinate. But then ♦ preserves
both finite joins (because it is an operator) and directed joins in each coordinate,
it follows by Fact A.4.1 that f preserves all joins in each coordinate. An order
dual argument shows that � : Am → A preserves all meets in each coordinate;
consequently we may conclude that A is a semi-topological DLO.

We will now see that two important classes of topological DLO’s, namely
Boolean topological DLO’s and profinite DLO’s, are semi-topological. This is
interesting for two reasons. Firstly, it tells us that we can apply the duality for
semi-topological DLO’s to Boolean topological DLO’s and profinite DLO’s, so
that we may better understand them. Secondly, the fact that Boolean topological
DLO’s are semi-topological is a further motivation for the use of the phrase
‘semi-topological’.

4.1.7. Definition. By BoolDLO we denote the category of Boolean topological
DLO’s and continuous homomorphisms. By Pro- DLOf we denote the category
of profinite DLO’s and continuous homomorphism.

We know for general reasons that Pro- DLOf is a subcategory of BoolDLO
(Fact 3.1.13). If we restrict our attention to distributive lattices rather than DLO’s,
this inclusion can also be reversed, as was first demonstrated by K. Numakura
[72].

4.1.8. Fact. Pro- DLf
∼= BoolDL.

We will now show how semi-topological DLO’s can be seen as a generalization
of the profinite DLO’s and Boolean topological DLO’s.

4.1.9. Corollary. BoolDLO is a full subcategory of DLO+. Consequently, so
is Pro- DLOf .

Proof We will show that every Boolean topological DLO is a semi-topological
DLO. Since all continuous DLO homomorphisms are complete homomorphisms
by Fact 3.1.23(3), it then follows that BoolDLO is a full subcategory of DLO+.
Moreover, since by Fact 3.1.13 every profinite DLO is also a Boolean topological
DLO, it follows that Pro- DLOf is also a full subcategory of DLO+.

Suppose A is a Boolean topological DLO. Then Al, the lattice reduct of A, is
profinite by Fact 4.1.8. Also, the operation ♦ : An → A is continuous with respect
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to the (unique!) topology on A, i.e. with respect to the bi-Scott topology (Fact
3.1.23(1)). Since ♦ is order-preserving, it is also (σ↑, σ↑)-continuous (by Lemma
2.1.17). By the same argument if follows that � is (σ↓, σ↓)-continuous, so we may
conclude by Corollary 4.1.6 that A is a semi-topological DLO. This concludes our
proof.

4.1.2 Colimits of ordered Kripke frames

In this subsection we will introduce ordered Kripke frames, which correspond to
semi-topological DLO’s via discrete duality, and we will show how to construct
directed colimits of ordered Kripke frames. Moreover, we will see that directed
unions of Kripke frames are an example of directed colimits.

Ordered Kripke frames

We begin defining OKFr, the category of ordered Kripke frames and bounded
morphisms, which is dually equivalent to DLO+, the category of semitopological
DLO’s and continuous homomorphisms.

4.1.10. Definition. An ordered Kripke frame [47] consists of a tuple F =
〈XF,≤F,RF, QF〉 where

1. 〈XF,≤F〉 is a partial order;

2. RF ⊆ X ×Xn is an (n+ 1)-ary relation such that

(a) ∀x ∈ X, RF[x] := {ȳ ∈ Xn | x RF ȳ} is a lower set;

(b) ∀ȳ ∈ Xn, {x ∈ X | x RF ȳ} is an upper set;

3. QF ⊆ X ×Xm is an (m+ 1)-ary relation such that

(a) ∀x ∈ X, QF[x] is a upper set;

(b) ∀ȳ ∈ Xn, {x ∈ X | x QF ȳ} is a lower set.

Observe that the conditions on RF and QF can be summarized as follows:

≥F ;RF ; (≥F)n = RF and ≤F ;QF ; (≤F)m = QF.

A bounded morphism between two ordered Kripke frames F = 〈XF,≤F, RF, QF〉
and G = 〈XG,≤G, RG, QG〉 is a function f : XF → XG such that

1. ∀x, y ∈ F, if x ≤F y then f(x) ≤G f(y) (f is order-preserving);

2. ∀x, y1, . . . , yn ∈ F, if x RF (y1, . . . , yn) then f(x) RG (f(y1), . . . , f(yn)) and
similarly for Q (f has the forth property);
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3. ∀x ∈ F, ∀y′1, . . . , y′n ∈ G, if f(x) RG (y′1, . . . , y
′
n) then ∃y1, . . . , yn ∈ F such

that x RF (y1, . . . , yn) and f(y1) = y′1, . . . , f(yn) = y′n (f has the back
property).

By OKFr we denote the category of ordered Kripke frames and bounded mor-
phisms. We will sometimes omit the subscripts when specifying a frame, simply
writing F = 〈X,≤, R,Q〉.

For details about the following fact, see e.g. [40, §2.3]. Of the two functors
that witness this duality, we will only use (·)+ : OKFrop → DLO+, which we will
describe in more detail in Definition 4.1.21.

4.1.11. Fact. The categories DLO+ and OKfr are dually equivalent.

Directed colimits of ordered Kripke frames

We will now describe directed colimits of ordered Kripke frames. First, we recall
what colimits are. A cocone to a poset-indexed diagram of ordered Kripke frames
〈Fi, fij〉I in OKFr is an I-indexed collection of maps (gi : Fi → F)I with a common
codomain F such that for all i, j ∈ I with i ≤ j, we have gj ◦ fij = gi.

F

Fi

gi

OO

fij
// Fj

gj
__????????

Let (hi : Fi → G)I be another cocone to 〈Fi, fij〉I and let e : F→ G be a bounded
morphism. We say e is a map of cocones if for all i ∈ I, e ◦ gi = hi.

G F
eoo

Fi

hi

OO

gi

??�������

We call (gi : Fi → F)I a limiting cocone if for all (hi : Fi → G)I , there exists a
unique map of cocones e : F→ G. We then call F the colimit of 〈Fi, fij〉I , writing
F ' lim−→I

Fi. In this chapter, we will only consider directed diagrams of ordered
Kripke frames, meaning that we will always assume that for all i, j ∈ I, there
exists a k ∈ I such that i, j ≤ k. What is nice about directed colimits of ordered
Kripke frames is that we can construct them in an elegant way.

Suppose that 〈Fi, fij〉i,j∈I is a directed diagram of ordered Kripke frames
Fi = 〈Xi,≤i, Ri, Qi〉. We define a relation ∼I on the disjoint union

⊎
I Xi: for all

x ∈ Xi and y ∈ Xj,

x ∼I y :⇔ ∃k ≥ i, j, fik(x) = fjk(y).
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It is easy to see that ∼I is reflexive and symmetric; moreover, since I is directed,
one can also easily show that ∼I is transitive and hence, an equivalence relation.
What we have just described is how to construct directed colimits in the category
of sets. We will now define an ordered Kripke frame structure on the set of
∼I-equivalence classes, i.e. on

⊎
I Xi/∼I = {[x] | ∃i ∈ I, x ∈ Xi}. We define the

relations as follows:

[x] ≤I [y] if ∃i ∈ I and x′, y′ ∈ Fi such that x ∼I x′, y ∼I y′ and x′ ≤i y′,

and similarly for R and Q. Now we define⊎
I

Fi/∼I := 〈
⊎
I

Xi/∼I ,≤I , RI , QI〉.

4.1.12. Lemma. Let 〈Fi, fij〉i,j∈I be a directed diagram of ordered Kripke frames.
Then

⊎
I Fi/∼I is the colimit of 〈Fi, fij〉i,j∈I .

Proof Suppose that we have a cocone for 〈Fi, fij〉i,j∈I , i.e. an ordered Kripke
frame G = 〈Y,≤, R′, Q′〉 and bounded morphisms gi : Fi → G such that for all
i ≤ j, gj◦fij = gi. We want to find a unique bounded morphism g :

⊎
I Fi/∼I → G

extending all the gi. We know from basic category theory that the function

g :
⊎

Xi/∼I → Y

[x] 7→ gi(x) for x ∈ Fi,

is the unique function extending all the gi. What remains to be shown is that g is
a bounded morphism. To see why e.g. the order ≤I is preserved by g, suppose
that [x] ≤I [y]. Then there must exist some i ∈ I and x′, y′ ∈ Fi such that x ∼I x′,
y ∼I y′ and x′ ≤i y′. Now we see that

g([x]) = g([x′]) since x ∼I x′,
= gi(x

′) since x′ ∈ Fi,

≤ gi(y
′) since gi is order-preserving,

= g([y′]) since y′ ∈ Fi,

= g([y]) since y ∼I y′.

Similar arguments show that the relations RI and QI are preserved. Finally,
suppose that g([x])R′(y′1, . . . , y

′
n). We have to find [y1], . . . , [yn] ∈

⊎
I Fi/∼I such

that
[x]RI([y1], . . . , [yn]) and g([y1]) = y′1, . . . , g([yn]) = y′n.

Let i ∈ I such that x ∈ Fi; then since g([x]) = gi(x) we see that gi(x)R′(y′1, . . . , y
′
n).

Since gi is a bounded morphism, it follows that there exist y1, . . . , yn ∈ Xi such
that xRi(y1, . . . , yn) and gi(y1) = y′1, etc. It follows that [x]RI([y1], . . . , [yn]), and
since g([y1]) = gi(y1), etc, we see that g is indeed a bounded morphism. It follows
that

⊎
I Fi/∼I is the colimit of 〈Fi, fij〉i,j∈I .
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Colimits via generated subframes

We will now see that diagrams of ordered Kripke frames can occur as collections
of generated subframes of a given frame F, and that directed colimits of such
diagrams can be computed by simply taking a union. First, we will define generated
subframes of ordered Kripke frames.

4.1.13. Definition. Given ordered Kripke frames F′ = 〈X ′,≤′, R′, Q′〉 and F =
〈X,≤, R,Q〉, we say F′ is a substructure of F if

• X ′ ⊆ X;

• ≤′ = ≤ � (X ′ ×X ′) and similarly for R′ and Q′

Observe that if F′ is a substructure of F, then the relations on F′ are all induced
by the underlying set X ′. We may therefore refer to F′ as the substructure of
F induced by X ′. We say F′ is a generated subframe of F (notation: F′ v F) if
additionally, we have that

• ∀x ∈ X ′, ∀y1, . . . , yn ∈ X, if xR(y1, . . . , yn), then {y1, . . . , yn} ⊆ X ′, and
similarly for Q (F′ is closed under R- and Q-successors).

We present a well-known fact which will be of use in §4.1.4. Let f : F′ → F

be a bounded morphism between ordered Kripke frames F = 〈X,≤, R,Q〉 and
F′ = 〈X ′,≤′, R′, Q′〉. We define f [F′] to be the substructure of F induced by f [X ′].

4.1.14. Lemma. Let f : F′ → F be a bounded morphism between ordered Kripke
frames. Then f [F′] is a generated subframe of F.

Proof We need to show that f [F′] is a substructure of F, and that f [F′] is closed
under R- and Q-successors. The former follows by the definition of f [F′] above;
the latter from the fact that f , as a bounded morphism, has the back property.

It is not hard to see that the generated subframe relation v on OKFr is a
partial order. Consequently, we can view a collection of generated subframes as a
diagram in the category of ordered Kripke frames and bounded morphisms. Let
{Fi | i ∈ I} be a collection of generated subframes of F. We may impose an order
on I by defining i ≤ j :⇔ Fi v Fj. If we denote the embedding from Fi to Fj by
fij : Fi → Fj, then 〈Fi, fij〉i,j∈I becomes a diagram of ordered Kripke frames: if
Fi v Fj v Fk, then Fi v Fk, so that the following diagrams commutes.

Fj
fjk // Fk

Fi

fij

OO

fik

??~~~~~~~~
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We call 〈Fi, fij〉i,j∈I the diagram associated with {Fi | i ∈ I}; whenever possible we
will not refer explicitly to the embedding maps fij . One of the pleasant properties
of directed diagrams of generated subframes is that we can easily compute their
colimit. If {Fi | i ∈ I} is a set of generated subframes of F, we denote by⋃
{Fi | i ∈ I} the substructure of F induced by

⋃
{Xi | i ∈ I}.

4.1.15. Lemma. Let F = 〈X,≤, R,Q〉 be an ordered Kripke frame and let {Fi |
i ∈ I} be a collection of generated subframes of F. Then

⋃
IFi is also a generated

subframe of F.
Moreover, if we assume that {Fi | i ∈ I} is directed, then

⋃
IFi is the colimit

of the diagram associated with {Fi | i ∈ I}.

Proof Since
⋃
IFi is a substructure of F by definition, in order to show that

⋃
IFi v

F it suffices to show that
⋃
IFi is closed under R-successors and Q-successors. So

suppose that x ∈
⋃
IFi and that xR(y1, . . . , yn) for some y1, . . . , yn ∈ F. Then

there must be some i ∈ I such that x ∈ Fi. Now since Fi v F by assumption, we
see that y1, . . . , yn ∈ Fi. It follows that

⋃
IFi is closed under R-successors; the

argument for Q-successors is identical.
To see that

⋃
IFi is the colimit of the diagram associated with {Fi | i ∈ I},

suppose we have a co-cone of bounded morphisms (gi : Fi → G)i∈I to some frame
G. Saying that (gi : Fi → G)i∈I is a cocone means that whenever x ∈ Fi v Fj,
then gj(x) = gi(x).

Fj
gj // G

Fi

gi

??��������

v

But this is precisely sufficient for allowing us to uniquely define a map g :
⋃
IFi → G

which commutes with all of the gi: given x ∈
⋃
IFi, pick any i ∈ I such that

x ∈ Fi and map x to gi(x). To see that g :
⋃
IFi → G is order-preserving and

has the forth-property, i.e. that it preserves each of the relations ≤, R and Q,
suppose that e.g. x, y ∈

⋃
IFi and x ≤ y. Then there must exist i, j ∈ I such that

x ∈ Fi and y ∈ Fj. Since we assumed that {Fi | i ∈ I} is directed, there must
exist some k ∈ I such that Fi v Fk and Fj v Fk. But now it follows from the fact
that gk : Fk → G is a bounded morphism that g(x) = gk(x) ≤ gk(y) = g(y). The
argument to show that g :

⋃
IFi → G has the back-property is identical to that

from the proof of Lemma 4.1.12. It follows that
⋃
IFi is the colimit of {Fi | i ∈ I}.

4.1.3 Duality for profinite DLO’s

In this subsection, we will show that the category of profinite distributive lattices
with operators and the category of hereditarily finite ordered Kripke frames are
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dually equivalent. Moreover, this duality is the restriction of the duality between
semi-topological DLO’s and ordered Kripke frames.

DLO+ ' OKFrop

Pro- DLOf

⊆

' HωOKFrop

⊆

We start by defining the category in the lower right hand corner of the above
diagram.

4.1.16. Definition. An ordered Kripke frame F is hereditarily finite if for all
x ∈ F, there exists a finite F′ v F such that x ∈ F′. By HωOKFr we denote the
full subcategory of OKFr whose objects are all hereditarily finite ordered Kripke
frames.

One can see the property of being hereditarily finite as a local finiteness
property. We will see below that we can express this property categorically.

4.1.17. Lemma. Let F be an ordered Kripke frame. The following are equivalent:

1. F is hereditarily finite;

2. F ' lim−→I
Fi for some directed diagram of finite frames.

Proof (1) ⇒ (2). If F is hereditarily finite then for every x ∈ F, there is a finite
F′ v F such that x ∈ F′. It follows that F =

⋃
{F′ v F | F′ finite}. It follows by

the first part of Lemma 4.1.15 that the diagram associated with {F′ v F | F′ finite}
is directed: if F0 v F and F1 v F are finite generated subframes of F, then F0 ∪F1

is also a generated subframe of F, which obviously is still finite. It now follows
from the second part of Lemma 4.1.15 that F is a directed colimit of finite frames.

(2) ⇒ (1). Suppose that 〈Fi, fij〉i,j∈I is a directed diagram of finite ordered
Kripke frames; we will show that

⊎
Fi/∼I is hereditarily finite. This is sufficient

since by Lemma 4.1.12, lim−→I
Fi '

⊎
Fi/∼I . Recall that each Fi can be mapped

to
⋃

Fi/∼I by sending x ∈ Fi to [x], the ∼I-equivalence class of x. Let us denote
these maps by hi : Fi →

⊎
Fi/∼I . Let [x] ∈

⊎
Fi/∼I ; we want to show that there

is a finite F′ v
⊎

Fi/∼I such that x ∈ F′. Since [x] ∈
⊎

Fi/∼I , we know that
x ∈

⊎
Fi, so there is some i ∈ I such that x ∈ Fi. It follows that hi(x) = [x], so

that [x] ∈ hi[Fi]. Now we know from Fact 4.1.14 that hi[Fi] v
⊎

Fi/∼I , and since
Fi is finite, so is hi[Fi]. Since [x] ∈

⊎
Fi/∼I was arbitrary, it follows that

⊎
Fi/∼I

is hereditarily finite.

Now that we have characterized the category of hereditarily finite ordered
Kripke frames categorically, it is easy to prove the duality result of this subsection.
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4.1.18. Theorem. Pro- DLOf
∼= (HωOKFr)op.

Proof We already know that DLO+ ' OKFrop (Fact A.8.1). Since Pro- DLOf

is a full subcategory of DLO+ and HωOKFr is a full subcategory of OKFr, it
suffices to show that the functor (·)+ : DLO+ → OKFrop maps profinite DLO’s
to hereditarily finite ordered Kripke frames and vice versa for (·)+ : OKFrop →
DLO+; we need not concern ourselves with morphisms.

Suppose that A is a profinite DLO, i.e. that A ' lim←−I Ai for some co-directed
diagram 〈Ai, fij〉i,j∈I . We will show that A+ is a hereditarily finite ordered Kripke
frame. Since being a limit is a categorical property, it is stable under categorical
equivalenc. Since (·)+ : DLO+ → OKFrop is a contravariant functor however, we
see that A+ must be a colimit for the diagram 〈(Ai)+, (fij)+〉i,j∈I , and since the
arrows are reversed, this diagram is directed rather than co-directed. Since each
Ai is finite, we see by Fact A.8.1 that each (Ai)+ is finite as well. We have now
established that

A+ ' lim−→I
(Ai)+,

for a directed diagram of finite frames 〈(Ai)+, (fij)+〉i,j∈I . It follows by Lemma
4.1.17 that A+ is hereditarily finite.

Conversely, if F is hereditarily finite, then by Lemma 4.1.17 we may assume
that F ' lim−→I

Fi for some directed diagram of finite frames 〈Fi, fij〉i,j∈I . It now

follows by an argument analogous to the one above that 〈F+
i , f

+
ij 〉i,j∈I is a co-

directed diagram of finite DLO’s and that F+ ' lim←−I F+
i ; consequently, F+ is

profinite. This concludes our proof.

4.1.4 Profinite completion via duality

In this subsection, we will show that Â, the profinite completion of a DLO A,
corresponds to the largest hereditarily finite generated subframe of A•, the prime
filter frame of A. We illustrate this with the following picture:

A

µA

  

eA

��@@@@@@@

Aδ

νA
��

A•

Â HωA•

v

The left side of the picture above follows from the commutative diagram of Theorem
3.4.1, which states that the profinite completion µA : A → Â of a lattice-based
algebra A can be factored through eA : A→ Aδ, the canonical extension of A, via
a surjective complete homomorphism νA : Aδ → Â. The right-hand side of the
picture above shows two dual structures which are derived from our DLO A. The
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prime filter frame of A, denoted A•, is known to be the discrete dual of Aδ. What
we will see below is that Â, the profinite completion of A, is dual to HωA•, which
is the largest hereditarily finite generated subframe of A•.

Canonical extensions via duality

Recall that given a DLO A = 〈A,∧,∨, 0, 1,�A,♦A〉, we can think of four different
canonical extensions of A, depending on how we choose to extend �A and ♦A:
by taking (�A)O and (♦A)O, (�A)M and (♦A)M, (�A)O and (♦A)M, or (�A)M and
(♦A)O. Out of these four choices, the last one has the best continuity properties if
we go by Theorem 2.2.18 (1).

4.1.19. Convention. If A = 〈A,∧,∨, 0, 1,�A,♦A〉 is a DLO, then we define
Aδ = 〈Aδ,∧,∨, 0, 1, (�A)M, (♦A)O〉, meaning that we take the lower extension of
the operator(s) of A and the upper extension of the dual operator(s).

We will now discuss how the canonical extension of a DLO A can be constructed
via A∗, the extended Priestley dual of A. First, one takes A∗ and one strips
this structure of its topology, resulting in a discrete ordered Kripke frame we
denote by A•, the prime filter frame of A. This construction is in fact a functor
(·)• : DLO→ OKFrop.

4.1.20. Definition. The prime filter frame of a DLO A = 〈A,∧,∨, 0, 1,♦A,�A〉
is defined as follows:

A• := 〈XA• ,≤A• , RA• , QA•〉,

where

• 〈XA• ,≤A•〉 is the set of prime filters of A, ordered by inclusion;

• F RA• (G1, . . . , Gn) iff ♦A[G1, . . . , Gn] ⊆ F ;

• F QA• (G1, . . . , Gm) iff �−1
A (F ) ⊆

⋃m
i=1bi(A,Gi), where

bi(U, V ) := U × · · · × U︸ ︷︷ ︸
i−1

× V × U × · · · × U︸ ︷︷ ︸
m−i

.

If f : A→ B is a DLO homomorphism, then f• : B• → B• is defined simply as

f• : F 7→ f−1(F ).

The next step in constructing Aδ from A is to take the complex algebra of A•. The
complex algebra functor (·)+ : OKfrop → DLO+ is part of the discrete duality
between semi-topological DLO’s and ordered Kripke frames (Fact 4.1.11).
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4.1.21. Definition. If F = 〈X,≤, R,Q〉 is an ordered Kripke frame, then we
define

F+ := 〈Up(X),∩,∪, ∅, X, 〈R〉, [Q]〉,

the complex algebra of F, where

• 〈Down(X),∩,∪, ∅, X〉 is the lattice of lower sets of 〈X,≤〉;

• 〈R〉 : (U1, . . . , Un) 7→ {x ∈ X | R[x] G U1 × · · · × Un};

• [Q] : (U1, . . . , Um) 7→ {x ∈ X | Q[x] ⊆
⋃m
i=1bi(X,Ui)}.

If f : F→ G is a bounded morphism, then we define f+ : G+ → F+ as

f+ : U 7→ f−1(U).

Having defined the functors (·)• : DLO → OKFrop and (·)+ : OKFrop →
DLO+, we can now describe the canonical extension of a DLO A using duality.

4.1.22. Fact ([38]). Let A be a DLO. Then e : A→ (A•)+, where

e : a 7→ {F ∈ A• | a ∈ F},

is the canonical extension of A.

The above fact is no coincidence; canonical extensions were developed by Jónsson
and Tarski [58] for Boolean algebras with operators precisely to study properties
of duality-based representations such as that in Fact 4.1.22. Note that rather than
defining Aδ first on the lattice reduct of A, and then adding extensions of � and
♦ as we did in §3.3, we can define the canonical extension of a DLO directly. This
is because we restricted our notion of canonical extension in Convention 4.1.19.

4.1.23. Convention. For convenience, we redefine eA : A→ Aδ, the canonical
extension of a DLO A, as eA : A→ (A•)+ (see Fact 4.1.22 above) for the remainder
of this chapter.

4.1.24. Remark. Observe that the functor (·)+ : OKFrop → DLO+ maps an
ordered Kripke frame to its collection of lower sets. Some authors define Priestley
duality differently, using upper sets rather than lower sets. This is possible only if
one also adapts the definition of (·)+ : DLO+ → OKFrop. Both approaches are
mathematically equivalent, as long as the readers are aware which approach is
being used.
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The dual of the profinite completion

In the introduction to this subsection, we mentioned that the profinite completion
of A correspondes to ‘the largest hereditarily finite generated subframe’ of A•.
Below, we will make this notion precise.

4.1.25. Lemma. HωOKFr is a co-reflective subcategory of OKFr.

Proof The statement of the lemma boils down to the following. For each frame F

we need to find a hereditarily finite frame F′ and a bounded morphism h : F′ → F,
such that whenever f : G→ F is a bounded morphism from a hereditarily finite
frame G to F, then there exists a unique f ′ : G→ F′ such that h ◦ f ′ = f .

F

G

f
??��������

f ′
// F′

h

OO

Concretely, we will define F′ to be the following generated subframe of F:

HωF =
⋃
{G | G vω F}.

Observe HωF is indeed a generated subframe of F by Lemma 4.1.15, and by
the same lemma, we see that HωF is a colimit of a directed diagram of finite
frames. We will take h : HωF → F to simply be the embedding map. Now we
must show that HωF has the desired universal property. What we will show is
that if f : G→ F is a bounded morphism from a hereditarily finite frame G to F,
then f [G] v HωF. But this is easy to see: if x ∈ G, then since G is hereditarily
finite, there exists a finite G′ v G such that x ∈ G′. It follows that f(x) ∈ f [G′].
Since G′ is finite, so is f [G′]. Now since also f [G′] v F by Fact 4.1.14, we see that

f(x) ∈ f [G′] v HωF.

Since x ∈ G was arbitrary, it follows that f [G] v HωF. We may therefore take
f ′ : G→ HωF to be f with its codomain restricted to HωF. It follows from basic
set theory that f ′ is the unique map such that h ◦ f ′ = f .

By basic category theory, Hω : OKFr→ HωOKFr is now a functor [69, §IV.3];
if f : F → G is a bounded morphism then Hωf : HωF → HωG is simply the
restriction of f to HωF.

4.1.26. Remark. Observe that our definition of HωF above leaves open the
possibility that HωF is the empty frame. This will happen if every point in
F generates an infinite generated subframe. Not all textbooks on modal logic
universally agree with us that the empty frame is actually a frame, cf. [19,
Definition 1.19].
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We can now show how to construct the profinite completion Â of a DLO A
via duality.

4.1.27. Theorem. Let A be a DLO. Then m : A→ (HωA•)+, where

m : a 7→ {F ∈ HωA• | a ∈ F},

is the profinite completion of A.

Proof Since the profinite completion of A can be characterized via a universal
property (Fact 3.1.19), it suffices to show the following three things:

1. (HωA•)+ is profinite;

2. m : A→ (HωA•)+ is a DLO algebra homomorphism;

3. for every DLO homomorphism f : A→ B, where B is a profinite DLO, there
exists a unique continuous DLO homomorphism f ′ : (HωA•)+ → B such that
f ′ ◦m = f .

(1). This follows immediately from the fact that Hω : OKFr→ HωOKFr is a
functor and Theorem 4.1.18.

(2). Let us denote the embedding HωA• v A• by h : HωA• → A•. Then

h+ : (A•)+ → (HωA•)+

is a complete DLO homomorphism. Now it is an easy calculation to show that

m = h+ ◦ eA; (4.1)

consequently, m : A→ (HωA•)+ is a DLO algebra homomorphism.
(3). Suppose that f : A→ B and that B is a profinite DLO. Then by Corollary

3.4.2, there exists a unique continuous homomorphism f ′′ : (A•)+ → B such that

f ′′ ◦ eA = f. (4.2)

Now since (·)+ and (·)+ form a duality, there exists a bijection

ϕ : Hom((A•)+,B)� Hom(B+,A•) : ϕ−1,

which is natural in A• and B. This bijection gives us a bounded morphism
ϕ(f ′′) : B+ → A•. Since B+ is image-finite by Theorem 4.1.18, it follows from
Lemma 4.1.25 that there exists a unique g : B+ → HωA• such that h ◦ g = ϕ(f ′′).

HωA•
h
��

B+

g
;;

ϕ(f ′′)
// A•
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Observe that it is a consequence of the naturality of ϕ−1 that the following diagram
commutes:

HomOKFr(B+, HωA•)
ϕ−1
//

h◦
��

HomDLO+((HωA•)+,B)

◦h+

��
HomOKFr(B+,A•)

ϕ−1
// HomDLO+((A•)+,B)

Now we see that

f ′′ = ϕ−1 ◦ ϕ(f ′′) since ϕ is a bijection,

= ϕ−1(h ◦ g) since h ◦ g = ϕ(f ′′),

= ϕ−1(g) ◦ h+ by naturality of ϕ−1.

Now we define f ′ := ϕ−1(g). Then we see that

f ′ ◦m = f ′ ◦ h+ ◦ eA by (4.1),

= ϕ−1(g) ◦ h+ ◦ eA by definition of f ′,

= f ′′ ◦ eA since ϕ−1(g) ◦ h+ = f ′′,

= f by (4.2).

Moreover, it follows from the fact that g : B+ → HωA• is unique that f ′ = ϕ−1(g)
is unique.

4.1.5 Conclusions and further work

The duality for profinite DLO’s we presented in §4.1.3 was inspired by the general
categorical approach of Johnstone [54, Ch. VI], and the results on the Heyting
algebra case due to G. & N. Bezhanishvili [14]. The dual characterization of
profinite completion we present in §4.1.4 was inspired by results on the Heyting
algebra case due to G. Bezhanishvili et al. [15]. In [15], the dual of the profinite
completion of a Heyting algebra is described using the Nachbin order compactifi-
cation; this is a different approach than ours, which uses the fact that hereditarily
finite ordered Kripke frames form a co-reflective subcategory of the category of
ordered Kripke frames (Lemma 4.1.25).

An interesting question for further work is whether one can characterize
BoolDLO non-trivially using duality. We will provide a partial answer to this
question in §4.3; we revisit this question explicitly in §4.3.3.

4.2 A brief survey of subcategories of DLO

In this section, we will briefly sketch how the two main results of §4.1 specialize
to three well-known subcategories of DLO: the categories of distributive lattices,
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Boolean algebras and Heyting algebras. We will now recall the main results from
§4.1. Firstly, we showed that the discrete duality for semi-topological DLO’s
restricts to a duality for profinite DLO’s and hereditarily finite ordered Kripke
frames.

DLO+ ' OKFrop

Pro- DLOf

⊆

' HωOKFrop

⊆

Secondly, the profinite completion Â of a DLO A dually corresponds to the largest
hereditarily finite generated subframe of A•, the prime filter frame of A.

A

µA

��

eA

��???????

Aδ

νA
��

' (A•)+

��

A•

Â ' (HωA•)+ HωA•
v

Below we will see that in some cases, the diagrams above collapse. Our prime
examples of DLO’s for which the diagrams do not collapse are Heyting algebras,
which we will briefly discuss in §4.2.3, and Boolean algebras with operators. The
latter will be discussed in greater detail in §4.3.

4.2.1. Remark. In our discussion of completions in this section we have not
included the MacNeille completion (§A.5.2). Duality for MacNeille completions
of Heyting algebras was discussed by Harding & Bezhanishvili [51]. The relation
between canonical extensions and MacNeille completions of monotone lattice-based
algebras has been studied by Gehrke, Harding & Venema [36]. Bezhanishvili &
Vosmaer [16] discuss the question when canonical extensions, MacNeille comple-
tions and profinite completions of distributivel lattices, Heyting algebras and
Boolean algebras are isomorphic, using duality. Finally, we would like to point
out the brief discussion of the circumstances under which profinite completions
and MacNeille completions of modal algebras coincide in [97].

4.2.1 Distributive lattices

In the case of distributive lattices, the discrete duality between DLO+ and OKFr
boils down to the duality between DL+, the category of complete, bi-algebraic
distributive lattices and complete lattice homomorphisms, and Pos, the category
of partially ordered sets and order-preserving maps.

4.2.2. Fact. DL+ ' Posop.
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If we look at BoolDL ⊆ DL+, the category of Boolean topological distributive
lattices and continuous homomorphisms, and Pro- DLf , the category of profinite
distributive lattices and continuous homomorphisms, then it follows from Facts
4.1.5 and 4.1.8 that both of these categories are isomorphic to DL+.

4.2.3. Fact. Pro- DLf
∼= BoolDL ∼= DL+.

We combine these two facts in the following picture:

DL+ ' Posop

BoolDL

∼=
Pro- DLf

∼=

These dualities and isomorphisms have been discussed and rediscovered many
times; we refer the reader to Johnstone [54, §VI-3] and Davey et al. [27] for more
details and historical discussion.

Just like the categories DL+ and Pro- DLf collapse, we see that profinite
completion and the canonical extension of a distributive lattice L are isomorphic.

L

µL

��

eL

��???????

Lδ ' (L•)+ L•

L̂ '

'

(HωL•)+

=

HωL•

=

The fact that νL : Lδ → L̂ is an isomorphism and that νL ◦ eL = µL is a corollary
of Theorem 3.4.1, and was first published by G. Bezhanishvili et al. [15] and
J. Harding [50]. The relation between Lδ and L̂ via duality has been studied in
greater detail in [15] and by G. Bezhanishvili and the author in [16]; also see [27].

4.2.2 Boolean algebras

For Boolean algebras, the discrete duality between DLO+ and OKFr boils down
to the well-known duality between CABA, the category of complete, atomic
Boolean algebras and complete homomorphisms, and Set, the category of sets
and functions.

4.2.4. Fact. CABA ' Setop.
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The situation with topological Boolean algebras is similar to that for distribu-
tive lattices, but it has one important additional ingredient, which is a result due
to D. Papert Strauss [74].

4.2.5. Fact. If A is a compact Hausdorff Boolean algebra, then A is profinite.

This surprising fact contributes to the following collapse of categories:

4.2.6. Fact. Pro- BAf
∼= BoolBA ∼= KHausBA ∼= CABA.

We combine the above facts in the following picture:

CABA ' Setop

KHausBA

∼=
BoolBA

∼=

Pro- BAf

∼=

For further discussion of these dualities we refer the reader to [54, §VII-1.16].
The relation between the canonical extension and the profininte completion

of a given Boolean algebra A = 〈A,∧,∨,¬, 0, 1〉 is the same as in the case of
distributive lattices: the map νA : Aδ → Â from Theorem 3.4.1 is an isomorphism,
so that Aδ ' Â, and Aδ ' (A•)+, i.e. the canonical extension of A is isomorphic
to the complex algebra of the set of ultrafilters of A. Indeed, the embedding of A
into (A•)+ is what canonical extensions were defined to describe by Jónsson and
Tarski [58].

4.2.3 Heyting algebras

For Heyting algebras, the discrete duality between DLO+ and OKFr boils down
to a duality between HA+, the category of complete bi-algebraic Heyting algebras
and complete homomorphisms, and IntKFr, the category of intuitionistic Kripke
frames, which consists of partially ordered sets and bounded morphisms. A
bounded morphism between intuitionistic Kripke frames f : F→ G, where F =
〈XF,≤F〉 and G = 〈XG,≤G〉, is a function f : XF → XG such that

↑G f(x) = f [↑F x],

for all x ∈ XF. One can easily show that every bounded morphism between
intuitionistic Kripke frames is order-preserving; consequently IntKFr is a (non-
full!) subcategory of Pos. The duality between HA+ and IntKFr is obtained by
simply restricting the duality between DL+ and Pos.
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4.2.7. Fact. HA+ ' IntKFrop.

It is hard to pin down the origin of Fact 4.2.7. One early source is de Jongh
& Troelstra [30]; for more categorical detail see G. Bezhanishvili [13]. As far as
topological Heyting algebras are concerned, the following is known.

4.2.8. Fact. Let A be a Heyting algebra. The following are equivalent:

1. A is a Boolean topological algebra;

2. A is profinite;

3. A is complete, bi-algebraic and residually finite.

Proof The equivalence of (1) and (2) was established by Johnstone [54, Prop. VI-
2.10]. The equivalence of (2) and (3) was established by G. & N. Bezhanishvili
[14].

Hereditarily finite intuitionistic Kripke frames are those frames F such that for
all x ∈ F, ↑x is finite. We denote the category of hereditarily finite intuitionistic
Kripke frames by HωIntKFr. The following result, which can be seen as a
specialization of our Theorem 4.1.18, is due to G. & N. Bezhanishvili [14].

4.2.9. Fact. Pro- HAf ' HωIntKFrop.

We summarize the dualities for Heyting algebras we have discussed in the diagram
below.

HA+ ' IntKFrop

BoolHA

⊆

Pro- HAf '

∼ =

HωIntKFrop

⊆

4.2.10. Remark. We have seen that for distributive lattices and Boolean algebras,
there is no difference between semi-topological algebras and topological algebras.
We now have our first example of a category of DLO’s for which not every
semi-topological DLO is a Boolean topological DLO; we will demonstrate this
using duality. Observe that the inclusion HωIntKFrop ⊆ IntKFrop is strict:
consider the poset F = 〈N,≤〉 consisting of the natural numbers with their usual
ordering. The poset F is an intuitionistic Kripke frame, however, for all x ∈ F,
↑x is infinite, so F is a fortiori not hereditarily finite. Now since the inclusion
HωIntKFrop ⊆ IntKFrop is strict, the inclusion BoolHA ⊆ HA+ is necessarily
also strict.
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Unlike the situation with distributive lattices and Boolean algebras, profinite
completions of Heyting algebras do not always coincide with canonical extensions
[15, Th. 5.2]; consequently, given a Heyting algebra A, we are faced with the
general picture:

A

µA

��

eA

��???????

Aδ

νA
��

' (A•)+

��

A•

Â ' (HωA•)+ HωA•

v

Here, A• is the prime filter frame of A, and HωA• is the generated subframe of
A• induced by the set of points x ∈ A• such that ↑x is finite. These facts, which
can again be seen as a specialization of results from §4.1, were first established by
G. Bezhanishvili et al. [15].

4.3 Duality for topological Boolean algebras

with operators

In the previous section, we considered topological algebras in three categories
of distributive lattices with operators: distributive lattices, Boolean algebras
and Heyting algebras. In all three of these categories, every Boolean topological
algebra is profinite. In this final section of this chapter, we will discuss the category
of Boolean algebras with operators (BAO’s). This category has the interesting
property that not every Boolean topological algebra is profinite. Moreover, we can
characterize Boolean topological BAO’s via duality: every Boolean topological
BAO is the dual of an image-finite Kripke frame.

Boolean algebras with operators are the original class of lattice-based algebras
for which canonical extensions were defined by Jónsson and Tarksi [58]. They
arise naturally as an algebraic semantics for various modal logics [19] and also
more generally in algebraic logic, e.g. as relation algebras [59]. We know from
§4.1 that profinite BAO’s correspond to hereditarily finite Kripke frames. We
will see that Boolean topological BAO’s correspond to image-finite Kripke frames,
i.e. frames in which each point has finitely many successors. From a coalgebraic
viewpoint (see Chapter 5), image-finite Kripke frames are a very natural class of
frames: they are coalgebras for the finite powerset functor.

This section is organized as follows. In §4.3.1, we establish the main result of
this section, namely the duality between Boolean topological BAO’s and image-
finite Kripke frames, and we briefly discuss a few examples. Next, in §4.3.2, we
take a closer look at the folk result that a Kripke frame F can be embedded in
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its ultrafilter extension iff F is image-finite, and we show how this result can be
interpreted using duality.

4.3.1 Duality for Boolean topological BAO’s

In this subsection we will show that given a BAO A, the following three things are
equivalent: (1) A is a Boolean topological algebra; (2) A is a compact Hausdorff
algebra; (3) A+, the discrete dual of A, is an image-finite frame. Given the facts
and results we have previously stated, the proof of this result is very simple. We
begin with some conventions and definitions. A distinguishing property of BAO’s
is that operators and dual operators are interdefinable. If A = 〈A,∧,∨,¬, 0, 1,♦A〉
is a BAO with a single normal operator ♦A : Am → A, then

�A : (a1, . . . , am) 7→ ¬♦A(¬a1, . . . ,¬am)

is a dual normal operator. For this reason, we will afford ourselves the convenience
of only considering BAO’s A = 〈A,∧,∨,¬, 0, 1,�A〉 where �A is an m-ary dual
normal operator.1

4.3.1. Definition. The category of semi-topological BAO’s BAO+ consists of
complete atomic Boolean algebras with operators A = 〈A,∧,∨,¬, 0, 1,�A〉, where
�A is an m-ary complete dual normal operator, and complete BAO homomor-
phisms. The category of Kripke frames KFr consists of structures F = 〈X,R〉,
where R ⊆ X × Xm is an (m + 1)-ary relation. A morphism of Kripke frames
f : F→ G is a map satisfying the back and forth conditions of Definition 4.1.10,
or equivalently, such that

fm[R[x]] = R[f(x)]

for all x ∈ F.

Now that we have made it more precise what we mean by BAO’s and Kripke
frames, it is time for us to introduce image-finite Kripke frames.

4.3.2. Definition. By ImωKFr we denote the full subcategory of KFr whose
objects are all image-finite Kripke frames. A frame F = 〈X,R〉 is image-finite (or
finitely branching) if for all x ∈ F, R[x] is finite.

4.3.3. Example. Recall that a frame F is hereditarily finite if for every x ∈ F,
there exists a finite generated subframe F′ v F such that x ∈ F′. Not every
image-finite frame is hereditarily finite: consider the frame F := 〈N, S〉, where S
is the successor relation: x S y iff y = x+ 1. The frame F is image-finite, since
for every x ∈ F, S[x] = {x + 1} is a finite set. However, it is not hard to show
that if F′ v F, then F′ must be infinite.

1We might as well have chosen to take an operator rather than a dual operator as primary.
Our choice is a matter of taste.
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We now arrive at the key lemma which will allow us to prove the duality result
for Boolean topological DLO’s and image-finite frames.

4.3.4. Lemma. Let F = 〈X,R〉, with R ⊆ Xm+1, be a Kripke frame. Then F is
image-finite iff [R] : P(W )m → P(W ) is Scott-continuous.

Proof For the sake of simplicity we will only treat the case where m = 2. Recall
from §A.8 that for all U, V ∈ P(X),

[R](U, V ) := {x ∈ X | R[x] ⊆ U ×X ∪X × V }.

Suppose that 〈X,R〉 is image-finite; we will show that [R] : P(X)×P(X)→ P(X)
is Scott-continuous. By Fact A.3.4, it suffices to show that [R] is Scott-continuous
in each coordinate. Now suppose that {Ui | i ∈ I} ⊆ P(X) is a directed collection
of sets and V ∈ P(X) is an arbitrary set, and take x ∈ [R](

⋃
IUi, V ). We will show

that x ∈
⋃
I [R](Ui, V ); since [R] is order-preserving this is sufficient to show that

[R] preserves directed joins in its first coordinate. Now since x ∈ [R](
⋃
IUi, V ), it

follows that

R[x] ⊆ (
⋃
IUi)×X ∪X × V by definition of [R],

=
⋃
I(Ui ×X) ∪X × V by elementary set theory,

=
⋃
I(Ui ×X ∪X × V ) idem.

Now since {Ui | i ∈ I} ⊆ P(X) is directed, so is {Ui ×X ∪X × V | i ∈ I}. Since
R[x] is finite by assumption, there must be some j ∈ I such that

R[x] ⊆ Uj ×X ∪X × V.

Now we see that x ∈ [R](Uj, V ), so consequently x ∈
⋃
I [R](Ui, V ). Since x was

arbitrary it follows that

[R](
⋃
IUi, V ) ⊆

⋃
I [R](Ui, V ).

Since {Ui | i ∈ I} was arbitrary, it follows that [R] preserves directed joins in its
first coordinate. An analogous argument shows that this also holds for the second
coordinate; we conclude that [R] is Scott-continuous.

For the converse, suppose that [R] is Scott-continuous. Take x ∈ X; we want
to show that R[x] is finite. It is easy to verify that [R](X, ∅) = X. Let

S := {U ⊆ X | X finite},

then X =
⋃
S. It follows that x ∈ [R](

⋃
S, ∅). Now since [R] is Scott-continuous,

there must be some U1 ∈ S such that x ∈ [R](U1, ∅), so that

R[x] ⊆ U1 ×X ∪X × ∅ = U1 ×X.
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An analogous argument shows that there must be a U2 ∈ S such that R[x] ⊆ X×U2.
But now we see that

R[x] ⊆ U1 ×X ∩X × U2 = U1 × U2,

and since both U1 and U2 are finite, it follows that R[x] must be finite. Since
x ∈ X was arbitrary it follows that 〈X,R〉 is image-finite.

The lemma above equates being image-finite with a continuity property; all that
is left for us to do is to show that this continuity property precisely characterizes
Boolean topological BAO’s.

4.3.5. Theorem. KHausBAO ∼= BoolBAO ' ImωKFrop.

Proof To see why KHausBAO ∼= BoolBAO, first observe that BoolBAO is
a full subcategory of KHausBAO because every Boolean topological BAO is
necessarily a compact Hausdorff BAO. Moreover, if A = 〈A,∧,∨,¬, 0, 1,�A〉 is
a compact Hausdorff BAO, then its Boolean algebra reduct 〈A,∧,∨,¬, 0, 1〉 is a
compact Hausdorff Boolean algebra. By Fact 4.2.5, 〈A,∧,∨,¬, 0, 1〉 is a profinite
Boolean algebra; consequently the bi-Scott topology on A is a Boolean topology,
so that A is a Booleaen topological BAO. Since A was arbitrary it follows that
each compact Hausdorff BAO is a Boolean topological BAO.

We will now show that BoolBAO ' ImωKFrop. Since BoolBAO is a full
subcategory of BAO+, and since ImωKFr is a full subcategory of KFr, it suffices
to show that (·)+ maps objects of BoolBAO to objects of ImωKFr, and conversely
that (·)+ maps objects of ImωKFr to objects of BoolBAO. First, suppose that
A = 〈A,∧,∨,¬, 0, 1,�A〉 is a Boolean topological BAO. Then �A : Am → A must
be (σ, σ)-continuous; since �A is order-preserving, it follows by Lemma 2.1.17 that
�A is (σ↑, σ↑)-continuous. Now by Lemma 4.3.4, A+ is image-finite.

Next, consider an image-finite Kripke frame F = 〈X,R〉. By duality, F+ is a
semi-topological BAO, so the Boolean reduct of F+ is a profinite Boolean algebra
and [R] : F+ → F+ is (σ↓, σ↓)-continuous by Lemma 4.1.6. Now since we assumed
that F is image-finite, it follows by Lemma 4.3.4 that [R] is (σ↑, σ↑)-continuous;
consequently, by Lemma 2.1.17, [R] : F+ → F+ is (σ, σ)-continuous, so that F+ is
indeed a Boolean topological algebra. This concludes our proof.
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We can now draw the following diagram to present the dualities for topological
BAO’s.

BAO+ ' KFrop

KHausBAO

⊆

BoolBAO

∼ =

' ImωKFrop

⊆

Pro- BAOf

⊆
' HωKFrop

⊆

4.3.6. Remark. Both inclusions HωKFrop ⊆ ImωKFrop ⊆ KFrop are strict; con-
sequently, the inclusions Pro- BAOf ⊆ BoolBAO and KHausBAO ⊆ BAO+

are also strict.
To see why the inclusions HωKFrop ⊆ ImωKFrop ⊆ KFrop are strict, consider

the frames F := 〈N,≤〉 and G := 〈N, S〉, where xSy iff y = x+ 1. It is not hard
to see that F is not image-finite (cf. Example 4.3.3); it is also not hard to see that
G is image-finite but not hereditarily finite.

4.3.7. Remark. Recall from §3.1.1 that for general reasons, there exists a com-
pactification functor β : BAO → KHausBAO. Since KHausBAO forms a
subcategory of BAO, β : BAO → KHausBAO is a reflector from BAO to
KHausBAO. The behaviour of the compactification functor for BAO’s is similar
to that of the profinite completion. For instance, it is a corollary of Theorem 3.4.14
that for each BAO A, there exists a unique map h : Aδ → βA such that h◦eA = ηA,
where ηA : A→ βA is the natural map from A to βA. The compactification βA
can also be described using duality, analogously to Theorem 4.1.27, using the fact
that ImωKFr is a co-reflective subcategory of KFr.

4.3.8. Example. Let n be a natural number and define

altn :=
∨

0≤j≤n

�
(

(
∧

0≤i<jpi)→ pj

)
.

An alternative, equivalent form of this axiom is:∧
0≤i≤n

♦pi →
∨

0≤i<j≤n

♦(pi ∧ pj).

It is known that if A is a BAO such that A |= altn, then Aδ ∈ HSP(A) [11], also
see the discussion of ‘logics of bounded alternativity’ in [64]. We will show how
this result can be understood in terms of compact Hausdorff BAO’s.

Assume that A |= altn; then it is known (cf. [11]) that for each x ∈ A•, |R[x]| ≤
n. A fortiori, A• is image-finite, so Aδ = (A•)+ is a compact Hausdorff BAO by



4.3. Duality for topological Boolean algebras with operators 137

Theorem 4.3.5. We will argue that in fact, eA : A→ Aδ is the compactification of A.
To establish this fact, it suffices to show that for every homomorphism f : A→ B,
where B is a compact Hausdorff modal algebra, there exists a unique continuous
f ′ : Aδ → B such that f ′ ◦ eA = f . This is indeed the case: by Theorem 4.3.5,
B is a Boolean topological algebra, so by Theorem 3.4.14, there exists a unique
continuous f ′ : Aδ → B such that f ′ ◦ eA = f . Since f : A→ B was arbitrary, we
conclude that eA : A→ Aδ is indeed the compactification of A. Now by Corollary
3.1.7, Aδ ∈ HSP(A).

4.3.2 Ultrafilter extensions of image-finite Kripke frames

The ultrafilter extension of a Kripke frame is an important construction in the
model theory of modal logic [19]; for instance, it used to state the Goldblatt-
Thomason theorem. In this subsection we will investigate a folklore result, namely
that a Kripke frame F can be embedded in its ultrafilter extension if and only if F

is image-finite; we will see that this result is essentially a corollary of Theorem
3.4.16.

4.3.9. Definition. Given a frame F = 〈W,R〉, we define

ue F := (F+)•.

There is a natural map iF : F→ ue F, defined by

iF : x 7→ {W ⊆ X | x ∈ W},

i.e. sending x ∈ X to the principal ultrafilter over X generated by x.

One might ask if iF : F → ue F is a bounded morphism; we will see in Theorem
4.3.11 that this is not always the case. Before we can show why, we need to explain
the connection between ultrafilter extensions of Kripke frames and canonical
extensions of BAO’s. Observe that

(ue F)+ =
(
(F+)•

)+
by definition of ue,

=
(
F+
)δ

by Convention 4.1.23,

where the BAO F+ is embedded in (ue F)+ via

eF+ : W 7→ {F ∈ ue F | W ∈ F}. (4.3)

We will now show that there is a natural relation between the two maps iF : F→
ue F and eF+ : F+ → (ue F)+. Recall that Al is the lattice reduct of A, and that
if Al is profinite then by Corollary 3.4.2, there exists a unique complete lattice
homomorphism g : (Aδ)l → Al such that g ◦ eA = idA.
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4.3.10. Lemma. Let F be a Kripke frame. Then

(iF)+ :
(
(ue F)+

)l → (
F+
)l

is a complete Boolean algebra homomorphism and (iF)+ ◦ eF+ = idF+.

Proof Since the duality between semi-topological BAO’s and Kripke frames is
an extension of the duality between complete Boolean algebras and sets, it follows
that the (set) function iF : F→ ue F corresponds to a complete Boolean algebra
homomorphism

(iF)+ :
(
(ue F)+

)l → (
F+
)l
.

Moreover, an easy calculation shows that (iF)+◦eF+ = idF+ . Let us denote elements
of (ue F)+ by W ,V for the duration of this proof. Then since (iF)+ := (iF)−1, we
see that

(iF)+ : W 7→ {x ∈ F | iF(x) ∈ W}. (4.4)

Now let W ∈ F+, then we see that

(iF)+ ◦ eF+(W )

= (iF)+ ({F ∈ ue F | W ∈ F}) by (4.3),

= {x ∈ F | iF(x) ∈ {F ∈ ue F | W ∈ F}} by (4.4),

= {x ∈ F | W ∈ iF(x)} by elementary set theory,

= {x ∈ F | x ∈ W} by definition of iF,

= W.

It follows that (iF)+ ◦ eF+ = idF+ .

We now arrive at the main result of this subsection.

4.3.11. Theorem. Let F = 〈W,R〉 be a Kripke frame. The natural map iF : F→
ue F is a bounded morphism iff F is image-finite.

Proof Recall from our discussion above that (F+)δ = (ue F)+. Now if iF : F→ ue F

is a bounded morphism, then

(iF)+ : (ue F)+ → F+

is a BAO homomorphism, and by Lemma 4.3.10, (iF)+ is a complete lattice algebra
homomorphism such that

(iF)+ ◦ eF+ = idF+ .

It now follows from Theorem 3.4.16 that F+ is a Boolean topological algebra, so
by Theorem 4.3.5, F is image-finite.
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For the converse, assume that F is image-finite. By Theorem 3.4.16, there
exists a unique complete lattice homomorphism

g :
(
(ue F)+

)l → (
F+
)l

such that eF+ ◦ g = idF+ . By Lemma 4.3.10 and uniqueness of g, it must be the
case that g = (iF)+. Now since F+ is a Boolean topological algebra by Theorem
4.3.5, g : (ue F)+ → F+ is in fact a modal algeba homomorphism. Since we have
already established that g = (iF)+, it follows by duality that iF is a bounded
morphism.

4.3.3 Conclusions and further work

In §4.3.1, we showed that every compact Hausdorff BAO is a Boolean topological
BAO, and that these BAO’s correspond to image-finite Kripke frames via discrete
duality (Theorem 4.3.5). One of the key insights for this result was provided by
Lemma 4.3.4, which seems to be folklore. Theorem 4.3.11, which states that a
Kripke frame F embeds in ue F iff F is image finite, also seems to be a folklore
result. However, the proof we present, using duality for image-finite frames, and
reducing the question to whether F+ is a retract of (F+)δ, is new.

Further work

With §4.3.1 we have provided a partial answer to the question from §4.1.5 whether
BoolDLO can be characterized in a meaningful way via duality: if we restrict
our attention from DLO’s to BAO’s, then the answer is yes. The question
whether BoolDLO can be characterized dually in a non-trivial way is still open
however. (A trivial characterization would be to say that Boolean topological
DLO’s correspond to ordered Kripke frames F = 〈X,≤, R,Q〉 such that 〈R〉
preserves co-directed intersections of lower sets, and [Q] preserves directed unions
of lower sets.)

Another interesting question, which is related to modal logic, is to see whether
one can prove without using duality that if A is a modal algebra such that A |= ψn,
then Aδ is a compact Hausdorff algebra, cf. Example 4.3.8.




