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Chapter 1

Introduction

Tree structures are an appealing way of representing complex hierarchical infor-
mation in a graphical form. Tree pictures are ubiquitous, from family histories to
internet documents, and from medical records to blueprints for plans. One could
make a very rich inventaire à la Prévert out of all the different species of tree
structures encountered in human activities.

Not surprisingly then, trees are also prominent in the world of academic re-
search. They are a major tool in disciplines as diverse as linguistics, mathematics,
philosophy, game theory, or computer science. And in addition to being a favorite
tool for research, finite and infinite trees are themselves the object of explicit
study, for instance, in mathematics and set theory. Specific literature references
to such areas will be made later on, when relevant to our investigation.

Trees in Logic

This thesis is about trees from the perspective of logic. Logicians use trees in
central notions of their discipline, witness the tree structure of formulas, natural
deduction proofs, or semantic tableaux. But tree structures being prominent in
many other disciplines, logicians have also found various motivations to study
trees theoretically, and the languages and logics most appropriate to describing
them. Our investigation is in the latter mode.

One striking feature, then, is that there is not one single logic of trees, there
is a whole family of approaches. Trees have been described in first-order logic, or
stronger second-order logics like MSO (first-order logic with monadic set quan-
tifiers). But they have also been studied extensively with an array of temporal
logics, in both “linear time” versions (LTL) and “branching time” versions (CTL).
And in yet another mode, they have also been studied using modal logics with
additional fixed-point operators to describe recursive notions naturally associated
with trees, such as “reachability”. In addition, a source of diversity is that trees
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in practice usually have relevant additional structure, such as “sibling orders” in
linguistic parse trees, or “preference orders” in game trees.

In this broad area of logic on trees, the interests underlying this thesis are
several. First, we design and study some detailed tree logics for mainly computa-
tional purposes, such as data structures for XML documents. Usually this means
that trees have to be enriched with appropriate additional structure, where one
of our guising interests is recursion and reachability. But next, such applications
are best understood in the light of theory. We also study basic properties of the
logics that we propose, including complete axiomatizations. A view from logical
theory also has another virtue, namely, bringing to light connections between
the sometimes quite different logics proposed in practice, and maintaining an
overview of the area. We will give several examples of this coherence, in terms
of new connections between logics on trees, interpolation properties singling out
especially well-behaved systems, and notions of semantic invariance. We will be
mainly using techniques from classical model theory, also from abstract model
theory and we will sometimes rely on automata-theory, which is a common tool
in the domain. While the main thrust of this work is directed toward computer
science (database theory, formal verification), at the end of the thesis, we take a
look at a new interface, namely, game theory. The encounter between logic and
games was in fact a major theme of the “Gloriclass” Marie Curie Center at the
ILLC in Amsterdam (http://www.illc.uva.nl/GLoRiClass/), of which this thesis
project was a part. We take methods developed in fixed-point logics of computa-
tion, joint with dynamic logics of knowledge and belief, to the analysis of game
solution procedures, and find new links between logic, computation and games.

Chapter Overview

Chapter 2 In the preliminary chapter of the thesis, we list the main logical
notions, tools and results that will be used later on. These include basics of
modal logic, temporal logic, fixed-point logics, and some first-order and higher-
order logics of tree structure.

Chapter 3 In Chapter 3, we consider a specific class of tree structures that can
represent basic structures in linguistics and computer science such as XML doc-
uments, parse trees, and treebanks, namely, finite node-labelled sibling-ordered
trees. We present axiomatizations of the monadic second-order logic (MSO),
monadic transitive closure logic (FO(TC1)) and monadic least fixed-point logic
(FO(LFP1)) theories of this class of structures. These logics can express impor-
tant properties such as reachability. Using model-theoretic techniques, we show
by a uniform argument that these axiomatizations are complete, i.e., each formula
which is valid on all finite trees is provable using our axioms. As a backdrop to
our positive results, on arbitrary structures, the logics that we study are known
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to be non-recursively axiomatizable.

Chapter 4 Next, we take a more general abstract look at temporal logics of
tree structure through their system properties. In Chapter 4, using techniques
from abstract model-theory, we propose a general viewpoint on temporal logics in
term of their Craig interpolation properties. We consider various fragments and
extensions of propositional linear temporal logic (LTL), obtained by restricting
the set of temporal connectives or by adding a least fixed-point construct to the
language. For each of these logics, we identify its smallest extension that has
Craig interpolation. Depending on the underlying set of temporal operators, this
framework turns out to be one of the following three logics: the fragment of
LTL having only the Next operator; the extension of LTL with a least fixed-point
operator µ (known as linear time µ-calculus); and the least fixed-point extension
of the “Until-only” fragment of LTL.

Chapter 5 Our next perspective on tree logics is through fixed-point operations
and semantic invariance. We focus on the logic µTL(U), the least fixed-point ex-
tension of the “Until”-only fragment of linear-time temporal logic. In the previous
chapter, we identified µTL(U) as the stutter-invariant fragment of the linear-time
µ-calculus µTL. We also identified this logic as one of the three only temporal
fragments of µTL that satisfy Craig interpolation. Complete axiom systems were
known for the two other fragments, but this was not the case for µTL(U). We
provide complete axiomatizations of µTL(U) on the class of finite words and on
the class of ω-words. For this purpose, we introduce a new logic µTL(♦Γ), a
variation of µTL where the “Next time” operator is replaced by the family of its
stutter-invariant counterparts. This logic has exactly the same expressive power
as µTL(U). Using known results for µTL, we first prove completeness for µTL(♦Γ),
which then allows us to obtain completeness for µTL(U).

Chapter 6 Finally, we take our style of analysis via modal and temporal fixed-
point logics to games. Current methods for solving games embody a form of
“procedural rationality” that invites logical analysis in its own right. This chapter
is a case study of Backward Induction for extensive games. We consider a number
of analyses from recent years in terms of knowledge and belief update in logics that
also involve preference structure, and we prove that they are all mathematically
equivalent in the perspective of fixed-point logics of trees. We then generalize our
perspective on games to an exploration of fixed-point logics on finite trees that
best fit game-theoretic equilibria. We end with a broader program for merging
computational logics to the area of game theory.
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Origins of the Material

Chapter 3 is based on joint work with Balder ten Cate, a short version of which
was published in [70]. Chapter 4 is also based on joint work with Balder ten Cate,
which was published in [71]. The material in Chapter 5 was published in [69].
Finally, Chapter 6 is based on joint work with Johan van Benthem, a large part
of which was published in [22].


