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CHAPTER1
Introduction

One of the extraordinary discoveries in astrophysics from the last century started from the
detection of a tiny, periodic radio signal in 1967 by then PhD student Jocelyn Bell Burnell
(Hewish et al. 1968). First thought to be telescope noise, it was later identified as emission
from a rapidly rotating neutron star, marking this detection as the first light we ever observed
from these remarkable objects. A little over thirty years earlier, the existence of neutron stars
was proposed by Walter Baade and Fritz Zwicky, arguing that a small object comprised of
mostly neutrons might be the end product of massive stars after they explode in a supernova
(Baade & Zwicky 1934). Presently, neutron stars and the rich phenomena they produce are
deeply intertwined with a variety of aspects in physics; be it as test beds for our understanding
of gravity or probes of our cosmic evolution, they provide us with copious possibilities to
further our understanding of the Universe on all scales.

Despite their wide presence in research over the last decades, we are still lacking a clear
picture of the composition of neutron stars. The radius of these stars is on the order of ∼10
km, while they have relatively large masses, roughly between 1 − 2 M⊙ (see, e.g., Özel
& Freire 2016). As a result of compressing the mass of our Sun into a sphere the size of
Amsterdam, the density in the core of the star may reach up to a few times nuclear saturation
density (ρ0 = 2.8 × 1014 g/cm3), the normal density inside atomic nuclei. Paraphrasing
a somewhat cliche analogy, albeit one that never ceases to amaze me, if one would scoop
neutron star material on a teaspoon and try to lift that spoon, it would be like trying to lift
Mount Everest. It is because of these extreme conditions that typical theoretical approaches
of describing matter interactions break down, while simultaneously, terrestrial experiments
such as the Large Hadron Collider (LHC) only probe densities in the range 1 − 2ρ0, higher
temperatures, and involve highly dynamical systems. This places neutron stars in a unique
region of the parameter space, providing a window into the physics of stable, cold, dense
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1 Introduction

matter.
Ultimately, the aim is to learn about the properties of matter and how particles interact

under such extreme conditions, but we are limited in our observations to global quantities of
the neutron star, like its mass and radius, and radiative processes that take place from the sur-
face of the star outwards. Fortunately, it was already in 1939 that Richard Tolman, J. Robert
Oppenheimer and George Volkoff in their seminal works showed how to solve Einstein’s field
equations to obtain the structure of a neutron star, provided a so-called equation of state (here-
after EoS) is defined (Tolman 1939; Oppenheimer & Volkoff 1939). This EoS of cold, dense
matter is an active topic of research in both nuclear physics and astrophysics, and simply
describes the change in pressure as a function of density inside the star. As these are depen-
dent on the microscopic behaviour of the constituent particles, it is the EoS combined with
the Tolman-Oppenheimer-Volkoff (TOV) equations that provide the key connection between
small scale physics and large scale observables of a neutron star.

1.1 Neutron Star Structure

1.1.1 From crust to core

Since the discovery of the neutron star a lot of progress has been made on the composition
in the outer regions, mainly through novel theoretical calculations and nuclear experiments,
while progress on the inner region has progressed much slower. In this Section, I will briefly
describe our current understanding and some of the possible models for matter in the core of
the star, and how they affect their measurable astrophysical properties.

Let us start on the outside of the star and work our way through to the core region. There
exists some variety in the literature of how the structure of the star is divided into different
subcomponents: terms like “ocean”, “atmosphere” and “envelope” have all been used to
describe the same outer regions of the star, but to be consistent I will specifically follow
the nomenclature of Haensel et al. (2007) from hereon. Important to note is that the outer
regions of neutron stars can be different depending on the type of neutron star. For example, a
neutron star accreting material from a companion star will have a very different envelope than
an isolated neutron star. In the remainder of the Section and throughout this thesis, we will
assume the cold catalyzed matter hypothesis, that is, the star is in complete thermodynamic
equilibrium and in the ground state with the lowest possible energy.

We will briefly mention however, that most observable neutron stars will be surrounded by
a thin (on the order of ∼ 10 cm, depending on the temperature and magnetic field strength)
atmosphere consisting of a hydrogen or helium plasma layer, as a result of accretion from
the interstellar medium or a binary companion. The atmosphere is extremely important for
observable radiative processes, as this is where the spectrum of thermal electromagnetic radi-
ation originates. This radiation contains information on the surface properties, the magnetic
field geometry and as we will later see on the gravitational mass and radius of the star. How-
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1.1 Neutron Star Structure

Figure 1.1: Schematic of the structure of a neutron star. In the outer crust, ions form a lattice, with
free electrons flowing through. In the inner crust neutrons start to drip out of the nuclei on the lattice,
until the outer core is reached where only a neutron superfluid is left with a few percentage remaining
protons and electrons. The inner core region is not well understood and can harbour a variety of matter,
such as normal nucleons or hyperons, or a phase transition might occur to more exotic forms of matter,
such as free quarks. Note that the size of each region is not to scale.

ever, the atmosphere only makes up a small fraction of the star and therefore has a negligible
effect on the dense matter EoS.

Below the atmosphere begins the outer crust, a region extending a few hundred meters
into the star and composed of ions and electrons. Depending on the composition and the tem-
perature of the matter, the surface layer of the outer crust in extreme cases may be in a liquid
form. In the bulk of the outer crust however, the ions will be structured on a Coulomb lattice,
somewhat similar to the crystals found on Earth, and will be surrounded by a strongly de-
generate electron gas. As the density increases the electron Fermi energy will grow, making
electron capture energetically favorable for the electrons, meaning that they will be absorbed
by the nucleus to form a neutron out of a proton. As a result, the nuclei on the lattice will
become more and more neutron rich, surpassing the most neutron-rich nuclei we can experi-
mentally study on Earth. The outer crust terminates at the neutron drip density, ρND ≈ 4×1011

g/cm3, at which point neutrons start to drip out of the nuclei.
Below ρND, in the inner crust, the neutrons that are detached from the nuclei form a

degenerate Fermi gas. Moving to higher densities, more and more neutrons escape their
nuclei, until the crust-core transition is reached, at which point the lattice structure breaks
down and the bulk of the matter is comprised of free neutrons, estimated to happen roughly
between 1

3ρ0 and 1
2ρ0. Given the temperature and pressure conditions in the denser part of

the inner crust, it is believed that these free neutrons form a superfluid (see Chamel 2017, for
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1 Introduction

a review), proof of which has been argued to come from the observations of glitches in the
pulsar spin period (see, e.g., Haskell & Melatos 2015). Theoretical calculations also predict
that the nuclei just before the crust-core transition can deviate from their spherical shapes,
and form elongated rods or plates, typically referred to as “pasta” due to their geometric
resemblance (Ravenhall et al. 1983; Hashimoto et al. 1984).

In the outer core, matter is in a homogeneous state consisting of mostly neutrons, with a
few percentage protons, electrons, and muons. The neutrons and protons both form a super-
fluid, and as a result the protons are expected to be superconducting. There exist a variety of
theoretical methods to calculate the EoS in this regime (see for example Chapter 5 of Haensel
et al. 2007, for an overview), but here I will only briefly mention a particular method that
has become increasingly popular in the last decade to describe neutron matter, which is also
mentioned throughout this thesis: chiral effective field theory (cEFT). One of the problems of
describing nuclear matter is that the theory of quantum chromodynamics (QCD), describing
the interactions between quarks, is no longer perturbative at lower energies, as quarks are
now confined in hadrons like neutrons and protons. The relevant particles for the theory are
thus nucleons and pions, the particles mediating the strong force between the nucleons. By
writing a general Lagrangian for these interactions while still observing the symmetries of
QCD, cEFT does allow for a consistent perturbative approach. Additionally, by regrouping
the interactions in terms of the importance of their contribution, one can naturally estimate
the uncertainty in the model from neglecting higher-order contributions (see Machleidt &
Entem 2011, for a review). So far, cEFT has allowed for calculations of nucleon-nucleon
interaction, three-nucleon and four-nucleon interactions up to varying orders (see, e.g. Epel-
baum et al. 2022), resulting in a relatively constrained EoS determination for densities in the
range from 1

2ρ to roughly ρ0 (Hebeler et al. 2013), although the exact density at which cEFT
breaks down is an active topic of debate.

Finally, we arrive at the inner core of the star, where densities can reach up to ∼6ρ0 in
the most massive stars (e.g., Raaijmakers et al. 2020a). At these extreme densities our under-
standing of matter interactions is far from complete, but there is a wide variety of theoretical
models proposed. Besides normal nucleonic cores, a large subset of these models predict
more exotic forms of matter to appear at high densities. For example, it is believed that the
energies in the core are sufficiently high for so-called hyperons to appear, particles that con-
tain at least one strange quark (Glendenning 1982). Other models propose phase transitions to
free quark matter, or kaon or pion condensations (For recent reviews, see Lattimer & Prakash
2016a; Oertel et al. 2017; Baym et al. 2018).

1.1.2 From EoS to neutron star observables

One of the main objectives from this thesis is to constrain the dense matter EoS. As discussed
in the previous section the structure of the neutron star changes drastically from the crust
to the core regions, and these changes are reflected by the EoS. For low densities, the EoS
is known relatively accurate through studies of neutron rich nuclei in lab experiments, and
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Figure 1.2: In the left panel we show a set of theoretically calculated EoS with a variety of microscopic
models, including pure nucleonic matter (solid lines), strong phase transitions (dashed lines) and pure
quark matter (dotted lines). Also shown are shaded uncertainty bands for different low-density calcula-
tions with cEFT (from Hebeler et al. 2013; Tews et al. 2013; Lynn et al. 2016; Drischler et al. 2019),
which are enhanced in the inset panel. The right panel shows the corresponding mass-radius curves,
including an example of a mass-radius curve with two disconnected stable branches. The dark and light
shaded regions indicate the bounds of the 68% and 95% credible region of the mass-radius posteriors
from the first two pulsar measurements by NICER (Riley et al. 2019a, 2021).

extrapolating the models for nuclei that are more neutron rich than currently within reach. At
intermediate densities, the uncertainty in the EoS increases, which state-of-the-art cEFT cal-
culations naturally take into account, although slight differences still exist between different
groups (see Figure 1.2). At high densities, the EoS is modeled by a variety of phenomeno-
logical and microscopic models, covering a broad range in the density-pressure plane. The
only way to test these models is to use astrophysical observations of neutron stars, mainly
through measurements of their mass, radius and tidal deformability, where the latter is an
EoS-dependent parameter that governs how easy the star will deform when force is applied
(Flanagan & Hinderer 2008; Hinderer et al. 2010). There are also ways of testing EoS mod-
els through, for example, modeling the observed cooling behaviour of neutron stars, but as
these are not considered in this thesis, I will not go into further detail here (for a review, see
Yakovlev & Pethick 2004).

A single EoS will have a one-to-one correspondence with a mass-radius-tidal deformabil-
ity curve. For simplicity, I will focus here on the connection with mass and radius, as those
are more intuitive concepts. In order to calculate a neutron stars mass and radius given a
particular EoS, we have to numerically solve the TOV equations, a set of two ordinary dif-
ferential equations. The first equation is given by hydrostatic equilibrium, that describes the
balancing of the force of gravity against pressure:

dP
dr
=
− (ε + P)

(
m + 4πr3P

)
r (r − 2m)

(1.1)
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P and ε are respectively the pressure and the energy density at the radial coordinate r. The
second equation comes from the conservation of mass m, and is written as

dm
dr
= 4πr2ε. (1.2)

This set of equations can be solved independently when provided with an EoS P = P(ε) and
setting the initial conditions

m(0) = 0, (1.3)

P(0) = P(εc), (1.4)

where εc is the central density of the star. The gravitational mass and the radius are then found
through integrating the equations until the pressure vanishes at the surface of the star. An
important concept here that is commonly used in the community is the distinction between
soft and stiff EoS, a measure describing how compressible the star is. For a soft EoS the
increase in pressure when moving to higher density is much smaller than for a stiff EoS. As
a result, stiffer EoS offer more support for the inward gravitational force of the star, leading
to neutron stars with larger radii and higher maximum masses than softer EoS.

A soft EoS might also be related to a first order phase transition in neutron star matter,
where the pressure remains constant for a given density interval. Such a phase transition
can hint at the transition from nucleonic matter to more exotic states of matter, and can
manifest as a sharp bend in the mass-radius curve towards stars with lower radii. Depending
on the strength of the phase transition, there is even a possibility that the mass-radius curve
consists of two disconnected stable branches. This would allow for the existence of so-called
twin stars: stable neutron stars with the same masses having different radii (see for example
Alford et al. 2013), of which an example is plotted in the right panel of Figure 1.2. If the phase
transition on the other hand is weaker or continuous, it is much more difficult to differentiate
the mass-radius curve from nucleonic curves (see, e.g., Alford et al. 2005).

We have now seen how the EoS relates to the neutron star mass, radius and tidal deforma-
bility, and how different models with varying microscopic assumptions lead to observable
changes in the star’s properties. The aim of this thesis is to turn this around and try to con-
strain the EoS with astrophysical measurements of these systems (see, e.g., Lindblom 1992;
Özel & Psaltis 2009; Riley et al. 2018). In the following sections, I will give an introduction
to several methods currently used to obtain these neutron star measurements.

1.2 Mass and Radius Measurements from X-ray and radio
data

Over the last few decades, the most successful method to measure the mass of a neutron star
has been through radio observations of rotation-powered pulsars in binary systems (see Özel
& Freire 2016, for a review). It is generally believed that rotation-powered pulsars are old
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Figure 1.3: Graphic showing two of the main principles of pulse profile modeling, with the pulse
profile plotted in the left panels for different X-ray energies and a representation of the neutron star
surface colorcoded by the temperature in the right panels. The effect of different spacetimes, here
Minkowski (zero total mass) and Schwarzschild (total mass > M⊙ ), is shown in the upper part of the
plot, and causes an observer to see a larger surface area of the star. The lower part of the plot illustrates
the effect of different radii, causing an asymmetry in the pulse profile due to relativistic beaming. For
both toy models all other parameters describing the properties of the star are kept fixed. Figure taken
from Watts et al. (2019).
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pulsars whose periods have been spun up through accretion of matter from a companion star.
After this ‘recycling’ process, these pulsars exhibit relatively low magnetic field strengths
and exceptionally stable spin periods. It is the latter that, with radio timing, allows for an
extremely precise measurement of the orbital motion of the pulsar. However, measuring the
Keplerian parameters that define the binary orbit does not yield the masses of the two objects
due to the degeneracy in the mass function, such that knowledge of additional parameters is
required. One way to do so is by measuring the relativistic Shapiro delay (Shapiro 1964),
a delay in the time of arrival of a radio pulse caused by the signal propagating through the
curved space-time of the pulsars companion. This method has provided a mass measure-
ment of the most massive pulsar to date, PSR J0740+6620, of 2.08+0.07

−0.07 M⊙ (Cromartie et al.
2020; Fonseca et al. 2021), significantly constraining EoS models (Raaijmakers et al. 2020a).
However, the only way to improve EoS constraints from pulsar mass measurements is by
either finding increasingly more massive pulsars than PSR J0740+6620, or through a precise
measurement of a pulsars moment of inertia (Ravenhall & Pethick 1994; Lattimer & Schutz
2005). A ∼10% moment of inertia estimate is however not expected to be realized before
2030 (Hu et al. 2020).

One promising avenue of measuring both the mass and radius of a neutron star is through
X-ray observations. Until recently, this was mainly done through spectroscopic measure-
ments of the surface emission from neutron stars in low mass X-ray binaries (LMXBs), either
in quiescence (where accretion halts or continues on a very weak level), or during thermonu-
clear bursts due to unstable burning of the accreted material (see Özel & Freire 2016, for a
review). However, at present, several systematic uncertainties pertain in the modeling (for a
summary, see Watts et al. 2016) that prevent high-accuracy, reliable mass-radius estimates,
although upcoming X-ray missions like Athena (Barcons et al. 2017) might resolve some
of these by obtaining higher-quality spectra (e.g. Marino et al. 2018). A different technique
based on X-ray observations is pulse profile modeling, which has begun to deliver mass-
radius estimates in the last few years. As these are used throughout the thesis, I will go into
further detail describing the basic concept of this technique in the section below.

1.2.1 X-ray pulse profile modeling

Observations of rotating neutron stars with localized X-ray emitting hot regions on their sur-
face will exhibit a modulated signal, also called a pulse profile. By exploiting some of the
general and special relativistic effects that are encoded in the pulse profile, one can infer
properties about the spacetime surrounding the neutron star, and in turn about the mass and
the radius of the object (see, e.g., Watts et al. 2016; Özel & Freire 2016, for recent reviews).
Although this technique is also applicable to accretion-powered X-ray milisecond pulsars
(MSPs) (Patruno & Watts 2021; Salmi et al. 2018) and thermonuclear burst oscillations (Watts
2012), here we will solely focus on its application to rotation-powered X-ray MSPs.

A sub-population of the rotation-powered MSPs have showed a pulsed thermal emission
component in the soft X-rays (peaking in the range ∼ 0.3−1 keV), consistent with theoretical
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models of MSPs that predict heating of the polar caps by a return current of energetic parti-
cles along open magnetic field lines (Harding & Muslimov 2002; Gralla et al. 2017; Bauböck
et al. 2019). The pulsed behaviour is caused by the star’s rotation and smaller size of the
emitting region compared to the surface of the star. The brightness and shape of the light
curve will depend on the degree of strong-field gravitational lensing, as the observed photons
of the pulse profile propagate through the curved exterior spacetime surrounding the neutron
star. An example of this is shown in the upper panels of Figure 1.3, where all parameters of
the modeled star are kept fixed, but a different spacetime is used. The propagation of photons
through highly curved spacetimes is presently well-understood (Pechenick et al. 1983; Miller
& Lamb 1998; Poutanen & Gierliński 2003; Nättilä & Pihajoki 2018), allowing us to relate
the light curve to the compactness of the star characterizing the spacetime, i.e. GM/Reqc2.
Calculating the exact solution of the spacetime in and around a spinning neutron star is how-
ever computationally expensive (Stergioulas & Friedman 1995), but can be improved through
existing universal relations that allow predictions for higher-order spacetime corrections from
the mass, radius and spin (see Yagi & Yunes 2013, for a review). Pulse profile modeling usu-
ally employs these relations, that are most accurate for nucleonic EoS families, to embed
an oblate emitting surface in a Schwarzschild metric, taking advantage of the corresponding
spherical symmetries (Morsink et al. 2007).

Other relativistic effects have been taken into account as well in pulse profile modeling
to accurately describe the observed photons, such as frame dragging (Braje et al. 2000),
gravitational redshift and relativistic beaming (see, e.g., Miller & Lamb 1998; Poutanen &
Beloborodov 2006). The latter is particularly useful to break the degeneracy between mass
and radius, as the beaming depends on the local velocity of the emitting matter at the surface
as determined by a combination of the radius and the spin of the star, which can be accurately
measured from the pulse frequency. In the lower panels of Figure 1.3, the dependence of the
pulse profile on the radius is illustrated, while keeping all other parameters fixed.

Finally, the pulse profile depends on the emission properties at the surface, such as the
beaming pattern of the radiation, the geometry of the hot region like its size, shape and
location, and the line of sight of the observer. By modeling all these properties, one can
extract both the mass and radius from the pulse profile (see, e.g., Lo et al. 2013; Psaltis et al.
2014; Miller & Lamb 2015; Stevens et al. 2016).

1.2.2 Neutron Star Interior Composition Explorer

Employing pulse profile modeling to measure the mass and radius of neutron stars is one of
the main goals of NASA’s Neutron Star Interior Composition Explorer (NICER; Gendreau
et al. (2016a)). Launched in 2017 and subsequently installed on board of the International
Space Station, NICER is a soft (0.2 - 12 keV) X-ray timing telescope, capable of recording
both the energy and the time of arrival of a photon with a few percent spectral resolution and
better than 100 nanoseconds timing resolution respectively. By targeting rotation-powered
MSPs, which have extremely stable spin periods, NICER is able to collect large amounts of
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photons (O(106)) over long observational periods to build up the necessary statistical con-
straining power.

So far, NICER has delivered mass and radius estimates of two MSPs: PSR J0030+0451
(Riley et al. 2019a; Miller et al. 2019b) and PSR J0740+6620 (Riley et al. 2021; Miller et al.
2021). Here I will focus on the results obtained by Riley et al. (2019a) and Riley et al. (2021),
as these are employed throughout the thesis. The mass-radius estimates in both papers have
been calculated with the open source X-Ray Pulsation Simulation and Inference (X-PSI) soft-
ware package (Riley 2021), developed by the authors specifically to perform Bayesian anal-
yses on pulse profiles from rotating radiating neutron stars. For PSR J0030+0451, the mass
and radius were measured to be M = 1.34+0.15

−0.16 M⊙ and Req = 12.71+1.14
−1.19 km, while simultane-

ously constraining the geometrical parameters describing the radiating hot regions. Surpris-
ingly, the analysis preferred configurations where the two hot regions are located on the same
hemisphere, one smaller and circular and the other more extended and crescent-shaped, im-
plying non-trivial magnetic field configurations (see Bilous et al. 2019, for a discussion). The
mass of PSR J0740+6620 was independently measured with radio timing through a precise
determination of the relativistic shapiro delay induced by the gravitational field of its white
dwarf binary companion (Cromartie et al. 2020; Fonseca et al. 2021). By utilizing this mass
measurement, NICER was able to jointly constrain the mass and radius to 2.072+0.067

−0.066 M⊙ and
12.39+1.30

−0.98 km respectively. The pulse profile of PSR J0740+6620 was well described by two
circular hot regions, although similar to PSR J0030+0451 they were not antipodal, suggest-
ing again a more complex magnetic field configuration. The 68% and 95% credible regions
of the two mass-radius posteriors from Riley et al. (2019a) and Riley et al. (2021) are plotted
in Figure 1.2. The implications of these mass-radius measurements for the dense matter EoS
are explored in Chapter 3 and 5.

1.3 Multimessenger Neutron Star Binary Mergers

The remarkable first direct detection of gravitational waves (GWs) from a binary black hole
(BBH) merger in 2015 has provided astrophysicists with a new way of studying the Uni-
verse, and in particular compact objects. Two years later, the detection of GW170817 did
not only mark the first observed binary neutron star (BNS) merger (Abbott et al. 2017c), but
the coincident detection of an electromagnetic counterpart made it the first multimessenger
GW merger as well (Abbott et al. 2017b). The matter effects that were imprinted on the
gravitational waveform of GW170817 led to direct constraints on the dense matter EoS (Ab-
bott et al. 2018b), which were subsequently tightened by coupling the EM observations to
the EoS-dependent matter outflows powering the emission. However, from this one event,
many questions remained regarding these outflows and how they exactly couple to the ini-
tial binary system and the observed light curves. This coupling, and more generally how to
jointly analyze the GW and EM signal for multimessenger mergers will be the focus of the
last two chapters in this thesis. Therefore, in this section, I will start by introducing some of
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the key concepts of GWs and their EM counterparts, and explain how we can utilize these
observations to learn about neutron stars and their EoS.

1.3.1 The theory of gravitational waves

GWs are ripples in the space-time metric propagating at the speed of light. First proposed
by Henri Poincaré (Poincaré 1906), they were later conjectured more elaborately by Einstein
when he published his theory of general relativity in 1916 (Einstein 1916). By introducing the
concept of matter changing the curvature of the space-time around it, accelerating bodies can
in some circumstances cause changes in the curvature that propagate outwards as GWs. Tra-
ditionally, GWs are studied by assuming the waves to be small perturbations to a background
metric, such that we can write the metric as

gµν = ηµν + hµν, |hµν| ≪ 1, (1.5)

where ηµν is the Minkowski metric for flat space-time and hµν are small perturbations. Note
that the perturbations can be added to any background metric, but the Minkowski metric is
chosen here for simplicity. Using linearized theory, that is expanding Einsteins field equations
to linear order in hµν, and by choosing the appropriate coordinate transformation and gauge
one can rewrite the equations to a simple wave equation:

□h̄µν = −
16πG

c4 Tµν (1.6)

Here □ is the d’Alembert operator and Tµν is the energy-momentum tensor of matter, such
that the equation in vacuum (Tµν = 0), outside a source, reduces to

□h̄µν = 0 (1.7)

Note that these equations are more compactly written by using the trace-reversed perturbation
h̄µν, which is defined as

h̄µν = hµν −
1
2
ηµνh, with h = ηµνhµν. (1.8)

By additionally applying the so-called transverse-traceless gauge (or TT gauge), the degrees
of freedom of the matrix hµν can be reduced to just two, and the solution to Equation 1.7 can
be written as (see, e.g., Maggiore 2007, for a detailed derivation)

hTT
ab (t, z) =

(
h+ h×
h× h+

)
ab

cos [ω(t − z/c)] , (1.9)

for waves traveling in the z-direction and where a, b = 1, 2 are indices in the (x, y) plane. This
illustrates that GWs are transverse: only the plane orthogonal to the direction of propogation
is affected. Furthermore, h+ and h× are the amplitudes of the two polarizations GWs can
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Figure 1.4: Schematic of how the “plus” and “cross” polarization of a GW affect a ring of test particles
as the wave passes through. The middle graph illustrates the amplitude of a monochromatic gravita-
tional waveform for one period, where the dots represent the phase at which the snapshots are taken (0,
π/2, π, 3π/2, and 2π).

have, called the “plus” and “cross” polarization, with an angle of π/4 between them (see also
Figure 1.4).

The equations above describe what a GW is and how they propagate through a vacuum,
but to better understand how GWs are generated we have to return to Equation 1.6. Analogous
to EM waves, we can solve this wave equation by using a Green’s function and introducing
the “retarded time” tr = t − r, where r is the distance between an observer and the source
generating the GWs. The resulting equation is the famous quadrupole formula (Einstein
1918):

h̄i, j(t,x) =
2G
r

d2Ii, j

dt
(tr) (1.10)

where Ii, j is the quadrupole moment tensor of the energy density of the source. This formula
assumes the source to be isolated, far away and slowly moving, but illustrates the key concept
that GWs are proportional to the second derivative of the quadrupole moment, as opposed to
EM radiation for which the leading order comes from a changing dipole moment. Further-
more, in contrast to EM waves, appreciable GWs can only be generated through bulk motion
of large masses. Consequentially, a natural system to expect to emit gravitational radiation
are compact object binaries, where neutron stars and black holes accelerate as they inspiral
and merge.

As an example, if we consider two stars of mass M separated by a distance R in a circu-
lar binary, and approximate their motion as Newtonian, we can write down the quadrupole
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moment and solve Equation 1.10 to obtain

h̄i, j(t,x) =
8GM

r
Ω2R2


− cos 2Ωtr − sin 2Ωtr 0
− sin 2Ωtr cos 2Ωtr 0

0 0 0

 . (1.11)

From the formula above, we immediately see a generic feature of GWs from circular binaries:
the wave frequency is twice the orbital frequency Ω. A more realistic approach, taking into
account the back-reaction from the GWs and the expansion of the Universe during the wave
propagation, yields for the amplitude hc

hc(τobs) =
4

dL(z)

(
GMc(z)

c2

)5/3 π f (obs)
gw (τobs)

c

2/3

, (1.12)

and for the observed frequency evolution

ḟ obs
gw =

96
5
π8/3

(
GMc(z)

c3

)5/3 [
f (obs)
gw

]11/3
. (1.13)

Here τobs is the time to merger as measured by the observer’s clock, Mc(z) is the redshifted
chirp mass, a combination of the individual masses defined as

Mc(z) = (1 + z)Mc = (1 + z)
(M1M2)3/5

(M1 + M2)1/5 , (1.14)

and dL is the luminosity distance:

dL(z) = c(1 + z)
∫ z

0

dz′

H(z′)
. (1.15)

The frequency evolution in Equation 1.13 shows the characteristic chirp amplitude of a binary
merger. By measuring this evolution we can get a direct estimate of the redshifted chirp
mass Mc, which is therefore the most precise measured parameter of a GW event. Note
that the redshift enters due to the chirp mass determining how fast the frequency evolves,
and therefore acts as a timescale, subject to cosmological redshifting. From the GW signal
alone it is not possible to disentangle this redshift and mass degeneracy. Additionally, if we
measure the amplitude of the GW strain, hc, Equation 1.12 tells us that we can determine
the luminosity distance to the source. This is an extremely powerful property of GWs: if
an independent measurement of the redshift can be made, GWs allow us to directly measure
the Hubble parameter through Equation 1.15 (Schutz 1986). So far, measurements have been
made using redshift information from galaxy catalogues and the underlying mass distribution
of binary black holes (The LIGO Scientific Collaboration et al. 2021a), and from the host
galaxy association of the BNS merger GW170817 (Abbott et al. 2017d; Hotokezaka et al.
2019). Additionally, there are prospects for accurate measurements of the Hubble parameter
with next generation GW detectors, when using independent knowledge of the EoS in BNS
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(Messenger & Read 2012; Chatterjee et al. 2021) and black hole – neutron star mergers
(BHNS; Shiralilou et al. (2022)). In the latter we have done this by utilizing the constraints
on the EoS from Chapter 5 to get the redshift information.

From Equation 1.12, it is clear that the luminosity distance and the chirp mass can be
measured from the GW strain, but for a realistic quasi-circular BBH merger 15 parameters
are needed to describe the waveform signal; the component masses M1 and M2 (or Mc and
the mass ratio Q = M1/M2), the spin vectors of the objects S⃗ 1 and S⃗ 2, the polarization and the
inclination angle, the source position in the sky (right ascension, declination and luminosity
distance), the time of merger, and a reference phase. Additionally, for mergers involving
neutron stars, a tidal deformability parameter is introduced to describe the star’s response to
the tidal forces during the inspiral (Flanagan & Hinderer 2008; Hinderer et al. 2010). Let Ei j

be a static quadrupolar tidal field exerted by a companion object, then the induced quadrupole
moment Qi j is related to Ei j through the tidal deformability λ:

Qi j = −λEi j (1.16)

The tidal deformability, in turn, depends on the EoS through both the quadrupolar tidal Love
number k2 and the radius of the star as

λ =
2
3

k2R5, (1.17)

or in its commonly used dimensionless form

Λ =
λ

M5 (1.18)

The tidal distortions of the neutron star take away energy from the orbital energy, causing
the inspiral to proceed faster than the inspiral of a BBH merger with the same parameters.
This results in a cumulative phase correction, measurable from the GW strain, that directly
couples to the EoS through Λ.

To get some perspective on the measurability of a GW strain, let us consider some typical
numbers associated with a GW event: a circular BBH with masses of 10 M⊙ , separated by 10
Schwarzschild radii at a distance of 100 Mpc will emit gravitational waves with a frequency
and amplitude of

f ∼ 102Hz, h ∼ 10−21. (1.19)

This translates to measuring a fractional length change of 10−18 between particles separated
by a kilometre; an astonishing technological challenge that has been overcome with the con-
struction of large laser interferometers.

1.3.2 Detecting gravitational waves

The search for GWs began with experiments involving resonant bars in the 1960s (Weber
1967), but currently the main experimental setup to detect GWs is a Michelson-based laser
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Figure 1.5: Left panel: an aerial view of the Virgo GW detector, with the characteristic L-shaped, 3km
vacuum tunnels through which the laser travels. Right panel: A schematic of a basic GW interferometer.

interferometer (e.g., Maggiore 2007). Conceptually, a laser interferometer uses two laser
beams that travel through kilometer-scale orthogonal tunnels before being reflected by mir-
rors and recombined at the crossing point, where an interference pattern can be observed (see
Figure 1.5 for a schematic). A GW traveling through the detector will slightly change the
distance the laser beams have to travel relative to each other, and as such information on a
passing GW signal can be extracted from the interference pattern.

Currently there are five GW detectors in operation; GEO600 with 600 meter arms located
in Germany (Lück et al. 2010), LIGO Livingston and Hanford with 4 kilometer arms located
in the United States (Abbott et al. 2009; Aasi et al. 2015), Virgo with 3 kilometer arms
located in Italy (Accadia et al. 2012; Acernese et al. 2014) and as of recently KAGRA with
3 kilometer arms located in Japan (Akutsu et al. 2021). These detectors are all sensitive in
the 10 − 103Hz range, making them most optimized for detecting merging compact object
binaries. At lower frequencies, the detectors are dominated by seismic noise, thermal noise
in the suspension cables holding the mirrors, and quantum noise from the radiation pressure
of the photons hitting the mirrors. At intermediate frequencies, the noise comes mostly from
thermal vibration of the mirrors, while at high frequencies, the detectors are limited by the
discrete nature of light causing statistical uncertainty in the photon counting, also known as
shot noise (Abbott et al. 2020). The output of these detectors is a time series, and can be
written as a superposition of a GW signal h and the noise n:

s(t) = h(t) + n(t) (1.20)

The sensitivity of a detector is usually described in terms of its noise power spectral density
(PSD) S n( f ), which is defined, under the assumption that the noise is stationary, through

⟨ñ∗( f )ñ( f ′)⟩ = δ( f − f ′)
1
2

S n( f ), (1.21)

where the brackets denote an ensemble average over many noise realizations. Examples of
noise PSDs are shown in Figure 1.6 for the current aLIGO detectors, the future space-based
interferometer LISA, and the groud-based interferometer Einstein Telescope (ET). Due to the
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Figure 1.6: Examples of the PSD, a measure of the sensitivity, of different current (aLIGO) and future
(LISA, ET) GW instruments. The shaded regions show what main sources they are sensitive to.

shape and orientation of the current L-shaped interferometers, the detectors are not equally
sensitive in all directions. It is useful to define a detector pattern function FA(n̂), dependent
on the direction of the wave propagation n̂ = (θ, ϕ), such that the GW signal becomes

h(t) = h+(t)F+(θ, ϕ) + h×(t)F×(θ, ϕ). (1.22)

For the current detectors these functions take the shape of

F+ =
1
2

(1 + cos2 θ) cos 2ϕ (1.23)

F× = cos θ sin 2ϕ, (1.24)

and are relatively smooth over the whole sky. This means that GW detectors have, apart from
a few blind spots, a very large sky coverage, which optimizes the chances of detections. The
disadvantage however, is that from a single detector the position of a GW source is not easily
located, something that can be alleviated by using a detector network: additional information
on the time delay between detectors in a network can break the degeneracy of the positional
parameters and signal amplitudes of the plus and cross polarizations. Obtaining a small
sky localization is crucial in the search for electromagnetic counterparts to compact object
binaries (Nissanke et al. (2011); see Section 1.3.3)

Because the amplitude of a GW signal |h(t)| is usually much smaller than the noise |n(t)|
in the detectors, something called matched filtering is applied to extract the signal from the
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Figure 1.7: Measurements of the tidal deformability and masses of the two neutron stars in GW170817
and GW190425. The contours are the bounds of the credible regions containing 68% and 95% of the
posterior distribution density. The lines indicate the tidal deformability curves for the same set of EoS
as in Figure 1.2.

data. This requires knowledge of both the gravitational waveform and the noise PSD, which
are used to determine the filter that maximizes the signal-to-noise ratio (S/N) such that we
find ( S

N

)2

= 4
∫ ∞

0
d f
|h̃( f )|2

S n( f )
. (1.25)

By continuously testing a large amount (∼ 105 − 106) of waveform models from a template-
bank with the detector output and determining the corresponding S/N, a detection can be
claimed when a certain threshold is met. So far, the LIGO/Virgo/KAGRA (LVK) collabora-
tion has reported the detection of 90 GW events, mostly BBH mergers, as well as a few BNS
and BHNS mergers (Abbott et al. 2021). Independent analyses have found slightly higher
numbers of mergers by making different choices in their search pipelines (Nitz et al. 2021;
Olsen et al. 2022). Properties of these mergers and their compact object components have
been extracted by analyzing the detected GW signals using gravitational wave inference li-
braries such as PyCBC (Biwer et al. 2019) and Bilby (Ashton et al. 2019). However, the
only event for which information on the tidal deformability has been extracted so far, was the
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first ever detected BNS merger GW170817 (Abbott et al. 2017c), a high S/N event (32.4) at
only 40 Mpc observed with the LIGO and Virgo detectors on August 17th 2017. A second
BNS merger was detected on April 25th 2019 (Abbott et al. 2020a) by the LIGO Livingston
detector, but due to the high component masses and the low S/N of the event (∼ 12.9) no
significant tidal information could be extracted from the signal. The mass-tidal deformability
measurements for both mergers are plotted in Figure 1.7. These have been used extensively
in the literature to constrain the EoS, either separate (e.g., Abbott et al. 2018a) or in combina-
tion with low-density nuclear information and NICER observations as in Chapter 4 (see also,
e.g., Miller et al. 2019b; Capano et al. 2020a; Dietrich et al. 2020; Raaijmakers et al. 2020a;
Al-Mamun et al. 2021; Legred et al. 2021; Huth et al. 2022).

One of the big advantages of constraining the EoS with BNS mergers is the large number
of events that are potentially detectable with current and upcoming facilities. In the next
observing run of the LVK detectors (O4, see Figure 1.10), the annual number of detections
is already estimated to be 34+78

−25 for BNS mergers and 72+75
−38 for BHNS mergers (Petrov et al.

2022; Abbott et al. 2020c), allowing for a O(1) km radius constraint (Hernandez Vivanco
et al. 2019; Landry et al. 2020). These numbers increase even more for when the current
detectors reach design sensitivity in O5 and for the next generation of ground-based GW
detectors, such as ET (Maggiore et al. (2020a)) or the Cosmic Explorer (CE; Reitze et al.
(2019)), planned for the 2030s. One caveat however, is that due to systematic errors, current
waveform models are insufficient to correctly measure the tidal effects for higher S/N events
that are expected from these advanced and next-generation detectors (see, e.g., Gamba et al.
2021).

Alternatively, an exciting avenue for increasing the amount of information we can extract
from a GW event is through simultaneously observing the EM radiation that is emitted during
and after the merger, something which we further investigate in Chapters 6 and 7.

1.3.3 Electromagnetic counterparts

One of the most exciting aspects of the first BNS merger GW170817 was the simultaneous
discovery of an EM counterpart across the frequency spectrum (e.g., Abbott et al. 2017b,a;
Coulter et al. 2017; Kasliwal et al. 2017; Hallinan et al. 2017). This confirmed the idea that
was theorized a few decades earlier; that mergers of BNS and BHNS could potentially harbor
energetic gamma-ray bursts and be production sites for extremely neutron-rich nuclei (Lat-
timer & Schramm 1974, 1976; Eichler et al. 1989). There have since been several different
EM counterparts predicted to occur before, during and after a binary merger involving one or
two neutron stars,1 of which some have been detected for GW170817.

The first possible EM counterpart to occur in a binary is the pre-merger emission, gen-
erated during the inspiral stage of BNS and BHNS mergers. Several models predict such
emission across the EM spectrum, of which coherent radio-emission from magnetospheric

1In some cases a BBH can also produce an EM counterpart due to environmental effects (see Graham et al. 2020,
for a tentative detection).
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interaction in magnetized mergers (see, e.g., Lyutikov 2019; Most & Philippov 2020; Sridhar
et al. 2021) and gamma-ray emission from neutron star crust shattering due to resonant tides
(Tsang et al. 2012; Neill et al. 2022) are the most likely to be detectable. Such precursor
emission could provide valuable insight into the binary properties pre-merger, but has not
been observed so far due to a lack of infrastructure to detect signals and send out alerts before
merger. In the remainder of this thesis this precursor emission will therefore not be discussed.

Relativistic, collimated outflows are also expected to be produced in some BNS and
BHNS mergers. The exact mechanism that powers these outflows is not clearly understood
as of yet, but viable theories mostly require the remnant to be a highly magnetized, spinning
neutron star or a BH with a sufficiently large accretion disk (for a discussion, see Ciolfi 2018).
These jets are, amongst others, responsible for prompt gamma-ray emission, and were long
hypothesized to be the source of short (⪅ 2s) Gamma-ray bursts (GRBs) (e.g., Gehrels et al.
2005), until direct evidence was obtained from the coincident detection of GW170817 and
an accompanying short GRB (Abbott et al. 2017a). Additional emission arises from the jets
interaction with the ejected material from the merger in the polar direction: the jet propagat-
ing through the ejecta results in shocked material that can emit in X-rays, UV and optical
when it expands and cools (see, e.g., Nakar & Piran 2017; Lazzati et al. 2017). Subsequently,
when the jet outflow shocks the circum-merger medium, non-thermal synchotron emission
occurs and a so-called GRB afterglow can be observed from X-rays to radio frequencies on a
timescale spanning several years (for a review, see Berger 2014).

Finally, sub-relativistic outflows that occur during and after the merger also give rise
to EM emission. These outflows are usually divided into separate components based on
the physical processes from which they originate. The first is dynamical ejecta, so-called
because it emerges on a dynamical timescale of the order of milliseconds. This component
comprises material thrown out in the last few orbits of the merger, due to the extreme tidal
forces acting on the stars, and material ejected through shock interactions when the two stars
merge. Secondly, the neutron star material that is still bound to the central merger remnant
forms an accretion disk from which disk wind ejecta emerge (also sometimes referred to
as secular ejecta). In case of a BHNS merger, the shock ejecta is absent, while the other
components only arise for systems where the neutron star disrupts before entering the BH
horizon. The properties of the outflows, like its mass, velocity and composition, strongly
depend on the binary system, i.e. the mass ratio, the neutron star EoS and the component
spins, as well as the nature of the remaining central object. For a BHNS merger the remnant
will always be a BH, but different outcomes are possible for a BNS merger depending on the
maximum stable mass of a non-rotating neutron star (often called MTOV) (for a review, see
Sarin & Lasky 2021). In short, there are four possibilities: i) the remnant will immediately
collapse to a BH if its mass is well above MTOV, ii) if the remnant mass is slightly lower, but
still above ∼ 1.2MTOV, a hypermassive neutron star forms, supported by differential rotation
and thermal pressure for up to a few seconds before collapsing to a BH, iii) a supramassive
neutron star forms for remnant masses between MTOV and ∼ 1.2MTOV where rotation can
extend its lifetime to 10s of seconds up to ∼ 104 seconds before collapse, iv) a stable neutron
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Figure 1.8: Abundance of r-process elements produced in neutron-rich material with varying electron
fraction Ye. Lower values of Ye, i.e. higher concentrations of neutrons, lead to efficient production of
elements above the second peak. Here, the production of lanthanides drastically increases the opacity
of the material, leading to emission peaking in the IR and on longer timescales. Figure adapted from
Korobkin et al. (2012).

star will form if the remnant mass is lower than MTOV. Because of the dependence on MTOV,
a determination of the nature of the remnant in a BNS merger is one way of probing the
high-density EoS with multimessenger GW events (see e.g., Bauswein et al. 2017; Margalit
& Metzger 2017).

The ejecta for both systems are composed of dense, very neutron-rich material, making it
an ideal site for the production of heavy, unstable elements through the rapid neutron-capture
process (Burbidge et al. (1957); where rapid is used in comparison with the radioactive de-
cay time of the formed elements, in contrast with the slow neutron-capture process). These
r-process elements comprise roughly half of the elements heavier than iron, with their origins
usually linked to either core-collapse supernova or GW mergers. Observations of r-process el-
ements in metal-poor stars usually show three abundance peaks. Heavier r-process elements,
with atomic mass numbers above the second peak, exhibit a remarkable universal abundance
pattern, while lighter r-process elements, below the second peak, show much more variation
(see, e.g., Cowan et al. 2021). Theoretically, this can be explained by the variation of the
electron fraction Ye, the ratio of protons to protons and neutrons. Heavy elements, above
the second peak, are only produced for low Ye values, i.e. Ye ≲ 0.2, occurring in extremely
neutron-rich material. Here, the production of heavier elements is limited by neutron drip and
fission, such that the abundance pattern is regulated by fixed nuclear physics instead of the
astrophysical environment. For Ye ≳ 0.15, elements below the second peak are formed, but
as the exact abundance depends on the value of Ye more variation is introduced (see Figure
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Figure 1.9: A cartoon of the different ejecta outflows in a BNS system without a prompt collapse to
a BH (upper part) and a BHNS system (lower part). The text indicates some of the key quantities
associated with the components responsible for the kilonova emission.

1.8).
The subsequent radioactive decay of r-process elements powers the EM counterpart called

the kilonova (or sometimes macronova), peaking in the ultraviolet-optical-infrared (UVOIR)
frequencies (Li & Paczyński 1998; Kulkarni 2005). The basic physics of a kilonova is similar
to that of a type Ia supernova; radioactive heat is deposited in the expanding ejecta material,
which then thermalizes, causing thermal radiation to escape from the ejecta. As a result,
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the luminosity and the spectrum of the kilonova depend sensitively on the mass, velocity
and opacity of the material, as well as the radioactive heating rate and the thermalization
efficiency. The opacity of the material is crucially set by the value of Ye in the ejecta. Low
values of Ye will produce the so-called lanthanides, a group of elements above the second
peak that increase the opacity drastically (Kasen et al. 2013; Barnes & Kasen 2013; Tanaka &
Hotokezaka 2013). The resulting light curve will be dimmer, peak in the (near-)IR and lasts
on a ∼week timescale. On the other hand, a lack of element production above the second
peak will lead to much lower opacities, and therefore a bluer light curve, peaking around 1
day after merger.

Numerical simulations of mergers have shown that the dynamical tidal ejecta generally
have a low electron fraction, and will subsequently give rise to a redder kilonova (see, e.g.,
Dietrich & Ujevic 2017). Dynamical shock ejecta will exhibit, however, higher electron frac-
tions due to neutron interactions with neutrinos, which are more efficiently produced in the
high-temperature shock ejecta. Simulations have also shown that the dynamical ejecta can
exhibit a ‘fast tail’, with a small amount of ejecta mass reaching velocities v ≳ 0.6c. In
these fast tails, free neutrons might escape nucleosynthesis and power a UV/optical transient
through their beta-decay, peaking within a few hours after merger (e.g., Kulkarni 2005; Met-
zger & Fernández 2014; Combi & Siegel 2022). Simulations of post-merger disk wind ejecta
show a broad distribution of electron fractions, depending on the merger remnant; an increase
in the Ye of disk winds is seen from neutrino irradiation originating from a central neutron
star remnant and the hot accretion disk (see, e.g., Perego et al. 2014; Fujibayashi et al. 2020).
For BH remnants it is predicted that the disk winds tend to have lower Ye values, although
currently no consensus has been reached yet (see for example the discussion in Just et al.
2022).

Properties of mass ejection in BNS and BHNS mergers and their corresponding kilonova
light curves have so far been extensively studied through numerical simulations, and the
improvement in numerical tools over the last years has enabled significant progress in the
field. However, the only confirmed kilonova observation so far from GW170817 has already
provided invaluable insights ánd raised new questions, affirming the need for an increase in
kilonova observations.

Detecting counterparts

The analysis of a GW signal observed in a detector network allows for a position estimate of
the source, determined by its right ascension, declination and distance (e.g. Fairhurst 2009;
Nissanke et al. 2011, 2013; Singer et al. 2014). Since some of the electromagnetic coun-
terparts discussed before can peak within hours after merger, it is crucial that both the sky
localization and its communication to observational astronomers happens quickly. Up un-
til now this has been done using BAYESTAR, a rapid Bayesian algorithm that can provide
accurate sky localizations within seconds after merger, using information from the wave-
form templates that detected the signal in the search pipeline (Singer & Price 2016). For
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Figure 1.10: A timeline for past and future observing runs for the LIGO/Virgo/KAGRA detectors,
and the luminosity distance out to which each detector will be able to detect a canonical BNS merger.
Also indicated are the next generation ground-based detectors, the Einstein Telescope and the Cosmic
Explorer, and the space-based detector LISA, planned for the 2030s.

GW170817, a three-detector event, this resulted in an elongated sky localization of ∼ 30
deg2. The detection of a short GRB, 1.7s after the merger, provided additional constraints
on the possible source localization (Abbott et al. 2017a). By targeting known galaxies in this
region (following the method of Gehrels et al. 2016), the Swope 1-meter telescope was the
first to observe the associated kilonova, about 11 hours after the merger (Coulter et al. 2017).
The extensive subsequent follow-up campaign showed a fast fading UV/optical component
and a longer-duration IR component, implying that both lanthanide-free and lanthanide-rich
material was produced in the aftermath of the merger. At later times, respectively 9 and 16
days after the merger, an X-ray counterpart (Troja et al. 2017) and a radio counterpart (Hal-
linan et al. 2017) were detected from the short GRB afterglow. These afterglow observations
provided additional information on the observing angle, the angle between our line of sight
and the jet axis (Mooley et al. 2018; Hotokezaka et al. 2019), but are difficult to couple to the
initial binary system. This has been done for the kilonova observations, where a variety of
models have been fitted to the bolometric or broadband luminosities to extract information on
the properties of the matter outflows and the initial neutron star masses and EoS (e.g., Cough-
lin et al. 2018; Coughlin et al. 2019a; Radice et al. 2018c; Radice & Dai 2019; Hinderer et al.
2019; Raaijmakers et al. 2020a; Capano et al. 2020b; Breschi et al. 2021b). However, these
analyses still heavily depend on varying model assumptions and do not necessarily agree on,
for example, how many components were contributing to the emission and what mechanisms
powered especially the blue component. Alongside improvements in the models themselves,
there is a great need for additional kilonova observations.

Fortunately, the upcoming observing runs of the LVK detectors will not just see an in-
crease in BNS and BHNS merger detections, but also in coincident kilonova detections (see
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Figure 1.11). For BNS systems it is estimated that ∼ 78% of GW events in O4 will have
detectable kilonova emission (Colombo et al. 2022) (or up to 5 events/year according to a
similar study in Petrov et al. (2022)), while for BHNS mergers this drops to 15% due to
the low fraction of systems where the neutron star disrupts before merger (Biscoveanu et al.
2022). A crucial role in discovering electromagnetic counterparts is for wide-field instru-
ments that can quickly scan over the entire sky localization of GW events (Chase et al. 2022).
Even when no counterparts are discovered, upper limits obtained from wide-field instruments
can provide information on kilonova properties and the matter outflows, something we have
shown during the third observing run of the LIGO/Virgoo detectors with the framework de-
veloped in Chapter 6 (see Coughlin et al. 2020a,b). With current facilities such as GOTO
(Gompertz et al. 2020) and ZTF (Dekany et al. 2020) and near-future instruments such as
LSST (Ivezić et al. 2019), BlackGEM (Bloemen et al. 2016) and UV satellites ULTRASAT
(Sagiv et al. 2014) and UVEX (Kulkarni et al. 2021), new multimessenger GW sources are
bound to be discovered. However, not all these instruments are dedicated to GW followup,
and will thus require target of opportunity observations that are not always available. Fur-
thermore, the almost isotropic nature of GW localizations and the fast fading of the kilonova
emission means some events will not be visible for certain telescopes due to hemisphere,
sun, moon, and weather constraints. Some of these constraints can be alleviated through
telescope networks such as the Las Cumbres Observatory Global Telescope Network (Brown
et al. 2013) and the GRANDMA network (Agayeva et al. 2022), that have direct access to
telescopes around the world. In Chapter 6, we show the importance of accurate kilonova data
on the joint interpretation of the electromagnetic emission and the GW signal, and how this
effects inference on properties of the binary system, such as the neutron star EoS.

1.4 Summary: thesis outline

In this thesis, entitled Probing neutron star interiors with multi-messenger observations, we
aim to understand the composition of neutron stars through combining different observations
of these stars. Due to the large amount of mass confined in a tiny sphere, neutron stars are
extremely compact objects, with densities in the inner region exceeding the density found in
an atomic nucleus. A first step to knowing the composition of a neutron star is to measure
the currently unknown dense matter equation of state (EoS), which dictates how the pressure
changes with increasing density in the star. The EoS in the extreme regime of neutron stars
can not be measured experimentally, but can be probed by observations of EoS-dependent
global properties of the star, such as its mass and radius. Most of the work in this thesis
is concerned with developing statistical frameworks to either extract EoS information from
these global properties, or to improve the measurements of these global properties in the first
place.

There exist several methods to measure properties that are determined by the EoS. From
Chapter 2 to Chapter 5, we mainly use mass and radius measurements from observations of
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Figure 1.11: The left figure shows the predictions from Petrov et al. (2022) (P22) for the number of
GW detections per year in the third, fourth and fifth observing runs (O3, O4, O5, see also Figure 1.10).
Predictions are shown both for BNS (upper panel) and BHNS mergers (lower panel), and are plotted
against the 90% credible regions of their sky localization. Also indicated on the top left are the field of
views for the Dark Energy Camera, Vera Rubin Observatory, and Zwicky Transient Facility telescopes.
The right figure shows the number of coincident kilonova detections for BNS mergers, as predicted
by PP2 and Abbott et al. (2018) (LRR). The three different shades indicate the 5th, 50th, and 95th
percentile of the rate density.

neutron stars with NASA’s Neutron Star Interior Composition Explorer (NICER), an X-ray
timing telescope on board the International Space Station. NICER specifically targets non-
accreting, millisecond pulsars, i.e. rapidly rotating neutron stars, that have bright spots on
their surface emitting thermal X-ray radiation. The modulation of this emission through the
rotation of the star, and the strong gravity effects on the observed emission, provide a unique
way to jointly estimate the pulsars mass and radius.

In Chapters 6 and 7, we take a broader look at a different method: the joint observation
of gravitational waves and electromagnetic radiation from mergers of neutron star and black
hole – neutron star (BHNS) binaries. These mergers are powered by the loss of gravitational
radiation, thereby decreasing the orbital separation of the two compact objects. In a merger
involving a neutron star, the tidal force exerted by the companion object will deform the
star, extracting more orbital energy in the process. As a result, the gravitational waveform
from mergers with neutron stars will differ from the exact same system with two black holes.
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How the waveform differs exactly is determined by the EoS, which sets the neutron star
compressibility, or how easily the star is deformed during the inspiral. Additional information
on the EoS and the binary system in general can be learned from the electromagnetic radiation
following a merger involving a neutron star. Here, we specifically focus on the so-called
kilonova, an ultraviolet-optical-infrared transient powered by the radioactive decay of heavy
elements. These heavy elements are produced in the extremely neutron-rich material from the
neutron star that is ejected both dynamically during the turbulent merger and from winds that
arise post-merger from the accretion disk surrounding the merger remnant. Through coupling
the light curves from the kilonova to the properties of the ejected material and subsequently
the initial binary system properties, we can employ kilonova observations to learn about the
EoS and characterize the binary.

In order to infer EoS information from mass and radius measurements, we first need to
build the statistical framework to translate one into the other, and understand any biases in-
troduced by the models in the framework. In Chapter 2 we use an existing parameterization
of the high-density EoS commonly used in the literature, and develop a new parameterization
based on a few physical considerations. We test future scenarios of mass-radius measure-
ments with different spread across the parameter space and use our two models to investigate
the sensitivity of our EoS constraints to each scenario. We find that especially for low radii
measurements, the two models predict consistently stiffer EoS than the underlying ground
truth EoS (where a stiff EoS means an EoS that produces a larger radius than a soft EoS for a
fixed mass).

In Chapter 3 we present the implications for the dense matter EoS from the mass-radius
measurements of the first pulsar that NICER has published; PSR J0030+0451. We show that
the broad uncertainty in radius, the relatively low mass of 1.34 solar mass, and the consistency
with our prior beliefs for the EoS result in a small information gain over previous EoS knowl-
edge. We argue that in particular the high mass measurements of pulsars through radio timing
and nuclear calculations around saturation density (the density in an atomic nucleus) already
constrain the EoS to a level that is not possible with the current mass-radius measurement of
PSR J0030+0451.

In Chapter 4 we again look at EoS constraints from PSR J0030+0451, but combined with
information on the tidal deformability of neutron stars from the GW merger GW170817 and
its associated kilonova counterpart, and a new mass measurement of a 2.14 solar mass radio
pulsar. We draw similar conclusions as in Chapter 3, due to the large statistical uncertainty in
the tidal measurements and the mass-radius measurement, but show that our framework can
readily incorporate upcoming pulsar measurements and gravitational wave measurements.

In Chapter 5 we analyze the EoS constraints from the second pulsar NICER has published
a mass and radius measurement for: PSR J0740+6620. Due to the high mass of this pulsar,
2.07 solar mass, the constraints on the EoS are slightly more stringent than for the first NICER
source, although the large uncertainty again prevents us from making any robust claims on
the neutron star interior. We also improve our modeling of the kilonova observations from
GW170817, using a new light curve model to infer properties of the ejected material and
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state-of-the-art relations to couple these properties to the tidal deformability and EoS. Finally,
we explore the sensitivity of our EoS constraints to low-density nuclear calculations we use
in our parameterized models, by employing calculations from four different research groups.
We find that the difference between these groups results in an uncertainty of the order of 0.5
kilometer in our analysis.

In Chapter 6 we take a closer look at gravitational wave measurements and their asso-
ciated kilonova light curves. We build a new framework that can jointly analyse the gravita-
tional wave and electromagnetic data, with a particular focus on BHNS binaries. We develop
a new relation between the mass ratio of a binary system and the amount of mass that is
ejected from the accretion disk surrounding the merger remnant, based on newly published
numerical simulations. As of yet, no multimessenger BHNS mergers have been observed, so
we test our framework on the possible BHNS merger GW190425. Taking the binary param-
eters inferred from GW190425, we first use our framework to predict the properties of the
ejected material and subsequently the kilonova light curves in different photometric bandpass
filters. We explore some of the systematic uncertainties that arise from different choices in
the relations between binary and ejecta properties and different light curve models as used
by other research groups. We then simulate electromagnetic data for GW190425 and use
our framework to infer the properties of the binary system for a few scenarios with different
assumptions. We find that the inclusion of kilonova data for a far-away event like GW190425
can significantly improve measurements of the tidal deformability of the neutron star, and
thus improve our EoS constraints.

Finally, in Chapter 7 we summarize some possible improvements to the multimessenger
analyses of gravitational wave events, with a particular focus on kilonovae. We explore the
capabilities of a wide-field ultraviolet telescope and show that it can greatly improve our un-
derstanding of the mechanism that powers the early kilonova behaviour. We then introduce
a new approach to generate kilonova light curves, using machine learning to interpolate be-
tween computationally expensive radiative transfer simulations. Both of these improvements
allow us to better characterize the properties of the material that powers the kilonova, and
subsequently the binary properties, such as the EoS, that eject this material in the first place.
With the increase of gravitational wave detections in the near-future, together with multi-
ple upcoming mass-radius measurements from NICER sources, the frameworks developed
for this thesis will hopefully contribute to tight constraints on the EoS and shed light on the
interior of neutron stars.
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CHAPTER2
Equation of state sensitivities when inferring neutron

star and dense matter properties
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Abstract

Understanding the dense matter equation of state at extreme conditions is an important open
problem. Astrophysical observations of neutron stars promise to solve this, with NICER
poised to make precision measurements of mass and radius for several stars using the wave-
form modelling technique. What has been less clear, however, is how these mass-radius
measurements might translate into equation of state constraints and what are the associated
equation of state sensitivities. We use Bayesian inference to explore and contrast the con-
straints that would result from different choices for the equation of state parametrization;
comparing the well-established piecewise polytropic parametrization to one based on phys-
ically motivated assumptions for the speed of sound in dense matter. We also compare the
constraints resulting from Bayesian inference to those from simple compatibility cuts. We
find that the choice of equation of state parametrization and particularly its prior assumptions
can have a significant effect on the inferred global mass-radius relation and the equation of
state constraints. Our results point to important sensitivities when inferring neutron star and
dense matter properties. This applies also to inferences from gravitational wave observations.



2 Equation of state sensitivities when inferring neutron star and dense matter properties

2.1 Introduction

With initial results from the Neutron Star Interior Composition Explorer (NICER) (Arzouma-
nian et al. 2014; Gendreau et al. 2016b) mission imminent, X-ray pulsar waveform modelling
is poised to deliver its first precision constraints on the dense matter equation of state (EOS).
Emission from a hotspot such as the hot polar cap of an X-ray pulsar gives rise to a pulsa-
tion in the light emitted from the star as it rotates. The shape and energy dependence of the
waveform depend on the relativistic gravitational properties of the star because the light must
propagate through the neutron star space-time; this in turn depends on the EOS of supranu-
clear density matter within the neutron star. Given good relativistic ray-tracing models for
rapidly rotating neutron star space-times, it is possible to perform Bayesian inference of EOS
parameters using the pulse profile data (see Watts et al. 2016, and references therein). The
waveform modelling technique is also central to plans to put even tighter constraints on the
dense matter EOS with the next generation of large-area X-ray telescopes. Two such con-
cepts, the enhanced X-ray Timing and Polarimetry mission (eXTP, Zhang et al. 2019; Watts
et al. 2019) and the Spectroscopic Time-Resolving Observatory for Broadband Energy X-rays
(STROBE-X, Ray et al. 2018), are currently in development.

One interesting question that arises is how to parametrize the EOS. The form of the
parametrization chosen has consequences for how one does the inference (Riley et al. 2018;
Raaijmakers et al. 2018) and one must also consider which parametrizations deliver most in-
formation about the microphysics of the particle interactions that are the ultimate goal. One
very well-established model is the piecewise polytropic (PP) model (Read et al. 2009), which
was used to put general constraints on the EOS based on nuclear physics and observations
(Hebeler et al. 2010; Hebeler et al. 2013). However, the PP construction implies discontinu-
ities for other properties, such as the speed of sound. The speed of sound is also physically
constrained by both causality requirements and an asymptotic limit at high density. This has
led some, most recently Tews et al. (2018a), to consider a sound-speed based parametrization.

In this paper, we develop the speed of sound (CS) parametrization further, and examine
how it compares to the PP parametrization. We do this by exploring the scenarios expected
to be delivered by NICER. NICER has four primary targets, for which only one has a known
mass. We explore the types of constraints that might arise from both PP and CS parametriza-
tions, depending on where in parameter space the sources of unknown mass end up being
located. Our analysis also lets us explore how sensitive the inference of neutron star and
dense matter properties is to both the choice of EOS parametrization and the priors that are
specified for the parameters of a given model. This is of relevance to all efforts to infer
neutron star and EOS properties from observational data, including gravitational wave obser-
vations of neutron star mergers like GW170817 (Abbott et al. 2017e), see, e.g., Abbott et al.
(2018a); Annala et al. (2018); Most et al. (2018); Tews et al. (2018b); Lim & Holt (2018a)
that use parametrized EOS models.
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2.2 Speed of sound parametrization
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Figure 2.1: Illustration of the CS parametrization given in Eq. (2.1). The square of the speed of sound
is represented by the solid green line. At the transition density εcEFT the model is matched to the cEFT
band, while for very high densities the speed of sound converges from below to the limit of 1/

√
3 that is

shown by the black dotted line. The blue dashed outline represents the parameter space that is consistent
with the constraints listed in the text. The grey area at low densities represents the excluded region by
the Fermi liquid theory (FLT) constraints. Details are given in the text.

2.2 Speed of sound parametrization

The most commonly used EOS parametrizations in the literature, the PP model (Read et al.
2009) and the spectral model (Lindblom 2010), parametrize the EOS space directly. Here
we will in addition choose to parametrize the speed of sound in the neutron star interior
and compare it to the established PP parametrization. To determine the functional form of
such a parametrization we take into account constraints on the speed of sound coming from
both theoretical calculations and observations. First, the speed of sound in the asymptotic
high-density limit should converge to cs/c = 1/

√
3 according to calculations in perturbative

quantum chromodynamics (pQCD) (Fraga et al. 2014a). These calculations have furthermore
shown that the speed of sound should converge to this value from below, i.e. the leading-order
corrections to this limiting value are negative. The measurement of two-solar-mass neutron
stars (Demorest et al. 2010; Antoniadis et al. 2013)1 on the other hand suggests that in the
density regime between nuclear saturation density and the high-density limit the speed of

1The mass of PSR J1614-2230 was recently updated from 1.97 ± 0.04 M⊙ (Demorest et al. 2010) to 1.928 ±
0.017 M⊙ (Fonseca et al. 2016).
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Figure 2.2: Comparison of the ranges for the EOS (left panel) and mass-radius relations of neutron
stars (right panel) based on the PP and CS parametrizations after including all constraints discussed in
Section 2.2.1. The black lines show the three representative EOS of the PP model (Hebeler et al. 2013),
the light blue bands show the uncertainty ranges resulting from the PP model and the darker green bands
those from the CS model.

sound should exceed the value of 1/
√

3. In particular, Bedaque & Steiner (2015) have shown
that no EOS can produce such a high neutron star mass unless this value is exceeded in some
density regime. That means the CS parametrization needs to allow for an increase of the
speed of sound beyond the limit cs/c = 1/

√
3 at intermediate densities.

In order to describe the asymptotic behaviour of the speed of sound we employ a logistic
function, which at low densities is matched to the theoretical calculations of neutron star mat-
ter performed in Hebeler & Schwenk (2010a); Hebeler et al. (2013) using nuclear interactions
based on chiral effective field theory (cEFT) (Epelbaum et al. 2009a; Hammer et al. 2013).
The results of these microscopic calculations are used up to a density of ncEFT = 1.1n0, with
the nuclear saturation density n0 = 0.16 fm−3. For the density region n ≤ 0.5n0 the BPS crust
EOS is used (Baym et al. 1971; Negele & Vautherin 1973). Remarkably, at the transition
density n = 0.5n0 the results for the EOS of both approaches are consistent with each other
(see Hebeler et al. 2013 for details).

The increase of the speed of sound at intermediate densities is modeled by a Gaussian
function. The complete CS parametrization can then be written as

c2
s(x)/c2 = a1 e−

1
2 (x−a2)2/a2

3 + a6 +

1
3 − a6

1 + e−a5(x−a4) , (2.1)

with x ≡ ε/(mNn0) and the nucleon mass mN = 939.565 MeV. The parameter a6 is fitted to
match to the upper and lower limit of the band predicted by cEFT at the transition energy
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2.2 Speed of sound parametrization

density εcEFT = ε(ncEFT)2. One could in principle match continuously to the cEFT band, but
this requires information on the functional form of the EOS within the band (in order to obtain
the speed of sound). Because the mass and radius of a neutron star are only weakly dependent
on the EOS at these densities, we expect that our main findings will however not depend on
this particular choice. The values of the other free parameters, a1 to a5, are allowed to vary
freely over a wide range of values, and are only limited by physical constraints which are
discussed in more detail in the next section. The parametrization (2.1) allows us to generate
a large range of different types of EOSs, ranging from very soft to very stiff. The qualitative
form of the speed of sound resulting from this parametrization is shown in Fig. 2.1.

Starting from the speed of sound, the pressure as a function of energy density is then
obtained via integration,

P(ε) =
∫ ε

0
dε′ c2

s(ε′)/c2 . (2.2)

The form of our CS parametrization is very similar to the one used by Tews et al. (2018a).
The two major differences are their use of an exponential function to model the asymptotic
behaviour of cs at large densities as compared to our logistic function; and their use of a
skewed Gaussian, where we use a non-skewed Gaussian. We have performed additional
computations with a model that include a skewed Gaussian and found the results presented in
this paper to be robust. In addition to these differences in the parametrization, we also apply
different constraints in the low-density region. In particular, Tews et al. (2018a) used a less
conservative value for the upper density limit ncEFT = 2.0 n0 (rather than ncEFT = 1.1 n0 in
this work), which leads to tighter constraints for the EOS. The precise value of the breakdown
density scale for nuclear interactions in nuclear matter is still an open question and subject to
current research. Note that there are certainly other choices for the functional form of a CS-
based parametrization that would meet the physical criteria we have used in its formulation;
we are using this particular example here to illustrate the effects of different choices for the
EOS model.

2.2.1 Definition of the parameter space

Speed of sound parametrization

For the generation of individual EOS based on the CS parametrization (2.1) we allow the
free parameters to vary over a wide range of values and retain only those EOS that fulfil the
following physical constraints:

(i) Each EOS is required to be able to support at least a 1.97 M⊙ neutron star, which is
the lower 1σ limit of the heaviest precisely measured neutron star PSR J0348+0432
(Antoniadis et al. 2013).

2Note that the transition densities εcEFT differ for the lower (min) and upper (max) limit of the cEFT band, with
εmin

cEFT = 167.8 MeV fm−3 and εmax
cEFT = 168.5 MeV fm−3 (Hebeler et al. 2013).
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Figure 2.3: Top: Prior probability distributions transformed to the space of pressure as a function of
energy density for the PP (left) and CS parametrization (right panel). The dotted and dashed lines indi-
cate the 68% and 95% credible regions of the distributions, while the solid lines are the representative
EOS from Hebeler et al. (2013). Both prior distributions exhibit a narrow region where most of the
probability density is clustered, which falls off steeply towards higher and lower pressures. Bottom:
Similar to the upper panels, but now the prior distributions are transformed to the space of mass and
radius. We observe that the prior constraints from Section 2.2.1 result in a higher probability density
towards larger radii for both parametrizations. The bimodal feature of the distributions are caused by
the way the models have been matched to the lower and upper limit of the cEFT band.
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2.2 Speed of sound parametrization

(ii) The speed of sound for each EOS must be causal, i.e., be lower than the speed of light,
for all energy densities relevant in neutron stars. If the EOS becomes acausal before the
maximum mass is reached, we discard these parameter values.

(iii) The speed of sound for each EOS must converge to 1/
√

3 from below at least for asymp-
totically high densities (∼ 50 n0) as determined by pQCD calculations (Fraga et al.
2014a).

(iv) Whenever the speed of sound for an EOS is negative, we set cs = 0. This allows for
regions of constant pressure as would be the case for a first-order phase transition.

(v) For densities n ≤ 1.5 n0 we assume that the bulk properties of matter can be described
as a normal Fermi liquid. In Landau Fermi liquid theory (FLT) (Baym & Pethick 2007),
the speed of sound is given by:

c2
s,FLT(n)/c2 =

1 + F0

m∗N/mN

1
3m2

N

(
3π2n

) 2
3 , (2.3)

where F0 denotes the spin-independent and isotropic (l = 0) Landau parameter charac-
terizing particle interactions. In FLT, nucleons are described in terms of effective de-
grees of freedom, so-called quasiparticles, with effective mass m∗N. The dimensionless
Landau parameter F0 is expected to be attractive, and calculations for neutron matter
suggest F0 ≈ −0.5(2) as well as m∗N/mN ≈ 0.9(2) at saturation density (Schwenk et al.
2003; Schwenk & Friman 2004). Moreover, both 1 + F0 and m∗N/mN are of expected
to be of order one. Given the above considerations, it is very conservative to assume

1+F0
m∗N/mN

≤ 3 up to 1.5 n0. This implies

c2
s,FLT(n)/c2 ≤

1
m2

N

(
3π2n

) 2
3 , (2.4)

which amounts to c2
s,FLT ≤ 0.163c2 for n = 1.5 n0. We discard any EOS that exceeds

this value for n ≤ 1.5 n0. While this choice is very conservative, we note that it affects
the specific upper radius limit of the resulting mass-radius uncertainty bands.

For our practical calculations we choose the following ranges for the parameters in the CS
parametrization (2.1). While isolated parameters outside these bounds may exist that result
in a stable EOS satisfying the above constraints, we have checked that pushing these bounds
further does not significantly affect the ranges presented in Fig. 2.2:

(1) For the normalization of the Gaussian, we require 0.1 ≤ a1 ≤ 1.5. Lower values do not
produce an EOS that supports a 1.97 M⊙ neutron star, at least for our sample of ∼ 105

EOS, and higher values result in an acausal EOS.

(2) The bounds on the mean of the Gaussian are taken to be 1.5 ≤ a2 ≤ 12.

35



2 Equation of state sensitivities when inferring neutron star and dense matter properties

(3) For the width of the Gaussian in terms of the mean we take the following range 0.05 ≤
a3/a2 ≤ 2.

(4) The mean of the logistic function is taken to be within 1.5 ≤ a4 ≤ 37.

(5) For the steepness of the logistic function we take 0.1 ≤ a5 ≤ 1.

As discussed above, the last parameter, a6, is fixed by matching to either the upper or the
lower limit of the cEFT band at the transition energy density εcEFT. Within the bounds (1)–
(5) for the five parameters mentioned above, we calculate on a grid a large sample of different
EOS and retain only those that fulfill all of the constraints (i)–(v). This calculation is only
used to give an indication of the possible band that the EOS in the CS model spans in Fig. 2.2.
During the Bayesian inference described in Section 2.3.1, all parameters in the model are
considered continuously, subject to the prior bounds and constraints described above, so that
for the Bayesian inference effectively an even larger sample is considered.

Piecewise polytropic parametrization

Next, we summarize for completeness and comparison the details and parameter space of the
PP parametrization as used in Hebeler et al. (2013). The part of the EOS up to the transition
density is the same as for the CS parametrization used in this work. It consists of the BPS crust
EOS and the cEFT band up to ncEFT = 1.1 n0. For higher densities the EOS is extended using
piecewise polytropes with three segments. The parameter ranges for the polytropic exponents
are 1.0 ≤ Γ1 ≤ 4.5, 0 ≤ Γ2 ≤ 8.0, and 0.5 ≤ Γ3 ≤ 8.0. The values for Γi are varied using a
stepsize of 0.5. The densities between the polytropes are 1.5 n0 ≤ n12 < n23 < nmax, where
nmax ≈ 8.3 n0 is found to be the maximum central density reached. The transition densities
ni j are varied in steps of 0.5 n0. In this approach only the neutron star mass constraint (i) and
causality constraint (ii) of Section 2.2.1 are used. Instead of the FLT constraint (v), note that
the range of the first polytropic index Γ1, which also controls the stiffness in the density range
ncEFT ≤ n ≤ 1.5 n0, was restricted in Hebeler et al. (2013) to a smaller range 1.0 ≤ Γ1 ≤ 4.5.

Comparison of the parametrizations

In Fig. 2.2, we compare the EOS and mass-radius bands resulting from the PP and CS
parametrization, after including all constraints discussed above. In general, the PP model
covers a larger area in EOS space as well as in mass-radius space. This is for the following
reasons. First, the constraints at low densities are not exactly equivalent in both parametriza-
tions. For the PP model the range of the polytropic index Γ1 was restricted explicitly, whereas
for the CS parametrization the FLT constraint was employed. It turns out that the upper FLT
limit is more constraining, such that more stiff EOS and hence more neutron stars with larger
radii are discarded by this constraint. This shows that the upper radius limit of a typical
neutron star is quite sensitive to the particular choice of constraints at nuclear densities. In
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2.3 Inferring EOS and mass-radius properties

addition, because the PP model allows for strong stiffening after a first-order phase transi-
tion, an EOS can be very soft for small to intermediate densities and get very stiff at higher
densities, such that the mass constraint is still fulfilled. While the CS model allows for phase
transitions as well, it does not allow the EOS to jump to (cs/c)2 > 1/3 for densities after the
phase transition, preventing the EOS from a corresponding strong stiffening.

2.3 Inferring EOS and mass-radius properties

2.3.1 Framework for Bayesian inference

Next, we describe the statistical framework for constraining the EOS using Bayesian infer-
ence, following the protocol outlined in Riley et al. (2018). Using Bayes’ theorem, we can
write the posterior distribution on the parameters of interest θ, in our case the EOS parame-
ters and central densities (interior parameters), as being proportional to a prior distribution π
times the likelihood L,

P(θ|D,M, I) =
π(θ|M, I)L(D|θ,M)

P(D|M, I)
∝ π(θ|M, I)L(D|θ,M) .

(2.5)

where D denotes an observational dataset, M the model used, and I the Bayesian prior infor-
mation, such as information from previously analyzed datasets. Because the EOS parameters
and the central densities are deterministically related to the mass and radius of a neutron star
through the relativistic stellar structure equations (the Tolman-Oppenheimer-Volkoff equa-
tions in the non-rotating limit), the following must be true for the likelihood:

L(D|θ,M) ≡ L(D|M ,R,M) . (2.6)

Furthermore, for reasons of computational feasibility, we assume

L(D|M ,R,M) ∝ P(M ,R|D,M, I) . (2.7)

This follows the approach outlined in Section 2.3.4 of Riley et al. (2018), termed the Inte-
rior Prior paradigm (more robust than the alternative Exterior Prior method), but uses the
approximative marginal likelihood function of the exterior parameters (mass and radius)3, to
calculate the marginal posterior function of interior (EOS) parameters. It is a less compu-
tationally intensive alternative to full direct inference of EOS parameters from the data. As
outlined in Riley et al. (2018), this assumption only holds when the prior on mass and radius,
which is implicitly defined in the proportionality, is sufficiently non-informative4. A second

3Note that these are not actually computed in this paper, but directly presented as bivariate Gaussian distributions.
4This is expected to be the case for NICER analysis, even for sources like primary target PSR J0437 − 4715

where the well constrained mass arising from radio observations (Reardon et al. 2016) is treated as a prior; this is
because the original radio analysis used a non-informative prior in their computations.
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2 Equation of state sensitivities when inferring neutron star and dense matter properties

assumption is that the datasets of different observed neutron stars are independent, which
allows us to separate the likelihoods and rewrite Eq. (2.5), using Eqs. (2.6) and (2.7), as

P(θ | D,M, I) ∝ π(θ |M, I)
s∏

i=1

P(Mi,Ri | Di,M, I) , (2.8)

for s number of observed stars. This method is numerically similar to the methods used in
Steiner et al. (2010), Özel et al. (2016), and Raithel et al. (2017).

Choice of priors

The choice of the prior in Eq. (2.8) can play an important role in the inference of EOS
parameters (Steiner et al. 2016) and as such has to be carefully considered. For the PP
parametrization as well as for the CS parametrization we use a uniform, continuous prior
for all parameters, within the ranges described in Section 2.2.1. We impose the five require-
ments described for the CS parametrization and adopt the requirements from Hebeler et al.
(2013) for the PP parametrization. The prior on the central energy density of the star is cho-
sen as a uniform prior on log(εc), with a lower bound of log(εc/g cm−3) = 14.6 and an upper
bound that corresponds to the maximum central energy density reached in a neutron star for
that given EOS.

To understand the significance of the prior, we sample its distribution for both models and
transform it to the space of pressure and energy density as well as to mass and radius. The
resulting prior probability distributions are shown in Fig. 2.3, where each histogram contains
several times 105 samples. Comparing these distributions to the general bands highlighted
in Fig. 2.2, one clearly sees much more structure in the distributions than one might naively
expect from the bands. For the CS parametrization the structures are qualitatively similar
with the sound-speed based parametrization used in Tews et al. (2018a). In the space of
pressure and energy density both models show a narrow region where the distribution is
peaked, with the probability density at a given energy density quickly falling offwhen moving
to higher and lower pressures. For both models these regions encompass reasonably stiff
EOS, a consequence of enforcing that the EOS supports a 1.97 M⊙ neutron star.

The distribution in mass-radius space shows similar structures, with the 68% credible
regions enclosing remarkably narrow radius regions, e.g., for typical 1.4 M⊙ neutron stars
less than 1 km for the CS parametrization. From Fig. 2.3 it is also evident that the PP model
is even more peaked towards larger radii, especially at masses above ∼ 1.5 M⊙. The apparent
bimodality of the 68% credible regions in both models is a consequence of matching the
models to the lower and upper limit of the cEFT band at the transition density ncEFT. The
CS model further shows a significant peak just above 2 M⊙. This is a result of the speed of
sound decreasing for most EOS at densities around 2 × 1015 g/cm3 or higher, causing their
corresponding mass-radius curves to show only small changes in mass but large changes in
radius. The fact that this occurs visibly just above 2 M⊙ is because EOS that do not reach this
mass are discarded.
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Figure 2.4: Different scenarios of mass and radius posteriors explored in this work. The elliptical
contours show the 1σ levels of the distributions. The solid contours represent the pulsar PSR J0437 −
4715 with a known mass of 1.44± 0.07 M⊙; the dashed contours are the stars whose mass is not known
a priori. The black mass-radius curves correspond to the underlying EOS on which the peak of the
Gaussian posteriors are centered before a random scatter was added. The green and blue shaded areas
are the full bands given by the CS and PP models, respectively, as in Fig. 2.2).
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Numerical methods

To sample the posterior distribution in Eq. (2.8) we use the Python implementation of the
Bayesian inference tool MultiNest (Feroz & Hobson 2008; Feroz et al. 2009, 2019; Buch-
ner et al. 2014). MultiNest makes use of a sampling technique called Nested Sampling
(Skilling 2004), where a fixed number of parameter vectors is kept throughout the sampling
(so-called live points), sorted by their likelihood values and drawn randomly from the prior
distribution. The parameter vector with the smallest likelihood is replaced each time with
a parameter vector with a higher likelihood, thereby scanning over the full parameter space
until the remaining parameter volume becomes small enough and the algorithm terminates.

The prior in the MultiNest software is always uniformly drawn from the unit hypercube,
and thus requires a transformation to comply with a chosen prior. Mostly we want to sample
uniformly between prior bounds, which can be easily expressed as

θ = θmin + (θmax − θmin)x , (2.9)

where x is drawn from the uniform distribution between 0 and 1. However, the transition
densities in the PP parametrization, n12 and n23 are subject to the additional requirement that
n12 < n23. To uniformly draw from the triangle θmin < θ1 < θ2 < θmax we employ the
transformation from Handley et al. (2015)5

θ1 = θmin + (θmax − θmin)(1 −
√

x) ,

θ2 = θ1 + (θmax − θ1)(1 − x) .
(2.10)

We also note that the prior on central densities is dependent on the other EOS parameters, i.e.,
π(εc|θ,M, I), which requires the calculation of the full corresponding mass-radius curve to
determine the central density where unstable solutions appear.

The posterior distributions presented in this paper are furthermore calculated with a sam-
pling efficiency of 0.8 and 5000 live points to ensure reasonable runtimes. We have made
sure, however, that the obtained posteriors are robust to changes in these settings.

Bayes factors

To make a quantitative comparison between the CS and PP models we explore their posterior
odds (Jeffreys 1998), which is defined as the ratio between their posterior probabilities. Using
Bayes’ theorem we can write this as:

P(Mcs|D, I)
P(Mpp|D, I)

= B
P(Mcs|I)
P(Mcs|I)

= Bayes factor × prior odds , (2.11)

where the Bayes factor is defined as the ratio between what is called the evidence or some-
times the marginal likelihood:

B =
P(D|Mcs, I)
P(D|Mpp, I)

. (2.12)

5Note the typo in Eq. (A13) in Handley et al. (2015), where x1/(n−i+1)
i should be (1 − x1/(n−i+1)

i ).
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Figure 2.5: Posterior distributions for the EOS parameters for the CS parametrization for Cases 1B (red)
and 4A (blue) (see Fig. 2.4 for both scenarios). The light and dark shaded regions indicate respectively
the 68% and 95% credible regions of the two-dimensional marginalized posteriors. The line plots are
the one-dimensional marginalized posteriors for each parameter. The dash-dotted blue and red lines
give the parameters describing the underlying EOS used to generate the mass-radius posteriors (see
Section 2.3.2).
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If we assume that both models are equally probable a priori, we can use the Bayes factor to
compare between the two models. The calculation of these factors is straightforward given
that MultiNest automatically computes the evidence for each model.

2.3.2 Configurations of mass-radius posterior distributions

In order to compare different methods of constraining the EOS and the effect the parametriza-
tion has on these constraints we explore multiple scenarios of mass-radius posterior distribu-
tions. All distributions are modeled as bivariate Gaussian distributions

P(M,R|D,M, I) =
σMσR

2
exp

− (M − µM)2

2σ2
M

−
(R − µR)2

2σ2
R

 , (2.13)

with the mean of the distribution centered on a specific underlying EOS. Note that realistic
mass-radius posteriors expected from the waveform modelling technique used by NICER will
have some degeneracy between mass and radius (see, e.g., Miller & Lamb 2015). However,
the differences that might result from different parametrizations of the EOS can be illustrated
using simplified posteriors, without a mass-radius degeneracy.

For each scenario of different mass sources, we consider two different underlying EOS:
a relatively soft, standard EOS with a radius around 11 km (labelled A); and a more extreme
EOS covering a larger spread in radii (labelled B). We then define scenarios that may emerge
as a result of the NICER observations.

For the first two scenarios we consider the two primary science targets of NICER (Arzou-
manian et al. 2014): the pulsar PSR J0437 − 4715 with a mass of 1.44 ± 0.07 M⊙ (Reardon
et al. 2016) and PSR J0030 + 0451, for which the mass is unknown. In Case 1 we assume
that the mass of this pulsar is 2.0 M⊙ and in Case 2 that it is 1.2 M⊙. In Case 3 and 4 we
add two more stars, so that we have four mass-radius posteriors. This is representative of the
results eventually expected from NICER. The next two highest priority targets being studied
by NICER are PSR J1231+1411 and PSR J2124-3358; for neither of these stars the mass is
known. For Case 3 we assume that the three unknown masses lie relatively closely together:
1.4 M⊙, 1.5 M⊙, and 1.7 M⊙. In Case 4 we take them to be more widely spread: 1.2 M⊙,
1.7 M⊙, and 2.0 M⊙. This is obviously far from exhaustive, but lets us explore a range of
representative scenarios.

We then add a random scatter to all masses and radii drawn from a Gaussian distribution
centered on the EOS with standard deviation of 3% of the chosen mass and radius values,
except for the known neutron star mass. The uncertainties of the distributions, σM and σR,
are randomly picked from a uniform distribution between 5− 10% of the central mass-radius
values, except again when the mass is known. As each of these configurations is considered
with two different underlying EOS, we have a total number of eight scenarios, depicted in
Fig. 2.4.
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Figure 2.6: Same as Fig. 2.5 but for the PP parametrization.

2.3.3 Posterior distributions

Interior parameter space

For each scenario described in the previous section we obtain from MultiNest a set of
equally-weighted posterior samples. The posterior distribution on the EOS parameters can
then be estimated by binning these samples and applying a smoothing kernel density estima-
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2 Equation of state sensitivities when inferring neutron star and dense matter properties

tion6. Two examples (for Cases 1B and 4A) are given in Figs. 2.5 and 2.6 for the five EOS
parameters in the CS and PP models. In each subplot the distribution is marginalized over
the parameters not shown. For the CS model we include the parameters describing the under-
lying EOS used to generate the mass-radius posteriors. These might not necessarily be the
parameters that receive the most support from the likelihood after adding a random scatter,
but they still represent an EOS that is consistent with the mass-radius posteriors.

We can translate this posterior distribution to the space of the EOS by discretizing εi onto
a grid and calculating for each posterior sample the pressure P = P(εi). From these pressure
values we create a set of one-dimensional histograms at an εi and subsequently calculate the
95% credible region. The individual credible regions at each εi are then joined together to ob-
tain a band that represents the 95% credible region of the posterior distribution for the EOS.
This is shown in Fig. 2.7. A striking feature of these bands is the narrowing at intermediate
densities, which suggests that tight constraints on the physics of dense matter are possible.
7 In most cases the underlying EOS falls within these bands, but in some A scenarios the
underlying EOS lies slightly outside for some energy densities. This is a consequence of the
prior constraints, which lead to stiffer EOS receiving more prior support (see Fig. 2.3 and the
discussion in Sect. 2.3.1), which is closer to the B scenarios. When the likelihood encom-
passes softer EOS, as in the A scenarios, the posterior distribution consequently peaks in the
region that has finite support from both the prior and the likelihood, so that the posteriors get
shifted to stiffer EOS. Moreover, the horizontal bars in each panel of Fig. 2.7 give the 95%
confidence interval for the marginalized posterior distribution of the maximal central energy
density reached in neutron stars. This shows the highest central densities that are relevant to
neutron stars, which are well below the asymptotic pQCD regime.

In Fig. 2.8 we show the corresponding bands for the speed of sound for the CS model. The
dark and light green bands correspond to the 95% and 68% credible regions, respectively. For
the scenarios shown, the constraints from FLT at lower densities have no significant impact on
the posterior distributions. The FLT constraints would become important if a large and heavy
neutron star were to be included in the mass-radius posterior distributions (see Fig. 2.4). With
increasing densities the speed of sound increases monotonically well beyond (cs/c)2 = 1/3
up to energy densities exceeding 1015 g/cm3 for all considered scenarios. Only close to the
maximal central energy density (see horizontal bars in Fig. 2.7), when the maximal mass of
the neutron star has been reached, does the speed of sound tend to decrease below this value
again. This is due to the softening necessary to remain causal. This shows that the pQCD
constraints used in the CS parametrization (see Section 2.2) are important only for densities
well beyond the regime that is relevant for typical neutron stars.

6In this case we have used a Gaussian kernel density estimation, which means that each bin is estimated as a
Gaussian and weighted by its frequency. The full distribution is then a smooth summation of all the individual
Gaussians. To determine the parameter k that controls the smoothing, we have used Scott’s Rule (Scott 1992), i.e.,
k = n−1/(d+4), where n is the number of datapoints and d the number of dimensions.

7As a check, we determined the predicted radii of a typical neutron star with a mass of 1.4 M⊙ and the pressure
at twice saturation density for each EOS inside the uncertainty band. We found that R1.4 M⊙ is strongly correlated
with P(2 n0), which is consistent with the findings by Lattimer & Lim (2013a).
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Figure 2.7: 95% credible regions of the posterior distributions for the EOS for the CS (green) and the
PP model (blue). For comparison, the red dashed line represents the underlying EOS used to generate
the mass-radius posteriors, while the black EOS are the three representative EOS from Hebeler et al.
(2013). The narrow features of the green and blue regions are a result of the prior and the likelihood
peaking in different regions of parameter space. Especially for Cases A the posterior distribution follows
closely the edge of the priors in Fig. 2.3, indicating that the posteriors are not completely likelihood-
dominated. The green and blue horizontal bars in each panel give the 95% confidence interval for the
marginalized posterior distribution of the maximal central energy density reached in neutron stars, for
the CS and PP model according to the color code.
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Figure 2.10: One-dimensional cut for a 1.44 M⊙ star of the probability distributions of the priors for
both parametrizations and the likelihood given by the ellipse of the 1.44 M⊙ star (PSR J0437− 4715) of
Fig. 2.3. In addition, we show the resulting posteriors for both parametrizations, both for Case 1A.

Exterior parameter space

For the parameter space of neutron star masses and radii we show the posterior predictive
distribution, which gives the probability of a new mass-radius point given the posterior dis-
tribution of the EOS parameters. To avoid redrawing samples from the posterior distributions
we use the posterior samples obtained in our analyses, marginalize over central densities and
draw a new central density from their prior distribution. Numerically this results in a set
of mass-radius points for which we can calculate the 68% credible region by binning and
performing kernel density estimation.

We show the credible regions for these posterior predictive distributions for all the sce-
narios considered in Fig. 2.9, for both the PP and CS parametrizations. In most cases both
parametrizations result in similar bands in mass-radius space, however, there are also sig-
nificant differences between the two parametrizations. In all cases where the likelihood is
centered around lower-mass stars, the PP models allow for a larger region at larger radii, es-
pecially in Cases 2B and 3B. This is a direct consequence of the form of the parametrization,
as the PP model includes EOS that produce mass-radius curves with almost constant radius
up to high masses. The speed of sound model however does not permit these kinds of EOS
due to the form of the Gaussian, which forces every EOS to soften again after the peak of
the Gaussian to comply with the pQCD constraint. Note that the small bimodal feature for
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2.3 Inferring EOS and mass-radius properties

Scenario Bayes factor

A B

Case 1 0.653 ± 0.026 0.416 ± 0.016
Case 2 1.320 ± 0.055 1.962 ± 0.079
Case 3 1.615 ± 0.100 1.433 ± 0.083
Case 4 0.821 ± 0.050 2.012 ± 0.111

Table 2.1: The computed Bayes factors for comparing the PP model to the CS model.

the PP parametrization at low masses in Cases 1B and 4B is a consequence of the way the
polytropic extensions are matched to the upper and lower limit of the cEFT band.

In addition to the posterior distributions in Fig. 2.9, we also show with dotted lines the
region one would obtain when discarding all EOS from the PP and CS band that do not
produce mass-radius curves going through all 1σ contours of the mass-radius posteriors.
This could be termed a simple compatibility cut. We note that in general these regions could
be used as a very conservative estimate of EOS that would have a finite probability when
inference is performed. One has to be careful though: in Case 1A and 2A this region would
exclude few EOS that are within the 68% credible region of the posterior distribution; and
in general Bayesian inference of the parameters provides much tighter constraints, which
however requires that the prior assumptions and sampling are fully understood.

For all posterior distributions for the A scenarios the 68% credible regions for both the
PP and CS models seem centered towards larger radii than one might expect. This be-
havior again follows from the prior used on the EOS parameters. To better understand
how the uniform prior on EOS parameters affects the posterior distribution, we show in
Fig. 2.10 a one-dimensional cut for a 1.44 M⊙ star of the probability distributions of the
priors for both parametrizations and the likelihood given by the ellipse of the 1.44 M⊙ star
(PSR J0437 − 4715) of Fig. 2.3. Figure 2.10 illustrates clearly that the posterior distribution
is not completely likelihood-dominated, due to the prior pushing towards larger radii. As a
result, there is only a small region of parameter space around 11.5 km where there is both
finite support from the likelihood and the prior, leading to an unexpectedly peaked posterior
for the radius and the narror regions for the mass-radius bands in Fig. 2.10.

Bayes factors

In order to compare the CS and PP model quantitatively we use the evidences computed by
MultiNest to calculate the Bayes factors (see Section 2.3.1). The values are reported in
Table 2.1, where B ≥ 1 and B ≤ 1 indicates more support for the PP model and the CS
model, respectively. Following the interpretation provided by Kass & Raftery (1995) none
of the Bayes factors shown here indicate that one of the two models is more favoured by the
data.
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2 Equation of state sensitivities when inferring neutron star and dense matter properties

2.4 Discussion and conclusions

In this work, we have explored constraints on the EOS of dense matter resulting from fu-
ture measurements of neutron star masses and radii, combined with EOS constraints from
nuclear physics, a two-solar-mass neutron star, and causality. To this end, we employed a
Bayesian inference framework and considered different scenarios of neutron star observa-
tions that reflect possible outcomes of the ongoing NICER mission. By using two different
EOS parametrizations we demonstrated how constraints on properties of dense matter and
neutron stars can be inferred from such measurements and how to probe the sensitivity of the
results to particular descriptions of the EOS.

In addition to the well-established PP parametrization, we have developed an alternative
description based on the speed of sound in a neutron star. We argue that such a parametriza-
tion makes more physical connections than the PP parametrization, as it produces EOS with
a continuous speed of sound, can take into account constraints based on Fermi liquid theory,
and complies with the asymptotic high-density limit from pQCD calculations, although the
latter are well beyond the densities reached in neutron stars. In Section 2.2.1 we showed that
the PP parametrization used in Hebeler et al. (2013) and the introduced CS model generate a
relatively similar band of EOS after incorporating the same constraints from nuclear physics
at lower densities, a two-solar-mass neutron star, and causality.

Using these two EOS parametrizations, we have performed parameter estimation for
eight different scenarios of possible posterior mass-radius distributions, either with 2 or 4
stars. We find that the difference in the resulting posterior distributions between the two EOS
parametrizations is most notable when all stars have low masses, as the CS model produces
fewer EOS with an almost constant radius. For the scenarios where the stars have smaller
radii, posterior distributions of the CS model are more peaked towards softer EOS, although
the posterior for both models seems shifted towards larger radii than one would expect from
the likelihood function.

The offset between the mass-radius likelihood distributions and the inferred posterior
distributions for soft EOS scenarios is a consequence of the uniform prior on the EOS param-
eters and other prior constraints in all scenarios. In Fig. 2.3 the prior in the EOS parameters
is shown to map to a prior on mass and radius that peaks towards larger radii. As a result
the posterior distributions are not completely likelihood dominated, although still in good
agreement with the 1σ regions of the mass-radius posteriors.

It might be possible to choose a prior that results in a more uniform distribution in ei-
ther EOS space or when translated to mass-radius space (due to the complex mapping of the
TOV equations it is not clear that one can achieve both simultaneously), but the distribution
in Fig. 2.3 is a consequence of reasonable assumptions regarding the nature of dense matter
around saturation density, together with the observational constraint of the measured pulsar
PSR J0348+0432 (Antoniadis et al. 2013) with a mass of 2.01±0.04 M⊙. There is, however,
still some freedom in the way the parameter space is sampled. Further research is then re-
quired to investigate whether, e.g., parameters drawn logarithmically result in more uniform
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distributions in EOS space and mass-radius space. One alternative might be to use Gaussian
processes to generate a non-parameteric EOS, as in the recent paper by Landry & Essick
(2019) on EOS inference from gravitational wave measurements; however even in that case
posteriors were found to be prior-dominated due to limited data. Another alternative would
be to ensure that any peaking in the distribution is genuinely physically motivated, rather
than a somewhat inadvertent consequence of trying to cover a range of parameter space, as
it is for the models examined in this paper. If in the future neutron stars with low radii were
measured, or with lower uncertainty, then the posterior distribution would be more likelihood
dominated, shifting the peak of the distribution to smaller radii as well. In principle the ap-
proach that we have outlined in this paper can be used to determine the level of uncertainty
on M−R posteriors necessary to ensure that EOS measurements are likelihood dominated. A
comprehensive answer to this question will depend on the precise spread of masses and the
exact shape of the M − R posteriors (which could be multimodal). One should also consider
the impact for a broader range of input EOS, and the fact that it may only be necessary to
reduce the uncertainty (by increasing observing time) on a subset of the M − R posteriors.
Once preliminary NICER results are available, it would be extremely valuable to carry out
such an analysis.

Due to this sensitivity of the results to the prior distribution the interpretation of the pos-
terior distributions as shown in Figs. 2.7–2.9 requires some care. In particular, it will be key
to systematically study the effects of different choices for sampling the individual EOS be-
fore robust conclusions on constraints for the EOS and neutron star radii can be drawn. For
example, if one naively discards all EOS that are not within the 95% credible region of the
posterior distribution of Case 2A or Case 4A, the underlying EOS would not be recovered
(see Fig. 2.9).

It could be argued that given the prior distribution on the EOS in Fig. 2.3, our choice
of a relatively soft EOS to center the mass-radius posteriors on is not reasonable. However,
inference using X-ray spectral modeling of neutron stars seems to favour radii in the range of
9 − 13 km (see, e.g., Steiner et al. 2013; Bogdanov et al. 2016; Özel et al. 2016; Nättilä et al.
2016, 2017; Shaw et al. 2018), although the methods are heavily affected by systematics that
are still to be resolved (see, e.g., Watts et al. 2016) and the sensitivies revealed in this work
also need to be accounted for. Another constraint on the neutron star radius comes from the
tidal deformability effects on the waveform of a binary neutron star inspiral, first detected in
August 2017 (Abbott et al. 2017e). The 90% credible region of the posterior distribution on
radii derived from this event falls roughly in the range of 10 − 14 km (Annala et al. 2018;
Abbott et al. 2018a; Most et al. 2018; Tews et al. 2018b; Lim & Holt 2018a). The soft EOS
chosen in this paper, with a radius of 11 km, is therefore well within the range of radii quoted
in the literature. We stress that the presented EOS and mass-radius regions in this paper are
not based on real observational data and hence cannot be directly compared to the extractions
from these references. However, our results demonstrate the significance of the EOS priors
and other EOS sensitivities in the inference, which suggests that some of these analyses may
have to be revisited for a full statistical interpretation of the inferred EOS and neutron star
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properties.
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Abstract

Both the mass and radius of the millisecond pulsar PSR J0030+0451 have been inferred via
pulse-profile modeling of X-ray data obtained by NASA’s NICER mission. In this Letter we
study the implications of the mass-radius inference reported for this source by Riley et al.
(2019a) for the dense matter equation of state (EOS), in the context of prior information from
nuclear physics at low densities. Using a Bayesian framework we infer central densities and
EOS properties for two choices of high-density extensions: a piecewise-polytropic model
and a model based on assumptions of the speed of sound in dense matter. Around nuclear
saturation density these extensions are matched to an EOS uncertainty band obtained from
calculations based on chiral effective field theory interactions, which provide a realistic de-
scription of atomic nuclei as well as empirical nuclear matter properties within uncertainties.
We further constrain EOS expectations with input from the current highest measured pulsar
mass; together, these constraints offer a narrow Bayesian prior informed by theory as well
as laboratory and astrophysical measurements. The NICER mass-radius likelihood function
derived by Riley et al. (2019a) using pulse-profile modeling is consistent with the highest-
density region of this prior. The present relatively large uncertainties on mass and radius
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for PSR J0030+0451 offer, however, only a weak posterior information gain over the prior.
We explore the sensitivity to the inferred geometry of the heated regions that give rise to
the pulsed emission, and find a small increase in posterior gain for an alternative (but less
preferred) model. Lastly, we investigate the hypothetical scenario of increasing the NICER
exposure time for PSR J0030+0451.
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3.1 Introduction

3.1 Introduction

The cores of neutron stars (NSs) provide a unique environment for exploring matter at densi-
ties above nuclear saturation density (ρs = 2.7× 1014 g cm−3). Theoretical predictions in this
regime are diverse, ranging from nucleonic matter under extreme neutron-rich conditions, to
stable states of strange matter such as hyperons or deconfined quarks, color superconducting
phases, and Bose-Einstein condensates (for recent reviews see Hebeler et al. 2015; Lattimer
& Prakash 2016b; Oertel et al. 2017; Baym et al. 2018). Our uncertainty about the nature
of cold supranuclear-density matter is often encoded in the equation of state (EOS) through
general parametric extensions to high densities with an associated prior distribution. Each
EOS maps via the stellar structure equations to sequences of stable spacetime solutions given
interior boundary conditions (see the review by Paschalidis & Stergioulas 2017). Properties
such as total (or gravitational) mass M and equatorial radius Req of the NS surface feature
strongly in the exterior spacetime solution.1 Observational phenomena that are sensitive to
the structure of the exterior spacetime, such as the propagation of radiation from the stellar
surface to a distant observer, can thus be used to probe the EOS and hence the microphysics
of dense matter.

NASA’s Neutron Star Interior Composition Explorer (NICER ; Gendreau et al. 2016a), a
soft X-ray telescope installed on the International Space Station in 2017, was developed to
estimate masses and radii of NSs using pulse-profile modeling of nearby rotation-powered
millisecond pulsars (MSPs). The magnetic polar caps of MSPs, thought to be heated by
(return) currents in the pulsar magnetosphere, produce thermal emission in the soft X-ray
band (Harding & Muslimov 2002). As the MSP rotates, this emission gives rise to perceived
pulsations, and relativistic effects encode information about the spacetime into the phase-
energy resolved pulse-profile.2 Pulse-profile modeling employs relativistic ray-tracing and
Bayesian inference software to jointly infer mass and radius (see Bogdanov 2016; Watts et al.
2016; Watts 2019, for an overview of the technique).

Riley et al. (2019a) jointly estimated the mass M and radius Req of the MSP PSR J0030+0451
conditional on NICER X-ray Timing Instrument (XTI) photon event data curated by Bog-
danov et al. (2019). The results derived are also conditional upon the modeling choices made
in the analysis, e.g.,: the assumption of two disjoint surface hot regions, each with some local
comoving effective temperature field but no magnetic field physics; a fully ionized hydrogen
atmosphere; and a specific parameterization of the uncertainty in the NICER XTI instrument
response.3 The restriction to two disjoint hot regions was motivated by the presence of two
distinct pulses in the observed pulse profile. Riley et al. (2019a) allowed for the possibil-
ity of the hot regions being non-antipodal and non-identical, and considered various shapes

1Both in terms of metric functions, and the spatial domain of those functions.
2A pulse-profile consists of X-ray counts per rotational phase bin per instrument detector channel, curated by

phase-folding X-ray events according to a pulsar timing ephemeris.
3For an independent analysis of the same data set using different modeling choices and methodology see Miller

et al. (2019b), which follows the approach outlined in (Miller et al. 2020)
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for the hot regions including circles, rings (with the centers both concentric and offset) and
crescents, filled with material of a single local comoving temperature. Model comparison
enabled the identification of a favored configuration, using a combination of performance
measures including the evidence (the prior predictive probability of the data) and graphical
posterior predictive checking (to verify whether or not an updated model generates synthetic
data4 without obvious residual systematic structure in comparison to the real data).

For the family of models considered, the favored configuration is one in which the hot
regions consist of a small hot spot with angular extent of only a few degrees, and a more
extended hot crescent, both in the same rotational hemisphere (referred to in Riley et al. 2019a
as ST+PST). For this configuration, the inferred mass and equatorial radius5 are M = 1.34+0.15

−0.16
M⊙ and Req = 12.71+1.14

−1.19 km. The compactness GM/Reqc2 = 0.156+0.008
−0.010 is more tightly

constrained.
The credible bounds reported here are approximately the 16% and 84% quantiles in

marginal posterior mass. The spin frequency of PSR J0030+0451 is only 205 Hz: M and
Req can, due to the size of the credible intervals, therefore be identified as those of a non-
rotating star with an equivalent number of baryons. The effects of rotation are discussed in
more detail in Section 3.4.

If the extended hot region is restricted to have ring-like topology rather than that of a
simply connected crescent (ST+CST in Riley et al. 2019a), the inferred mass and equatorial
radius are M = 1.44+0.18

−0.19 M⊙ and Req = 13.89+1.22
−1.39 km. The compactness GM/Reqc2 =

0.16 ± 0.01 is however shared with ST+PST—at the quoted precision. Although ST+CST was
not the favored configuration a posteriori, it provides a useful illustration of the sensitivity
of dense matter inferences to the nuisance parameters controlling the surface radiation field.
As pulsar theory develops, dense matter inferences therefore need to be re-examined in step.
Fortunately, such calculations are less expensive to execute given posterior samples because
nuisance-parameter marginalization is thereby approximated.

In this Letter, we examine how the constraints on NS mass and radius translate into con-
straints on the dense matter EOS. Ultimately, we intend to carry out a population-level anal-
ysis conditional on all NICER MSP targets, in order to report a joint summary for NICER .
We propose to inject as little information as is reasonable from other statistical constraints
derived from astronomical data sets—the exception being information from a radio pulsar
mass measurement. Eventually, we aim to combine the joint NICER constraints with those
derived using other missions, where appropriate. However, for now we have information for a

4For illustration, a pulse-profile count-number data set can be simulated given specific instances of the follow-
ing components: a spacetime solution; a surface hot-region configuration (effective temperature, geometry); an
atmospheric beaming function (composition, ionization); background contribution (astrophysical, instrumental); an
instrument response function; and a noise model (Poissonian). Source emission is propagated via relativistic ray-
tracing through the spacetime towards a distant observer inclined to the stellar spin axis, and is subsequently operated
on by the instrument response function; the product is a joint sampling distribution for photon count numbers, which
is intrinsic to the definition of a likelihood function. The notion of synthetic data generation is a vital part of the
Bayesian inference framework. See Riley et al. (2019a) and Watts (2019) for more discussion.

5With respect to a Schwarzschild coordinate chart, see section 2.3.1 of Riley et al. (2019a) for more details.
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single source, and in this Letter we address how the joint mass-radius information derived by
Riley et al. (2019a) for PSR J0030+0451 maps to constraints on the dense matter EOS. The
second principal aim of this Letter is therefore to formalize a plan for post-processing pos-
terior information derived via pulse-profile modeling, into posterior information about dense
matter. The post-processing phase for dense matter study is far less computationally expen-
sive than the preceding X-ray analysis in which the likelihood information relevant for dense
matter study is computed. We can therefore effectively update our posterior information on-
the-fly as new information becomes available, by jointly compiling NICER source-by-source
nuisance-marginalized likelihood functions into posterior constraints about a common EOS.

3.2 NICER EOS constraints

3.2.1 EOS parameterizations

Following the methods described in Greif et al. (2019), we model the interior of PSR J0030+0451
using two distinct EOS parameterizations: the piecewise-polytropic (PP) model from Hebeler
et al. (2013) and a speed of sound (CS) model introduced in Greif et al. (2019)—see also Tews
et al. (2018b). These parameterizations were matched at 1.1 ρs to either the upper limit or the
lower limit of a calculated EOS range based on chiral effective field theory (cEFT) interac-
tions including theoretical uncertainties (for details, see Hebeler & Schwenk 2010b; Hebeler
et al. 2013). This discrete matching leads to a bimodality in the prior of the EOS, which we
mitigate here by introducing an additional parameterization of the EOS inside the cEFT band.
For simplicity we assume a single polytrope, i.e.,

P(ρ) = K
(
ρ

ρs

)Γ
, (3.1)

where P is the pressure, ρ the baryon mass density, K (in units of MeV fm−3) a free parameter,
and Γ the adiabatic exponent. We determine Γ and the bounds of K by fitting Equation (3.1)
to the lower and upper limits of the cEFT band for densities between 0.5ρs and 1.1 ρs and
find that these limits are well approximated by Γ = 2.5, Kmin = 1.70, and Kmax = 2.76.
At densities below 0.5 ρs we match to a single crust EOS (BPS; see Baym et al. 1971).
Comparing the full range of masses and radii permitted by EOS under both parameterizations
with a continuous matching to the the cEFT band against the upper/lower limit case, we find
they are consistent, although a slightly larger range is obtained for the PP model for the
continuous case. This is due to the polytropic fit to the cEFT band allowing for a small set of
additional EOS that are soft enough in the low-density regime to result in small NS radii but
stiff enough at larger densities to comply with the pulsar mass constraint (see Sec. 3.2.2 and
Greif et al. (2019)).
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Figure 3.1: Prior probability distributions for PSR J0030+0451 transformed to the joint space of cen-
tral pressure and central energy density (upper panels), and the space of mass and radius (lower pan-
els), for the PP (left panels) and CS parameterization (right panels). The dotted and dashed contours
bound the highest-density two-dimensional regions respectively containing 68% and 95% of the prior
mass. The peak in the CS model just above 1.97 M⊙ is due to how the model is constructed: all
EOS are forced to soften at high densities to comply with causality and at asymptotic densities with
the constraint from pQCD, causing all mass-radius sequences to have ∂M/∂R ≲ 0 near the maximum
mass, thereby overlapping each other (see Greif et al. 2019). Note that these priors are specifically
for PSR J0030+0451 because adjustments are made to match the priors in the analysis in Riley et al.
(2019a); i.e., M ∈ [1.0, 3.0] M⊙ and R ∈ [3rg, 16] km where rg(M) = GM/c2. For comparison the three
representative EOS from Hebeler et al. (2013) are shown as solid curves: HLPS Soft, Intermediate,
and Stiff. Note that the discernible small-scale structure is due to: (i) the behavior of the (numerical)
transformation from interior matter parameters to exterior spacetime parameters; and (ii) finite sampling
noise.

3.2.2 Bayesian framework

To derive constraints on the EOS from a single-star mass-radius posterior density distribution,
we use the Bayesian framework outlined in Greif et al. (2019) and Riley et al. (2018). Let us
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3.2 NICER EOS constraints

combine the EOS parameters and the central density εc of PSR J0030+0451 into a vector θ.
The posterior distribution of θ is proportional to the product of the prior distribution of θ and
the nuisance-marginalized likelihood function of θ (Bayes’ theorem):

p(θ |d,M) ∝ p(θ |M) p(d |θ,M)

∝ p(θ |M) p(M,R |d,M),
(3.2)

where d denotes the NICER PSR J0030+0451 data set, and M denotes the model. The
model includes the physics of processes both interior and exterior to the star: the EOS and
central conditions (present work); and X-ray emission, propagation, and detection (Riley et al.
2019a, and references therein). Implicitly, the model includes all Bayesian prior information.
The parameters θ map deterministically to the mass M = M(θ;Ω) and radius R = R(θ;Ω),
where the coordinate angular rotation frequency Ω = 0 (see Section 3.4.3). All parameters
apart from M and R are, for the purposes of the discussion that follows, termed nuisance
parameters and are marginalized out.6

To obtain the second line of Equation (3.2) we equated the nuisance-marginalized like-
lihood function of M and R to the nuisance-marginalized joint posterior density distribution
of M and R reported by Riley et al. (2019a). This proportionality holds exactly because the
marginal joint prior distribution of M and R chosen by Riley et al. (2019a) is jointly flat.
Our numerical nuisance-marginalized likelihood function is an approximation to the exact
nuisance-marginalized likelihood function because we are post-processing posterior samples,
and because post-processing involves kernel density estimation (KDE) of the posterior den-
sity function. We then sample from the posterior density p(θ |d,M) in Equation (3.2) using
the nested sampling software MultiNest (Feroz & Hobson 2008; Feroz et al. 2009, 2019;
Buchner et al. 2014).

Priors

The prior density, p(θ |M), in Equation (3.2) is identical to the prior described in Sec-
tion 3.1.1 of Greif et al. (2019), with the exception of the implementation of the continuous
range within the cEFT band. Here we introduce an additional uniform prior on the parameter
K in Equation (3.1) with support K ∈ [1.70, 2.76]. The prior for all parameters in the PP and
CS model is summarized in Table 3.2. Moreover, we require that every EOS assigned a finite
local prior density can support a stable 1.97 M⊙ NS, equal to the lower 1σ limit on the mass
of the most massive NS measured to date (PSR J0348+0432; Antoniadis et al. 2013).7

The joint prior density p(θ |M) is written (for both parameterizations) as

p(θ |M) = p(εc |EOS,M)p(EOS |M), (3.3)
6Note that they do, however, describe important and interesting physics on the surface of the star and exterior to it,

to which our pulse-profile modeling is extremely sensitive. See for example Bilous et al. (2019) on the implications
of some of these inferred “nuisance parameters” for our understanding of pulsar magnetospheres.

7Note that this is an ad-hoc interpretation of the information encoded in the pulsar mass measurement. We discuss
this in more detail in Section 3.4.2.
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3 A NICER view of PSR J0030+0451: dense matter

where the conditional prior density of the central density εc, p(εc |EOS,M), is numerically
evaluated to impose global spacetime stability. Given an EOS, we inverse sample the con-
ditional density with rejection: we reject θ if θ 7→ (M,R) does not yield a stable spacetime
solution that exists within the support of the posterior density p(M,R |d,M). Outside of
this support, the nuisance-marginalized likelihood function has not been estimated in the
preceding X-ray analysis. Riley et al. (2019a) imposed prior support with hard bounds of
M ∈ [1.0, 3.0] M⊙ and R ∈ [3rg, 16] km, where rg = GM/c2. Note that, except for the lower
bound on the mass, these bounds already have zero support from the prior on the EOS model.
The lower bound on the mass is implemented in MultiNest by assigning a likelihood value
below a certain threshold to any mass-radius pair outside this bound. Any mass-radius pair
with a likelihood lower than this threshold will then be ignored in the nested sampling pro-
cess by MultiNest (see T. E. Riley & A. L. Watts, in preparation, for a discussion on prior
density implementation options for use with MultiNest). Besides the matching to the cEFT
band, the PP model is constrained by causality and the requirement to support a 1.97 M⊙ NS.
Thus, the PP model has prior support for the central density up to the maximum mass (which
is required to be reached before the speed of light cs = c). For the CS model we also consider
the EOS for central densities up to the maximum mass and impose the constraints that

(i) the speed of sound for all energy densities is less than the speed of light;

(ii) the speed of sound of each EOS converges to (cs/c)2 = 1/3 from below at ∼ 50ρs,
following the calculations of the speed of sound for asymptotically high densities by
perturbative quantum chromodynamics (pQCD; Fraga et al. (2014b));

(iii) the bulk properties of matter at densities ρ ≤ 1.5ρs can be described as a normal Fermi
liquid, which restricts the speed of sound at these densities to be (cs/c)2 ≤ 0.163 (see
Greif et al. 2019, and references therein, for more detail).

While both our prior for the CS model and the PP model allow for phase transitions
at certain density ranges, they do not cover all possibilities of transitions to other forms of
matter. However, EOS that mimic hybrid stars for which the transition is smooth do exist
within our prior bounds. We discard any EOS model that allows for two disconnected stable
branches on the mass-radius sequence (similar to Alford & Han 2016), which occurred in our
sampling for certain parameter sets of the PP model but is also possible in the CS model.

In order to understand our prior choices and the effect of the continuous matching to the
cEFT band in more detail, we randomly sample ∼105 points from the prior distributions and
calculate for each point: (i) a central energy density and central pressure pair; and (ii) a mass-
radius pair. The resulting distributions for both the PP and CS model are shown in Figure 3.1.
We note that the bimodality observed in the prior in Greif et al. (2019) has been smoothed out
by the addition of the continuous matching. The darker region at low density, or equivalently
at low masses, comes as a result of all EOS being matched to the cEFT band. However, in
the analysis of PSR J0030+0451 this region is outside of the prior support (M ⩾ 1.0 M⊙)
from the analysis in Riley et al. (2019a). Less intuitive is the darker region for the prior of
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Figure 3.2: Marginal posterior distributions of the pressure P conditional on energy density ε,
p(P | ε,d,M), for the PP model (left) and the CS model (right), and for both the preferred ST+PST
model (upper panels) and the alternative ST+CST model (lower panels). At each value of ε, there ex-
ist 68% and 95% posterior credible intervals for the pressure P; we connect these intervals to form
the shaded bands. The black dotted and dashed lines respectively indicate the joined 68% and 95%
credible interval bands, but for the conditional and marginal prior distribution, p(P | ε,M). The red
contours in each panel indicate the 68% and 95% highest-density posterior credible regions of central
energy density and central pressure. Constraints on the EOS for densities higher than these contours
are only determined by our choice of parameterization and are not directly informed by the mass-radius
likelihood function (and thus in turn, the data). The lower-right inset panels illustrate the evolution of
the Kullback-Leibler (KL) divergence with respect to the energy density, showing that most posterior
information is gained for densities below 1015 g cm−3, not coincidentally the highest possible central
density reached in PSR J0030+0451. Note that due to finite sampling noise the precise features of the
evolution of the KL divergence might be disputed, but the global trend of the curve is unaffected.

the CS model just above 1.97 M⊙, which can be explained by investigating the individual
mass-radius sequences that contribute to this clustering: the CS model is constructed to be
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3 A NICER view of PSR J0030+0451: dense matter

causal at all densities and is only truncated when dM/dεc ≤ 0. This causes the mass-radius
sequences to bend over on the M-R plot after the 1.97 M⊙ constraint is fulfilled and extend
horizontally toward smaller radii, overlapping with each other. The PP model differs in this
feature because individual EOS are truncated when the EOS reaches cs = c, so that such an
EOS does not need to bend over. This allows mass-radius sequences with steep slopes to exist
up to the density where cs = c.

3.2.3 EOS constraints Based on PSR J0030+0451

We consider two distinct mass-radius posterior distributions supplied by Riley et al. (2019a),
each conditional on assumptions about the thermally emitting hot regions on the surface.
These assumption sets are identified as the ST+PST and ST+CST models, which yielded 68%
credible intervals on the equatorial radius of R = 12.71+1.14

−1.19 km and R = 13.89+1.23
−1.38 km,

respectively. We stress that the favored configuration identified by Riley et al. (2019a) is
ST+PST; we explore the other configuration only to illustrate the potential sensitivity of our
conclusions to developments in pulsar theory or additional observations.

We show the 68% and 95% credible regions of the resulting posterior distributions trans-
formed to the EOS space in Figure 3.2. Sensitivity to compactness manifests strongly as a
constraint on central conditions—the density and pressure. Note that the marginal posterior
credible interval on the central density of PSR J0030+0451 is dependent (or conditional)
on the assumed EOS model. The inset panels in Figure 3.2 show that most information
gain about matter pressure, measured through the Kullback-Leibler divergence(Kullback &
Leibler 1951, see below), is in the vicinity of densities found in the core, but in absolute terms
the gain is negligible. The EOS at higher densities than the central density (see also Table
3.1) is not directly informed by the data because a posteriori, matter at such densities does
not exist in the star; any information gain is due to dependence on our choice of EOS param-
eterization which couples low- and high-density regimes via simple functional forms. Also
rendered is a comparison of the posterior distributions with the prior distributions (compare
the green shaded bands and the black dashed and dotted bands), which suggests no remark-
able reduction in the degree of uncertainty—the prior distribution of the EOS functions is
dominant (just as in Greif et al. 2019). In addition, the sensitivity of the posterior distribu-
tions to the chosen EOS parameterization (PP or CS) is stronger than to the model chosen
for the hot regions (ST+PST or ST+CST). This can also be concluded from the inferred val-
ues of central energy densities and corresponding pressures in Table 3.1; larger differences
occur between chosen parameterizations than models for hot regions. As a consequence it is
difficult to investigate the sensitivity of our inference to the assumed hot region model.

In Figure 3.3 we show the nuisance-marginalized likelihood function of the mass and
radius of PSR J0030+0451. We also show how the analysis of the dense matter in this source
modifies our population-level prior, when transformed to mass-radius space (an alternative
representation of the posterior information on the EOS). Consider the hypothetical future
analysis of some other observed NS, S, which shares an EOS—from core to crust—with
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3.2 NICER EOS constraints

Parameterization Hot Region
Model

log10(εc) log10(Pc)

PP model ST+PST 14.80+0.04
−0.07 34.87+0.06

−0.08
ST+CST 14.78+0.04

−0.06 34.84+0.06
−0.09

CS model ST+PST 14.88+0.05
−0.06 34.94+0.07

−0.09
ST+CST 14.86+0.05

−0.06 34.90+0.07
−0.1

Table 3.1: Inferred median values of the central energy density and corresponding central pressure for
PSR J0030+0451, where the errors indicate the interval that contains 68% of the posterior mass.

PSR J0030+0451, and whose central density εc is drawn from the same population-level
density p(εc | EOS) as that of PSR J0030+0451.8 The joint prior for analysis of S is then
based on the PSR J0030+0451 posterior (see the caption for details). The figure clearly
illustrates that after learning about the EOS from PSR J0030+0451, the prior distribution
of mass and radius of S remains dominated by the original prior information invoked for
analysis of PSR J0030+0451. Note that considering the ST+CST model for PSR J0030+0451
shifts the prior mass-radius sequences toward slightly higher radii. 9

The posterior distributions on the speed of sound for the CS model (not shown in this
Letter) are similar to the distributions shown in figure 8 of Greif et al. (2019), again showing
no evidence of the speed of sound reaching the asymptotic limit (cs/c)2 = 1/3 within the
range of energy densities relevant for NSs.

To quantify the information gain (in bits) of the posterior over the prior, we compute
for each model the KL divergence, an asymmetric measure of how different one probability
distribution is from another (Kullback & Leibler 1951).10 The errors on the divergences are
obtained by repeated calculation for each in a set of posterior realizations; each realization
is simply simulated by bootstrap resampling with replacement from the samples according
to their importance weights. Note that this is intended as a fast and simple approximation
to the nested-sampling error theory treated generally in the literature (namely, Skilling 2006;
Higson et al. 2018, 2019; Higson 2018), in order to get a handle on the magnitude of the
noise.

Inspecting individual KL divergences for each parameter (see Table 3.2) reveals that most
information is gained in the distribution of central densities, while other parameters have KL
divergences closer to zero. This can be visualized by comparing the posterior on central
energy densities and pressures in Figure 3.2 with the prior distribution in Figure 3.1: the

8Note that this a Bayesian hierarchical model, where the shared EOS parameters appear in the likelihood function
but also effectively appear as hyperparameters of the central density prior distribution.

9To compute the 68% and 95% highest-density credible regions in Figure 3.3 we have applied a Gaussian kernel
density estimation with the bandwidth parameter according to Scott’s rule (Scott 1992), and determined that the
results and conclusion presented here are not affected by this parameter.

10See Appendix A.2.4 of Riley et al. (2019a) for supplementary detail about the KL divergence.
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Figure 3.3: The 68% and 95% highest-density credible regions of the PSR J0030+0451 likelihood
function (normalized by a flat joint density) are bounded by the blue contours: the ST+PST model
is featured in the upper panels, and the ST+CST model is featured in the lower panels. The black
contours are identical to those shown in Figure 3.1, being associated with a population-level prior
transformed to mass-radius space; here we show how this prior is updated as a result of our analysis
of PSR J0030+0451. To provide context, we are considering the implications for a hypothetical future
analysis of data from a different pulsar S (i.e., not PSR J0030+0451). We assume that the EOS of all
matter (core to crust) is shared between S and PSR J0030+0451; as a joint prior for the EOS of matter in
S, we thus invoke the joint posterior distribution of EOS parameters conditional on NICER observations
of PSR J0030+0451. We assume the central density of S is drawn from the same population-level
density p(εc | EOS) as PSR J0030+0451. We then transform the joint prior of the EOS parameters
and central density of S to the joint space of the mass and radius of S; we render the two-dimensional
regions enclosing 68% and 95% of the updated prior mass in green. We note that the updated prior
distributions are still mostly dominated by the prior for PSR J0300+0451, with slightly more support
for higher radii in the ST+CST model.

most information is gained along direction of the central energy density.
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3.3 Effect of Increased Exposure Time

We further quantify the posterior distributions by performing a model comparison be-
tween the PP and CS model using Bayes’ factors. The Bayes’ factor is the ratio between the
model evidences;11 if we were to accept a uniform prior mass distribution over the discrete
models, the posterior odds ratios are equal to the Bayes’ factors. In Table 3.2 we report the
evidences as well as the Bayes’ factors, computed here as the ratio of the PP model evidence
to the CS model evidence for some exterior-physics (PST or CST) likelihood function. Fol-
lowing the interpretation of Bayes’ factors of Kass & Raftery (1995), we observe that there
is no preference for either of the two parameterizations when using both the ST+PST and the
ST+CSTmodel. The Bayes’ factors show however slightly increased support for the PP model
when using the ST+CST model, a consequence of the tighter constraint on large radii for the
CS model. As a result there is a tension between the inferred radius R = 13.89+1.23

−1.38 km for
the ST+CST model and the allowed range of radii in the CS model, which is less evident in
the PP model.

3.3 Effect of Increased Exposure Time

The dense matter information yield, conditional on NICER observations of PSR J0030+0451,
is weak in the context of existing knowledge, both theoretical and observational. An impor-
tant aspect of any telescope mission is resource management: we therefore now investigate a
scenario wherein the integrated observing time is increased. The analysis presented by Riley
et al. 2019a used a data set with an integrated exposure time of 1.94 Ms, curated by Bogdanov
et al. (2019).

Previous studies that have examined how posterior estimation of mass and radius is sen-
sitive to factors including the number of source counts in the event data indicate that con-
straining power increases as the square root of the number of counts (Lo et al. 2013; Psaltis
et al. 2014) and thus observing time T . It is unclear, however, whether the credible region
areas should be expected to scale as ∼1/

√
T or ∼1/T . The mass and radius are correlated in

Lo et al. (2013) and Miller & Lamb (2015), but the areal reduction is given for approximate
uncertainty in M and R separately. Let us simply suppose that the credible regions contract
along some dimension M/R ≈ constant by a factor of ∼ 1/

√
T , and also enjoy a ∼ 1/

√
T

scaling along the local (orthogonal) compactness direction; the overall scaling of area is then
∼ 1/T . Considering this scaling as optimistic, and a scaling of ∼ 1/

√
T as conservative, we

would require ∼ 2–4 times the exposure on PSR J0030+0451 in order to halve the credible
region area.

Let us make the assumption that the credible regions for mass and radius halve in area.
In Figure 3.4 we show these speculative posterior distributions conditional on the ST+PST
and ST+CST models, corresponding to some unknown extension to the observing time. We
contract the credible regions, simply assuming that the posterior distributional mean vector
is insensitive to continued observation (refer to Appendix A.1). The effect is to artificially

11The model evidence being the principal computational target of the MultiNest algorithm.
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Figure 3.4: Similar to Figure 3.3 but for the hypothetical scenario where the observing time of
PSR J0030+0451 is increased. We crudely simulate the evolution in the nuisance-marginalized likeli-
hood function by contracting the p(M,R | d) credible regions by a factor of two, while retaining the
coordinates of the point which reports the highest nuisance-marginalized likelihood value.
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Parameter Prior Density ST+PST (T ) ST+CST (T ) ST+PST (2T ) ST+CST (2T )

D̂KL (10−3 bits) D̂KL (10−3 bits) D̂KL (10−3 bits) D̂KL (10−3 bits)

PP model K U(1.7, 2.76) 2.47 ± 0.27 26.24 ± 1.13 3.72 ± 0.37 74.80 ± 7.94
Γ1 U(1, 4.5) 16.32 ± 1.00 72.77 ± 1.89 36.83 ± 1.31 129.98 ± 11.62
Γ2 U(0, 8) 3.09 ± 0.40 7.57 ± 0.61 5.27 ± 0.52 6.72 ± 1.83
Γ3 U(0.5, 8) 6.64 ± 0.24 8.02 ± 0.37 7.41 ± 0.31 20.51 ± 1.56
ρ12 U(1.5, 8.3) n0 8.13 ± 0.57 8.71 ± 0.61 8.45 ± 0.64 8.38 ± 1.64
ρ23 U(ρ12, 8.3) n0 3.53 ± 0.43 6.08 ± 0.45 3.86 ± 0.42 7.64 ± 1.82
log(εc) U(14.6, max(εc)) 982.44 ± 4.20 1074.48 ± 4.60 1089.29 ± 4.20 1213.18 ± 18.97

Log-evidence l̂nZ -1.43 ± 0.02 -1.96 ± 0.02 -0.92 ± 0.02 -1.70 ± 0.02

CS model K U(1.7, 2.76) 7.37 ± 0.67 16.40 ± 0.92 11.32 ± 0.71 43.83 ± 1.16
a1 U(0.1, 1.5) 7.74 ± 0.64 6.80 ± 0.52 6.92 ± 0.51 7.63 ± 0.54
a2 U(1.5, 12.0) 5.94 ± 0.64 11.5 ± 0.88 10.18 ± 0.69 46.53 ± 1.23
a3/a2 U(0.05, 2.0) 42.48 ± 1.63 40.77 ± 1.28 43.54 ± 1.30 52.06 ± 1.46
a4 U(1.5, 37.0) 20.10 ± 1.13 16.48 ± 0.92 17.43 ± 0.98 23.35 ± 1.00
a5 U(0.1, 1.0) 2.02 ± 0.31 2.16 ± 0.35 1.12 ± 0.23 1.09 ± 0.16
log(εc) U(14.6, max(εc)) 1331.8 ± 3.77 1376.7 ± 3.34 1440.8 ± 3.5 1508.7 ± 3.12

Log-evidence l̂nZ -1.83 ± 0.02 -2.65 ± 0.02 -1.11 ± 0.02 -2.46 ± 0.02

Bayes’ factor 1.49 1.99 1.21 2.14

Table 3.2: The parameters in the PP and CS model with their corresponding priors, where U(a, b) denotes uniformly sampled between a and b. Note
that the upper prior bound on the central energy densities is a variable that depends on the other EOS parameters, see Section 3.2.2. Also shown are the
estimated log-evidences l̂nZ for the four models considered in this paper, and parameter-by-parameter Kullback-Leibler (KL) divergences D̂KL (mean
values and standard deviation), for each individual parameter. We report the parameter information gain for: (i) likelihood functions L(M,R) associated
with the Bogdanov et al. (2019) T = 1.94 Ms NICER data set; and (ii) crudely simulated likelihood functions L†(M,R) for an exposure time of 2T .
Errors are estimated by calculating these quantities for a set of equally-weighted realizations of the nested-sampling process, where each realization
has an associated posterior distribution. The low absolute value of the KL divergence in bits is indicative that not much information is gained over the
prior in each model considered here. The Bayes’ factors show that for the ST+CST model there is substantially more support for the PP model, caused
by the stricter prior constraints on higher radii for the CS model.
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increase the absolute curvature of the mass-radius nuisance-marginalized likelihood function.

For the ST+PST model we note that the distributions remain very similar to the distribu-
tions in the upper panels of Figure 3.3: the 68% highest-density credible region of the updated
mass-radius posterior12 spans almost the entire region containing 95% of the prior mass. For
the ST+CST model the distributions do show slightly more support for higher radii, while the
range of the 68% and 95% credible intervals decreases. Examination of the one-dimensional
KL divergences for individual parameters exhibit, in most cases, a small increase. In some
cases, however, the KL divergence for individual parameters decreases, but only when the
KL divergence is close to zero where the error intervals due to sampling noise substantially
overlap. The Bayes’ factors indicate that there is still only substantial posterior support for
the PP model when considering the ST+CST model.

3.4 Discussion and Conclusions

3.4.1 Prospects for PSR J0030+0451 as an EOS probe

Following the reported mass-radius posterior distribution from data obtained with NICER on
PSR J0030+0451 by (Riley et al. 2019a) we have explored the implications for the dense
matter EOS. Two distinct hot-region models were considered, the superior ST+PST and also
(for illustrative purposes) ST+CST, both yielding a different constraint on the NS radius. We
have inferred the EOS using two high-density parameterizations, the PP model and CS model,
which are matched to the cEFT band just above nuclear saturation density. The posterior
distributions and corresponding KL divergences have shown that not much information is
gained over the, already narrow, prior for either hot-region model. This can be attributed
to the relatively large uncertainty in both mass-radius likelihood functions compared to the
highest-density region of our prior, and the substantial overlap between the two. From the
distributions shown in Figure 3.2 we observe that the changes from the prior to the posterior
are also insignificant at nuclear densities, so that from the present analysis we cannot draw
conclusions about further constraints on dense matter interactions within cEFT.

The Bayes’ factors indicate that for this particular source neither parameterization is pre-
ferred, although when using the ST+CST model there is slightly more support for the PP
model, a result of the CS model not being able to produce large enough radii to be somewhat
consistent with the likelihood function. When more information on NS radii will become
available in the future we would hopefully be able to discard certain parameterizations or
construct new functional EOS forms based on the information encoded in the Bayes’ factors.

In all these cases the posterior distributions are mostly informed by our prior choices, the
two most stringent constraints being: (i) the lower limit of each EOS supporting a 1.97 M⊙
NS, which is a simple way to include the information encoded in the pulsar radio-timing (and
companion modeling) mass measurement by Antoniadis et al. (2013); and (ii) the computed

12Normalised, nuisance-marginalized likelihood function.
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cEFT band of possible EOS around nuclear saturation density. The first constraint causes a
lower limit on the NS radius, while the latter has the opposite effect, resulting in a strongly
peaked prior between ∼11–13 km. With the tentative measurement of a 2.17+0.11

−0.10 M⊙ pulsar
(PSR J0740+6620; Cromartie et al. 2020) the prior might even be updated to further exclude
EOS with small radii. We discuss the implementation of these priors in detail in Section 3.4.2.

As discussed in Riley et al. (2019a) there are good prospects for advancing our under-
standing of the NICER background (from sources other than the MSP), and therefore tight-
ening the PSR J0030+0451 mass-radius constraint via re-analysis. Any such re-analysis
may also involve more sophisticated modeling of the MSP (and its near vicinity). It is not
possible—at least at present—to robustly forecast how the mass-radius nuisance-marginalized
function would change in response to such modeling efforts.

Substantial extension of the PSR J0030+0451 observing time is feasible given that the
NICER mission has recently been extended for three more years. In Section 3.3 we crudely
simulated the evolution of the nuisance-marginalized likelihood function with observing time.
Several remarks must clearly be made in regards to this: (i) we neglected the notion of re-
analysis of the NICER data curated by Bogdanov et al. (2019); and (ii) the studies by Lo
et al. (2013) and Psaltis et al. (2014) on credible interval scaling assumed a single circular
or infinitesimal single-temperature hot spot, not a more complex hot-region geometry such
as that which emerged in Riley et al. (2019a). While constraints should certainly improve
with increased exposure time, we cannot confirm the precise scaling for these more complex
hot-region geometries without further study, and re-analysis may yield more constraining
power.

Our modification of the nuisance-marginalized likelihood function—which may require
substantial future observing time to formally realize—does not promise to enhance the dense
matter information yield in the context of the radio-timing pulsar mass likelihood function
and of the calculations of nuclear interactions based on cEFT around the nuclear saturation
density. Ultimately, in order to improve synergy with the radio-timing probe of dense matter,
an independent and tight mass constraint for PSR J0030+0451 would need to be combined
with our compactness constraint conditional on NICER observations. However, the pulsar is
not in a binary and thus there is no known prospect of an independent tight mass constraint—
based on radio observations or otherwise.

In conclusion, we cannot yet robustly justify further allocation of observing time to
PSR J0030+0451 for the purpose of dense matter study—at least without first exhausting
modeling avenues for the 1.94 Ms Bogdanov et al. (2019) data set, and without similar mod-
eling of the other primary NICER targets, principally PSR J0437−4715, which has a tight
mass constraint derived via radio-timing. Such a statement would arguably be valid even if
the projected information gain was deemed substantial because it would be based on a crude
forecast of the response to extended observing time, and the current state of knowledge may
yet evolve via remodeling.
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3.4.2 Prior robustness and implementation approximations

Chiral effective field theory allows for a systematic expansion of nuclear forces between
neutrons and protons at low energies in terms of long-range pion-exchange contributions and
short-range interactions Epelbaum et al. (2009b); Machleidt & Entem (2011). Within cEFT it
is possible to determine contributions to nucleon-nucleon and many-body forces at different
orders in the low-energy expansion and to provide estimates of theoretical uncertainties due
to neglected higher-order terms. While theoretical predictions for systems with a significant
proton fraction, such as atomic nuclei and isospin-symmetric matter, generally depend more
sensitively on properties of the employed interactions, the scheme dependence of results for
pure neutron systems or very neutron-rich systems exhibit a remarkable insensitivity to such
details; see Hebeler et al. (2015) for a review, and also Lynn et al. (2016) and Drischler
et al. (2019). In addition, the theoretical results for the nuclear symmetry energy are in good
agreement with experimental constraints (Hebeler et al. 2013). These findings suggest that
the predictions for the EOS of neutron-rich matter up to about nuclear saturation density are
robust and rather well constrained. Current efforts aim at determining more systematically
the upper density limit for such calculations, which is suspected to be closely related to
the breakdown scale of cEFT. These studies may allow us to extend the calculations in a
reliable way to higher densities and by this reduce also the EOS range of the PP and CS
extensions at high densities. We note that in the analyses in this Letter we have approximated
the EOS around nuclear densities with a polytropic fit to the cEFT band calculated by Hebeler
et al. (2013). The true EOS within the cEFT band is however unknown, causing additional
uncertainty in the presented posteriors that remains to be quantified.

One other assumption that merits comment is the prior requirement that each EOS support
a 1.97 M⊙ NS (Section 3.2.2). This hard binary restriction discards the information encoded
in the radio pulsar mass measurement: the information in the shape of the likelihood function
is not included; and information is lost by assigning zero (rather than the correct) posterior
density to EOS that do not support a 1.97 M⊙ star; this is not compatible with the notion of
future Bayesian updating. A more accurate approach would use the pulsar mass measurement
as a nuisance-marginalized likelihood function and would not truncate until far into the tails
(Raaijmakers et al. 2018).13

We considered the conclusions of this present work to be sufficiently insensitive to the
above likelihood implementation detail to warrant discussion instead of recalculation. The
approach taken here has the advantage that it enabled a fast, approximate separation of pos-
terior information gain based on PSR J0030+0451 from the mass information gain based
on PSR J0348+0432; it also avoided an additional parameter (a central density) in the sam-
pling problem, leading to a minor reduction in computational expense. In future applications,

13To clarify with an alternative perspective, suppose that one is simultaneously combining independent likelihood
functions (e.g., from different stars) in a population-level analysis. The information encoded in a subset of the other
likelihood functions might strongly weight EOS that would be outside of the prior support according to a binary
mass-threshold condition. Consequently, independent likelihood information would be censored.
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however, we advocate for the default interpretation of (radio) pulsar mass measurements as
nuisance-marginalized likelihood functions.

3.4.3 Effect of rotation on the accuracy of likelihood evaluation

The effect of rotation on a NS is to deform it into an oblate spheroid with a larger equatorial
radius and to increase the mass compared to a non-rotating NS. These effects are correctly
included in the mass and radius inference reported by Riley et al. (2019a). The joint mass-
radius inference made use of an empirical quasi-universal relation for the oblate shape of the
surface; the surface was then embedded in the Schwarzschild metric, and higher-order metric
and shape corrections were neglected as is acceptable for stars spinning near 200 Hz (Al-
Gendy & Morsink 2014). In particular, the inferred radius in the work of Riley et al. (2019a)
is the rotating star’s equatorial radius. However, in this Letter, we assume that the NS is
spherical, with a radius equal to the equatorial radius of the rotating star. It is worthwhile to
consider the effect of this simplifying assumption on the accuracy of these results by comput-
ing sequences of rotating axisymmetric stars in hydrostatic equilibrium using the RNS code
(Stergioulas & Friedman 1995).

The pulsar PSR J0030+0451 rotates with a spin frequency of 205 Hz. Figure 3.5 demon-
strates the effect of rotation at this spin frequency on some representative EOS. In the left
panel of Figure 3.5 we plot mass versus equatorial radius curves for stars spinning at 0 and
205 Hz for a representative set of tabulated EOS that cover a wide range of stiffness (see
figure caption). This shows that the increase in radius at fixed mass is at most 0.2 km for the
stiffest EOS. More physically plausible EOS, such as the representative EOS of Hebeler et al.
(2013), are deformed by a smaller coordinate distance. The difference of 0.2 km is much
smaller than the precision, ±1.2 km, of the marginal radius estimate in Riley et al. (2019a).
The EOS constructed in this Letter using the PP and CS models will respond to rotation in a
similar fashion. This suggests that this analysis is insensitive to the effects of rotation on the
properties of this pulsar.

If two stars with the same central energy density and EOS but different spin rates are
compared, the mass of the faster rotating star is larger (e.g., Hartle 1967; Hartle & Thorne
1968). Given that the tightest constraints reported by (Riley et al. 2019a) are on the equatorial
compactness ratio of M/R, it is more constructive to compute the changes in the equatorial
compactness ratio, instead of the mass or radius, as a star spins. For zero-spin stars, given an
EOS, each possible value of central energy density is mapped by the equations of hydrostatic
equilibrium to a unique compactness ratio. The right panel of Figure 3.5 shows the curves
of compactness versus central energy density for the same representative set of six different
EOS.14 Note that Figure 3.5 actually shows 12 curves, corresponding to two different spin
rates of 0 and 205 Hz for each EOS. The curves for 205 Hz differ from the zero-spin curves

14Note that for the three representative EOS of Hebeler et al. (2013) there are some values of central energy
density where the slope of the compactness curve changes. These values of density correspond where the piecewise
polytropes are matched in these EOS.
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Figure 3.5: Left panel: effect of spin on the mass versus equatorial radius curves for six representative
EOS allowing for a wide range of stiffness. Two curves with dark and light lines are shown for each
EOS. For each pair, the lighter curve with smaller radii corresponds to the zero-spin mass-radius curve,
while the darker curve with larger radii is the mass-radius curve for stars spinning at 205 Hz. The
EOS in order of increasing stiffness (i.e., in order of increasing radius for a 1.4 M⊙ star) are HLPS Soft
(Hebeler et al. 2013), one of the softest EOS allowed by nuclear physics; BBB2 (Baldo et al. 1997)
is a soft EOS just marginally ruled out by the observation of a 1.97 M⊙ pulsar; APR (Akmal et al.
1998) includes boost corrections; HLPS Intermediate and Stiff are representative EOS from Hebeler
et al. (2013); and L (Pandharipande & Smith 1975), a very stiff EOS, is most likely ruled out by the
Laser Interferometer Gravitational-Wave Observatory (LIGO) observation of GW170817 (Abbott et al.
2017c). The HLPS EOS are also shown in Figures 3.1 and 3.2. Right panel: effect of spin on the
equatorial compactness ratio M/R versus central energy density. The order of curves from left to right
at a value of M/Req = 0.15 is from stiffest to softest EOS. Two curves, corresponding to 0 and 205 Hz
are plotted for each EOS, however the difference between the curves is smaller than the line width so
it is difficult to see the difference by eye. The gray horizontal box shows the compactness range of
M/Req = 0.156+0.008

−0.010 for the ST+PST model reported in Riley et al. (2019a).

by an amount that is smaller than 0.1%, which is smaller than the thickness of the line. This
suggests that if the compactness for a particular central energy density and EOS is computed,
it does not matter whether or not spin is included in the calculation. This property appears to
extend to higher values of spin and will be investigated in more detail elsewhere.

3.4.4 Consistency with previous EOS constraints

There have been several attempts to constrain the parameters of dense matter EOS models
using joint posterior information about mass and radius, where that information was de-
rived via phase-averaged X-ray spectral modeling of bursting and quiescent accreting NSs
(see Section 4 of Riley et al. 2019a). Bogdanov et al. (2016) and Özel et al. (2016) used a
piecewise-polytropic EOS model, inferring both EOS parameters and the associated mass-
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radius bands. Steiner et al. (2010, 2013, 2018) and Lattimer & Steiner (2014) considered a
larger range of parameterized EOS models to infer dense matter parameters including those
associated with the nuclear symmetry energy and the mass-radius bands. Baillot d’Etivaux
et al. (2019) have performed similar analysis using the parameterized EOS model of Mar-
gueron et al. (2018a,b), inferring symmetry energy parameters, speed of sound profiles, and
mass-radius bands.

A direct comparison between the EOS constraints derived in these works and ours is
difficult: they use different models and priors, and the influence of the priors is not always
clear from the published analysis. Due to the form of the models being used, we expect that
the models used in these publications should also have a clear peak in the prior distributions in
both pressure-energy density and mass-radius space. An exception is Model C of Steiner et al.
(2013), which is formulated to give a flat prior distribution in pressure-energy density space
(although it may still have a peak in the mass-radius space prior distribution due to the non-
linear nature of the Tolman-Oppenheimer-Volkoff equation mapping). That the EOS model
and priors have a major influence is clear from Figure 4 of Steiner et al. (2013), which shows
the inferred posterior distributions for one of the symmetry energy parameters. There is clear
variation between models, and the posterior for Model C is noticeably broader. To perform a
consistent comparison with the EOS parameters inferred in our work, we would need to know
the prior distributions on the pressure-energy density and mass-radius space associated with
the EOS parameterizations and priors used in these previous works (the equivalent, for those
models, of our Figure 3.1). However, the necessary details are not shown in these earlier
works, so further study will be required to make a robust comparison.

Recently, the gravitational wave (GW) observation of the NS binary inspiral GW170817
(Abbott et al. 2017c), where the progenitor is widely accepted to be a NS-NS system, has pro-
vided an independent method for constraining the EOS by measuring tidal effects of the NS
in the evolution of GW phase. The dominant tidal GW imprint depends on the characteristic
tidal deformability parameters Λ = (2/3)k2(c2Req)5/(GM)5, where k2 is the EOS-dependent
Love number (Flanagan & Hinderer 2008). Several studies, as discussed below, infer Λ from
the GW data (e.g., Abbott et al. 2017c; De et al. 2018; Abbott et al. 2019b, 2018a). For
example, work performed by the LIGO-Virgo Scientific Collaborations (Abbott et al. 2019b)
quantifies the impact of the choice of spin priors and systematic uncertainties in the waveform
models, and find these to be non-negligible yet smaller than the statistical errors. Specializing
to a low-spin prior with a dimensionless value of less than 0.05 (as expected from extrapolat-
ing the spin-down of observed Galactic binary pulsars that will merge within a Hubble time),
a representative GW model, and the case where both binary components are assumed to be
NSs and have the same EOS, Abbott et al. (2018a) inferred constraints on the EOS and the
radius using two methods: a parameterized EOS and approximate EOS-insensitive relations.
Although the inferred masses from the GW data involved in GW170817 (Abbott et al. 2017c,
2019b) were similar to PSR J0030+0451 within the measurement uncertainties, the compat-
ibility of EOS results is difficult to assess in detail because of the different priors imposed in
the analysis. However, the inferred 90% credible intervals for the radii of the two components
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R ∈ [9.1, 12.8] km and R ∈ [10.5, 13.3] km with the two methods are consistent with the re-
sults in this Letter. Independent analyses of GW170817-only data (De et al. 2018) and results
(e.g., Annala et al. 2018; Lim & Holt 2018b; Most et al. 2018; Raithel et al. 2018; Tews et al.
2018) obtained compatible constraints of the radius in a broad range of R ∈ [9, 14] km. With
the ongoing third observing run of the Laser Interferometer Gravitational-Wave Observatory
(LIGO) and Virgo detectors at a higher detector sensitivity and further improvements planned
(Abbott et al. 2018; The LIGO Scientific collaboration 2019), GW measurements of a greater
number of NS binaries (encompassing both NS-NS and NS-black hole systems) will yield
tighter EOS constraints in the coming years.

3.4.5 Final remarks

We have studied the implications of the available PSR J0030+0451 mass-radius likelihood
information for dense matter EOS knowledge. The likelihood function of mass and radius is
predominantly sensitive to their combination in the compactness ratio, conditional on the cur-
rent NICER data set and X-ray pulse-profile modeling. The posterior information gain over
our choice of prior knowledge is weak in the joint context of both prior constraints imposed
by cEFT interactions at nuclear densities, and all EOS being able to support a 1.97 M⊙ NS.
This is a consequence of the substantial overlap between the relatively broad mass-radius like-
lihood function and our narrowly peaked prior. However, we have shown how our methods
can be applied to data obtained through pulse-profile modeling of MSPs. Our understanding
of the nature of dense matter is expected to improve in the near future with the constraining
power offered by the NICER mission: NICER is concurrently observing rotation-powered
MSPs such as PSR J0437−4715 that have an independent mass measurement derived via
radio timing. Moreover, joint radio and X-ray information from these MSPs promises syner-
gism with the radio information from high-mass pulsars such as PSR J0348+0432.
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Abstract

The NICER collaboration recently published a joint estimate of the mass and the radius of
PSR J0030+0451, derived via X-ray pulse-profile modeling. Raaijmakers et al. (2019) ex-
plored the implications of this measurement for the dense matter equation of state (EOS)
using two parameterizations of the high-density EOS: a piecewise-polytropic model, and a
model based on the speed of sound in neutron stars. In this work we obtain further constraints
on the EOS following this approach, but we also include information about the tidal de-
formability of neutron stars from the gravitational wave signal of the compact binary merger
GW170817. We compare the constraints on the EOS to those set by the recent measurement
of a 2.14 M⊙ pulsar, included as a likelihood function approximated by a Gaussian, and find
a small increase in information gain. To show the flexibility of our method, we also explore
the possibility that GW170817 was a neutron star-black hole merger, which yields weaker
constraints on the EOS.



4 Multi-messenger constraints on the EOS

4.1 Introduction

Determining the behavior of matter at supranuclear densities is one of the major challenges
of modern astrophysics and nuclear physics. Astronomical multi-messenger observations
yield statistical measurements of neutron star (NS) properties such as gravitational mass,
radius, and tidal deformability, providing a way to study matter under extreme conditions.
Theoretical predictions for the phases of matter in NS cores span a wide range, from neutron-
rich nucleonic matter to hyperon or deconfined quark formation or the emergence of a Bose-
Einstein condensate or a color superconducting phase (see Hebeler et al. 2015; Lattimer &
Prakash 2016b; Oertel et al. 2017; Baym et al. 2018, for recent reviews on this topic). In
practice, our uncertainty about dense matter is usually expressed in terms of a space of viable
equation of state (EOS) models (see, e.g., Abbott et al. 2018a; Raaijmakers et al. 2019, and
references therein).

Recently NASA’s Neutron Star Interior Composition Explorer (NICER ), an X-ray tele-
scope on board the International Space Station, has delivered a joint mass-radius measure-
ment for the millisecond pulsar (MSP) PSR J0030+0451 using pulse-profile modeling (see
Watts 2019, and references therein for a description of the technique). Two independent anal-
yses were conducted within the collaboration, each making slightly different assumptions
about the modeling (including priors; Miller et al. 2019b; Riley et al. 2019a). The results
depended strongly on the assumed geometry for the X-ray-emitting surface hot regions, but
it was possible to identify a superior configuration based principally on the likelihood. The
results of the two analyses were, however, deemed consistent: Riley et al. (2019a) reported
an inferred mass and equatorial radius of M = 1.34+0.15

−0.16 M⊙ and Req = 12.71+1.14
−1.19 km (for the

68% credible interval); Miller et al. (2019b), on the other hand, found M = 1.44+0.15
−0.14 M⊙ and

Req = 13.02+1.24
−1.06 km.

Constraints on the mass and radius have recently also been obtained from the gravita-
tional wave (GW) observations of the binary NS merger event GW170817 (Abbott et al.
2017c). The LIGO Scientific and Virgo Collaborations (LVC) reported measurements of the
masses and EOS-dependent tidal deformability parameters of the NSs under different prior
assumptions on the spins and using various waveform models (Abbott et al. 2017c, 2019b,a);
see Kastaun & Ohme (2019) for a critical re-examination of the results. The correspond-
ing radii and EOS constraints were inferred in two ways, by using a parameterized spectral
EOS (Lindblom 2010) and by employing EOS-insensitive relations, both using the low-spin
priors (cS/GM2 < 0.05 where S is the spin angular momentum) and hence non-rotating stel-
lar models. The results were consistent, leading to R = 11.9+1.4

−1.4 km from the spectral EOS
analysis and R = 10.8+2.0

−1.7 km for the more massive NS at the 90% credible interval (Abbott
et al. 2018a); see also De et al. (2018); Annala et al. (2018); Tews et al. (2018) for inde-
pendent related work. A number of studies have further included additional constraints from
the electromagnetic counterparts assuming a NS-NS progenitor (Bauswein et al. 2017; Gao
et al. 2017; Coughlin et al. 2018; Most et al. 2018; Capano et al. 2020a; Margalit & Met-
zger 2019; Radice & Dai 2019; Shibata et al. 2019). In this work, we remain cautious of the
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large uncertainties in modeling the electromagnetic counterparts and only use the fact that the
observed kilonova, an ultraviolet-optical-infrared transient powered by rapid neutron-capture
nucleosynthesis (see, e.g., Lattimer & Schramm 1976; Li & Paczyński 1998; Rosswog et al.
1999; Kulkarni 2005; Metzger et al. 2010; Metzger 2017) indicated that the progenitor binary
involved at least one NS. We consider two possibilities, a double NS system as assumed in
most analyses and a NS-black hole binary. The mass of the black hole (BH) in the latter
scenario would be very low and could have originated from an earlier merger of two NSs or
be of primordial origin (see, e.g., Yang et al. 2018; Coughlin & Dietrich 2019; Hinderer et al.
2019).

In this Letter, we perform a joint analysis of the EOS constraints from NICER and
GW170817, following the method for connecting global NS parameters to the EOS used
in Raaijmakers et al. (2019). We focus on the mass-radius measurement from Riley et al.
(2019a)1, as the measurement of Miller et al. (2019b) has already been used to jointly con-
strain the EOS with GW and radio pulsar measurements. We will compare our findings to
those of Miller et al. (2019b) in Section 4.4.

We use EOS models that incorporate prior information from nuclear physics up to around
saturation density, and two different parameterized extensions at high density; one using
piecewise-polytropes, and one based on physically motivated assumptions about the speed
of sound. We develop the methodology for the combined interpretation of these measure-
ments in a Bayesian framework that also takes into account the measurements of massive
pulsars. Our method can readily include a larger number of NSs from anticipated future
multi-messenger observations. Next, we analyze the impact of systematic uncertainties aris-
ing from different priors for the EOS. We show that the priors used for the spectral EOS
inference from GWs (Abbott et al. 2018a) allow for much stiffer EOSs than the priors in
Raaijmakers et al. (2019) and explain the reasons for these differences. Nevertheless, we
find that the resulting EOS constraints are broadly consistent. We quantify explicitly that
the fact that GW measurements determine the chirp mass to high accuracy can be utilized to
accelerate the parameter inference by treating it as fixed.

4.2 Inference Framework

We adopt the framework outlined previously in Raaijmakers et al. (2019) and Greif et al.
(2019), which we will briefly summarize here, including details of some adjustments made
to incorporate information from the GW data of GW170817. Note that the Bayesian method-
ology is very similar to that outlined in Miller et al. (2020), although there are differences in
the prior assumptions (see Section 4.4).

1The posterior samples from that analysis are available in a Zenodo repository Riley et al. (2019b). We have now
updated the repository from the version published alongside Riley et al. (2019a) to include the following additional
material: files containing only the mass-radius samples, contour files for the credible regions in mass-radius space,
and simplified coordinate files for the boundaries of the hot regions on the stellar surface.
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Figure 4.1: Comparison of the prior on EOS parameters, transformed to the space of mass and radius,
as it would be updated after performing parameter estimation on GW170817 with (green contours)
and without (blue contours) fixing the chirp mass to the median, Mchirp = 1.186 M⊙, of its marginal
posterior distribution. The two distributions show some small-scale differences in the 1σ contour but
are globally consistent. For comparison we also show the prior distribution before including information
from GW170817, but with the 2.14 M⊙ pulsar information, in black contours. For all contours the dotted
and dashed lines indicate the 68% and 95% credible regions, respectively.

4.2.1 Parameterizations

Two distinct parameterizations are considered: a three-piece polytropic (PP) model with vary-
ing transition densities between the polytropes (Hebeler et al. 2013), and a speed of sound
(CS) model based on physical considerations both at nuclear and high densities (Greif et al.
2019). Both models are matched to an additional polytrope below 1.1 n0 (with saturation
density n0 = 0.16 fm−3) with varying normalization that captures the range of allowed EOS
calculated from chiral effective field theory (chiral EFT) interactions (Hebeler & Schwenk
2010b; Hebeler et al. 2013). At densities below 0.5 n0 this polytrope is matched to the BPS
crust EOS (Baym et al. 1971).

4.2.2 Bayesian Parameter Estimation

We use Bayesian methodology to estimate parameters in our EOS model. A more in-depth
discussion on parameter estimation frameworks in the context of dense matter inference can
be found in Riley et al. (2018), which we will very briefly describe here. Let us write,
using Bayes’ theorem, the posterior distributions of the EOS parameters θ and central energy
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Figure 4.2: Left panel: comparison between the full prior distribution (black shaded region, 95%
credible region bounded by the dark green contour) for the PP model with a 1.97 M⊙ cutoff (light green
contour, as used in Raaijmakers et al. 2019) and when updated by parameter estimation using the 2.14
M⊙ pulsar likelihood function (black dashed contour) from Cromartie et al. (2020). Using a cutoff in the
prior allows for slightly smaller radii than using the likelihood function: this is due to both the higher
mass of the center of the pulsar likelihood function and the fact that the likelihood function gives more
weight to an EOS with a maximum mass of 2.14 M⊙ than, e.g., 2.05 M⊙. Right panel: comparison
between the 95% credible regions of the prior distributions of the PP model (black, dashed contour) and
the CS model (dark green contour), when updated with the 2.14 M⊙ pulsar likelihood function. We also
show the 95% credible region (black shaded region with blue contours) of the prior distribution using
the spectral model (Lindblom 2018) that was used in Abbott et al. (2018a). From the comparison it is
clear that the prior with the spectral model allows for much stiffer EOS but has a similar bound at low
radii.

densities ε (together the interior parameters) as

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M) p(d |θ,M) , (4.1)

where M is the model that includes all assumed physics, and d is the data set from both
NICER observations and strain data of GW170817 from the GW detectors LIGO/Virgo. Note
that the prior on the central energy densities ε is dependent on the EOS parameters θ, because
the maximum stable central energy density is different for each set of θ. Given that the two
observations are independent, we can separate the likelihood function as2

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

× p(Λ1,Λ2,M1,M2 |dGW)

× p(M3,R3 |dNICER)

(4.2)

2Note that for notational simplicity, we omit conditional arguments that would denote the model used by a
collaboration. The global model M can be considered as a proper superset of the union of these models.
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where the nuisance-marginalized likelihood functions of (i) M3 and R3, and (ii) Λ1,Λ2,M1,
and M2, are equated3 to the nuisance-marginalized joint posterior density distributions in-
ferred by Riley et al. (2019a) and Abbott et al. (2019a), respectively. The marginal GW
likelihood function is degenerate under exchange of binary components, but we adopt the
same convention as in Abbott et al. (2019b) and define M1 ≥ M2. The interior parameters θ
and ε (now containing three central energy densities, corresponding to one observed star by
NICER and two by the LVC) map deterministically to the parameters M, R, and Λ (where we
have assumed the rotation of the star, Ω, to be zero4), allowing us to sample from the prior
distribution of θ and ε and then numerically evaluate the likelihood functions using kernel
density estimation (KDE) on the posterior samples. We then draw from the joint posterior
distribution p(θ, ε |d,M) of all interior parameters.

However, one complication that arises when performing KDE on samples from the joint
posterior distribution of the two masses associated with GW170817, is that, due to the ex-
treme accuracy to which the chirp mass Mchirp = (M1M2)3/5/(M1 + M2)1/5 is known relative
to the uncertainty in the individual masses, the choice of bandwidth is difficult to make (for
GW170817, Mchirp = 1.186±0.001 M⊙; Abbott et al. 2019b). A small bandwidth is necessary
to accurately describe the chirp mass, while a larger bandwidth is necessary to smooth out
finite sampling noise in the distribution of masses. Another complication is that when the two
sampled central densities are uncorrelated—except for the assumption of a shared EOS—it
is computationally expensive for samplers to find the region in the space of masses where all
of the probability density is concentrated.

To avoid these complications, and at the same time utilize the small chirp mass uncer-
tainty, we fix it to its median value of Mchirp = 1.186 M⊙. Consequently, the mass of the
secondary object is a deterministic function of the mass of the primary object, and there is
one fewer free central density parameter in the vector ε. For details on the approximation
invoked here, we refer to Appendix B.1, up to Equation (B.12). For likelihood evaluation we
use the mass ratio q = M2/M1 instead of the individual masses, transforming Equation (4.2)

3For NICER , the nuisance-marginalized likelihood function p(dNICER |M,R) ∝ p(M,R |dNICER) because the
joint prior p(M,R) was flat (Riley et al. 2019a). For GW170817 the nuisance-marginalized likelihood function
p(dGW |M1,M2,Λ1,Λ2) ∝ p(M1,M2,Λ1,Λ2, |dGW) because the priors used in Abbott et al. (2019b) are flat in
both masses and tidal deformabilities.

4See Raaijmakers et al. (2019) for a discussion on the spin of PSR J0030+0451. We assume that the spins of the
two components in GW170817 are consistent with the spins of observed Galactic binary NS systems that will merge
within a Hubble time. Therefore we use the posterior distribution of GW170817 in the case of a low-spin prior, i.e.,
χ < 0.05, which corresponds to slower rotation than PSR J0030+0451.
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to 5

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

× p(Λ1,Λ2, q |dGW)

× p(M3,R3 |dNICER).

(4.3)

Moreover, the deformability Λ2 = Λ2(θ; q).
In Figure 4.1 6we compare the updated prior distribution after including information

from GW170817 with and without fixing the chirp mass. When the chirp mass is consid-
ered as a free parameter we include it as an element of θ,7 sample from a uniform prior
Mchirp ∼ U(1.180, 1.192), and define the likelihood function as p(Λ1,Λ2, q,Mchirp |dGW),
thus requiring four-dimensional KDE. The two distributions are, due to the small uncertainty
in the chirp mass, almost equal, apart from some finite sampling noise. In the following, we
fix the chirp mass to Mchirp = 1.186 M⊙ in order to reduce the dimensionality of the parameter
vector θ.

We use the nested sampling software MultiNest to draw weighted samples from the
posterior distribution of θ (Feroz & Hobson 2008; Feroz et al. 2009, 2019; Buchner et al.
2014).

4.2.3 Priors

The bounds of the prior ranges of parameters used in this analysis are identical to those dis-
cussed in Section 2.1.1 of Raaijmakers et al. (2019) and Section 3.1.1 of Greif et al. (2019).
Within these bounds all EOS parameters are sampled uniformly, while the central density of
a star, εc, is uniformly sampled in logarithmic space between log(εc) = 14.6 and an upper
bound that is determined by the maximum central density of each particular EOS. We con-
sider an EOS in the PP model up until the highest density that corresponds to a stable NS or
to the point where causality is no longer satisfied, i.e., where the speed of sound exceeds the
speed of light, cs > c. The CS model has slightly more restrictive requirements:

(i) The speed of sound for all densities should be lower than the speed of light.

(ii) At asymptotic densities (∼ 50n0) the speed of sound should converge to cs =
√

1/3c
from below, based on theoretical calculations of cs in the framework of perturbative
quantum chromodynamics (Fraga et al. 2014b).

5Note that, by transforming the parameters M1 and M2 to the mass ratio q and Mchirp, the LVC prior p(q,Mchirp)
is no longer flat. The likelihood function we approximated as proportional to the posterior density p(Λ1,Λ2, q |dGW)
is therefore contaminated. We have checked, however, that reweighting the GW170817 posteriors such that the prior
p(q,Mchirp) is flat has an unimportant effect on the likelihood function used for EOS inference. Moreover, note that
approximating the conditional distribution p(Λ1,Λ2, q |dGW,Mchirp) by the marginal distribution p(Λ1,Λ2, q |dGW)
has a similarly unimportant effect.

6See the Zenodo repository Raaijmakers et al. (2020b) for the data and code to recreate all plots in this Letter.
7Thus now mixing interior parameters and exterior spacetime parameters.
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Figure 4.3: Posterior distributions conditional on the PP model and given: (i) the 2.14 M⊙ pulsar alone
(left panels), (ii) inclusion of the GW170817 measurements (middle panels), and (iii) inclusion of the
mass and radius of PSR J0030+0451 inferred by Riley et al. (2019a) given NICER data (right panels).
In the top row we show how the posterior distributions update the prior distributions, by drawing a new
central density given the inferred distribution on EOS parameters, p(εc |EOS). This is then transformed
to the space of masses and radii, with the contours indicating the 68% and 95% credible intervals. In
the bottom row we show the marginal posterior distributions of the pressure P conditional on energy
density ε, i.e., p(P | ε,d,M). The bands show the connected 68% and 95% credible intervals at each
energy density ε. The grey lines in the left panels show the 95% credible interval of the full prior,
while the black dotted and dashed lines in all panels show the 68% and 95% credible regions of the
updated prior when including information from the 2.14 M⊙ pulsar. The green contours show the same
credible regions, but for posterior distributions that are inferred from multiple measurements of neutron
star observables. In the lower right inset panels we illustrate the evolution of the Kullback-Leibler
divergence as a function of energy density. We conclude that most information is gained from including
the 2.14 M⊙ pulsar. The binary merger GW170817 favours softer EOSs than the prior, but the measured
radius from PSR J0030+0451 favors stiffer EOSs, resulting in a final posterior distribution very similar
to the prior.

(iii) At low densities the speed of sound can be described by that of a normal Fermi liquid
such that we require cs ≤

√
0.163 c at densities below 1.5 n0 (for more details, see Greif

et al. 2019).

A notable change from the prior used in Raaijmakers et al. (2019) is how we implement
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Figure 4.4: Same as in Figure 4.3 but for the CS model. Again we conclude that constraints from
GW170817 point to softer EOSs with lower radii, but the results from NICER point to stiffer EOS with
higher radii. The final posterior distribution, conditional on the three different measurements combined,
is then very similar to the distribution with only information from the 2.14 M⊙ pulsar included.

information from pulsar mass measurements in our analysis.8 These high-precision measure-
ments obtained from the timing of radio pulsars restrict softer EOSs by requiring each EOS
to be able to support the heaviest NSs. There have been several massive NS detected, with the
most stringent constraints coming from PSR J0348+0432 with a mass of 2.01+0.04

−0.04 M⊙ (Anto-
niadis et al. 2013) and more recently PSR J0740+6620 with a mass of 2.14+0.10

−0.09 M⊙ (Cromar-
tie et al. 2020). In many previous analyses the lower 1σ limit of such a mass measurement
was taken as the minimum mass that an EOS has to support a priori. However, Miller et al.
(2020, 2019b) do not make such an assumption and emphasize that likelihood information
about high-mass pulsars be treated accurately (see also Alvarez-Castillo et al. 2016). Here we
approximate the highest pulsar mass measurement as a Gaussian likelihood function,9 such

8We refer the reader to the discussion in section 4.2 of Raaijmakers et al. (2019), and to the arguments in section
4.1 of Miller et al. (2020).

9A value of 0.09 M⊙ was chosen for σ in the Gaussian likelihood function, which is not representative for the
upper tail of the pulsar mass distribution. We believe, however, that the effect on the posterior distributions of the
EOS parameters is small enough to justify this approximation.
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that Equation (4.3) reads

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

× p(Λ1,Λ2, q |dGW)

× p(M3,R3 |dNICER)

× p(M4 |dradio).

(4.4)

The vector ε now contains a fourth central energy density (drawn from the same prior as
described at the beginning of this section) for which the corresponding mass, M4 is used to
evaluate the Gaussian likelihood function. We compare the effect of a cutoff in the prior
with the implementation of the new likelihood function for the PP model in the left panel of
Figure 4.2. The solid lines indicating the 95% credible region show that the prior distribu-
tion between the two methods is very similar, although the likelihood implementation of the
2.14 M⊙ pulsar is slightly more constraining at lower radii due to the higher mass. In the right
panel of Figure 4.2 we compare the prior distributions for the two parameterizations used in
this Letter with the prior distribution of the spectral parameterization used in Abbott et al.
(2018a). The spectral parameterization allows for much larger radii than we consider here,
due to using only a crust EOS without implementing nuclear physics constraints around nu-
clear saturation density. This is taken into account in this work (see also Hebeler et al. 2013)
by adopting the EOS band based on chiral EFT up to 1.1n0. The exact breakdown density of
chiral EFT is not fully known, but many calculated and also predicted nuclear properties are
consistent with experiment (Hebeler et al. 2015), including the symmetry energy and other
matter properties at saturation density, suggesting that the range of possible EOSs predicted
by chiral EFT is valid up to around nuclear saturation density (see also Section 4.2 of Raaij-
makers et al. 2019).

4.2.4 Generalization to a Large Number of Stars

The separation of the likelihood function based on different observables in Equation (4.4)
is a useful way of analysing multiple sources at the same time. In the future, however,
when a population of neutron stars is observable, this can quickly become computationally
intractable—depending on the sampling algorithm applied—as the number of densities con-
stituting the parameter vector ε grows linearly with the number of observed stars. One can
perform the parameter estimation sequentially in this case, where the prior p(θ |M) is up-
dated after each iteration and sampled from in the next (see also Figure 2.1 in Riley et al.
2018).10

10Although natural, sequential updating does not come without its own technical challenges. Moreover, in a
rigorous population-level context, one should consider the role of hyperparameters.
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4.3 EOS Constraints Given Multi-messenger Observations

For both parameterizations discussed in Section 4.2.1 we draw weighted samples from the
posterior distribution p(θ | d,M) using nested sampling. In order to explore the effect of dif-
ferent measurements on this posterior distribution, we start by only considering information
from the 2.14 M⊙ pulsar; we then include information from the binary merger GW170817,
and finally we include the more recent NICER measurements of PSR J0030+0451. The
GW data we use here are the publicly available posterior samples LIGO-Virgo collabora-
tion (2018) which assume certain priors on the GW parameters as described in Abbott et al.
(2019a); a study of the impact of changing these priors is outside the scope of this work but
see Zhao & others (2020).

4.3.1 EOS Constraints Assuming GW170817 Was a NS-NS

We illustrate the posterior distribution in two different ways in Figures 4.3 and 4.4. The lower
panels show the 68% and 95% credible intervals on the pressure at each energy density given
the inferred distribution on EOS parameters, i.e., p(P | ε,d,M). The upper panels show the
updated prior distribution for a new star given the inferred distribution on EOS parameters,
transformed to the space of mass and radii. More practically, this means that for each EOS in
the posterior distribution p(θ |d,M) we draw a new central density from the prior p(ε |θ),
where we use again a uniform prior in log space with the upper bound determined by the
maximum stable neutron star of that EOS. From this central energy density we then compute
the corresponding mass and radius pair. By combining all pairs for each EOS sample in
the posterior we obtain a distribution of masses and radii. The contours again indicate the
68% and 95% credible regions. Visually inspecting the posterior distributions for both the PP
model (Figure 4.3) and the CS model (Figure 4.4) indicates that the inferred masses and tidal
deformabilities for GW170817 favor softer EOSs than our prior. Folding in information about
the radius of PSR J0030+0451, however, with a peak value around 12.7 km, favors stiffer
EOS. As a result the final posterior distribution is only slightly shifted toward smaller radii
but otherwise closely follows the distribution when only the highest-mass pulsar is included.
We also note that one should be careful when inferring the maximum mass allowed for a NS
from Figures 4.3 and 4.4 because the high-mass end of these distributions depends sensitively
on the prior on central energy densities. See also Section 4.4.2 and Figure 4.6 where we
explicitly show the distribution of the maximum mass by taking the highest allowed central
energy density from each EOS instead of sampling from the prior on ε.

In order to quantify this we compute the Kullback-Leibler (KL) divergence (Kullback
& Leibler 1951) between the two distributions shown in the lower panels of Figure 4.3 and
4.4 at a given energy density ε (see lower right inset panels). The KL divergence is an
asymmetric measure of how one probability distribution differs from another; when computed
using a logarithm of base two, the divergence has units of bits. As expected, most of the
information is gained from folding in the 2.14 M⊙ pulsar constraint. The posterior distribution
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Posterior log(Z) K

PP model CS model

+ 2.14 M⊙ pulsar −1.69 ± 0.03 −2.22 ± 0.02 0.70
+ GW170817 −15.44 ± 0.02 −15.08 ± 0.02 1.70
+ NICER −17.05 ± 0.03 −17.10 ± 0.03 1.05

Table 4.1: Log-evidences (Z) for the three posterior distributions and two parameterizations. Also
quoted are the Bayes’ factors (K), computed as the ratio of the evidence for the PP model over the
evidence for the CS model. Following the interpretation of Kass & Raftery (1995) there is no significant
support for one parameterization over the other.

given GW170817 alone exhibits greater divergence from the prior than does the posterior
distribution given GW170817 and NICER information; that said, both divergences are small
at all densities.

Finally, we compute the Bayes’ factors to investigate whether one parameterization is fa-
vored over the other by the data. Assuming the two discrete models to have equal probability
a priori, the Bayes’ factor reduces to the ratio of the evidences of the two posteriors. We
quote the values for the three different posterior distributions in Table (4.1), where the Bayes’
factor K is the ratio of the PP model over the CS model. To interpret the values of K we fol-
low the table of Kass & Raftery (1995) and conclude that none of the Bayes’ factors shows
substantial support for one of the models over the other.

4.3.2 EOS Constraints Assuming GW170817 Was a NS-BH

Based on the gravitational wave signal and observed electromagnetic counterpart from GW170817
there is a non-negligible chance that one of the compact objects involved in the merger was
a light BH (Yang et al. 2018; Ascenzi et al. 2019; Coughlin & Dietrich 2019; Hinderer et al.
2019), provided that the objects had an unequal mass ratio. Such a light BH could for exam-
ple be formed during an earlier merger of two NSs, or originate from density fluctuations in
the early universe (García-Bellido et al. 1996).

We show that making different assumptions related to the nature of the merger can affect
the inferred EOS. More specifically we investigate the impact of GW170817 being a NS-BH
by fixing the tidal deformability of the heavier object Λ1 to zero. One complication, however,
is that the posterior samples provided in Abbott et al. (2019b) do not contain enough samples
when we restrict Λ1 = 0. Instead, we perform a coordinate transformation on the posterior
samples to the effective tidal deformability Λ̃, a combination of the two independent tidal
deformabilities and masses. To incorporate the constraints on the NS-BH scenario from elec-
tromagnetic (EM) observations of the associated kilonova we follow the approach outlined in
Hinderer et al. (2019). We use the model of Foucart et al. (2018) to compute the remnant mass
outside the BH after the merger Mrem from the progenitor NS compactness, which is related
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Figure 4.5: Comparison between the posterior distributions obtained for the assumption that
GW170817 is a NS-NS or a NS-BH merger, without (left panel) and with (right panel) the NICER
measurements of PSR J0030+0451. Here we only show results for the PP model. The lines show the
connected 95% credible regions at a given energy density ε. The black lines show the same credible
regions when the posterior distribution is only informed by the 2.14 M⊙ pulsar. The lower right inset
illustrates the evolution of the KL divergence with energy density ε and indicates that GW170817 is
slightly more constraining for the EOS when assumed to be a NS-NS merger.

to its tidal deformability Λ2, the dimensionless spin of the BH χ1, and the mass ratio. For the
spin we only consider aligned or anti-aligned spins with the orbital angular momentum. We
obtain these inputs from the GW data by transforming the posterior samples of GW170817 to
Λ̃ and χeff , the effective dimensionless spin, setting the BH tidal deformabilityΛ1 = 0 and the
NS spin χ2 = 0. We apply a conservative cut to the GW170817 posterior by only considering
samples that have Mrem > 0.1 M⊙ , which can produce the observed bolometric light curve
of GW170817 (Kasliwal et al. 2017) within some error margins based on semi-analytic light
curve modeling. Effectively this is a crude approximation to the likelihood function that is
zero if Mrem is below this threshold and uniform if above. The posterior distribution of the
EOS parameters is then given by

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

× p(Λ̃(Λ2,M1,M2), q |dGW,EM)

× p(M3,R3 |dNICER)

× p(M4 |dradio) ,

(4.5)

in which the tidal deformability of the heavier object is fixed to zero and the chirp mass is
again fixed to Mchirp = 1.186 M⊙. Equation (4.5) requires that the joint prior density of Λ̃
and q is flat. However, the prior density is not flat. In particular, the prior distribution of Λ̃
exhibits undesirable behavior near zero, where prior support drops to zero. To minimize the
induced bias we reweight the posterior samples to a flat prior in Λ̃ using the method described
in Abbott et al. (2020a). The difference is, however, small since the EM information already
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excludes values of Λ̃ close to zero. Finally we note that the term p(Λ̃(Λ2,M1,M2), q |dGW,EM)
is marginalized overΛ1 and therefore the BH-NS likelihood function is contaminated with the
likelihood of a system with two deformable objects. However, comparing the marginalized
distribution with the conditional distribution p(Λ̃(Λ2,M1,M2), q |dGW,EM,Λ1) shows that the
approximation is valid here in the context of illustrating the impact of different assumptions
about the binary (see Appendix (B.2)).

In Figure 4.5 we compare the posterior distribution for the EOS for the assumption that
GW170817 is a NS-NS or NS-BH merger, with the prior distribution obtained from only the
2.14 M⊙ pulsar measurement. In the left panel we only consider GW170817 and the pulsar
mass, while in the right panel we also include the NICER measurement. Based on the KL
divergence as a function of energy density, we conclude that in both cases GW170817 has
more support for softer EOSs when assumed to be a double NS merger. This can be explained
by the fact that the relatively low inferred value of Λ̃ in Abbott et al. (2019b) can be achieved
with a higher value ofΛ2 (i.e., stiffer EOS) whenΛ1 = 0 and the fact that the NS-BH scenario
is only consistent with the EM counterpart for unequal mass ratios and larger NSs.

4.4 Discussion

In this work we have analyzed the combined constraints on the dense matter EOS given the
recent inferred mass and radius of PSR J0030+0451 by Riley et al. (2019a) using NICER
data, and the measurement of the gravitational wave signal from GW170817, in combination
with the radio measurement of a 2.14 M⊙ pulsar.

4.4.1 Multi-messenger Contributions

The posterior distributions show that the most information is gained from the most massive
pulsar mass measurement. In combination with the restricted range of possible EOS at lower
densities described by the chiral EFT band and, for the CS model, by the approximation of
NS matter as a Fermi liquid, the pulsar mass already puts stringent constraints on the EOS.
When including information from GW170817, softer EOSs are yielded a posteriori, but this
is only a small effect because EOSs consistent with the 2.14 M⊙ pulsar mass measurement
are restricted by causality to higher radii. Finally, the recent NICER measurement shows
more support for stiffer EOS, causing the posterior distribution to have a narrow peak where
the likelihood functions of NICER and GW170817 overlap with the information from the
2.14 M⊙ pulsar and the chiral EFT band.

In order to quantitatively assess the prior-to-posterior information gain through sequential
multi-messenger updates, we have computed KL divergences as a function of energy density.
The divergences indicate that most information is gained from the radio pulsar mass mea-
surement. The information gain from GW170817, given prior radio information, is small.
Further, including the NICER likelihood yields a smaller information gain because the radio
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and X-ray modeling constrain a similar part of the EOS parameter space, i.e., provide less
support for softer EOSs.

Note that these divergences all depend on which distribution is compared with which.
For example, comparing the constraints from NICER or GW170817 with the original, more
diffuse prior distribution would yield a higher KL divergence. We argue, however, that a
logical, unique order of precedence would be ideal. An obvious option is to chronologically
incorporate the various (astronomical) measurements that constrain the EOS.

It is however difficult to design an update order that is truly chronological, given that
(i) not all constraints are compiled in any one analysis, and (ii) multi-messenger constraints
are being derived contemporaneously, both given newly acquired data, and given archival
data when the modeling procedure is revolutionized. Typically there will not be a clear
chronology, and even if there were, we might try to account for the number of physical
assumptions a constraint is conditional on. If we assume that the number of assumptions
anti-correlates with robustness to systematic error in our models of reality, we can attempt to
compile information—and archive constraints—in loose order of robustness.11

We therefore opt to start with information contributed from radio timing of pulsars in
relativistic binaries. There are multiple constraints to consider: constraints for two systems
were reported before GWs were first detected (Demorest et al. 2010; Antoniadis et al. 2013),
with measurements for the very first being updated in recent years with continued timing
(Fonseca et al. 2016; Arzoumanian et al. 2018; Cromartie et al. 2020; Miller et al. 2020). It
is believed that radio measurements relying solely on the relativistic Shapiro delay are robust
to systematic error. However, the first report of a pulsar with a mass above 2 M⊙ is dependent
on theoretical models of white dwarf evolution (Antoniadis et al. 2013). The issue of choice
can of course be straightforwardly nullified by incorporating all of the radio pulsar mass
measurements, each of which encodes orthogonal information in a population-level context.
In this work we chose to use a single astronomical source for each class of astronomical
messenger. Of the two highly informative measurements relying solely on the relativistic
Shapiro delay, derived by Arzoumanian et al. (2018) and Cromartie et al. (2020), we chose
to use the constraint reported by the latter.

4.4.2 Implications for the Maximum Mass of NSs

The maximum mass of NSs places important constraints on the EOS and can aid in determin-
ing the nature of a compact binary merger and the following merger remnant. In Fig. 4.6 we
show the posterior distributions for Mmax for the PP and CS parameterizations considered in
this Letter. These distributions are obtained by calculating for each EOS sample in the poste-
rior distribution p(θ |d,M) the maximum mass for that EOS. The gray dashed lines indicate

11In principle, if a chronologically earlier constraint is biased, future unbiased, informative constraints should
offer a strong opinion. Thus bias should resolve in time, provided that computation can be performed accurately
(Raaijmakers et al. 2019). This is especially true if models are revolutionized and used to reanalyze data, at the
expense of a clear chronology. In practice, however, it is not always straightforward to accurately update knowledge
with future information when resolution would be required in the tail of a prior distribution.
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Figure 4.6: Posterior distributions of the maximum mass of a non-spinning NS Mmax that is supported
by the inferred EOS after including the pulsar mass measurement, GW170817 and the results from
NICER . For the PP model we find a median value of Mmax = 2.26+0.16

−0.24 M⊙ while for the CS model we
find Mmax = 2.13+0.26

−0.22 M⊙ , where the upper and lower limit bound the 95% credible region.

the prior support on Mmax, which drops down rapidly above ∼ 2.5 M⊙ for both parameteri-
zations. The bump around 2.3 M⊙ for the PP model is a consequence of EOS that terminate
at lower maximum masses when their sound speed reaches the speed of light before reaching
a maximally stable NS. This leads to a higher value for the PP model of Mmax = 2.26+0.16

−0.24
M⊙ compared to the CS model, Mmax = 2.13+0.26

−0.22 M⊙ , when including information from
pulsar mass measurements, GW170817, and NICER . Here we quote median values and up-
per and lower limits that bound the 95% credible region. We find that the maximum mass
distribution presented here is broadly consistent with values found in other works (see, e.g.,
Margalit & Metzger 2017; Shibata et al. 2017; Alsing et al. 2018; Rezzolla et al. 2018; Ruiz
et al. 2018; Tews & Schwenk 2020). We find, however, a lower upper-limit since some of
these analyses also include information from the kilonova light curves that suggest the for-
mation of a metastable NS and disfavor the prompt formation of a BH.

4.4.3 Comparison to Other Work

We first compare our results with the analysis of Miller et al. (2019b), who use a similar
Bayesian approach to combine results from NICER , GW170817, and radio pulsar measure-
ments to constrain the EOS. The parameterization of the EOS used in this work differs, how-
ever, in several aspects from the two parameterizations used by Miller et al. (2019b). For the
latter the crust EOS of Douchin & Haensel (2001) is considered up to 0.5 ρs. Beyond 0.5 ρs,
two different extrapolations to higher densities are used. One approach used by Miller et al.
(2019b) is to implement the spectral parameterization by Lindblom (2010, 2018). The sec-
ond parameterization is a piecewise polytropic expansion with two more polytropic segments
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than used in this work, totalling up to five segments. The range of the first polytropic index
of Miller et al. (2019b) is chosen to be rather restrictive in the context of chiral EFT (Hebeler
et al. 2013). Moreover, Miller et al. (2019b) note that first-order phase transitions are not
allowed in the case of the spectral parameterization, but they are permitted non-exhaustively
in the case of the piecewise polytropic expansion (as in the present work). Overall the priors
on their parameterizations, in particular the spectral model (see also Figure 4.1) allow for a
larger range of possible EOS functions. Visually comparing our inferences with Figure 14 in
Miller et al. (2019b), however, we deem the posterior distributions to be consistent.

Next, we compare to previous analyses of EOS constraints conditional on GW170817.
The results of the LVC (Abbott et al. 2018a) are broadly consistent with our analysis here,
yet there are noticeable differences in the lower bound of the 90% confidence interval in
radius (comparing Figures 4.3 and 4.4 with Figure 3 in Abbott et al. 2018a). We attribute
this discrepancy primarily to the different assumptions on the speed of sound: the spectral
EOSs in Abbott et al. (2018a) allowed models with up to 10% violation of causality, while
both parameterized EOSs used in our analysis were strictly causal with cs ≤ c. Additional
differences are that Abbott et al. (2018a) use as the crust EOS a SLy model up to ∼ 0.5, ρs

while we use the BPS model, and we incorporate nuclear physics constraints based on chiral
EFT up to around saturation density (Hebeler et al. 2013). The latter affects mainly the prior
at the large radius end.

A number of independent analyses of the GW data also found broadly consistent results.
De et al. (2018) analyzed the GW data with the source location and distance fixed to those de-
termined from the electromagnetic observations, identified scaling relations between tidal pa-
rameters and mass ratio using piecewise polytropic models, and determined EOS and radius
constraints for a 1.4 M⊙ star to 8.9 < R1.4 < 13.2 km consistent with our results here. Most
et al. (2018) computed a large catalog of piecewise polytropic EOSs, parameterizing both
hadronic models and those with phase transitions. They analyzed the subset of these consis-
tent with high-mass NSs and constraints on tidal deformability parameter Λ̃, both of which
were imposed as hard cutoffs. Their results for the case Mmax > 2.01 M⊙ and Λ̃1.4 < 800 (e.g.,
their Figure 1, top left panel) are consistent with our findings here. Capano et al. (2020a) used
a different speed of sound parameterization based on similar chiral EFT constraints, as well
as different priors, in particular a uniform distribution in radius. Thus, their results using the
GW data alone are skewed more toward smaller radii 9.2 ≲ R1.4 ≲ 12.3 km when imposing
the chiral EFT limits up to ρs. Essick et al. (2020a) used a nonparametric EOS inference
under different priors, also finding broadly consistent results.

In conclusion, the large statistical uncertainties in the available NICER and LIGO/Virgo
likelihood functions lead to broad agreements on the EOS and radius constraints across dif-
ferent analyses. However, the impact of priors, assumptions, and parameterizations is starting
to become discernible, as we have shown. Highly anticipated upcoming observations with
LIGO/Virgo, NICER , and radio pulsars will constrain the EOS for populations of NSs, and
yield unique insights into the properties of cold, dense matter. Our method can readily ingest
the additional information from multiple sources, as well as incorporate new constraints from
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subatomic experiments and theory.
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Abstract

In recent years our understanding of the dense matter equation of state (EOS) of neutron
stars has significantly improved by analyzing multimessenger data from radio/X-ray pulsars,
gravitational wave events, and from nuclear physics constraints. Here we study the additional
impact on the EOS from the jointly estimated mass and radius of PSR J0740+6620, presented
in Riley et al. (2021) by analyzing a combined dataset from X-ray telescopes NICER and
XMM-Newton. We employ two different high-density EOS parameterizations: a piecewise-
polytropic (PP) model and a model based on the speed of sound in a neutron star (CS). At
nuclear densities these are connected to microscopic calculations of neutron matter based
on chiral effective field theory interactions. In addition to the new NICER data for this
heavy neutron star, we separately study constraints from the radio timing mass measure-
ment of PSR J0740+6620, the gravitational wave events of binary neutron stars GW190425
and GW170817, and for the latter the associated kilonova AT2017gfo. By combining all
these, and the NICER mass-radius estimate of PSR J0030+0451, we find the radius of a
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1.4 M⊙ neutron star to be constrained to the 95% credible ranges 12.33+0.76
−0.81 km (PP model)

and 12.18+0.56
−0.79 km (CS model). In addition, we explore different chiral effective field theory

calculations and show that the new NICER results provide tight constraints for the pressure
of neutron star matter at around twice saturation density, which shows the power of these
observations to constrain dense matter interactions at intermediate densities.
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5.1 Introduction

Our understanding of the dense matter equation of state (EOS) of neutron stars has made
significant progress over the last few years due to the arrival of new avenues to measure
observables like mass, radius and tidal deformability, that connect to the behavior of matter
at supranuclear densities. Recently NASA’s X-ray timing telescope, the Neutron Star Interior
Composition Explorer (NICER ), has delivered the first joint measurement of mass and radius
through pulse profile modeling of the millisecond pulsar PSR J0030+0451 (Riley et al. 2019a;
Miller et al. 2019b). The impact of this measurement on the dense matter EOS has been
extensively studied in various EOS frameworks (see, e.g., Raaijmakers et al. 2019; Miller
et al. 2019b; Raaijmakers et al. 2020a; Essick et al. 2020b; Landry et al. 2020; Dietrich et al.
2020; Jiang et al. 2020; Al-Mamun et al. 2021), including EOS with phase transitions to
quark matter (see, e.g., Xie & Li 2021; Li et al. 2021; Tang et al. 2021; Blaschke et al. 2020;
Alvarez-Castillo et al. 2020) and models that explore the possibility of there being two stable
neutron star branches (Christian & Schaffner-Bielich 2020).

Concurrently, the second and third observing runs of LIGO/Virgo have so far resulted in
the confirmed gravitational wave detections of two (most-likely) binary neutron star mergers:
GW170817 (Abbott et al. 2017c, 2019b) and GW190425 (Abbott et al. 2020a). By accu-
rately measuring the gravitational wave phase, limits can be put on the EOS-dependent tidal
deformability of the neutron stars (Flanagan & Hinderer 2008; Hinderer et al. 2010). While
for GW170817 the tidal deformability could be measured within a 90% highest posterior
density interval when adopting low spin priors (see, e.g. Abbott et al. 2018a, 2019a), the low
signal-to-noise ratio (SNR) of GW190425 resulted in only weak upper limits on the tidal
deformability even when assuming low spins (Abbott et al. 2020a). We consider the ∼ 2.6
M⊙ secondary object in GW190814 (Abbott et al. 2020d) to be a black hole (Nathanail et al.
2021), and will therefore not use this third event in our analysis.

At nuclear densities, the EOS is well constrained by nuclear theory and experiments (see,
e.g., Tsang et al. 2012; Lattimer & Lim 2013b; Huth et al. 2021). In particular, many-body
calculations based on chiral effective field theory (EFT) interactions have enabled systematic
predictions for the neutron matter EOS up to nuclear saturation density including theoretical
uncertainties (see, e.g., Hebeler et al. 2013; Tews et al. 2013; Lynn et al. 2016; Drischler et al.
2019; Drischler et al. 2020). Up to saturation density, the resulting symmetry energy and pres-
sure of neutron matter are also consistent with extractions from nuclear experiments (Lattimer
& Lim 2013b), including from measurements of the dipole polarizability of neutron-rich nu-
clei (Roca-Maza et al. 2015; Birkhan et al. 2017; Kaufmann et al. 2020). Taking these results
at nuclear densities, combined with standard crust EOS, different extrapolations to high den-
sities have been found to lead to NS radii consistent with all multimessenger observations
(see, e.g., Raaijmakers et al. 2020a; Essick et al. 2020b; Annala et al. 2020; Dietrich et al.
2020; Biswas et al. 2021). Recently, the results of PREX-II have pointed to higher pres-
sures (Adhikari et al. 2021; Reed et al. 2021), but with very large uncertainties, so that in a
combined analysis with astrophysical and chiral EFT constraints, the overall consistency still
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persists (Essick et al. 2021).
NICER data has now enabled a joint estimate of the mass and radius of the high-mass

rotation-powered millisecond pulsar PSR J0740+6620. Since PSR J0740+6620 (unlike PSR J0030+0451)
is in a binary with an inclination that allows measurement of the Shapiro delay, its mass can
be measured independently via radio timing. Cromartie et al. (2020) reported a mass of
2.14+0.10

−0.09 M⊙ , and a joint campaign by the North American Nanohertz Observatory for Grav-
itational Waves (NANOGrav) and the Canadian Hydrogen Intensity Mapping Experiment
(CHIME)/Pulsar collaborations has now resulted in an updated mass of 2.08±0.07 M⊙ (Fon-
seca et al. 2021).

Riley et al. (2021) have used this mass measurement as an informative prior for pulse-
profile modeling analysis that is joint over the phase-resolved spectroscopic data from NICER
and phase-averaged data from the XMM-Newton European Photon Imaging Camera (EPIC).
The inclusion of the smaller XMM-Newton (hereafter XMM) data set allows for better con-
straints on the proportion of the X-ray emission that is attributable to background rather than
PSR J0740+6620, ultimately acting to cut out solutions with high compactness. This results
in an inferred radius of 12.39+1.30

−0.98 km, and a mass of 2.072+0.067
−0.066 M⊙ that is little changed

from the radio prior. For a full description of the methodology employed in the mass-radius
inference we refer the reader to Riley et al. (2021).

In this Letter, we use the mass and radius from Riley et al. (2021) for PSR J0740+6620
as input for inferring the dense matter EOS, combining it with other constraints from nu-
clear theory and multi-messenger observations. It should be considered as a follow-up to our
previous work that built on NICER ’s results for PSR J0030+0451 (Raaijmakers et al. 2019,
2020a), where in this work we explore also a broader range of multi-messenger constraints.
As the high-density constraints from astrophysical observations get more precise, with the
new NICER results and future LIGO/Virgo measurements, it will be intriguing to see them
play out with the present nuclear constraints. In this Letter, we also explore this for the
new NICER results and how they constrain the EOS above nuclear densities starting from
different chiral EFT calculations1.

5.2 Inference framework

In this work we will closely follow the analysis framework developed previously in Greif
et al. (2019), Raaijmakers et al. (2019) and Raaijmakers et al. (2020a). Below, we summarize
this method and highlight several updates to the framework.

We consider two EOS parameterizations: i) a piecewise polytropic (PP) model with three
segments between varying transitions densities (Hebeler et al. 2013), and ii) a speed-of-sound
(CS) model first introduced in Greif et al. (2019). To capture the uncertainty in the EOS
around nuclear saturation density (n0 = 0.16 fm−3), both parameterizations are matched to

1The posterior samples and scripts to make the plots in this Letter are available in a Zenodo repository at Raaij-
makers et al. (2021a).
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Figure 5.1: Constraints on the mass-radius relation of neutron stars, given the posterior distribution
on EOS parameters θ using the PP model (left) and CS model (right panel). The constraints from
the updated radio timing mass of PSR J0740+6620 from Fonseca et al. (2021) (present work, green)
are compared to the mass from Cromartie et al. (2020) used in our previous works (Raaijmakers et al.
2019, 2020a) (orange, dashed-dotted), showing both the 68% and 95% credible regions. The black
dashed lines indicate the 95% credible region of the prior distribution. Note that the slightly lower mass
measurement does not have a significant impact on the EOS posterior.

a power law fit of a range of EOS calculated from chiral effective field theory interactions
(Hebeler & Schwenk 2010b; Hebeler et al. 2013) below 1.1n0. At densities below 0.5n0 this
power law fit is connected to the BPS crust EOS (Baym et al. 1971).

To constrain these EOS parameterizations, governed by the EOS parameters θ, we em-
ploy Bayes’ theorem and write the posterior distributions of the EOS parameters and central
energy densities ε as

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M) p(d |θ,M) , (5.1)

whereM denotes the model including all assumed physics and d the dataset used to constrain
the EOS, consisting of, e.g., radio-, X-ray and gravitational wave data. When assuming each
of these datasets to be independent of each other, we can separate the likelihoods and write

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

×
∏

i

p(Λ1,i,Λ2,i,M1,i,M2,i |dGW,i(,dEM,i))

×
∏

j

p(M j,R j |dNICER,j)

×
∏

k

p(Mk |dradio,k) . (5.2)
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Here the products run over the number of different observed stars, or mergers, in the case of
the gravitational wave data. Furthermore, in Equation (5.2) we have equated the nuisance-
marginalized likelihoods to the nuisance-marginalized posterior distributions derived in Riley
et al. (2019a); Fonseca et al. (2021); Riley et al. (2021); Abbott et al. (2019b, 2020a). This
approximation is justifiable when the priors used in estimating these nuisance-marginalized
posterior distributions are uninformative, which for simplicity we will assume to be a uniform
prior in this case. The posterior distributions derived by Riley et al. (2019a) and Riley et al.
(2021) already use a jointly uniform prior in mass and radius. The posterior distributions de-
rived by Abbott et al. (2019b) and Abbott et al. (2020a) use a jointly uniform prior in the tidal
deformabilities of the two components Λi within the range Λi ⊂ [0, 5000] (for GW190425
the upper bound of Λ2 was set to 104.). The prior on the detector frame masses, which are
redshifted with respect to the source frame masses (Mdet = Mi(1 + z)), is uniform within the
range Mdet ⊂ [0.5, 7.7] and Mdet ⊂ [1, 5.31] for GW170817 and GW190425 respectively.
However, the posterior distribution on component masses from gravitational waves is highly
degenerate because of the accurately measured chirp mass Mc = (M1M2)3/5/(M1 + M2)1/5.
To speed up the convergence of our parameter estimation, we therefore transform the gravi-
tational wave posterior distributions to include the two tidal deformabilities, chirp mass and
mass ratio q, while reweighing such that the prior distribution on these parameters is uni-
form. Further, we also fix the chirp mass to its median value, since the small uncertainty in
this parameter does not affect the EOS parameter estimation (see Raaijmakers et al. 2020a),
and thus have:

p(θ, ε |d,M) ∝ p(θ |M) p(ε |θ,M)

×
∏

i

p(Λ1,i,Λ2,i, qi |Mc,dGW,i(,dEM,i))

×
∏

j

p(M j,R j |dNICER,j)

×
∏

k

p(Mk |dradio,k) . (5.3)

Fixing the chirp mass means that the vector ε only contains one central density per merger,
where the tidal deformability of the second component is now set by Λ2 = Λ2(θ; q). If a
gravitational wave event has an associated electromagnetic (EM) counterpart, the likelihood
for that event becomes a product of the nuisance-marginalized posterior distribution from
the gravitational wave data and the nuisance-marginalized posterior distribution from the EM
analysis, such that:

p(Λ1,Λ2, q |Mc,dGW,dEM) ∝ p(Λ1,Λ2, q |Mc,dGW)

× p(Λ1,Λ2, q |Mc,dEM) . (5.4)

Obtaining the posterior distribution p(Λ1,Λ2, q |Mc,dEM) is discussed in Section 5.3.2 for
the specific case of AT2017gfo, the kilonova associated with GW170817 (see, e.g., Abbott
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et al. 2017b,a; Arcavi et al. 2017; Coulter et al. 2017; Chornock et al. 2017; Cowperthwaite
et al. 2017; Kasliwal et al. 2017; Nicholl et al. 2017; Tanvir et al. 2017).

We then sample from the posterior distribution p(θ, ε |d,M), compute the corresponding
M, R, and Λ, and then evaluate the likelihood by applying a kernel density estimation to the
posterior distributions from Riley et al. (2019a, 2021); Abbott et al. (2019b, 2020a) using
the nested sampling software MultiNest. The same prior distribution p(θ |M) is used as in
previous work; we refer the reader to Section 2.3 of Raaijmakers et al. (2020a) and references
therein for a more detailed description.

5.3 EOS constraints

In this Section we investigate the impact of the Riley et al. (2021) mass-radius measurement
for PSR J0740+6620 on the dense matter EOS, both separately and when combined with
previous constraints.

5.3.1 Radio mass measurement of PSR J0740+6620

Firstly, we constrain the EOS using the updated mass measurement of 2.08 ± 0.07 M⊙ for
PSR J0740+6620 derived using radio timing (Fonseca et al. 2021), and compare this to the
constraints from the previously published mass of 2.14+0.1

−0.09 M⊙ (Cromartie et al. 2020). In
Figure 5.1 we show the posterior distribution on EOS parameters θ when transformed to the
mass-radius parameter space. We note that, as expected, the slightly lower updated mass
measurement shifts the posterior distributions to lower maximum neutron star masses and
lower radii, although the effect is almost negligible. Since the radio timing mass measurement
is already incorporated in the joint mass-radius estimate from NICER we will not use this
measurement in the remainder of this work.

5.3.2 GW170817 and GW190425

The gravitational wave events GW170817 and GW190425 have so far been the only con-
firmed neutron star binary mergers during the recent observing runs of the LIGO/Virgo col-
laboration (Abbott et al. 2021b). Although both events have a non-negligible chance of being
neutron star-black hole mergers (see, e.g., Yang et al. (2018); Ascenzi et al. (2019); Coughlin
& Dietrich (2019); Hinderer et al. (2019) for GW170817 and e.g., Kyutoku et al. (2020);
Han et al. (2020) for GW190425), in the following we will assume both objects to be neu-
tron stars. We use the low-spin2 posterior distributions on tidal deformability and mass ratio
with the IMRPhenomPv2_NRTidal3 waveform model (Hannam et al. 2014; Khan et al. 2016;

2The low-spin assumption is chosen to be consistent with measurements of spins in Galactic neutron star binaries
that merge within a Hubble time.

3See Table 1 of Abbott et al. (2019b) for a description of the waveform model.
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Figure 5.2: In blue we show the bolometric luminosity of GW170817 from the data compiled in Kasli-
wal et al. (2017). The red band contains 95% of the light curves of the posterior distribution when fitted
with the model described in Section 5.3.2.

Dietrich et al. 2019b) for GW170817 and GW190425. Furthermore we use the median chirp
mass values of Mc = 1.186 M⊙ for GW1708174 and Mc = 1.44 M⊙ for GW1904255.

The upper panels of Figure 5.3 show the posterior distributions on the EOS for both events
in the mass-radius space. We note that the constraints on tidal deformability from GW170817
give more support to softer EOS, although the 95% credible region spans a relatively large
range of radii. GW190425 only led to weak upper limits on the tidal deformability due to its
low SNR and single-detector detection. The EOS is however constrained as a result of the
high mass of the primary component (with 95% credible range 1.60 − 1.87 M⊙ ), excluding
EOS that do not support these masses.

AT2017gfo

Following the detection of GW170817 an EM counterpart was observed across the frequency
spectrum (see, e.g., Abbott et al. (2017b,a) and references therein; Coulter et al. (2017);
Chornock et al. (2017); Drout et al. (2017); Hallinan et al. (2017); Kasliwal et al. (2017,
2022); Margutti et al. (2017); Pian et al. (2017); Smartt et al. (2017); Troja et al. (2017)).
Of particular interest here is the thermal infrared-optical-ultraviolet transient powered by
radioactive decay of r-process nucleosynthesis in the neutron-rich material ejected during
merger; the so-called kilonova or macronova (e.g. Li & Paczyński 1998; Kulkarni 2005;

4https://dcc.ligo.org/LIGO-P1800370/public/
5https://dcc.ligo.org/LIGO-P2000223/public/
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Figure 5.3: Upper panels: Constraints on the mass-radius relation of neutron stars, given the posterior
distribution on EOS parameters θ using the PP model (left) and CS model (right) when analyzing the
gravitational wave events GW170817 (Abbott et al. 2017c) and GW190425 (Abbott et al. 2020a), both
separately and combined. The estimated tidal deformability from GW170817 offers more posterior
support for softer EOS, and thus lower radii. For GW190425 only weak upper limits could be set on the
tidal deformability, but the relatively high estimated mass of the primary object disfavors softer EOS, as
we are not considering any high-mass information from radio pulsars here. Lower panels: The change
in the posterior distribution on the EOS when including information from the kilonova associated with
GW170817, AT2017gfo (Kasliwal et al. 2017). The estimated mass that was ejected during the merger
favors higher tidal deformabilities, and thus constrains the mass-radius space at low radii.

Metzger et al. 2010). The kilonova properties depend on the mass, velocity, and composition
of the ejected material, which in turn depend on the binary progenitor parameters such as
the tidal deformability of the neutron stars. Using this connection it is possible to constrain
the EOS from the kilonova light curve (see, e.g., Coughlin et al. 2018; Radice & Dai 2019;
Hinderer et al. 2019; Capano et al. 2020a; Dietrich et al. 2020).
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Figure 5.4: Upper panels: The 68% and 95% credible regions of the EOS given the mass-radius
estimate of PSR J0740+6620 by Riley et al. (2021), using the PP model (left) and CS model (right).
The black dashed lines and orange dashed-dotted lines indicate the 95% credible region of the prior
and the constraints given the radio mass measurement of PSR J0740+6620 by Fonseca et al. (2021),
respectively. The red contour shows the posterior distribution on central energy density and pressure for
this source, and in the inset we plot the KL-divergence as a function of energy density. Lower panels:
Same as upper panels but for the mass-radius space. Also shown in blue, dotted lines is the 95%
credible region of the EOS posterior distribution, when analyzing the result from Riley et al. (2021)
without the inclusion of the XMM-dataset (so NICER only). In addition, we show the mass-radius
posterior for PSR J0740+6620 by Riley et al. (2021) as dark-green contours (68% and 95%). Note that
when considering both NICER and XMM data, the posterior distribution (green shaded) is very close
to the constraints obtained from the radio mass measurement of PSR J0740+6620 (orange), due to this
mass-radius posterior (dark green) showing support over an extended range of radii.

Here we analyze the bolometric luminosity of GW170817 (as compiled in Kasliwal et al.
2017) via the new Bayesian framework outlined in Raaijmakers et al. (2021b). We consider
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Figure 5.5: Upper panels: Constraints on the mass-radius space of neutron stars, given the posterior
distribution of EOS parameters θ using the PP model (left) and CS model (right). Shown are the 68%
and 95% credible regions when analyzing PSR J0030+0451, PSR J0740+6620 and the combination
of the two pulsars. Note that the distribution of PSR J0030+0451 is different than in Raaijmakers
et al. (2019), because here we have not included any high-mass pulsar information. Lower panels:
Similar to upper panels, but when analyzing jointly mass-radius estimates from PSR J0740+6620 (Riley
et al. 2021), PSR J0030+0451 (Riley et al. 2019a), mass-tidal deformability estimates from GW170817
(Abbott et al. 2019b) and GW190425 (Abbott et al. 2020a) and the kilonova data of Kasliwal et al.
(2017) as described in Section 5.3.2. Combined, we find the radius of a 1.4 M⊙ neutron star to be
constrained to the 95% credible ranges 12.33+0.76

−0.81 km (PP model) and 12.18+0.56
−0.79 km (CS model). To

show the impact of the radius measurement of PSR J0740+6620 we also plot the posterior distribution
when analyzing combined constraints with only the 2.08M⊙ mass measurement of PSR J0740+6620
(orange dashed-dotted lines).

a two-component kilonova model, where the first component, the dynamical ejecta, is as-
sociated with material ejected through tidal forces and the shock interface between the two
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5 EOS and neutron star properties from NICER and multimessenger observations

neutron stars (see, e.g., Radice et al. 2018a, and references therein). The second component is
associated with neutrino-driven winds or material ejected through viscous forces. We connect
the outflow properties of these components to the binary progenitor properties by using the
formulae presented in Krüger & Foucart (2020) for dynamical ejecta and disk mass, which
are fitted to numerical simulations of compact mergers. The velocity of the dynamical ejecta
is calculated using the formula in Coughlin et al. (2019a), while the velocity of the disk wind
ejecta is left as a free parameter. The dynamical ejecta includes both material ejected through
tidal forces and material ejected through shocks on the contact interface between the stars
(see, e.g., Sekiguchi et al. 2016; Dietrich & Ujevic 2017; Tanaka et al. 2020; Nedora et al.
2021). To distinguish these we consider two different opacities in the dynamical ejecta, cor-
responding to tidal tail and shock ejecta , where the latter is less neutron-rich compared to
the tidal tail and thus has a lower opacity (see Table 5.1). For simplicity we take a single
opacity for the disk wind ejecta. The outflow properties are then connected to a bolometric
luminosity through the semi-analytic light curve model by Hotokezaka & Nakar (2020). The
priors on all parameters are shown in Table 5.1.

The fit to the bolometric luminosity of AT2017gfo using the data compiled in Kasliwal
et al. (2017) is shown in Figure 5.2, showing all datapoints to be contained within the 95%
credible region of the posterior distribution. In the lower panels of Figure 5.3 we show the up-
dated prior distribution for the EOS with GW170817 and with the inclusion of AT2017gfo.
The EM data gives more posterior support to stiffer over softer EOS, due to the estimated
ejected mass requiring a neutron star with larger tidal deformability. The estimated radius
of a 1.4 M⊙ neutron star for the PP and CS model is 12.12+1.10

−1.44 km and 11.53+1.16
−1.15 km, re-

spectively, which is broadly consistent with multimessenger constraints obtained by other
works (see, e.g., Coughlin et al. 2019a; Dietrich et al. 2020; Capano et al. 2020a; Breschi
et al. 2021b; Nicholl et al. 2021). Important to note is that the EM modeling of the kilonova
here is simplified and relies on a few assumptions that are known to affect results, such as
spherical ejecta geometry (see, e.g., Heinzel et al. 2021; Korobkin et al. 2021a), fixed nuclear
heating rate (see, e.g., Barnes et al. 2021), and an incomplete mapping between properties
of the binary system and the ejecta outflows. It is also dependent on the choice of light
curve modeling, where the distinction can be made between semi-analytic modeling (such as
in this work and, e.g., Breschi et al. 2021b; Nicholl et al. 2021) and interpolating between
radiative transfer simulations (e.g., Coughlin et al. 2018; Dietrich et al. 2020). We use a
semi-analytical model from Hotokezaka & Nakar (2020), which for the current statistical
uncertainty in gravitational wave parameter estimation and uncertainty in light curve obser-
vations produces consistent results to full radiative transport models (see, e.g., Coughlin et al.
2020a,c), although this will change in the future with improved gravitational wave detectors
and optical telescopes.
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Table 5.1: The parameters used in the model described in Section 5.3.2 and their prior support in the
analysis of AT2017gfo. The notation U(a, b) here means uniformly drawn between boundaries a and b.

Parameters Prior density and support

Binary properties

Mc [M⊙] ∼ U(1.18, 1.2)
q ∼ U(0.2, 1)
Λ1 ∼ U(0, 2500)
Λ2 ∼ U(0, 2500)

Ejecta and light curve properties

Mdyn [M⊙] Eq. (2) Raaijmakers et al. (2021b)
vdyn [c] Eq. (D5) Coughlin et al. (2019a)
vmin,dyn [c] ∼ U(0.1, 1.0) vdyn

vmax,dyn [c] ∼ U(1.5, 2.5) vdyn

vκ [c] ∼ U(vmin,dyn, vmax,dyn)
κlow [cm2 g−1] ∼ U(0.1, 5)
κhigh [cm2 g−1] ∼ U(5, 30)

Mwind [M⊙] Eq. (10) Raaijmakers et al. (2021b)
vwind [c] ∼ U(0.03, 0.15)
vmin,wind [c] ∼ U(0.1, 1.0) vwind

vmax,wind [c] ∼ U(1.5, 2.0) vwind

κwind [cm2 g−1] ∼ U(0.1, 5)

5.3.3 NICER mass-radius and multimessenger constraints

Next we study the constraints on the EOS from the new mass-radius estimate of PSR J0740+6620
using data from NICER and XMM, presented in Riley et al. (2021). They find a radius of
12.39+1.30

−0.98 km, and a mass of 2.072+0.067
−0.066 M⊙, where the upper and lower limit bound the 68%

credible regions. The EOS results are shown in Figure 5.4, both in energy density-pressure
and mass-radius space. From the Kullback-Leibler (KL)-divergence (Kullback & Leibler
1951) plotted as a function of energy density in the upper insets, we find that especially at
higher energy densities there is a significant information gain from prior-to-posterior. Note
that similar but, especially for the CS model, broader constraints are found for the poste-
rior distribution when only using the radio mass measurement of PSR J0740+6620, as in-
dicated by the orange dashed-dotted lines. This is a result of the mass-radius estimate of
PSR J0740+6620 being very consistent with our prior ranges informed by low-density chiral
EFT calculations. The chiral EFT calculations do exclude however stiffer EOS with radii
> 14 km, where the mass-radius posterior of PSR J0740+6620 has non-negligible posterior
support. For the CS model this effect is stronger as additional constraints on the speed of
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5 EOS and neutron star properties from NICER and multimessenger observations

sound at 1.5n0 in the CS model lead to overall smaller radii than in the PP model (see Section
2.3 of Raaijmakers et al. 2020a).

In the mass-radius space we also plot the EOS constraints given the joint NICER mass-
radius estimate excluding the XMM data. For this analysis Riley et al. (2021) report a value
of 11.29+1.20

−0.81 km for the radius, and 2.078+0.066
−0.063 M⊙ for the mass. As this joint mass-radius

estimate has slightly more posterior support for lower radii, the corresponding EOS con-
straints suggest a softening of the EOS at high densities. These results should be interpreted
with caution however, because the NICER -only analysis leads to an under-prediction of the
background (the contribution from instrumental or astrophysical background to the unpulsed
component of the pulse profile). This results in more of the unpulsed component being at-
tributed to the hot regions via high compactness solutions. The XMM data show that a larger
component of the unpulsed emission must come from true background, eliminating these high
compactness solutions and increasing the inferred radius in the joint NICER -XMM analysis
(see also Section 4.2 in Riley et al. (2021)).

Finally, in Figure 5.5 we show the constraints on the EOS from PSR J0740+6620, PSR J0030+0451
(first derived in Raaijmakers et al. 2019, but here no information on high-mass pulsars is in-
cluded) and the combination of the two pulsars. Note that for the combined constraints, most
of the information comes from PSR J0740+6620, since the 68% credible region of the mass-
radius posterior of PSR J0030+0451 covers a broad range in radii that are consistent with the
EOS constraints from PSR J0740+6620.

In the lower panels of Figure 5.5 we show the combined constraints on the EOS includ-
ing mass-radius estimates from PSR J0740+6620 (Riley et al. 2021), PSR J0030+0451 (Riley
et al. 2019a) and mass-tidal deformability estimates from GW170817 (Abbott et al. 2019b)
and GW190425 (Abbott et al. 2020a) and the kilonova AT2017gfo (Kasliwal et al. 2017). We
find that especially the pulsar mass-radius estimates by NICER favor stiffer EOS, as well as
GW170817 when the associated kilonova AT2017gfo (Kasliwal et al. 2017) is included. The
weak constraints from GW190425 on the tidal deformability are also broadly consistent with
the constraints coming from the other sources. As a comparison we show the posterior distri-
bution when combining all analyses excluding the mass-radius estimate of PSR J0740+6620,
but with the radio mass measurement of Fonseca et al. (2021). We note that the additional ra-
dius information on PSR J0740+6620 constrains the softer EOS, especially for the CS model.

5.4 Sensitivity of posteriors to nuclear constraints at low
densities

To investigate the impact of the EOS constraints from nuclear physics we compare our anal-
ysis of PSR J0740+6620 using four different chiral EFT uncertainty bands. All bands are
based on microscopic calculations for pure neutron matter, which are then extended to neu-
tron star matter in beta-equilibrium using the formalism discussed in Hebeler et al. (2013).
In order to improve the description of all employed EOSs, we generalized the density depen-
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Figure 5.6: Different chiral EFT bands for the pressure of neutron star matter at nuclear densities, n/n0

in units of saturation density n0 = 0.16 fm−3, and their matching to the BPS crust EOS at 0.5n0. The
different bands are based on microscopic calculations of neutron matter from Hebeler et al. (2013), Tews
et al. (2013), Lynn et al. (2016) and Drischler et al. (2019) and include beta equilibrium (with protons
and electrons) following the construction in Hebeler et al. (2013). The four chiral EFT calculations are
considered between 0.5n0 and 1.1n0 in the analyses presented in Section 5.4. Also shown are examples
of the fit we use to approximate the EOS within these uncertainty bands, see Eq. (5.5), and connect to
the BPS crust EOS. For a comparison of the chiral EFT bands in pure neutron matter, see Figure 1 in
Huth et al. (2021).

dence of the energy-density functional [see Eq. (2) in Hebeler et al. (2013)] by enlarging the
range of the exponent γ to γ ∈ [1.2, 2.5].

The results from Hebeler et al. (2013) formed the basis of our previous studies (Raaij-
makers et al. 2019, 2020a). The calculations for pure neutron matter were initially performed
in Hebeler & Schwenk (2010b) using many-body perturbation theory, while the uncertainty
band results mainly from variations of the couplings involved in three-nucleon interactions.
Second, in Tews et al. (2013) the calculations for neutron matter were improved by including
for the first time all two-, three-, and four-neutron interactions to next-to-next-to-next-to-
leading order (N3LO), which are predicted in a parameter-free way for neutron matter (see,
e.g., Hebeler et al. 2015; Hebeler 2021 for reviews). Third, in Drischler et al. (2019) the cal-
culations were further optimized by improving the treatment of three-nucleon interactions and
extending the many-body expansion to higher orders. In addition, the EOS uncertainty bands
also include effects from variations of regulator scales in state-of-the-art nucleon-nucleon and
three-nucleon interactions. In this work, we use the combined 450 MeV and 500 MeV N3LO
uncertainty bands from Drischler et al. (2019). Finally, we include results of Lynn et al.
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Figure 5.7: Upper panels: 95% credible region for the mass-radius space given the mass-radius esti-
mate of PSR J0740+6620 by Riley et al. (2021), using the PP model (left) and CS model (right). The
different results correspond to using the four different chiral EFT calculations between 0.5 and 1.1n0 as
shown in Fig. 5.6. Moreover, the red, dashed lines correspond to the 95% credible region, if the PP or
CS parameterization is used down to 0.5n0, i.e., immediately following the BPS crust, so that no infor-
mation from chiral EFT is used. Lower panels: Marginalized posterior distributions for the pressure P
above saturation density, at density n = 1.5n0 (left) and n = 2n0 (right) above the chiral EFT bands.

(2016). These were obtained by nonperturbative quantum Monte-Carlo simulations of neu-
tron matter at next-to-next-to-leading order (N2LO). This represents a completely different
many-body method than those used for the other three bands, and the results of Lynn et al.
(2016) are also based on a different set of local two- and three-nucleon interactions derived
from chiral EFT.
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Table 5.2: Key quantities from the posterior distributions obtained in Sections 5.3 and 5.4: The radius of a 1.4 M⊙ , 1.6 M⊙ , and 1.8 M⊙ neutron star,
as well as ∆R = R2 − R1.4, and the maximum mass of a non-rotating neutron star MTOV. For the analyses of Section 5.4, we also show the inferred
central energy density εc, the corresponding central pressure Pc, and the Bayes’ factor K comparing with the model using the chiral EFT band from
Hebeler et al. (2013). The first four column results are for the different chiral EFT bands from Hebeler et al. (2013) (Heb 13), Tews et al. (2013)
(Tews 13), Lynn et al. (2016) (Lynn 16), and Drischler et al. (2019) (Dri 19), while all other results are for the baseline inference using Heb 13. The
column “Combined with” refers to the NICER × XMM analysis of PSR J0740+6620, the NICER analysis of PSR J0030+0451 and multimessenger
constraints combined, while in the column “Combined without” the NICER × XMM analysis of PSR J0740+6620 is replaced with just the radio mass
measurement by Fonseca et al. (2021). The radii are given in km, MTOV in M⊙ , and εc and Pc in g/cm3 and dyn/cm2, respectively. The upper and lower
values correspond to the 95% credible interval.

PSR J0740+6620, NICER x XMM PSR J0030 GW170817 GW170817 Combined Combined
Heb 13 Tews 13 Lynn 16 Dri 19 +0451 + GW190425 + AT2017gfo without with

PP model

R1.4 12.56+0.80
−0.91 12.85+0.77

−0.95 12.35+0.96
−0.98 12.87+0.85

−0.98 12.35+0.99
−1.99 11.51+1.51

−1.47 12.12+1.10
−1.44 12.30+0.72

−0.76 12.33+0.76
−0.81

R1.6 12.60+0.87
−1.00 12.87+0.87

−1.05 12.40+1.03
−1.04 12.90+0.94

−1.08 12.50+0.96
−2.08 11.43+1.68

−1.53 12.10+1.23
−1.69 12.32+0.92

−0.99 12.35+0.83
−0.90

R1.8 12.62+0.98
−1.19 12.86+1.00

−1.26 12.42+1.13
−1.19 12.89+1.08

−1.29 12.68+0.94
−1.99 11.65+1.64

−1.80 12.22+1.26
−1.91 12.29+1.06

−1.19 12.33+0.97
−1.06

∆R −0.24+0.65
−1.04 −0.17+1.26

−1.21 −0.22+0.60
−1.05 −0.45+1.14

−1.07 −0.13+0.76
−1.02 −0.35+0.80

−1.09 −0.26+0.77
−1.14 −0.30+0.64

−1.06 −0.29+0.61
−0.98

MTOV 2.26+0.15
−0.23 2.33+0.14

−0.30 2.22+0.19
−0.21 2.33+0.18

−0.31 1.74+0.66
−0.57 1.84+0.51

−0.17 1.96+0.42
−0.44 2.23+0.15

−0.23 2.23+0.14
−0.23

log10(εc) 14.99+0.27
−0.16 14.99+0.28

−0.18 15.00+0.26
−0.16 14.99+0.28

−0.19 14.86+0.28
−0.13 - - -

log10(Pc) 35.39+0.39
−0.24 35.37+0.41

−0.26 35.41+0.37
−0.25 35.37+0.43

−0.28 34.92+0.30
−0.21 - - -

K 1.00 0.89 1.00 0.85 - - - -

CS model

R1.4 12.27+0.54
−0.90 12.49+0.49

−0.87 12.16+0.63
−0.97 12.56+0.51

−0.92 11.51+1.12
−1.90 11.18+1.33

−1.51 11.53+1.16
−1.15 11.98+0.63

−0.71 12.18+0.56
−0.79

R1.6 12.25+0.59
−0.94 12.43+0.55

−0.92 12.16+0.66
−0.99 12.50+0.55

−0.96 11.48+1.20
−1.92 10.92+1.58

−1.56 11.33+1.38
−1.41 11.91+0.78

−0.94 12.14+0.61
−0.84

R1.8 12.14+0.69
−1.05 12.27+0.66

−1.04 12.08+0.74
−1.07 12.33+0.65

−1.06 11.52+1.23
−1.77 10.85+1.73

−1.47 11.34+1.44
−1.65 11.72+0.96

−1.06 12.00+0.74
−0.96

∆R −0.69+1.10
−1.02 −0.72+1.12

−1.08 −0.58+1.03
−1.08 −1.06+1.46

−0.83 −0.93+1.31
−0.86 −0.93+1.36

−0.83 −0.81+1.22
−0.92 −0.91+1.15

−0.85 −0.74+1.09
−0.95

MTOV 2.13+0.33
−0.16 2.13+0.29

−0.18 2.14+0.34
−0.17 2.12+0.31

−0.16 1.46+0.82
−0.42 1.81+0.45

−0.15 1.85+0.56
−0.30 2.09+0.26

−0.15 2.11+0.29
−0.16

log10(εc) 15.19+0.21
−0.20 15.19+0.20

−0.20 15.18+0.21
−0.21 15.20+0.19

−0.20 15.03+0.33
−0.21 - - -

log10(Pc) 35.61+0.30
−0.27 35.62+0.30

−0.28 35.60+0.30
−0.28 35.63+0.30

−0.29 35.05+0.30
−0.24 - - -

K 1.00 1.04 0.92 1.05 - - - -
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Similar to Raaijmakers et al. (2020a) we approximate the EOS within these bands with a
single polytrope P = NnΓ. However, to obtain a better fit to the additional bands considered
here, we vary the polytropic index Γ as a function of the normalization N,

Γ(N) =
(N − Nmin)

(Nmax − Nmin)
(Γmax − Γmin) + Γmin , (5.5)

where Nmin/max and Γmin/max are determined by fitting a polytrope to the lower and upper
bound of the band. In Figure 5.6 we show the four different bands for the pressure of neutron
star matter with an example of the fit through each band. This shows the consistency of these
different chiral EFT calculations, with different methods, interactions, and approximations.
The first point of the band where n/n0 > 0.5 is matched to the BPS crust EOS at 0.5n0 via a
linear interpolation.

We study the dependence of the EOS constraints on the different chiral EFT bands by
inferring the EOS from the mass-radius estimate of PSR J0740+6620 using each band and
both high-density parameterizations. The results are shown in Figure 5.7. We also show the
95% credible region of the updated prior distribution when directly joining the PP or CS high-
density parameterization to the crust EOS at 0.5ρns. As expected the chiral EFT calculations
mostly exclude stiffer EOS. While the different chiral EFT bands yield very good agreement
on the upper bound of the radius estimates, the lower bound on the radius does slightly depend
on the chiral EFT band used, especially at lower neutron star masses, depending on how soft
the chiral EFT band is (see Figure 5.6).

In the lower panels of Figure 5.7 we also show the posterior distributions on the pressure
at densities n = 1.5n0 and n = 2n0 above the chiral EFT bands. These results demonstrate
that the PSR J0740+6620 mass-radius measurement systematically prefers higher pressures
at these densities compared to the corresponding prior distributions of each chiral EFT band.
Furthermore, the posteriors at n = 2n0 agree very well for all chiral EFT bands and are peaked
around P ∼ 1034.5dyn/cm2 ∼ 20 MeV/fm3.

5.5 Discussion

In this Letter, we have investigated the constraints on the EOS posed by the new joint mass-
radius estimate from NICER × XMM data (Riley et al. 2021), and compared and combined
with multimessenger EOS constraints from radio timing, gravitational wave mergers and their
counterparts, and the previous PSR J0030+0451 mass-radius estimate by NICER . In Table
5.2 we summarize the results obtained in Sections 5.3 and 5.4 for the constraints on the radius
of a 1.4, 1.6 and 1.8 M⊙ neutron star, as well as ∆R = R2 − R1.4, and the maximum mass of a
non-rotating neutron star MTOV, as well as the constraints on the central energy density and
pressure for PSR J0740+6620.
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5.5.1 Implications for nuclear physics

We have studied the sensitivity of the EOS constraints from PSR J0740+6620 using four
different low-density EOS calculations from chiral EFT (see Section 5.4). From the results
presented in Figure 5.7 and Table 5.2 we conclude that the constraints on the EOS are only
weakly dependent on the choice of low-density calculations, although small differences exist
at lower radii. Assuming all four low-density calculations to be equally probable, we can
compute the Bayes’ factor K by taking the ratio of the evidence of each MultiNest run, and
assess whether one model is preferred over another by the data of PSR J0740+6620. We list
the Bayes’ factors in Table 5.2, where each model is compared to using the chiral EFT band
from Hebeler et al. (2013). All values are close to one, indicating that there is no substantial
support for one model over the other, based on the mass-radius estimate of PSR J0740+6620.
These results are consistent with the observation that predictions for pure neutron matter
are well constrained by modern nuclear forces derived within chiral EFT (Huth et al. 2021;
Hebeler 2021).

Also shown in Table 5.2 are the values of ∆R = R2 − R1.4, the difference in radius of a
2 M⊙ and 1.4 M⊙ neutron star. As pointed out by Drischler et al. (2021), the value of ∆R,
if positive, can give an indication that possibly unusual stiffening happens at high densities.
We find however all values to be consistent with the mean ∆R being negative, but due to the
broad uncertainty no conclusive statements can be made.

5.5.2 Implications for maximum mass

An important quantity relating to the EOS is the maximum stable mass of a non-rotating
neutron star, MTOV. Accurate knowledge of MTOV can aid in classifying compact mergers
and merger remnants. In Figure 5.8 we show posterior distributions on MTOV when analyz-
ing the updated radio mass measurement of PSR J0740+6620, the joint mass-radius estimate
of PSR J0740+6620 and combining GW170817, GW190425, AT2017gfo, PSR J0740+6620
and PSR J0030+0451. The latter results in 95% credible ranges for MTOV = 2.23+0.15

−0.25 M⊙ and
MTOV = 2.11+0.28

−0.16 M⊙ for the PP and CS model, respectively. This is in agreement with values
previous found (see, e.g., Nathanail et al. 2021, and references therein) when assuming the
secondary component in GW190814 was a black hole (Abbott et al. 2020d). Note that the
higher end of the distribution in Figure 5.8 is very dependent on our choice of parameteriza-
tion, as no information is included from sources with masses above 2.08 M⊙ . One could use
information on the merger remnant of GW170817 to put an upper bound on MTOV (see, e.g.,
Margalit & Metzger 2017; Shibata et al. 2017; Ruiz et al. 2018), but that is beyond the scope
of this Letter. The lower end of the distribution on the other hand is strongly correlated with
the radio mass measurement of PSR J0740+6620. The recently lowered mass distribution
presented in Fonseca et al. (2021) results in slightly lower values for MTOV compared to the
distributions found in Raaijmakers et al. (2020a).
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Figure 5.8: Posterior distribution of the maximum mass of a non-rotating neutron star MTOV for
the PP model (left) and CS model (right) when considering only the radio mass measurement
of PSR J0740+6620, the joint mass-radius estimate of PSR J0740+6620 (NICER × XMM), and
when combining NICER ’s results on PSR J0740+6620 and PSR J0030+0451 with GW170817 and
GW190425, and AT2017gfo. For the latter (“Combined”) we find a 95% credible range for MTOV =

2.23+0.14
−0.23 M⊙ and MTOV = 2.11+0.29

−0.16 M⊙ for the PP and CS model, respectively. Also shown in pink is
the radio mass measurement of PSR J0740+6620 from Fonseca et al. (2021), as the heaviest pulsar
measured to date.

5.5.3 Systematic uncertainties and framework comparisons

The analysis presented in this Letter is conditional on both the modeling choices of the dense
matter EOS and on modeling choices within each analysis of the multimessenger sources
considered here. The sensitivity to the EOS modeling is explored here by employing two dif-
ferent high-density parameterizations and four different low-density chiral EFT calculations
(see Section 5.4). From Table 5.2 we conclude that the CS model systematically predicts
lower radii, as a result of the additional constraints on the speed of sound that are not con-
sidered in the PP model. The discrepancy between the two models increases with increasing
neutron star mass, as high-mass stars depend more sensitively on the choice of high-density
parameterization. The two models considered here are however not exhaustive as many more
high-density parameterizations exist (see, e.g., Lindblom 2018; Capano et al. 2020a; O’Boyle
et al. 2020).

Furthermore, we do not consider the impact of any systematic effects present in estimat-
ing the posterior distributions on M, R and Λ. For example, the uncertainty in modeling the
hot regions in pulse profile modeling and the effect on the EOS has been studied in Raai-
jmakers et al. (2020a) by using two different models to fit PSR J0030+0451, which led to
slightly different constraints. For PSR J0740+6620, different assumptions and priors lead to
a higher estimated radius in the independent analysis of Miller et al. (2021) (see the extensive
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discussion of this issue in Section 4.4 of Riley et al. 2021), and we refer the reader to that
paper for an EOS analysis using those results. 6.

Measurements in Λ from gravitational wave data are also sensitive to choice of priors
and gravitational waveform models (see, e.g., Kastaun & Ohme 2019; Gamba et al. 2021).
Lastly, many different kilonova models exist (see, e.g., Dietrich et al. 2020; Nicholl et al.
2021; Breschi et al. 2021b, for recent analyses) that derive slightly different constraints on
the EOS due to differences in modeling assumptions on, e.g., geometry, composition and the
connection between binary properties and outflow properties.

The inference framework employed in this Letter was first discussed in Riley et al. (2018)
and subsequently developed in Greif et al. (2019); Raaijmakers et al. (2019, 2020a), which
also introduced the chiral EFT constraints. Although an exhaustive comparison with other
frameworks is out of the scope of this work, we will briefly mention similarities and dif-
ferences with some commonly used frameworks in the field. Firstly, we make use of two
particular high-density EOS parameterizations. Besides many different existing choices in
these parameterizations, a completely different approach is to use non-parametric inference
involving Gaussian Processes (see, e.g., Landry & Essick 2019; Essick et al. 2020a; Han et al.
2020), or discretely sampling a set of pre-computed EOS (see, e.g., Capano et al. 2020a; Diet-
rich et al. 2020). Secondly, we compute likelihoods by performing kernel density estimation
on posterior samples of neutron star properties such as mass, radius and tidal deformability
(see also, e.g, Miller et al. 2019b; Al-Mamun et al. 2021). It is also possible to directly infer
EOS properties from the observational data, for example X-ray or gravitational wave data.
For the first, Riley et al. (2018) argue that this approach would be computationally too ex-
pensive, while for the latter this has been done by, e.g., Capano et al. (2020a); Dietrich et al.
(2020). A slightly different approach is used by Hernandez Vivanco et al. (2020), where the
likelihood is computed by interpolating marginalized likelihoods using machine learning.

5.5.4 Summary and future prospects

In summary, the new joint mass-radius estimate of PSR J0740+6620 significantly constrains
the EOS. For the PP model the information gain is mostly a result of the high mass of the pul-
sar, as the 68% credible range of the radius estimate exactly encompasses our prior distribu-
tion, informed by chiral EFT calculations, in that mass range. For the CS model the relatively
high radius estimate does constrain the model at lower radii on top of constraints coming from
the mass estimate. Combined with other current observational data from gravitational waves
and kilonova light curves, as well as the NICER mass-radius estimate of PSR J0030+0451,
we find the 95% credible ranges 12.38+0.70

−0.97 km (PP model) and 12.23+0.48
−0.97 km (CS model) for

the radius of a 1.4 M⊙ neutron star.
6Note however that one of the main reasons for the higher inferred radius reported by Miller et al. (2021) is

that they do not truncate the prior on radius during the pulse profile modelling step, which Riley et al. (2021)
do (truncating above 16 km, reflecting the lack of EOS models predicting higher radii, and thereby lowering the
computational cost by reducing the parameter space). In the analysis by Miller et al. (2021) the lack of prior support
for high radii is effectively incorporated at a later stage, in the EOS analysis.
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In the near future, the detailed analysis of gravitational wave events observed during the
second part of the third observing run of LIGO/Virgo are expected to be published, among
them a few candidate events which, in an initial rapid classification, were identified as con-
taining at least one neutron star. Any measured tidal deformability from these gravitational
waves events will help constrain the EOS further. There were unfortunately no EM coun-
terparts for the potential binary neutron star or black hole-neutron star events during this
observing run. The fourth observing run is planned to start next year, with the LIGO and
Virgo detectors close to their design sensitivity and KAGRA fully joining the network (Ab-
bott et al. 2020c). At design sensitivity, GW170817-like signals will have signal-to-noise
ratios of 100 and enable measurements of tidal deformability with more than three times bet-
ter accuracy (Capano et al. 2020a). Subsequent further detector improvements are already
planned for the mid to late 2020s (Abbott et al. 2020c), and an ongoing worldwide effort
is paving the way for next decade’s third generation detectors. These will improve current
measurements of tidal deformability by a factor of ∼ 10 and observe the population of tens to
hundreds of thousands of neutron star binaries, with EM counterparts detectable for a fraction
of them (Maggiore et al. 2020b; Sathyaprakash et al. 2019a,b).

In the coming months, NICER is expected to deliver mass-radius measurements for three
additional pulsars: two for which independent mass constraints exist (the ∼ 1.4 M⊙ pulsar
PSR J0437-4715 and the ∼ 1.9 M⊙ pulsar PSR J1614-2230); and the pulsar PSR J1231-1411,
which has no independently known constraint on the mass. There will be an update to the
inferred mass and radius of PSR J0030+0451, using a larger data set, taking into account
improvements to our understanding of the NICER instrument response, and including XMM
data in a joint analysis (as done for PSR J0740+6620). There are also good prospects for
narrowing the mass-radius measurements for PSR J0740+6620, using models of the NICER
background. All of these promise further improvements to our understanding of the dense
matter EOS.
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T. Hinderer, K. Hotokezaka, K. Lukošiūtė, T. Venumadhav, S. Antier, M. W. Coughlin, T.

Dietrich, and T. D. P. Edwards

The Astrophysical Journal, 2021, 922 269

Abstract

In recent years, there have been significant advances in multi-messenger astronomy due to
the discovery of the first, and so far only confirmed, gravitational wave event with a simulta-
neous electromagnetic (EM) counterpart, as well as improvements in numerical simulations,
gravitational wave (GW) detectors, and transient astronomy. This has led to the exciting pos-
sibility of performing joint analyses of the GW and EM data, providing additional constraints
on fundamental properties of the binary progenitor and merger remnant. Here, we present a
new Bayesian framework that allows inference of these properties, while taking into account
the systematic modeling uncertainties that arise when mapping from GW binary progenitor
properties to photometric light curves. We extend the relative binning method presented in
Zackay et al. (2018) to include extrinsic GW parameters for fast analysis of the GW signal.
The focus of our EM framework is on light curves arising from r-process nucleosynthesis in
the ejected material during and after merger, the so called kilonova, and particularly on black
hole - neutron star systems. As a case study, we examine the recent detection of GW190425,
where the primary object is consistent with being either a black hole (BH) or a neutron star
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(NS). We show quantitatively how improved mapping between binary progenitor and outflow
properties, and/or an increase in EM data quantity and quality are required in order to break
degeneracies in the fundamental source parameters.
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6.1 Introduction

6.1 Introduction

The first gravitational-wave detection of two merging compact objects, during the first ob-
serving run of Advanced LIGO, gave us a new direct probe into the fundamental physics
governing such objects (Abbott et al. 2016). In the subsequent observing runs of LIGO and
Virgo, tens of binary black hole (BBH) mergers, and several binary neutron star (BNS) and
black hole - neutron star (BHNS) mergers have been reported, allowing for population level
studies (Abbott et al. 2019c, 2021b). So far, however, the BNS merger GW170817 (Abbott
et al. 2017c) (combined signal-to-noise ratio (SNR) of 32.4) has been the only1 event for
which electromagnetic (EM) signatures were detected across the frequency spectrum (e.g.,
Abbott et al. 2017b,a; Coulter et al. 2017; Kasliwal et al. 2017; Hallinan et al. 2017). The
extensive follow-up campaign of the counterpart resulted in additional information on many
aspects of the merger, ranging from the dense matter equation of state (EOS) of NSs (e.g.,
Radice et al. 2018c; Raaijmakers et al. 2020a; Tews et al. 2021) to measurements of the Hub-
ble constant (e.g., Abbott et al. 2017d, 2021a; Hotokezaka et al. 2019; Mukherjee et al. 2021;
Howlett & Davis 2020; Nicolaou et al. 2020; Dietrich et al. 2020; Dhawan et al. 2020).

Recent GW events potentially involving NSs — GW190425 (Abbott et al. 2020b), GW190426
(Abbott et al. 2021b) and GW190814 (Abbott et al. 2020e) — have all led to similar large-
scale searches for an EM counterpart (Coughlin et al. 2019b; Goldstein et al. 2019; Andreoni
et al. 2020; Antier et al. 2020; Page et al. 2020; Gompertz et al. 2020). These searches have
not resulted in any successful detections so far, though the absence of a counterpart can add
weak additional constraints on the binary parameters of the system (Coughlin et al. 2020b,d;
Anand et al. 2021; Ackley et al. 2020). The absence of a detection could be due to the low
SNR of some of these events, e.g. GW190425 with a combined SNR of 12.9, producing
much larger skymaps compared to GW170817.

One of the counterparts to a BHNS or BNS merger is the so-called kilonova or macronova
(Li & Paczyński 1998; Kulkarni 2005), a thermal ultraviolet-optical-infrared transient (UVOIR)
arising from r-process nucleosynthesis (Burbidge et al. 1957; Cameron 1957) in the neutron
rich material that is ejected during and after the merger (Lattimer & Schramm 1974; Ross-
wog et al. 1999; Metzger et al. 2010). If a kilonova is detected, critical questions remain
over whether one could improve upon the constraints of the binary parameters and possibly
uncover the ambiguous nature of one of the binary components in e.g., GW170817 (see, e.g.,
Hinderer et al. 2019; Coughlin & Dietrich 2019) and GW190425 (see, e.g., Barbieri et al.
2020a; Most et al. 2021; Kyutoku et al. 2020).

There have been a number of studies performing a multimessenger analysis of GW170817
and the associated kilonova, most of which focus on the dense matter EOS, using either a limit
on the minimum amount of ejected mass derived from the UVOIR light curves (e.g., Radice
et al. 2018c; Radice & Dai 2019; Hinderer et al. 2019; Raaijmakers et al. 2020a; Capano
et al. 2020b) or a joint Bayesian modeling framework (e.g., Coughlin et al. 2018; Coughlin

1Leaving out the unconfirmed detection of a candidate electromagnetic counterpart to a binary black hole merger
(Graham et al. 2020).
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et al. 2019a; Dietrich et al. 2020; Breschi et al. 2021b). The methods in Coughlin et al.
(2019a) and Dietrich et al. (2020) allow for additional uncertainty in the analysis, attributed
to the uncertainty in the modeling of ejected material, by adding an unknown component to
the kilonova. There have also been more general studies developing a Bayesian framework
for multimessenger analysis, focusing on several parameters describing the binary progenitor
system (e.g., Barbieri et al. 2019; Breschi et al. 2021a; Nicholl et al. 2021). Coughlin et al.
(2019a), Dietrich et al. (2020) and Barbieri et al. (2019) also consider the short gamma-
ray burst (GRB) signal (e.g., Goldstein et al. 2017) associated with compact object mergers,
which can help constrain the inclination angle of the system (e.g., Ryan et al. 2020). Barbieri
et al. (2019) furthermore consider the radio remnant due to the kilonova and GRB afterglow
(see e.g. Hotokezaka et al. 2016). However, Barbieri et al. (2019) do not include uncertainties
in their ejecta modeling or light curve computation when performing a joint analysis of the
GW and EM data.

More recently, there have been two new Bayesian analyses frameworks developed by
Breschi et al. (2021b) and Nicholl et al. (2021). In Breschi et al. (2021b), the authors use a
three-component model with angular dependence, first presented in Perego et al. (2017), and
perform a joint analysis of GW170817 and the associated kilonova. In Nicholl et al. (2021),
the authors use the public light curve generation code in MOSFiT (Guillochon et al. 2018)
and divide the ejecta into two components. Additionally they allow for a third component
arising from shock-heated material by a GRB jet. They then perform a similar joint analysis
of GW170817 and the associated kilonova, focusing on extracting the dense matter EOS.

In this work, we will present a new multimessenger framework to analyse gravitational
waves and the associated UVOIR light curves jointly. We leave the inclusion of the GRB and
radio counterpart to future work, and furthermore will not include any interaction between
the kilonova material and the jet (see e.g. Kasliwal et al. 2017; Piro & Kollmeier 2018; Nativi
et al. 2021; Klion et al. 2021). We will use the analytical formulae, fitted to numerical simula-
tion of BNS and BHNS, derived in Krüger & Foucart (2020) to connect outflow properties to
binary progenitor properties. We incorporate modeling uncertainties by estimating the errors
on these formulae and by using a new relation that estimates the amount of material that is
ejected from the disk surrounding the merger remnant, which is assumed to be a BH. Be-
cause of this assumption, our framework is only appropriate for BNS systems with high total
masses and for BHNS systems; BNS systems with lower total masses might lead to a NS or
hypermassive NS remnant which will significantly alter the light curve properties (see, e.g.,
Kawaguchi et al. 2020). The paper is structured as follows; in Section 6.2, we will discuss
how the properties of the binary progenitor are connected to the properties of the outflows
during and after the merger; in Section 6.3, we will discuss the kilonova model that is used
to compute UVOIR light curves from these outflow properties; in Section 6.4, we will test
our analysis framework on a low SNR GW190425-like merger with simulated GW and EM
data, and discuss the implications in Section 6.5. We note that the model presented in this
work includes a more careful consideration of the errors for the BHNS scenario than the BNS
scenario, which we leave to future work.
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Figure 6.1: Schematic drawing of how binary progenitor properties connect to outflow properties and
UVOIR light curves. If we consider a sample of binary properties x⃗, obtained from, e.g., parameter
estimation on the GW strain data, then each point in this sample (x⃗1, x⃗2 . . . ) maps to outflow properties
y⃗ via analytical formulae calibrated to numerical simulations. Because of the uncertainties in both the
numerical simulations and in these formulae, one sample in x⃗ gives a range of possible outflow prop-
erties. From each of these points in y⃗, light curves can be computed through semi-analytical models,
where again the uncertainty in these models leads to multiple light curves for a given point in y⃗.

6.2 Connecting binary progenitor to outflow properties

In order to build a multimessenger analysis framework, we start by connecting the fundamen-
tal source properties of the binary progenitor to parameters that describe average properties of
the outflows that occur during and after the merger (see also Figure 6.1). Both the connecting
relations and the source properties of interest differ between a BNS and a BHNS system. For
a BNS system, the parameters of interest are the masses of the two neutron stars and their
tidal deformabilities (see, e.g., Hinderer et al. 2010). In this work, the spin of the neutron star
is assumed to be small when computing outflow properties and thus will not impact the kilo-
nova. This assumption is based on the spin distribution of Galactic BNSs, which indicates
that the magnitude of the dimensionless spin parameter χ = cIω/(GM2) ≤ 0.05 (Zhu et al.
2018). In general, however, the spin of the neutron star may have a significant effect on the
outflows (see, e.g. Most et al. 2019; East et al. 2019; Chaurasia et al. 2020). For a BHNS
system, the parameters of interest for the neutron star are again the mass and the tidal de-
formability. Black holes, however, are thought to have a tidal deformability of zero in general
relativity (see e.g. Binnington & Poisson 2009; Chia 2021; Chirenti et al. 2020). Contrary
to neutron stars, however, the spins of black holes in binaries can be as high as |χBH| ≲ 0.9
(Abbott et al. 2021b) and therefore have a much bigger impact on the outflow properties.

The ejecta outflows that contribute to the kilonova also differ between BNS and BHNS
systems. In a BNS system, outflows on a dynamical timescale, hereafter called dynamical
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ejecta, consist of unbound material due to the tidal forces that are exerted on the neutron
stars and shock heated material during the merger (see e.g. Radice et al. 2018a, and ref-
erences therein). For a BHNS system, the dynamical ejecta is assumed to solely consist of
tidally ejected material. A second component,for both BNS and BHNS, that contributes to the
kilonova are outflows on longer timescales emerging from the disk surrounding the merger
remnant, hereafter, disk wind ejecta.

For both components, the most important parameters describing the outflows are mass,
velocity, and opacity. In this Section, we will relate these parameters to the fundamental
source properties by employing analytical formulae that are fitted to numerical simulations.
We will estimate appropriate uncertainties that account for the unknown modeling errors that
go into these simulations, which are larger for the disk wind ejecta. We note that for BNS
systems there are several simplifying assumptions applied here which may not accurately
represent the complexity of the whole range of possible BNS systems, which we will leave
for future work.

Throughout this section, we will use the quasi-universal relation from Yagi & Yunes
(2017) to compute the compactness of the neutron star, CNS = GMNS/(c2RNS) (where G is
the Gravitational constant, c is the speed of light, MNS and RNS the mass and radius of the NS
respectively), as a function of its tidal deformability, ΛNS:

CNS = 0.371 − 0.0391 log(ΛNS) + 0.001056 log(ΛNS)2 . (6.1)

While the accuracy of this relation is on the order of 10% for nucleonic EOS, we will assume
it to hold true as it evades the need to directly integrate an EOS to obtain a radius.

6.2.1 Dynamical ejecta

In the case of a BNS system, the mass of the dynamical ejecta is estimated using the formula
derived in Krüger & Foucart (2020):

MBNS
dyn

10−3M⊙
=

(
a

C1
+ b

Mn
2

Mn
1
+ cC1

)
M1 + (1↔ 2) , (6.2)

where the coefficients are a = −9.3335, b = 114.17, c = −337.56, and n = 1.5465. The
subscripts in this equation, and throughout this work, follow the convention that M1 > M2.
We assume the maximum error to be the 2σ standard deviation obtained from the residuals
between the fitting formula and the numerical simulations, which corresponds to an error of
±0.008 M⊙.

When we assume that the progenitor is a BHNS system (with a mass ratio of Q = 1/q =
MBH/MNS), we use the following equation (Krüger & Foucart (2020), based on models by
Kawaguchi et al. (2016)) to estimate the dynamical ejecta:

MBHNS
dyn

Mb
NS

= a1Qn1
1 − 2CNS

CNS
− a2Qn2

RISCO

MBH
+ a4 . (6.3)
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6.2 Connecting binary progenitor to outflow properties

Here, Mb
NS is the baryonic mass of the NS and RISCO is the radius of the innermost stable

circular orbit around a black hole of mass MBH (Bardeen et al. 1972). The first can be ap-
proximated, following Lattimer & Prakash (2001), by the simple formula,

Mb
NS = MNS

(
1 +

0.6CNS

1 − 0.5CNS

)
, (6.4)

while the latter is given by,

RISCO = 3 + Z2 − sgn(χBH)
√

(3 − Z1)(3 + Z1 + 2Z2) , (6.5)

Z1 = 1 + (1 − χ2
BH)1/3

[
(1 + χBH)1/3 + (1 − χBH)1/3

]
, (6.6)

Z2 =

√
3χ2

BH + Z2
1 . (6.7)

In this scenario, we again assume the error in the mass of the dynamical ejecta to be the
2σ limit of the numerical error of the fit, i.e. ∆MBHNS

dyn = 0.0094 M⊙ . We note, however, that
for both the BNS and BHNS scenario, this is an underestimate of the real uncertainty due to
the uncertainties in numerical modeling.

The velocity of the dynamical ejecta and the error in the velocity are assumed to be equal
in the BHNS and BNS systems, which we justify by assuming that for the BNS system the
dynamical ejecta is dominated by the tidal tail (see next paragraph). The velocity and the
error are approximated using the formulae derived in Foucart et al. (2017):

vdyn = 0.0149Q + 0.1493 , (6.8)

∆vdyn = 0.1vdyn . (6.9)

Finally, the composition of the dynamical ejecta is extremely neutron rich, which leads
to a large lanthanide-fraction through rapid neutron capture. Since lanthanides have many
absorption lines, this will cause the ejecta to be very opaque, and so we will use an effec-
tive grey2 opacity for this component between 1 and 10 cm2 g−1 for both BHNS and BNS
systems. However, for (especially symmetric) BNS mergers, the dynamical ejecta includes
shock heated ejecta on top of the tidal tail which are predicted to have a lower lanthanide
fraction, and thus a lower opacity (see, e.g., Sekiguchi et al. 2016; Dietrich & Ujevic 2017;
Tanaka et al. 2020; Nedora et al. 2021). For simplicity, we assume that this component does
not contribute significantly compared to the tidal tail. For the case study considered in Section
6.4, this assumption can be justified by the asymmetric masses of the simulated signal.

6.2.2 Disk wind ejecta

The second type of ejecta comes from matter outflows in the accretion disk surrounding the
merger remnant. It is important to note that the following discussion only applies when the
merger remnant is a BH, which for BNS systems is only the case when the total mass is

2Independent of frequency.
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Figure 6.2: Uncertainty in the fraction of the initial disk Mdisk that is eventually ejected as a function
of the mass ratio of the progenitor binary Q. The points show the results of the viscous hydrodynamic
simulations of BH accretion disks from Fernández et al. (2020), which capture the thermally-driven
outflow due to angular momentum transport (i.e., dissipation of MRI turbulence) and nuclear recombi-
nation. The numbers in the plot indicate the disk compactness Cd and the top axis is the black hole mass
used for the initial setup. As an estimation, we connect to the mass ratio by dividing the black hole mass
by a fiducial neutron star mass of 1.35 M⊙ . The light-shaded band indicates the uncertainty captured
by Equation (6.12), while the darker-shaded band shows the possible enhancement in the fraction of
the disk mass ejected through magnetic driving, ranging between 0% and 20% depending on the initial
field geometry of the disk (c.f. Christie et al. 2019)

high enough that the merger remnant undergoes collapse to a BH. The first step to estimate
the mass of these outflows is to compute the mass of the disk, i.e. the material that is still
bound to the merger remnant and supported by rotation against collapse. In the case of a BNS
system we use the formula derived in Krüger & Foucart (2020) to compute:

MBNS
disk = M2 max

{
5 × 10−4, (aC2 + c)d

}
. (6.10)

For the BHNS scenario, we first compute the remnant mass outside of the black hole after
the merger using the fitting formula of Foucart et al. (2018):

M̂rem =

[
Max

(
α

1 − 2CNS

η1/3 − β
CNS

η
, 0

)]δ
, (6.11)

where η is the symmetric mass ratio, i.e. η = Q/(1 + Q)2.
From the remnant mass, we can compute the mass of the disk surrounding the black hole

by simply subtracting the dynamical ejecta, i.e. MBHNS
disk = M̂rem − MBHNS

dyn .
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A certain fraction of the disk will not be accreted onto the black hole but will instead
become gravitationally unbound in what we will call a disk wind. Numerical simulations
of a disk surrounding a BH merger remnant indicate that the ejected material from the disk
can roughly be divided into two further sub-components based on their velocity. The first
thermally-driven component arises from energy dissipation due to angular momentum trans-
port (i.e. MRI-driven turbulence) and nuclear recombination on timescales longer than the
dynamical time, which can be modeled well by viscous hydrodynamic simulations (see,
e.g., Fernández et al. 2020). A faster magnetically-driven component appears on shorter
timescales in general relativistic magnetohydrodynamic (GRMHD) simulations (see, e.g.,
Siegel & Metzger 2017; Fernández et al. 2019; De & Siegel 2021). For the thermally-driven
outflow component generated around a BH remnant, Fernández et al. (2020) found an in-
verse linear dependency of the ejected mass on the compactness of the disk using viscous
hydrodynamic simulations. A disk formed closer to the BH (more compact) ejects a smaller
fraction of the initial disk mass than an initially more extended disk because a larger fraction
of the disk is accreted before the thermal outflow can begin, given its proximity to RISCO.
We assume that the compactness of the disk is roughly proportional to the mass ratio of the
progenitor binary so that we can estimate the fraction of the disk that is ejected thermally as
a function of the initial binary properties. In Figure 6.2, we show the fraction ξ of ejected
material Mej over the initial disk mass Mdisk found in Fernández et al. (2020). On the top
axis, we show the value of the black hole mass used in the simulations, while the numbers in
the plot indicate the disk compactness Cd = (MBH/5 M⊙ )(50km/Rd), where Rd is the radius
of the disk. The initial conditions used in Fernández et al. (2020) are inspired by numerical
relativity simulations using neutron stars of mass MNS ∼ 1.2 − 1.4M⊙. Thus, we estimate the
mass ratio by simply dividing the mass of the black hole by a fiducial neutron star with mass
1.35 M⊙ . To capture the uncertainty in the viscous outflows as a function of the mass ratio,
we use the ansatz:

ξ =
Mej

Mdisk
= ξ1 +

ξ2 − ξ1

1 + e1.5(Q−3) , (6.12)

where for the lower bound ξ1 = 0.04 and ξ2 = 0.14, and for the upper bound, ξ1 = 0.32 and
ξ2 = 0.44. In addition to the thermally-driven outflows, we assume that the magnetically-
driven component could contribute anywhere between 0% and 20% of the initial disk mass
(see Figure 6.2). The large uncertainty can be attributed to the magnetic field strength and
configuration at the time of disk formation, with strong poloidal fields ejecting larger fractions
of the disk than weak poloidal fields or toroidal fields (see Christie et al. 2019).

The velocity of the disk wind ejecta is very uncertain as there are only a few three-
dimensional GRMHD simulations that capture the magnetically-driven outflow. The velocity
distributions in Siegel & Metzger (2017) and De & Siegel (2021) show that the bulk of the
material is centered around ∼ 0.1c, similar to what Christie et al. (2019) find for their model
with a weak and strong initial poloidal magnetic field, although for the latter, there is a more
pronounced high velocity tail in the distribution. For their model with a toroidal magnetic
field configuration, this high velocity tail is almost absent and the bulk of the material has
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6 Multimessenger analyses of gravitational waves and kilonova

velocities that are roughly ≤ 0.1c. In Fernández et al. (2019), the authors find that the ma-
terial ejected due to the magnetic field has velocities ≥ 0.1c, which is expected considering
their poloidal magnetic field configuration. The velocity of the thermally-driven outflows is
much lower (≤ 0.1c), with the bulk of the material around 0.03c − 0.05c (see also Fernández
et al. 2020). We take the average velocity to be between 0.1c and 0.3c, with a minimum and
maximum velocity distribution cutoff above 0.1vwind and below 2vwind respectively (see Table
6.1).

The composition of the disk outflows is less accurately known than for the dynamical
ejecta. The thermal component is ejected on timescales long enough that it is mostly repro-
cessed by neutrino emission and absorption. The composition is primarily light r-process
elements, with variable amounts of lanthanide-rich matter depending on detailed properties
of the disk and central object (e.g., Just et al. 2015; Martin et al. 2015; Wu et al. 2016; Lip-
puner et al. 2017). The composition of the magnetic component is less well understood given
the limited number of long-term GRMHD simulations. The faster overall velocities imply
shorter expansion times and less neutrino reprocessing, with a larger expected proportion of
lanthanide-rich matter than the thermal component (Siegel & Metzger 2017; Fernández et al.
2019). Neutrino absorption has been included in one GRMHD study only, with results of
the early disk evolution indicating that it is indeed an important process in regulating the
composition (Miller et al. 2019a). To model the opacity we choose an effective grey opacity
between 0.1 − 1.0 cm2 g−1 for the thermal component and between 1 − 10 cm2 g−1 for the
magnetic component.

An important note to make here is that in the case of the merger remnant being a hyper-
massive neutron star (HMNS), both the fraction of the disk that is ejected and the composition
change drastically. Due to absorption of neutrinos emitted by the HMNS and absence of a
BH mass sink, the disk could be entirely ejected, depending on the lifetime of the HMNS
(see, e.g., Metzger & Fernández 2014; Fujibayashi et al. 2018; Fahlman & Fernández 2018;
Fujibayashi et al. 2020; Mösta et al. 2020). We do not consider this possibility here, but will
leave it for future work.

6.2.3 Ejecta mass distributions GW190425

To better understand the formulae discussed in Section 6.2.2, we apply them to the gravita-
tional wave event GW190425 (Abbott et al. 2020b). GW190425 was detected in the LIGO
Livingston and the Virgo detectors. The two component masses, also shown in Figure 6.3,
are consistent with the system being either a BNS or a BHNS, depending on the maximum
mass of NSs as determined by the dense matter EOS.

In order to apply the formulae to GW190425, we randomly draw O(104) samples from
the public3 posterior probability density function (PDF) for GW190425. For each draw,
we simultaneously take a random EOS sample from the public4 posterior EOS samples of

3https://dcc.ligo.org/LIGO-P2000223/public, high-spin prior with waveform model IMRPhenomDNRT.
4https://dcc.ligo.org/LIGO-P1800115/public, low-spin prior with waveform model IMRPhenomPNRT
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Figure 6.3: Posterior samples of the two source masses in GW190425 for the high-spin priors using
the IMRPhenomDNRT waveform model. The samples are color coded by the probability of GW190425
being a BHNS or a BNS system, given the constraints on the EOS by GW170817 (Abbott et al. 2018b).

GW170817 (Abbott et al. 2018b). Depending on whether the primary mass of our draw is
above or below the maximum mass of the chosen EOS, we can thus assume the nature of the
primary component of GW190425 is a BH or NS respectively. The dimensionless BH spin,
χBH, needed in case of a BHNS system is part of the sample that is drawn from GW190425.
However, the tidal deformability of the two objects in GW190425 was unconstrained, so
instead we set the tidal deformability of the NS(s) by evaluating the drawn EOS at the values
drawn for the mass(es). We then apply Equations 6.2 - 6.11 to compute the corresponding
ejecta masses where, for the disk wind ejecta, we randomly pick a value for ξ between the
upper and lower bound of Equation (6.12) to determine how much of the disk is unbound.

The resulting distributions of ejecta masses are shown in Figure 6.4 in pink, where the
different shades illustrate the regions containing 68% and 95% of all values. For compari-
son, we also show the distributions one would compute when using different sets of fitting
formulae. In brown, we show the distributions following the method from Barbieri et al.
(2019), where the authors use fits for the dynamical ejecta and disk mass from Kawaguchi
et al. (2016) and Foucart et al. (2018) respectively in a BHNS merger and from Radice et al.
(2018b) and Barbieri et al. (2019) respectively in the case of a BNS merger. For the BHNS
scenario, there is reasonable agreement between the distribution using the formulae in Bar-
bieri et al. (2019) and the distribution computed in this work. This is due to the fact that the
same formula for the disk mass is used, and the formula for the dynamical ejecta in Krüger &
Foucart (2020) is an adjusted version of the formula in Kawaguchi et al. (2016). For the BNS
scenario, the formula used in Barbieri et al. (2019) predicts a lower dynamical ejecta mass.
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Figure 6.4: Comparison of ejecta masses for the dynamical component and the disk wind component
for the BNS scenario (left panel) and the BHNS scenario (right panel). The masses are computed by
using different sets of fitting formulae (Coughlin et al. 2019a; Barbieri et al. 2020b) on the high-spin
posterior distribution of GW190425 (Abbott et al. 2020b). The shaded regions contain respectively 68%
and 95% of all ejecta masses after discarding the samples where Mdyn or Mwind is zero. The fractions of
discarded samples are 58%, 78%, and 30% for the BNS formulae in this work, in the work of Barbieri
et al. (2019), and in the work of Dietrich et al. (2020), respectively. For the BHNS scenario, the fractions
of discarded samples are 40% and 25% for the formulae in this work and in the work of Barbieri et al.
(2019), respectively.

The predictions for disk wind mass is consistent between Barbieri et al. (2019) and this work.
In green we also show the distributions obtained from using the same method as in Dietrich
et al. (2020) for BNS systems. The authors use formulae for the dynamical ejecta mass and
disk wind mass derived in Coughlin et al. (2019a) and Dietrich et al. (2020), respectively. Al-
though the predictions for dynamical ejecta mass are slightly higher than in this work, there
is general agreement between the two distributions.
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binary

progenitorto
outflow

properties

Table 6.1: All parameters used in the model described in Section 6.2 and their prior support in the full analysis of the GW signal and it’s EM
counterpart. The notation U(a, b) here means uniformly drawn between boundaries a and b. We also show the adjusted priors for the Case 4 run
discussed in Section 6.4.2

Parameters Description Prior density and support (Case 4)

Binary properties

M1 [M⊙] Mass of the primary object ∈ P(x | d̃GW190425)
M2 [M⊙] Mass of the secondary object ∈ P(x | d̃GW190425)
χ1 Spin parameter of the primary object (BHNS) ∈ P(x | d̃GW190425)
Λ1 Tidal deformability of the primary object Λ(M1 ; EOSGW170817)
Λ2 Tidal deformability of the secondary object (BNS) Λ(M2 ; EOSGW170817)

Ejecta and light curve properties

Mdyn [M⊙] Mass of the dynamical ejecta Eq. (6.2) (BNS) or (6.3) (BHNS)
vdyn [c] Velocity of the dynamical ejecta Eq. (6.9)
vmin,dyn [c] Minimum velocity of the dynamical ejecta ∼ U(0.1, 1.0) vdyn ∼ U(0.7, 0.9) vdyn

vmax,dyn [c] Maximum velocity of the dynamical ejecta ∼ U(1.5, 2.5) vdyn ∼ U(1.5, 1.7) vdyn

ndyn Power law index of density distribution ∼ U(3.5, 4.5)
κdyn [cm2 g−1] Effective grey opacity of the dynamical ejecta ∼ U(1.0, 10.0) ∼ U(5.0, 8.0)

Mwind [M⊙] Mass of the disk wind ejecta Eq. (6.10) (BNS) or (6.11) (BHNS) and Eq. 6.12
vwind [c] Velocity of the disk wind ejecta ∼ U(0.1, 0.3) ∼ U(0.12, 0.18)
vmin,wind [c] Minimum velocity of the disk wind ejecta ∼ U(0.1, 1.0) vwind ∼ U(0.3, 0.5) vwind

vmax,wind [c] Maximum velocity of the disk wind ejecta ∼ U(1.5, 2.0) vwind ∼ U(1.5, 1.7) vwind

nwind Power law index of density distribution ∼ U(3.5, 4.5)
vκ [c] Transition velocity between low and high κ ∼ U(vmin,wind, vmax,wind)
κlow [cm2 g−1] Effective grey opacity for v≤ vκ ∼ U(0.1, 1.0) ∼ U(0.1, 0.3)
κhigh [cm2 g−1] Effective grey opacity for v>vκ ∼ U(1.0, 10.0) ∼ U(6.0, 10.0)
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Figure 6.5: The light curves in the g-band from assuming that GW190425 is a BNS system (left panels)
or a BHNS system (right panels), given the equation of state constraints from GW170817. The different
shaded bands indicate the regions that contain 68% and 95% of all light curves respectively. Also
shown in the upper panels are the 95% regions for light curves computed using the code by Hotokezaka
& Nakar (2020), but using the methods in Barbieri et al. (2020b) (orange dashed-dotted lines) and
Dietrich et al. (2020) (black dashed line). Note that, contrary to the upper bounds, the lower bounds of
the 95% credible regions should not be taken definitively as part of the parameter space consistent with
GW190425 results in (almost) no EM radiation. The brown solid lines in the lower right panel are two
models from Kyutoku et al. (2020); one for a lanthanide-rich disk outflow and dynamical outflow at 140
Mpc and one for a lanthanide-poor disk outflow and dynamical outflow at 130 Mpc. The blue (grey)
dashed lines in the lower panels correspond to an equatorial view (polar view) of light curves computed
with POSSIS (Bulla 2019), with ejecta masses set by 0.01 ≤Mdyn, Mwind ≤ 0.03 M⊙ for BHNS, 0.001 ≤
Mdyn ≤ 0.02 M⊙ and 0.01 ≤Mwind ≤ 0.03 M⊙ for BNS, and distances in the range 120−200 Mpc. The
black horizontal lines correspond to the upper limits found with ZTF by the GROWTH collaboration,
covering 21% integrated probability of the skymap for this event. (Coughlin et al. 2019c).
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Figure 6.6: Same as Figure 6.5, but for the r-band.

6.3 Light curve modeling

From the inferred ejecta parameters discussed in the previous section, we can generate the
corresponding light curves. To do so, we use the publicly5 available code by Hotokezaka
& Nakar (2020), a semi-analytic model based on the work by Li & Paczyński (1998). In
contrast to other semi-analytic light curve models (see, e.g. Waxman et al. 2019), both the
effect of the time delay between photon production and photon emergence and the gradient in
the velocity are incorporated. We note, however, that the code does not take into account the
asymmetric geometry of the outflows (see, e.g., Barbieri et al. 2019; Bulla 2019; Kawaguchi
et al. 2020; Zhu et al. 2020; Heinzel et al. 2021, for viewing angle dependent light curve
models) which can have a significant impact on the luminosity and color of the observed
light curve (Bulla 2019; Darbha & Kasen 2020; Korobkin et al. 2021b). We also fix, for an
increase in computational efficiency,6 the nuclear heating rate to the model by Korobkin et al.
(2012) (with thermalization efficiency ϵ = 0.5). Again, we recognize that this can lead to

5https://github.com/hotokezaka/HeatingRate
6The code by Hotokezaka & Nakar (2020) does include a calculation of the thermalization based on the ejecta

properties.
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additional uncertainty in the kilonova light curve (Barnes et al. 2021).
For each sample of Mdyn, vdyn, and Mwind computed from the posterior PDFs of GW190425,

we estimate the corresponding light curve. Since the software by Hotokezaka & Nakar (2020)
does not only take an average velocity as input but also requires a velocity distribution, which
we have chosen to be a power law distribution, we have to consider a few extra parameters.
These consist of a power law index n, varied between 3.5−4.5, and a minimum and maximum
velocity cutoff. We split the calculation into two components, a dynamical component and
a post-merger disk wind component. For the dynamical component, the minimum velocity
cutoff varies between 0.1vdyn and vdyn, and the maximum velocity cutoff between 1.5vdyn and
2.5vdyn. For the post-merger disk winds, the average velocity of the ejecta is not connected to
the properties of the binary but is taken to be between 0.1c and 0.3c. The minimum velocity
cutoff is the same as for the dynamical component, while the maximum velocity cutoff is
slightly lower, i.e., between 1.5vwind and 2.0vwind.

The final parameters that we need to include are the effective opacities of the ejected
material. The dynamically ejected material is very neutron-rich and will, therefore, produce
lanthanides through r-process nucleosynthesis, leading to a high opacity.7 We allow the ef-
fective grey opacity for this component to be within the range of 1 − 10 cm2 g−1. Since the
post-merger disk winds consist of ejecta with varying composition, we assign two effective
grey opacities, one in the range 0.1 − 1.0 cm2 g−1 for v ≤ vκ and one in the range 1 − 10
cm2 g−1 for v > vκ. The transition velocity vκ is randomly drawn between the minimum and
maximum of the velocity distribution. Table 6.1 shows a summary of all parameters and their
allowed ranges.

The final light curves are then obtained by adding the two components, where estimates
for different photometric bands rely on the assumption of blackbody emission.8 The uncer-
tainty in the distance is also included by randomly drawing a distance measurement from the
posterior PDF of GW190425. In Figures 6.5 and 6.6, we show the light curves corresponding
to posterior PDF distributions of GW190425 in the g-band and r-band, for both the BNS sce-
nario (left panels) and the BHNS scenario (right panels). The dark and light shaded regions
indicate the regions where 68% and 95% of the light curves are contained respectively. The
black horizontal line shows the upper limits obtained by the GROWTH collaboration using
ZTF (Coughlin et al. 2019c).

As a comparison, and to better assess the current modeling uncertainties, we also include
light curves obtained with our code when the input parameters are derived from other methods
(upper panels). First, we compute light curves from the distribution of ejecta masses and
velocities following the methods outlined in Coughlin et al. (2019a) with updated fitting
formulae from Dietrich et al. (2020), which are tailored to BNS systems. In Coughlin et al.
(2019a) the authors also use a two-component model, divided into dynamical and disk wind

7Again with the caveat that more symmetric NS mergers will also produce shock heated material with lower
opacities (see Section 6.2.1).

8The temperature is estimated through the bolometric luminosity Lbol and the radius of the photosphere rph as
T = Lbol/(4πσr2

ph).
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ejecta. They relate the dynamical ejecta mass to the total ejected mass in the first component
by asserting the proportionality Mej,1 =

1
α

Mdyn, where 0.01 ≤ α ≤ 1. For the second
component, the mass is assumed to be a fraction of the disk mass Mej,2 = ξ Mdisk, where
0 ≤ ξ ≤ 0.5. The velocity of the second component and the lanthanide fraction of both
components are not related to any binary parameters, but considered as free parameters in the
ranges 0.03 ≤ vdisk ≤ 0.3 and −9 ≤ log10(Xlan) ≤ −1. The black dashed (pink dashed) lines
in Figure 6.5 (6.5) illustrate the region where 95% of the light curves are contained. Since
the parameters α and ξ allow for a larger range of ejecta masses, the resulting kilonova light
curves are relatively broad, but consistent with the light curves presented in this paper.

Second, we show the light curves computed with our code using the ejecta properties ob-
tained by following the methods in Barbieri et al. (2019). The authors use a similar approach
to the methods presented in this paper, though with a three-component model; a dynamical
component, a neutrino-driven disk wind component, and a viscous (secular, corresponding to
‘thermally-driven’ in our framework, Equation 6.12) component. From the disk mass, they
estimate that for a BHNS system, 1% is ejected through neutrino-driven winds while 20%
is ejected through viscous processes, both with a velocity of 0.1c. For a BNS system, 5% is
ejected through neutrino-driven winds and 20% through viscous processes with velocities of
0.067c and 0.04c respectively. An effective grey opacity is used, which is set to 15 cm2 g−1

for the dynamical ejecta and to 1 and 5 cm2 g−1 for respectively the wind and viscous ejecta
in a BHNS scenario. For BNSs, only the opacity of the disk wind is lowered to 0.5 cm2 g−1.
The authors do include an angle dependence in their light curve computations but this is not
included here. The effect of including angle dependencies is larger for the BHNS scenario,
where the geometry of the dynamical ejecta is more likely to be confined to the equatorial
plane and not in all azimuthal directions. As a result the kilonova appears brighter when we
observe in the polar direction and fainter when we observe in the equatorial plane. The yellow
(black) dot-dashed lines in Figure 6.5 (6.6) again indicate the region where 95% of all light
curves are contained. For the BHNS scenario, these regions are comparable to our results,
mostly due to the fact that the same underlying fitting formula for the disk mass is used (see
Foucart et al. 2017). Their method does, however, predict fainter light curves for the BNS
scenario. Although Figure 6.4 suggests that the disk wind mass is comparable to our results,
there is a large fraction of samples not shown, where the dynamical ejecta mass is zero and
the disk wind mass is very low, that dominate the resulting region containing 95% of all light
curves. Another factor that contributes to the differences in the resulting light curves are the
higher opacities chosen for dynamical and disk wind ejecta.

We also show light curves that are computed using different approaches to generate light
curves. In the case of a BHNS system, we show the light curves computed by Kyutoku et al.
(2020) (shown in their Figure 1). The authors use a Monte-Carlo radiation-transfer code (see
Tanaka & Hotokezaka 2013; Kawaguchi et al. 2020) to estimate light curves from a repre-
sentative disk mass and dynamical mass outflow. Instead of using an effective grey opacity,
as in this work, the opacity is time-dependent and derived with updated atomic structure cal-
culations of r-process elements (Tanaka et al. 2020). The variation in their light curves is a
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6 Multimessenger analyses of gravitational waves and kilonova

combination of different viewing angles, composition, and distances. The lower limit shown
here corresponds to their equatorial view of a lanthanide-rich disk outflow and dynamical
ejecta at 140 Mpc, while the upper limit corresponds to a polar view of a lanthanide-poor
disk outflow with dynamical ejecta at 130 Mpc.

Lastly, we show light curves computed with POSSIS (Bulla 2019), a three dimensional
Monte-Carlo code that models the radiation transport in kilonovae, taking into account the
geometry of the merger outflows and the viewing angle. For faster light curve generation the
code does not solve the full radiative transfer equation but rather uses time- and wavelength
dependent opacities as direct input. For the BHNS case, we use the grid presented in Anand
et al. (2021) and restrict to ejecta masses that are consistent with the distribution of ejecta
masses computed in Section 6.2, i.e. Mdyn = 0.01, 0.02, 0.03 M⊙ and Mwind = 0.01, 0.02, 0.03
M⊙ . The distance is varied between 120 − 200 Mpc, corresponding to the 1σ range of
the luminosity distance measure inferred in Abbott et al. (2020b). We show the resulting
bands for two viewing angles, one in the equatorial and one in the polar plane. Similarly,
for the BNS case, we use the grid computed in Dietrich et al. (2020) and restrict to Mdyn =

0.001, 0.005, 0.01, 0.02 M⊙ and Mwind = 0.01, 0.03 M⊙ .
We conclude that although the methods to compute the light curves in Figure 6.5 and

6.6 are quite different, there is broad agreement on the photometric magnitude range that is
predicted for GW190425. This is due to the large statistical uncertainties in the GW posterior
PDF, and specifically the large spread in distance that directly affects the magnitude of the
light curve. There is, however, some discrepancy between the light curves computed from
the ejecta properties based on the fitting formulae in Barbieri et al. (2019) and the formulae
in Dietrich et al. (2020) and this work. This is again a result of the lower predicted Mdyn and
Mwind in this particular part of parameter space using the formulae in Radice et al. (2018b)
and Barbieri et al. (2019). When comparing the light curve ranges between BHNS and BNS
it is not clear that an EM detection would be able to distinguish the nature of the system, but
this warrants a more detailed study which we will leave for future work.

6.4 Multimessenger parameter estimation

6.4.1 Gravitation wave analysis

For fast analysis of the GW signal, we use the relative binning method introduced by Zackay
et al. (2018), which exploits the fact that the difference between gravitational waveforms
with nonzero posterior probability density in the frequency domain can be described by a
smoothly varying perturbation. By using the ratio of a gravitational waveform with some
fiducial waveform close to where the likelihood peaks, the number of frequency points where
the waveform is evaluated reduces to O(102), compared to O(107) for traditional GW pa-
rameter inference. However, Zackay et al. (2018) did not include any extrinsic geometric
parameters (see, e.g., Abbott et al. 2020) in their method so here we have extended the rel-
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spins respectively. The dashed grey lines indicate the injected values.

ative binning method used in our code to include parameters such as distance, sky location,
inclination, and polarization (see also Finstad & Brown 2020, for a similar approach).

We simulate a waveform similar to GW190425 (see Table 6.2 for the source parameters),
using the IMRPhenomD_NRTidalv2 model (Dietrich et al. 2019a), and inject this into the
LIGO Livingston and Virgo detectors with an SNR of 11.6 and 4.7 respectively. We note
that the mass of the primary object, M1, is within the range of possible NS masses (see e.g.
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Table 6.2: Source properties of the simulated gravitational wave signal.

Parameter Injected value

Mc (source frame) 1.441 M⊙
Mc (detector frame) 1.4871 M⊙
M1 (source frame) 2.25 M⊙
M2 (source frame) 1.24 M⊙
q 0.55
Λ1 0
Λ2 1000
χ1,z 0.1
χ2,z -0.02
Distance 145 Mpc

Raaijmakers et al. 2020a), but by setting the tidal deformability to be Λ1 = 0, we set this
object to be a BH.9 Furthermore, it is important to mention that the spin of the BH is outside
of the range of the low-spin prior, which was chosen as a test case to see how the typically

9We note that there exist now publicly available waveform models dedicated to BHNS signals that were not
available when this work started (see, e.g., Matas et al. 2020; Thompson et al. 2020).

138



6.4 Multimessenger parameter estimation

employed prior choice of LVC analyses might bias the parameter estimation if the type of the
progenitor system is not certainly determined. To generate the noise, we use a realistic Power
Spectral Density (PSD)10 from O3a and assume it to be stationary and Gaussian. We then
compute the summary data necessary for relative binning and set up our likelihood function.
If we assume the noise in the detectors to be Gaussian and defined by a power spectrum S ( f ),
we can write the likelihood as,

L(dGW | θGW) ∝ (6.13)

exp
[
−

1
2
⟨dGW − h(θGW) | dGW − h(θGW)⟩

]
,

where dGW is the GW strain data, h(θGW) a gravitational waveform defined by the vector
set of model parameters θGW, and

⟨a | b⟩ = 4ℜ
∫ fmax

fmin

ã∗( f )b̃( f )
S ( f )

d f . (6.14)

We use Bayes’ theorem to express,

P (θGW | dGW) ∝ π (θGW)L (dGW | θGW) , (6.15)

where P (θGW | dGW) is the posterior distribution on the gravitational wave parameters
given the data, and π (θGW) is the prior distribution on these parameters. To sample from the
posterior PDF distribution, we use the nested sampling algorithm MultiNest (Feroz et al.
2009, 2019; Buchner et al. 2014), and again use the IMRPhenomD_NRTidalv2 model for
waveform generation. Instead of sampling in component masses, we sample in the parame-
ters detector-frame chirp mass and mass ratio to speed up the convergence of our posterior
distribution. We choose a uniform prior in both, within the range Mc ∈ [1.477, 1.497] and
q = 1/Q ∈ [0.2, 1]. For the tidal deformability of the two components, we sample uni-
formly as well within the range Λ1,2 ∈ [0, 5000] when assuming a BNS system, while for
our BHNS prior we set Λ1 = 0. The prior for the two dimensionless spins is uniform in
magnitude, while the orientation is isotropically distributed, although here we only consider
spins that are aligned with the orbital angular momentum to speed up the parameter infer-
ence. When assuming a BNS system, we either choose a low spin, |χ| ∈ [0, 0.05], or a high
spin prior, |χ| ∈ [0, 0.89]. For the BHNS prior, the spin of the heavier object is uniform
over |χ| ∈ [0, 0.89], while the lighter object is uniform over |χ| ∈ [0, 0.05]. The prior for
the luminosity distance is uniform in comoving volume, such that π(DL) ∝ D2

L, with bounds
chosen to be far from where the posterior probability is non-negligible. The priors for the
right ascension and declination are taken uniformly across the sky, and the priors for the in-
clination and polarization are uniformly distributed in angle from 0 to π or 2π, respectively.
We show the posterior PDF distributions of all three prior choices in Figure 6.7 and include

10https://dcc.ligo.org/LIGO-T2000012/public
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the posterior distribution of GW190425 for the high spin prior case in Abbott et al. (2020b)
for comparison, which is the most agnostic case when the nature of the binary is not known.

Figure 6.7 shows the effects of changing the priors on the spins as seen by comparing the
green and blue curves. When comparing the red to the other colored curves, it also shows
the effects of the assumption on the nature of the binary, which involves different priors
on tidal deformabilities (for the BH it is set to zero) as well as on the spins (high spin for
the BH, low spin for the NS). As expected, the luminosity distance measured from the GW
amplitude is largely unaffected by changes to the priors on parameters that mainly impact
the phasing. We note that even with the BHNS priors corresponding to the injected signal,
the true values of the parameters are not correctly recovered due to the small SNR. We also
note that the BHNS assumption actually does not yield results close to the injected values
for any of the parameters except for the tidal deformability. Instead, for the masses and spin
parameter the high-spin BNS priors lead to results closest to the true values. As expected,
the mass and spin measurements are most impacted by the spin priors, as seen by comparing
the blue and green curves. This is a known degeneracy due to the fact that effects of the mass
ratio and spins first enter the phasing only separated by half of a post-Newtonian order and
thus accumulate similarly with the GW frequency. Our results also show that the PDF for
tidal deformability is most strongly dependent on the prior assumptions on the type of binary
system. For reference, the results from Abbott et al. (2020b) with a high spin prior are also
shown as the grey contours, which are in good agreement with our corresponding simulated
results depicted by the blue curves. Note that the GW signal considered here has a low SNR,
similar to GW190425. Therefore the following discussion on additional constraining power
from EM observations will only apply to such low-SNR signals. High-SNR signals, and
signals detected across a broader frequency range by third generation GW detectors, already
provide tighter constraints on binary parameters, which affect the additional constraining
power of EM observations.

6.4.2 Multimessenger analysis

In order to test how an EM counterpart to a GW event can constrain the properties of the
merging binary, we combine our EM model defined in Section 6.2 and 6.3 with the GW
analysis mentioned above in Section 6.4.1. Taking the values of our simulated GW event,
we compute the corresponding light curve by using Equations (6.2)-(6.11), and additionally
setting vmin,dyn = 0.8vdyn, vmax,dyn = 1.5vdyn, κdyn = 5 cm2 g−1 for the dynamically ejected
component and vwind = 0.15c, vmin,wind = 0.4vwind, vmax,wind = 1.5vwind, κlow = 0.1 cm2 g−1,
κhigh = 8 cm2 g−1, and vκ = 0.18c for the disk wind ejecta. For the definition of these
parameters, we refer back to Section 6.3 or Table 6.1. We evaluate this light curve at t =
[0.5, 1, 2, 4] days in the g- and r-band to obtain our EM dataset (see Figure 6.8).

Under the assumption that the EM dataset is independent of the GW dataset, we can
separate each likelihood and express the posterior PDF distribution as
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P(θ | d) ∝ π(θ)L(d | θ) (6.16)

∝ π(θ)L(dGW | θGW,EM)L(dEM | θEM) . (6.17)

The vector θ now contains both the parameters needed for the GW waveform generation that
affect the light curves, θGW,EM, and the parameters to compute an EM light curve, θEM. For
the GW likelihood, we assume that it is proportional to the posterior distribution obtained
from the GW analysis described in the previous section:

L(dGW | θGW,EM) ∝
∫

P (θ | dGW) dθnuisance , (6.18)

We marginalize over all parameters in the GW analysis that are not connected to the light
curve model (θnuisance) so that the vector θGW,EM only contains {Mc, q, χBH ,ΛNS ,D} and
{Mc, q,Λ1,Λ2,D} for a BHNS and BNS system, respectively. One implication of Equa-
tion (6.18) is that the prior distribution on these parameters is already incorporated into the
likelihood, which we need to take into account when choosing our priors. Since some of the
parameters in θEM depend on the parameters θGW,EM through Equations 6.2 - 6.11, we can
rewrite Equation 6.16 using a hierarchical approach:

P(θ | d) ∝ π(θGW,EM) π(θEM | θGW,EM) (6.19)

× L(dGW | θGW,EM) L(dEM | θEM) .
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Lastly, we assume a Gaussian likelihood for the EM data:

L(dEM | θEM) ∝ exp
− (dEM − L(θEM))2

2σ2
EM

, (6.20)

where dEM are the photometric measurements of the light curve and L(θEM) the computed
light curve using the model presented in this work. Initially we set σEM = 0.2 mag. However,
to investigate how the results might depend on future improvements on the uncertainty in the
photometric measurements, we also consider a hypothetical case where σEM = 0.01 mag.

For our prior distributions, we choose a uniform prior over the parameters θGW,EM in
π(θGW,EM) to minimize the effect of imposing prior information twice. For the parameters
θEM that do not depend on θGW,EM, we use uniform priors in the ranges described in Table
6.1. For parameters in the distribution θEM that do depend on θGW,EM, i.e. the dynamical
ejecta mass and velocity and the disk wind mass, we take a uniform distribution in the un-
certainty range defined for that parameter according to Equations 6.2 - 6.11. We assume that
the detection of the EM counterpart leads to an identification of the host galaxy, which we
simplify to fixing the distance to the true value D = 145 Mpc, both when computing the
light curve magnitude and when evaluating L(dGW | θGW). In Figure 6.8, we show the 90%
credible region of the prior light curves in the g-band for both the BHNS and BNS scenario,
together with the simulated EM data.

The posterior PDF distribution is again sampled with MultiNest and shown for the pa-
rameters of interest in Figure 6.9 when using the high spin BNS prior for the gravitational
wave data and both the BNS prior (left panel) and BHNS prior (right panel) for the EM data.
Three different analyses are shown where: (i) only the GW data is considered; (ii) both GW
and EM data are considered with σEM = 0.2; and (iii) both GW and EM data are considered
with σEM = 0.2 and ξ is fixed. Hereafter we refer to these analyses as Case 1-3.

For the posterior distributions using the BNS prior for the EM data, we first note that in-
cluding EM information (Case 2) puts significant constraints on the mass ratio of the system.
This can be attributed to the strong correlation between the mass ratio and MBNS

dyn , where lower
and higher values of q lead to too much or too little dynamical ejecta respectively. The tidal
deformability is not well constrained for the primary object, since this only has a small effect
on the dynamical ejecta. However, for the secondary object the tidal deformability is the main
parameter that relates to the disk winds and is therefore much more constrained. The double
peak structure is the result of the correlation with both the disk wind and dynamical ejecta
velocity. A higher tidal deformability leads to a higher disk wind mass with low velocity, but
to be consistent with the early EM data, this requires a higher dynamical ejecta velocity. On
the other hand a lower tidal deformability leads to a lower disk wind mass with high velocity,
and thus requires a lower dynamical ejecta velocity. Fixing the ξ parameter (Case 3) only
strengthens the double peak structure in Λ2, as the higher values of Λ2 are more consistent
with the now better measured disk mass.

In the right panel of Figure 6.9, where a BHNS prior is used to analyze the EM data, we
note that for Case 2 and 3, where σEM = 0.2, there are only slightly better constraints on the
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mass ratio than for Case 1, due to the degeneracies between parameters in θEM. The most
significant improvement is made in the Λ2 parameter. This is the result of both Mdisk and
Mdyn depending similarly on Λ2, meaning that low values will result in too little ejected total
mass, while high values will lead to too much ejected mass to be consistent with the EM data.
Lastly, we note that the EM data considered here has very little additional constraining power
on the dimensionless spin of the black hole. This might change for systems where the black
hole has a larger prograde spin, and thus more matter is ejected during the merger. These
more massive outflows can only occur for a certain range in black hole spins, such that by
inferring high ejecta masses, one could constrain the spin to better accuracy and precision.

To investigate whether we can improve on the constraints on the binary parameters, we
study three more cases where the BHNS prior on the EM data is used. These are: (i) a
scenario where we put a tighter prior on all parameters in θEM (see Table 6.1); (ii) a scenario
where on top of the EM data in the g- and r-band we also have data in the i- and z-band at
the same epochs; and (iii) a scenario where the EM data have σEM = 0.01. Hereafter, these
are referred to as Case 4-6. Case 4 could be seen as a hypothetical future scenario where

143



6 Multimessenger analyses of gravitational waves and kilonova

there is a better understanding of the relation between the binary properties and all outflow
properties on top of the parameter ξ. Case 5 and 6 could help answer the question of whether
the constraints improve more from taking data in other photometric bands or decreasing the
uncertainty in the photometric points one already has.

The posterior distributions corresponding to Case 4-6 are shown in Figure 6.10. For all
cases, the constraints on the binary parameters are tighter than in Case 2, although for Case 5,
where data in more photometric bands are considered, the peak of the posterior still has more
support for near-equal mass ratios away from the injected parameter value. This is a result
of both the posterior for the GW data alone having more support for near-equal mass ratios
(see Figure 6.7) and the system considered here having a small amount of dynamical ejecta
compared to disk wind ejecta. That means that the EM data can be well-fitted by models with
only disk wind ejecta. This is illustrated in Figure 6.11, where the posterior distributions on
the outflow properties show very little support for dynamical ejecta larger than zero. Such
models, with small dynamical ejecta compared to disk wind ejecta, are associated with more
equal mass systems, which is why there is more posterior support for larger values of q. For
Case 4 and 6, the data is less well fitted by models with only disk wind ejecta, causing the
true underlying values to be within the 68% credible regions. For Case 4, this is due to some
of the degeneracy between the dynamical and disk wind ejecta being alleviated while for
Case 6, the small error on the EM data allows for the small amount of dynamical ejecta to be
distinguished from the disk wind ejecta.

6.5 Discussion

Based on the results presented in Figures 6.9, 6.10, and 6.12, we conclude that a detection of
an EM counterpart in the future can lead to improved constraints on the binary progenitor pa-
rameters for systems similar to the low-SNR, BHNS/BNS system considered here. However,
even in this idealized scenario where the EM data can be exactly modeled within this work’s
framework, the high-dimensionality of the problem and the existing degeneracies between
parameters impact how well one can measure the fundamental properties of the progenitor.
In this Section, we will first briefly summarize our results and then discuss the important
caveats and limiting assumptions of our work.

On one hand, when modeling the EM lightcurve, if we assume that the GW190425-like
signal (Section 6.4) is a BHNS, the injected parameter values are within the 95% credible
region for all posterior distributions (right panel of Figure 6.9 and Figure 6.10). However, the
posterior distributions on the mass ratio have more support for near-equal mass ratios when
only considering GW data (case 1), which does not change when adding EM data (Cases
2,3 and 5). This is because the small amount of dynamical ejecta in our simulated model
allows for the EM data to be well fitted with models that have enough disk wind ejecta,
i.e., models with higher values of q. This is resolved in Cases 4 and 6, where the posterior
distribution on the mass ratio peaks around the injected value (see also Figure 6.12). In all
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cases, the constraints on the tidal deformability improve the most, while constraints on the
spin of the BH improve the least, compared to Case 1 (only GW data). This implies that
currently the addition of EM data to GW190425-like events, where the tidal deformability
is unconstrained (Abbott et al. 2020b), could give valuable information on the dense matter
EOS. From the results of Cases 5 and 6, it is not yet clear whether it is preferred to take more
data in different photometric bands or to improve the accuracy of the datapoints, which would
need a more detailed study of the full parameter space and is left to future work. As expected,
the constraining power, however, does increase in both cases.

On the other hand, when modeling the EM light curves, if we assume that the GW190425-
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Figure 6.12: Marginalized one-dimensional posterior distributions for the three binary parameters that
connect to outflow properties. We show all six cases considered here, described in the main text of
Section 6.4.2, and conclude that with EM observations (Cases 2 - 5) the constraining power increases
when comparing to using only GW data (Case 1).

like signal is a BNS (Section 6.4), the posterior distributions suggest that the injected binary
parameters are not always within the 68% credible region. Although this work focuses on the
BNS framework in less detail, we note that parameter inference is highly dependent on the
assumption of the nature of the system. GRMHD simulations by Most et al. (2021) show that
high-mass BNS systems lead to a fast dynamical ejecta component, whereas this component
is absent for systems with similar parameters bar the primary object being a BH. In principle,
this could help distinguish the nature of the system. However, if such a signal is not detected,
both the GW data and EM data might look very similar (as shown in Figures 6.5 and 6.6).
In this case, one needs to be careful when interpreting results from parameter estimation
analyses that assume the nature of the system.

Furthermore, there are simplifying assumptions in the framework, detailed below, that
could have a significant impact on multimessenger parameter inference, and need to be in-
vestigated in more detail in future work.

Firstly, throughout this work, we assume that ejecta outflows are spherically symmetric,
which is a poor assumption especially for BHNS systems (see, e.g., Kawaguchi et al. 2016;
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Foucart et al. 2017). Depending on the viewing angle with which the system is observed, the
light curve can be brighter or fainter in different photometric bands (Bulla 2019; Darbha &
Kasen 2020; Korobkin et al. 2021b).

Secondly, information on the viewing angle is potentially obtainable from the observation
of a relativistic jet, which can improve parameter estimation on systems with asymmetric out-
flow geometries (see, e.g., Heinzel et al. 2021). Currently, the relativistic jet that is launched
in some mergers (see, e.g. Ruiz et al. 2021) is not taken into account in the model presented
here. Neither is the interaction between the jet and the dynamical and disk wind ejecta which
can alter the kilonova light curve (Nativi et al. 2021; Klion et al. 2021; Nicholl et al. 2021).

Thirdly, although we have made the simplifying assumption that the nuclear heating rate
is fixed to a specific model derived by Korobkin et al. (2012), there exist multiple models
for nuclear heating rates (see, e.g., Hotokezaka & Nakar 2020; Kasen & Barnes 2019). The
uncertainty in the nuclear physics input can lead to up to one order of magnitude uncertainty
in the bolometric luminosity (Zhu et al. 2020).

Fourthly, we note that the fitting formulae presented in Section 6.2 do not cover the entire
parameter space that our parameter inference spans (Section 6.4). This means that the results
presented here are dependent on interpolations and extrapolations of existing numerical sim-
ulations, which might be subject to change when more simulations are available in the (near)
future. One could also increase the number of free parameters in these fitting formulae, by
making use of numerical simulations where, e.g., the spin of the neutron star (Ruiz et al.
2020) or the orbital eccentricity of the binary (Papenfort et al. 2018) is taken into account.

Fifthly, we stress that the framework developed here is mostly focused on BHNS systems,
with an approximate applicability to high-mass BNS systems when there is no short- or long-
lived merger remnant.

Finally, a more extensive parameter study is needed to investigate how EM observations
of a larger diversity of binary mergers can constrain fundamental binary parameters. In order
to better understand modelling errors, our kilonova model cross-comparison should be ex-
tended to incorporate parameter inference (see, e.g. Dietrich et al. 2020; Heinzel et al. 2021).

In conclusion, EM observations add constraining power to the GW data for the low SNR,
BHNS system considered in this work. Our results suggest that this constraining power will
improve when numerical models of merger outflows, telescope sensitivity and GW detectors
progress (see, e.g., Cowperthwaite et al. 2019; Chornock et al. 2019; Palmese et al. 2019).
Currently, significant effort is underway into adding more sophisticated treatments of micro-
physical processes to numerical models, as well as increasing the coverage of the parameter
space studied with these models (Baiotti & Rezzolla 2017; Shibata & Hotokezaka 2019;
Dietrich et al. 2021; Ciolfi 2020; Foucart 2020; Ruiz et al. 2021). The Vera Rubin Obser-
vatory, an optical, wide-field telescope expected to begin operations in 2021 (Ivezić et al.
2019), will have a large impact on taking high-accuracy EM data and detecting GW events
at larger distances, while telescopes as ZTF (Dekany et al. 2020) and (near-future) dedicated
GW follow-up telescopes such as BlackGEM (Bloemen et al. 2016), GOTO (Gompertz et al.
2020) will increase the number of detected EM counterparts. Concurrently, next generation
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GW detectors, such as the Einstein Telescope (Maggiore et al. 2020a) and the Cosmic Ex-
plorer (Reitze et al. 2019), will increase the SNR of GW detections and widen the frequency
range in comparison with LIGO/Virgo, allowing higher-precision measurements of binary
properties.
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The landmark detection of GW170817 and its electromagnetic counterparts provided a
seemingly inexhaustible source of scientific output for the community, covering a wide field
of (astro-)physics, including short GRBs, r-process enrichment, cosmology and the dense
matter equation of state. There are, however, still aspects of this event that are not well
understood, such as the exact origin of the γ-ray emission in the GRB (see for example the
discussion in Lazzati 2020), what powered the fast, blue kilonova component seen in the first
few days post-merger (Arcavi et al. 2017), and whether or not there is an X-ray rebrightening
observed from a kilonova afterglow (Hajela et al. 2022; Troja et al. 2022). Currently, a lot of
progress comes from improved numerical simulations of mergers and accretion disks around
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compact objects, but in the (near-)future, more events, analyzed with more complex models,
will hopefully shed a new light on these phenomena. In this chapter I will summarize some
other works I have been a part of that aim to improve the scientific return we can get from
such future events, specifically Kulkarni et al. (2021), Dorsman et al. (2022), and Lukošiūtė
et al. (2022).

7.1 Distinguishing early emission mechanisms in the UV

Unfortunately, from the detection of the fast, blue component in GW170817 it was not clear
what emission mechanism powered this component, partly due to the fact that the first ob-
servation in the UV wavelengths only occurred ∼ 15 hours after merger (Evans et al. 2017).
At that point, the UV light curve was already fading, meaning that information on the peak
time and brightness, as well as the early rise of the emission, was lost. In order to be able
to capture the early behaviour of the kilonova light curve, several UV telescopes have been
proposed with wide field-of-views and fast slewing capabilities. Among these are Dorado,
a previously proposed NASA mission unfortunately not funded at the moment, ULTRASAT
(Sagiv et al. 2014), scheduled to be launched in 2025, and UVEX (Kulkarni et al. 2021), a
proposed NASA mission that would be launched in 2027. In order to investigate the capabil-
ities of such a UV telescope we explore three different models for the early behaviour of a
kilonova light curve and our ability to distinguish between them.

7.1.1 Radiation models

The three light curve models considered here all assume different underlying physics, which
we will briefly discuss below.

Nucleosynthesis-powered model

The first model assumes that the emission is powered by the radioactive decay of r-process
elements, similar to the redder, more lanthanide-rich component of the kilonova. Disk winds
that are neutrino-irradiated by a remnant NS naturally produce the lanthanide-free material
that is needed to explain early UV/optical emission (Kasen et al. 2015), although the inferred
velocity of this component in GW170817 did cause debate over the capability of winds to
exhibit such high velocities. Here we use a semi-analytical model by Hotokezaka & Nakar
(2020), that solves the equation for conservation of internal energy in a radiation-dominated
gas:

dE
dt
= −

E
t
− L(t) + Q̇(t). (7.1)

Here E is the internal energy, L is the bolometric luminosity and Q̇(t) is a function describing
the rate of energy deposition. In the model the ejecta is divided in isotropical, homologously
expanding shells characterized by a mass, velocity and effective opacity, with a radial density
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distribution of

ρ(t, v) = ρ0(t)
(
v

vmin

)−n

(vmin ≤ v ≤ vmax) . (7.2)

The factor ρ0 ensures that the total mass equals the ejecta mass Mej when integrating over
the full velocity range. In each shell the luminosity is calculated accounting for three differ-
ent regimes; i) radiation is trapped, ii) a fraction of the radiation escapes over the diffusion
time, and iii) radiation streams freely. The sum of the luminosity in each shell then gives
the total bolometric luminosity, which, assuming blackbody radiation, can be translated into
photometric light curves.

Table 7.1: The parameters describing the nucleosynthesis powered and shock interaction powered
models, with the allowed ranges within each parameter can vary. The fiducial values are the values used
to generate the data in 7.1.

Parameter (Unit) Description Range Fiducial value
Nucleosynthesis Powered Model

Mej (M⊙) Ejecta mass (0.01, 0.1) 0.05
vmin (c) Minimum ejecta velocity (0.05, 0.2) 0.1
vmax (c) Maximum ejecta velocity (0.3, 0.8) 0.4
nej Power law index of ejecta density distribution (3.5, 5) 4.5
vκ (c) Transition velocity between high and low κ (vmin, vmax) 0.2
κhigh (cm2/g) Effective grey opacity for v ≤ vκ (1, 10) 3
κlow (cm2/g) Effective grey opacity for v ≥ vκ (0.1, 1) 0.5
Mfn (M⊙) Free neutron mass - 10−4

Shock Interaction Powered Model
Msh (M⊙) Shocked ejecta mass (0.005, 0.05) 0.01
vsh[c] Shocked ejecta velocity (0.1, 0.3) 0.2
R0 (1010 cm) Initial shock radius (1, 10) 5
κsh (cm2/g) Effective grey opacity of shocked ejecta (0.1, 1) 0.5

Shock-powered model

The second model we consider is powered by cooling emission of shocked material, in this
case material that is ejected dynamically or through disk winds that is subsequently shocked
when the relativistic jet of the short GRB pierces through shortly after the merger. To describe
the light curve originating from the shock cooling we use the model by Piro & Kollmeier
(2018) (which is based on earlier work by Nakar & Piran 2017). Let us consider a shocked
envelope with an energy distribution according to dE/dv ∝ v−s, where the parameter s (and
s > 1) captures some of the uncertainty of how the jet deposits energy into the ejected mate-
rial. In the following we will set s = 3, as to be consistent with photometric measurements
from GW170817. The equation for shock cooling emission for material with mass M, initial
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radius R and opacity κ reads

L =
4πRc
κ

Esh

M
. (7.3)

Then, accounting for the fact that the observed luminosity originates from the depth where
the diffusion time is roughly equal to the time of the observation (e.g., Nakar & Sari 2010), a
simple scaling can be derived for the luminosity evolution over time:

L = 9.5e40
(

κ

0.1cm2/g

)−3/5 (
M

0.01M⊙

)2/5 (
v

0.1c

)8/5 R
1e10cm

(
t

day

)−4/5

erg/s (7.4)

Complemented with similar scaling relations for the effective temperature and the photo-
spheric radius we can obtain photometric light curves using the assumption of blackbody
radiation.

Free neutron decay

In the final model we consider, the early UV/optical emission is powered by the β-decay of
free neutrons. These neutrons are thought to be found in ejecta with the fastest velocities
(v > 0.5c), where nucleosynthesis freezes out due to the short expansion and low density
of the material (see, e.g. Kulkarni 2005; Metzger et al. 2015). The model is calculated in a
similar way as the nucleosynthesis-powered model described above, with the addition that
energy deposition in the outermost layers is through the β-decay of free neutrons. Although
we use this model in the visualization of simulated light curves for UVEX, we will not use it
in any of the computational analyses.

7.1.2 Observing capabilities of UVEX

In Table 7.1 we show the parameter ranges for each of the three models described in the
Section above, noting that we fix the free neutron decay model by choosing the mass of ejecta
with free neutrons to be 10−4 M⊙ . When varying the nucleosynthesis-powered and shock-
powered model within these ranges we find that for 90% of computed light curves the absolute
magnitude of the peak luminosity varies in the ranges [−15.6,−12.41] ([−14.5,−10.2]) and
[−17.8,−15.3] ([−17.9,−15.0]) for the two models respectively when observing in the NUV
(FUV) band of UVEX, which has a bandpass of 2030-2700 Å(1390-1900 Å). Based on these
numbers, if we assume a depth of –12.1 in the FUV band, UVEX should be capable of
detecting and characterizing most of the observable parameter space. To translate this in a
particular number of events that UVEX can measure, the approach in (Petrov et al. 2022) is
followed to simulate the observed GW population of merging BNS. We take the BNS merging
rate of RBNS = 320+490

−240 Gpc−3yr−1 from the second GW catalogue GWTC-2 (The LIGO
Scientific Collaboration et al. 2021b) and a uniform mass distribution for the NSs between 1
and 2 M⊙ . The operational date of UVEX would overlap with the sixth GW observing run,
which consists of a network configuration with the LIGO Hanford, LIGO Livingston, LIGO
India, Virgo and KAGRA detectors at A+ sensitivity. We then find that ∼ 2.8% of observed
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Figure 7.1: Photometric light curves in the two UV bands of UVEX (NUV and FUV) for an event at
200 Mpc. The dashed and dotted lines indicate respectively the shock-powered and nucleosynthesis-
powered model, while the dotted lines at early times show the enhancement of the nucleosynthesis-
powered model when there is a free-neutron component. The grey vertical line represents the time the
first UV data for GW170817 was taken. Figure taken from Kulkarni et al. (2021).

GW events would pass the UVEX criteria that the entire 90% localization region of a GW
event can be observed to a depth of –12.1 AB within 10 kiloseconds. Of these events, 53%
would be fully in the UVEX field-of-regard, such that over an 18-month run, a total of 35
events are expected to be observed by UVEX.

As an example of the light curves that UVEX will produce we show in Figure 7.1 the
photometric datapoints of a GW170817-like event at 200 Mpc for all three models described
above, using the exposure time calculator of UVEX. The parameters of each model to com-
pute these light curves are shown in the right column of Table 7.1. This figure already sug-
gests that the first UV data point for GW170817 was too late to properly distinguish between
the nucleosynthesis-powered and shock-powered models, and completely missed any poten-
tial emission from the decay of free neutrons. The targeted depth of UVEX, at −12 mag, is
however deep enough to be able to observe all of these components for such events at 200
Mpc.

To further investigate the characterization capabilities of UVEX we perform parameter
estimation on the nucleosynthesis-powered light curve without free neutron decay shown
in Figure 7.1. Using Bayes’ theorem we can write the posterior distribution on the model
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Figure 7.2: Posterior distribution on the ejecta mass, velocity distribution and opacities that describe
the nucleosynthesis-powered model, for two events at 100 and 200 Mpc. The data used to infer the
distribution is the light curve shown in Figure 7.1. Figure taken from Kulkarni et al. (2021).

parameters θ, given the data d and our model assumptions M, as

p(θ|d,M) =
p(d|θ,M)p(θ|M)

p(d|M)
=

L(θ)π(θ)
Z , (7.5)

Here L(θ) is the likelihood function, π(θ) is the prior on parameters θ and Z is the Bayesian
evidence. In our case, we define a Gaussian likelihood for the photometric data d such that

L(d | θ) ∝ exp
(
−

(d − L(θ))2

2σ2

)
. (7.6)
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Here L(θ) is the photometric data as predicted by our light curve model, and σ are the er-
rors shown in Figure 7.1 calculated with UVEX’ exposure time calculator. The parameter
names and their corresponding prior ranges are listed in table 7.1. Using MultiNest, a nested
sampling package, we then sample the posterior distribution in Equation 7.5.

The posterior distribution on the nucleosynthesis-powered model parameters is shown in
Figure 7.2 for UVEX data at two distances, 100 and 200 Mpc. We note that the mass of
the ejecta, Mej, the minimum velocity, vmin, and the opacity of the lanthanide-rich material,
κhigh, are not well constrained by the UV data. This is due to the strong dependence of these
parameters to the properties of the lanthanide-rich material, which is not well probed in the
UV. On the other hand, the most constrained parameters are the maximum velocity of the
ejecta, vmax, and the opacity of the lanthanide-free component, κlow, as these directly describe
the properties of the component that is bright in the UV. It is for these parameters that we also
see an improvement in their measurements for nearby events as opposed to events further out.

7.1.3 Model selection in the UV with Dorado

Next, we look at the prospects of distinguishing between different early kilonova emission
models with UV data (see Dorsman et al. 2022, for more details). For this we simulate
light curve data using either the nucleosynthesis-powered or the shock-powered model, with
the parameters shown in Table 7.1 and the observation calculator of the proposed Dorado
mission. We then analyze the two data sets with both models, employing nested sampling
with Dynesty (Speagle 2020) to calculate the evidence Z . With the evidence we can compute
something called the Bayes factor, a measure of how well model A fits the data relative to
model B. If a priori we assume both models to be equally likely, the Bayes factor reduces to
the ratio of the evidences:

BA
B =

P(D|MA)
P(D|MB)

=
ZA

ZB
. (7.7)

For values of BA
B > 1, we can interpret the Bayes factor as model A being a better fit to the

data than model B. Following the scale introduced by Kass & Raftery (1995), we say that
for values of BA

B > 100 the Bayes factor is decisive such that we can distinguish between the
nucleosynthesis-powered and shock-powered models from the data.

First, we compare the distinguishing power between observations in Dorado’s UV band
and in the optical r-band, for BNS mergers at a range of luminosity distances. In the left
panel of Figure 7.3 we show these Bayes factors for data generated with the shock-powered
model and the nucleosynthesis-powered model (labeled respectively ‘Shock data’ and ‘Kilo-
nova data’ in the legend). The data illustrates that observations in the UV band, for either
underlying model, have the strongest ability to distinguish between the two models, out to
the furthest distance considered here (160 Mpc). Observations in the r-band have the capa-
bility of distinguishing the models up to ∼ 110 Mpc when the data is generated with the
nucleosynthesis-powered model, while for data from the shock-powered model this shrinks
to only really nearby events (≤ 50 Mpc).
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Figure 7.3: In the left panel we show Bayes factors for a range of luminosity distances when the data
is computed with the shock-powered or nucleosynthesis-powered model and is either in Dorado’s UV
band, or in the optical r band. In the right panel, all data is simulated in the UV band but the delay time
between the merger and the first observation is varied between 1.2h and 13.2h. The black, horizontal
line indicates the value of B = 100, above which we conclude that the two emission models can be
distinguished from the data, following the classification of Kass & Raftery (1995). Figure adapted from
Dorsman et al. (2022).

Next, we investigate the impact of the delay time between merger and the first UV band
observations on the capability to distinguish the emission models. For this, we again sim-
ulate data according to the same two underlying models (shock and kilonova) at a range of
luminosity distances and delay times, calculate the evidences and subsequently the Bayes
factors. The results in the right panel of Figure 7.3 illustrate that fast follow-up of BNS
mergers, within 5.2 hours, can help us identify the source of the UV emission out to at least
160 Mpc. Additionally, longer delay times of 13.2 hours, more comparable with the first UV
observations after GW170817, are not able to distinguish the two emission models even for
the closest events at 40 Mpc.

7.2 Improving kilonova light curve models with machine
learning

One of the challenges of analysing kilonova light curves is the complex modeling of the
ejecta material and the radiation that arises within this material. The simplest models use
a semi-analytical approach, such as the isotropic model described in the previous section
(Hotokezaka & Nakar 2020), models that include an angular dependence (e.g., Perego et al.
2017; Barbieri et al. 2019; Breschi et al. 2021b), and models that account for the jet-ejecta
interaction (e.g., Nicholl et al. 2021). All these models have in common that they assume a
grey opacity, i.e. the opacity is the same for all frequencies. In reality, the opacity in a kilo-
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Figure 7.4: A schematic of the conditional variational autoencoder used in Lukošiūtė et al. (2022). The
encoder qϕ takes as input a spectrum y at a time step t, and the model parameters x that were used to
generate y. This generates the parameters σ and µ that describe the distribution qϕ over the latent space
z. The decoder pθ then takes as input the latent variable z and the model parameters x and generates a
new surrogate spectrum ŷ. Figure taken from Lukošiūtė et al. (2022).

nova dominantly depends on bound-bound transitions in heavy elements. These are not only
wavelength dependent, but also depend on the ionization/excitation states of these elements
as determined by the time-varying temperature and density of the ejecta (e.g., Kasen et al.
2013; Tanaka & Hotokezaka 2013). A more sophisticated method of modeling kilonova light
curves is through monte carlo radiative transfer simulations (e.g., Kasen et al. 2006; Bulla
2019; Kawaguchi et al. 2020; Korobkin et al. 2021b), which contain, amongst others, more
realistic treatments of the evolving ejecta, the anisotropies of the material, and the opacity.
However, these simulations are too expensive for direct analysis of a kilonova light curve,
which has lead to several works that interpolate these simulations to create fast, surrogate
models. Most of these works have focused on using Gaussian Processes to predict kilonova
light curves (Coughlin et al. 2018; Dietrich et al. 2020; Ristic et al. 2022), although recently
Almualla et al. (2021) have trained a neural network for fast kilonova inference. Here we dis-
cuss a complementary model that trains directly on the spectra generated in radiative transfer
simulations, allowing fast light curve construction in generic bandpass filters (see Lukošiūtė
et al. 2022, for more detail).

7.2.1 Conditional Variational Autoencoder

The surrogate model we use to predict kilonova spectra is a conditional variational autoen-
coder (cVAE; Sohn et al. (2015); Kingma & Welling (2019). A schematic summarizing the
model framework is shown in Figure 7.4, taken from (Lukošiūtė et al. 2022). The aim is to
learn the decoder distribution pθ(y|z,x), which takes as input a vector of latent variables z
and the model parameters x, for example the ejecta mass and the time at which to generate
spectra. If we know the distribution, we know the kilonova spectrum y given a set of z and
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x. The distribution pθ is optimized with respect to the encoder distribution qϕ(z|y,x) using
stochastic gradient descent methods. The encoder distribution qϕ is parameterized with a
neural network, such that

(µ, logσ) = EncoderNeuralNetϕ(y)

qϕ(z|y) = N (z;µ, diag(σ)).
(7.8)

That is, the neural network returns the mean µ and variance, σ given a particular set of data
y, of the multidimensional normal distribution describing the latent variables z. In order for
qϕ to approximate the generative model pθ, we optimize the conditional likelihood

Lθ,ϕ(y|x) = −DKL(qϕ(z|y, x)||pθ(z|x))

+ Eqϕ(z|y,x)[(log pθ(y|z, x))].
(7.9)

Here, DKL is the Kullback-Leibler divergence, a measure of the distance between the encoder
distributions qϕ and the true posterior pθ(z|x). The term Eqϕ [...] is the reconstruction loss to
minimize the difference between our generative model and the input training data. Once the
cVAE surrogate model is constructed, we can generate any desired kilonova spectrum within
the O(ms).

7.2.2 Surrogate model examples

We have applied the cVAE to three different, publicly available datasets of kilonova spectra.
The first data are computed by Kasen et al. (2017) with the radiative transfer code SEDONA
(Kasen et al. 2006), and consider a one component, isotropic ejecta model described by it’s
ejecta mass, velocity and lanthanide fraction. The second and third dataset are calculated with
POSSIS (Bulla 2019), and focus on the parameter space for BNS and BHNS mergers respec-
tively. The BNS spectra are defined by the dynamical ejecta mass Mej,dyn, the post-merger
ejecta mass Mej,pm, the angle Φ from the equatorial plane separating the two components, and
the observer viewing angle θobs. The geometry is such that the lanthanide-free post-merger
ejecta occupies the polar regions, above and below the angle Φ, while the lanthanide-rich dy-
namical ejecta is confined to the equatorial regions. The BHNS dataset uses a similar model,
but with the component properties like the velocity and lanthanide-fraction better adjusted for
their expected values in BHNS mergers (see Anand et al. 2021). Furthermore, the opening
angle Φ has been fixed to 30◦, based on simulations of dynamical ejecta in BHNS systems
(e.g., Foucart et al. 2017).

In Figure 7.5 we show three example broadband light curves from the POSSIS BNS
model, with the reconstructed light curves from our cVAE. The mean of the difference in
magnitude across all parameter sets and time steps is ∼ 0.1 mag, which is small compared
to the intrinsic modeling error of these spectra. We note that especially for very dim light
curves the surrogate model performs less well, but this is mostly in the regime that can not be
probed with current and near-future telescopes.
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Figure 7.5: Three example light curves from the BNS datasets calculated with POSSIS (dashed lines)
and the predictions of our surrogate cVAE model (solid lines) in six different photometric bands. The
bottom panels show the magnitude difference δm between the two. The parameters for the model in each
panel are (a) Me j,dyn/M⊙ = 0.01, Me j,pm/M⊙ = 0.09, Φ= 30.0, cosΘobs=0.3, (b) Me j,dyn/M⊙ = 0.001,
Me j,pm/M⊙ = 0.11, Φ = 75.0, cosΘobs = 0.0, (c)Me j,dyn/M⊙ = 0.02, Me j,pm/M⊙ = 0.01, Φ: 0.0,
cosΘobs=0.3. Figure taken from Lukošiūtė et al. (2022).

7.3 Conclusion

The previous two sections showed examples of how we can optimize the information ex-
tracted from multimessenger GW events. There is however still a lot of opportunity to im-
prove on the modeling of kilonova light curves, from incorporating more realistic geometries
(e.g., Korobkin et al. 2021b), to improving our opacity calculation for heavy elements (e.g.,
Tanaka et al. 2020), and more sophisticated treatments of interactions between different types
of ejecta (e.g., Nicholl et al. 2021). Going beyond the kilonova modeling itself, systematically
connecting parameters describing the initial GW binary system to observed photometric data
still relies heavily on simple analytical fitting formulae calibrated to numerical simulations.
Moving forward, studies such as performed in Darbha & Kasen (2020), where radiative trans-
fer simulations are directly coupled to hydrodynamic and numerical relativity simulations,
are crucial to gain a better understanding of the full process from merger to electromagnetic
observations.

Complementary, new observations of kilonova can provide us with a completely different
picture. So far most of our models have been tested against the kilonova associated with
GW170817, but that only informs us on a very small part of the parameter space. Obser-
vations of kilonova from BNS mergers with different neutron star masses or BHNS mergers
can provide us with insight into the wide diversity of kilonova (Kawaguchi et al. 2020). With
the upgrades to current GW facilities and planned future facilities such as the Einstein Tele-
scope and LISA, GW observations of compact objects will go from a rarity to a daily reality.
Additionally, the construction of larger ground-based facilities and new space telescopes will
make the next decades of multimessenger GW science a very promising source of scientific
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discoveries.
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APPENDIXA
A NICER view of PSR J0030+0451:

implications for the dense matter equation of state

A.1 Likelihood function modification

Here we give the prescription for modifying the likelihood function to crudely simulate the
effect of increased exposure time. Let

L†(M,R) ∝ L(M,R)
p†(M,R | d)
p(M,R | d)

,

where p†(M,R | d) is given by isotropic compression of mass with flat p(M,R):

X =
∫
C†

p†(M,R | d)dMdR =
∫
C

p(M,R | d)dMdR,

such that ∀X ≤ 1, region C† has Euclidean area A† and A†/A ∈ [1/
√

n, 1/n] where A is
the area of region C and n ∝ T is the factor increase in counts, which scales linearly with
exposure time T . A fallacy here is that the likelihood function must be zero exterior of
C†(X = 1), which is a region within prior support, lest not all credible regions shrink by
this factor—the latter is realistic, however, and can be viewed as consistent with numerical
operation in finite-sample context.

In this work we simulated increased exposure time by assuming a scaling of A†/A ≈ 1/2.
Numerically, given a set {(s, w)i}i=1...N of importance samples with weights {wi} from the
density p(M,R | d), we: (i) define a fiducial vector l as that of the sample reporting the
highest nuisance-marginalized likelihood value; (ii) calculate ∀i, s†i = (si − l)/

√
2 + l; and

(iii) define {(s†, w)i}i=1...N as a set of importance samples from density p†(M,R | d).
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APPENDIXB
Constraining the Dense Matter Equation of State with

Joint Analysis of NICER and LIGO/Virgo Measurements

B.1 GW Likelihood and Prior Implementation

The posterior distribution derived by the LVC, assuming both binary components are NSs,
is

p (M ,Λ |d) ∝ p (d |M ,Λ) (B.1)

where M = [M1,M2]⊤, Λ = [Λ1,Λ2]⊤, d is the strain data vector, and we omit the con-
ditional argument representing the model. The joint prior density p(M ,Λ) is flat on com-
pact support, such that the posterior density is proportional to the nuisance-marginalized
likelihood function p (d |M ,Λ). This function is symmetric under exchange of the binary
components—i.e., M1 ↔ M2 and Λ1 ↔ Λ2. We are therefore free to define one mass as
being associated with the most massive component: Mi ≥ M j for i , j. If we opt not to, a
numeric label is always associated with the same physical object. We are free to transform
spaces, such that the likelihood function is p

(
d | q,Mchirp,Λ

)
, where q B M2/M1, and Mchirp

is a symmetric combination of M1 and M2. Here, q ∈ R+ if no ordering of masses is enforced,
in which case the nuisance-marginalized likelihood for q = Q is equal to that for q = 1/Q
under exchange of properties. On the other hand, 0 < q ≤ 1 if M1 is associated with the more
massive component, which is the definition we choose.

The joint posterior distribution of interior parameters (omitting the global model as a
conditional argument) is

p(θ, ε |d) ∝ p(d |θ, ε)p(ε |θ)p(θ), (B.2)

where θ are EOS parameters, and ε are central (energy) densities, such that (θ, εi) 7→ (Mi,Λi).
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Measurements

The EOS parameters also operate as hyperparameters, in the simplest mode as an upper bound
on the prior support of ε ∈ [a, b(θ)]. The population-level prior density of binaries p(ε |θ) is
assumed to be separable when one density is associated with a particular physical component:

p(ε |θ) =
∏

i

p(εi |θ), (B.3)

where p(εi |θ) is identical ∀i. Let us assume f (ϵi) ∼ U(a, b) for b = b(θ), where f (εi) is a
monotone transformation such as a logarithm, which is our choice in the main text.

We decided to define one density parameter as that of the binary component with the
highest central density (and thus total mass), and therefore f (ε1) ≥ f (ε2). Transforming the
joint prior density function above, assuming f (ϵi) = ϵi for notational simplicity, yields

p(ε1, ε2 |θ) = p(ε2 | ε1,θ)p(ε1 |θ) (B.4)

where
p(ε1 |θ) =

2(ε1 − a)
(b − a)2 and p(ε2 | ε1) =

1
(ε1 − a)

, (B.5)

for support ε1 ∈ [a, b] and ε2 ∈ [a, ε1]. We then require (according to standard prior imple-
mentation for nested sampling)

x1(ε1;θ) =

ε1∫
a

2(t − a)
(b − a)2 dt =

(ε1 − a)2

(b − a)2 ; (B.6)

inverting yields
ε1(x1;θ) = a + (b − a)

√
x1. (B.7)

Further,

x2(ε2; ε1) =
1

(ε1 − a)

t∫
a

dt =
ε2 − a

(ε1 − a)
=⇒ ε2(x2; x1) = a + (ε1 − a)x2. (B.8)

Returning to the likelihood function p (d |M ,Λ), the function is almost degenerate, with
support (defined in terms of some small threshold value of the likelihood normalized to the
global maximum) only for |g(M )| ≤ ϵ, where g(M ) is the chirp combination minus some
(now) constant Mchirp and ϵ ∈ R+ is small. In the limit ϵ → 0, the likelihood function is
degenerate in the M -subspace. Generally, the marginal posterior density is then

p(θ, ε1 |d) ∝ p(ε1 |θ)p(θ)
∫

p(d |M ,Λ)p(ε2 |θ)dε2. (B.9)

If ϵ → 0, then

p(θ, ε1 |d) ∝ p(ε1 |θ)p(θ)p(d |M1,Λ)
∫
δ(ε2 − h(ε1,θ; Mchirp))p(ε2 |θ)dε2

= p(ε1 |θ)p(θ)p(d |M1,Λ) p(h(ε1,θ; Mchirp) |θ)︸                    ︷︷                    ︸
support ε2∈[a,b]

,
(B.10)
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where M2 is the total mass yielded via inversion of the chirp combination of M , and h(ε1,θ; Mchirp)
is the associated value of ε1 for the EOS specified by θ. Further, Λ2 = Λ2(ε1,θ; Mchirp). The
last factor implies that we need to take the prior support of ε2 into account given hyperpa-
rameters θ; note that if h(ε1,θ; Mchirp) has no solution, it will by definition not be within the
prior support, and note also that the set of solutions to the inversion problem is generally a
proper superset of the prior support.

However, because we enforced an order on the total masses, such that M1 ≥ M2, then

p(θ, ε1 |d) ∝ p(ε1 |θ)p(θ)
∫

p(d |M ,Λ)p(ε2 | ε1,θ)dε2. (B.11)

If ϵ → 0, then

p(θ, ε1 |d) ∝ p(ε1 |θ)p(θ)p(d |M1,Λ)
∫
δ(ε2 − h(ε1,θ; Mchirp))p(ε2 | ε1,θ)dε2

= p(ε1 |θ)p(θ)p(d |M1,Λ) p(h(ε1,θ; Mchirp) | ε1,θ)︸                         ︷︷                         ︸
support ε2∈[a,ε1]

.
(B.12)

This means that if the most massive binary component is such that h(ε1,θ; Mchirp) ≥ ε1, then
the last factor imposes zero (approximate) posterior density at point [θ, h(ε1,θ; Mchirp)]⊤.
Note that if the hyperparameters θ merely delimit stability against radial perturbations, then
p(h(ε1,θ; Mchirp) | ε1,θ) loses dependence, becoming p(h(ε1,θ; Mchirp) | ε1). When trans-
forming M1 in Equation B.12 to the mass ratio q we obtain the GW-related part of Equation
4.3 in the main text.

In reality the likelihood function is finite for |g(M )| ≤ ϵ with ϵ finite, with the marginal
posterior distribution of the chirp combination having 90% credible interval about the median
of Mchirp = 1.186+0.001

−0.001 M⊙. If we are to account for this likelihood information accurately,
but avoid sampling from a relatively very diffuse prior in the central densities and thus in
the chirp mass, then we need to perform fast marginalization over the central density ε2 to
decrement the dimensionality of the sampling space. To proceed, we need to examine the
conditional likelihood function

L(ε2; ε1,θ) = p(d |M ,Λ). (B.13)

Given M1, there is one maximum in the conditional likelihood function when slicing through
the chirp-sensitive likelihood function. Further, M2 = M2(ε2;θ), whilst not a monotone
transformation in the presence of unstable branches, is ordered, meaning there should ex-
ist one maximum with respect to ε2. In order to marginalize we therefore aim to first ap-
proximate the central density ε2 that maximizes the conditional likelihood function. We thus
approximate—via inversion—h(ε1,θ; M′chirp), as above, where M′chirp is now the median chirp
mass in the marginal posterior distribution of Mchirp. Given this estimator of the maximum,
we can generate bounds for numerical integration. For instance, we can integrate on the inter-
val ε2 ∈ [α, β], where α B h(ε1,θ; M′chirp−nCl) and β B h(ε1,θ; M′chirp+nCu) where n is some
integer and the X% marginal credible interval on the chirp mass is CIX% = {Mchirp : Mchirp ∈
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Figure B.1: Left panel: comparison of the distribution of the mass ratio q when we use the posterior
distribution marginalized over the chirp mass (green) or the posterior distribution conditional on a given
chirp mass (blue). Both distributions are very similar, which is why we argue that the usage of the
marginalized distribution throughout the Letter is justified. Right panel: prior distribution on the mass
ratio q in the black dashed lines, the posterior distribution on q in green, and the reweighted posterior
that corresponds to a flat prior in q in blue. Note that the prior distribution on q is only for a small
interval in chirp mass where there is posterior support, which is why there is more support toward
lower-than higher-mass ratios. We conclude that there is slightly more posterior support for equal mass
ratios when reweighting but this is negligible compared to the statistical uncertainty in GW170817.

[M′chirp − Cl,M′chirp + Cu]}. We can then perform numerical quadrature where the integrand
requires numerical integration to transform (ε2,θ) 7→ (M2,Λ2). If an order is imposed on the
central densities, then the upper-bound for quadrature is min[h(ε1,θ; M′chirp + nCu), ε1].

Another approach would be to inject likelihood information into the prior density func-
tion of the mass M2 (and thus of the central density ε2). The prior support of M2 (and thus ε2)
is restricted to some narrow interval corresponding to a narrow interval in chirp mass about
the marginal median value. This is uncomfortable to have to rely on, one reason being that
prior predictive probabilities may be compromised for model comparison; another is that a
prior may be defined on the space of M2 that is inconsistent with the prior density p(ε1 |θ),
or a prior is defined directly on the space of the chirp mass, leading to a similar inconsis-
tency. Given this modification of the prior support relative to the protocol outlined above,
(nested) sampling proceeds without decrementing the dimensionality, but at far lower cost
and effectively without risk of error due to insufficient resolution.

In this work we compared two approaches quantitatively: (i) the delta-function approximation—
specifically Equation (B.12); and (ii) the approach wherein likelihood information is injected
into the prior via modification of the support, in the form of a narrow prior on the chirp mass
about the median in marginal posterior mass; see the text following Equation (4.3). The joint
posterior distribution of the EOS parameters is consistent for both approaches.
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B.2 Approximations to the Likelihood Function

B.2.1 The NS-NS Scenario

The posterior distribution on the two binary components from GW170817 derived by the
LVC (see Abbott et al. 2019b) is related to the nuisance-marginalized likelihood function
through

p(Λ1,Λ2,M1,M2 | dGW) ∝ p(Λ1,Λ2,M1,M2) p(dGW | Λ1,Λ2,M1,M2), (B.14)

where we have only shown the four parameters of interest here. In this work we have equated
the two by arguing that the prior distribution p(Λ1,Λ2,M1,M2) is jointly flat. Furthermore
we have performed a coordinate transformation from the two component masses to the mass
ratio q and the chirp mass Mchirp to get

p(Λ1,Λ2, q,Mchirp | dGW). (B.15)

As the chirp mass is constrained to a very small range we fix its value to Mchirp = 1.186
M⊙ such that we can write a conditional distribution

p(Λ1,Λ2, q | dGW,Mchirp), (B.16)

which is a slice through the posterior distribution. We use, however, the marginalized pos-
terior distribution p(Λ1,Λ2, q | dGW) in this Letter, which we compare to the conditional
distribution in the left panel of Figure B.1.

We furthermore note that when transforming from component masses to mass ratio and
chirp mass the prior on these quantities is no longer jointly flat. We therefore check that the
posterior distribution on q does not change significantly when applying a weighting to the
distribution to ensure a jointly flat prior. We show the difference between the distributions in
the right panel of Fig. B.1.

B.2.2 The NS-BH Scenario

Finally we have approximated the likelihood function for the NS-BH case by transforming
Λ1 and Λ2 to the parameter Λ̃ and marginalizing over Λ1, which is different from taking a
slice through the posterior at Λ1 = 0. However, to compute the constraints from the EM
counterpart the latter is not possible since there are not enough samples in the posterior that
have Λ1 = 0. As an alternative we approximate Λ1 = 0 by taking the samples in the dis-
tribution where Λ1 < 30, such that we are not dominated by stochastic noise of having too
few samples. In Fig. B.2 we compare the two approaches when we set the posterior support
for parameter sets that result in Mrem < 0.1 M⊙ to zero, while setting uniform support every-
where else. Including these constraints from the EM counterpart, we conclude that there is a
negligible change in the posterior distribution of Λ̃.
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Figure B.2: Comparison between the posterior distribution on Λ̃when marginalizing overΛ1 and when
only considering values of Λ1 < 30. The range Λ1 < 30 is chosen in order to well-approximate the
conditional distribution at Λ1 = 0 whilst reducing noise in the histogram. The distributions shown here
have already implemented zero support on parameter sets that result in Mrem < 0.1 M⊙ and uniform
support where Mrem > 0.1 based on the electromagnetic analysis in Section 4.3.2 and Hinderer et al.
(2019). The difference between the two distributions is small enough to justify the approximation made
in this Letter.
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Het doel van dit proefschrift, getiteld Probing Neutron star interiors with multi-messenger
observations, is om de compositie van neutronensterren te begrijpen, door middel van het
combineren van verschillende observaties van deze sterren. Neutronensterren zijn extreem
compacte objecten vanwege de grote hoeveelheid massa dat zich in een kleine bol bevindt,
met dichtheden in de binnenste regionen hoger dan de dichtheid van een atoomkern. Een eer-
ste stap om de compositie van een neutronenster te begrijpen is het meten van de – momenteel
onbekende – toestandsvergelijking, die bepaalt hoe de druk verandert met toenemende dicht-
heid in de ster. De toestandsvergelijking in de extreme omstandigheden van neutronensterren
kan niet experimenteel worden gemeten, maar kan worden onderzocht door observaties van
globale eigenschappen van de ster die van de toestandsvergelijking afhangen, zoals zijn massa
en straal. Het merendeel van het werk in dit proefschrift omvat het ontwikkelen van statis-
tische methodes om informatie over de toestandsvergelijking te verkrijgen uit deze globale
eigenschappen, of om de metingen van deze eigenschappen te verbeteren in de eerste plaats.

Er bestaan verscheidene methoden om eigenschappen te meten die af hangen van de toe-
standsvergelijking. In hoofdstukken 2 tot en met 5 gebruiken we voornamelijk metingen
van de massa en de straal, verkregen via observaties van neutronensterren met NASA’s Neu-
tron Star Interior Composition Explorer (NICER ), een röntgentelescoop aan boord van het
internationale ruimtestation. NICER richt zich specifiek op millisecondepulsars, i.e. snel
roterende neutronensterren, die geen accretie ondergaan en heldere plekken hebben op hun
oppervlakte waar thermische röntgenstraling wordt uitgezonden. De modulatie van deze stra-
ling door de rotatie van de ster, én de sterke zwaartekrachtseffecten op de geobserveerdce
straling, resulteren in een unieke manier om gezamenlijk de massa en de straal van een pulsar
te berekenen.

In hoofdstuk 6 en 7 kijken we wat breder naar een andere methode: de simultane obser-
vaties van zwaartekrachtsgolven en elektromagnetische straling van de samensmelting van
twee neutronensterren of een neutronenster en een zwart gat (black hole – neutron star, of
afgekort BHNS, in het Engels). Deze fusies zijn het gevolg van het verliezen van zwaar-
tekrachtstraling, waarbij de baanafstand tussen de twee objecten steeds kleiner wordt. Bij
samensmeltingen waar tenminste een van de objecten een neutronenster is, wordt de ster ver-
vormd door de getijdenkrachten uitgeoefend door het andere object. Bij dit proces wordt
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extra energie uit de baanomloop onttrokken, met als gevolg dat voor samensmeltingen van
neutronensterren de vorm van de zwaartekrachtsgolf anders is dan voor precies hetzelfde
systeem met twee zwarte gaten. Hoe de vorm van de golf precies verschilt, wordt bepaald
door de toestandsvergelijking van de neutronenster, die de compressibiliteit van de ster dic-
teert, oftewel, hoe makkelijk het is om de ster te vervormen gedurende de omwentelingen
voor de fusie. Extra informatie over de toestandsvergelijking, en meer algemeen over het
dubbelsysteem, kan worden verkregen via de elektromagnetische straling die volgt op een
samensmelting waar een neutronenster bij betrokken is. Hier focussen we specifiek op de zo-
geheten kilonova, tijdelijk zichtbare ultraviolette, optische en infrarode straling aangedreven
door het radioactieve verval van zware elementen. Deze zware elementen worden geprodu-
ceerd in het extreem neutronrijke materiaal van de neutronenster, dat zowel dynamisch wordt
uitgeworpen tijdens de turbulente samensmelting als via winden van de accretiedisk rondom
het overblijfsel van de fusie. Door het koppelen van lichtcurven van de kilonova aan de ei-
genschappen van het uitgeworpen materiaal, en vervolgens aan de eigenschappen van het
initiële dubbelsysteem, kunnen we observaties van kilonovas gebruiken om iets te leren over
de toestandsvergelijking en het dubbelsysteem karakteriseren.

Om informatie over de toestandsvergelijking af te leiden uit metingen van de massa en
de straal van een ster, moeten we eerst het statistische framework ontwikkelen om het een
naar het ander te vertalen, en eventuele biases begrijpen die worden geintroduceerd door de
verschillende modellen in het framework. In Hoofdstuk 2 gebruiken we een bestaande pa-
rametrisatie van de toestandsvergelijking voor hoge dichtheden die veelgebruikt wordt in de
literatuur, en ontwikkelen we een nieuwe parametrisatie gebaseed op een aantal natuurkun-
dige onderbouwingen. We testen toekomstige scenario’s van massa- en straalmetingen met
een verschillende spreiding over de parameterruimte, en gebruiken onze twee modellen om
de gevoeligheid van de afgeleidde toestandsvergelijking te onderzoeken voor ieder scenario.
Vooral voor metingen van een kleine straal vinden we dat de modellen consistent stijvere toe-
standsvergelijkingen voorspellen dan de onderliggende ware toestandsvergelijking (waar een
stijve toestandsvergelijking betekent dat een neutronenster een grotere straal heeft dan voor
een zachte toestandsvergelijking bij een vaste massa).

In hoofdstuk 3 presenteren we de implicaties op de toestandsvergelijking van materie
met een hoge dichtheid, van de metingen van de massa en straal van de eerste pulsar die
NICER heeft gepubliceerd; PSR J0030+0451. We laten zien dat de grote onzekerheid in
de straal, de relatief lage massa van 1.34 zonsmassa’s, en de consistentie met onze a pri-
ori kennis van de toestandsvergelijking resulteert in slechts een kleine verbetering van deze
kennis. We beargumenteren dat vooral de metingen van zeer zware pulsars met radio timing
en nucleaire berekeningen rond de saturation dichtheid (de dichtheid van een atoomkern) de
toestandsvergelijking al bepalen tot een precisie die niet mogelijk is met de huidige metingen
van PSR J0030+0451.

In hoofdstuk 4 kijken we opnieuw naar het bepalen van de toestandsvergelijking van
PSR J0030+0451, maar nu gecombineerd met metingen van de vervormbaarheid van neutro-
nensterren via het signaal van de zwaartekrachtsgolven van GW170817 en de kilonova die
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daarmee gepaard ging, en een nieuwe meting van de massa van een 2.14 zonsmassa’s zware
radiopulsar. De conclusies zijn gelijk aan die van hoofdstuk 3, vanwege de grote statistische
onzekerheid in de metingen van de vervormbaarheid en de massa en straal, maar we laten zien
dat ons framework klaar is om toekomstige metingen van pulsars en zwaartekrachtsgolven te
incorporeren.

In hoofdstuk 5 analyseren we het effect op de toestandsvergelijking van NICER’s tweede
meting van de massa en straal van een pulsar: PSR J0740+6620. Vanwege de hoge massa van
deze pulsar, 2.07 zonsmassa’s, kunnen we iets meer zeggen over de toestandsvergelijking dan
voor de eerste pulsar, hoewel de grote statistische onzekerheid ons opnieuw verhindert om
robuuste conclusies te trekken over het binnenste van een neutronenster. We verbeteren ook
de analyse van de kilonova observaties van GW170817, door gebruik te maken van een nieuw
lichtcurvemodel om de eigenschappen van het uitgeworpen materiaal te bepalen en nieuwe,
verbeterde relaties om deze te koppelen aan de vervormbaarheid en toestandsvergelijking
van neutronensterren. Als laatste onderzoeken we ook hoe de bepaling van de toestands-
vergelijking afhangt van de lage-dichtheid, nucleaire berekeningen in onze modellen, door
berekeningen te gebruiken van vier verschillende onderzoeksgroepen. We concluderen dat,
in onze analyse, het verschil tussen deze groepen leidt tot een onzekerheid van ongeveer 0.5
kilometer in de straal van neutronensterren.

In Hoofdstuk 6 kijken we meer gedetailleerd naar metingen van zwaartekrachtsgolven en
de bijkomende kilonova lichtcurven. We bouwen een nieuw framework dat gezamenlijk de
zwaartekrachtsdata en elektromagnetische data kan analyseren, met een specifieke focus op
BHNS dubbelsystemen. We ontwikkelen een nieuwe relatie tussen de ratio van de massa’s
in een dubbelsysteem en hoeveel materiaal wordt uitgeworpen van de accretiedisk rondom
het overblijfsel van de samensmelting, gebaseed op nieuw gepubliceerde simulaties. Tot
nu toe zijn er geen ‘multi-messenger’ (zowel zwaartekrachtsgolven als elektromagnetische
signalen) BHNS dubbelsystemen waargenomen, waardoor we ons framework testen op de
mogelijke BHNS samensmelting GW190425. We nemen de dubbelsysteemparameters die
GW190425 beschrijven en gebruiken het framework om de eigenschappen van het uitge-
worpen material te voorspellen, en de daaropvolgende kilonova lichtcurven in verschillende
fotometrische filters. We onderzoeken de systematische onzekerheden die ontstaan door het
gebruik van verschillende relaties tussen de eigenschappen van het dubbelsysteem en eigen-
schappen van het uitgeworpen materiaal, en door het gebruik van verschillende modellen
voor de lichtcurven van andere onderzoeksgroepen. Dan simuleren we elektromagnetische
data voor GW190425 en gebruiken ons framework om de eigenschappen van het dubbelsys-
teem te bepalen voor een aantal scenarios met verschillende aannames. We vinden dat het
gebruik van kilonovadata, voor een ver weg systeem zoals GW190425, significante verbe-
teringen geeft in de bepaling van de vervormbaarheid van de neutronenster, en dus van de
bepaling van de toestandsvergelijking.

Tenslotte, in hoofdstuk 7, vatten we een aantal mogelijkheden samen om de ‘multi-
messenger’ analyse van samensmeltingen van compacte objecten te verbeteren, met een spe-
cifieke focus op kilonovae. We onderzoeken het vermogen van een ultraviolettelescoop met
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een groot gezichtsveld, en laten zien dat zo’n telescoop ons begrip van het mechanisme dat het
vroege gedrag van kilonova lichtcurven bepaalt enorm kan verbeteren. Daarna introduceren
we een nieuwe aanpak om kilonova lichtcurven te genereren, door met ‘machine learning’ te
interpoleren tussen tijdsrovende stralingsoverdrachtsimulaties. Deze verbeteringen staan ons
toe de eigenschappen van het materiaal waar de kilonova uit ontstaat beter the karakteriseren,
en daaropvolgend de eigenschappen van het dubbelsysteem, zoals de toestandsvergelijking,
die dit materiaal uitwerpen in de eerste plaats. Met de toename van detecties van zwaarte-
krachtsgolven in de nabije toekomst, samen met de meerdere aanstaande metingen van massa
en straal van NICER pulsars, zullen de frameworks ontwikkeld in dit proefschrift hopelijk
bijdragen aan een precieze bepaling van de de toestandsvergelijking en een licht schijnen op
het binnenste van neutronensterren.
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