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Chapter 2

Preliminaries

2.1 Trees as Relational Structures

2.1.1 Different Sorts of Trees

By a relational vocabulary1, or signature σ, we mean a finite set of relational
symbols, or predicates {R1, . . . , Rn} with associated arities ar(Ri) ∈ N. A re-
lational structure M over σ, or σ-structure, is a tuple (dom(M), RM

1 , . . . , R
M
n )

where dom(M), the domain of M, is a set and for each Ri, R
M
i ⊆ dom(M)ar(Ri).

In this thesis, we will focus on particular relational structures that are called
trees and we will be using appropriate relational symbols in order to talk about
them. A tree is a partially ordered set with a unique smallest element called the
root and such that apart from the root, each element (or node) has one unique
immediate predecessor. Often, the underlying partial order, or descendent order,
is explicitly represented by means of a binary predicate ≤, but sometimes, only
the corresponding immediate successor relation, or descending edge relation in
the graph, is represented using some binary predicate <ch. Note that <ch is not a
partial order (in particular, it is not transitive). We say that x is an ancestor of
y and y is a descendant of x whenever x ≤ y and we say that x is the parent of y
and y is the child of x whenever x <ch y. A minimal vocabulary to deal with trees
involves at least one of these two predicates. For instance, assuming dom(M) is
some finite set and ≤ has a suitable interpretation in M, (dom(M),≤M) is a
(finite) tree.

Starting from such basic tree structures, different classes of trees are relevant
in different areas and accordingly, many different optional features come into play.
First of all, from a mathematical point of view, it makes a big difference if one
assumes that dom(M) is finite or infinite. An other important distinction, both
mathematically and historically speaking (see [104]), is the distinction ranked

1In the remaining of the thesis, we will work exclusively with purely relational vocabularies,
i.e., with no individual constant or function symbols.
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6 Chapter 2. Preliminaries

versus unranked trees. In ranked trees, all non-terminal nodes have the same
fixed number of children, 2, whereas no such constraint is put in the case of
unranked trees. The distinction can sometimes be considered as a mere technical
convenience, as any countable tree can be encoded as a binary tree. Indeed, given
some unranked tree, one can always find a binary tree which can be put in one to
one correspondence with it in the following way: each node x in the unranked tree
will correspond to a node x′ in the binary tree, the left child of x′ will correspond
to the first child of x, and the right child of x′ will correspond to x’s next sibling,
this way the nth sibling of x will correspond to some nth descendant of x′. Another
distinction related to the one ranked versus unranked is the one bounded versus
unbounded branching. All ranked trees and finite unranked trees are of (some)
bounded branching, and among infinite unranked trees, some are also of bounded
branching. An interesting case of trees which are of bounded branching is those
where every node has at most one successor. Such trees are called linear orders
and they are also ranked trees of “degree” 1. We will focus respectively on finite
unranked trees (chapter 3 and 6) and on finite linear orders and linear orders of
order type ω (chapter 4 and 5).

Many other features can also be represented by means of additional predicates.
Adding unary predicates allows for instance to label nodes in the tree, so that
different trees do not differ only by the cardinality of their domains and by their
underlying descendent order, but also by the way they are labelled. Such trees
are called node-labelled. Unary predicates can for instance be introduced to label
special nodes like the root or the leaves. In the following, we will always deal
with node-labelled trees. Often incorporated in the language is another feature,
which is implicit in the graphic representation of a tree: the sibling-order linearly
ordering the children of each node, which can be represented by means of an
additional binary predicate �. The unranked finite trees in Chapter 3 will be
considered together with such an additional feature. Many other options are of
course possible. In the case of finite trees, one could also want to consider one
or more linear orders over the leaves. We will see in the last chapter that finite
extensive games in perfect information can be represented in this way. We will
also see that such “trees” are much more complex objects than the other trees
described above. Hence, in the remaining, whenever we will say on trees, without
any other precision, we will mean on the sort of simple trees described above, but
not on game trees.

Finally, one reason for which trees are nice mathematical objects is that they
are really easy to picture. It follows that in practise, reasoning about them often
involves drawing interesting samples and trying to modify or compose them: cut-

2Sometimes, whenever trees are node labelled, the number of children can also be determined
by the label of that node. Consider for instance a tree where all non-terminal nodes are labelled
by “AND”, “OR” or “NOT”, while leaves are labelled by propositional letters. Whenever the
nodes labelled by “AND” or “OR” are all binary branching and the nodes labelled by “NOT”
are all unary branching, we say that the tree is ranked.



2.1. Trees as Relational Structures 7

ting and pasting some parts of the graph, coloring or adding edges, considering
disjoint unions of trees or even more complex generalized products like forests (as
we will do in Chapter 3). . . In this context, some important part of the mathe-
matical thinking really takes place at the picture level. Hence, let us illustrate
our quick tree typology with the following simple graphic example of a tree:

P

P

Q P

Q

P

Figure 2.1: A finite unranked node-labelled tree

Obviously the tree pictured here is finite (there are exactly six nodes in its
domain), node-labelled, unranked and its branching is bounded by 2. What is less
clear is the exact vocabulary of the structure. It could be {≤, P,Q}, {<ch, P,Q},
{≤,�, P,Q}, {≤,≺ch, P,Q}, or some other variation involving ≤, ≺ch and �.

2.1.2 Fixed-Point Extensions of First-Order Logic

In order to talk about relational structures (and, hence, about trees), one typically
uses first-order logic (FO). We will shortly recall basics notions and facts about
FO, but we will introduce also five of its extensions: monadic second-order logic
MSO, monadic transitive closure logic FO(TC1), least fixed-point logic FO(LFP),
inflationary fixed-point logic FO(IFP) and partial fixed-point logic FO(PFP). In
the remaining of the thesis (unless explicitly stated otherwise), we will always be
working with a fixed purely relational vocabulary σ and hence, with σ-structures.
We assume as usual that we have a countably infinite set of first-order variables.
In the case of MSO, FO(LFP), FO(IFP) and FO(PFP) we also assume that we
have a countably infinite set of second-order variables (only of arity 1 in the case
of MSO, of arbitrary arity otherwise). Given the fact that we will introduce in
Chapter 3 alternative semantics for some of these logics, the semantics defined in
this section we will refer to as standard semantics and the associated structures,
as standard structures.

First-Order Logic

Let us first recall the syntax and semantics of FO:

Definition 2.1.1 (Syntax and semantics of FO). Let P ∈ σ be a predicate of
arity n and x, x1, . . . , xn be first-order variables. We let At be a formula of either
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the form xi = xj, or P (x1, . . . xn) and call it a first-order atomic formula. We
inductively define the set of FO formulas in the following way:

ϕ := At | ϕ ∨ ψ | ¬ϕ | ∃x ϕ

We use ∀xϕ, ϕ ∧ ψ, ϕ → ψ as shorthand for, respectively, ¬∃x¬ϕ, ¬(¬ϕ ∨ ¬ψ)
and ¬(ϕ ∧ ¬ψ). We define the quantifier depth of a FO formula as the maximal
number of nested first-order quantifiers. We interpret FO formulas in relational
structures. The truth of a FO-formula in a relational structure M is defined
modulo a valuation g of variables as objects. We let g[a/x] be the assignment
which differs from g only in assigning a to x. We inductively define the truth of
FO-formulas as follows:

M, g |= xi = xj iff g(xi) = g(xj)
M, g |= P (x1, . . . , xn) iff (g(x1), . . . , g(xn)) ∈ PM

M, g |= ¬φ iff M, w 6|= φ
M, g |= φ ∨ ψ iff M, w |= φ or M |= ψ
M, g |= ∃xφ iff there exists a ∈ dom(M) such that M, g[a/x] |= φ

We presented the semantics of FO in a general way and only assumed that
M was “some” relational structure. Still, in the remaining we want to focus on
trees. A natural question is hence the following. With the FO language at hands,
what are the interesting things that one can say about trees? Moreover, how
fine grained can one be using FO? Looking at the simple tree drawing in Figure
2.1 and assuming it corresponds to a {≤,�, P,Q}-structure, we can observe for
instance that this structure satisfies the following FO-formulas:

• ∃x(Q(x) ∧ ∀y(x ≤ y → x = y))

• ∃x∃y(P (x) ∧Q(y) ∧ x ≤ y ∧ ∀z((x ≤ z ∧ z ≤ y)→ (z = x ∨ z = y)))

The first formula says that there is a leaf labelled by Q. The second formula
says that there is a node labelled by P which has a child labelled by Q. Something
else that these formulas show is that the predicates Leaf and <ch are definable in
FO whenever one takes as basis vocabulary {≤}.3 One only needs to stipulate:

• Leaf(x) := ∀y(x ≤ y → x = y)

• x <ch y := x ≤ y ∧ ∀z((x ≤ z ∧ z ≤ y)→ z = x ∨ z = y))

A relation ≺ns of next sibling is similarly definable in FO using the relation �.
On the other hand, it is known that ≤ and � are not definable in FO by means
of <ch and ≺ns, whereas both are definable in the more expressive logics that we
are about to introduce. A classical way to show this relies on a model-theoretic
tool called the FO Ehrenfeucht-Fräıssé game (see [104] or [58]). We will present
this game, but first, we need the following notion:

3Note that we treated = as a logical constant, already present in the apparatus of FO.
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Definition 2.1.2 (Elementary Equivalence). Given two relational structures M
and N, we write M ≡ N and say that M and N are elementary-equivalent if they
satisfy the same FO-sentences. Also, for any natural number n, we write M ≡n N
and say that M and N are n-elementary equivalent if M and N satisfy the same
FO-sentences of quantifier depth at most n. In particular, M ≡ N holds iff, for
all n, M ≡n N holds.

One rather trivial sufficient condition for FO-equivalence is the existence of
an isomorphism. Clearly isomorphic structures satisfy the same FO-formulas. A
more interesting sufficient condition for elementary equivalence is that of Du-
plicator having a winning strategy in all FO Ehrenfeucht-Fräıssé games of finite
length. To define this, we first need the following notion:

Definition 2.1.3 (Finite Partial Isomorphism). A finite partial isomorphism be-
tween structures M and N is a finite relation {(a1, b1), . . . , (an, bn)} between the
domains of M and N such that for all atomic formulas ϕ(x1, . . . , xn), M |=
ϕ [a1, . . . , an] iff N |= ϕ [b1, . . . , bn]. Since equality statements are atomic formu-
las, every finite partial isomorphism is (the graph of) an injective partial function.

We will also need the following lemma:

Lemma 2.1.4 (Finiteness Lemma). Fix any set x1, . . . , xk, Xk+1, . . . , Xm. In a
finite relational vocabulary, up to logical equivalence, with these free variables,
there are only finitely many FO-formulas of quantifier depth ≤ n.

Proof. This can be shown by induction on k. In a finite relational vocabulary, with
finitely many free variables, there are only finitely many atomic formulas. Now,
any FO-formula of quantifier depth k + 1 is equivalent to a Boolean combination
of atoms and formulas of quantifier depth k prefixed by a quantifier. Applying a
quantifier to equivalent formulas preserves equivalence and the Boolean closure
of a finite set of formulas remains finite, up to logical equivalence.

We can now introduce the classical FO game:

Definition 2.1.5 (FO Ehrenfeucht-Fräıssé Game). The FO Ehrenfeucht-Fräıssé
game of length n on structures M and N (notation: EF n

FO(M,N)) is as follows.
There are two players, Spoiler and Duplicator. The game has n rounds, each of
which consists of a move of Spoiler followed by a move of Duplicator. Spoiler’s
moves consist of picking an element from one of the two structures, and Duplica-
tor’s responses consist of picking an element in the other structure. In this way,
Spoiler and Duplicator build up a finite binary relation between the domains of
the two structures: initially, the relation is empty; each round, it is extended with
another pair. The winning conditions are as follows: if at some point of the game
the constructed binary relation is not a finite partial isomorphism, then Spoiler
wins immediately. If after each round the relation is a finite partial isomorphism,
then the game is won by Duplicator.
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Theorem 2.1.6 (FO Adequacy). Assume a finite relational first-order language.
Duplicator has a winning strategy in the game EF n

FO(M,N) iff M ≡nFO N. In
particular, Duplicator has a winning strategy in all EF-games of finite length
between M and N if and only if M ≡FO N.

The proof for the first-order case is classic. We refer the reader to the proof
given in [104], to the one given in [58] or to the the more elaborate FO(TC1)
adequacy proof that we give in Chapter 3 (the proof for FO can be obtained in a
straightforward way by forgetting about the TC move and TC quantifier).

With such a tool at hand, one can for instance show that the transitive closure
≤ of the <ch relation is not definable in FO and that neither is the class of finite
sibling-ordered trees. As these results are folklore, we only provide a short detailed
proof (inspired by [63]) for the first one as an example of proof using the FO-game
and we omit the proof of the second one. We refer to [104] for other detailed proofs
of simpler related propositions.

Proposition 2.1.7. On finite linear orders, the predicate ≤ is not definable in
FO with basic vocabulary {<ch}.

Proof. We assume that ≤ is definable by a FO-formula ϕ(x, y) of quantifier-depth
n, from which we will derive a contradiction. Let L be a finite linear order in
vocabulary {<ch} and ā a finite sequence of parameters in dom(L). By NLr (ā)
we mean the restriction of L to all the elements which are at distance at most
r along the <ch relation from one of the parameters in ā. This structure, which
is not necessarily a linear order can be seen as the “r-neighborhood” (see [104])
of the elements in ā. Now let rn = (3n − 1)/2 and note that rn+1 = 3rn + 1.
Consider a linear order L of length at least rn+2 with four distinguished elements
astart, aend, a∗, a

∗ ∈ dom(L) such that astart is the root, aend the last element and
a∗, a

∗ are points wich distance between them, as well as between the endpoints,
is greater than 2rn + 1, i.e., greater than 3n.4 Let L′ be copy of L, with four
parameters bstart, bend, b∗, b

∗ ∈ dom(L′) such that in L′, b∗ is interpreted as a∗

and b∗ as a∗, while bstart and bend are interpreted as astart and aend respectively.
Observe that the formula ϕ(x, y) defining ≤ is satisfied in L, a∗, a∗ if and only
if it is not satisfied in L′, b∗, b∗. We will show that (L, astart, aend, a∗, a∗) ≡nFO
(L′, bstart, bend, b∗, b∗). This will be enough, as this will contradict our assumption
that ϕ(x, y) defines ≤.

We consider the game EF n
FO((L, astart, aend, a∗, a∗), (L′, bstart, bend, b∗, b∗)) and

we let ai’s and bi’s be the elements played in L and L′, respectively. We let āi

stand for the sequence astart, aend, a∗, a
∗, a1, . . . , ai and let b̄i be defined likewise.

We show that Duplicator can play in such a way that NLrn−i(ā
i) is isomorphic

to NL
′

rn−i
(b̄i) after i rounds. It will follow that he has a winning strategy in

4Note that we could have picked a smaller model. However, the proof will be shorter with a
model of this size, as we will not need to consider any overlapping of neighborhoods.
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EF n
FO((L, astart, aend, a∗, a∗), (L′, bstart, bend, b∗, b∗)), since after n rounds a partial

isomorphism will be given by the map ān → b̄n (as NL0 (ān) will be isomorphic to
NL

′
0 (b̄n)). The proof is by induction on the length of the game n. The base case

i = 0 follows immediately from the assumption on the distance between astart
aend, a∗ and a∗ (and thus bstart, bend, b∗ and b∗). For the induction case (going
from i to i+1), let r = rn−(i+1) so that rn−i = 3r+1. The hypothesis tells us that
there is an isomorphism h : NL3r+1(āi) → NL

′
3r+1(b̄i). Assume (as it is symmetric)

that Spoiler plays in L. There are two cases.

1. Spoiler plays ai+1 ∈ NL2r+1(āi). Pick bi+1 = h(ai+1). Since h is an isomor-
phism, we have an isomorphism between NLr (āi+1) and NL

′
r (b̄i+1).

2. Spoiler plays ai+1 6∈ NL2r+1(āi). In particular, NLr (ai+1) and NLr (āi) are dis-
joint and there are no edges between them. Pick any bi+1 so that NL

′
r (bi+1)

and NL
′

r (b̄i) are disjoint; it exists because the sizes of NLr (āi) and NL
′

r (b̄i),
and the sizes of L and L′ are the same. Then clearly NLr (āi+1) and NL

′
r (b̄i+1)

are isomorphic.

Proposition 2.1.8. The class of unranked sibling-ordered finite trees is not de-
finable in FO with basic vocabulary {≤,�}.

We omit the proof of Proposition 2.1.8, but we will see in Chapter 3 that in
order to define the class of finite trees, one needs an “induction axiom” that is
beyond FO’s expressive reach. This particular restriction in expressive power is a
symptom of a more general feature of FO: it lacks a means to express recursive
properties, in other words it is “local” (see [104]). We will now introduce a few
extensions of FO which will be of particular interest to us and which are expressive
enough to define the class of finite trees (we will explain how in Chapter 3).

Monadic Second-Order Logic

A first way to extend the expressive power of FO is to allow second-order quan-
tifiers over relation symbols. We will focus here on monadic second-order logic
MSO, which only allows a restricted form of such quantification. MSO is the
extension of first-order logic in which we can quantify over the subsets of the
domain. It is a very standard and widely used logic on trees and we will see that
it has many nice features.

Definition 2.1.9 (Syntax and semantics of MSO). Let At be a first-order atomic
formula, x a first-order variable and X a set variable, we inductively define the
set of MSO formulas in the following way:

ϕ := At | Xx | ϕ ∨ ψ | ¬ϕ | ∃x ϕ | ∃X ϕ
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We use ∀Xϕ as shorthand for ¬∃X¬ϕ and ∀xϕ, ϕ∧ψ, ϕ→ ψ as shorthand in
the usual way. We define the quantifier depth of a MSO formula as the maximal
number of nested first-order and second-order quantifiers. We interpret MSO
formulas in relational structures. Like for FO formulas, the truth of a MSO-
formula in a relational structure M is defined modulo a valuation g of variables
as objects. Additionally, g is also defined over set variables, to which it assigns
subsets of the domain. We let g[a/x] be the assignment which differs from g only
in assigning a to x (similarly for g[A/X]). The truth of atomic formulas is defined
by the usual FO clauses plus the following:

M, g |= Xx iff g(x) ∈ g(X) for X a set variable

The truth of compound formulas is defined by induction, with the same clauses
as in FO and an additional one:

M, g |= ∃Xϕ iff there is A ⊆ dom(M) such that M, g[A/X] |= ϕ

Observe that in MSO, ≤ and � are definable by means of <ch and ≺ns:

• x ≤ y := ∀X((Xx→ ∀u∀v((Xu ∧ u <ch v)→ Xv))→ Xy)

• x � y := ∀X((Xx→ ∀u∀v((Xu ∧ u ≺ns v)→ Xv))→ Xy)

These two formulas say that x and y are, respectively, in the reflexive transitive
closure of the relations <ch and ≺ns.

Monadic Transitive Closure Logic

The second logic we are interested in is a fragment of MSO called monadic tran-
sitive closure logic, FO(TC1), which extends FO by closing it under the reflexive
transitive closure of binary definable relations.

Definition 2.1.10 (Syntax and semantics of FO(TC1)). Let u, v, x, y be first-
order variables, ϕ(x, y) a FO(TC1) formula (which, besides x and y, possibly
contains other free variables), we inductively define the set of FO(TC1) formulas
in the following way:

ϕ := At | Xx | ϕ ∨ ψ | ¬ϕ | ∃x ϕ | [TCxyϕ(x, y)](u, v)

We use ∀xϕ, ϕ ∧ ψ, ϕ → ψ as shorthand in the usual way. We define the
quantifier depth of a FO(TC1) formula as the maximal number of nested first-
order quantifiers and TC operators. We interpret FO(TC1) formulas in relational
structures. The notion of assignation and the truth of atomic formulas is defined
as in FO. The truth of compound formulas is defined by induction, with the same
clauses as in FO and an additional one:
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M, g |= [TCxyϕ](u, v)
iff

for all A ⊆M , if g(u) ∈ A
and for all a, b ∈ dom(M), a ∈ A and M, g[a/x, b/y] |= ϕ(x, y) implies b ∈ A,

then g(v) ∈ A.

Proposition 2.1.11. On standard structures, the following semantical clause for
the TC operator is equivalent to the one given above:

M, g |= [TCxyϕ(x, y)](u, v)
iff

there exist a1 . . . an ∈M with n ≥ 0, g(u) = a1, g(v) = an
and M, g |= ϕ(ai, ai+1) for all 0 < i < n

Proof. Indeed, suppose there is a finite sequence of points a1 . . . an such that
g(u) = a1, g(v) = an, and for each i < n, M, g[x/ai; y/ai+1] |= ϕ(x, y). Then for
any subset A closed under ϕ and containing a1, we can show by induction on the
length of the sequence a1 . . . an that an belongs to A. Now, on the other hand,
suppose that there is no finite sequence like described above. To show that there
is a subset A of the required form, we simply take A to be the set of all points
that can be reached from u via ϕ by a finite sequence. By assumption, v does
not belong to this set and the set is closed under ϕ.

Intuitively this means that for a formula of the form [TCxyϕ](u, v) to hold on
a standard structure, there must be a finite “ϕ path” between the points that are
named by the variables u and v.

Observe that in FO(TC1), ≤ and � are definable in a straightforward way by
means of <ch and ≺ns:

• x ≤ y := [TCxyx <ch y](x, y)

• x � y := [TCxyx ≺ns y](x, y)

Finally, note that we talked about monadic transitive closure logic, because
FO(TC1) extends FO with the transitive closure of binary relations, but it is also
possible to define FO(TCk) by extending FO with the transitive closure of 2k-ary
relations (i.e., binary relations between k-tuples), see [58]. In the remaining, we
will focus exclusively on FO(TC1).

Fixed-Points

Finally, we will be interested in yet another way of extending FO with recursive
means. It consists in adding explicit fixed-point constructs to the FO language.
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Before we move on to properly introducing the syntax and semantics of fixed-
point logics, let us first recall a few basic points concerning the theory of fixed-
point operators. Given a set U , an operator on the powerset of U is a mapping
F : ℘(U) → ℘(U). Now a set X ∈ ℘(U) is said to be a prefixed-point of F if
F (X) ⊆ X, a postfixed-point of F if F (X) ⊇ X and, finally, a fixed-point of F
if F (X) = X. Sometimes, F does not have any fixed-point at all. For instance,
the operator F defined on the powerset of the set U = {0} by F ({0}) = ∅ and
F (∅) = {0}, never reaches a fixed-point.5 On the other hand, some operators
satisfying well-known structural properties always have a fixed-point. Some even
always have a least fixed-point (a set X ⊆ U is a least fixed-point of F if it is a
fixed-point, and for every other fixed-point Y of F , X ⊆ Y ). Monotone operators
are of this sort. We say that an operator F is monotone whenever:

X ⊆ Y implies F (X) ⊆ F (Y )

In the theory of monotone operators, the following key result is both classic and
convenient6:

Theorem 2.1.12 (Tarski-Knaster). Every monotone operator F : ℘(U)→ ℘(U)
has a least fixed-point lfp(F ) which can be defined as

lfp(F ) =
⋂
{X|F (X) ⊆ X}

.

The least fixed-point can also be constructed explicitly by considering the
following sequence of approximants sets Xα, indexed by ordinals:

X0 := ∅
Xα+1 := F (Xα)
Xλ :=

⋃
ξ<λ F (Xξ) for limit ordinals λ

Whenever F is monotone, it is also inductive, i.e. the sequence above is increasing.
Hence, it stabilizes at some step α and by Theorem 2.1.12, Xα is the least fixed-
point of F .

In this thesis, we will be mainly interested in fixed-point of monotone opera-
tors. Only in Chapter 6, we will be concerned with inflationary fixed-points. We
say that an operator F is inflationary whenever:

X ⊆ F (X) for all X ⊆ U

5We take here a very simple, if not trivial, example, where F is defined on a unique set, but
the situation is of course more interesting when more general definitions are given, i.e., when
operators are defined for larger classes of sets.

6Actually, we present here this theorem in a restricted form, as it is usually stated for
operators on complete lattices, that is, partially ordered sets (U,<) where every - finite or
infinite - subset of U has a greatest lower bound and a least upper bound in the ordering <
(see [109]). We will not need this full generality here.
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Inflationary operators are inductive, hence they always reach a fixed-point, but
contrary to monotone operators, they do not necessarily have a least fixed-point.
A very easy way to produce an inflationary operator is to pick an arbitrary
operator F : ℘(U) → ℘(U) and to consider F ′ : ℘(U) → ℘(U), given by
F ′(X) := X ∪ F (X). Obviously, F ′ is inflationary and hence inductive. The
inflationary fixed-point ifp(F ) of F is given by F ′ and is explicitly constructed
by considering the following sequence of approximants sets Xα, indexed by ordi-
nals:

X0 := ∅
Xα+1 := Xα ∪ F (Xα)
Xλ :=

⋃
ξ<λ F (Xξ) for limit ordinals λ

As an example, consider again the operator F defined on the powerset of the
set U = {0} by F ({0}) = ∅ and F (∅) = {0}. The sequence F (∅), F (F (∅)), . . .
never reaches a fixed-point and keeps oscillating forever in between the value
{0} and ∅. On the other hand, the inflationary fixed-point of F is obtained by
constructing the sequence F ′(∅), F ′(F ′(∅)), . . ., which stabilizes at the first stage
of the fixed-point iteration on the value {0}.

Fixed-Point Logics

We introduced fixed-points abstractly without any reference to a logical language,
but one can also consider relational structures together with operators on the
powerset of their domain, or more generally on the powerset of the n-ary Cartesian
product of their domain. In this context, various operators are naturally induced
by corresponding formulas of matching vocabulary in a given logic. Consider for
instance a formula ϕ(X, x̄) in vocabulary σ with k free first-order variables and
one free second-order variableX of arity k. On any relational σ-structure M taken
together with a valuation g, ϕ(X, x̄) induces an operator Fϕ : ℘(dom(M)k) →
℘(dom(M)k) taking a set A ⊆ dom(M)k to the set {ā|M, g[A/X, ā/x̄] |= ϕ}.
Consider such an operator Fϕ. If ϕ is positive in X (a formula is positive in X
wheneverX only occurs in the scope of an even number of negations), the operator
Fϕ is monotone and by Theorem 2.1.12, it has a least fixed-point. FO(LFP)
extends FO with second-order variables and an explicit construct defining the
least fixed point of ϕ.

Definition 2.1.13 (Syntax and semantics of FO(LFP)). Let X be a second-
order variable of arity k, x̄ and ȳ two sequences of FO-variables of length k, ψ, ξ
FO(LFP)-formulas and ϕ(x̄, X) a FO(LFP)-formula positive in X which, besides
x̄ and X, possibly contains other free variables, we define the set of FO(LFP)-
formulas in the following way:

ψ := At | Xȳ | ψ ∨ ξ | ¬ψ | ∃x ψ | [LFPx̄,X̄ϕ(x̄, X)]ȳ

We use ∀xϕ, ϕ ∧ ψ, ϕ → ψ as shorthand in the usual way. We define the
quantifier depth of a FO(LFP)-formula as the maximal number of nested first-order
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quantifiers and fixed-point operators. Again, we interpret FO(LFP)-formulas in
relational structures. The notion of assignation and the truth of atomic formulas
are defined similarly as in the MSO case (except that now, we have second-
order variables of arbitrary arity). The truth of compound formulas is defined by
induction, with the same clauses as in FO and an additional one for the least fixed-
point operator. Given a formula Φ := [LFPx,Xϕ]y and a model M taken together
with a valuation g, we consider the operator FΦ : ℘(dom(M)k) → ℘(dom(M)k)
and define the semantics of Φ in the following way:

M |= [LFPX,x̄ϕ(X, x̄)](ā) whenever ā belongs to lfp(FΦ).

Note that the LFP operator has a dual operator, denoted GFP (which stands
for greatest fixed-point). The greatest fixed-point of a positive formula can be
accessed via a similar explicit fixed-point construction as the one we presented
earlier for least fixed-points. The only difference is that we now take X0 to be
the set of all possible tuples on the domain of the models, instead of the empty
set. This way the value of the computed set keeps shrinking (instead of growing)
until it reaches a fixed-point. For more details, we refer to [58].

In Chapter 3, we will be interested in a specific fragment of FO(LFP) called
monadic least fixed-point logic (FO(LFP1)), which extends FO with unary pred-
icate variables and an explicit monadic least fixed-point operator. As this will
be useful in that chapter, we give below another, equivalent, formulation of the
semantics of FO(LFP1), which just says that a point belongs to the least fixed-
point of a formula whenever it belongs to the intersection of all its prefixed-points
(note that a similar semantics could more generally be given for FO(LFP)):

M, g |= [LFPx,Xϕ]y
iff

for all A ⊆ dom(M), if for all a ∈ dom(M), M, g[a/x,A/X] |= ϕ(x,X) implies
a ∈ A,

then g(y) ∈ A.

Remark 2.1.14. In practice we will often use an equivalent (less intuitive but
often more convenient) rephrasing:

M, g |= [LFPx,Xϕ]y
iff

for all A ⊆ dom(M), if g(y) /∈ A,
then there exists a ∈ dom(M) such that a /∈ A and M, g[a/x,A/X] |= ϕ(x,X).

a

As any positive formula yields a monotone operator, the Tarski-Knaster The-
orem can be used in the case of FO(LFP) as a convenient tool insuring that
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every operator yield by a positive formula has a least fixed-point. But we al-
ready noticed that in general, an operator induced by an arbitrary formula is not
necessarily monotone and needs not have any fixed point at all. One can still as-
sociate other types of fixed-point operators to arbitrary (not necessarily positive)
formulas. A common method to do so is to consider the inflationary fixed-point
of the formula. We already noticed that such a fixed-point need not be a fixed-
point of the formula. The correct way to think about it is rather to view it as
the inflationary operator associated to the formula. Unsurprisingly, the syntax
and semantics of inflationary fixed-point logic FO(IFP) closely resemble those of
FO(LFP) and are as follows:

Definition 2.1.15 (Syntax and semantics of FO(IFP)). Let X be a second-order
variable of arity k, x̄ and ȳ two sequences of FO-variables of length k, ψ, ξ
FO(IFP)-formulas and ϕ(x̄, X) a FO(IFP)-formula (besides x̄ and X, ϕ(x̄, X) pos-
sibly contains other free variables), we define the set of FO(IFP) formulas in the
following way:

ψ := At | Xȳ | ψ ∨ ξ | ¬ψ | ∃x ψ | [IFPx,Xϕ(x̄, X)]ȳ

We use ∀xϕ, ϕ ∧ ψ, ϕ → ψ as shorthand in the standard way. Again, we
interpret FO(IFP) formulas in relational structures. The notions of quantifier
depth, assignation and truth of atomic formulas are defined similarly as in the
FO(LFP) case. The truth of compound formulas is defined by induction, with the
same clauses as in FO and the following additional one:

M |= [IFPX,x̄ϕ(X, x̄)](ā) whenever ā belongs to ifp(Fϕ).

We denote by FO(IFP1) the monadic fragment of FO(IFP).

Like the LFP operator, the IFP operator has a dual, denoted DFP (which
stands for deflationary fixed-point). In Chapter 6, we will be using both the
GFP and the DFP operators, as well as special FO(IFP)-formulas that are called
simultaneous fixed-point formulas and that we introduce now.

Definition 2.1.16 (Simultaneous fixed-point formulas). Let X1, . . . , Xk be rela-
tion variables with associated arities ri and let x̄1, . . . , x̄k be sequence of first-order
variables of associated length ri. Simultaneous formulae are formulae of the form
Φ(x̄) := [IFPXi : S](x̄) in vocabulary σ, where 1 ≤ i ≤ k and

S :=


X1(x̄1)← ϕ1(X1, . . . , Xk, x̄1)

. . .

Xk(x̄k)← ϕk(X1, . . . , Xk, x̄k)

is a system of FO(IFP)-formulas. On a structure M, each ϕi in S induces an
operatordefina
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Fϕi : ℘(dom(M)r1)× . . .× ℘(dom(M)rk)→ ℘(dom(M)ri)

which to each tuple (A1, . . . , Ak) associates

{ā|M, g[A1/X1, . . . , Ak/Xk, ā/x̄i] |= ϕi(X1, . . . , Xk, x̄i)]}

The stages Sα of an induction on such a system S of formulas are k-tuples of sets
(Xα

1 , . . . , X
α
k ) defined as:

X0
i := ∅

Xα+1
i := Fϕi(X

α
1 , . . . , X

α
k )

Xλ
i :=

⋃
ξ<λX

ξ for limit ordinals λ

For every σ-structure M and any tuple ā in dom(M), M, g[ā/x̄i] |= Φ if and
only if ā ∈ X∞i , where X∞i denotes the i-th component of the simultaneous
fixed-point of S.

The following result is convenient. Its proof is classic and can for instance be
found in [104] and [97].

Theorem 2.1.17. FO(IFP) and its extension with simultaneous fixed-point for-
mulas have the same expressive power.

Remark 2.1.18 (Partial fixed-point logic). We will also encounter briefly partial
fixed-point logic FO(PFP) in Chapter 6. It is in some sense the most general fixed-
point extension of FO. Its syntax is defined as for FO(IFP), except that we write
PFP for the fixed-point operator. In order to interpret a fixed-point formula
[PFPX,x̄ϕ](x̄) in a finite model (the semantics of FO(PFP) on infinite models
is more complicated, see [97], but we will not need this full generality here),
we consider the same sequence of iteration stages as in the case of FO(LFP)
formulas. Whenever a fixed-point is reached (which need not be a least fixed-
point), then [PFPX,x̄ϕ](x̄) holds in a model under some valuation whenever the
valuation assigns to x̄ a tuple which belongs to this fixed-point. But as there are
no restrictions on formulas that can be prefixed by the fixed-point operator, this
sequence may not reach a fixed point at all. In this case, the formula is set as
equivalent to false. For more details we refer to [58]. a

Now again, like for MSO and FO(TC1), we can observe that ≤ and � are
definable by means of <ch and ≺ns in FO(LFP1):

• x ≤ y := [LFPXzx <ch z ∨ ∃u(Xu ∧ u <ch z)](y)

• x � y := [LFPXzx ≺ns z ∨ ∃u(Xu ∧ u <ch z)](y)
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Consider some finite tree and two points x and y such that x is an ancestor
of y. In the case of the definition of the ≤ operator, the fixed-point iteration on
that tree works as follows. At the first stage, the subformula x <ch z plays its role
and all the <ch-successors of x are put in the set X. Then, comes the turn of the
second disjoint ∃u(X(u) ∧ u <ch z), by which at stage i+ 1, every <ch-successor
of a point which was already in X at stage i joins itself the set. The point y
is incorporated in the set at stage n exactly whenever it is separated from x by
n− 1 nodes. The iteration goes on until a fixed-point is reached.

The same definitions can be given in FO(IFP) using similar formulas, obtained
by simply replacing LFP operators by IFP operators To see that the procedure
is correct, it is enough to look at the least and inflationary explicit fixed-point
constructions: in the least fixed-point case, as the operator is monotone, for
every stage α, F (Xα) ⊆ F (Xα+1), which entails F (Xα) = Xα ∪ F (Xα). Same
definitions can also of course be given in FO(PFP) by replacing LFP operators
by PFP operators.

2.1.3 Expressive Power

All the extensions of FO that we presented so far incorporate recursion means,
but they do so in different ways. MSO does it by allowing quantification over
subsets of the domain, while FO(TC1) and fixed-point logics are built up by
introducing explicit constructs in the language to represent recursive procedures.
We only focused on some particularly easy examples of recursion, which were the
definition of <ch and ≺ns by means of ≤ and ≺. A classical example is also very
often given: in all the strict extensions of FO that we presented, one can produce
formulas which characterize among finite linear orders exactly those which have
a domain of even cardinality (while such a counting power is known to be beyond
reach of FO). In connection with finite games in extensive form, we will also meet
other interesting examples of fixed-point computations in Chapter 6. Now are
there some sorts of fixed-point computations which can be expressed in some of
these logics and not in others? That is, how do all these different logics compare
in expressive power? In this section, we will concentrate on expressive power on
finite structures.

We can first immediately extract a few easy inclusions from the semantics.
Thus, there is a straightforward recursive procedure transforming any FO(LFP1)
formula ϕ into a MSO formula ϕ′ such that M, g |= ϕ iff M, g |= ϕ′. The
interesting clause is

([LFPx,Xϕ(x,X)]y)′ = ∀X(∀x(ϕ(x,X)′ → Xx)→ Xy)

The other clauses are all of the same type, e.g. (ϕ ∧ ψ)∗ = (ϕ∗ ∧ ψ∗). This
procedure can easily be seen adequate by considering the semantical clause for
the LFP operator.



20 Chapter 2. Preliminaries

Now there is also a straightforward recursive procedure transforming any
FO(TC1) formula ϕ into a FO(LFP1) formula ϕ′′ such that M, g |= ϕ iff M, g |= ϕ′′.
The interesting clause is

([TCxyϕ](u, v))′′ = [LFPXyy = u ∨ ∃x((Xx ∧ ϕ(x, y)′′))]v

Let us give an argument for this claim. By Proposition 2.1.11 it is enough to
show that [LFPXyy = u∨∃x(Xx∧ϕ(x, y)′′)]v holds if and only if there is a finite
ϕ′′ path from u to v. For the right to left direction, suppose there is such a path
a1 . . . an with g(u) = a1 and g(v) = an. Then, for any subset A of the domain, we
can show by induction on i that if for all ai (1 ≤ i ≤ n), ai = u∨∃x((Ax∧ϕ(x, ai)

′′)
implies ai ∈ A, then v ∈ A, i.e., [LFPXyy = u ∨ ∃x((Xx ∧ ϕ(x, y)′′))]v holds.
Now for the left to right direction, suppose there is no such ϕ′′ path. Consider
the set A of all points that can be reached from u by a finite ϕ′′ path. By
assumption, ¬Av and it holds that ∀y((y = u ∨ ∃x(Ax ∧ ϕ(x, y)′′)) → Ay), i.e.,
¬[LFPXyy = u ∨ ∃x(Xx ∧ ϕ(x, y)′′)]v.

As already pointed out before, FO(LFP) fixed-points are expressible in a
straightforward way as FO(IFP) fixed-points. FO(LFP) fixed-points can also be
expressed in FO(PFP) simply by substituting every FO(LFP) fixed-point operator
by a FO(PFP) fixed-point operator. But one can refine these first easy inclusions.
Actually, on arbitrary structures, the following strict inclusions and equalities are
known:

FO(PFP)

⊃
FO(IFP) = FO(LFP)

⊃
MSO

⊃

⊃
FO(IFP1)

FO(LFP1)

⊃
FO(TC1)

⊃
FO

Figure 2.2: Extensions of FO, relative expressive power on arbtrary structures

MSO is incomparable to both FO(IFP1) and FO(IFP). The argument is as fol-
lows. Graph 3-Colorability can be expressed in MSO, but not in FO(IFP). For
more details see [120] and [48]. On the other hand, by [49], MIC (which is a
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fragment of FO(IFP1), as explained in the next Section) can express certain con-
text free but non-regular languages which are therefore not MSO definable (as
MSO can only define regular languages, see [127]). The strictness of the inclusion
FO ⊂ FO(TC1) follows from the previous Section, together with Chapter 3 (as
FO(TC1) can define the class of finite trees, whereas FO cannot), but also from
Proposition 2.1.7. For the strictness of the inclusions FO(TC1) ⊂ FO(LFP1) and
FO(LFP1) ⊂ MSO, we refer to [58] and [109] respectively, whereas arguments for
the strictness of the inclusion FO(IFP1) ⊂ FO(IFP) can be found in [77]. The fact
that FO(LFP) and FO(IFP) have the same expressive power follows from [98] and
[85]. Still, the two logics carry different intuitions and formalize computations of a
different nature. Also, the equivalence in expressive power does not hold anymore
whenever one restricts to the monadic fragments of these logics. And indeed, the
translation procedures given in [98] and [85] to go from a FO(IFP)-formula to a
FO(LFP)-formula involves a raise in the arity of the second order variables used in
the fixed-points. Finally, the fact that the inclusion FO(IFP) ⊂ FO(PFP) is strict
follows from the fact that trace equivalence can be expressed in FO(PFP) and
not in FO(IFP) (see [97]), also note that on ordered structures FO(IFP) captures
PTIME, whereas FO(PFP) captures PSPACE, see [104]). The situation is compa-
rable on trees, except that FO(LFP1) and MSO collapse (see [126]) and that to the
best of our knowledge, we are not aware of arguments establishing the strictness
of the inclusion of FO(IFP1) into FO(IFP) and of FO(IFP) into FO(PFP):

FO ⊂t FO(TC1) ⊂t FO(LFP1) =t MSO ⊂t FO(IFP1) ⊆t FO(IFP) ⊆t FO(PFP)

Moreover, on finite linear orders and linear orders of order type ω, FO(TC1)
and FO(LFP1) also collapse (see [126]):

FO ⊂l FO(TC1) =l FO(LFP
1) =l MSO ⊂l FO(IFP1) ⊆l FO(IFP) ⊆l FO(PFP)

2.2 The Modal Logic Perspective on Trees

2.2.1 Basic Modal Logic

Different applications call for different logics and in some contexts, modal logic
provides another interesting perspective on trees. Modal languages talk about re-
lational structures, but instead of using individual variables to quantify directly
over the domain of the structure, we will see that they adopt a more local stand-
point. Syntactically, they come as extensions of propositional logic by means
of modal operators. As in propositional logic, we assume a countable (possibly
finite) set of proposition letters {p1, p2, . . .}, but additionally, we assume a finite
set of modal operators. Let us start with the basic modal language, which is built
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up around a single unary modal operator ♦. The formulas of the basic modal
language are inductively defined as follows:

φ := pi | ⊥ | ¬φ | φ ∨ ψ | ♦φ
We define a dual operator for ♦ by using 2 as shorthand for ¬♦¬, while

ϕ ∧ ψ and ϕ → ψ are introduced as shorthand in the usual way. Now we can
also interpret basic modal formulas in relational structures, but the procedure is
a bit different from what we saw in the case of extensions of FO. We first need
the notion of a Kripke frame (or frame for short), which is a pair F = (W,R)
where W is a non-empty set, called the domain of M and R is a binary relation
over W . We call the elements of W nodes, points or states. A frame for the
basic modal language is thus simply a relational structure containing one single
binary relation. A frame does not incorporate any information about the value of
proposition letters and we need to add additional information about it in order
to be able to interpret all modal formulas. A Kripke model (or simply, model) for
the basic modal language carries this information. It is a pair M = (F , V ) where
F = (W,R) is a frame and V is a valuation function, which is a map assigning
to each proposition letter pi a set V (pi) ⊆ W . We say that a model M = (F , V )
is based on the frame F . Like frames, models can be seen as (richer) relational
structures of the form (W,R, V (p1), V (p2), . . .), so that from a model-theoretic
point of view, a model expands7 the frame on which it is based with additional
unary relations. Now how does one interpret the basic modal language in Kripke
models? An important specificity of modal formulas is that they are interpreted
locally at a given state in a model. Consider a model M = (W,R, V ) and a point
w ∈ W , we call M, w a pointed model and we inductively define the truth, or
satisfaction of a modal formula in M at w in the following way:

M, w |= p iff w ∈ V (p)
M, w |= ¬ϕ iff M, w 6|= φ
M, w |= ϕ ∨ ψ iff M, w |= φ or M |= ψ
M, w |= ♦ϕ iff there exists v ∈ W such that R(w, v) and M, v |= φ

Besides this local notion of satisfaction, there is also a global notion of satis-
faction and we say that a formula is globally satisfied or valid in a model M if it
is satisfied at all points in M.

Note that formulas can also be interpreted in bare frames (see [26]). The
perspective leads to an interesting area of modal logic, where the focus is on frame
definability (see in particular the Goldblat Thomasson Theorem in [26] and the
similar results obtained for the µ-calculus - extension of basic modal logic that
we will introduce shortly - on trees in [66]). We will nevertheless restrict in this
thesis to model satisfaction and focus on definability of classes of models. This

7We will formally introduce the notion of expansion later on in the thesis.
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being said, we will always assume that the models we are interested in are all
based on frames belonging to a specific, given, class of frames. We will be mainly
concerned with two classes of trees already mentioned at the beginning of this
chapter: finite linear orders and linear orders of order type ω. We will also at
some point discuss the case of finite unranked trees.

A natural question again arises: how far does basic modal logic’s expressive
power goes? An answer can be given via a notion of invariance called bisimulation.

Definition 2.2.1 (Bisimulation). Let M = (W,R, V ) and M′ = (W ′, R′, V ′) be
two models.

A non-empty binary relation Z ⊆ W ×W ′ is called a bisimulation between
M and M′ if the following conditions are satisfied:

(i) If wZw′ then w and w′ satisfy the same proposition letters.

(ii) If wZw′ and R(w, v), then there exists v′ ∈ W ′ such that zZv′ and R′(w′, v′)
(the forth condition)

(iii) The converse of (ii): if wZw′ and R′(w′, v′), then there exists v ∈ W such
that zZv′ and R(w, v) (the back condition)

When Z is a bisimulation linking two states w in M and w′ in M′, we say that
w and w′ are bisimilar. A relation Z is a bisimulation between two pointed
models M, w and M′, w′ whenever Z is a bisimulation between M and M′ and
(w,w′) ∈ Z.

We say that a logic is invariant under bisimulation whenever it cannot distin-
guish between bisimilar models, i.e., whenever every two bisimilar points always
satisfy exactly the same formulas. The following is folklore:

Proposition 2.2.2. Basic modal logic is invariant under bisimulation.

Let us take one simple example. Consider two modal structures M and N
in vocabulary {p} such that the domain of M contains one single reflexive node
labelled by p, while N is a countable linear order isomorphic to N in which every
node is labelled by p: M and N are bisimilar. This entails that, as FO, basic
modal logic is not expressive enough to characterize the class of finite trees. But
this also shows that it is far less expressive than FO, in which these two structures
could easily be told apart (to do so, it is enough to notice that the FO-formula
∃x∃y x 6= y is satisfied in one structure and not in the other, or, equivalently, that
Spoiler has a winning strategy in two rounds in the corresponding game on the
two structures). FO is indeed not invariant under bisimulation. But then, how do
the expressive power of basic modal logic and FO relate? Are they comparable
and can FO be considered as an extension of basic modal logic? The answer to
this question is yes and we will now explain how to translate basic modal logic into
FO. The procedure is called the standard translation. First of all, we need a way
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to relate the modal language to the FO language. Hence we start by specifying the
correspondence language in which we will translate our modal formulas. To each
proposition letter pi we will simply associate a unary predicate Pi and to ♦ we
will associate a binary predicate R. We can now define the standard translation.

Definition 2.2.3 (Standard Translation). Let x be a first-order variable. The
standard translation STx taking modal formulas to FO-formulas is defined as
follows:

STx(p) = P (x)
STx(¬ϕ) = ¬STx(ϕ)
STx(ϕ ∨ ϕ) = STx(ϕ) ∨ STx(ψ)
STx(♦ϕ) = ∃y(R(x, y) ∧ STx(ϕ))

The following is folklore too and can be shown via an easy induction:

Proposition 2.2.4 (Local and global correspondence on models). Let ϕ be a
modal formula. Then:

(i) For all M, all valuation g on M and all states w of M: M, w |= ϕ iff
M, g[w/x] |= STx(ϕ).

(ii) For all M: M |= ϕ iff M |= ∀xSTx(ϕ).

This yields that modal logic is some fragment of FO, but this does not show
precisely to which fragment it corresponds. It actually turns out that this frag-
ment can be elegantly characterized as a bisimulation invariant fragment. Let
us first give a precise definition to what it means for a FO-formula in one free
variable to be bisimulation invariant.

Definition 2.2.5 (Bisimulation invariance for FO). A FO-formula ϕ(x) is invari-
ant for bisimulation if for all models M and N, and all states w in M, v in N, and
all bisimulations Z between M and N such that wZv, we have M, g[x/w] |= ϕ(x)
iff N, g[x/v] |= ϕ(x).

Now the following result is classic:

Theorem 2.2.6 (Van Benthem Characterization). Let ϕ(x) be a FO-formula
in the correspondence language. Then ϕ is invariant for bisimulation iff it is
equivalent to the standard translation of a modal formula.

The proof of Theorem 2.2.6 is far from trivial, but we do not need to recall it
here and we just refer to [26]. It has many implications, but let us point out one
in particular which is of interest to us. In order to establish his characterization
result, Johan van Benthem came up with the notion of bisimulation, but it turned
out that this very notion was later on independently identified in computer science
as an important notion of equivalence for processes, capturing in some sense
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behavioral equivalence. Temporal logics and modal fixed-point logics extend basic
modal logic while retaining bisimulation invariance. Temporal logic was originally
used in philosophical logic to study reasoning about time, but today it is widely
used in verification of programs and processes to study the behavior of systems
evolving over time. Modal fixed-point logics are extensions of temporal logics
that are also widely used in that perspective. We will now introduce the two
frameworks.

2.2.2 Temporal and Fixed-Point Extensions of Basic Modal
Logic

With only the basic modal language at hand, node-labelled trees are usually seen
as basic Kripke models in the following way. The tree shaped models considered
are unranked and the binary relation underlying the modal operator ♦ plays the
role of the relation corresponding to the <ch predicate that we considered in the
case of usual relational structures. As the descendant ≤ relation is not definable
in FO using the <ch relation, here too a modality corresponding to that relation
cannot be defined. Hence, whenever the focus is on trees, one also naturally looks
for ways to extend the basic modal language. Temporal logic takes this path by
allowing a variety of alternative modal operators. Another line is also possible:
instead of adding modal operators, one can extend the language by means of
fixed-point operators. As regards expressive power, the latter perspective is quite
powerful and we will see that the temporal logics we will be concerned with can all
be seen as fragments of the modal fixed-point logics we will also be introducing.

Temporal Logic

Considering classes of Kripke models, one often wishes to focus on a specific
class of frames. Attention can for instance be restricted to transitive relations,
equivalence relations or even to a collection of relations of a certain type (and
those can even be of any given arity). For now, we introduced only the basic
modal language, but many modal operators can also simultaneously be defined,
all based on a different relation defined on the domain of the structure. This is
the case in temporal logic, where frames are also supposed to reflect the nature
of time. Many alternative options have been considered (see [59]). Time could be
bounded (towards the past, towards the future), or not; discrete, or not; dense,
or not; linear, or branching... And actually, many other features and refinements
have been considered as well. Here we will mainly restrict to one very specific
class of frame. We will focus on linear orders of order type ω and we will consider
linear time temporal logic LTL, as well as some of its syntactic fragments. Note
that this does not necessarily has to imply a determinist vision of time, as it can
also be seen as reflecting an a posteriori view on some course of events.
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Propositional Linear Temporal Logic In the context of temporal logic,
frames are called flows of time and actually there is a slight stylistic difference
here with the usual technical apparatus of modal logic, because we do not explic-
itly assume one specific accessibility relation per modality (while we could still
equivalently do so). We interpret temporal formulas in structures consisting of a
set of worlds (or, time points), a binary relation intuitively representing temporal
precedence, and a valuation of proposition letters. A flow of time is a structure
T = (W,<), where W is a non-empty set of worlds and < is a binary relation on
W . In the context of LTL, one usually focuses on Tω, the class of linear orders
of order type ω, i.e., frames (W,<) that are isomorphic to (N, <), where N is
the set of natural numbers with the natural ordering. We freely use ≤ to denote
the reflexive closure of <. We now introduce the syntax and semantics of LTL,
following the terminology of [59].

Definition 2.2.7 (LTL). Let σ be a propositional signature. The set of formulas
LTL[σ] is defined inductively, as follows:

ϕ, ψ := At | > | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | ϕ ∨ ψ | Xϕ | Fϕ | F<ϕ | ϕUψ

where At ∈ σ. We use G and G< as shorthand for respectively ¬F¬ and ¬F<¬.
The relation |=LTL between LTL-formulas and structures (T , V, w) is defined as
follows (we only list the clauses of the temporal operators, the others are as in
the case of classical propositional logic):

• (T , V, w) |=LTL Xϕ iff there exists w′ such that w < w′, there is no w′′ such
that w < w′′ < w′ and (T , V, w′) |= ϕ

• (T , V, w) |=LTL Fϕ iff there exists w′ such that w ≤ w′ and (T , V, w′) |= ϕ

• (T , V, w) |=LTL F
<ϕ iff there exists w′ such that w < w′ and (T , V, w′) |= ϕ

• (T , V, w) |=LTL ϕUψ iff there exists w′ such that w ≤ w′, (T , V, w′) |= ψ and
for all w′′ such that w ≤ w′′ < w′, (T , V, w′′) |= ϕ

While the above definition in principle applies to arbitrary pointed structures,
the intended semantics will be in terms of structures based on frames in Tω.

We define fragments LTL(O) of LTL by allowing in their syntax only a subset
O ⊆ {X,F<,F,U} of temporal operators. Note that LTL(U,X) has the same
expressive power as LTL, because Fϕ can be defined as >Uϕ and F<ϕ as X(>Uϕ).
The same holds of LTL(F<,X) and LTL(F<,X,F), as Fϕ can be defined as ϕ∨F<ϕ.
Nevertheless, it is known (see [93]), that ϕUψ can be defined neither in LTL(F) nor
in LTL(F<,X). Also Xϕ and F<ϕ can be defined neither in LTL(U) nor in LTL(F)
(we will see why in Chapter 4, once we introduce the notion of stutter-invariance).



2.2. The Modal Logic Perspective on Trees 27

Modal Fixed-Point Logics

In the previous section, we discussed different types of fixed-point operators and
introduced some extensions of FO obtained by allowing corresponding fixed-point
constructs in the language. Similarly, one can extend the basic modal language
by means of least, inflationary or partial fixed-point operators. This gives rise,
respectively, to the modal µ-calculus, the modal inflationary calculus MIC and
the modal partial iteration calculus MPC. We will be mainly concerned with the
µ-calculus interpreted over linear orders of order type ω (in Chapters 4 and 5),
but in connection with the ι-calculus that we will introduce in Chapter 6, we will
also shortly encounter MIC and MPC on finite trees.

Linear Time µ-calculus A way of increasing the expressive power of LTL is
to add a least fixed-point operator to the basic modal language. Basically, this
can be seen as the modal counterpart to the extension of FO by FO(LFP). On
arbitrary structures, adding to LTL the least fixed-point operator, referred to as
µ, gives the µ-calculus (see for instance [46]). We will here restrict the class of
intended structures for the µ-calculus to those based on Tw and we will call the
resulting restricted calculus linear time µ-calculus µTL (see for instance [92]).

Definition 2.2.8 (µTL). Let σ be a propositional signature, and V = {x1, x2, . . .}
be a disjoint countably infinite stock of propositional variables. The set of µTL-
formulas in vocabulary σ is generated by the following inductive definition:

ϕ, ψ, ξ := At | > | ¬ϕ | ϕ ∨ ψ | Xϕ | Fϕ | F<ϕ | ϕUψ | µxi.ξ

where At ∈ σ∪V and, in the last clause, xi occurs only positively in ξ (i.e., within
the scope of an even number of negations). We will use νxi.ϕ(xi) as shorthand for
¬µxi.¬ϕ(¬xi). We will also use ϕ∧ψ and ϕ→ ψ as shorthand in the usual way.
The satisfaction relation is defined between µTL-formulas and pointed structures
(T , V, w) where T ∈ Tω. In order to define it inductively, we use an auxiliary
assignment to interpret formulas with free variables. The assignment g maps each
free variable of ϕ to a set of worlds. We let g[x 7→ A] be the assignment which
differ from g only by assigning A to x and we only recall:

• (T , V, w) |= xi [g] iff w ∈ g(xi)

• (T , V, w) |= µx.ϕ [g] iff ∀A ⊆ W , if {v | (T , V, v) |= ϕ [g[x 7→ A]]} ⊆ A,
then w ∈ A

To understand this, consider a µTL-formula ϕ(x) and a structure (T , V, w)
together with a valuation g. This formula induces an operator Fϕ taking a set
A ⊆ W to the set {v : (T , V, v) |=µTL ϕ(x) g[x 7→ A]}. µTL is concerned with
least fixed-points of such operators. If ϕ(x) is positive in x, the operator Fϕ is
monotone. We already noticed that monotone operators Fϕ always have a least
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fixed-point, defined as the intersection of all their prefixed-points:
⋂
{A ⊆ W :

{v : (T , V, v) |= ϕ(x) g[x 7→ A]} ⊆ A} (see [5]). The formula µx.ϕ(x) denotes
this least fixed-point.

As before, we define a fragment µTL(O) for each O ⊆ {X,F<,F,U}. µTL(X)
already as the full expressive power of TL, since ϕUψ can be defined by µy.(ψ ∨
(ϕ ∧ Xy)), F<ϕ by µy.(Xϕ ∨ Xy) and Fϕ by µy.(ϕ ∨ Xy). Another fragment of
particular interest will be µTL(U). In µTL(U), we can still define Fϕ in the usual
way by >Uϕ, but we will see in Chapter 4 that Xϕ and F<ϕ are not definable.

Other modal fixed-point logics Inspired by FO(IFP) and FO(PFP), that we
already introduced when we dealt with extensions of first-order logic, two other
modal fixed-point logics will be of interest to us in Chapter 6. The first one is
called the modal iteration calculus MIC and the second one is called the partial
iteration calculus MPC. We give here only a very rough presentation of the two
frameworks and for more details we refer to [97]. Let us also note that the
semantics we give for MPC is restricted to finite models.

Definition 2.2.9 (Modal Inflationary Calculus). MIC extends the basic modal
language by the following rule. If ϕ1, . . . , ϕk are formulae of MIC, and x1, . . . , xk
are propositional variables, then

S :=


x1 ← φ1(x1, . . . , xk)

. . .

xk ← φk(x1, . . . , xk)

is a system of rules, and for every 1 ≤ i ≤ k, (ifp xi : S) is a MIC-formula.
The semantics of (ifp xi : S) is defined in a way similar as for the simultaneous
fixed-point FO(IFP)-formulas, except that we now require that (ifp xi : S) is true
at a state if and only if that state belongs to the fixed-point of xi which is reached
via simultaneous induction.

Definition 2.2.10 (Modal Partial Iteration Calculus). The syntax of MPC is
similar to the syntax of MIC, except that we write pfp for the fixed-point operator.
We define its semantics only for finite models and we require that (pfp xi : S)
is true at a state if and only if that state belongs to the partial fixed-point of xi
which is reached via simultaneous induction.

Let us point out that both MIC and MPC are genuine modal logics, in the
sense that they are invariant under bisimulation (c.f. [97]).

2.2.3 Expressive Power

In this section, we will mainly focus on linear time structures (as they will be our
main concern in this thesis whenever we will be dealing with modal formalisms).
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For the case of branching temporal logics and for the µ-calculus on trees, we refer
the reader to [11].

The standard translation We already noticed that, as regards expressive
power, there is a regular increase when one goes from fragments of LTL to the
linear-time µ-calculus and finally, to MIC and MPC interpreted over linear orders.
Additionally, as basic modal logic, these logics also translate to extensions of
FO in a natural way. One can consider there suitable “standard translations”
in the following way. The main difference is that now, in spite of considering
only propositional variables and the ♦ modality (which corresponds in the case
of LTL to X), the correspondence language also sends propositional variables xi
to set variables Xi. Also recall that in the case of MPC and FO(PFP), we restrict
attention to finite models.

STx(Fϕ) = ∃y(x < y ∧ STx(ϕ))
STx(F

<ϕ) = ∃y(x ≤ y ∧ STx(ϕ))
STx(ϕUψ) = ∃y(x ≤ y ∧ STy(ψ) ∧ ∀z((x ≤ z ∧ z < y)→ STz(ϕ)))
STx(Xϕ) = ∃y(x < y ∧ ¬∃zx < z < y ∧ STy(ϕ))
STx(µx.ϕ(xi)) = [LFPXi,xSTx(ϕ)](x)
STx((ifp xi : S)) = [IFPXi,xSTx(S)](x)
STx((pfp xi : S)) = [PFPXi,xSTx(S)](x)

Note that we translated µ-formulas in FO(LFP1), but we could equivalently
have translated them in MSO (remember that in the previous section, we re-
marked that these two logics were equi-expressive on trees). Let us also point
out that the translations that we give for fixed-point formulas also make sense
on trees for formulas containing as modal operators only the X-operator (which
is simply interpreted as the standard ♦-operator of the basic modal language).
We will see now, that in the style of the Van Benthem characterization Theorem,
refined characterization results exist.

Characterization results It is quite straightforward to go from the extensions
of basic modal logic we presented here to extensions of FO. The converse direction
is far less easy. The first result of this type is due to Kamp ([93]) and dates back
from 1968. Kamp originally formulated his theorem for a more general class
of linear orders, called Dedekind complete linear orders and he did not consider
satisfaction at the root, but satisfaction in general. Hence he considered an
extension of LTL with past tense operators. It is enough in our perspective
(especially Chapter 4) to consider satisfaction at the root of the linear order.
This perspective is called “initial semantics” and enables the following alternative
version of Kamp’s Teorem (see [67]):

Theorem 2.2.11 (Kamp’s Theorem for initial semantics). LTL has exactly the
same expressive power as FO over linear orders of order type ω (with monadic
vocabularies and a binary predicate for the order) with respect to initial semantics.
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Kamp’s Theorem is a surprising result and it has at first been interpreted as
a sign that LTL was not a useful formalism (see [131]). Time has shown this first
impression to be wrong and LTL is now ubiquitous in the field of verification. The
point is that expressive power is not everything and LTL and FO have different
computational properties, as LTL reasoning is in PSPACE, while FO reasoning is
non-elementary (see [131]). We will not be dealing with complexity in the thesis,
but the point is still worth pointing out.

Whenever one looks a bit closer at Kamp’s Theorem, the statement can also be
slightly refined: FO can be replaced by FO3, which is the three variables fragment
of first-order logic. In that line, another result of this type has been given in 1998
by Vardi, Etessami and Wilke ([62]):

Theorem 2.2.12 (Vardi, Etessami, Wilke). Unary LTL (i.e., LTL without the
Until operator) has exactly the same expressive power as FO2 (i.e., FO with two
variables) over linear orders of order type ω with respect to initial semantics.

In the same line again, Janin and Walukiewicz identified in 1996 ([91]) the
µ-calculus as the bisimulation invariant fragment of MSO:

Theorem 2.2.13 (Janin, Walukiewicz). An MSO-formula is invariant under
bisimulation if, and only if, it is equivalent to a Lµ-formula.

This holds on arbitrary structures and also on trees. But on the linear orders
we are interested in, bisimulations are trivial and the following holds with respect
to initial semantics (see [4]):

Theorem 2.2.14. MSO on linear orders of order type ω and the linear-time
µ-calculus have the same expressive power with respect to initial semantics.

Let us note that the expressive power of MIC and MPC go far beyond MSO
(see [97]). Additionally for these logics there is no known characterization result
similar to the ones we just recalled here. What is known is simply that MIC is
contained in the bisimulation-invariant fragment of FO(IFP1), even if simultane-
ous fixed-points are not allowed and that MPC is contained in the bisimulation-
invariant fragment of FO(PFP) (see [97]).

It follows from these results that in some sense, we will actually be talking
about extensions of FO all the time. Whenever we will be talking about modal
logic, as we will mostly restrict to linear orders, one could indeed say that we
are in fact talking about extensions of FO through modal logic, and not even
modulo bisimulation. (Except when we will be mentioning modal logic on finite
trees, but this will not be the central issue.) In fact, besides the complexity
point of view, that we already mentioned in passing, the modal perspective has
other advantages. We will see in Chapter 4 and 5 that characterizing the stutter-
invariant fragment of MSO and that characterizing the fragments of MSO which
satisfy interpolation on linear orders is particularly easy whenever one goes via
modal logic.
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2.3 Tools and Concepts

We introduced two families of logics, as extensions of respectively, basic modal
logic and first-order logic. In order to deal with them, we will be mainly us-
ing model-theoretic techniques, but as we focus on trees, the automata-theoretic
framework will also lightly come into play. In this thesis, we will be interested in
three kinds of things: definability, complete axiomatizations and interpolation.
We already gave an account of definability and we reserve the issue of interpo-
lation for Chapter 4, so let us now shortly discuss two closely related notions,
decidability and complete axiomatizations.

2.3.1 Decidability

Now that we introduced all these logics, gave their syntax and semantics and
discussed their relative expressive power, we can ask one other natural question.
Given one of these logics, can we determine an effective procedure which, given
a formula ϕ, allows to decide whether ϕ is satisfiable? This problem is called
the satisfiability problem of the logic and - whenever the logic is closed under
negation - it can equivalently be formulated as its validity problem (can we de-
cide whether ϕ is valid?). Whenever such a procedure exists, we say that the
logic is decidable. Historically, this problem became prominent in 1928, when
David Hilbert asked a more general and ambitious question. He was interested
in whether the validity of any mathematical statement could be shown to be
decidable. He was believing that this could in some sense be the case and he
had a vast program consisting in reducing mathematics to logic. One of the first
step in that program would have been to show that FO (and hence the minimal
part of mathematics it can formalize) is decidable (it is known as the classical
decision problem, see [31]). Hilbert’s hopes were soon dashed. In 1936 and 1937,
by giving a precise mathematical meaning to the notion of effective procedure,
both Church and Turing published results implying that FO was not decidable
([43], [42] and [129]). The classical decision problem was then reconsidered and
the focus shifted on decidable fragments of FO. In that direction, Löwenheim had
for instance already proven in 1915 that the fragment of FO where only unary
predicates are allowed is decidable. Another related line of research focuses on
decidable FO-theories. Gurevich for instance showed in 1964 that the FO theory
of ordered abelian groups is decidable (see [82, 83]). He also came later to consid-
ering decidable theories formulated in extensions of FO with quantification over
some specific classes of subsets of the domain (see [84] for a discussion). In the
case where quantification is allowed over the whole powerset of the domain, this
amounts to considering decidable MSO-theories. Monadic theories are a good
source of theories that are both expressive and manageable. Consequently, a lot
of attention has been given to them in the field of theoretical computer science,
where there is a special focus on the determination of effective methods. It is
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interesting to put the development of computer science in perspective with the
formulation, discussion and reformulation of the classical decision problem. This
logical problem actually contributed to the elaboration of concepts which form
now the backbone of computability theory. Also, many “industrial logics” were
designed out of logics first investigated in that context (again, see [131]). Indeed,
having practical decision procedures for classes of logical formulas is for instance
very relevant in the context of formal verification or in the context of database
theory. We will now introduce the Büchi Theorem, a logical result which is classic
in theoretical computer science and which implies that MSO is decidable on lin-
ear orders of order type ω. One of the main tools in logics on such linear orders,
or more generally on trees, is given by automata-theory. Let us now introduce
very shortly some basic notions from this framework which are needed for the
formulation of the Büchi Theorem. It is also important to keep them in mind in
order to have a good picture of the landscape of logics on trees.

Definition 2.3.1 (ω-word). Let Σ be a finite alphabet. We call ω-word any
string of letters of length ω over Σ and we represent it by a function α : ω → Σ
assigning to each position a letter. We call ω-word language any set of ω-words
over Σ.

Note that we will be using later on a similar notion of finite word. Given an
alphabet Σ, a finite word is any finite string of letters over Σ and a finite word
language is a set of finite words over Σ.

Definition 2.3.2 (Büchi-automata). To specify recognizable ω-word languages,
we refer to nondeterministic ω-automata over a finite alphabet Σ, which are
presented in the form A = (Q,Σ, q0,∆, Acc) where Q is a finite set of states, q0

the initial state, ∆ ⊆ Q× Σ×Q the transition relation, and Acc the acceptance
component. A run of A on a given input ω-word α = α(0)α(1) . . . with α(i) ∈ Σ is
a sequence ρ = ρ(0)ρ(1) . . . ∈ Qω such that ρ(0) = q0 and (ρ(i), α(i), ρ(i+1)) ∈ ∆
for i ≥ 0.

Now we write ∃ω for the quantifier “there exists infinitely many” and consider
the set

Inf(ρ) = {q ∈ Q| ∃ωi ρ(i) = q}

For a run to be accepting, the Büchi condition requires that some final state in
a set F ⊆ Q occurs infinitely often in ρ, that is Inf(ρ) ∩ F 6= ∅. An ω-word
α is accepted by A if there is an accepting run of A on α. The language L(A)
recognized by A is the set of all ω-words over Σ accepted by A.

Note that other acceptance conditions exist for automata on ω-words (for
more details see [127]). There are also corresponding notions of automata on
finite words and on other classes of trees. In order to keep things simple, we
will not develop them here and we refer the reader to [127]. One can go back
and forth from ω-words to linear orders of order type ω and here too one can
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have a notion of “correspondence language” (for more details we refer to Chapter
4). Hence, talking about linear orders of order type ω or talking about ω-words
amounts to adopting two different perspectives on one and the same class of
structures. Moreover, the Büchi Theorem establishes that characterizing classes
of such structures via MSO or via Büchi-automata is actually equivalent:

Theorem 2.3.3 (Büchi [35]). A language of ω-words is recognizable by a Büchi-
automaton if and only if it is MSO-definable. Both conversions, from automata
to formulas, and vice versa, are effective.

Theorem 2.3.3 has the following important corollary:

Corollary 2.3.4. MSO is decidable on linear orders of order type ω.

Proof. In order to check if a MSO-formula ϕ is satisfiable on linear orders of order
type ω, we first convert it to an equivalent Büchi-automata A. Then, we check
whether L(A) is non-empty (this is a decidable problem, see [127]). By Theorem
2.3.3, if L(A) 6= ∅, then ϕ is satisfiable, otherwise it is not satisfiable.

A version of Theorem 2.3.3 was first shown for finite words by Büchi in 1960
and by Elgot in 1961. Another version was shown for finite binary trees by
Thatcher and Wright in 1968, Doner in 1970 and for infinite binary trees by
Rabin in 1969 (see [127]). This also implies (via the decidability of the emptiness
problem of the automata involved) that MSO is decidable on these classes of
structures. The Büchi and the Rabin Theorem (which are also often referred
to as establishing the decidability of the monadic theories of one successor S1S
and two successors S2S, respectively) are key results which brought pioneering
methods in the field. In particular, many theories and many modal and temporal
logics (among which the µ-calculus) have been shown to be decidable by an
interpretation in S2S.

Theorem 2.3.5 (Rabin [127]). MSO is decidable on infinite binary trees.

Moreover, we already noted that unranked trees can be encoded as binary
trees, so MSO is also decidable over finite unranked trees and over infinite un-
ranked trees. Additionally, these results imply that all the fragments of MSO
we considered are decidable on these classes of structures (see also [134] for an
investigation of fragments of temporal logic as characterizing classes of regular
languages). On the other hand, MIC is known to be undecidable already on the
class of finite words (see for instance [1]), which entails that MPC, FO(IFP1),
FO(IFP) and FO(LFP) are also undecidable there. This clearly sets apart these
formalisms from the other logics we will be dealing with. Actually, going beyond
the expressive power of MSO while retaining decidability on trees seems to be
delicate, while it is known to be possible in some very restricted cases (see for in-
stance [47]). Enriching tree structures has also most of the time the same effect.
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For instance, introducing a relation of “simultaneity”8 into the infinite binary
tree of S2S makes MSO undecidable (see [102] and see [24] more generally, for a
survey on the topic of decidability on trees).

2.3.2 Complete Axiomatizations

Another property which is related to decidability is complete axiomatizability,
which entails semi-decidability. A theory is semi-decidable if there is an effective
method which, given an arbitrary formula, will always tell correctly when the
formula is in the theory, but may give no answer at all when the formula is not
in the theory. In this thesis, we will provide some complete axomatizations for
different theories of classes of trees. An axiomatization is a set of special formulas
called axioms, which come together with a set of rules that can be used in order
to derive proofs of other formulas from the axioms. An axiomatization is sound
whenever only valid formulas can be derived in the system, i.e., whenever every
axiom is a valid formula and whenever every application of a rule to valid formulas
produces only a valid formula. Soundness is an essential property that one expect
an axiomatization to satisfy, but it is usually an easy property to check. Another
important property that is expected from a “good” axiomatization is that it is
complete, i.e., that every valid formula can be proved using the axiomatization.
Completeness results are interesting for different reasons. Axioms and rules are
usually chosen because they are simple and easy to understand. Hence, in some
sense, a logic that is completely axiomatized using intuitive axioms and rules
is well-understood. Comparing complete axiom systems is also a good way to
understand differences and common points among families of logics, witness the
classification of normal modal logics established by reference to their axiom sys-
tems. Finally, completeness results are also interesting in the way they establish
a link in between semantic validity and syntactic provability. Verifying directly
the validity of a formula is indeed generally non-constructive, whereas verifying
whether a sequence of formulas is a proof can be done very easily.

Let us now give an example of a complete axiomatization with the simple case
of basic modal logic. The proof system for basic ML is called K and it is designed
to produce all the ML theorems. A K proof is a finite sequence of formulas, all
prefixed by `, each of which is an axiom, or follows from one or more earlier items
in the sequence by applying a rule of proof. The axioms and rules of K are given
in Figure 2.3.

A formula ϕ is K-provable if ` ϕ occurs in some K-proof and it is K-consistent
if its negation is not K-provable. A set of ML-formulas Γ is K-consistent if there
does not exist ψ1, . . . , ψk ∈ Γ such that (ψ1 ∧ . . . ∧ ψk) → ⊥ is K-provable. The
completeness Theorem for K establishes that in the context of K, the relations |=

8This relation is also called the “equi-level relation” and is an equivalence relation that holds
between two points if they have the same distance from the root.
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Taut. ` ϕ where ϕ is a tautology of sentential calculus
K. ` 2(p→ q)→ (2p→ 2q)
Dual. ` ♦p↔ ¬2¬p
Modus Ponens if ` ϕ and ` ϕ→ ψ, then ` ψ
Uniform substitution if ` ϕ, then ` θ, where θ is obtained from ϕ by uniformly

replacing proposition letters in ϕ by arbitrary formulas
Generalization if ` ϕ, then ` 2ϕ

Figure 2.3: Axioms and rules of K

and ` are equivalent:

Theorem 2.3.6 (Completeness for K). A set of ML-formulas is K-consistent if
and only if it is satisfiable in a Kripke model.

The proof is classic (see for instance [26]) and relies on the construction of
a canonical model. Note that as ML has the finite model property (i.e., every
satisfiable ML-formula is satisfiable in a finite model, see [26]) and as its model
checking is decidable (i.e., given a formula and a model, it is decidable whether
the formula is satisfied in that model), it also follows from Theorem 2.3.6 that
ML is decidable on the class of Kripke models. Recursive enumerability of the
set of validities of a logic, together with co-recursive enumerability (i.e., recursive
enumerability of the set of non-validities of the logic) indeed entails decidability.
Recursive enumerability is given here by the complete axiomatization and co-
recursive enumerability follows from the fact that attention can be restricted to
finite models: if a formula is not valid, then it has a counter-model which can
be found in a finite amount of time simply by enumerating all finite models and
each time we list one, examining whether the formula is satisfied in it.

Similar complete axiomatizations exist for LTL (see [37]), some of its fragments
(for LTL without the X operator, see [110], for LTL with only the X operator, see
[121]) and for the modal µ-calculus (see [133] in the general case, [92] on ω-words
and [40] on finite trees, as well as on finite words). The arguments are there more
involved (especially in the case of [133]). But sometimes, constructing a canonical
model and transforming it slightly happens to be enough (this is for instance the
case in [40]). Decidability follows from these results in a similar way.

We already noted FO to be undecidable, but it is still completely axiomatiz-
able. Let us recall here this classical result (for the FO axiomatization, we refer to
Figure 3.1, which can be found in Chapter 3). A formula ϕ is FO-provable if ` ϕ
occurs in some FO-proof and it is FO-consistent if its negation is not FO-provable.
A set of FO-formulas Γ is FO-consistent if there does not exist ψ1, . . . , ψk ∈ Γ
such that (ψ1 ∧ . . . ∧ ψk)→ ⊥ is FO-provable.

Theorem 2.3.7 (Completeness of FO). A set of FO-formulas is FO-consistent if
and only if it is satisfiable in a relational structure.
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The standard proof involves the construction of a Henkin model. For details
we refer to [60] or to the next chapter, where we show completeness theorems
for extensions of FO on so called Henkin structures (the FO-proof can easily be
abstracted from these more elaborate proofs).

Historically, the first logical systems considered in the foundations of mathe-
matics were actually far more expressive than FO, but it finally turned out that
no complete axiomatizations could be established for such expressive logics ([74]).
Hence the completeness theorem contributed to give a very special status to FO,
which is still used as the reference logic in model theory. We saw that the pic-
ture is a bit different on trees, where the yardstick is the more expressive logic
MSO. We will give complete axiom systems for MSO, FO(TC1) and FO(LFP1) on
a specific class of finite trees in Chapter 3. We will also show a weaker form of
completeness than the one which we just stated for K and FO and we will be
concerned with single sentences that are consistent and not with consistent sets
of sentences. This distinction is called weak versus strong completeness.

2.4 Summary

In this Chapter, we gave a general overview of temporal and fixed-point logics
on trees. We first discussed different classes of trees which are of interest in the
field and which we consider in the remainder of the thesis. Then, we introduced
the fixed-point extensions of FO that we use in Chapter 3 and Chapter 6 and we
discussed their relative expressive power on arbitrary structures, but also on trees
and linear orders. We also introduced the notion of Ehrenfeucht-Fraissé game,
which is an important model theoretic-tool used in Chapter 3. We then intro-
duced linear-time temporal logic and the linear-time µ-calculus, used in Chapter
4 and 5. We also mentioned some other modal fixed-point logics that we will
encounter in Chapter 6. We discussed the expressive power of these modal for-
malisms and recalled a few classic characterization results, like the van Benthem
Characterization Theorem, which says that modal logic is the bisimulation invari-
ant fragment of FO, or the Janin-Walukiewicz Theorem, which extends this result
by saying that the µ-calculus is the bisimulation-invariant fragment of MSO. Fi-
nally, we recalled classical results like the Büchi and the Rabin Theorems, which
entail that MSO and its fragments are decidable on important classes of trees.
We also introduced the notion of complete axiomatization, which is central in
Chapter 3 and 5.


